CHAPTER 1 PRELIMINARIES 



1.1 REAL NUMBERS AND THE REAL LINE 



1. Executing long division, \ = 0.1, § = 0.2, § = 0.3, | = 0.8, § = 0.9 



2. Executing long division, ^ = 0.09, ^ = 0.18, ^ = 0.27, = 0.81, ±i = 0.99 



b) 
c) 
d) 
e) 




2<2. 



3. NT = necessarily true, NNT = Not necessarily true. Given: 2 < x < 6. 
a) NNT. 5 is a counter example. 

NT. 2 < x < 6 =>2-2<x-2<6 
NT. 2<x<6 ^2/2<x/2<6/2 = 
NT. 2 < x < 6 1/2 > 1/x > 1/6 = 
NT. 2 < x < 6 => 1/2 > 1/x > 1/6 = 



h) 



2 ^0<x 
1 < x < 3. 
1/6 < 1/x < 1/2. 

1/6 < 1/x < 1/2 6(1/6) < 6(l/x) < 6(1/2) =^ 1 < 6/x < 3. 
NT. 2 < x < 6 x<6^>(x-4)<2and2<x<6 ^x>2 ^-x<-2 ^ -x + 4 < 2 -(x - 4) < 2. 
The pair of inequalities (x — 4) < 2 and — (x — 4) < 2 =^ | x — 4 | < 2. 

NT. 2 < x < 6 -2 > -x > -6 -6 < -x < -2. But -2 < 2. So -6 < -x < -2 < 2 or -6 < -x < 2. 
NT. 2 < x < 6 -1(2) > -l(x) < -1(6) ^> -6 < -x < -2 



NT = necessarily true, NNT = Not necessarily true. Given: — l<y — 5 < 1. 

a) NT. -1 < y - 5 < 1 ^-l+5<y-5 + 5<l+5 ^ 4 < y < 6. 

b) NNT. y = 5 is a counter example. (Actually, never true given that 4 < y < 6) 

c) NT. From a), — 1 < y — 5 < 1, ^4<y<6=>y>4. 

d) NT. From a), -1 < y - 5 < 1, ^4<y<6^y<6. 

e) NT. -1 < y - 5 < 1 =^-l + l<y~5 + l<l + l ^0<y-4<2. 

f) NT. -1 < y - 5 < 1 =>- (l/2)(-l + 5) < (l/2)(y - 5 + 5) < (1/2)(1 +5) ^ 2 < y/2 < 3. 

g) NT. From a), 4 < y < 6 => 1/4 > 1/y > 1/6 =*> 1/6 < 1/y < 1/4. 

h) NT. — 1 <y — 5 < 1 =*>y-5>-l =>• y>4 -y < -4 -y + 5 < 1 -(y - 5) < 1. 

Also, — 1 < y — 5 < 1 =^ y — 5 < 1. The pair of inequalities — (y — 5) < 1 and (y — 5) < 1 | y — 5 | < 1. 



5. -2x > 4 x < -2 



6. 8 - 3x > 5 => -3x > -3 x < 1 



7. 5x - 3 < 7 - 3x =^ 8x < 10 x < 



3(2 - x) > 2(3 + x) 6 - 3x > 6 + 2x 
=> 0>5x ^ 0>x 



9. 2x-i>7x+|^ ~l-l>5x 



10. M < 3x - 4 



4^2 

28 < 14x => 2 < x 



12 - 2x < 12x - 16 
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11. i (x - 2) < | (x - 6) 12(x - 2) < 5(x - 6) 

=> 12x - 24 < 5x - 30 7x < -6 or x < - f ^ * 

12. - ^±5 < 12±3x ^ _ (4x + 2Q) < 24 + 6x 

-44 < 10x ^> - f < x •— 

5 " -22/5 

13. y = 3 or y = — 3 

14. y - 3 = 7 or y - 3 = -7 y = 10 or y = -4 

15. 2t + 5 = 4 or 2t + 5 = -4 =>• 2t = -1 or 2t = -9 ^> t = - § or t = - § 

16. 1 - t = 1 or 1 - t = - 1 -t = or -t = -2 t = or t = 2 

17. 8 - 3s = | or 8 - 3s = - § =>■ -3s = - | or -3s = - f =4> s = Z or s = f 

18. | - 1 = 1 or | - 1 = -1 =>- f=2 or § = s = 4 or s = 



19. —2 < x < 2; solution interval (—2, 2) 

20. —2 < x < 2; solution interval [—2, 2] 

21. — 3 < t — 1 < 3 -2 < t < 4; solution interval [-2, 4] 

22. — 1 < t + 2 < 1 — 3 < t < — 1; 
solution interval (—3, —1) 



25. -1 < f - 1 < 1 ^> < f < 2 ^ < z < 10; 
solution interval [0, 10] 



-3 -1 



23. -4 < 3y - 7 < 4 ^ 3 < 3y < 11 1 < y < " ; 

solution interval (l, y) ° u/T 

24. -1 < 2y + 5 < 1 -6 < 2y < -4 => -3 < y < -2; 
solution interval (—3,-2) 



-3 -2 



26. -2 < f - 1 < 2 -1 < f < 3 - |<z<2; 



solution interval [— 1, 2] • — 

L 3' J _ 2/3 



27. - i < 3 - 1 < 1 => -Z<_I<_5 ^ Z > I > | 

2 x2 2 x 22x2 



| < x < I ; solution interval ( I , 



28. -3 < ? - 4 < 3 1< ? < 7 ^ 1 > | > ± 

=> 2>x>|^Z <x< 2; solution interval (f , 2) > 



2/7 
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29. 2s > 4 or -2s > 4 s > 2 or s < -2; 
solution intervals (— oo, —2] U [2, oo) 



30. s + 3 > \ or -(s + 3) > \ =*> s > - f or -s > \ 
=>• s>— |ors< — |; 
solution intervals (— oo, — ?] U [— |, oo) 



-7/2 -5/2 



31. 1 - x > 1 or -(1 - x) > 1 =^ -x>0orx>2 

=>• x < or x > 2; solution intervals (— oo, 0) U (2, oo) 



32. 2 - 3x > 5 or -(2 - 3x) > 5 -3x > 3 or 3x > 7 
=4> x<— 1 or x > « ; 
solution intervals (— oo, —1) U (?, oo) 



33. E±i > 1 or-(J±i) > 1 =^ r + 1 > 2orr + 1 < -2 

r > 1 or r < —3; solution intervals (— oo, —3] U [1, oo) 



34. | -1 > §or~(f -l) > § 

=>• y>|or-y>-| ^r>|orr<l 
solution intervals (— oo, 1) U (I, oo) 



35. x 2 < 2 =>- |x| < a/2 — y/2 < x < a/2; 
solution interval ^— a/2, a/2^ 

36. 4 < x 2 =^ 2 < |x| => x > 2 or x < -2; 
solution interval (— oo, —2] U [2, oo) 

37. 4<x 2 <9 ^ 2<|x|<3 =^ 2<x<3or2<-x<3 

2 < x < 3 or -3 < x < -2; 
solution intervals (—3, —2) U (2, 3) 



38. i < x 2 < i ^ | < |x| < | 



5<x<iorj<-x<i 



5 < x < | or 



< x < 



solution intervals (— ~, — ~) U (5,5) 

39. (x - l) 2 < 4 |x - 1| < 2 -2 < x - 1 < 2 
=> — 1 < x < 3; solution interval (—1,3) 



-2 



-3 



-2 



-1/2 



7/3 



7/3 



r 2 a/2" 



1/3 1/3 



1/2 



40. (x + 3) 2 < 2 |x + 3| < a/2 

-a/2 <x + 3< v / 2or -3 - a/2 < x < -3 
solution interval ( — 3 — a/2, — 3 + \/2 ) 



-3 - a/2 



-3 + a/2 
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41. x 2 - x < => x 2 - x + | < | ^ (x - |) < | => 
So the solution is the interval (0, 1) 



•\ <X - \ <\ => < x < 1. 



42. x 2 -x-2>0^x 2 -x+±>|^ x - i 
The solution interval is (— oo, — 1] U [2, oo) 



x - i > | or -(x - |) > | x > 2 or x < -1. 



43. True if a > 0; False if a < 0. 



44. |x - 1| = 1 - x |-(x- 1)| = 1 -X & 1 - x > <S=> x < 1 



45. (1) |a + b| = (a + b) or |a + b| = -(a + b); 
both squared equal (a + b) 2 

(2) ab < |ab| = |a| |b| 

(3) |a| = a or |a| = —a, so |a| 2 = a 2 ; likewise, |b| 2 = b 2 

(4) x 2 < y 2 implies -v/x 2 < or x < y for all nonnegative real numbers x and y. Let x = |a + b| and 
y = |a| + |b| so that |a + b| 2 < (|a| + |b|) 2 =► |a + b| < |a| + |b| . 



46. If a > and b > 0, then ab > and |ab| = ab = |a| |b| . 

If a < and b < 0, then ab > and |ab| = ab = (-a)(-b) = |a| |h 
If a > and b < 0, then ab < and |ab| = -(ab) = (a)(-b) = |a| 
If a < and b > 0, then ab < and |ab| = -(ab) = (-a)(b) = |a| 



47. -3 < x < 3 and x > - \ - 1 < x < 3. 



48. Graph of |x| + |y| < 1 is the interior 
of "diamond-shaped" region. 



Mil 




49. Let 6 be a real number > and f(x) = 2x + 1. Suppose that | x— 1 | < 6. Then | x— 1 | < 6 ^> 2| x— 1 | < 2^ 

| 2x - 2 | < 26 ^> | (2x + 1) - 3 | < 26 =H f(x) - f(l) I < 26 

50. Let e > be any positive number and f(x) = 2x + 3. Suppose that | x — | < e/2. Then 2| x — | < e and 
| 2x + 3 -3 | < e. But f(x) = 2x + 3 and f(0) = 3. Thus | f(x) - f(0) | < e. 



5 1 . Consider: i) a > 0; ii) a < 0; iii) a = 0. 

i) For a > 0, | a | = a by definition. Now, a > — a < 0. Let —a = b. By definition, | b | = — b. Since b = —a, 
| — a | = —(—a) = a and | a | = | — a | = a. 

ii) For a < 0, | a | = — a. Now, a < — a > 0. Let — a = b. By definition, | b | = b and thus |—a| = —a. So again 
| a | = |— a|. 

iii) By definition | | = and since —0 = 0, | —0 | = 0. Thus, by i), ii), and iii) | a | = | —a | for any real number. 
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52. i) Prove |x|>0 =>• x > a or x < — a for any positive number, a. 
For x > 0, | x | = x. | x | > a =>• x>a. 
For x < 0, | x | = — x. | x | > a => — x > a =>• x < —a. 
ii) Prove x > a or x < -a =>• |x|>0 for any positive number, a. 
a > and x>a =>■ |x| = x. So x > a =4> |x|>a. 

For a > 0, — a < and x < — a =>■ x<0 =4> |x| — — x. So x < — a => — x > a =>■ | x | > a. 



53. a) 1 = 1 = 


> 1 1 1 = 


= 1 = 


4> 


b • 


l 

b 




b 
b 


=> 


b 




i 

b 


_ |b| 
~ |b| 




a b 




a 




1 
b 




a 


. 1 

|b| 




a 

b] 





54. Prove S n = |a n | = |a| n for any real number a and any positive integer n. 

la 1 ! = |a| 1 = a, so Si is true. Now, assume that Sk = |a k | = |a| k is true form some positive integer k. 
Since la 1 ! = |a| 1 and |a k | = |a| k , we have |a k+1 | = |a k • a 1 1 = |a k | la 1 ! = |a| k |a| 1 = |a| k+1 . Thus, 
Sk+i = |a k+1 | = |a| k+1 is also true. Thus by the Principle of Mathematical Induction, S n = | a n | = |a| n 
is true for all n positive integers. 



1.2 LINES, CIRCLES, AND PARABOLAS 



1. Ax = -1 - (-3) = 2, Ay = -2 - 2 = -4; d = ^/(Ax) 2 + (Ay) 2 = ^4+ 16 = 2a/5 

2. Ax = -3 - (-1) = -2, Ay = 2 - (-2) = 4; d = y/(-2) 2 + 4 2 = 2^/1 

3. Ax = -8.1 - (-3.2) = -4.9, Ay = -2 - (-2) = 0; d = y/(-4.9) 2 + 2 = 4.9 

4. Ax = 0- = -\/2,Ay = 1.5-4= -2.5; d = J (-V^) 2 + (-2-5) 2 = \ftL25 

5. Circle with center (0, 0) and radius 1. 6. Circle with center (0, 0) and radius \J~2. 
7. Disk (i.e., circle together with its interior points) with center (0, 0) and radius y3. 



8. The origin (a single point). 



9. 
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11 m= ^ = 

ii ' m Ax -1-2 







perpendicular slope does not exist 



S(-l, 3) 


A(2, 3) 


* 3 


v = 3 


2 


Slope = 


1 


' ' j 


-1 


1 2 



12 - m = s = ^ ; no slope 

perpendicular slope = 
y 

4 

3 
2 
1 



-4 -fe 
A 



-1 
-2 
-3 
-4 



2 4 



13. (a) x = -1 

(b) y=f 



14. (a) x = v/2 
(b) y = 1.3 



15. (a) x = 

(b) y = -V2 



16. (a) x = — 7T 
(b) y = 



= —x 



17. P(-l,l),m=-l =^ y- 1 = -l(x-(-l)) y 

18. P(2, -3), m = i y - (-3) = ± (x - 2) y = i x - 4 

^ = ^3=-^ =* y-4 = -i(x-3) => y = -|x + f 

20. P(-8,0),Q(-1,3) m = g = ^^f^ = § 

21. m=-|,b = 6 =*• y = - 5 
23. m = 0,P(-12,-9) =^ y = -9 



l 

2 

19. P(3, 4), Q(-2, 5)^m=^ = ^3=-i 

^ = 1 ^ y _o=|( x -(-8)) y = fx+f 



lx + 6 



= lx-3 



22. m= l,b= -3 =>• y = | 
24. Noslope,P(i,4) x = i 



25. a = -1, b = 4 (0, 4) and (-1, 0) are on the line => m = ^ = = 4 =^ y = 4x + 4 

26. a = 2, b = -6 =>■ (2, 0) and (0, -6) are on the line =>• m = ^ = =£f^ = 3 y = 3x - 6 

27. P(5, -1), L: 2x + 5y = 15 m L = -§ 



2 parallel line is y — (— 1) = — | (x — 5) =>■ y = — § x + 1 



28. pf-y^) ,L: A/2x + 5y = ^ m L = ^parallel line is y - 2 = (x - (~V^)) = 

29. P(4, 10), L: 6x - 3y = 5 =>• m L = 2 =4> m ± = -\ => perpendicular line is y - 10 = -\ (x - 4) => y 

30. P(0, 1), L: 8x - 13y = 13 m L = ^ m ± = -y =>■ perpendicular line is y = -f x + 1 



4x+ 12 
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32. x-intercept = —4, y-intercept = —2 



y 

i 




35. Ax + By = Ci O y = -§ x + Sl and Bx - Ay = C 2 ^> y = fx - St. Since (-§) (|) = -1 is the 
product of the slopes, the lines are perpendicular. 

36. Ax + By = Ci y = - 1 x + Sl and Ax + By = C 2 <^> y = — ^ x + Si. Since the lines have the same 
slope — g , they are parallel. 

37. New position = (x oW + Ax, y oW + Ay) = (-2 + 5,3 + (-6)) = (3, -3). 

38. New position = (x old + Ax, y oW + Ay) = (6 + (-6), + 0) = (0, 0). 

39. Ax = 5, Ay = 6, B(3, -3). Let A = (x, y). Then Ax = x 2 - Xj =>■ 5 = 3 - x =>■ x = -2 and 
Ay = y 2 - yi ^> 6 = -3 - y => y = -9. Therefore, A = (-2, -9). 

40. Ax = 1 - 1 = 0, Ay = - = 
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41. C(0, 2), a = 2 => x 2 + (y - 2) 2 = 4 




42. C(-3,0),a = 3 =*> (x + 3) 2 + y 2 = 9 




43. C(-l,5),a= V^O (x + l) 2 + (y - 5) 2 = 10 



(0,8) 


(x+l) 2 + (). 


lC(rl,S) m 








i i 


(0,2) 


-4 -2 


2 ' 



44. C(l, 1), a = => - I) 2 + (y - I) 2 = 2 

x = =>• (0 - l) 2 + (y - l) 2 = 2 =*> (y - l) 2 = 1 
=> y — 1 = ±1 => y = or y = 2. 
Similarly, y = =>• x = or x = 2 









X.5 






1 


• (1.D 




V s 


(0,0) 






V 0.5 1 1.5 SI 



45. C (~y/3, -2) , a = 2 =► (x + y^) + (y + 2) 2 = 4, 

x = =► (0 + yfs\ + (y + 2) 2 = 4 (y + 2) 2 = 1 
=> y + 2 = ±1 => y = -1 or y = -3. Also, y = 
=> (x+ V^) 2 + (0 + 2) 2 =4 =» (x+a/3) 2 = 

X = — y/3 

46. C (3, i), a = 5 (x - 3) 2 + (y - i) 2 = 25, so 
x = =► (0-3) 2 + (y- \f = 25 

(y-I) 2 = 16 y-i= ±4 => y=| 
y = - |. Also, y = =^ (x - 3) 2 + (0 - \ f = 25 



or 



^ (x _3)2 = 22^ x _ 3=± 3^ii 



x = 3± 



4 

3\/TT 




(0,-3) 



(0,4.5) 

• (3.0.5) 



2 4 6 



(0,-3.5) 
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47. x 2 + y 2 + 4x - 4y + 4 = 



4x 
4x 



-y 

■4- 



- 4y = -4 
y 2 - 4y + 4 = 4 



Ct + 2)' + (y-2r = 4 



(x + 2) 2 + (y - 2) 2 = 4 ^ C = (-2, 2), a : 




48. x 2 



y~ 

v 2 



8x + 4y + 16 = 



4y 

,r2 



16 



8x + 

x 2 - 8x + 16 + y 2 + 4y + 4 = 4 
(x - 4) 2 + (y + 2) 2 = 4 
C = (4, -2), a = 2. 



(4,0) 



(4,-2) 




51. x 2 + y 2 -4x + 4y = 

=>■ x 2 - 4x + y 2 + 4y = 
=>■ x 2 - 4x + 4 + y 2 + 4y + 4 = 
=► (x - 2) 2 + (y + 2) 2 = 8 
C(2, -2), a = v^8. 







1 

(0,0) 


-\(4,0) 

r 1 1 1 1 > 


-1 / 
11 


1 2 3 4>v 5 


-2 


* 




C(2,-2) / 


V-3 






(-4, o) y 


4* 
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52. x 2 + y 2 + 2x = 3 

=>■ x 2 + 2x + 1 + y 2 = 4 
(x+l) 2 + y 2 =4 
C = (-1,0), a = 2. 




53. x = - f 



-2 
2(1) 



1 



y = (l) 2 -2(l)-3 = -4 
=>■ V = (1, -4). If x = then y = - 
Also, y = ^ x 2 - 2x - 3 = 

(x - 3)(x + 1) = =>• x = 3 or 
x = — 1. Axis of parabola is x = 1. 



y = x'-2x-3 



V-1.0) 



(0,-3)1 



/(3, 0) 



rv(i,-4) 



54- x = -£ 



- ^- = -2 

2(1) Z 

^ 2 1 ™ '-3 



y = (-2) 2 +4(-2) + 3 = -l 
V = (-2,-l). Ifx = Otheny = 3. 

Also, y = ^> x 2 + 4x + 3 = 

(x+l)(x + 3) = =>• x=-lor 

x = —3. Axis of parabola is x = —2. 




55. * = -£ = - 



2a 



2(-l) 



= 2 



^ y = -(2) 2 + 4(2) = 4 

=> V = (2,4). Ifx = Otheny = 0. 
Also, y = -x 2 + 4x = 

=> -x(x - 4) = =>• x = 4 or x = 0. 
Axis of parabola is x = 2. 



V(2, 4) 




56 x - - — - — - 2 

JO - A — 2a — 2(-l) ~~ Z 

=». y=-(2) 2 +4(2)-5 = -l 
=> V = (2,-1). Ifx = Otheny 



Also, y = -x 2 + 4x - 5 = 
=> x 2 - 4x + 5 = =>• x = 

no x intercepts. Axis of parabola is x = 2. 



-2 



(0.-5) 



-10 



(2.-1) 



x = 2 



-15 
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^7 x — — — — — — —3 

J 1 ■ A ~~ 2a — 2(-l) ~~ J 

y = -(-3) 2 - 6(-3) -5 = 4 
=> V = (-3,4). Ifx = Otheny = -5. 

Also, y = -x 2 - 6x - 5 = 
=> (x + 5)(x + 1) = => x = -5 or 

x = — 1. Axis of parabola is x = —3. 





VC-3, 4) 




y = -t" - 6jc - 


5 j* 




- 4 


(-5,0)/ 
■ i 








-6 r 


-3 


H,0)V 






cn 
1 








II 
















< 






f ( - 6 


-5) 







58. x = - 



2a 



-1 _ 1 
2(2) - 4 



y = 2(i) 2 -| + 3 = f 

=> V= (i,f) . Ifx = Otheny = 3. 
Also, y = ^ 2x 2 - x + 3 = 



no x intercepts. 



Axis of parabola is x 




59. x 



1 



2a 2(1/2) 

y= i(-D 2 + (-D + 4= | 

V = (-1,|) ■ Ifx = Otheny = 4. 
Also, y = =^ |x 2 +x + 4 = 
=>• x = "^y 7 -? no x intercepts. 
Axis of parabola is x = — 1 . 



60. x 



2a 2(-l/4) 



=► y = - 1 (4) 2 + 2(4) + 4 = 8 
=> V = (4, 8) . If x = then y = 4. 
Also, y = => - |x 2 + 2x + 4 = 

=> X = =^ =4 ±4^2. 
Axis of parabola is x = 4. 



II 1 




(-2, , 4)V|^ 


MO, 4) 


V(-1,7/2) 




-2-1 


i 



5> (4 + 4 -y/i.o) 




61. The points that lie outside the circle with center (0, 0) and radius \J 7. 

62. The points that lie inside the circle with center (0, 0) and radius y5. 

63. The points that lie on or inside the circle with center (1, 0) and radius 2. 

64. The points lying on or outside the circle with center (0, 2) and radius 2. 

65. The points lying outside the circle with center (0, 0) and radius 1, but inside the circle with center (0, 0), 
and radius 2 (i.e., a washer). 
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66. The points on or inside the circle centered 
at (0, 0) with radius 2 and on or inside the 
circle centered at (—2, 0) with radius 2. 




67. x 2 + y 2 + 6y < =S> x 2 + (y + 3) 2 < 9. 
The interior points of the circle centered at 
(0,-3) with radius 3, but above the line 

y = -3. 




68. x 2 + y 2 - 4x + 2y > 4 ^> (x - 2) 2 + (y + l) 2 > 
The points exterior to the circle centered at 
(2,-1) with radius 3 and to the right of the 
line x = 2. 




69. (x + 2) 2 + (y - l) 2 < 6 
71. x 2 + y 2 < 2, x > 1 

73. x 2 + y 2 = 1 and y = 2x =>• 1 = x 2 + 4x 2 = 5x 2 



70. (x + 4) 2 + (y - 2) 2 > 16 

72. x 2 + y 2 > 4, (x - l) 2 + (y - 3) 2 < 10 



=> (x=^ andy=-y or(x=--^ and y = 

Thus ' A fe'7s)' B (-7;'-Vj) arethe 

points of intersection. 



0- 



7s / 2 2 



-Tj -1/2 



y ■ 2x 



1/2 
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74. x + y = 1 and (x - l) 2 + y 2 = 1 

=>. 1 = (-y) 2 + y 2 = 2y 2 

=* (y=^ andx=l-^)or 
(y=-^ andx^l + ^j). Thus, 

A ( 1 -V5'7;) andB ( 1 + 73'-7l) 

are intersection points. 





(x 




1 

















TV 2 J " 






v"C 


-1 











77. y = 2x 2 - 1 = -x 2 3x 2 = 1 
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78. 



y = \ = (x - l) 2 
= 3x 2 - 8x 
=> x = 2 and y = 

y=f = 1. Thus, A(2,l) and B(f,i) 
are the intersection points. 



= *-f - 2x + 1 
= (3x - 2)(x - 2) 
= 1 , or x = | and 

2 







// x Z 






'T 












y(x-l) 2 



79. x 2 + y 2 

,2 



1 = (x - l) 2 

_^ x- = (x- l) 2 - " 2 
=>• = -2x + 1 



1 



I ory 



y 

x" - 2x + 1 
x = |. Hence 



Thus, 

A (j , and B f i , are the 
intersection points. 





A (x-l) 2 +y 2 = 1 


r 




\\ 




2 2 , 

< + y « 1 


B 



80. x 2 + y 2 

=> y(y 



l — x 2 + y ^> y — y 
1) = y = 0ory = 1. 
If y = 1, then x 2 = 1 - y 2 = or x = 0. 
If y = 0, then x 2 = 1 - y 2 = 1 or x = ± 1. 
Thus, A(0, 1), B(l, 0), and C(-l, 0) are the 
intersection points. 



f / 0-5 
cj/ 


"a 


t B - 




0.5 




/ \ "°' 5 






2 r->^ 




y-1 • 


x + y »T — 





SI. (a) A«(69°,0in), B«(68°,.4in) m 

(b) A « (68°, .4 in), B « (10°, 4 in) =$> m : 

(c) A « (10°, 4 in), B « (5°, 4.6 in) m 



68 


- 69° 


.4 


- 


10" 


- 68° 


4 


- .4 


5" - 


10° 



4.6-4 



-2.57in. 
-16.17in. 
-8.37in. 



82. The time rate of heat transfer across a material, is directly proportional to the cross-sectional area, A, of the material, 
to the temperature gradient across the material, 4J? (the slopes from the previous problem), and to a constant characteristic 

An . . 

-kA Ar 



of the material. 4^ 



k = — A ^/ A . Note that 4^ and 4^ are of opposite sign because heat flow is toward lower 



Ax ffiE. ' Ai Ai 

temperature. So a small value of k corresponds to low heat flow through the material and thus the material is a good 
insulator.Since all three materials have the same cross section and the heat flow across each is the same (temperatures are 
not changing), we may define another constant, K, characteristics of the material: K = — . Using the values of 4^ from 

the prevous problem, fiberglass has the smallest K at 0.06 and thus is the best insulator. Likewise, the wallboard is the 
poorest insulator, with K = 0.4. 



83. p = kd + 1 and p = 10.94 at d = 100 



10.94-1 
100 



0.0994. Then p = 0.0994d + 1 is the diver's 



pressure equation so that d = 50 =>■ p = (0.0994)(50) + 1 = 5.97 atmospheres. 



84. The line of incidence passes through (0, 1) and (1, 0) =4> The line of reflection passes through (1, 0) and (2. 1) 
=> m = = 1 =>■ y — — l(x — 1) =4> y = x — 1 is the line of reflection. 
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85. C = § (F - 32) and C = F F = § F - Ajp =>• ^F=-^orF = -40° gives the same numerical reading. 





/c=F 


-40 / 






C=|(F-32) 


JT -40 




^(-40, -40) 





86. m = = |1 =>. Ax = Therefore, distance between first and last rows is \J (14) 2 + (++) 2 « 40.25 ft. 

87. length AB = ^(5 - l) 2 + (5 - 2) 2 = a/16 + 9 = 5 
length AC = y/(4 - l) 2 + (-2 - 2) 2 = a/9+16 = 5 

length BC = x/(4 - 5) 2 + (-2 - 5) 2 = x/l +49 = a/50 = 5 y/2 / 5 



88. length AB = J (1 - 0) 2 + (\/3 - o) = a/ 1 + 3 = 2 
length AC = x/(2 - 0) 2 + (0 - 0) 2 = x/4 + = 2 
length BC = ^(2- l) 2 + (o - a/^ = + 3 = 2 

89. Length AB = ^/(Ax) 2 + (Ay) 2 = a/1 2 +4 2 = N /l7 and length BC = ^(Ax) 2 + (Ay) 2 = \/4 2 + l 2 = \/l7. 
Also, slope AB = ^ and slope BC = \, so AB _L BC. Thus, the points are vertices of a square. The coordinate 
increments from the fourth vertex D(x. y) to A must equal the increments from CtoB => 2 — x = Ax = 4 and 
— 1 — y = Ay = 1 =>• x = —2 and y = —2. Thus D(— 2, —2) is the fourth vertex. 



90. Let A = (x, 2) and C = (9, y) ^> B = (x, y). Then 9 - x = |AD| and 2 - y = |DC| ^> 2(9 - x) + 2(2 - y) = 56 
and 9 - x = 3(2 - y) =!> 2(3(2 - y)) + 2(2 - y) = 56 => y = -5 9 -x = 3(2 - (-5)) x = -12. 
Therefore, A = (-12, 2), C = (9, -5), and B = (-12, -5). 



91. Let A(-l, 1), B(2, 3), and C(2, 0) denote the points. 
Since BC is vertical and has length |BC| = 3, let 
Di(— 1, 4) be located vertically upward from A and 
D2(— 1, —2) be located vertically downward from A so 
that |BC| = |ADi| = |AD 2 | = 3. Denote the point 
Da(x, y). Since the slope of AB equals the slope of 



CDi we have 



y-3 _ 



- i 3y - 9 = -x + 2 or 



j 3 v,^ x 2 — 3 
x + 3y = 11. Likewise, the slope of AC equals the slope 
of BD 3 so that = f =>• 3y = 2x - 4 or 2x - 3y = 4. 

x + 3y = 11 



Solving the system of equations 



2x-3y= 4 



-3y 

we find x 



(-l,-2)« 



• (5,2) 




5 and y = 2 yielding the vertex D 3 (5, 2). 



92. Let (x, y), x / and/or y / be a point on the coordinate plane. The slope, m, of the segment (0, 0) to (x, y) is |. A 90° 
rotation gives a segment with slope m' = — ^ = — |. If this segment has length equal to the original segment, its endpoint 
will be (— y, x) or (y, — x), the first of these corresponds to a counter-clockwise rotation, the latter to a clockwise 
rotation. 

(a) (-1,4); (b) (3,-2); (c) (5,2); (d) (0,x); 
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(e) (-y,0); 



(f) (-y,x); 



(g) (3,-10) 



93. 2x + ky = 3 has slope — | and 4x + y = 1 has slope —4. The lines are perpendicular when — | (—4) = — 1 or 



k = — 8 and parallel when — \ — —4 or k — 1 



2 • 



94. At the point of intersection, 2x + 4y = 6 and 2x — 3y — — 1 . Subtracting these equations we find 7y = 7 or 
y = 1. Substitution into either equation gives x = 1 => (1, 1) is the intersection point. The line through (1, 1) 
and (1,2) is vertical with equation x = 1. 



95. Let M(a. b) be the midpoint. Since the two triangles 
shown in the figure are congruent, the value a must 
lie midway between Xi and X2, so a 



Xl+X 2 

2 ■ 



Similarly, b = 



-P(x 1 .y,) 



M(a.b) 




Q(x 2 ,y 2 ) 



96. (a) L has slope 1 so M is the line through P(2, 1) with slope —1; or the line y = — x + 3. At the intersection 
point, Q, we have equal y-values, y = x + 2 = — x + 3. Thus, 2x = 1 or x = \. Hence Q has coordinates 

(!,§)• The distance from P to L = the distance from P to Q = y / (|) 2 + (-|) 2 = = 
(b) L has slope — * so M has slope | and M has the equation 4y — 3x = 12. We can rewrite the equations of 



|| . Substitution 



the lines as L: x + | y = 3 and M: — x + | y = 4. Adding these we get y| y = 7 so y 
into either equation gives x = f (§5) ~ 4- = iS so that Q (35, §f ) is the point of intersection. The distance 

fromPtoL= V / (4-i|) 2 +(6-l) 2 = f. 

(c) M is a horizontal line with equation y = b. The intersection point of L and M is Q(— 1, b). Thus, the 
distance from P to L is ^/(a + l) 2 + 2 = |a + 1 1 . 

(d) If B = and A ^ 0, then the distance from P to L is | ^ - x 1 as in (c). Similarly, if A = and B ^ 0, the 
distance is | g — yo| . If both A and B are ^ then L has slope - | soM has slope j. Thus, 

L: Ax + By = C and M: Bx + Ay = — Bxq + Ayo- Solving these equations simultaneously we find the 



point of intersection Q(x, y) with x 



AC-B(Ayo-Bxo) 
A 2 +B 2 



and y = BC+/ \^ Y ° 2 Bx °^ . The distance from 



P to Q equals v'(Ax) 2 + (Ay) 2 , where (Ax) 2 = N (A 2 +B 2 )-AC+ABy -B°x, 



r 



A 2 (Axp+Byo+C)- 



(A 2 +B 2 ) 

Thus, ^(Ax) 2 + (Ay) 



, and (Ay) 2 = ( 



yo (A J +B-)-BC-A i yo+ABx 
A 2 +B 2 



B 2 (Axp+Byo+C) 2 
(A 2 +B 2 ) 2 



(Axp+Byo+C)' 
A 2 +B 2 



|Ax +Byo+C| 

x/a'+b 2 " 



1.3 FUNCTIONS AND THEIR GRAPHS 



1. domain = (—00, 00); range = [1, 00) 



2. domain = [0, 00); range = (—00, 1] 



3. domain = (0, 00); y in range y=-^,t>0 =>• y 2 = ~ and y > => y can be any positive real number 
=>• range = (0, 00). 
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4. domain = [0, oo); y in range =>■ y = j^r t , t > 0. If t = 0, then y = 1 and as t increases, y becomes a smaller 
and smaller positive real number =4> range = (0, 1]. 

5. 4 — z 2 = (2 — z)(2 + z) > z 6 [—2, 2] = domain. Largest value is g(0) = y4 = 2 and smallest value is 
g(-2) = g(2) = v/0 = range = [0, 2]. 

6. domain = (—2, 2) from Exercise 5; smallest value is g(0) = \ and as < z increases to 2, g(z) gets larger and 
larger (also true as z < decreases to —2) =4> range = [|, oo) . 

7. (a) Not the graph of a function of x since it fails the vertical line test. 

(b) Is the graph of a function of x since any vertical line intersects the graph at most once. 

8. (a) Not the graph of a function of x since it fails the vertical line test, 
(b) Not the graph of a function of x since it fails the vertical line test. 



9. y = y'(I) - 1 => i - 1 > ^x < 1 andx > 0. So, 

(a) No (x > 0); 
(c) No; if x > 1, i < 1 i - 1< 0; (d) (0, 1] 



(b) No; division by undefined; 



10. y=y / 2- v /x^>2-^/x>0^ 1 /x>0andyx<2. v /x>0^x>0and v /x<2 ^ x < 4. So, < x < 
(a) No; (b) No; (c) [0, 4] 



2 /r 

11. base = x; (height) 2 + (f ) = x 2 =>• height = ^- x; area is a 
perimeter is p(x) = x + x + x = 3x. 



(x) = \ (base)(height) = \ (x) (^x) 



- %/I x 2. 



1 j2 



12. s = side length => s 2 + s 2 = d 2 s = -4= ; and area is a = s 2 => a = ^ d : 



13. Let D = diagonal of a face of the cube and I — the length of an edge. Then t + D = d" and (by Exercise 10) 

3/2 

!' ; """ " " " ' V ! / ~ 3x/3 



D 2 = 2£ 2 => 3f = d 2 I = 4- ■ The surface area is 6£ 2 = ^ = 2d 2 and the volume is I s = ( # Y '~ - J : 



14. The coordinates of P are (x, y/xj so the slope of the line joining P to the origin is m = ^ = (x > 0). Thus, 




16. The domain is (-co, oo). 



f(x) = l-2x-x 
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17. The domain is (— oc, oo). 



4 




3 




~— 2 

i 


' > 


-5 -4 -3 -2 -1 j 


1 2 3 4 5 


-2 





19. The domain is (— oo, 0) U (0, oo). 



2 
Ic 

i i i i 


- F(J) = - 
Irl 


i i i i > 


-4 -3 -2 -1 


12 3 4 

>- 


c 

-2 



18. The domain is (— oo, 0]. 




20. The domain is (— oo, 0) U (0, oo). 

f(x) 

1 




-3 -2 -1 




12 3 



21. Neither graph passes the vertical line test 
(a) 




22. Neither graph passes the vertical line test 
(a) 




(b) 




(b) 




x + y = 1 1 | y = 1 — x 
|x + y| = 1 <^> ^ or > <^> < or 

x + y=— ll ly = — 1 x 
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23. 



X 





1 


2 


y 





1 







24. 



X 





i 


2 


y 


i 










{1-x, 0<x<1 
2-x.1<x£2 



25. y = 




-3 -2 -1 1 2 3 



27. (a) Line through (0, 0) and (1. 1): y = x 
Line through (1, 1) and (2, 0): y = — x 

f(x) = 



(b) f(x) = 





x, < x < 1 


—X 


+ 2, 1 < x < 2 




< x < 1 




1 < x < 2 




2 < x < 3 




3 < x < 4 



28. (a) Line through (0, 2) and (2, 0): y = -x + 2 

o - 1 _ 

5-2 3 3' ""J 3 V" ") ' 3 yv ' 3 

f -x 4- 2. < x < 2 

f(x) 



Line through (2, 1) and (5, 0): m = §5| = ^ = -\, so y = -±(x - 2) + 1 = -k^ - 



-|x + |, 2 < x < 5 



(b) Line through (-1, 0) and (0, -3): m = ~ 3 ~° = -3, so y = -3x - 3 



0- (-l) 

1- 3 _ 

2- 2 

f — 3y — s — i ^ y < n 

f(x) = 



Line through (0, 3) and (2, -1): m = =^w = ^ = -2, so y = -2x + 3 



-3x-3, -1 < x < 
-2x + 3, 0<x<2 



29. (a) Line through (-1, 1) and (0, 0): y = -x 
Line through (0, 1) and (1, 1): y = 1 

Line through (1, 1) and (3, 0): m = ^ = =± = -\, so y = -|(x - 1) + 1 = ~\x + | 




-1 < x < 

< x < 1 

1 < x < 3 



(b) Line through (-2, -1) and (0, 0): y = |x 
Line through (0, 2) and (1, 0): y = -2x + 2 
Line through (1, —1) and (3, —1): y = — 1 
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( |x -2<x<0 
i(x) = < -2x + 2 < x < 1 
^ -1 1 < x < 3 



30. (a) Line through (f , 0) and (T, 1): m 



1-0 2 2 

— ^, so y = | 



T-(T/2) 



f(x) 



(b) f(x) = ^ 



0, < x < I 
fx - 1, | < x < T 
A, < x < | 



-A, 



< x < T 



A, T < x < f 
-A, f < x < 2T 



0= fx - 1 



31. (a) From the graph, | > 1 + - 

( b ) ! > 1 + i=> ! - 1 - i > o 

x>0: | - 1 - * > =► ^f=** > 



x > 4 since x is positive; 



x < 0: | - 1 - ; > 



x--2x-8 
2x 



x e (-2,0)U(4,oo) 

(x-4)(x+2) 
2x ^ U 

(X-4KX+2) <Q 



< 



=4> x < —2 since x is negative; 
sign of (x - 4)(x + 2) 
+ 3 _ c + ( 
-2 4 
Solution interval: (-2, 0) U (4, do) 




3 {x) 



g(x) ' 1 + 




f(x) = | 



32. (a) From the graph, r^r < 



x _i - x+1 x G (-oo, -5) U (-1, 1) 
(b) Casex<-1: ^ < £ => ^> > 2 

=>■ 3x + 3 < 2x - 2 =>• x < -5. 
Thus, x 6 (— oo, —5) solves the inequality. 



Case - 1 < x < 1 : < 2 



3(x+l) 



< 2 



x-l x+1 x-1 

=>• 3x + 3 > 2x — 2 =>• x > — 5 which is true 
if x > — 1. Thus, x G (— 1, 1) solves the 
inequality. 

Case 1 < x: ^ < =>• 3x + 3<2x-2 =>• x < -5 
which is never true if 1 < x, so no solution 
here. 

In conclusion, x G (— oo, —5) U (— 1, 1). 





\ 






S(x) - 


2 






x + 






-1 






1 


(-5.4)^^^ 












,f(x 


) -3/(x-l) 



33. (a) [xj =0forxe [0,1) 

34. L X J = |~ x l on ly wnen x is an integer. 



(b) fx] = Oforx G (-1,0] 



35. For any real number x, n < x < n + 1, where n is an integer. Now: n<x<n+l=^ — (n + 1) < — x < — n. By 
definition: [— x] = — n and |_xj = n =>■ — |_xj = — n. So [~— x] — — |_xj for all x 6 5ft. 
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36. To find f(x) you delete the decimal or 
fractional portion of x, leaving only 
the integer part. 



■3- 



-i 

-2 
-3 



f(x)- 

( fx I . x < 



37. v = f(x) = x(14 - 2x)(22 - 2x) = 4x 3 - 72x 2 + 308x; < x < 7. 

38. (a) Let h = height of the triangle. Since the triangle is isosceles, AB 2 + AB 2 = 2 2 =>• AB = y/2. So, 

h 2 + l 2 = (\/2^ h = 1 B is at (0, 1) slope of AB = -1 ^ The equation of AB is 

y = f(x)= -x + l;xE [0, 1]. 
(b) A(x) = 2xy = 2x(-x + 1) = -2x 2 + 2x; x £ [0, 1]. 

39. (a) Because the circumference of the original circle was 87r and a piece of length x was removed. 

(b) r=*£i=4-£ 



(c) h = y/16 - r 2 = J 16 - (4 - 



16-(l6-£ + £) 



4x _i_ jtM _ /4x _ _x!_ _ / 16ttx _ j£_ _ \Z16ttx-x 2 



7T 47T 2 V 47T 2 4?T- 



(d) V = i.r 2 h = I.(^) 2 • = 

40. (a) Note that 2 mi = 10,560 ft, so there are V^OO 2 + x 2 feet of river cable at $180 per foot and (10, 560 - x) feet of land 
cable at $100 per foot. The cost is C(x) = 180\/800 2 + x 2 + 100(10, 560 - x). 
(b) C(0) = $1,200,000 
C(500) « $1,175,812 
C(1000) « $1,186,512 
C(1500) w $1,212,000 
C(2000) « $1,243,732 
C(2500) w $1,278,479 
C(3000) w $1,314,870 

Values beyond this are all larger. It would appeal" that the least expensive location is less than 2000 feet from the 
point P. 



41. A curve symmetric about the x-axis will not pass the vertical line test because the points (x, y) and (x, — y) lie on the same 
vertical line. The graph of the function y = f(x) = is the x-axis, a horizontal line for which there is a single y-value, 0, 
for any x. 

42. Pick 1 1, for example: 11 + 5 = 16 -> 2 • 16 = 32 32 - 6 = 26 -> f = 13 13 - 2 = 11, the original number. 



f(x) 



2(x+5)-6 



2 = x, the number you started with. 
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1.4 IDENTIFYING FUNCTIONS; MATHEMATICAL MODELS 



1. (a) linear, polynomial of degree 1, algebraic, 
(c) rational, algebraic. 



(b) power, algebraic, 
(d) exponential. 



2. (a) polynomial of degree 4, algebraic, 
(c) algebraic. 



(b) exponential. 

(d) power, algebraic. 



3. (a) rational, algebraic, 
(c) trigonometric. 



(b) algebraic, 
(d) logarithmic. 



4. (a) logarithmic, 
(c) exponential. 



(b) algebraic, 
(d) trigonometric. 



5. (a) Graph h because it is an even function and rises less rapidly than does Graph g. 

(b) Graph f because it is an odd function. 

(c) Graph g because it is an even function and rises more rapidly than does Graph h. 

6. (a) Graph f because it is linear. 

(b) Graph g because it contains (0, 1). 

(c) Graph h because it is a nonlinear odd function. 



7. Symmetric about the origin 
Dec: — oo < x < co 
Inc: nowhere 



Symmetric about the y-axis 
Dec: —oo < x < 
Inc: < x < co 



_i i i_ 



9. Symmetric about the origin 
Dec: nowhere 
Inc: —co < x < 

< x < co 



10. Symmetric about the y-axis 
Dec: < x < co 
Inc: — co < x < 






r 


















/ i 




3— 




2 
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11. Symmetric about the y-axis 



Dec: — oo < x < 


Inc: < x < 


OO 


: 




4 






y = HS 


2 

i i > 




-4 -2 


2 4* 



13. Symmetric about the origin 
Dec: nowhere 
Inc: — oo < x < oo 

y 




15. No symmetry 
Dec: < x < oo 
Inc: nowhere 



y 




1.4 Identifying Functions; Mathematical Models 

12. No symmetry 

Dec: — oo < x < 
Inc: nowhere 



y 




14. No symmetry 
Dec: < x < oo 
Inc: nowhere 




16. No symmetry 

Dec: — oo < x < 
Inc: nowhere 




-8 -S -4 -2 
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17. Symmetric about the y-axis 
Dec: — oo < x < 
Inc: < x < oo 




18. Symmetric about the y-axis 
Dec: < x < oo 



Inc: — oo < x < 




10 






?.s 






b 






2.5 






-20 -10 J 

-/s 


. 10 


20 


S -5 






-'-5 
-10 


2a 
y.-x 





19. Since a horizontal line not through the origin is symmetric with respect to the y-axis, but not with respect to the origin, the 
function is even. 



20. f(x) = x- 5 = i and f(-x) = (-x)" 5 = ^ 



" (>?) = — f( x )- Thus the function is odd. 



21. Since f(x) — x 2 + 1 = (— x) 2 + 1 = — f(x). The function is even. 

22. Since [f(x) = x 2 + x] ^ [f(— x) = (— x) 2 — x] and [f(x) = x 2 + x] ^ [— f(x) = — (x) 2 — x] the function is neither even nor 
odd. 

23. Since g(x) = x 3 + x, g(— x) = — x 3 — x = — (x 3 + x) = — g(x). So the function is odd. 

24. g(x) = x 4 + 3x 2 + 1 = (— x) 4 + 3(— x) 2 — 1 = g(— x), thus the function is even. 

25. g(x) = K a _ 1 = ^ - = g(— x). Thus the function is even. 

26. g(x) = x 2 X _ f , g(— x) = — j23j = g(— x )- So the function is odd. 

27. h(t) = h(— t) = z^j', -h(t) = ^-L. Since h(t) ^ -h(t) and h(t) ^ h(-t), the function is neither even nor odd. 

28. Since 1 1 3 | = | (-t) 3 |, h(t) = h(-t) and the function is even. 

29. h(t) = 2t + 1, h(-t) = -2t + 1. So h(t) ^ h(-t). -h(t) = -2t - 1, so h(t) ^ -h(t). The function is neither even nor 
odd. 

30. h(t) = 2| 1 1 + 1 and h(-t) = 2| -t | + 1 = 2| 1 1 + 1. So h(t) = h(-t) and the function is even. 

31. (a) 



y = 0.166* 




The graph supports the assumption that y is proportional to x. The 
constant of proportionality is estimated from the slope of the 
regression line, which is 0.166. 
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(b) 



= 2.03x m 



The graph supports the assumption that y is proportional to x 1 / 2 . 
The constant of proportionality is estimated from the slope of the 
regression line, which is 2.03. 



32. (a) Because of the wide range of values of the data, two graphs are needed to observe all of the points in relation to the 
regression line. 

y 

450 




500 1000 1500 2000 2500" 




The graphs support the assumption that y is proportional to 3". The constant of proportionality is estimated from the 
slope of the regression line, which is 5.00. 
(b) The graph supports the assumption that y is proportional to In x. The constant of proportionality is extimated from 
the slope of the regression line, which is 2.99. 



20 
15 
10 
5 



In x 



33. (a) The scatterplot of y = reaction distance versus x = speed is 




10 20 30 40 50 60 70 80 90100 

Answers for the constant of proportionality may vary. The constant of proportionality is the slope of the line, which is 
approximately 1.1. 
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(b) Calculate x' = speed squared. The scatterplot of x 'versus y = braking distance is: 



400 




6400 



Answers for the constant of proportionality may vary. The constant of proportionality is the slope of the line, which 
is approximately 0.059. 

34. Kepler's 3rd Law is T(days) = 0.41R 3 / 2 , R in millions of miles. "Quaoar" is 4 x 10 9 miles from Earth, or about 
4 x 10 9 + 93 x 10 6 « 4 x 10 9 miles from the sun. Let R = 4000 (millions of miles) and 

T = (0.41)(4000) 3/2 days w 103, 723 days. 

35. (a) 



2 3 4 5 6 7 



The hypothesis is reasonable. 

(b) The constant of proportionality is the slope of the line 

(c) y(in.) = (0.87 in./unit mass) (13 unit mass) = 11.31 in. 



8.741 - 
10-0 



in./unit mass = 0.874 in./unit mass. 



36. (a) 



(b) 



300 



200 



100 



300 



200 



100 



20000 40000 60000 

Graph (b) suggests that y = kx a is the better model. This graph is more linear than is graph (a). 



500 1000 1500 

— V v 3 



1.5 COMBINING FUNCTIONS; SHIFTING AND SCALING GRAPHS 

1. D f : -co < x < oo, D g : x > 1 D f+g = D fg : x > 1. R f : ~oo < y < oo, R g : y > 0, R f+g : y > 1, R fg : y > 



2. D f : x + 1 > => x > -1, D g : x - 1 > => x > 1. Therefore D f+g = D fg : x > 1. 
R f = Rg: y > 0, R f+g : y > y/l, R fg : y > 
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3. D f : — oo < x < oo, D g : — oo < x < oo =>■ D f / g : — oo < x < oo since g(x) ^ for any x; D g / f : — oo < x < oo 
since f(x) ^ for any x. R f : y = 2, R E : y > 1, R f/g : < y < 2, R g/f : y > \ 

4. D f : -oo < x < oo, D g : x > => D f/g : x > since g(x) ^ for any x > 0; D g/f : x > since f(x) ^ 
for any x > 0. R f : y = 1, R g : y > 1, R f/g : < y < 1, R g/f : y > 1 



f(g(0)) = f(-3) = 2 
g(f(0)) = g(5) = 22 

f( g (x)) = f(x 2 - 3) = x 2 - 3 + 5 = x 2 + 2 
g(f(x)) = g(x + 5) = (x + 5) 2 - 3 = x 2 + lOx + 22 
f(f(-5)) = f(0) = 5 
g(g(2)) = g(l) = -2 

f(f(x)) = f(x + 5) = (x + 5) + 5 = x + 10 

g(g(x)) = g(x 2 - 3) = (x 2 - 3) 2 - 3 = x 4 - 6x 2 + 6 



f f 



i 

x+l 



x+ 1 

1 



f(g(D) 

g(f(i))=g(-|)=2 
f(g(x)) = f( x i T ) 

g(f(x)) = g(x - 1) 

f(f(2)) = f(l) = 

g(g(2)) = g (|) = I = \ 

f(f(x)) = f(x - 1) = (x - 1) - 1 = x - 2 



(x-n + i 



?(g(x)) 



' l ' 

VX+ 1 , 



+ 1 



x+l 
x + 2 



(x ^ -1 andx ^ -2) 



u(v(f(x))) = u (v (I)) = u (4) = 4 (I)' 5 = ^ _ 5 
u(f(v(x))) = u (f (x 2 )) = u (£) = 4 (4r) - 5 = £ - 5 
v( U (f(x))) = v(u(i))=v(4(i)-5) = ( 4 -5) 2 
v(f(u(x))) = v(f(4x - 5)) = v (g^) = (^) 2 
f(u(v(x))) = f (u (x 2 )) = f (4 (x 2 ) - 5) = 
f(v(u(x))) = f(v(4x - 5)) = f ((4x - 5) 2 ) = ^ 



h(g(f(x))) = h (g (v^)) = h (&) = 4 (^) - i 
h(f(g(x))) = h(f (I)) =h(y/f) = 4^-8 = 2 
g(h(f(x))) = g (h (v^)) = g (4^/x" - 8) = 
g(f(h(x))) = g(f(4x - 8)) = g (\/4x - 8) 

f(g(h(x))) = f(g(4x - 8)) = f (^) = f(x - 2) = 
f(h(g(x))) = f (h (I)) = f (4 (f ) - 8) = f(x - 8) = x/x^S 



_ y/4x-8 _ 

"~ 4 



X - 8 

8 

1-2 

s/x-2 
2 



y = f(g(x)) 
y = g(g(x)) 
y = g(h(f(x))) 



(b) y=j(g(x)) 
(d) y=j(j(x)) 
(f) y = h(j(f(x))) 



y = f(j(x)) 
y = h(h(x)) 
y = j(g(f(x))) 



(b) y = h(g(x)) = g(h(x)) 
(d) y = f(f(x)) 
(f) y = g(f(h(x))) 
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1 1 


gw 


(a) 


x — / 


(b) 


x + 2 


(c) 


X 2 


(d) 


X 

x- 1 


(e) 


1 

x- 1 


(f) 


1 

X 


12. (a) 


(fog) to = 


(b) 


(f°g) to = 


(c) 


Since (fog} 


(d) 


Since (fog) 



f(x) 



(fog)(x) 



Vx 

3x 

\/x-5 

X 

x- 1 

l + i 

X 

1 



3(x + 2) = 3x + 6 
n/x 2 - 5 



1 x-(x-l) 



X 
X 



l(x)\ 

_ g(x)-l _ 



|x-l|- 



x+1 



1 - 



=> 1 — 

x + 1 ^ - 1 - x+1 



1 

g(x) 



+T = 4d,sog(x) =X + 1. 



The completed table is shown. Note that the absolute value sign in part (d) is optional. 



Six) 


f(x) 


(f°g)W 


i 

x- 1 


\x\ 


|x-l| 


X+1 


X- 1 
X 


X 

x+1 


X 2 


Vx 


\x\ 




x 2 


\x\ 



13. (a) f(g(x)) = ^i + l = 

(b) Domain (fog): (0, oo), domain (gof): (— 1, oo) 

(c) Range (fog): (1, oo), range (gof): (0, oo) 



14. (a) f(g(x)) = 1 -2^/x + x 

g(f(x)) = 1 - |x| 

(b) Domain (fog): (0, oo), domain (gof ): (0, oo) 

(c) Range (fog): (0, oo), range (gof): (— oo, 1) 

15. (a) y = -(x + 7) 2 

16. (a) y = x 2 + 3 

17. (a) Position 4 (b) Position 1 (c) Position 2 (d) Position 3 

18. (a) y=-(x-l) 2 +4 (b) y=-(x + 2) 2 + 3 (c) y = -(x + 4) 2 - 1 (d) y = -(x - 



(b) y = -(x - 4) 2 
(b) y = x 2 -5 
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32 
45. 



Chapter 1 Preliminaries 



4 






3 




1 y (x-1) 2 


2 
I, 






-1 


1 2 3 



46. 



-i 



-10 



y=? -1 



47. 



48. 



• -5 



2 4 



49. (a) domain: [0,2]; range: [2,3] 



(b) domain: [0,2]; range: [—1,0] 



y=/M + 2 



_i i i i_ 



12 3 4 

(c) domain: [0,2]; range: [0,2] 




(e) domain: [— 2, 0]; range: [0,1] 



y=m-i 




(d) domain: [0,2]; range: [—1,0] 




(f) domain: [1,3]; range: [0,1] 



y = f(x + 2) 




-2 -1 



y=f(x-l) 



1 2 3 
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(g) domain: [— 2, 0]; range: [0,1] (h) domain: [— 1, 1]; range: [0,1] 



y =/(-*) 




50. (a) domain: [0,4]; range: [-3,0] 
y 




(c) domain: [— 4, 0]; range: [0,3] 




(e) domain: [2,4]; range: [—3,0] 
y 

yg(-t + 2) 




y=-f{x + l) + \ 




(b) domain: [-4, 0]; range: [0,3] 

y 

3 




(d) domain: [-4, 0]; range: [1,4] 

y 




y*l -g(t) 



-2 



(f) domain: [—2, 2]; range: [—3,0] 
y 

y -g(t- 2) 

t 
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(g) domain: [1,5]; range: [—3,0] 
y 

y = g(l -t) 



(h) domain: [0,4]; range: [0,3] 
y 



y».g(t-4) 




51. y = 3x 2 -3 



52. y = (2x) 2 - 1 = 4x 2 - 1 



53- y=Ki + F)=i + s* 



55. y = ^/4x+ 1 

56. y = 3^/x + 1 



57- Y= V4-(f) 2 = |\/l6-x2 



58. y = i\/4-x 2 

59. y = 1 - (3x) 3 = 1 - 27x 3 

60. y = l-(f) 3 = l-^ 

61. Lety = - v / 2x~TT = f (x) andletg(x) = x 1 / 2 , h(x) = (x + 5) 1/2 ,i(x) = V^(x + 



l\l/2 



and 



j(x) 



\/2(x + |) = f( a; )- The graph of h(x) is the graph of g(x) shifted left | unit; the graph of i(x) is the graph 
of h(x) stretched vertically by a factor of y2; and the graph of j(x) = f(x) is the graph of i(x) reflected across the x-axis. 
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62. Lety = V /T^| = f(x). Letg(x) = (-x) 1/2 ,h(x) = (-x + 2) 1 ' 2 , andi(x) = -^(-x + 2) 1/2 = V /T^|=f(x). 

The graph of g(x) is the graph of y = y/x reflected across the x-axis. The graph of h(x) is the graph of g(x) shifted right 
two units. And the graph of i(x) is the graph of h(x) compressed vertically by a factor of -y/2. 





V-x + 2 



-3 -2 -1 



1 2 



63. y = f(x) = x 3 . Shift f(x) one unit right followed by a shift two units up to get g(x) = (x — 1) +2. 




64. y = (1 - xf + 2 = -[(x - l) 3 + (-2)] = f(x). Let g(x) = x 3 , h(x) = (x - l) 3 , i(x) = (x - l) 3 + (-2), and 

j(x) = — [(x — l) 3 + (—2)]. The graph of h(x) is the graph of g(x) shifted right one unit; the graph of i(x) is the graph of 
h(x) shifted down two units; and the graph of f(x) is the graph of i(x) reflected across the x-axis. 
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65. Compress the graph of f(x) = 1 horizontally by a factor of 2 to get g(x) = Then shift g(x) vertically down 1 unit to 
geth(x) = i-l. 




— 1 , + 1. Since \J~2 « 1.4, we see that the graph of 
f(x) stretched horizontally by a factor of 1.4 and shifted up 1 unit is the graph of g(x). 



66. Let f(x) = i and g(x) = £ + 1=1+1 = - i + 1 = 

\T U/v/2 





67. Reflect the graph of y = f(x) = Vj/x across the x-axis to get g(x) = —y/x. 



_i i i i_ 

-4 -3 -2 -1 



_J I I L_ 



68. y = f(x) = (-2x) 2/3 = [(-l)(2)x] 2 / 3 = (-l) 2/3 (2x) 2/3 = (2x) 2/3 . So the graph of f(x) is the graph of g(x) = x 2 / 3 
compressed horizontally by a factor of 2. 
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70. 



37 




-2 -1 

-1 


1 2 


9x 2 + 25y 2 


= 225 


6 




4 


- 9x 2 + 25y 2 = 225 


2 

i t i i i i 


i i i i \ i > 


-6 \-4 -2 

N. -2 


2 4 y 6 


-4 




-6 






72. 16x 2 + 7y 2 = 112 



(Vr) 



2 ' 42 



16x+7y-=112 




73. 3x 2 + (y-2)' = 3^| 



2 j. (y-zr _ 



74. (x + l) 2 + 2y 2 = 4 => 



1 





4 


- 3X 2 


+ 0>-2) 2 = 3 




/ 3 






1 1 


2 

I 1 






-2 -1 


1 2 



(x + l) 2 +2y 3 =4 




75. 3(x-l) 2 + 2(y + 2) 2 = 6 

(73) 




30c- ir + 2(y + 2) z = 6 



76. 6(x+|) +9(y-|)=54 

1 



H-D] (y-|) 2 

32 w 



6(x + f) +9(y-^)"=54 
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77. rs + 7t = 1 has its center at (0, 0). Shiftinig 4 units left and 3 units up gives the center at (h, k) = (—4, 3). So the 



16 1 9 



g - (-4)] _l (y - 3) 2 _ , (x + 4) 2 (y - 3) 2 _ 
- - J- =* 42 + 32 - 



equation is - — ^ 1 32 

from (-8, 3) to (0, 3) 



1. Center, C, is (—4, 3), and major axis, AB, is the segment 




78. The ellipse ^ + |g = 1 has center (h, k) = (0, 0). Shifting the ellipse 3 units right and 2 units down produces an ellipse 



with center at (h, k) = (3, —2) and an equation ^ x 4 ^ 
(3, 3) to (3, —7) is the major axis. 

» (x-3) : , (y + 2) 2 



[y-(-2)] 2 = L 



2", 



Center, C, is (3, —2), and AB, the segment from 




79. (a) (fg)(-x) = f(-x)g(-x) = f(x)(-g(x)) = -(fg)(x), odd 
(b) ( I) (-x) = 5=?1 = J&O = - (V) (x), odd 

v ' \S J ' g(-x) -g(x) \S J 



(c) (f)(-^) = fE| = ^f = -(f)(x),odd 

(d) f 2 (-x) = f(-x)f(-x) = f(x)f(x) = f 2 (x), even 

(e) g 2 (-x) = (g(-x)) 2 = (-g(x)) 2 = g 2 (x), even 

(f) (f o g)(-x) = f(g(-x)) = f(-g(x)) = f(g(x)) = (f o g)(x), even 

(g) (g o f)(-x) = g(f(-x)) = g(f(x)) = (g o f)(x), even 

(h) (f o f)(-x) = f(f(-x)) = f(f(x)) = (f o f)(x), even 

(i) (g g)(-x) = g(g(-x)) = g(-g(x)) = -g(g(x)) = -(g o g)(x), odd 



80. Yes, f(x) = is both even and odd since f(— x) = = f(x) and f(— x) = = — f(x). 
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81. (a) y (b) r 



82. 




1.6 TRIGONOMETRIC FUNCTIONS 

1. (a) s = r0 = (lO)(f) =87rm (b) s = r6 = (10)(110°) = ±§e = ^ m 

2. 6 = s - = i2s _ 5ii ra dians and ^ = 225° 

r 8 4 4 V 7r / 

3. 9 = 80° 9 = 80° (j^p) = ^ s = (6) (^) = 8.4 in. (since the diameter = 12 in. => radius = 6 in.) 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



40 Chapter 1 Preliminaries 



4. d = 1 meter r = 50 cm ^> 9 = = | = 0.6 rad or 0.6 



180° 



34° 



9 


— 7T 


2tt 
3 





7T 

2 


3tt 
4 


sin 9 





2 





1 


1 

V2 


cos 9 


-1 


1 
2 


1 





1 


tan 9 










und. 


-1 


cot 9 


und. 


1 


und. 





-1 


sec 


-1 


-2 


1 


und. 


->/2 


CSC 


und. 


2 

73 


und. 


1 


V~2 



6. 



6» 


3tt 
2 


7T 

3 


7T 

6 


7T 

4 


5ir 
6 


sin 


1 


x/3 
2 


1 

2 


1 


1 

2 


cos 9 





1 
2 


2 


1 


2 


tan 6* 


und. 




1 


1 


1 


cot 9 





1 




1 




sec 6> 


und. 


2 


2 


V~2 


2 


esc 6* 


1 


2 


-2 


V~2 


2 



7. cos x = — 



5 ,tanx = - 3 



sinx= 75' cosx= 



9. sin x 



^ , tan x 



10. sin x = || , tan x 



12 

5 



11. sin x 



1 2 

-A- , cos x = 4- 

\/5 V5 



12. cos x 



v7 



, tan x 



13. 




period = n 



14. 



... y » sin x l » 



-2v- 



period = 4ir 



-•-i - 



y«sin| 



..-2* 



15. 




period = 2 



16. 



1 


-1 • 



y • cos y 




period = 4 



17. 




period = 6 



18. 



F-- 














1/ 5 










r 



period = 1 



y • cos x 
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19. 



20. 




period = 2ti 



21. 




period = 2n 
23. period = |, symmetric about the origin 




25. period = 4, symmetric about the y-axis 



11 

1 , I 


i 1 

A \ 


-3 -2 -1 

inr 


1 2 3 

In 




y - sin (x +|) 



period = 2ir 



22. 



\ \i 

\ ! ^ 



\ 
t 

period = 2-7T 
24. period = 1, symmetric about the origin 




26. period = 4-7T, symmetric about the origin 
s 

t 

2i 




-2it 





! 

i 



2tt 



-6li 



1 S » CSCt 




27. (a) Cos x and sec x are positive in QI and QIV and 

negative in QII and QUI. Sec x is undefined when 
cos x is 0. The range of sec x is (— oo, — 1] U [1, oo); 
the range of cos x is [— 1, 1]. 
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(b) Sin x and esc x are positive in QI and QII and 

negative in QUI and QIV. Csc x is undefined when 
sin x is 0. The range of csc x is (— oo, — 1] U [1, oo); 
the range of sin x is [—1, 1]. 



y = csc x 



y = sin x 




28. Since cot x = — — , cot x is undefined when tan x = 

tan x ' 

and is zero when tan x is undefined. As tan x approaches 
zero through positive values, cot x approaches infinity. 
Also, cot x approaches negative infinity as tan x 
approaches zero through negative values. 



y » tan x 



71 







* 




1 


i 






y * cot x 




29. D: -oo < x < oo; R: y = -1, 0, 1 



y = Lsin x\ 
-2k .»,-jt 1 



y = sin x 

-/%* n Ik 

— I — i— 




y =f sin x] 



31. cos (x — |) = cos x cos (— |) — sin x sin (— |) = (cos x)(0) — (sin x)(— 1) = sin x 

32. cos (x + |) = cos x cos (|) — sin x sin (f ) = (cos x)(0) — (sin x)(l) = —sin x 

33. sin (x + |) = sin x cos (|) + cos x sin (|) = (sin x)(0) + (cos x)(l) = cos x 

34. sin (x — | ) = sin x cos (— |) + cos x sin (— |) = (sin x)(0) + (cos x)(— 1) = —cos x 

35. cos (A - B) = cos (A + (— B)) = cos A cos(-B) — sin A sin(— B) = cos A cos B — sin A (-sin B) 

= cos A cos B + sin A sin B 



36. sin (A - B) = sin (A + (— B)) = sin A cos (-B) + cos A sin (— B) = sin A cos B + cos A (-sin B) 
= sin A cos B — cos A sin B 



37. If B = A, A - B = =>- cos (A - B) = cos = 1. Also cos (A - B) = cos (A - A) = cos A cos A + sin A sin A 
= cos 2 A + sin 2 A. Therefore, cos 2 A + sin 2 A = 1 . 

38. If B = 2-7T, then cos (A + 27r) = cos A cos 2-7T — sin A sin 2-7T = (cos A)(l) — (sin A)(0) = cos A and 

sin (A + 2ir) — sin A cos 2n + cos A sin 2ir — (sin A)(l) + (cos A)(0) = sin A. The result agrees with the 
fact that the cosine and sine functions have period 2ir. 



39. cos (it + x) = cos 7r cos x — sin it sin x = (— l)(cos x) — (0)(sin x) = —cos x 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 1.6 Trigonometric Functions 



40. sin (2tt — x) = sin 2tt cos (— x) + cos (2ir) sin (— x) = (0)(cos (— x)) + (l)(sin (— x)) = —sin x 

41. sin — x) = sin (3?) cos (— x) + cos (y ) sin(— x) = (— l)(cos x) + (0)(sin (— x)) = —cos x 

42. cos (4r + x) = cos (4^) cos x — sin (4?) sin x = (0)(cos x) — (— l)(sin x) = sin x 

(! + !)= sin 5 cos | + cos | sin f = (f ) (I) + (#) (#) = ^ 



77T 



43. sin ^ = sin 



44. cos ^ = cos (| + t) = cos J cos ^ - sin f sin ^ 



(#)(-!) -(f) (f) = -^ 



45. cos f2 — cos (f — f 




527 
12 



'2k 
3 



cos I cos (— l) — sin | sin (— |) 



) = sin (f ) cos (- |) + cos (f ) sin (- f ) 



)-(f)(-f) = 
#) (#)+(-!) (- 



2V2 



1+V3 



47. cos 2 f 



1+COS f 



1 + Y 2+Jl 



48. cos 2 f| = 



l+cos (S) 



2+V3 



49. sin 2 § 



i-3 2-^ 

2 



SO .in 2 5 - '- cos (t) _ Izt 1 - 
JU. Mil g — 2 — 2 ~ 4 



51. tan(A + B)^ sin( ^lS = sin [ cos B + cos 1 cos g 

v y cos(A+B) cos A cos B— sin A sm B 



sin A cos B ■ cos A sin E 



tan A+tan B 
1— tan A tan B 



52. tan(A-B) 



sin(A-B) sin A cos B-cos A cos B 

cos (A— B) cos A cos B+sin A sin B 



tan A— tan B 
1 +tan A tan B 



53. According to the figure in the text, we have the following: By the law of cosines, c 2 = a 2 + b 2 — 2ab cos 9 

= l 2 + l 2 - 2 cos (A - B) = 2 - 2 cos (A - B). By distance formula, c 2 = (cos A - cos B) 2 + (sin A - sin B) 2 
= cos 2 A — 2 cos A cos B + cos 2 B + sin 2 A — 2 sin A sin B + sin 2 B = 2 — 2(cos A cos B + sin A sin B). Thus 
c 2 = 2 — 2 cos (A — B) = 2 — 2(cos A cos B + sin A sin B) => cos (A — B) = cos A cos B + sin A sin B. 



54. (a) cos(A — B) = cos A cos B + sin A sin B 
sin 8 — cos (| — 9) and cos 9 — sin(| — 9) 
Let 9 = A + B 

sin(A + B) = cos § - (A + B) = cos (| - A) - B = cos (| - A) cos B + sin ( § - A) sin B 

= sin A cos B + cos A sin B 
(b) cos(A B) = cos A cos B + sin A sin B 

cos(A - (— B)) = cos A cos (-B) + sin A sin (— B) 

=>■ cos(A + B) = cos A cos (— B) + sin A sin (— B) = cos A cos B + sin A (—sin B) 
= cos A cos B — sin A sin B 

Because the cosine function is even and the sine functions is odd. 



55. c 2 = a 2 + b 2 - 2ab cos C = 2 2 + 3 2 - 2(2)(3) cos (60°) = 4 + 9 - 12 cos (60°) = 13—12 (|) = 7. 
Thus, c = « 2.65. 



56. c 2 = a 2 +b 2 -2abcosC = 2 2 + 3 2 - 2(2)(3) cos (40°) = 13 - 12 cos (40°). Thus, c = ^13 - 12 cos 40° w 1.951. 
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57. From the figures in the text, we see that sin B = - . If C is an acute angle, then sin C = jj . On the other hand, 



if C is obtuse (as in the figure on the right), then sin C = sin(7r — C) = g. Thus, in either case, 
h = b sin C = c sin B =>- ah = ab sin C = ac sin B. 
By the law of cosines, cos C = M^nF^- and cos B 



— . Moreover, since the sum of the 



2ab L 2ac 

interior angles of a triangle is tt, we have sin A = sin (tt — (B + C)) = sin (B + C) = sin B cos C + cos B sin C 



a 2 +b 2 -c 



2ab 



2 +c 2 -b 2 
2ac 



(s) = (Safe) ( 2a2 + b ' 2 - ° 2 + ° 2 - fe2 ) = i =* ah = bc sin A - 



Combining our results we have ah = ab sin C, ah = ac sin B, and ah = bc sin A. Dividing by abc gives 

h sin A sin C 



sin B 
b 



law of sines 
58. By the law of sines, = 
Thus sin B = ^5 ~ 0.982. 

2V7 



sin B 

3 



'3/2 



By Exercise 55 we know that c = \fl '. 



59. From the figure at the right and the law of cosines 
b 2 = a 2 + 2 2 - 2(2a) cos B 
= a 2 + 4 - 4a (1) = a 2 - 2a + 4. 
Applying the law of sines to the figure, 



sin B 
b 



V2/2 _ -J3/2 
a — b 



2a 



-4 

.2 1 



=> b = 



3 2 
2 a 



a. Thus, combining results, 







1 a 2 



2a -4 




= a 2 + 4a — 8. From the quadratic formula and the fact that a > 0, we have 

-4+v / 4 2 -4(l)(-8) = 4y/3-4 _ y ^ 



60. (a) The graphs of y = sin x and y = x nearly coincide when x is near the origin (when the calculator 
is in radians mode). 

(b) In degree mode, when x is near zero degrees the sine of x is much closer to zero than x itself. The 
curves look like intersecting straight lines near the origin when the calculator is in degree mode. 



61. A = 2, B = 2tt,C 



-TT, D 



1 





y = 2sin (x + k) - 




y-\ 1 






/ K \ 


n I 3k \ 


5ir 


1 2 \ 

' -1 


2 / 2 \ 


2 


-3 







62. A=i,B = 2,C=l,D=i 
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65. (a) amplitude = |A| = 37 
(c) right horizontal shift = C 



101 



(b) period = |B| = 365 

(d) upward vertical shift = D 



25 



66. (a) It is highest when the value of the sine is 1 at f(101) = 37 sin (0) + 25 = 62° F. 
The lowest mean daily temp is 37 (—1) + 25 = — 12° F. 
(b) The average of the highest and lowest mean daily temperatures = 62 +< 2 ~ 12) = 25° F. 
The average of the sine function is its horizontal axis, y = 25. 



67-70. Example CAS commands: 
Maple 

f := x -> A*sin((2*Pi/B)*(x-C))+Dl; 
A:=3;C:=0;D1:=0; 

fjist := [seq( f(x), B=[l,3,2*Pi,5*Pi] )]; 

plot( f_list, x=-4*Pi..4*Pi, scaling=constrained, 

color=[red,blue,green,cyan], linestyle=[ 1,3,4,7], 
legend=["B=l","B=3","B=2*Pi","B=3*Pi"], 
title="#67 (Section 1.6)" ); 
Mathematica 



Clear[a, b, c, d, f, x] 

f[x_]:=a Sin[27r/b (x - c)] + d 

Plot[f[x]/.{a -> 3, b -»• 1, c ->• 0, d 



0}, {x, -47r,47r }] 



67. (a) The graph stretches horizontally. 
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68. (a) The graph is shifted right C units. 



/ A/\ \ / A 

/ / / \ '. \ / / / 


v' \ 

A \ 
\ * 


3 : 
2k 
\ V 


1 i 
j i 

j i 


AV\ // 


' V \ * 

A » \ 

;\\\ 


,c = o 


/ / ->° \ V < 5 / 
* / / \ \ x / / 

J.J \AA/ 


\ \ 


~M 

— J/- 

J_4 


—/— 

i i 
i i 
i i 
i i 

' / 


\w/ 

\ \ A « ' 
\ »/ \ ' ' 


l \ rt> 


\ / 

y , C = 1 
vX. C = 2 



(b) The graph is shifted left C units. 

(c) A shift of ± one period will produce no apparent shift. | C | = 6 

69. The graph shifts upwards | D | units for D > and down | D | units for D < 0. 

v 




70. (a) The graph stretches | A | units. 



v 



A A 

;\ j\ 8 " 


' * i ' 
/ 1 ■' \ 




,' ', ; i 6- 

n n 4_ 


// Vi !/ V< 

i' V. !' 'J 


A = 9 

i 

;.A = 5 

1 

lA=l 


f -10 »N^'-5 

/! ii i! i -2* 

I 1 . ;\ « 


' /; \ 

•\ '; ',\ / 
i i' i 


i 
i 
i 

i 

i 

i 


W U- 


\ / \ , 





(b) For A < 0, the graph is inverted. 



1.7 GRAPHING WITH CALCULATORS AND COMPUTERS 



1-4. The most appropriate viewing window displays the maxima, minima, intercepts, and end behavior of the graphs and 
has little unused space. 
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5-30. For any display there are many appropriate display widows. The graphs given as answers in Exercises 5—30 
are not unique in appearance. 
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9. [-4, 4] by [-5, 5] 



10. [-2, 2] by [-2, 8] 



V 




X 



11. [-2, 6] by [-5, 4] 



y 



4 




3 


y = 2x-3x W 


2 




1 

i i 


I I I Si i I 



-2 -1 rii/4 5 6 



I. 



13. [-1,6] by [-1,4] 











2 

i i 


c 

1 \ 1 1 1 > 


-4 -2 


2 4\fi 8 10 


-2 




-4 





15. [-3, 3] by [0,10] 




y 




X 



12. [-4, 4] by [-8, 8] 
y 





8 






/ 2 




-4 -j 


4 -2 -La : 

-4 

-6 

-8 - 


12/34 

- y = x'"(x 2 - 



14. [-1,6] by [-1,5] 



y 




16. [-1, 2]by[0, 1] 




-1 12 
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17. [-5, 1] by [-5,5] 
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18. [-5, l]by[-2,4] 





8 
6 
4 


x+3 
y x+2 


-10-8-6-4^ 


-2 
-4 
-6 
-8 


2 4 6 8 10 



19. [-4, 4] by [0,3] 
y 



3.0 






2.5 




/« = 4^ 






x z + 1 


2.0 






1.0 






0.5 

i i i i 






-4 -3 -2 -1 


12 3 4 



21. [-10, 10] by [-6, 6] 





8 
6 
4 




x — X 

V. ■ i ■> 


— 1 1 1 -U 

-10-8-6 -4~\ 


-2 
-4 
-6 
-8 


h 


4 6 8 10 



23. [-6, 10] by [-6, 6] 



y 




-4 

-6 




20. [-5, 5] by [-2, 2] 



y 



2 

. 1 - 


v ' x 2 +l 






-5 -4 -3 -2 -i. 

-2 


A 2 3 4 5 



22. [-5, 5] by [-2, 2] 



y 




H 1 1 1 1 1 1 1 1 1 — X 

-5-4-3-2-1 12 3 4 5 




24. [-3, 5] by [-2, 10] 



y 
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25. [-0.03, 0.03] by [-1.25, 1.25] 





1.0 


/ \ y = sin 250* 


1 1 I 


0.5 

i 




-0.02 \ 


\ 0.02/ * 



27. [-300, 300] by [-1.25, 1.25] 



- 1.0 


' v = cos (m) 
\ i 1 / 1 > 


-300 \ 


-0.5 


\ / 300 ' 




J -1.0 





29. [-0.25, 0.25] by [-0.3, 0.3] 

y v — x + — sin 30:c 







0.2 




0.1 

i i 




-0.2 -0.1 1 


0.1 0.2 


1 -0.2 





26. [-0.1, 0.1] by [-3, 3] 



y = 3cos60x 




28. [-50, 50] by [-0.1, 0.1] 







0.1 


y = 


— sin 
10 t 




-so 


V 25 / 

^0.1 


25 \ 


50 



30. [-0.15, 0.15] by [-0.02, 0.05] 



y = x" +^cos lOOx 




-0.15 -i 



1 0.15 



31. x 2 + 2x = 4 + 4y - y 2 => y = 2 ± ^-x 2 - 2x • 
The lower half is produced by graphing 

y = 2 - v 7 -* 2 - 2x + 8. 



(x+l) z + (y-2)' = 9 




32. y 2 — 16x 2 = 1 =>• y = ± yl-j- 16x 2 . The upper branch 
is produced by graphing y = yl + 16x 2 . 




= Vl + 16x 2 
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39. 



y = x [x J 



1 2 3 4 5 



40. 



10 
' 8 


x 3 -l 


- y ~ 


6 




•4 








-5 -4 -3 -2 -12 


- 1 2 3 4 5 






""""""""" '. -6 




-8 




-10 J 





41. (a) y = 1059. 14x - 2074972 

(b) m = 1059.14 dollars/year, which is the yearly increase in compensation. 
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(c) 




1985 1990 1995 2000 2005 

(d) Answers may vary slightly, y = (1059. 14) (2010) - 2074972 = $53, 899 



42. (a) Let C = cost and x = year. 

C = (7960. 71)x- 1.6 x 10 7 

(b) Slope represents increase in cost per year 

(c) C = (2637.14)x - 5.2 x 10° 

(d) The median price is rising faster in the northeast (the slope is larger). 

43. (a) Let x represent the speed in miles per hour and d the stopping distance in feet. The quadratic regression function is 

d = 0.0866x 2 - 1.97x + 50.1. 

(b) 




20 40 60 80 100 

(c) From the graph in part (b), the stopping distance is about 370 feet when the vehicle is 72 mph and it is about 525 feet 
when the speed is 85 mph. 

Algebraically: d quadratic (72) = 0.0866(72) 2 - 1.97(72) + 50.1 = 367.6 ft. 

d qU adratic(85) = 0.0866(85) 2 - 1.97(85) + 50.1 = 522.8 ft. 

(d) The linear regression function is d = 6.89x - 140.4 => d linear (72) = 6.89(72) - 140.4 = 355.7 ft and 

diinear(85) = 6.89(85) — 140.4 = 445.2 ft. The linear regression line is shown on the graph in part (b). The quadratic 
regression curve clearly gives the better fit. 




44. (a) The power regression function is y = 4.44647x 511414 . 
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(b) 



25 
20 
15 
10 
5 



2 4 6 8 10 12 14 16 18 20 

(c) 15.2 km/h 

(d) The linear regression function is y = 0.913675x + 4.189976 and it is shown on the graph in part (b). The linear 
regession function gives a speed of 14.2 km/h when y = 11 m. The power regression curve in part (a) better fits the 
data. 



CHAPTER 1 PRACTICE EXERCISES 

1. 7 + 2x > 3 => 2x > -4 =>- x > -2 



-j i i 1 j 1 i i_ 



-6 -4 -2 



2. -3x < 10 x > -f 



3. |(x-l) < |(x-2) 4(x-l) <5(x-2) 
=>4x-4<5x-10=^6<x 



10 
3 



-i—i — I I I I A I I I — 

0123456789 



x— 3 \ 4+x 



3(x-3) > -2(4 + x) 



=> 3x-9>-8-2x^>5x>l^x>i 

5. |x + l| = 7=> x + 1 = 7 or -(x + 1) = 7 x = 6 or x 

6. |y-3|<4^-4<y-3<4^-l<y<7 

7 



1 



> 



1 — - < — - or 1 — - > - 

x 2 ^ 2 2 2 



f < -| or -| > 1 => -x < -5 or -x > 1 



=> x > 5 or x < —1 



2x+7 



< 5 -5 < ^ < 5 ^> -15 < 2x + 7 < 15 =!> -22 < 2x < 8 =!> -11 < x < 4 



9. Since the particle moved to the y-axis, —2 + Ax = Ax = 2. Since Ay = 3Ax = 6, the new coordinates 
are (x + Ax, y + Ay) = (-2 + 2,5 + 6) = (0, 1 1). 



10. (a) 





10 - 


■ • 








• 5- 




• 


• 


-10 


-5 

-5 
-10 - 


• 


5 


10 
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(b) line slope 

AR 10-' - _2_ - _ 3 

Ati 2-8 - -6 - 2 

RP 10-6 _ 4 _ 2 

D> - 2 -(-4) — 6 — 3 

m 6-(-3) _ _9_ _ _ 3 

-4-2 -6 2 

DA '-<- 3 > - 4 _ 2 
UA 8-2 - 6 - 3 

CE =0 

BD is vertical and has no slope 

(c) Yes; A, B, C and D form a parallelogram. 

(d) Yes. The line AB has equation y — 1 = — | (x — 8). Replacing x by y gives y = — § (y* — 8) + 1 

= — | (— y) + 1 = 5 + 1 = 6. Thus, E (y ,6) lies on the line AB and the points A, B and E are collinear. 

(e) The line CD has equation y + 3 = — | (x — 2) or y = — |x. Thus the line passes through the origin. 

11. The triangle ABC is neither an isosceles triangle nor is it a right triangle. The lengths of AB, BC and AC are 
\/53, y72 and y65, respectively. The slopes of AB, BC and AC are 1, —1 and I, respectively. 

12. P(x, 3x + 1) is a point on the line y = 3x + 1. If the distance from P to (0, 0) equals the distance from P to 
(-3, 4), then x 2 + (3x + l) 2 = (x + 3) 2 + (3 - 3x) 2 => x 2 + 9x 2 + 6x + 1 = x 2 + 6x + 9 + 9 - 18x + 9x 2 

18x = 17 orx = || y = 3x + 1 = 3 + 1 = f . Thus the point is P (|| , f ). 

13. y = 3(x - 1) + (-6) =!> y = 3x - 9 

14. y = -i(x+l)+2^y=-ix+§ 

15. x = 

16. m = -*r_t = = -2 y = -2(x + 3) + 6 =>• y = -2x 

17. y = 2 

18. m=^ =^ = -f ^y = -f(x-3) + 3^y = -fx+f 

19. y = -3x + 3 

20. Since 2x — y = — 2 is equivalent to y = 2x + 2, the slope of the given line (and hence the slope of the desired line) is 2. 

y = 2(x-l) + l ^y = 2x-5 



21. Since 4x + 3y = 12 is equivalent to y = — |x + 4, the slope of the given line (and hence the slope of the desired line) is 

-I- y = -|(x-4)-12=>y = -|x-f 



22. Since 3x — 5y = 1 is equivalent to y = ?x- g, the slope of the given line is | and the slope of the perpendicular line is 

"I- y = -|(x + 2)-3^y = -|x-f 



23. Since ^x + iy = lis equivalent to y = — |x + 3, the slope of the given line is —4 and the slope of the perpendicular line 

is f . y= |(x + l) + 2^y= |x+| 

24. The line passes through (0, -5) and (3, 0).m = ° 3 |~ 5) = |=^y=|x — 5 
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25. The area is A = 7rr 2 and the circumference is C = 2ttt. Thus, r = $- =>• A = 7r(|^) 2 = j^. 



S \V2 



26. The surface area isS = 47rr=^r=(-^J J . The volume is V = ~7r r 3 r = vy f^r- Substitution into the formula for 
surface area gives S = 47rr 2 = 47r (f^) 2 ^ 3 - 

27. The coordinates of a point on the parabola are (x, x 2 ). The angle of inclination 8 joining this point to the origin satisfies 
the equation tan 8 — ^ — x. Thus the point has coordinates (x, x 2 ) = (tan 8, tan 2 #). 

28. tan 8 = ^ = _h_ ^ h = 500 tan ft. 



29. 



30. 



-3 -2 -1 



y = x 




12 3 



-3 -2 -1 



12 3 



Symmetric about the origin. 



Symmetric about the y-axis. 



31. 



32. 



• \' : 

y = X — 2x— 1 \ 2 






-6 -4 -2 _j\ 
-2 
-3 
-4 


2 4 6 



1.5 






y = e"* 


/ 0.5 




.5 -1 -0.5 

-0.5 


0.5 1 1.5 



Neither 

33. y(-x) = 

34. y(-x) = 

35. y(-x) = 

36. y(-x) = 

37. y(-x) = 

38. y(-x) = 

39. y(-x) = 

40. y(-x) 



Symmetric about the y-axis. 



(-x) 2 + 1 = x 2 + 1 = y(x). Even. 

(-x) 5 - (-x) 3 - (-x) = -x 5 + x 3 + x = -y(x). Odd. 

1 — cos(— x) = 1 — cos x = y(x). Even. 

sec(-x) tan(-x) = = =^ = -secxtanx = -y(x). Odd. 

\ / \ / cos 2 — x) cos^x J \ / 



(-x) 4 +l _ x 4 +l 



-y(x). Odd. 



(-x) -2(-x) ~~ -x 3 +2x ~ x 3 -2x 

1 — sin(— x) = 1 + sinx. Neither even nor odd. 

— x + cos(— x) = — x + cosx. Neither even nor odd. 



= J (-x) 4 - 1 = Vx 4 - 1 = y(x). Even. 
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41. 



42. 



43. 



44. 



45. 



46. 



47. 



48. 



49. 



50. 



51. 



52. 



The function is defined for all values of x, so the domain is (-co, oo). 
Since | x | attains all nonnegative values, the range is [—2, oo). 

Since the square root requires 1 — x > 0, the domain is (— oo, 1]. 
Since \J\ — x attains all nonnegative values, the range is [—2, oo). 

Since the square root requires 16 — x 2 > 0, the domain is [—4, 4]. 



For values of x in the domain, < 16 — x 2 < 16, so < \/l6 — x 2 < 4. The range is [0, 4], 

The function is defined for all values of x, so the domain is (— oo, oo). 
Since 3 2 ~ x attains all positive values, the range is (1, oo). 

The function is defined for all values of x, so the domain is (— oo, oo). 
Since 2e~ x attains all positive values, the range is (—3, oo). 

The function is equivalent to y = tan 2x, so we require 2x ^ ^ for odd integers k. The domain is given by x ^ ~ for 
odd integers k. 

Since the tangent function attains all values, the range is (— oo. oo). 
The function is defined for all values of x, so the domain is (— oo, oo). 

The sine function attains values from —1 to 1, so —2 < 2sin(3x + 7r) < 2 and hence —3 < 2sin(3x + 7r) — 1 < 1. The 
range is [—3, 1]. 

The function is defined for all values of x, so the domain is (— oo, oo). 

The function is equivalent to y = \/^, which attains all nonnegative values. The range is [0, oo). 

The logarithm requires x — 3 > 0, so the domain is (3, oo). 
The logarithm attains all real values, so the range is (— oo, oo). 

The function is defined for all values of x, so the domain is (— oo, oo). 
The cube root attains all real values, so the range is (— oo. oo). 

The function is defined for —4 < x < 4, so the domain is [—4, 4]. 

The function is equivalent to y = y[x~[, —4 < x < 4, which attains values from to 2 for x in the domain. The 
range is [0, 2], 

The function is defined for —2 < x < 2, so the domain is [—2, 2]. 
The range is [—1, 1]. 



53. First piece: Line through (0, 1) and (1, 0). m = — -y- — — 1 => y — — x + 1 — 1 — x 



Second piece: Line through (1, 1) and (2, 0). m = |— j- = =± = -1 => y = -(x -l) + l = -x + 2 = 2- x 

1 - x, < x < 1 

2 - x, l<x<2 



f(x) 



54. First piece: Line through (0, 0) and (2, 5). m = = | =>• y = |x 

Second piece: Line through (2, 5) and (4, 0). m = &5f = =^ = -§ =^ y = -|(x - 2) + 5 = -|x + 10 = 10 - If- 

f fx, < x < 2 
f(x) = < i (Note: x = 2 can be included on either piece.) 

W [10-f, 2<x<4 V 
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55. 


(a) 


(f°g)(-l) 


= %( i)) = f(v=k 


i)=f(i) = H 1 




(b) 


(gof)(2) = 


g(f(2)j =g( 2 J - fY- 

V 2 


— = ; Or 1 / y 

_2 V 7 ^ V 5 




(p) 


(rot)(x) - 


f/f/y^ f / 1\ 1 

t(f(x)) -f(-) - XJi - 


X, X 7= u 




(d) 


(gog)(x) = 




1 _ + 2 


JO. 


W 




— f(n( 1 ^ — ft 3 / 1 


-11 — I^U ) — L — u — z 




(b) 


(g°f)(2) = 


f(g(2)) = g(2 - 2) = i 


t(o) = ^0 + 1 = 1 




(c) 


(fof)(x) = 


f(f(x))=f(2-x) = 2 


- (2 - x) = X 




(d) 


(gog)(x) = 


:g(g(x))=g(^x+l) 


= ^/x + 1 + 1 


57. 


(a) 


(fog)W = 


f(g(x))=f(Vx + 2) = 


= 2 - (\/x + 2) 2 = -x, x> 






(g°f)to = 


f(g(x))=g(2-x 2 ) = 


V(2-x 2 ) + 2= ^4-x 2 



(b) Domain of fog: [—2, oo) 
Domain of gof: [—2, 2]. 

(c) Range of fog: (—oo, 2]. 
Range of gof: [0, 2]. 



58. (a) (fog)(x) = f(g(x)) = f(0Tx) = y/Vl^i = ^T^c. 

(gof)(x) = f(g(x)) = g(v^) = ^1-^ 

(b) Domain of fog: (— oo. 1]. 
Domain of gof: [0, 1]. 

(c) Range of fog: [0, oo). 
Range of gof: [0, 1]. 



59. 

v 



\ y= 1*1 




y = x / 





X 



The graph of f 2 (x) = fi(|x|) is the same as the 
graph of fi(x) to the right of the y-axis. The 
graph of f 2 (x) to the left of the y-axis is the 
reflection of y = fi(x), x > across the y-axis. 



y = |x| 



i . 

7 







1 




i 


.'y-x 3 


'1 





The graph of f 2 (x) = fi (|x|) is the same as the 
graph of fi(x) to the right of the y-axis. The 
graph of f 2 (x) to the left of the y-axis is the 
reflection of y = fi(x), x > across the y-axis. 
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61. 



62. 



i i2 




2 


v y ' \A 








i 






2 




i 




1 


■? 




2 



It does not change the graph. 




•- 1 U 1 



The graph of f2(x) = fi (|x|) is the same as the 
graph of fi(x) to the right of the y-axis. The 
graph of f2(x) to the left of the y-axis is the 
reflection of y = fi(x), x > across the y-axis. 



63. 



y 
- 





y => Jx 


-1 


1 


-1 





The graph of faCx) = fi(|x|) is the same as the 
graph of fi(x) to the right of the y-axis. The 
graph of f2(x) to the left of the y-axis is the 
reflection of y = fi(x), x > across the y-axis. 



y *sin |x| y 




y ■ sin x 

The graph of f2(x) = fj (|x|) is the same as the 
graph of fi(x) to the right of the y-axis. The 
graph of f2(x) to the left of the y-axis is the 
reflection of y = fi(x), x > across the y-axis. 



65. 



66. 



\ y* |x 3 | 
\ i 

\ 1 






1 

7 


i 

"7 

.' y = x 3 





Whenever gi(x) is positive, the graph of y = g2(x) 
= |gi(x)| is the same as the graph of y = gi(x). 
When gi(x) is negative, the graph of y = g2(x) is 
the reflection of the graph of y = gi(x) across the 
x-axis. 




It does not change the graph. 



67. 




Whenever gi(x) is positive, the graph of y = g2(x) = |gi(x)| is 
the same as the graph of y = gi(x). When gi(x) is negative, the 
graph of y = g2(x) is the reflection of the graph of y = gi(x) 
across the x-axis. 



-2 



y ■ 4 - x 
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68. Whenever gi(x) is positive, the graph of y = g2(x) = |gi(x)| is 




the same as the graph of y = gi(x). When gi(x) is negative, the 
graph of y = g2(x) is the reflection of the graph of y = gi(x) 
across the x-axis. 



•V- -'io i 

2 I 

y» X +X 



69. 70. 




period = 2n period = 2tt 



75. (a) sin B = sin f = £ = \ =^ b = 2 sin f = 2 J = \/3. By the theorem of Pythagoras, 

a 2 + b 2 = c 2 => a = a/c 2 - b 2 = a/4-3 = 1. 
(b) sinB^sinf = | = | c = ^ = ^ = ^ . Thus, a = ^c 2 - b 2 = ^ (^) 2 - (2) 2 = yf\=^. 

76. (a) sin A = j =4> a = c sin A (b) tan A = g a = b tan A 

77. (a) tanB = ^ => a = ^ (b) sinA^ => c = ^ 
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78. (a) sin A: 



(c) sin A 



79. Let h = height of vertical pole, and let b and c denote the 
distances of points B and C from the base of the pole, 
measured along the flatground, respectively. Then, 



tan 50° = tan 35° = £, and b - c = 10. 

C ' D ' 

Thus, h = c tan 50° and h = b tan 35° = (c 
c tan 50° = (c + 10) tan 35° 
c (tan 50° - tan 35°) = 10 tan 35° 
c = .„_'Pi an l 5 °„o =!> h = c tan 50° 



10) tan 35° 



tan 50°-tan 35° 



10 tan 35° tan 50° 
tan 50°-tan 35° 



16.98 m. 




80. Let h = height of balloon above ground. From the figure at 
the right, tan 40° = |, tan 70° = \, and a + b = 2. Thus, 
h = b tan 70° h = (2 - a) tan 70° and h = a tan 40° 



bal loon 



(2 -a) tan 70° = a tan 40 

= 2 tan 70° => a- 2tan70 ° 

_ 2 tan 70° tan 40° _^ 



tan 40°+tan 70° 



tan 40°+tan 70° 

1.3 km. 



a(tan 40° + tan 70°) 
> h = a tan 40° 




81. (a) 



y 

2t 



y * sin x +cos • 



(b) The period appears to be 47r. 

(c) f(x + 47r) = sin(x + 47r) + cos ( 5 ^ 21 ) = sin(x + 27r) + cos (| + 
since the period of sine and cosine is 27r. Thus, f(x) has period 4tt 



2tt) 



sin x + cos 



82. (a) 




y-sm 7 



(b) D = (-oo, 0) U (0, oo); R = [— 1, 1] 

(c) f is not periodic. For suppose f has period p. Then f (i + kp) = f (i) = sin 2n — for all 
integers k. Choose k so large that ^ + kp > ^ 0< (1/2 7r)+kp < 7r ' ^ ut t ' len 

f + kp) = sin ( ( 1/2 j)+kp J ^ ^ wn i cn i s a contradiction. Thus f has no period, as claimed. 
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CHAPTER 1 ADDITIONAL AND ADVANCED EXERCISES 



1. (a) The given graph is reflected about the y-axis. 



(b) The given graph is reflected about the x-axis. 



3 




(0, 2). 


=/(-*> 




, H' 0) J 


1 y 


-3 


(X0) 


-3 





(c) The given graph is shifted left 1 unit, stretched 
vertically by a factor of 2, reflected about the 
x-axis, and then shifted upward 1 unit. 





* 

3 




(-3, 0) 
i i 




"(1,0) 






-/y=-m 




-3 





(d) The given graph is shifted right 2 units, stretched 
vertically by a factor of 3, and then shifted 
downward 2 units. 







y = -2/U+l)+l 3 




(-4, 1) 

• 


► (0, 1) 
1 1 > 




2 ' 


(-l,-3)¥ 







' ). = 3/(x-2)-2 


4 

1 1 


»(2,4) 
f 1 1 \ 1 1 j 


2 / 


\ 4 ' 


-1,-2)/ 


1(3,-2) 




3. There are (infinitely) many such function pairs. For example, f(x) = 3x and g(x) = 4x satisfy 
f(g(x)) = f(4x) = 3(4x) = 12x = 4(3x) = g(3x) = g(f(x)). 

4. Yes, there are many such function pairs. For example, if g(x) = (2x + 3) 3 and f(x) = x 1 / 3 , then 
(f o g)(x) = f(g(x)) = f ((2x + 3) 3 ) = ((2x + 3) 3 ) 1/3 = 2x + 3. 

5. If f is odd and defined at x, then f(— x) = — f(x). Thus g(— x) = f(— x) — 2 — — f(x) — 2 whereas 

— g(x) = — (f(x) — 2) = — f(x) + 2. Then g cannot be odd because g(— x) = — g(x) => — f(x) — 2 = — f(x) + 2 
=> 4 = 0, which is a contradiction. Also, g(x) is not even unless f(x) = for all x. On the other hand, if f is 
even, then g(x) = f(x) — 2 is also even: g(— x) = f(— x) — 2 = f(x) — 2 = g(x). 

6. If g is odd and g(0) is defined, then g(0) = g(-0) = -g(0). Therefore, 2g(0) = g(0) = 0. 
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7. For (x, y) in the 1st quadrant, |x| + |y| — 1 + x 

<^> x + y = 1 + x y = 1. For (x, y) in the 2nd 
quadrant, |x| + |y| = x + 1 <^> — x + y = x + 1 

^ y = 2x + 1. In the 3rd quadrant, |x| + |y| = x + 1 

<^> -x — y = x + 1 <^ y = ~2x - 1. In the 4th 
quadrant, |x| + |y| = x + 1 ^ x + (— y) = x + 1 

^ y = — 1 . The graph is given at the right. 

8. We use reasoning similar to Exercise 7. 

(1) 1st quadrant: y + |y| = x + |x| 

<^> 2y = 2x 4^ y = x. 

(2) 2nd quadrant: y + |y| = x + |x| 

<^ 2y = x + (-x) = <£> y = 0. 

(3) 3rd quadrant: y + |y| = x + |x| 

& y + (-y) = x + (-*) ^o = o 

=>■ all points in the 3rd quadrant 
satisfy the equation. 

(4) 4th quadrant: y + |y| = x + |x| 

■£> y + (— y) = 2x <^ = x. Combining 
these results we have the graph given at the 
right: 



4 


\x\ + \y\=l+x 












9. By the law of sines 

10. By the law of sines 



sin ? 


sin A 


sin B 


sin | 


7? 


a 


b 


= ~b~ 


sin | 


sin A 


sin B 


sin B 


4 


a 


b 


— 3 



b = 



/3 sin (tt/4) 
sin (tt/3) 



73(f) 



= y/2. 



sinB=|sin| = l(f)=^#. 

11. By the law of cosines, a 2 = b 2 + c 2 — 2bc cos A =>• cos A 

12. By the law of cosines, c 2 = a 2 + b 2 - 2ab cos C = 2 2 + 3 2 - (2)(2)(3) cos f = 4 + 9 - 12 Np) 



_ b 2 +c 2 -a 2 _ 2 2 + 3 2 - 2 2 _ 3 



2bc 



2(2)(3) 



13 - 6\/2 c = V 13 - 6\/2, since c> 0. 



13. By the law of cosines, b 2 = a 2 + c 2 — 2ac cos B => cos B 



a 2 +c 2 -b 2 _ 2 2 +4 2 -3 2 _ 4+16-9 
2ac 



(2)(2)(4) 16 

= ii. Since < B < tt, sin B = y/l -cos 2 B = J I - B = = ^ . 



14. By the law of cosines, c 2 = a 2 + b 2 — 2ab cos C =4> cos C 



a 2 +b 2 -c 2 _ 2 2 +4 2 -5 2 _ 4+16-25 



2ab 



(2)(2)(4) 



16 



16- 



Since < C < tt, sin C = \f\ - cos 2 C = J I - || = 



/231 
16 ' 



15. (a) sin - x + cos x = 1 sin x = 1 — cos - x = (1 — cos x)(l + cos x) =J> (1 — cos x) 

< 1— cos x sin x 

sin x 1+cosx 

(b) Using the definition of the tangent function and the double angle formulas, we have 

Hi)) 



1+COS X 



tan 2 (l) 



1— COS X 



2/ COS 2 (|) l+cos(2(5)) 1+COSJ 
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16. The angles labeled 7 in the accompanying figure are 
equal since both angles subtend arc CD. Similarly, the 
two angles labeled a are equal since they both subtend 
arc AB. Thus, triangles AED and BEC are similar which 
implies ^ = 2ac a °; c fl - b 
=> (a - c)(a + c) = b(2a cos 9 - b) 



b~ — 2ab cos 9. 



17. As in the proof of the law of sines of Section P.5, Exercise 57, ah = be sin A = ab sin C = ac sin B 

=>• the area of ABC = | (base)(height) = | ah = ~ be sin A = | ab sin C = | ac sin B. 

18. As in Section P.5, Exercise 57, (Area of ABC) 2 = \ (base) 2 (height) 2 = \ a 2 h 2 = \ a 2 b 2 sin 2 C 

= \ a 2 b 2 (1 - cos 2 C) . By the law of cosines, c 2 = a 2 + b 2 - 2ab cos C cos C = a2+ 2 b a 2 b ~ c2 . 

Thus, (area of ABC) 2 = 1 a 2 b 2 (1 - cos 2 C) = \ a 2 b 2 (l - ( a ^^) ') = T ( X - ^b^ ) 

= ^ Ua 2 b 2 - (a 2 + b 2 - c 2 ) 2 ) = i [(2ab + (a 2 + b 2 - c 2 )) (2ab - (a 2 + b 2 - c 2 ))] 
= i [((a + b) 2 - c 2 ) (c 2 - (a - b) 2 )] = i [((a + b) + c)((a + b) - c)(c + (a - b))(c - (a - b))] 
= K^^) ( ~ a+ 2 b + c ) {^1^) i' 1 ^^)] = s(s - a)(s - b)(s - c), where s = 5±!p . 
Therefore, the area of ABC equals \J s(s — a)(s — b)(s — c) . 



19. 1. b + c — (a + c) = b — a, which is positive since a < b. Thus, a + c < b + c. 

2. b — c — (a — c) = b — a, which is positive since a < b. Thus, a — c < b — c. 

3. c > and a<b =>• c — = c and b — a are positive =>■ (b — a)c = be — ac is positive =>■ ac < be. 

4. a < b and c < =>• b — a and — c are positive =>• (b — a)(— c) = ac — be is positive =>• be < ac. 

5. Since a > 0, a and _■ are positive =>• \ > 0. 

6. Since < a < b, both - and £ are positive. By (3), a < b and - > =>- a Q) < b Q) or 1 < | 
^l(E)<a(E)by(3)sinceI>0^ !<!■ 

7. a < b < ^ and g are both negative, i.e., \ < and 5 < 0. By (4), a < b and - < ^> b (i) < a (i) 

=> i<i 1 (b)<Mb) b y( 4 ) since 5<o^ J<i- 

20. (a) lfa = 0, then0= |a| < |b| ^ b ^ = |a| 2 < |b| 2 . Since |a| 2 = |a| |a| = |a 2 | = a 2 and 

|b| 2 = b 2 we obtain a 2 < b 2 . If a ^ then |a| > and |a| < |b| a 2 < b 2 . On the other hand, 
if a 2 < b 2 then a 2 = |a| 2 < |b| 2 = b 2 =► < |b| 2 - |a| 2 = (|b| - |a|) (|b| + |a|) . Since (|b| + |a|) > 
and the product (|b| — |a|) (|b| + |a|) is positive, we must have (|b| — |a|) > =>■ |b| > |a| . Thus 
|a| < |b| a 2 < b 2 . 

(b) ab < |ab| ^> -ab > -2 |ab| by Exercise 19(4) above a 2 - 2ab + b 2 > |a| 2 - 2 |a| |b| + |b| 2 , since 
|a| 2 = a 2 and |b| 2 = b 2 . Factoring both sides, (a - b) 2 > (|a| - |b|) 2 ^ |a - b| > ||a| - |b|| , by part (a). 

21. The fact that |ai + &2 + . ■ ■ + a„| < |ai| + \&2\ + . . . + |a„| holds for n = 1 is obvious. It also holds for 
n = 2 by the triangle inequality. We now show it holds for all positive integers n, by induction. 

Suppose it holds for n = k > 1 : | ai + &2 + ■ • • + a k | < | ai | + | a2 1 + . . . + | a k | (this is the induction 
hypothesis). Then |ai +a 2 + ... + a k + a k+1 | = |(ai + a 2 + . . . + a k ) + a k+1 | < |ai + a 2 + ... + a k | + |a k+1 | 
(by the triangle inequality) < |ai| + |a 2 | + ■ ■ ■ + |a k | + |a k+1 | (by the induction hypothesis) and the 
inequality holds for n = k + 1 . Hence it holds for all n by induction. 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



64 Chapter 1 Preliminaries 

22. The fact that |ai + a 2 + . . . + > |ai| — |a 2 | — . . . — |a n | holds for n = 1 is obvious. It holds for n = 2 
by Exercise 21(b), since |ai + a 2 | = |ai - (-a 2 )| > ||ai| - |-a 2 || = ||ai| - |a 2 || > |ai| - |a 2 | . 

We now show it holds for all positive integers n by induction. 

Suppose the inequality holds for n = k > 1. Then |ai + a 2 + . . . + a k | > |ai| — |a 2 | — . . . — |a k | (this is 
the induction hypothesis). Thus |ai + . . . + a k + a k+1 1 = |(ai + . . . + a k ) — (— a k+1 )| 

> ||(ai + ... +a k )| - |-a k+1 || (by Exercise 21(b)) = | |a x + ... +a k | - |a t+1 || > |a x + ... +a k | - |a k+1 | 

> |ai| — |a 2 | — ... — |a k | — |a k+1 1 (by the induction hypothesis). Hence the inequality holds for all 
n by induction. 

23. If f is even and odd, then f(— x) = — f(x) and f(— x) = f(x) => f(x) = — f(x) for all x in the domain of f. 
Thus 2f(x) = f(x) = 0. 

24. (a) As suggested, let E(x) = f(x) + f( ~ x) => E(-x) = f( ~ x)+ 2 f( ~ ( ~ x)) = f(x) + f( ~ x) = E(x) E is an 

even function. Define O(x) = f(x) - E(x) = f(x) - f(x)+ 2 f( ~ x) = f(x) ~ f( ~ x) • Then 

O(-x) = f( ' x) ~ 2 ( ' ( ' x)) = f( ~ x) - fW = - ( f(x) ~ f( ~ x) ) = -O(x) O is an odd function 

=>- f(x) = E(x) + O(x) is the sum of an even and an odd function, 
(b) Part (a) shows that f(x) = E(x) + O(x) is the sum of an even and an odd function. If also 

f(x) = Ei(x) + Oi(x), where Ej is even and Oi is odd, then f(x) — f(x) = = (Ei(x) + Oi(x)) 
— (E(x) + O(x)). Thus, E(x) — E^x) = Oi(x) — O(x) for all x in the domain of f (which is the same as the 
domain of E — Ej and O — Oi). Now (E — Ei)(— x) = E(— x) — Ei(— x) = E(x) — Ei(x) (since E and Ej are 
even) = (E - Ej)(x) =>• E - Ej is even. Likewise, (Oi - 0)(-x) = Oi(-x) - O(-x) = -Oi(x) - (-O(x)) 
(since O and Oi are odd) = -(Oi(x) - O(x)) = -(Oi - 0)(x) =>■ Oi - O is odd. Therefore, E ~ Ei and 
Oi O are both even and odd so they must be zero at each x in the domain of f by Exercise 23. That is, 
Ei = E and Oi = O, so the decomposition of f found in part (a) is unique. 

25. y = ax 2 +bx + c = a(x 2 + ^x+|i) -|+c = a(x+^) 2 -g+c 

(a) If a > the graph is a parabola that opens upward. Increasing a causes a vertical stretching and a shift 
of the vertex toward the y-axis and upward. If a < the graph is a parabola that opens downward. 
Decreasing a causes a vertical stretching and a shift of the vertex toward the y-axis and downward. 

(b) If a > the graph is a parabola that opens upward. If also b > 0, then increasing b causes a shift of the 
graph downward to the left; if b < 0, then decreasing b causes a shift of the graph downward and to the 
right. 

If a < the graph is a parabola that opens downward. If b > 0, increasing b shifts the graph upward 
to the right. If b < 0, decreasing b shifts the graph upward to the left. 

(c) Changing c (for fixed a and b) by Ac shifts the graph upward Ac units if Ac > 0, and downward — Ac 
units if Ac < 0. 

26. (a) If a > 0, the graph rises to the right of the vertical line x = — b and falls to the left. If a < 0, the graph 

falls to the right of the line x = — b and rises to the left. If a = 0, the graph reduces to the horizontal 
line y = c. As |a| increases, the slope at any given point x = Xo increases in magnitude and the graph 
becomes steeper. As |a| decreases, the slope at Xo decreases in magnitude and the graph rises or falls 
more gradually. 

(b) Increasing b shifts the graph to the left; decreasing b shifts it to the right. 

(c) Increasing c shifts the graph upward; decreasing c shifts it downward. 

27. If m > 0, the x-intercept of y = mx + 2 must be negative. If m < 0, then the x-intercept exceeds | 

=> = mx + 2 and x > 1 =!> x = - ^ > i =>- 0>m>-4. 
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28. Each of the triangles pictured has the same base 
b = vAt = v(l sec). Moreover, the height of each 
triangle is the same value h. Thus \ (base)(height) = \ bh 
= Ai = A2 = A3 = . . . . In conclusion, the object sweeps 
out equal areas in each one second interval. 




5 10 
Kilometers 



29. (a) By Exercise #95 of Section 1.2, the coordinates of P are , ^f) = (§ , |) . Thus the slope 
fOP= & = b -§ = b -. 

Ax a/2 a 

(b) The slope of AB = §5^ = — - . The line segments AB and OP are perpendicular when the product 

of their slopes is —1 = (~) ( — j) = — % ■ Thus, b 2 = a 2 => a = b (since both are positive). Therefore, AB 
is perpendicular to OP when a = b. 
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CHAPTER 2 LIMITS AND CONTINUITY 



2.1 RATES OF CHANGE AND LIMITS 

1 . (a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x) 

approaches 1 . There is no single number L that all the values g(x) get arbitrarily close to as x — > 1 . 

(b) 1 

(c) 

2. (a) 

(b) -1 

(c) Does not exist. As t approaches from the left, f(t) approaches — 1. As t approaches from the right, f(t) 
approaches 1 . There is no single number L that f(t) gets arbitrarily close to as t — > 0. 

3. (a) True (b) True (c) False 

(d) False (e) False (f) True 

4. (a) False (b) False (c) True 
(d) True (e) True 

5. lim A does not exist because A = - = lifx>0 and A = — = — lifx<0. Asx approaches from the left, 

x t o |x| |x| x |x| —x rr 

A approaches — 1 . As x approaches from the right, A approaches 1 . There is no single number L that all 
the function values get arbitrarily close to as x — » 0. 

6. As x approaches 1 from the left, the values of become increasingly large and negative. As x approaches 1 
from the right, the values become increasingly large and positive. There is no one number L that all the 
function values get arbitrarily close to as x — * 1, so lim r^r does not exist. 

X — » 1 x 1 

7. Nothing can be said about f(x) because the existence of a limit as x — » Xo does not depend on how the function 
is defined at Xo . In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when 

x is close enough to Xo. That is, the existence of a limit depends on the values of f(x) for x near Xq, not on the 
definition of f(x) at x itself. 

8. Nothing can be said. In order for lim f(x) to exist, f(x) must close to a single value for x near regardless of 

x — > 

the value f(0) itself. 

9. No, the definition does not require that f be defined at x = 1 in order for a limiting value to exist there. If f(l) 

is defined, it can be any real number, so we can conclude nothing about f(l) from lim f(x) = 5. 

% — > 1 



10. No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(l) itself. If 

lim f(x) exists, its value may be some number other than f(l) = 5. We can conclude nothing about li: 

x — > 1 " " x - 

whether it exists or what its value is if it does exist, from knowing the value of f(l) alone. 
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1 1 / n \ 4Vv~\ /v2 

1 1. (a) r(x) — [x — 

X 


9)/(x + 3) 
—3.1 


—3.01 


—3.001 


—3.0001 


O AAAA 1 

—3.00001 


—3.000001 


f(x) 


-6.1 


-6.01 


-6.001 


-6.0001 


-6.00001 


-6.000001 


X 


-2.9 


-2.99 


-2.999 


-2.9999 


-2.99999 


-2.999999 


f(x) 


-5.9 


-5.99 


-5.999 


-5.9999 


-5.99999 


-5.999999 



The estimate is lim f(x) 

x — > -3 



-6. 



(b) 




fix) = (x 1 - 9)/(x + 3) 



(c) 


f(x) = 


x 2 -9 
x + 3 " 


_ (x + 3)(x- 
x + 3 


3) =x 3ifx^ 3, and 

X 


Km (x - 3) 


= -3-3 = 


-6. 


12. (a) 


g(x) = 


(x 2 - 


2)1 (x - 












x 




1.4 


1.41 1.414 


1.4142 


1.41421 


1.414213 




g(x) 




2.81421 


2.82421 2.82821 


2.828413 


2.828423 


2.828426 



(b) 




gM = (x 1 - 2)/(jc - V5) 



(c) 




- (,_, 




1/2 if x ^ v 


/ 2, and lim 

x^ 


(x+^2~) = 


^2 + s/l = 


13. (a) 


G(x) = (x + 


6)/(x 2 +4x 


-12) 












X 


-5.9 


5.99 


-5.999 


-5.9999 


-5.99999 


-5.999999 




G(x) 


-.126582 


-.1251564 


-.1250156 


-.1250015 


-.1250001 


-.1250000 




X 


-6.1 


-6.01 


-6.001 


-6.0001 


-6.00001 - 


6.000001 




G(x) 


-.123456 


-.124843 


-.124984 


-.124998 - 


-.124999 - 


.124999 
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(b) 



Section 2.1 Rates of Change and Limits 



(c) G(x) 



10 



-10 



-20 



G(x) = (x + 6)/(x 2 + ix-n) 



x + 6 



x + 6 



(x 2 + 4x-12) (x + 6)(x-2) 



— L if x ^ —6, and lim —^ 

x-2 T » x ^_6 x-2 



-6-2 



-0.125. 



h(x) = (x 2 - 


2x-3)/(x 2 


- 4x + 3) 










X 


2.9 


2.99 


2.999 


2.9999 


2.99999 


2.999999 


h(x) 


2.052631 


2.005025 


2.000500 


2.000050 


2.000005 


2.0000005 


X 


3.1 


3.01 


3.001 


3.0001 


3.00001 


3.000001 


h(x) 


1.952380 


1.995024 


1.999500 


1.999950 


1.999995 


1.999999 



(b) 



10 






-1 


\ 


1 3 


-1 






-20 







h(x) = (x J - 2x - 3)/(* s - 4x + 3) 



(c) h(x) = i-j x T\ = Msr^ = if x # 3, and lim i+i = f±i = 4 = 2. 

v/ v/ x- 1 — 4x + 3 (x — 3)(x— 1) x— 1 / ' x 3 x — 1 3—1 2 



f(x) = (x 2 - 


i)/(N 


-1) 










X 


-1.1 


1.01 


-1.001 


-1.0001 


-1.00001 


-1.000001 


f(x) 


2.1 


2.01 


2.001 


2.0001 


2.00001 


2.000001 


X 


-.9 


-.99 


.999 


-.9999 


-.99999 


-.999999 


f(x) 


1.9 


1.99 


1.999 


1.9999 


1.99999 


1.999999 



(b) 




/(*) = (x 1 - DIM - i) 
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(c) f(x) = 



x z -l 



(x+l)(x-l) 

x- 1 
(x+lXx-1) 
-(x+1) 



= x+l, x > Oandx ^ 1 
= 1 — x, x < and x ^ — 1 



and lim (1 - x) = 1 - (-1) = 2. 



x -> -1 



16. (a) F(x) = (x 2 + 3x + 2)/(2-|x|) 



X 


-2.1 


-2.01 


-2.001 


-2.0001 


-2.00001 


-2.000001 


F(x) 


-1.1 


-1.01 


-1.001 


-1.0001 


-1.00001 


-1.000001 


x 


-1.9 


-1.99 


-1.999 


-1.9999 


-1.99999 


-1.999999 


F(x) 


-.9 


-.99 


-.999 


-.9999 


-.99999 


-.999999 



(b) 



20 




FU) = + 3* + 2)/(2-W) 
. . X 


■ — ^2 


2 




-60 







(x + 2)(x+l) 



(c) F(x) = 



x 2 + 3x + 2 
2 — |x| 



x > 



(x + nrx + n ' , , and lim (x + 1) = -2 + 1 = -1. 

2+x = x +1, x < and x ^ -2 x^-2 v 



17. (a) g(60 = (sin 9)19 



9 


.1 


.01 


.001 


.0001 


.00001 


.000001 


g(0) 


.998334 


.999983 


.999999 


.999999 


.999999 


.999999 


9 


-.1 


-.01 


-.001 


-.0001 


-.00001 


-.000001 


g(0) 


.998334 


.999983 


.999999 


.999999 


.999999 


.999999 



lim g{9) = 1 



(b) 



] 


\ y = S -JIL? (radians) 
\ " 


-5ir -477^77 -2tI^ 


S-rr 


77 s $77 377 "477 577 



NOT TO SCALE 



18. (a) G(t) = (1 -cost)/t 2 



t 


.1 


.01 


.001 


.0001 


.00001 


.000001 


G(t) 


.499583 


.499995 


.499999 


.5 


.5 


.5 


t 


-.1 


-.01 


-.001 


-.0001 


-.00001 


-.000001 


G(t) 


.499583 


.499995 


.499999 


.5 


.5 


.5 



lim G(t) = 0.5 

t-> o 
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(b) 



H 1 1- 



G(t) = 



1 - cos t 



0.4 
4-0.3 

0.2 
0.1 



-H 1 1 

-0.0003 .0.0001 0.0001 0.00O3 

Graph is NOT TO SCALE 

19. (a) f(x) = x 1 /^) 



X 


.9 


.99 


.999 


.9999 


.99999 


.999999 


f(x) 


.348678 


.366032 


.367695 


.367861 


.367877 


.367879 


X 


1.1 


1.01 


1.001 


1.0001 


1.00001 


1.000001 


f(x) 


.385543 


.369711 


.368063 


.367897 


.367881 


.367878 



lim f(x) « 0.36788 

X — > 1 



(b) 




0.9999 0.99995 



1.0000X7 170001 



2.71815 

Graph is NOT TO SCALE. Also the intersection of the axes is not the origin: the axes intersect at the point 
(1,2.71820). 



20. (a) f(x) = (3 X - 

X 


l)/x 

.1 


.01 


.001 


.0001 


.00001 


.000001 


f(x) 


1.161231 


1.104669 


1.099215 


1.098672 


1.098618 


1.098612 


X 


-.1 


-.01 


-.001 


-.0001 


-.00001 


-.000001 


f(x) 


1.040415 


1.092599 


1.098009 


1.098551 


1.098606 


1.098611 



lim f(x) « 1.0986 

x — » 



(b) 



1 .8 




1 .4 






/ ,x 







21. lim 2x = 2(2) = 4 

x -> 2 



22. lim 2x = 2(0) = 

x — > 



23. lim i (3x- 1) = 3 (i) - 1 =0 



24. lim 



l 3x-l 3(1)- 1 
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25. lim 3x(2x-l) = 3(-l)(2(-l)-l) 

X — > — 1 



26. lim 



3x 2 _ M-lf 



j 2x-l 2(-l)-l -3 



27. lim x sin x = ~ sin ~ = f 

A > 



28. lim s« = fts = _zL = i 

X — * 7T 1 — 7T 1 — 7T 1— 7T 7T — 1 



Af _ f(3)-f(2) _ 28-9 



29- (a) £- 
30. (a) 



l 



= 19 



Ag _ gd)-g(-l) _ 1-1 n 
Ax l-(-l) 2 u 



ol r „x Ah _ h(T)- h (f) _ -1-1 _ 4 

31. (a) s - — ^-y — - — |— - - - 



n,\ Af _ f(l)-f(-l) _ 2^0 
W Ax ~~ 1 -(-1) ~~ 2 



(b) 

(b) At 



= 1 



Ag _ g(Q)-g(-2) _ 0-4 _ 



-2 



Ax 0-(-2) 2 

Ah _ h(f)-h(g) _ Q-yg _ -3y^ 



32. (a) 



Ag _ gW-g(O) _ (2-l)-(2+l) = _ 2 

At IT-0 7T-0 7T 



(b) 



Ag _ g(7r)-g(-7r) _ (2-l)-(2-l) _ 

At 7T - (-7T) 2?T 



33. 



AR _ R(2) - R(0) _ 
AS 2-0 



/8+T- yT _ 3-1 _ 



1 



a 4 AP _ P(2)-P(l) _ (8- 16+ 10)-(1 -4 + 5) _ 9 _ 9 _ n 
A9 ~~ 2-1 ~~ 1 _ z z — u 



35. (a) 



Q 



Slope ofPQ 



At 



650- 



20 


- 10 


650 


-375 


20 


- 14 


650 


-475 


20- 


- 16.5 


650 


-550 


20 


- 18 



IP = 42.5 m/sec 
45.83 m/sec 
50.00 m/sec 
P = 50.00 m/sec 



Qi(10,225) 
Q 2 (14,375) 
Q 3 (16.5,475) 
Q 4 (18,550) 

(b) At t = 20, the Cobra was traveling approximately 50 m/sec or 180 km/h. 



36. (a) 



Qi(5,20) 
Q 2 (7,39) 
Q 3 (8.5,58) 
Q 4 (9.5,72) 



Slope ofPQ 



Ap 
At 



80-20 



10- 


5 


80- 


39 


10- 


7 


80- 


58 


10- 


8.5 


80- 


72 


10- 


9.5 



= 12 m/sec 
= 13.7 m/sec 
= 14.7 m/sec 
= 16 m/sec 



(b) Approximately 16 m/sec 



37. (a) 




56 thousand dollars per year 



yu ' At 1994- 1992 

35 thousand dollars per year. 

AT — 1993-1992 — 49 thousand dollars per year. 
So, the rate at which profits were changing in 1992 is approximatley -(35 + 49) = 42 thousand dollars per year. 



(c) The average rate of change from 1991 to 1992 is ^2 = 19 f 2 l] 7 m 
The average rate of change from 1992 to 1993 is— — 1 1 1 ~ fl 
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38. (a) F(x) = (x + 2)/(x - 2) 



X 


1.2 


1.1 


1.01 


1.001 


1.0001 


1 


F(x) 


-4.0 


-3.4 


-3.04 


-3.004 


-3.0004 


-3 



A!; 

Ax 

AF 

Ax 

AF 
Ax 



-4.0 -(-3) 

1.2-1 
-3.04 -(-3) 

1.01-1 
-3.0004 -(-3) 



= -5.0; 
= -4.04; 

i.oooi-i =-4.0004; 
(b) The rate of change of F(x) at x 



1 is -4. 



AF 
Ax 

AF 
Ax 



-3.4 -(-3) _ _ 

1.1-1 
-3.004 -(-3) _ 

1.001-1 — 



4.4; 

-4.004; 



39. (a) £ - - 



g(D 



Ax 



2-1 
g(l + h)- 



✓2-1 
2-1 

Jl +h-l 



0.414213 



(i+h)-i 
(b) g(x) = A /x" 



Ag 
Ax 



(1.5)-g(l) 
1,5-1 



1.5-1 
0.5 



0.449489 



1 +h 


1.1 


1.01 


1.001 


1.0001 


1.00001 


1.000001 




1.04880 


1.004987 


1.0004998 


1.0000499 


1.000005 


1.0000005 


(7i+h- 


- l)/h 


0.4880 


0.4987 


0.4998 


0.499 


0.5 


0.5 



(c) The rate of change of g(x) at x = 1 is 0.5. 

*\ +h-l 1 



(d) The calculator gives lim 
5 h->0 



40. (a) i) 
ii) 

(b) 



f(3)-f(2) 
3-2 



l _ l 

3 2^ 

1 



2-T 



f(T) — f(2) t 2. _ 2T 2T 

T-2 ~~ T-2 — T-2 ~~ 2T(T-2) 



2-T 
-2T(2 - T) 



— — — T ^ 2 



T 


2.1 


2.01 


2.001 


2.0001 


2.00001 


2.000001 


f(T) 


0.476190 


0.497512 


0.499750 


0.4999750 


0.499997 


0.499999 


(f(T) - f(2))/(T - 2) 


-0.2381 


-0.2488 


-0.2500 


-0.2500 


-0.2500 


-0.2500 



(c) The table indicates the rate of change is —0.25 at t = 2. 

(d) lim (_L)=-I 



41-46. Example CAS commands: 
Maple : 

f := x -> (x A 4 - 16)/(x - 2); 
xO := 2; 

plot( f(x), x = x0-l..x0+l, color = black, 

title = "Section 2.1, #4 1(a)" ); 
limit( f(x), x = xO ); 

In Exercise 43, note that the standard cube root, x A (l/3), is not defined for x<0 in many CASs. This can be 
overcome in Maple by entering the function as f := x -> (surd(x+l, 3) — l)/x. 
Mathematica : (assigned function and values for xO and h may vary) 
Clear[f, x] 

f[x_]:=(x 3 - x 2 - 5x - 3)/(x + l) 2 
x0= -l;h= 0.1; 
Plot[f[x],{x,x0-h, x0 + h}] 
Lirrrit[f[x],x-> xO] 
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2.2 CALCULATING LIMITS USING THE LIMIT LAWS 

1. lim 7 (2x + 5) = 2(-7) + 5 = -14 + 5 = -9 2. Jim^ (10 - 3x) = 10 - 3(12) = 10 - 36 = -26 

3. x lim 2 (-x 2 + 5x - 2) = -(2) 2 + 5(2) - 2= -4 + 10 - 2 = 4 

4. ^ lim 2 (x 3 - 2x 2 + 4x + 8) = (-2) 3 - 2(-2) 2 + 4(-2) + 8 = -8-8-8 + 8 = -16 

5. lim 8(t-5)(t- 7) = 8(6-5)(6-7) = -8 6. lim 3s(2s - 1) = 3 (§) [2 (§) - l] = 2 (f - l) - 2 



& 3 

7. Urn £±| = |±l = | 8. lim = ^ = 4, = -2 

x ^2 x + 6 2 + 6 8 x -H- 5 x— 5 — 7 —2 

y" 5 5-y 5 -(-5) 10 2 

10 lim y+ 2 - 2 + 2 _ 4 _ + _l 

y_T2 y 2 + 5y + 6 (2) 2 + 5(2) + 6 4+ 10 + 6 20 5 



3 



11. lim 3(2x- l) 2 = 3(2(— 1) - l) 2 = 3(-3) 2 = 27 

X — > —1 



12. lim (x + 3) 1984 = (-4 + 3) 1984 = (-1) 1984 = 1 

x — > — 4 



13. lim (5 -y) 4 / 3 = [5 - (-3)] 4 / 3 = (8) 4 / 3 = ((8) 1 / 3 ) 4 = 2 4 = 16 

y — > -3 v ' 



14. lim (2z - 8) 1 / 3 = (2(0) - 8) 1 / 3 = (-8) 1 / 3 = -2 
z — » 



1 5 lim 3 = 3 — 3 — 3 

h" v/^h+T+i x/SW+T+i yi+i 2 



16. lim 



h^O v / 5h + 4 + 2 ^5(0) + 4 + 2 ^4 + 2 4 



17. v_h+L^l = Hm A^+L^l . v^+i = Um p h +}L-\ = lim , *L_ , = lim -*t 

h->0 h h->0 h v / 3h+ 1 + 1 h^o h(-/5h + T+lJ h->0 h^v^h+T+lj h^O V 3 h+1+1 



v/1 + 1 2 

18. 1^ v^_Ti^ = Hm ^l--- 2 - . 2^+1 = i im = i im ? = Hm 



h-»0 h h->0 h V5h + 4 + 2 h ^0 h(y5h + 4 + 2) h h( v /5h + 4 + 2) h^0 %/5h + 4 + 2 



/4 + 2 4 



19. lim f |- = lim , x 5 ~ = lim -4-= — = Tn 

x ^5 x J — 25 x >^ (x + 5)(x — 5) x _>5 x + 5 5 + 5 10 



20. lim . , 2 x + 3 , 5 = lim . ^ x +, 3 n = lim -L- - — 



21. lim »' + 3j-io = Hm C + 5 X"-2) = lim (x - 2) = -5 - 2 = -7 

x^-5 x + 5 x^-5 x + 5 x^-5 
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22. lim x2 -, 7x + 10 = lim. (x ~f x r 2) = lim (x - 5) = 2 - 5 = -3 



x -> 2 



x- 2 



x^ 2 



x-2 



x^2 



23. Km ^=Um = Urn |±f = £f = § 



24. lim 

t-> -1 



t- + 3t + 2 
t 2 - t — 2 



lim 



(t + 2)(t+l) 



lim 



t + 2 _ -1+2 



^ (t-2)(t+l) t "'_i t-2 -1-2 



25. lim = lim = lim 4 = ^ = - \ 

x -> -2 * +2x- x^-2 x 2 (x + 2) x^-2 x 4 2 



26 lim 5y +8y - lim y (5y + 8) - lim 5y + 8 - 
°' y ™o 3y>-i6 y 2 - y ™ y 2 0y 2 -i6) y™ V- 16 ~ - 16 



27. lim 4^4 = lim ^+^+^11 = i im (" 3 + i)(° + D = fl+M+ll = 4 

■■ - - u — > 1 u 2 + u+l 1 + 1 + 1 3 



28. lim 1 

v - " 1 



29. lim 

x -> 9 



u 3 - 


1 


v 3 - 


-8 


v 4 - 


16 




-3 


X — 


9 


4x- 


x 2 



lim 



lim 



(u 2 


+ u+l)(u-l) 


(v 


-2)(v 2 + 2v + 4) 


(v - 


-2)(v + 2)(v 2 +4) 







lim 



lim 



v 2 +2v + 4 _ 4 + 4 + 4 12 3 



J _ I 

9 + 3 ~~ 6 



30. lim , ,,,,, , 

x ^ 4 2 - V x x ^ 4 2 - \A x ^ 4 



lim = lim *( 2 +v^)( 2 -v^) 

2- ,/x 



lim 4 x (2 + ,/x) = 4(2 + 2) = 16 



31. lim 



x- 1 



X _>1 v^+3-2 x->l (V^+3-2) (v/xT3 + 2) x _> 1 (x + 3)-4 

= x/4 + 2^4 



32. lim lim (^f^fcf^ = Hm v 



x+l 



-1 (X 



+ l)(Vx 2 + 8 + 3) x-»-l (x+l)(\/x 2 + 8 + 3) 



= lim (x+iKx-i) = lim 

x->-l (x+l)(\/x 2 + 8 + 3j X->-l \/x 2 + 8 + 3 3 + 3 



x- 1 



33. lim v^- 4 = lim (^Jf^ = lim 



x -> 2 



lim 



x -> 2 



(x-2)(x + 2) 



(x 2 + 12)-16 

(x-2) ( % /x 2 TT2 + 4) x^+2 (x-2)( v / x 2 + 12 + 4) 



lim 



x + 2 



x^2 (x-2) ( % /x 2 TT2 + 4) x^2 \/x 2 + 12 + 4 \/l6 + 4 2 



34. lim 



lim 



2 </x 2 + 5 - 3 

+ 2) (Vx 2 + 5 + 3' 



(x + 2) (x/x 2 + 5 + 3) 
(^x 2 + 5-3) (V* 2 + 5 + 3) 



lim 



(x + 2)(x - 2) 



lim 



Vx 2 + 5 + 3 



x-2 



lim 



y/9 + 3 
-4 



-2)(/ 



x 2 + 5 + 3 



(x 2 +5)-9 



35. lim 2 ~^gP 
x^-3 x + 3 



lim 



(2 - \/x 2 - 5) (2 + v/x 2 - 5) 
3 (x + 3) (2+^-5) x ""-3 (x + 3) (2+ \A 2 -5) 



lim 



4 - (x 2 - 5) 



lim 



9-x 2 



lim 



(3-x)(3 + x) 



lim 



3-x 



3 (x + 3)(2 + v'x 2 -5) x -> -3 (x + 3) (2 +VV-5) x^ -3 2+\/x 2 -5 Z + ^/a 
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x ^4 5-V^+9 x ^4 (5 - (5 + 7x^+9) x^4 25-(x 2 + 9) 



lim 

x^4 



(4 - x) (5 + Vx 2 + 9) 



16 -x 2 



(4-x) (5 +7x^+9) 

Mm — 

x ^4 (4-x)(4 + x) 



lim 

x^4 



5 + Vx 2 + 9 
4 + x 



5 + V25 



37. (a) quotient rule 

(b) difference and power rules 

(c) sum and constant multiple rules 

38. (a) quotient rule 

(b) power and product rules 

(c) difference and constant multiple rules 



39. (a) lim f(x)g(x) 



limf(x) Mmg(x) = (5)(-2) = -10 



(b) x lim2f(x)g(x) = 2 



x lim. g(x) 



2(5)(-2) = -20 



lim f(x) 

X — > c 

(c) Urn [f(x) + 3g(x)] = x lim c f(x) + 3 tim g(x) = 5 + 3(-2) 

(d) lim — — — — ^ -_5__5 



1 



\ l c f(x)-g(x) 



5-(-2) 



40. (a) lim [g(x) + 3] = lim g(x) + lim 3 = -3 - 

x ^ 4 x ^ 4 x ^ 4 

(b) lim xf(x) = lim x • lim f(x) = (4)(0) = 

x — > 4 x ^ 4 x ^ 4 

2 

12 







(c) lim [g(x)]^ 

x — > 4 



lim g(x) 

x — > 4 
lim g(x) 

x^4 

lim f(x) — lim 1 
x^4 x— >4 



= [-3]" = 9 



-3 
0-1 



41. (a) lim [f(x) + g(x)]= lim f(x) + lim g(x) = 7 + (-3) = 4 

x — > b x^b x^b 



(b) limf(x)-g(x) 

x — > b 



lim f(x) 

%. — > b 



lim g(x) 

>c — » b 



(c) lim 4g(x) = lim 4 

x — » b Lx —> b 



lim g(x) 

x — » b 



(7)(-3) = -21 
= (4)(-3) = -12 



(d) Hm f(x)/g(x) = lim f(x)/ lim g(x) 

x^b x^b x^b 



J_ 

-3 



42. (a) lim [p(x) + r(x) + s(x)] = lim p(x) + lim r(x) + lim s(x) = 4 + + (-3) = 1 

x — > — 2 x — » — 2 x — > — 2 x — > — 2 



(b) lim p(x) • r(x) • s(x) 

x — > — 2 



lim 2 p(x) 



lim r(x) 

-> -2 



lim s(x) 

-> -2 



(c) lim [-4p(x) + 5r(x)]/s(x) 

x — > — 2 



—4 lim p(x) + 5 lim r(x) 

x -> -2 ^ x -> -2 



= (4)(0)(-3) = 
' lim s(x) = [-4(4) + 5(0)]/-3 = ^ 

x — > — 2 3 



43. lim Q±%=* 
h^O h 



lim i+2h + h 2 -i 



lim 

h^O 



h(2 + h) 



lim (2 + h) = 2 

h -> o 



44. lim 

h^O 



(-2 + h) 2 -(-2) 2 



= lim 4 - 4h + h2 - 4 = lim h ^ = lim (h - 4) = -4 



h^O 



h-»0 



45. lim P(2 + h)- 4] -[3(2) -4] = Um 3h = 3 



h^O 



h^O 



46. lim ( - 2 H ( - 2) = lim ^ku^ = lim ~ 2 ~/~ 2 + h) = lim ~ h 







-2h 



h ^" -2h(-2 + h) h %" h(4-2h) 
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47. lim ^Th-v^ = lim (v^-v^+h+v^) = lim <7+j0-7 
h^O h h^O h( v / V + h+v / 7) h^O h(y7 + h + v^J 

= lim ; _A — = lim 7 — r — 75 = ^7= 

h->0 h(v/7+h+V7) h->0 v^+h+V? 2V? 



h->0 



3h 



h->0 h(v/3h+l+lj 

= lim 3 - ; 



h(/ 



3h + 1 + 1 



= lim . urn — — - 

h->0 h^v^h+T+lJ h^O V3h+1 + 1 2 



49. lim \/5 - 2x 2 = */5 - 2(0) 2 = v/5 and lim - x 2 = J 5 - (0) 2 = \/5; by the sandwich theorem, 

x^O x — > 

lim f(x) = ^5 

x — » 

50. lim (2 — x 2 ) =2 — = 2 and lim 2 cos x = 2(1) = 2; by the sandwich theorem, lim g(x) = 2 
x^O x^O " x^O 



51. (a) lim ( 1 - 4-) = 1 — ? = 1 and lim 1 = 1; by the sandwich theorem, lim = * sm x = 1 

x -» V 6 / 6 x -> J x -> 2 ~ 2 cos x 

(b) For x / 0, y = (x sin x)/(2 — 2 cos x) 
lies between the other two graphs in the 
figure, and the graphs converge as x — > 0. 



y = (x sin x)/(2 - 2 cos x) 


h(X) = 1 ^ 


0.5 


glxl^i-lle)-^ 


-2 -1 


1 2 



52. (a) lim ( \ — ir ] = lim \ — lim £ = i — = h and lim ^ = ^ ; by the sandwich theorem, 

x^O V 2 24 / x^O 2 x^O 24 2 2 x^0 2 2 / 



lim i^?^ = 1 

x -> x_ 2 

(b) For all x ^ 0, the graph of f(x) = (1 — cos x)/x 2 
lies between the line y = A and the parabola 
y = I — x 2 /24, and the graphs converge as x — ► 0. 



X — > c x — > c 

r2 





1 

y = 2 
. — . 


1 




/ 


-2 


^ 2 24 


Thus, c 4 = c 2 =s 


■ c 2 (l -c 2 ) = 


= 



c = 0, 1, or — 1. Moreover, lim f(x) = lim x = and lim f(x) = lim f(x) = 1. 

x^0 x^O x ^ — 1 x — * 1 



54. Nothing can be concluded about the values of f, g, and h at x = 2. Yes, f(2) could be 0. Since the 
conditions of the sandwich theorem are satisfied, lim f(x) = —5^0. 

x -> 2 ' 

<y„, c lim f(x) — lim 5 lim f(x) — 5 

55- 1= Hm ^- tx-Ml =^W- => x lim f(x)-5 = 2(l) =» lim f(x) = 2 + 5 = 7. 

X — > 4 x ^ 4 x ^ 4 X — > 4 X — > 4 
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f M lim f(x) lim f(x) 

56. (a) 1 lim „ « = = ^— => ^ lim 2 f(x) = 4. 



v . o x z lim x 2 4 



(b) 1= lim 

x — > -2 x 



f(x) _ 



' lim Sa' 




lim i 




' lim ™' 


jc -> -2 x _ 




.x->-2 x . 




.x -> -2 x . 



V - 2y x^-2 x 



57. (a) = 3-0 = 



(b) = 4-0 



lim 

x -» 2 



f(x)-5 
x- 2 



lim (x — 2) 

x -> 2 



= lim 

x^2 



^)(x-2) 



= lim [f(x) - 5] = lim f(x) - 5 

x ^ 2 x-+2 



lim f(x) = 5. 

x -> 2 



lim 

x -> 2 



f(x)-5 



x- 2 



lim (x — 2) 

x -> 2 



lim^ f(x) = 5 as in part (a). 



58. (a) 0=1-0 = 
(b) 0=1-0 = 



lim «J> 

x^O x 



lim 



f(x) 



x^O x 



lim x 

.x -> . 

lim x 

x -> . 



lim 

x^O x * 



lim x 2 

x -> 



lim 

x -> 



f(x) Y 2 



lim f(x). That is, lim f(x) = 0. 

x — » x — * 



= lim 

x -> 



f(x) 



= lim ®. That is, lim ® = 0. 



x^O x 



x^O x 



59. (a) lim x sin 1 = 

x -> x 




(b) -1 < sin 1 < 1 forx ^ 0: 

x > —x < x sin i < x =>• 

x < —x > x sin - > x =>• 



lirn^ x sin i = by the sandwich theorem; 
lirn^ x sin i = by the sandwich theorem. 



60. (a) lim x 2 cos (4) =0 

W x^O U ' 



(b) -1 < cos < 1 forx ^ => -x 2 < x 2 cos (X) < 



theorem since lim x 2 = 0. 

x -> 




lim x 2 cos (4 

x -> V x 



-0.4 

= by the sandwich 



2.3 PRECISE DEFINITION OF A LIMIT 

1 -( 1 

■ 1 5 7 

Step 1: \x-5\<S^-6<x-5<S^-6 + 5<x<6 + 5 
Step 2: <5 + 5 = 7 =!> 8 = 2, or -<5 + 5 = 1 6 = 4. 

The value of 6 which assures |x — 51 < 6 => l<x<7is the smaller value, 6 — 2. 
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Section 2.3 Precise Definition of a Limit 



— f-H -) -x 

1 2 7 

Step 1: |x-2|<5=>-5<x-2<5^-5 + 2<x<5 + 2 
Step 2: -5 + 2=1 5=1, or 5 + 2 = 7 => 5 = 5. 

The value of 5 which assures |x — 2| < 5 =>• l<x<7is the smaller value, 5 = 1. 

)-»-* 

-7/2 -3 -1/2 

Step 1: |x - (-3)| <5 -5<x + 3<5 -5-3<x<5-3 
Step 2: -5 - 3 = - | 5=i,or5-3 = -i 5 = |. 

The value of 5 which assures |x — (— 3)| <5 =>■ — | < x < — ^ is the smaller value, 5=1. 



-Z- 1- _-L 

2 "22 



Step 1: | x -(-i)|<<5 -5<x+|<5 -5-§<x<5-| 
Step 2: -5-§ = -!=^5 = 2,or5-f = ~i=!>5=l. 

The value of 5 which assures |x — (— §) | < 5 => — |<x<— |is the smaller value, 5 = 1. 



-( 1 )-+x 

4/9 1/2 4/7 

Step 1: |x- ~| < 5 =» -5 < x - ^ < 5 => -5+|<x<5+| 
Step 2: -5+i = |^>5=i,or5+i = f^5=i. 

The value of 5 which assures |x — || < 5 ^ < x < | is the smaller value, 5 = yg. 



« ( 1 ) *x 

2.7591 3 3.2391 

Step 1: |x-3|<5 -5<x-3<5 -5 + 3<x<5 + 3 

Step 2: -5 + 3 = 2.7591 =^ 5 = 0.2409, or 5 + 3 = 3.2391 =» 5 = 0.2391. 

The value of 5 which assures |x — 3| < 5 2.7591 < x < 3.2391 is the smaller value, 5 = 0.2391. 

7. Stepl: |x-5|<5^-5<x-5<5^-5 + 5<x<5 + 5 

Step 2: From the graph, -5 + 5 = 4.9 => 5 = 0.1, or 5 + 5 = 5.1 =4> 5 = 0.1; thus 5 = 0.1 in either case. 

8. Step 1: |x - (-3)| <5 => -5<x + 3<5 => -5-3<x<5-3 

Step 2: From the graph, -5 - 3 = -3.1 5 = 0.1, or 5 - 3 = -2.9 5 = 0.1; thus 5 = 0.1. 

9. Stepl: |x-l|<5^-5<x-l<5^-5+l<x<5+l 

Step 2: From the graph, -5 + 1 = ^ => 5 = ^, or 5 + 1 = yf ^ 5 = yg; thus 5 = yg. 

10. Step 1: |x-3|<5 -5<x-3<5 -5 + 3<x<5 + 3 

Step 2: From the graph, -5 + 3 = 2.61 ^ 5 = 0.39, or 5 + 3 = 3.41 => 5 = 0.41; thus 5 = 0.39. 

11. Step 1: |x-2|<5^-5<x-2<5^-5 + 2<x<5 + 2 

Step 2: From the graph, -5 + 2 = => 5 = 2 - a/3 « 0.2679, or 5 + 2 = a/5 5 = a/5 - 2 « 0.2361; 
thus 5 = -v/5 - 2. 
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12. Step 1: |x - (-1)| < 6 -6 < x + 1 < 6 => -S-Kx<8-1 
Step 2: From the graph, -8 - 1 = - ^ =>- 8 = 



/5-2 



0.1180, or 8- 1 = - 



., 5 = « 0.1340; 



thus 5 



/5-2 



13. Step 1: |x - (-1)| <6 -8 < x + 1 <8 -5 - 1< x < 8 - 1 



Step 2: From the graph, -8 - 1 = - f 5 = | » 0.77, or 5 - 1 = - ±f - ^ 



^ - 0.36; thus 5 = ^ = 0.36. 



x - || < 8 =>- -6 < x - | < 6 => 



14. Step 1: 

Step 2: From the graph, — 8 + \ — 
thus 6 = 0.00248. 



-5+i<X<<5+i 



6 = \ - m ~ 0.00248, or 8 + \ = ^ 



15 = ih - \ ~ °-° 0251 ; 



15. Step 1: |(x + 1) - 5| < 0.01 =*> |x - 4| < 0.01 => -0.01 < x - 4 < 0.01 =>> 3.99 < x < 4.01 
Step 2: |x - 4| < 6 => -6 < x - 4 < 6 =^> -6 + 4<x<6 + 4 5 = 0.01. 

16. Step 1: |(2x - 2) - (-6)| < 0.02 =!> |2x + 4| < 0.02 =!> -0.02 < 2x + 4 < 0.02 -4.02 < 2x < -3. 

=^ -2.01 < x < -1.99 
Step 2: |x - (-2)| < 6 -6 < x + 2 < 6 => -6-2<x<6-2 5 = 0.01. 



17. Step 1: V x + 1 - 1 < 0.1 ^ -0.1 < V x + 1 - 1 < 0.1 =>• 0.9 < V x + 1 < 11 =>" 0.81 < x + 1 < 1.21 
=^ -0.19 < x < 0.21 

Step 2: |x - 0| < 8 => -8 < x < 8. Then, -6 = -0.19 => 6 = 0.19 or 6 = 0.21; thus, 6 = 0.19. 



18. Step 1: j^/x- || < 0.1 -0.1 < ^/x - 1 < 0.1 0.4 < ^/x < 0.6 0.16 < x < 0.36 
Step 2: |x- ±| < 6 =>- -6<x - i < 6 => — <x<<5+i. 

Then, -8 + \ = 0.16 =► 6 = 0.09 or 6 + 1 = 0.36 6 = 0.11; thus 5 = 0.09. 



19. Step 1: a/19-x - 3 < 1 => -1< a/19-x - 3 < 1 => 2 < \/l9-x < 4 

=>- -4 > x - 19 > -16 15>x>3or3<x<15 
Step 2: |x - 10| < 8 =4> -6 < x - 10 < 6 -5 + 10 < x < 5 + 10. 

Then -5+10 = 3 5 = 7, or 8 + 10 = 15 6 = 5; thus 6 = 5. 



4 < 19 -x < 16 



20. Step 1: V x ~ 7 4 < 1 =*- 1 < V x ~ 7 - 4 < 1 => 3 < ^x - 7 <5 =$> 9<x-7<25 16<x<32 

Step 2: |x - 23| < 6 -6 < x - 23 < 8 -6 + 23 < x < 6 + 23. 

Then -6 + 23 = 16 =>• 6 = 7, or 6 + 23 = 32 6 = 9; thus 6 = 7. 



21. Step 1: 
Step 2: 



I - i| < 0.05 -0.05 < i - i < 0.05 0.2 < ± < 0.3 



x 4 



f>x>for^<x<5. 



|x-4|<6 =>• -6<x-4<6 ^ -6 + 4<x<6 + 4. 
Then -6 + 4 = f or 8 = §, or 8 +4 = 5 or 8 = 1; thus 6 = f . 



22. Step 1: 
Step 2: 



|x 2 ~3| < 0.1 



-y/3 



< 8 



Then -8+^/3-- 
thus 6 = 0.0286. 



-0.1 < x 2 - 3 < 0.1 2.9 < x 2 < 3.1 V2-9 < x < V3.1 

-6 < x - v"3 < 6 =► -6+v'3< x <^+V / 3- 

V^9 6 = - w 0.0291, or 6 + = v^l ^ 6 = V^T - a/3 ~ 0.0286; 
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23. Step 1: |x 2 -4| < 0.5 -0.5 < x 2 - 4 < 0.5 3.5 < x 2 < 4.5 =^ V^5 < |x| < V^5 - V^5 < x < -a/^5 
for x near —2. 

Step 2: |x - (-2)| < <5 =>• -<5 < x + 2 < <5 -<5-2<x<<5-2. 

Then -8-2= -^/A~5 ^8 = - 2 w 0.1213, or 6 - 2 = - V^5 £ = 2 - V^5 w 0.1292; 

thus<5 = a/4J5-2«0.12. 



24. Stepl: |*-(-l)| < 0.1 =► -0.1 < i + 1< 0.1 =► - % < \ < - ^ => - j? > * > 
Step 2: |x - (-1)| <8 -<5 < x + 1 < <5 -5-l<x<<S~l. 



f or-f <x<~{?. 



Then -6 - 1 



f =► 8=l,or8-l 



10 



ll - 5 = TT; thus ' 5 = TT- 



25. Step 1: |(x 2 - 5) - 11| < 1 |x 2 - 16| < 1 =>• -1< x 2 - 16 < 1 => 15 < x 2 < 17 V^5 < x < a/17. 
Step 2: |x-4|<<5=>-<5<x-4<<5=>-<5 + 4<x<<5 + 4. 

Then -5 + 4 = V^5 =S> 5 = 4 - w 0.1270, or 8 + 4 = v"l7 £ = \/l7 - 4 « 0.1231; 
thus <5 = 0.12. 



26. Step 1: |if -5| < 1 =^ -K 1 f-5<1 =» 4 < < 6 i > JjL > I ^ 30 > x > 20 or 20 < x < 30. 
Step 2: |x - 24| < (5 ^> -5 < x - 24 < 6 -8 + 24 < x < 8 + 24. 

Then -5 + 24 = 20 ^> 6 = 4, or <5 + 24 = 30 =>- 5 = 6; thus ^8 = 4. 

27. Step 1: |mx - 2m| < 0.03 => -0.03 < mx - 2m < 0.03 =^ -0.03 + 2m < mx < 0.03 + 2m ^> 

2 _ O03 <X<2+ O03_ 

m m 

Step 2: |x-2|<<5^-<5<x-2<<5^-<5 + 2<x<<5 + 2. 

Then -6 + 2 = 2-^ 5 = 2=91, or <5 + 2 = 2 + ^ =>■ <5 = 2=°^. In either case, 8=^-. 

m m ' m m ' m 

28. Step 1: |mx - 3m| <c -c<mx-3m<c =>• -c + 3m < mx < c + 3m => 3-^<x<3 + ^ 
Step 2: |x - 3| < 8 -8 < x - 3 < 8 -5 + 3 < a; < 8 + 3. 

Then -6 + 3 = 3-^ =S> 6=£, or£ + 3 = 3+ £ 5 = ^. In either case, 5 = £. 



mx - f < c => -c+f<mx<c+^ 



2 m ^ X ^ 2 + m- 



x- j I < 8 => -<*) < x - ^ < <5 => -<5+|<x<<5+i. 



29. Stepl: |(mx + b) - (f + b) | < c ^> -c < 
Step 2: 

Then -8 + ± = h ~ - => <5=^,or<5+± = i + ^- => 5 = ±. In either case, 6=*-. 

2 2m m ' '22 m m ' m 

30. Step 1: |(mx + b) - (m + b)| < 0.05 -0.05 < mx - m < 0.05 -0.05 + m < mx < 0.05 + m 

=*l-°=°* <x< l + OQ5 
m m 

Step 2: |x - 1| < 8 =$> -8 < x - 1 < 8 ^ -8 + l<x<8 + l. 

Then -8 + 1 = 1-^ 8=^-, or <S + 1 = 1 + 2^ ^ 6 = In either case, <5 = 



31. lim (3-2x) = 3-2(3) = -3 

x — » 3 



Step 1: |(3 - 2x) - (-3)| < 0.02 => -0.02 < 6 - 2x < 0.02 = 
2.99 < x < 3.01. 

Step 2: < |x - 3| < 8 =^ -8 < x - 3 < 8 => -8 + 3 < x < 8 + 3. 

Then -8 + 3 = 2.99 => <5 = 0.01, or 6 + 3 = 3.01 => 6 = 0.01; thus 8 = 0.01. 



6.02 < -2x < -5.98 3.01 > x > 2.99 or 



32. lim (-3x-2) = (-3)(-l)-2= 1 

X — > — 1 

Step 1: |(-3x - 2) - 1| < 0.03 -0.03 < -3x - 3 < 0.03 =4> 0.01 > x + 1 > -0.01 -1.01 < x < -0.99. 
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Step 2: |x - (-1)| <8 =^ -8 < x + 1 <8 -6-Kx<8-l. 

Then -8- 1 = -1.01 8 = 0.01, or 8 - 1 = -0.99 5 = 0.01; thus 5 = 0.01. 



X-T2 x - 2 
Step 1: 



34. lim 

x -> -5 

Step 1: 



(x + 2)(x - 2) _ 
x-T2 < x - 2 > x-T2 



33. lim. = lim. (x + S ,{X ~ ^ = lim (x + 2) = 2 + 2 = 4, x ^ 2 



(S3) 



< 0.05 



-0.05 < 



(x + 2)(x-2) 
(x-2) 



4 < 0.05 => 3.95 < x + 2 < 4.05, x + 2 



1.95 < x < 2.05, x ^ 2. 
Step 2: |x-2|<<5=>-<5<x-2<<5^-<5 + 2<x<<5 + 2. 

Then -6 + 2 = 1.95 <5 = 0.05, or 6 + 2 = 2.05 5 = 0.05; thus S = 0.05. 



-6x + 5 



lim (x + 5)(x+1) 

x — » — 5 



(x + 5) 



lim (x + 1) = -4, x ^ -5. 



6x + 5 



(-4) 



< 0.05 



-0.05 < 



(x + 5)(x + l) 
(x + 5) 



4 < 0.05 =>• -4.05 < x + 1 < -3.95, x + -5 



^ -5.05 < x < -4.95, x ^ -5. 
Step 2: |x - (-5)| <8 -8 < x + 5 < 8 =» -6-5<x<<5-5. 

Then -<S - 5 = -5.05 <5 = 0.05, or 5 - 5 = -4.95 5 = 0.05; thus <5 = 0.05. 



35. lim . y/i - 5x = ^/I - 5(-3) = \/l6 = 4 



x -> -3 
Step 1: 

Step 2: 



a/I -5x - 4 < 0.5 =!> -0.5 < \/l -5x - 4 < 0.5 => 3.5 < - 5x < 4.5 =>• 12.25 < 1 - 5x < 20.25 

11.25 < -5x < 19.25 => -3.85 < x < -2.25. 
|x - (-3)| <8 -8 <x + 3 <6 =» -<5-3<x<6-3. 
Then -<5 - 3 = -3.85 =>■ 6 = 0.85, or 5 - 3 = -2.25 0.75; thus 8 = 0.75. 



36. lim * 

x-^2 x 

Step 1: 
Step 2: 



21 < 0.4 -0.4 < ! - 2 < 0.4 ^ 1.6 < ! < 2.4 j£ > I > ^ =»► 



10 



16 ^ 4 ^ 24 



f>x>iporf<x<§. 



|x-2|<<5 => -<5<x-2<<5 => -<5 + 2<x<<5 + 2. 

Then -5 + 2 = f =4> <5=±,or<5 + 2= § 5 = |; thus 5 = i. 



37. Step 1: |(9-x)-5|<e=>-e<4-x<e=>-e-4<-x<e-4=>e + 4>x>4-e=>4-e<x<4 + e. 
Step 2: |x-4|<<5^-<5<x-4<<5^-<5 + 4<x<<5 + 4. 

Then -<5 + 4 = -e + 4 =>• 5 = e, or<5 + 4 = e + 4 => 5 = e. Thus choose 8 = e. 



38. Step 1: |(3x - 7) - 2| < e =>• -e < 3x - 9 < e => 9-e<3x<9 + e 3-§<x<3 + §. 
Step 2: |x-3|<<5^-<5<x-3<<5^-<5 + 3<x<<5 + 3. 



Then -5 + 3 = 3 



\, or 5 + 3 = 3 



5 = I . Thus choose 8 — | . 



39. Stepl: 
Step 2: 



Vx - 5 - 2 < e ^> -e < ^x - 5 - 2 < e =^ 2 - e < ^x - 5 < 2 + e => (2 - e) 2 < x - 5 < (2 + e) 2 

=► (2 - e) 2 + 5 < x < (2 + e) 2 + 5. 

|x - 9| < 6 => -<5 < x - 9 < <5 -<5 + 9<x<<5 + 9. 

Then -8 + 9 = e 2 - 4e + 9 => 6 = 4e - e 2 , or 5 + 9 = e 2 + 4e + 9 =^ 6 = 4e + e 2 . Thus choose 
the smaller distance, 8 — 4e — e 2 . 



40. Stepl: 



V^4 - x - 2 < e =>• -e < \J 4 - x - 2 < e 2 - e < ^/4 - x < 2 + e (2 - e) 2 < 4 - x < (2 + e) 2 
^ -(2 + e) 2 < x - 4 < -(2 - e) 2 -(2 + e) 2 + 4 < x < -(2 - e) 2 + 4. 
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Step 2: |x - 0| < 6 -6 < x < 6. 

Then -6 = -(2 + e) 2 + 4 = -e 2 - 4e 6 = 4e + e 2 , or 5 = -(2 - e) 2 + 4 = 4e - e 2 . Thus choose 
the smaller distance, S — 4e — e 2 . 

41. Step 1: Forx ^ 1, |x 2 - 1| < e -e < x 2 - 1 < e 1 - e < x 2 < 1 + e =^ \/l - e < |x| < y/l + e 
=>■ yl — e < x < yl + e near x = 1. 
Step 2: |x - 1| < <5 =>• -<5 < x - 1 < <5 =^ -£ + l<x<tf + l. 

Then -5 + 1 = ^/l - e =^6 = 1- \/l - e, or 6 + 1 = ^/l + e =>■ <5 = V'l + e - 1. Choose 
6 — min |l — y/l — e, ^/T~+~e — 1 1, that is, the smaller of the two distances. 



42. Step 1: For x / -2, |x 2 - 4| < e =>■ -e < x 2 - 4 < e 4 - e < x 2 < 4 + e =>■ \/ 4 - e < |x| < ^4 + £ 
=>• -a/4 + e < x < — \/4 - e near x = -2. 
Step 2: |x - (-2)| <8 =^ -<5 < x + 2 < <5 => -6-2<x<<5-2. 

Then -<S - 2 = -^Ja~+~e => <S = + e - 2, or <5 - 2 = — ^4 - e 5 = 2 - y/A-e. Choose 
<5 = min |^/4 + e - 2,2 - \/4 - ej . 



43. Step 1: |A - l| < e ^> -e < A - 1< e =^ 1 - e < 1 < 1 + e =3- T ^ 7 <x< 
Step 2: |x- 1| < S => -<5 < x - 1 < 6 ^> 1-<5<x<1 + <5. 

Then 1 - £ = -L- => * = 1 - i+- = rj-. or 1 + 6=^ *=t J -- 1 =t j - 

1 + e 1 + e 1+e' 1 — e 1— e 1 — < 

Choose 6 = Y+~e> me smaller of the two distances. 



44. Step 1: 



Step 2: 



1 - 1| < e =>• -e < ^ - 1 < e =>• 1 - e < 4 < ± + e 



I x 2 3 I 



1 -3e s J_ ^ l + 3e 
3 v x 2 v 3 



TT37 < l x l < Vl^i' or 



TT3? < x < V 1^37 for x near VS- 

<5 =!> -<5 < x - < <5 \/3-6 <x< \/3 + 6. 



Then ^3-5=^^ 
Choose 6 = min < v3 — 



3] 



3 / 3 
l + 3e' V 1-36 



45. Step 1: (l+f) _ (~ 6 ) < 6 =^ -e < (x - 3) + 6 < e, x ^ -3 => -e<x + 3<e 
Step 2: |x - (-3)| < <5 =S> -<5 < x + 3 < <S -<5-3<x<<5-3. 

Then — 6 — 3 = — e — 3 =>• 6 — e, or 5 — 3 = e — 3 =£• 6 — e. Choose 5 — e. 



=>- -e-3<x<e-3 



46. Step 1: 



< e => -e < (x + 1) - 2 < e, x ^ 1 => l-e<x<l + e. 

Step 2: |x-l|<<5=>-<5<x-l<<5=>l-<5<x<l+<5. 

Then 1 — (5 = 1 — e => 6 — e, or 1 + 6 — 1 + e =>• 5 = e. Choose 6 = e. 



47. Step 1: x < 1: |(4 - 2x) - 2| < e < 2 - 2x < e since x < 1. Thus, 1 - § < x < 0; 

x > 1: |(6x — 4) — 2| < e 0<6x-6<e since x > 1. Thus, 1 < x < 1 + §. 
Step 2: |x-l|<<5^-<5<x-l<<5^1-<5<x<l+(5. 



Then 1 - 8 = 1 - \ 5=f, or 1 + 5 = 1 + f 



5 = | . Choose (5 = |. 



48. Step 1: x < 0: |2x - 0| < e =>• -e < 2x < ^> - f < x < 0; 



x > 0: 



< e =» < x < 2e. 
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Step 2: |x - 0| < 6 -6 < x < 6. 

Then -<$ = -§ =>• 6 = f , or 6 = 2e =>■ 6 = 2e. Choose 6 = § . 

49. By the figure, — x < x sin 1 < x for all x > and — x > x sin - > x for x < 0. Since lim (— x) = lim x = 0, 

x x x^Ox^O 

then by the sandwich theorem, in either case, lim x sin - — 0. 

J x -» x 

50. By the figure, — x 2 < x 2 sin 1 < x 2 for all x except possibly at x = 0. Since lirn^ (— x 2 ) = lim^ x 2 = 0, then 

by the sandwich theorem, lim x 2 sin - = 0. 

} ' x -> x 

51. As x approaches the value 0, the values of g(x) approach k. Thus for every number e > 0, there exists a 6 > 
such that < |x - 0| < 6 |g(x) — k| < e. 

52. Write x = h + c. Then 0<|x-c|<<5<^>-<5<x-c<<5, x^c<^>-<5<(h + c)-c<<5, h + c^c 

& -6 < h < 6, h o < |h - 0| < 6. 

Thus, limf(x) = L <^4> for any e > 0, there exists S > such that |f(x) — L| < e whenever < |x — c| < 6 
<^> |f(h + c) - L| < e whenever < |h - 0| < 6 limf(h + c) = L. 

h^0 

53. Letf(x) = x 2 . The function values do get closer to — 1 as x approaches 0, but lim f(x) = 0, not — 1. The 

x — > 

function f(x) = x 2 never gets arbitrarily close to — 1 for x near 0. 



54. Let f(x) = sin x, L = i, and Xo = 0. There exists a value of x (namely, x = |) for which | sin x — 1 1 < e for any 

given e > 0. However, lim sin x = 0, not |. The wrong statement does not require x to be arbitrarily close to 

x — > 1 

Xo. As another example, let g(x) = sin i, L = i, and Xq = 0. We can choose infinitely many values of x near 

such that sin - — ~ as you can see from the accompanying figure. However, lim sin ~ fails to exist. The 

x i - x — » x 

wrong statement does not require all values of x arbitrarily close to x = to lie within e > of L = i . Again 

you can see from the figure that there are also infinitely many values of x near such that sin 1 = 0. If we 

choose e < | we cannot satisfy the inequality | sin 1 — \ | < e for all values of x sufficiently near x = 0. 
y 



i 

i 2 





55. | A - 9| < 0.01 ^> -0.01 < 7T (f) - 9 < 0.01 => 8.99 < ?f < 9.01 ^> | (8.99) < x 2 < i (9.01) 

=> 2y / ^p < x < 2^f - or 3.384 < x < 3.387. To be safe, the left endpoint was rounded up and the right 
endpoint was rounded down. 



56. V = RI 



1 



\l -5| < 0.1 ^ 



-0.1 < 



120 



5 < 0.1 



4.9 < Jjj9 < 5.1 



10 > 
49 



120 



— 51 
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(120K10) < R < (120K10) ^ 23_ 53 < R < 24 48 

To be safe, the left endpoint was rounded up and the right endpoint was rounded down. 

57. (a) -6 < x - 1 < 1 - <5 < x < 1 f(x) = x. Then |f(x) — 2| = |x — 2|=2 — x>2— 1 = 1. That is, 

|f(x) — 21 > 1 > | no matter how small 6 is taken when 1 — <5 < x < 1 =4> lim f(x) 2. 

1 X — » 1 

(b) < x - 1 < 6 =^ 1 < x < 1 + 6 =^ f(x) = x + 1. Then |f(x) - 1| = |(x + 1) - 1| = |x| = x > 1. That is, 
|f(x) — 1| > 1 no matter how small 6 is taken when 1 < x < 1 + <5 =4> liir^ f(x) ^ 1. 

(c) -6 < x - 1 < 1 - <5 < x < 1 f(x) = x. Then |f(x) - 1.5| = |x - 1.5| = 1.5 - x > 1.5 - 1 = 0.5. 
Also, < x - 1 <6 1<x<1 + 5 f(x) = x+ 1. Then |f(x) - 1.5| = |(x + 1) - 1.5| = |x - 0.5| 
= x — 0.5 > 1 — 0.5 = 0.5. Thus, no matter how small 6 is taken, there exists a value of x such that 

-6 < x - 1 < 6 but |f(x) - 1.51 > \ =>- lim f(x) 1.5. 

1 X — » 1 

58. (a) For 2 < x < 2 + 6 =^ h(x) = 2 =>■ |h(x) — 4| = 2. Thus for e < 2, |h(x) - 4| > e whenever 2<x<2 + <5no 

matter how small we choose 6 > =>- lim h(x) ^ 4. 

(b) For 2 < x < 2 + 5 =^ h(x) = 2 ^> |h(x) - 3| = 1. Thus for e < 1, |h(x) - 3| > e whenever 2<x<2 + 5no 
matter how small we choose 6 > ^> lim^ h(x) ^ 3. 

(c) For 2 — (5 < x < 2 h(x) = x 2 so |h(x) — 2| = |x 2 — 2| . No matter how small 6 > is chosen, x 2 is close to 4 
when x is near 2 and to the left on the real line |x 2 — 2| will be close to 2. Thus if e < 1, |h(x) — 2| > e 
whenever 2 — <5<x<2no mater how small we choose 5 > => lim h(x) ^ 2. 



59. (a) For 3 - 6 < x < 3 => f(x) > 4.8 =>• |f(x) - 4| > 0.8. Thus for e < 0.8, |f(x) - 4| > e whenever 

3 — S < x < 3 no matter how small we choose 5 > lim f(x) ^ 4. 

x — » 3 

(b) For 3 < x < 3 + 6 =^ f(x) < 3 =4- |f(x) - 4.8| > 1.8. Thus for e < 1.8, |f(x) - 4.8| > e whenever 3 < x < 3 + 6 

no matter how small we choose S > lim f(x) ^ 4.8. 

x — > 3 

(c) For 3 - <5 < x < 3 ^ f(x) > 4.8 =^> |f(x) - 3| > 1.8. Again, for e < 1.8, |f(x) - 3| > e whenever 3 - 6 < x < 3 
no matter how small we choose S > lim f(x) ^ 3. 



60. (a) No matter how small we choose S > 0, for x near — 1 satisfying —1 — 6 <x< —1 + 6, the values of g(x) are 
near 1 |g(x) — 2| is near 1. Then, for e — \ we have |g(x) — 2| > \ for some x satisfying 
-1 - <5 < x < -1 + 6, orO < |x+ II < 6 lim g(x) ^ 2. 

X — » — 1 

(b) Yes, lim ^ g(x) = 1 because from the graph we can find a 6 > such that |g(x) — 1| < e if < |x — (— 1)| < 6. 

61-66. Example CAS commands (values of del may vary for a specified eps): 
Maple : 

f := x -> (x A 4-81)/(x-3);xO := 3; 

plot( f(x), x=x0-l..x0+l, color=black, # (a) 

title="Section2.3,#61(a)" ); 
L := limit( f(x), x=x0 ); # (b) 

epsilon := 0.2; # (c) 

plot( [f(x),L-epsilon,L+epsilon], x=x0-0.01..x0+0.01, 

color=black, linestyle=[l,3,3], title=" Section 2.3, #61(c)" ); 
q := fsolve( abs( f(x)-L ) = epsilon, x=x0-l..x0+l ); # (d) 
delta := abs(xO-q); 

plot( [f(x),L-epsilon,L+epsilon], x=x0-delta..x0+delta, color=black, title="Section 2.3, #61(d)" ); 
for eps in [0.1, 0.005, 0.001 ] do #(e) 
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q := fsolve( abs( f(x)-L ) = eps, x=xO-l..xO+l ); 
delta := abs(xO-q); 

head := sprintf("Section 2.3, #61(e)\n epsilon = %5f, delta = %5f\n", eps, delta ); 
print(plot( [f(x),L-eps,L+eps], x=xO-delta..xO+delta, 



Mathematica (assigned function and values for xO, eps and del may vary): 
Clear[f,x] 

yl: = L — eps; y2: = L + eps; xO = 1; 
f[xj: = (3x 2 - (7x + l)Sqrt[x] + 5)/(x - 1) 
Plot[f[x], {x, xO - 0.2, xO + 0.2}] 
L: = Limit[f[x], x -> xO] 
eps = 0.1; del = 0.2; 

Plot[{f[x], yl, y2},{x, xO - del, xO + del } , PlotRange -> {L - 2eps, L + 2eps}] 
2.4 ONE-SIDED LIMITS AND LIMITS AT INFINITY 



1. 


(a) 


True (b) True 




(c) False 


(d) 


True 




(e) 


True (f) True 




(g) False 


(h) 


False 




(i) 


False (j) False 




(k) True 


0) 


False 


2. 


(a) 


True (b) False 




(c) False 


(d) 


True 




(e) 


True (f) True 




(g) True 


(h) 


True 




(i) 


True (j) False 




(k) True 






3. 


(a) 


lim f(x) = | + 1 = 2, lim f(x) = 3 - 

x^2+ 2 x^2- 


2 = 1 










(b) 


No, lim f(x) does not exist because lim 

x^2 x-2+ 


f(x)^ 

X 


Um_ f(x) 








(c) 


lim f(x) = % + 1 = 3, lim f(x) = % + 

x ^ 4 1 x ^ 4+ 


1 = 3 










(d) 


Yes, lim f(x) = 3 because 3 = lim f(x) 

x — > 4 x — > 4" 


= lim 

x -> 4 - 


f(x) 






4. 


(a) 


lim f(x) = | = 1, lim f(x) = 3 - 2 = 

x^2 f 2 x^2- 


1, f(2) = 


2 








(b) 


Yes, lim f(x) = 1 because 1 = lim f(x) 

x -» 2 x -> 2+ 


= lim 

x -» 2" 


f(x) 








(c) 


lim f( x ) = 3 - (-1) = 4, lim f(x) 

x — * — 1 X — > -1 + 


= 3-(- 


1) = 4 







(d) Yes, lim f(x) = 4 because 4 = lim f(x) = lim f(x) 

X — » -1 X — > — 1 x — » -1 + 



5. (a) No, lim f(x) does not exist since sin (-) does not approach any single value as x approaches 

x -> + ' " 

(b) lim f(x) = lim = 

x — > x — » 

(c) lim f(x) does not exist because lim f(x) does not exist 

x -> x -» 0+ 

6. (a) Yes, lim + g(x) = by the sandwich theorem since — y^x < g(x) < ^/x when x > 
(b) No, lim g(x) does not exist since Wx is not defined for x < 



color=black, linestyle=[l,3,3], title=head )); 



end do: 




(c) 



No, lim g(x) does not exist since lim g(x) does not exist 



x -» x -> 0" 
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7. (a) 





- A-p'* 1 


1 






/ [0, x=l 


V 


1 



(b) lim f(x) = 1 = lim f(x) 

X — > 1 X — > 1 + 

(c) Yes, lim f(x) = 1 since the right-hand and left-hand 

X — > 1 

limits exist and equal 1 



(a) 



1 - x , x f 1 
2, x = 1 



(b) lim f(x) = = lim f(x) 

X -> 1+ x -» 1 

(c) Yes, lim f(x) = since the right-hand and left-hand 

x — > 1 

limits exist and equal 



9. (a) domain: < x < 2 

range: < y < 1 and y = 2 

(b) x lim c f(x) exists for c belonging to 

(0,1)U(1,2) 

(c) x = 2 

(d) x = 



VI -x l , 0<x< 1 

1, l<x<2 

2, x = 2 



10. (a) domain: — oo < x < oo 
range: — 1 < y < 1 

(b) x lim c f(x) exists for c belonging to 
(-oo,-l)U(-l,l)U(l,oo) 

(c) none 

(d) none 




x, -1 <x < or < x 
1 , x = 

0, x < 1 or x > -1 



11. lim 

x -> -0.5 



x + 2 _ / -0.5 + 2 _ 
x-1 ~~ V -0.5 + 1 — 



13. x Mm 2+ (^) (£±£) = (^) (jffifa) = (2) (|) 



12. lim 

X -> 1 ' 



x + 2 



14. 



lim- (ih) (^) = (l+r) = (I) (D (I) = 1 



15. Um ^+4h + 5-v^ ^ lim 
h -> 0+ h h -» 0+ 



Vh 2 + 4h + 5-\/5 N ( yg+jh+^+yg 
/ \v / h I T4h + 5+\/5 



) 



= lim 



(h 2 +4h + 5)-5 _ 



lim 



h(h + 4) 



_ 0+4 _ 2 



0+ h(Vh 2 +4h + 5+v/5) h->0 + h(\/h 2 +4h + 5 + v 7 ?) + 
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,. v ^- x /5h^ + iih + 6 _ ,. ( s/6- Vsi^ + iih + e ^ ^ v^+y/sh^ + iih + e ^ 

= jj m 6-(5h 2 + llh + 6) _ | jm -h(5h + 11) _ -(0+11) = 11 

h-»0" h(y6+^5h 2 + llh + 6) h -> 0" h {\fl+ v^h 2 + llh + 6) -/(> + ^ 2sfb 

17. (a) ^ lim 2+ (x + 3) |±| = lim (x + 3) |±| (|x + 2| = x + 2 for x > -2) 



= lim (x + 3) = (-2) + 3=1 

x -> -2+ 



(b) x Hm 2 _ (x + 3) Jf±f = x Hm 2 _ (x + 3) 



-(x + 2) 
(x + 2) 



(|x + 2| = -(x + 2)forx < 



= lim (x + 3)(-l) = -(-2 + 3) = -l 

x — > — 2 

18. (a) lim 4^^= lim u (|x - 1 1 = x - 1 for x > 1) 

x^ 1 + l x — 1 1 x^ 1+ (x - 1) _ 

= lim \/2x = \J~2 
x — > l + 

(b) x lim_ =|^ =x lim_ (| X -l| = -(x-l)forx<l) 

= lim — v2x = — v2 

x — + 1 

19. (a) lim IfL - 3 - i (b) lim ^1 - | 

^ 3+ 3 0^3- » 3 

20. (a) ^ lim + (t — [tj) =4 — 4 = (b) { lim (t - |tj) = 4 - 3 = 1 

21. lim ?HL\/2» = lim sin^ = i ( where x = Jiff) 

0^0 V2B x^O x V V ' 

22. lim ^ = lim = lim ^ = k lim ^ = k • 1 = k (where 6» = kt) 

t->0 1 t^O kt 9^ 8 8 ^0 

23. lim S^L = 1 Jim 3 1H_Y = | u sm3l = 3 j im smS = | (where g = 3 } 

24. lim = lim (± • J^) = \ lim v^Vr = \( ,. 1 sin8 ] = i - 1 = i (where 

h-»(r Sln3h h->0~ V3 Sln3hy 3 h^0- (if) 3 Ve™- ^ ' 

25. lim ^ = lim ^SHi = lim = f lim ( lim ^) 

x^0 x x-+0 x x^0 xcos2x Vx^O ™s2xj Vx^O 2x / 

26. lim r^r = 2 lim ^ = 2 lim ^ = 2 f lim cos t) ( -jrXsi I =2-1-1 = 2 

t -> o tan ' t -> (IB) t -> o sin 1 Vt -> o / I ™ f I 



1-2 = 2 



27. lim 5^2*= lim 1 ) = (Ilim ( lim -Ar = (± • l) (1) = \ 

x > q cos 5x x ^ q V sin 2x cos 5x / V I x > q sin 2x / V x > q cos 5xy V 2 / v/ 2 

28. lim 6x 2 (cot x)(csc 2x) = lim 6x2 cosx = lim (3 cos x - ^ =3-1-1=3 

x q v 7 v 7 x j. q sin x sin 2x x y q V sin x sin 2x / 

29. lim x + xcosx = lim * — + xcosx ) = lim (-£ M + lim 

x _^ Q sin x cos x x _^q \smx cos x sin x cos x / x ^ q V sin x cos x / x _^ q sin x 



lim ( X) ■ lim (^-) + lim ( X) = (1)(1) + 1 = 2 

x^o v^y x^o Vcosxy x^o vT/ 



30- x lim ^^= x lim (f-i + H S ^))=0-i + i(l) = 
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31. lim sin ;'- cost > = lim = \ s i nC e 6 = 1 - cos t -> as t -> 

t->o i-cost 

32. lim = lim ^ = 1 since 6 = sin h -► as h -> 

h->0 smh 0^0 9 

33. lim 4i2|j = lim (4^ - §g) = I lim • ^) =1-1-1 = 1 

g g sin 20 g _^ q V sin 29 28 1 2 g _^ g V ff sin 29 / 2 2 

34. lim 4a|x = lim (sinSx . 4x 5\ 5 Jj ( sinSx . j = | . j . j = 5 
x — > q sin 4x x q \ sin 4x 5x 4 / 4 x _^ q V 5x sin 4x / 4 4 

35. lim S£|? = Um (sin3x . 1 \ = Um (sm3x . 1 . b . 3) 
x > q sin sx x _^ g V cos ix sin 8x / x _^ g V cos 3X sin 8x 3x 8 / 

= § lim (-L_) (^) (^V) =1-1-1-1 = 1 

8 x q Vcos3x/ V 3x / Vsinax/ 8 8 

36. lim sm3y "f 5y = lim sin 3y si ? 4y . c ° s 5y = lim ( s ^-) ( ^) ( ( 

y -> y cot 4y y -+ y cos 4y sin 5y y^o \ ? / V cos 4 >" / V sln 5 ? J V 3 ' 4 ' 5 y / 

= y ^ (t?) (^)(ife)(S|)(¥) = i-i-i-i-¥ = ¥ 



Note: In these exercises we use the result lim -A; = whenever — > 0. This result follows immediately from 

X — > ± oc x ' n 

/ / \ m / n 

Example 6 and the power rule in Theorem 8: lim (dar) = lim (i) mn = I lim -) = m/ " = 0. 



37. (a) -3 (b) -3 

38. (a) 7T (b) 7T 



39. (a) i (b) | 



40. (a) | (b) 



41. (a) -f (b) -f 

42. (a) I (b) | 

43. - 1 < < 1 lim = by the Sandwich Theorem 

x— x— x x ^ oo x ■> 

44. - i < ^ < jg ^ lim^ = by the Sandwich Theorem 

45. lim 2 ~ t + si ° t = lim ^ 7 1 ^1tT ) = '^rw 1 = -1 

t^oo t + cost t-»00 l + i^r 1 ) 1+0 

46. lim , * + sin *. = lim - V ( %L = lim ~A±o^ = \ 

r ^ oo 2r + 7-5sinr r^oo 2+^-5(^J r — > 00 2 + 0-0 2 

47. (a) x lim o g^= x lirii o ^pf = § (b) f (same process as part (a)) 



48. (a) lim 3 2x ! + 7 = lim , ^ + T ' 7 = 2 



X — » OO X 3 - X- + X + 7 X — > 00 1 - 

(b) 2 (same process as part (a)) 
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49. (a) lim 4^rr = lim -, — ? =0 (b) (same process as part (a)) 

v/ X^OOX z +3x^OC'l + 4 



50. (a) lim 3x + Z = lim ^ — "/ =0 (b) (same process as part (a)) 

X — OO X Z x — * OC 1 — -tt 



51. (a) x lim o x 3_^ 2 + 6x = x ljm o j _ ] + 6 =7 (b) 7 (same process as part (a)) 



52. (a) x lim o x a_l x+l = Jjm^ \ _ ? + t = (b) (same process as part (a)) 

53. (a) lim i(»x 5 +^ + 3i = lim T+^+i = Q 

v/ x— »oo x° x ^ oo 1 

(b) (same process as part (a)) 

54. (a) lim , x = lim " : 



x ^ oo 2x 4 + 5x 2 -x + 6 x ^ oo 2+^-i + ^ 2 

9 

2 



(b) | (same process as part (a)) 



-2x J - 2x + 3 _ i; m + ? _ 2 



55. (a) lim ~f ~f + J = lim 

x — > oo 3x + 3x 5x x — > oo 3 + ~ - 3 

(b) — | (same process as part (a)) 

56. (a) lim — _ 7 X _ , , n = lim - — j— \ — T — — 1 

w X — > oo x 4 - 7x 3 + 7x 2 + 9 x ^ oo + p + ^ 

(b) — 1 (same process as part (a)) 

57. lim 2 4^= lim = 58. lim = lim = -1 

x^oojx-/ X ^ OO 3 — 7 x— > oo 2 — wx X — > 00 | _2 )_ 1 



59. lim -|fe^= lim = lim = 1 

yx+yx x — > — oo l+xW J w "i x — * — oo i | j l j 



x — > — oo 



60. lim x ' 2 + x ' 3 = lim ^ = oo 

x— > oo x ' - x X^OC 1 — j 

61. lim 2x f -" 1/3 +I = lim 2x r",^t^ - oo 

x-^oo xW3x +% A X^OO 1 + + ^i ;w 
£o i- ?/x"-5x + 3 .. zh-S + l 5 

62. lim , v , m — j = lim ^ — j T = — ^ 

x — » — oo 2x + xA J -4 x — » — oo 2+^73-j 2 

63. Yes. If lim f(x) = L = lim_ f(x), then lim f(x) = L. If lim f(x) ^ lim _ f(x), then lim f(x) does not exist. 

x > a"f" x — > a. x * a ^ ^ ^+ x — ► a. x > a. 

64. Since lim f(x) = L if and only if lim f(x) = L and lim_ f(x) = L, then lim f(x) can be found by calculating 

X ► C ^ ^ Q+ X — -> C X r C 

lim f(x). 

X — > c + 

65. If f is an odd function of x, then f(— x) — — f(x). Given lim f(x) — 3, then lim f(x) = — 3. 

x -> 0+ x -> 0" 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 2.4 One-Sided Limits and Limits at Infinity 



91 



66. If f is an even function of x, then f(— x) = f(x). Given lim f(x) = 7 then lim f(x) = 7. However, nothing 

x -> 2" x -> -2+ 

can be said about lim f(x) because we don't know lim f(x). 

x -» -2~ x -> 2+ 

67. Yes. If lim = 2 then the ratio of the polynomials' leading coefficients is 2, so lim 4^ = 2 as well. 

X — » 00 g(x) ° X — > — oc g(x) 

68. Yes, it can have a horizontal or oblique asymptote. 

69. At most 1 horizontal asymptote: If ^lim^ ^ = L, then the ratio of the polynomials' leading coefficients is L, so 

lim = L as well. 

X — > -00 g(x) 



70. lim vx 2 + x — v x 2 — x = lim vx 2 + x — y x 2 — 







- x + \/x 2 — X 






- x + \/x 2 — X _ 



= lim 



(x 2 + x) - (x 2 - x) 



X -> 00 y/ X 2 + X + x/x 2 ^ 



= lim 



2x 



= lim 



1 



x -> 00 ^/x 2 + x + ^x 2 - x x^oc + i + J\ _ 1 1 + 1 

71. For any e > 0, take N = 1. Then for all x > N we have that |f(x) - k| = |k - k| = < e. 



72. For any e > 0, take N = 1. Then for all y < -N we have that |f(x) - k| = |k - k| = < e. 



73. I = (5, 5 + 8) 5 < x < 5 + 8. Also, <e x - 5 < e 2 x<5 + e 2 . Choose 6 = e 2 

=>• lim v'x - 5 = 0- 

x — > 5 + 

74. I = (4 - 8, 4) => 4 - 6 < x < 4. Also, y4 — x < e => 4 - x < e 2 => x > 4 - e 2 . Choose 6 = e 2 

=> lim v4 - x = 0. 

75. As x — > 0~ the number x is always negative. Thus, j|r — (— 1) <e =!> | + 1 1 < e =>■ 0<e which is always 

true independent of the value of x. Hence we can choose any 8 > with — 6 < x < =4> lim A = — 1. 

x — » l x l 



r=fr-l 

x— 2 



^| - l| < e=> < e 



76. Since x — > 2 + we have x > 2 and |x — 2| = x — 2. Then 

which is always true so long as x > 2. Hence we can choose any 8 > 0, and thus 2 < x < 2 + 8 



x— 2 



< e. Thus, lim ^ = 1. 



77. (a) lim |_ X J = 400. Just observe that if 400 < x < 401, then |_xj = 400. Thus if we choose 8 — 1, we have for any 

x — » 400 + 



number e > that 400 < x < 400 + 8 => | L X J - 400| = |400 - 400| = < e. 

(b) lim |x|= 399. Just observe that if 399 < x < 400 then |x|= 399. Thus if we choose 8 — 1, we have for any 

number e > that 400 - 8 < x < 400 => | L X J - 399| = |399 - 399| = < e. 

(c) Since lim I x I ^ lim I x I we conclude that lim I x I does not exist. 

x -> 400+ x -> 400- L J x -> 400 L J 



78. (a) lim + f(x) = lim^ ^/x = y0 = 0; | y/x - 0| < e =>■ -e < y/x < e =3> < x < e 2 for x positive. Choose 6 = e 2 

=>• lim f(x) = 0. 
x^0 + 

(b) lim f(x) = lim x 2 sin (-) — by the sandwich theorem since — x 2 < x 2 sin (-) < x 2 for all x^0. 

x — ♦ x — * vx/ vx/ 

Since |x 2 — 0| = |— x 2 — 0| = x 2 < e whenever |x| < ^/e, we choose 8 = yfe and obtain |x 2 sin (-) — 0| < e 
if -6 < x < 0. 
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(c) The function f has limit at Xq = since both the right-hand and left-hand limits exist and equal 0. 



79. lim xsini=lim 1 sin = 1, (0 = 1) 80. lim ^ = lim = i = 1, (0 = i) 



51. lim |x±4 = lim |±| = u m 3+| = | / t= n 

x^ioc 2x - 5 x^ ±00 2 -f t->0 2 - 5t 2 V xJ 

,1/x 



82. lim (1)'* = lim z z = 1, (z = ±) 



z -> 0+ 

83. lim (3 + f) (cos A) = Urn (3 + 20)(cos 0) = (3)(1) = 3, (0 = 1) 

x^ ± oc v x/ v x/ 0^0 v x/ 

84. lim ( 4 - cos 1) (l + sin 1) = lim (36> 2 - cos 0) (1 + sin 0) = (0 - 1)(1 + 0) = -1, (0=1) 

x — * OO ^ ^ X / \ X/ ^ ^ q+ v \ X / 

2.5 INFINITE LIMITS AND VERTICAL ASYMPTOTES 

1. lim f = oo ( 2. lim f = -oo f f3S^ 

x ^ q+ Jx y positive y x _^ q- 2x y negative y 

3. lim -2, - £^ 4. lim -1= E™!^£ 

x j, 2~ x— 2 negative x 3+ x— 3 positive 
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18. (a) 
(b) 
(c) 
(d) 

19. (a) 
(b) 
(c) 

(d) 



lim 



lim 



1+ x 2 -i x Z+i+ ("+D(x-D 



= oo 



lim = 

x->l" x - 1 

lim o— r 
lim 



lim 

x -> + 

lim 

x -» 0" 



lim 



lim 



lim , * — fv = — oo 

= lim r — r£ — rr = oo 

X _ > _1+ (x+l)(x-l) 

= lim , * — fv = — oo 

X _>_1- (x+l)(x-l) 



+ lim = -oo 

x^0 + ~ x 

+ lim -J- = oo 

x^tr 

- ft _ JL - 2-V3 _ 2-V3 _ Q 

— 2 2 1 / 3 — — 



: j t) 



positive \ 
positive-positive J 

positive \ 
positive- negative J 



negative 



positive -negative 

negative 
negative -negative 



negative J 



positive / 



20. (a) 
(c) 
(d) 



lim 



-2+ 



x 2 -l 
2x + 4 



OO 



/ positive \ 
V positive I 



lim 



lim 



x 2 -l 
2x + 4 



x 2 -l 



= lim 



(x+ l)(x- 1) _ 2-0 _ 



r 



2x + 4 



2 + 4 



(b) lim 

x -» -2" 



x 2 -l 
2x + 4 



-oo 



/ positive \ 
V negative J 



21. (a) 
(b) 
(c) 
(d) 
(e) 



x J - 3x + 2 
x 3 - 2x 2 



lim 

x -> 0+ 

lim " 2 7 3x + 2 

x ^2+ x 2x 

lim 

x -» 2 

lim 

x -» 2 

lim 



= lim 



(x-2)(x-l) _ 



x- - 3x + 2 _ 
- x 3 - 2x 2 _ 

x 2 -3x + 2 _ 
x 3 - 2x 2 ~~ 

x 2 - 3x + 2 _ 
x 3 - 2x 2 ~~ 



q+ x 2 (x-2) 
x — > 2 + x 2 (x-2) 
x -> 2- x 2 (x-2) 

lim (x - 2)(x -' ) 



— oo 

lim ^ 

x -> 2+ x 

lim x -' 



lim 



x 2 (x - 2) 
(x-2)(x-l) _ 



x 2 (x - 2) 



x -> 2" 

lim M 

x^2 x 

— OO 



= |,x^2 
= i,x^2 
!,x^2 



(negative-negative \ 
positive- negative y 



( negative-negative \ 



\ positive- negative 



22. (a) 

(b) 

(c) 
(d) 

(e) 



lim x2 7 3x + 2 = lim 



• 2+ 

lim 



x 3 - 4x 

x 2 -3x + 2 
x 3 - 4x 



(x-2)(x-l) 
+ x(x - 2)(x + 2) 



= lim 



(x-l) 



+ x(x + 2) 



1 

2(4) 



x -> -2 T " - x 
3x + 2 _ 



lim (»-2)(»-D 
_~ _ 2 + x ( x -2)( x + 2 ) 



lim 

-> -2 



(x-l) 
+ x(x + 2) 



lim 



x 3 - 4x 



x -> 0" 

lim x2 - 3x + 2 

x^l 4 



lim 



(x-2)(x-l) _ 



(x-l) 



-4x 



:q- x(x-2)(x + 2) 

: lim (x - 2)(x - 1) 

x ^"+ x(x-2)(x + 2) 

-oo 



lim x , i 

x^0+ x(x + 2) 



and lim x , L = oo 

x^CT x ( x + 2 ) 

so the function has no limit as x 



lim , — 

x Q- x(x + 2) 

lim £=^5 = 

x _,. 1+ x ( x + 2 ) 

/ negative \ 

V positive-positive J 

I negative \ 

V negative-positive J 





(1)0) 



negative \ 
negative- positive J 

negative \ 
negative -positive J 



23. (a) lim \l 

t^0+ L 



(b) lim \2 



OO 



24. (a) lim [A + 7] 

t^0 + Lt J 



(b) lim 

t->0" 



■7] 



25. (a) lim 

x^0+ 



(c) lim 



1+ L 



i 

v 2 3 



1 

x- 1 3 



(X - l) 2 / 3 

2 



(x-l)- 



(b) lim 

x — » 

(d) lim 

X — > 1 



(x-1) 2 - 



(x-1) 2 - 
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96 Chapter 2 Limits and Continuity 
41. Here is one possibility. 



42. Here is one possibility. 

y 




43. Here is one possibility. 



44. Here is one possibility. 



5 










4 




















3 










2 
1 


i 











1 


2 


3 4 5 



4 






2 










4 6 


-2 






-t 







45. Here is one possibility. 



46. Here is one possibility. 



h(x) = — , X*0 

W i< 









>--! 


I 




47. For every real number B < 0, we must find a 8 > such that for all x, < |x — 0| < 8 -4 < — B. Now, 
-4 < -B < 4>B>0<^x 2 <^ <^> Ixl < 4= . Choose 6 = 4-, then < Ixl < 6 Ixl < 4= 

=> ^4 < -B so that lim — 4 = — oo. 

x " x x 

48. For every real number B > 0, we must find a 8 > such that for all x, < |x — 0| < 5 4 > B. Now, 
^>B>0^|x|<i. Choose 6 = ±. Then < |x - 0| < 8 |x| < ^ ±. > B so that lim R = °°- 

49. For every real number B < 0, we must find a 8 > such that for all x, < |x — 3| < 8 (x-3) 3 < ^- 
Now, < -B < ^ ^44^ > B > < ^ <^ (x - 3) 2 < | <^> < |x - 3| < */§ . Choose 



£ = \/i , then < |x - 31 < <S => , 2 , < -B < so that lim — , , 



50. For every real number B > 0, we must find a 8 > such that for all x, < x — (— 5)| < 8 =>• ^ 5)2 > B. 
Now, ^gjr > B > (x + 5) 2 < i |x + 5| < ^ . Choose 5 = . Then < |x - (-5)| < 8 

=> l x + 5 I < orw > B so that x ^5 = °°- 
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51. (a) We say that f(x) approaches infinity as x approaches Xo from the left, and write lim _ f(x) = oo, if 

X — » x 

for every positive number B, there exists a corresponding number 8 > such that for all x, 

x - 6 < x < x =>- f(x) > B. 




if for every positive number B (or negative number B) there exists a corresponding number 8 > such 
that for all x, x < x < x + 8 =>■ f(x) < -B. 



(c) We say that f(x) approaches minus infinity as x approaches Xq from the left, and write lim_ f(x) = — oo, 

x — > x 

if for every positive number B (or negative number B) there exists a corresponding number 8 > such 
that for all x, x - 6 < x < x =4> f(x) < -B. 

52. For B>0, - >B>0 o x < A Choose 8 = ~. Then < x < <5 =» < x < ^ 1 > B so that lim 1 = oo. 

X D D D X ^ q+ X 

53. For B > 0, - < — B < — - > B > ^> -x < i -h<X. Choose 8 = ± Then -8 < x < 

X X D D 15 

=> - i<x^> ± < -B so that lim 1 = -oo. 
b x x ^0- x 

54. For B > 0, ^ < -B ^ - ^ > B -(x - 2)< i <^> x - 2 > - A <^> x > 2 - ±. Choose 5 = A, Then 
2 - <5 < x < 2 => -<5 < x - 2 < =>- -A<x-2<0 =>- -A- < -B < so that lim = -oo. 

55. For B > 0, > B ^ < x - 2 < A. Choose 5 = A. Then 2<x<2 + 5 0< x - 2 < <5 =>■ < x - 2 < A 

=> > B > so that lim -A- = 00. 

X — A r\-\- X — Z 



56. For B > and < x < 1, y^U, >B 1 - x 2 < A ^> (1- x)(l + x) < A. Now At* < 1 since x < 1. Choose 

6 < i. Then 1 - 5 < x < 1 =!> -<S < x - 1 < => 1 - x < <5 < ^ (1- x)(l + x) < A (i±^) < A 



> B for < x < 1 and x near 1 =>• lim = 00. 

1 — x z v , 1 - 1 — x z 



57. y = sec x + - 

J X 



58. y = sec x 



y 



y 
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2.6 CONTINUITY 

1. No, discontinuous at x = 2, not defined at x = 2 

2. No, discontinuous at x = 3, 1 = lim g(x) ^ g(3) = 1.5 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 2.6 Continuity 

3 . Continuous on [ — 1 , 3 ] 

4. No, discontinuous at x = 1, 1.5 = lim k(x) ^ lim k(x) = 

x -> 1 X -> 1+ 

5. (a) Yes (b) Yes, lim f(x) = 

X — > — 1 + 

(c) Yes (d) Yes 

6. (a) Yes,f(l)=l (b) Yes, lim f(x) = 2 

X — > 1 

(c) No (d) No 

7. (a) No (b) No 

8. [-1,0)U(0,1)U(1,2)U(2,3) 

9. f(2) = 0, since lim f(x) = -2(2) + 4 = 0= lim f(x) 

x -> 2~ x _» 2+ 

10. f(l) should be changed to 2 = lim f(x) 

x — » 1 

11. Nonremovable discontinuity at x = 1 because lim f(x) fails to exist ( lim f(x) = 1 and lim f(x) = 0). 

x -> 1 x -> 1 x -> 1+ 

Removable discontinuity at x = by assigning the number lim f(x) = to be the value of f(0) rather than 

" x — » 

f(0) = 1. 

12. Nonremovable discontinuity at x = 1 because lim f(x) fails to exist ( lim f(x) = 2 and lim f(x) = 1). 

x -» 1 x -» 1 X ^ 1+ 

Removable discontinuity at x = 2 by assigning the number lim f(x) = 1 to be the value of f(2) rather than 

x — > 2 

f(2) = 2. 

13. Discontinuous only when x — 2 = x = 2 14. Discontinuous only when (x + 2) 2 = =>• x = —2 

15. Discontinuous only when x 2 — 4x + 3 = =>• (x — 3)(x — 1) = =>• x = 3orx=l 

16. Discontinuous only when x 2 — 3x — 10 = => (x — 5)(x + 2) = => x = 5orx = —2 

17. Continuous everywhere. ( |x — 1 1 + sin x defined for all x; limits exist and are equal to function values.) 

18. Continuous everywhere. ( |x| + 1 ^ for all x; limits exist and are equal to function values.) 

19. Discontinuous only at x = 

20. Discontinuous at odd integer multiples of |, i.e., x = (2n — 1) |, n an integer, but continuous at all other x. 

21. Discontinuous when 2x is an integer multiple of n, i.e., 2x = nir, n an integer =>■ x = y, n an integer, but 
continuous at all other x. 

22. Discontinuous when y is an odd integer multiple of |, i.e., y = (2n — 1) |, n an integer x = 2n — 1, n an 
integer (i.e., x is an odd integer). Continuous everywhere else. 
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23. Discontinuous at odd integer multiples of |, i.e., x = (2n — 1) |, n an integer, but continuous at all other x. 

24. Continuous everywhere since x 4 + 1 > 1 and — 1 < sin x < 1 =>■ < sin 2 x < 1 => 1 + sin 2 x > 1; limits exist 
and are equal to the function values. 

25. Discontinuous when 2x + 3<0orx< — I =^ continuous on the interval [— I, oo) . 

26. Discontinuous when 3x— l<0orx<j => continuous on the interval [i, oo) . 

27. Continuous everywhere: (2x — l) 1 / 3 is defined for all x; limits exist and are equal to function values. 

28. Continuous everywhere: (2 — x) 1 / 5 is defined for all x; limits exist and are equal to function values. 

29. lim sin (x — sin x) = sin (ir — sin n) — sin (n — 0) = sin tt — 0, and function continuous at x = n. 

X ^ 7T 



30. 



lirn^ sin ( | cos (tan f)) = sin ( | cos (tan (0))) = sin ( | cos (0)) = sin ( | ) = 1 , and function continuous at t = 0. 



31. lim sec (y sec 2 y — tan 2 y — 1) = lim sec (y sec 2 y — sec 2 y) = lim sec ((y — 1) sec 2 y) = sec ((1 — 1) sec 2 1) 

y -> 1 * ' y -> 1 " y -> 1 

= sec = 1, , and function continuous at y = 1. 

32. lirn^ tan [| cos (sin x 1 / 3 )] = tan [| cos (sin(0))] = tan (| cos (0)) = tan (j) =1, and function continuous at x = 0. 



33. lim cos 

t->0 



^19-3sec 2t 



Vl9-3sec0 



cos -j— = cos | = J^-, and function continuous at t = 0. 



34. lirn y'csc 2 x + 5 tan x = y'csc 2 (f) +5V^tan(|) = \/ 4 + 5V^{^) = \fe = 3, and function 



continuous at 



35. g(x) = ff| = (x + x 3Kx 3 7 3) = x + 3,x^3 g(3) = x lim 3 (x + 3) = 6 

36. h(t) = t2 + 3t 2 10 = (t+ t 5X ' 2 ~ 2) = t + 5, t ^ 2 h(2) = lim (t + 5) = 7 

37. ••<*> : ; = = *SfW 1 => «i) = i i™ 1 (^) = 1 

38- g(s) = x ^ = t^§^ = t^ x ^ 4 => g(4) = x Mm 4 (|±|) = l 

39. As defined, lim f(x) = (3) 2 — 1 = 8 and lim (2a)(3) = 6a. For f(x) to be continuous we must have 

x -> 3" x -> 3 + 

6a = 8 =>■ a = f . 

40. As defined, ti m 2 _ S( x ) — ~2 and lim + g(x) = b(— 2) 2 = 4b. For g(x) to be continuous we must have 

4b = -2 => b = - |. 
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41. The function can be extended: f(U) « 2.3. 



42. The function cannot be extended to be continuous at 
x = 0. If f(0) pa 2.3, it will be continuous from the 
right. Or if f(0) pa —2.3, it will be continuous from the 
left. 




-o.i 



-0.05 



fix) = 



0.05 0.1 



10 W - 1 



43. The function cannot be extended to be continuous 
at x = 0. If f(0) = 1, it will be continuous from 
the right. Or if f(0) = —1, it will be continuous 
from the left. 



44. The function can be extended: f(0) pa 7.39. 



lir 
0.5 



-0.1 -0.05 



-0.5 



i 



0.05 0.1 



/(*) = 



sin x 



-0.01 -0.005 



fix) = (1 + 2x) 




\lx 



0.005 0.01 



45. f(x) is continuous on [0, 1] and f(0) < 0, f(l) > 
=>• by the Intermediate Value Theorem f(x) takes 
on every value between f(U) and f(l) => the 
equation f(x) = has at least one solution between 
x = and x = 1 . 



f(D- 


y " 

c 


m 

-i — 


1(0) 




1 



46. cos x = x (cos x) - x = 0. If x = - |, cos (- |) - (- | ) > 0. If x = |, cos (| ) - | < 0. Thus cos x - x = 
for some x between — | and f according to the Intermediate Value Theorem. 

47. Letf(x) = x 3 - 15x+ 1 which is continuous on [-4,4]. Thenf(-4) = 3, f( 1) = 15, f(l) = -13, and f(4) = 5. 
By the Intermediate Value Theorem, f(x) = for some x in each of the intervals —4 < x < — 1, — 1 < x < 1, and 

1 < x < 4. That is, x 3 — 15x +1=0 has three solutions in [—4, 4]. Since a polynomial of degree 3 can have at most 3 
solutions, these are the only solutions. 

48. Without loss of generality, assume that a < b. Then F(x) = (x — a) 2 (x — b) 2 + x is continuous for all values of 
x, so it is continuous on the interval [a, b]. Moreover F(a) = a and F(b) = b. By the Intermediate Value 
Theorem, since a < < ^, mere j s a number c between a and b such that F(x) = . 
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49. Answers may vary. Note that f is continuous for every value of x. 

(a) f(0) = 10, f(l) = l 3 - 8(1) + 10 = 3. Since 3 < tt < 10, by the Intermediate Value Theorem, there exists a c 
so that < c < 1 and f(c) = n. 

(b) f(0) = 10, f(-4) = (-4) 3 - 8(-4) + 10 = -22. Since -22 < -y/3 < 10, by the Intermediate Value 
Theorem, there exists a c so that —4 < c < and f(c) = — y3, 

(c) f(0) = 10, f(1000) = (1000) 3 - 8(1000) + 10 = 999,992,010. Since 10 < 5,000,000 < 999,992,010, by the 
Intermediate Value Theorem, there exists a c so that < c < 1000 and f(c) = 5,000,000. 

50. All five statements ask for the same information because of the intermediate value property of continuous 
functions. 

(a) A root of f(x) = x 3 — 3x — 1 is a point c where f(c) = 0. 

(b) The points where y = x 3 crosses y = 3x + 1 have the same y-coordinate, or y = x 3 = 3x + 1 

f(x) = x 3 - 3x - 1 = 0. 

(c) x 3 — 3x = 1 =>• x 3 — 3x — 1 = 0. The solutions to the equation are the roots of f(x) = x 3 — 3x — 1 . 

(d) The points where y = x 3 — 3x crosses y = 1 have common y-coordinates, or y = x 3 — 3x = 1 

^ f(x) = x 3 - 3x - 1 = 0. 

(e) The solutions of x 3 — 3x — 1 = are those points where f(x) = x 3 — 3x — 1 has value 0. 

51. Answers may vary. For example, f(x) = s '" x ( * ~ 2) is discontinuous at x = 2 because it is not defined there. 
However, the discontinuity can be removed because f has a limit (namely 1) as x — > 2. 

52. Answers may vary. For example, g(x) = — \-r has a discontinuity at x = — 1 because lim g(x) does not exist. 

x + 1 x _> _1 

( lim g(x) = — oo and lim g(x) = +oo. ] 

\x— >— 1 x-»-l + / 

53. (a) Suppose Xo is rational =$■ f(xo) = 1. Choose e = \. For any 6 > there is an irrational number x (actually 

infinitely many) in the interval (xq — S, Xq + 6) =4> f(x) = 0. Then < |x — Xo| < S but |f(x) — f(xo)| 
= 1 > I — e, so lim f(x) fails to exist => f is discontinuous at Xn rational. 

i x — > Xo 

On the other hand, Xo irrational =>• f(xo) = and there is a rational number x in (xo — 6, Xq + 6) =>• f(x) 
= 1. Again lim f(x) fails to exist =>• f is discontinuous at Xn irrational. That is, f is discontinuous at 

x — » Xo 

every point. 

(b) f is neither right-continuous nor left-continuous at any point x because in every interval (x — 6, x ) or 
(xq, Xo + S) there exist both rational and irrational real numbers. Thus neither limits lim f(x) and 

X — > x 

lim f(x) exist by the same arguments used in part (a). 

x^x+ 

54. Yes. Both f(x) = x and g(x) = x — | are continuous on [0, 1]. However ^ is undefined at x = | since 
g (5) = =>■ f§i s discontinuous at x = ~. 

55. No. For instance, if f(x) = 0, g(x) = |~x] , then h(x) = ( fx] ) = is continuous at x = and g(x) is not. 

56. Let f(x) = and g(x) = x + 1. Both functions are continuous at x = 0. The composition f o g = f(g(x)) 

= (x + jv— j = i is discontinuous at x = 0, since it is not defined there. Theorem 10 requires that f(x) be 
continuous at g(0), which is not the case here since g(0) = 1 and f is undefined at 1. 

57. Yes, because of the Intermediate Value Theorem. If f(a) and f(b) did have different signs then f would have to 
equal zero at some point between a and b since f is continuous on [a, b]. 
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58. Let f(x) be the new position of point x and let d(x) = f(x) — x. The displacement function d is negative if x is 
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the 
Intermediate Value Theorem, d(x) = for some point in between. That is, f(x) = x for some point x, which is 
then in its original position. 

59. If f(0) = or f(l) = 1, we are done (i.e., c = or c = 1 in those cases). Then let f(0) = a > and f(l) = b < 1 
because < f(x) < 1. Define g(x) = f(x) — x =>• g is continuous on [0, 1]. Moreover, g(0) = f(0) — = a > and 
g(l) = f(l) — 1 = b — 1 < =4> by the Intermediate Value Theorem there is a number c in (0, 1) such that 

g (c) = f(c) - c = or f(c) = c. 



60. Lete 



|f(c)l 



> 0. Since f is continuous at x = c there is a 6 > such that |x — c| < 6 =4> |f(x) — f(c)| < e 



=► f(c) - e < f(x) < f(c) + e. 

If f(c) > 0, then e = ±f(c) \ f(c) < f(x) < § f(c) =* 
If f(c) < 0, then e = - ±f(c) =>• | f(c) < f(x) < \ f(c) 



f(x) > on the interval (c — 6, c + 6). 
=>• f(x) < on the interval (c — 6, c + 6). 




f(c>- 



C-6 C+6 




f(c)+e 



61. By Exercises 52 in Section 2.3, we have lim f(x) = L -o- lim f(c + h) = L. 

x — > c h _> o 

Thus, f(x) is continuous at x = c <^> lim f(x) = f(c) lim f(c + h) = f(c). 

x — > c h o 

62. By Exercise 61, it suffices to show that lim sin(c + h) = sin c and lim cos(c + h) = cos c. 

J h->0 v ' h->-0 v ' 

Now lim sin(c + h) = lim [(sin c)(cos h) + (cos c)(sin h)l = (sin c) | lim cos h ) + (cos c) ( lim sin h] 
By Example 6 Section 2.2, lim cos h = 1 and lim sin h = 0. So lim sin(c + h) = sin c and thus f(x) = sin x is 

3 V h^0 IwO IwO V ' W 

continuous at x = c. Similarly, 

^lim^ cos(c + h) = h li m Q [(cos c)(cos h) — (sin c)(sin h)] = (cos c) Qlim^cos hj — (sin c) ^lim^sin hj = cos c. 
Thus, g(x) = cos x is continuous at x = c. 



63. x « 1.8794, -1.5321, -0.3473 



64. x w 1.4516, -0.8547, 0.4030 



65. x « 1.7549 



66. x w 1.5596 



67. x« 3.5156 



68. x w -3.9058, 3.8392, 0.0667 



69. x« 0.7391 



70. x w -1.8955,0, 1.8955 



2.7 TANGENTS AND DERIVATIVES 



1. P i: mi = 1,P 2 : m 2 = 5 



2. Pj: mi = -2, P 2 : m 2 = 
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3. Pi: mi = |, P 2 : m 2 



4. Pi: mi = 3, P 2 : m 2 = -3 



5. m= lim ^M+M^Mffl 
iwu h 
= lim -d-2h + h') + i = Um h(2_h) = 2 

IwO h h->0 h 

at (-1,3): y = 3 + 2(x - (-1)) => y = 2x + 5, 
tangent line 




6. m = lim 

h->0 



[(l+h-l) 2 + l]-[(l-l) 2 + l] 



lim 

h -> 



lim h = 0; at (1, 1): y = 1 + 0(x - 1) =*> y = 1, 

h — > 



tangent line 



y--(x-ir + 1 



(1.1) y-i 



7. m = lim 

h->0 

lim 



2-v/l+h-2Vl 



4(1 +h)-4 _ 



lim 

h-»0 

lim 



2yM + h-2 _ 2y/l +h + 2 
h " 2^1+h+2 

1; 



h^O 2h(^/iTh+lj h->0 Vl+h+l 

at (1,2): y = 2 + l(x - 1) =>• y = x + 1, tangent line 




12 3 4 



1 1 



m = lim 

h -> 



(-1 + h) 2 



twO h (-!+ h ) 2 



-(-2h + h 2 ) _ 



lim 



= 2; 



at (-1, 1): y = 1 + 2(x - (-1)) => y = 2x + 3, 
tangent line 





5 




/ 




4 










/I 


y - 2x + 3 




/ 2 




\ 1 














\ * 


(-1.1)/ 


1 




/ -1 


1 
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h^o h 



jj m -8+ 12h-6h 2 + h 3 + 8 



lim (12-6h + h 2 ) = 12; 

h -> v ' 



j>= 12i + 16 



at (-2, -8): y 
tangent line 



-8 + 12(x - (-2)) 



12x+ 16, 




U. m= l im [(Z + h^ + H-S = nm (5 + 4h + hV5 = Hm h(4 + h) =4 
h -» h h-> h Iw h 

at (2, 5): y — 5 = 4(x — 2), tangent line 

12. m = lim 1(1 + h) - 2(1 h +h)2] - ( - 1) = lim C+h-2 4h-2h^) + i = Um he3_2h) = _ 3 
h^O h h^O h h ^ h 

at (1, —1): y + 1 = — 3(x — 1), tangent line 



13. m = lim 

h -> 



3 + h 
(3 + h)-2 " 



h->0 h < h + 1 > 



lim uru 2h i i 
h-0 h * +1 » 



-2; 



at (3, 3): y — 3 = — 2(x — 3), tangent line 



14. m = lim g±f 2 = lim 8 = 2(2 tf~ = lim 

lwu h h->0 h ( 2 + h ) 2 h->0 

at (2, 2): y - 2 = -2(x - 2) 



-2(4 + 4h + h 2 ) _ -2h(4 + h) _ _g _ 

~ h To h(2+h)2 ~ 4 ~ 



h(2 + h) 2 



-2; 



15. m= lim = lim (8 + 12h + f +h ' V8 = lim Mi2 + 6h + tf) = 



h->0 



h->0 



h->0 



at (2, 8): y - 8 = 12(t - 2), tangent line 



16. m = lim ' (1+h)3 + 3 h (1+h) ]- 4 = lim d + 3h + 3tf + tf + 3 + 3h)-4 = Um h ( 6 + 3h + h 2 ) = 
at (1, 4): y - 4 = 6(t - 1), tangent line 



17. m = lim 

h -> 



/4 + h-2 
h 



lim 

h-»0 



-h-2 j4+h+2 



I A + h + 2 h 



lim 



(4 + h)-4 



lim 



h(V4 + h + 2) h->0 h(v^Th + 2) + 2 



h at (4, 2): y — 2 = i (x — 4), tangent line 



18. m = lim 

h->0 



y/(8+h)+l-3 



lim 



/9 + h-3 \/9 + h + 3 



lim 



(9 + h)-9 



lim 



9 + h + 3 h^O h (V + h + 3) h -> h (y9 + h + 3) 



^ = i; at (8, 3): y - 3 = § (x - 8), tangent line 



19. Atx=-l,y = 5 =>■ m= lim 



5(-l+h) 2 -5 



lim 

h -> 



5(l-2h + h 2 )-S 



lim 

h^O 



5h(-2 + h) 



10, slope 
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20. Atx = 2,y=-3 =* m= lim " = (2 + f ~ ( - 3) = lim (i-4-4h-tf) + 3 = Um =M 4 ± h) = _ 4 sl 

21. Atx = 3, y = | m = lim g^ 1 ^ = lim 2 ~ ( , 2 + '! ) = lim = - z, slope 

J 2 h^O h h — > 2h ( 2 + h) h -> 2h(2 + h) 4 

22. Atx = 0,y = -1 m = lim ^7 (-1) = lim (h " h lii ( n +1) = lim = 2, slope 

23. At a horizontal tangent the slope m = = m = ^lim l(x + h) 2 +4(x + h)- l] - (x 2 +4x- l) 

= lim (* 2 + 2xh + h3 + 4x + 4h-l)-(x3 + 4x-l) = nm (2xh + h 2 + 4h) = ^ (2x + h + 4) = 2x + 4; 

h->0 h h->0 h h->0 

2x + 4 = => x = —2. Then f(— 2) = 4 — 8 — 1 = — 5 =4* (—2, —5) is the point on the graph where there is a 
horizontal tangent. 

24 = m = lim [(x + h)3 ~ 3(x + h)1 ~ (x ' 3 ~ 3x) = lim (" 3 + 3 * 2h + 3xh2 + h 3 - 3x - 3h) - (x 3 - 3x) 
h -» h h -> 



h 



lim 3x 2 h + 3xh 2 + h 3 -3h = Um / 3x 2 + 3 x h + h 2 - 3) = 3x 2 - 3; 3x 2 - 3 = x = -1 or x = 1. Then 

h -> h h -> V ' 

f(— 1) = 2 and f(l) = —2 =>• (—1, 2) and (1, —2) are the points on the graph where a horizontal tangent exists. 



<* + M-i x-i _ i- (x-l)-(x + h-l) _ -h 1 



25. -l=m = lim ,x+ '"-' = lim ^7 ,v X ' = Hm , , , - 

h->0 h h->0 h(x- l)(x + h- 1) h^O h(x- D(x + h- 1) (x-1) 2 

(x - l) 2 = 1 x 2 - 2x = x(x - 2) = =>■ x = or x = 2. If x = 0, then y = -1 and m = -1 
=>■ y = -1 - (x- 0) = -(x+ 1). If x = 2, then y = 1 and m = -1 =>■ y = 1 - (x - 2) = -(x - 3). 

26. \ = m = lim >^Th->A = Hrn ^±tpA _ v^+h + v^ = ]im (x + h)-x 

4 h->0 h h->0 h Vx + h + Vx h-»0 h^Vx + h + yjj 

= lim 7 , h v = wh= ■ Thus, 4 = 7^7= => \fx — 2 => x = 4 y = 2. The tangent line is 

h->0 h^yxTh+y;) 2 v* 4 2 V* v 3 6 

y = 2+i(x-4) = | + l. 

27 lj m f(2 + h)-f(2) _ j im (100-4.9(2 + h) 2 )-(10()-4.9(2) 2 ) _ ^ -4.9 (4 + 4h + h 2 ) +4.9(4) 
' h->0 h h-> h h -> h 

= lim (—19.6 — 4.9h) = —19.6. The minus sign indicates the object is falling downward at a speed of 

h — > 

19.6 m/sec. 

28. lim f(10 + h >- f(10) = lim 3(10 + h {- 3(10)2 = lim ^2^1 = 60 ft/ se c. 
h^O h h -» h h-t-0 h 

29. lim f(3 + h >- f(3) = lim ^ + h) ^-^ = Hm ,[9 + 6h+h 2 -9] = ^ = 

h->0 h h->0 h h-s-0 h h->0 

30. lim f(2 + h '- f(2) = lim gP+tf-gg? = Hm f[i2h + 6h 2 + h 3 ] = Um ^ +6h + h 2 ] = 167r 
h->0 h h-»Q h h-t-0 h h^O 3 L J 

31. Slope at origin = lim f (° + h >~ f (°> — ij m h sl °(h) _ ij m hsin(r) =0 =>• yes, f(x) does have a tangent at 

v 6 h->0 h h->0 h h->0 yh/ 3 6 

the origin with slope 0. 

32. lim g(0 + h . ) ~ g(0) = lim hs '"^ = lim sin \. Since lim sin l does not exist, f(x) has no tangent at 

h^O h h->0 h IwO h h-»0 h 6 

the origin. 
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33. um *P+W-*P) = lim ^i_o = 00i ^ lim go+j^o) = Um i_o = ^ Therefore; 



h^o 

lim 

h->0 



h->(T 



h^0 + 



h -» 0+ 



lim f(0 + h ) — — — go y eS; me g ra ph of f has a vertical tangent at the origin. 



34. lim u ( o + h) -u(0) = lim 0_I = oo , and lim u(0 + h)-u ( o) = Um i_i = ^ no, the graph of f 
h->(T h h->0" h h->0+ h lw0 +h 

does not have a vertical tangent at (0, 1) because the limit does not exist. 

35. (a) The graph appears to have a cusp at x = 0. 



10, 0)\ 


/ 2/5 
/ y = x 







(b) lim 

h->0" 



f(0 + h)-f(D) = Um 

h h->o- 



lim 

h^O 



- W : 



-oo and lim 

h->0 + 



oo 



limit does not exist 



=>- the graph of y = x 2 / 5 does not have a vertical tangent at x = 
36. (a) The graph appears to have a cusp at x = 0. 



(0,0)\ 


/ 4/5 
/ y = x ' 







(b ) lim f(0+ 1 ) - f(0) = . lim ^ = . Hm ^ = -co and lim 1 



h 1 5 



h-> 0+ 



= oo => limit does not exist 



=4> y = x 4 / 5 does not have a vertical tangent at x = 0. 
37. (a) The graph appears to have a vertical tangent at x = 0. 





1/5 

r y = x 


(0, 0) 









(b) lim 

h->0 



f(0 + h) - f(0) 



lim 

h->0 



h 1 -' 5 - 



lim j^Ts = oo =>• y = x 1//5 has a vertical tangent at x = 0. 



h-> 



38. (a) The graph appears to have a vertical tangent at x = 0. 



(0,0) 



y = x 



3/5 



(b) lim 

h->0 



f(0 + h) - f(0) 



lim 

h -» 



h 3/5_0 



h nm = oo =>■ the graph of y = x 3 / 5 has a vertical tangent 



at x = 0. 
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39. (a) The graph appears to have a cusp at x = 0. 



y = 4x 2/5 -2x 



(b) lim f(° + h u )-f(Q) = , lim 4h!ii^h = lim - 2 = -oo and lim 4,-2 = 00 




h -> 0+ 



=>■ limit does not exist =>• the graph of y = 4x 2 / 5 — 2x does not have a vertical tangent at x = 0. 
40. (a) The graph appears to have a cusp at x = 0. 



(0,0] 


y = x 5/3 -5x 2/3 




(2.0,-4.76) 



(b) lim = lim = lim h 2 / 3 



h->0 



h->0 



h->0 



= — h nm does not exist =^ the graph of 



y = x 5 / 3 — 5x 2 / 3 does not have a vertical tangent at x = 0. 



41. (a) The graph appears to have a vertical tangent at x = 1 
and a cusp at x = 0. 



sls , r (1 +h) 2 '' 3 -(1 +h- l) 1 '' 3 - 1 ,. 

(b) x = 1 hm y —r ' = lim 

h->0 h h — ' 



( l + h) 2 -' 3 - h 1 -' 3 - 1 



h^O 



y = x 2 / 3 — (x — l) 1 ' 3 has a vertical tangent at x = 1; 



^Mx-i) 1 ' 3 




x = 0: lim m+^m = nm ^-(*-r^-t-v^ = Um 
h->0 h h->0 h h^O 



_L (h-1) 1 - 

h 1 / 3 h 



does not exist y = x 2//3 — (x — l) 1 / 3 does not have a vertical tangent at x = 0. 
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42. (a) The graph appears to have vertical tangents at x = and 
x = 1. 



'0.5 1.5 



y = x 1/3 .{x-i) 1 / 3 



(b) x = 0: lim f(0 + h '- f(0) = lim h^ + ft- i^-c-i) 1 ' 3 = ^ ^ y = x l/3 + (x _ 1} i/ 3 has a 
h^O h h->0 



x = 1: lim 

h->-0 



h h-To h 
vertical tangent at x = 0; 

f(i+h)-f(i) _ , im (i + h) 1/3 + (i +h- l) 1 



h -> 



oo =>■ y = x 1 / 3 + (x - l) 1 / 3 has : 



vertical tangent at x = 1. 
43. (a) The graph appears to have a vertical tangent at x = 0. 



(b) lim f(0 + h h ) - f(0) 



lim = lim - = x; 

x _> o+ h h -> V h 

-x/jhl-o 

h 



1 



lim 

h->0" 



f(0 + h)-f(0) 



lim 



lim 

h-»0" 



lim 

h->o- 



1 




-1 J 


1 















=>■ y has a vertical tangent at x = 0. 
44. (a) The graph appears to have a cusp at x = 4. 




(b ) lim g4 + h)-f(4) = Um 



y/|4-(4 + t 



h -> + 

lim 

iwrr 



h->0 + 

lim 

h->0" 



= lim 

h -> " 

lim i 

h^0~ " 



= lim 



h h - o- h 

yM — x does not have a vertical tangent at x = 4. 



= lim 

h->0 



h -> + Vh 

1 



x : 



45-48. Example CAS commands: 
Maple : 

f := x -> x A 3 + 2*x;x0 := 0; 

plot( f(x), x=x0-l/2..x0+3, color=black, # part (a) 

title="Section 2.7, #45(a)" ); 
q := unapply( (f(x0+h)-f(x0))/h, h ); # part (b) 

L := limit( q(h), h=0 ); # part (c) 

secjines := seq( f(x0)+q(h)*(x-x0), h=1..3 ); # part (d) 
tanjine := f(x0) + L*(x-x0); 

plot( [f(x), tanjine, secjines], x=x0-l/2..x0+3, color=black, 
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linestyle=[l,2,5,6,7], title="Section 2.7, #45 (d)", 
legend=["y=f(x)", "Tangent line at x=0", "Secant line (h=l)", 
"Secant line (h=2)", "Secant line (h=3)"] ); 
Mathematica : (function and value for xO may change) 
Clear[f, m, x, h] 
x0 = p; 

f[xj: = Cos[x] + 4Sin[2x] 
Plot[f[x], {x,x0- l,x0 + 3}] 
dq[h_]: = (f[x0+h] - f[x0])/h 
m = Limit[dq[h],h — > 0] 
ytan: = f[x0] + m(x - xO) 
yl: = f[x0] + dq[l](x - xO) 
y2: = f[x0] + dq[2](x - xO) 
y3: = f[x0] + dq[3](x - xO) 
Plot[ { f [x] , ytan, y 1 , y2, y3 } , { x, xO - 1 , xO + 3 } ] 

CHAPTER 2 PRACTICE EXERCISES 

1. Atx = -1: lim f(x) = lim f(x) = 1 

x -> -1 x -> -1+ 

lim f(x)=l=f(-l) 

X — > -1 

=4> f is continuous at x = — 1 . 

At x = 0: lim f(x) = lim f(x) = lim f(x) = 0. 

x -> 0" x ^ 0+ x^O 

But f(0) = 1 ^ lim f(x) 

x — > 

f is discontinuous at x = 0. 
If we define f(0) = 0, then the discontinuity at x = is 
removable. 

At x = 1: lim f(x) = -1 and lim f(x) = 1 

x -> I" X -> 1 + 

=> lim f(x) does not exist 

X — > 1 

=4> f is discontinuous at x = 1 . 

2. At x = -1: lim f(x) = and lim f(x) = -1 

x — > -1 x— > -1 + 

lim f(x) does not exist 

X — > —1 

f is discontinuous at x = —1. 

At x = 0: lim f(x) = — oo and lim f(x) = oo 

x -» 0- x -> + 

=>■ lim f(x) does not exist 

x — » 

=4> f is discontinuous at x = 0. 
Atx=l: lim f(x) = lim f(x) = 1 ^> Urn f(x) = 1. 

X -> ]T X -> 1+ x -> 1 

Butf(l) = ^ lim f(x) 

X — > 1 

=4> f is discontinuous at x = 1 . 

If we define f(l) = 1, then the discontinuity at x = 1 is 
removable. 

3. (a) lim (3f(t)) = 3 lim f(t) = 3(-7) = -21 

t — > to t — > to 

(b) Mm (f(t)) 2 = ( t Mm f(t)) 2 = (-7) 2 = 49 
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(c) lim (f(t) • g(t)) = lim f(t) • lim g(t) = (-7)(0) = 

t — » to t — Ho t — > to 

(Y,l l™ f(0 lim f(t) 

(d) lim A - - w 



lim (g(t) - 7) 



lim s(t) — lim7 
t-.to ov t-.lo 



-7 
0-7 



(e) lim cos (g(t)) = cos ( lim g(t) ) = cosO = 1 
t — * to " Vt — > to / 

\-l\=l 



(f) ( M |f(t)| 



(g) t lim (f(t) + g(t)) = t Hm f(t) + t lim g(t) 



<» t^to (*) 



fig f W 



-7 + 



4. (a) lim -g(x) 

x — > 



- lim g(x) 

x — > 



(b) lim (g(x) • f(x)) = lim g(x) • lim f(x) = 

x^O x^O x^O 

(c) lim (f(x) + g(x)) = lim f(x) + lim g(x) 

x^O x^O x^O 

(d) lim i - - 1 - ~> 
W x^O f W 



2) (|) 



lim f(x) 
x^o 



(e) lim (x + f(x)) = lim x + lim f(x) = 



(f> Urn 

X — > 



f(x)-cos X 
x-1 



lim f(x)- lim cos x 

x^Q x^O 

lim x — lim 1 

x-*0 x^O 



(l)W 

0-1 



5. Since lim x = we must have that lim (4 — g(x)) = 0. Otherwise, if lim (4 — g(x)) is a finite positive 

x — > x^O x^O 



4-g(x) 



= — oo and lim 

x -> + 



4-g(x) 



oo so the limit could not equal 1 as 



number, we would have lim 

x -> CT 

x — > 0. Similar reasoning holds if lim (4 — g(x)) is a finite negative number. We conclude that lim g(x) = 4. 

x — > x — > 



6. 2 



lim 



x lim g(x) 

x — > 



lim x • lim 

-> -4 x -> -4 



lim g(x) 

x — » 



-4 lim 



lim g(x) 

x — » 



-4 lim g(x) 
x — > 



(since lim g(x) is a constant) => lim g(x) = A = — \ . 



7. (a) x lim c f(x) = x lim c x 1 / 3 = c 1 / 3 = f(c) for every real number c =>• f is continuous on (— oo, oo). 

(b) x lim c g(x) = x lim c x 3 / 4 = c 3 / 4 = g(c) for every nonnegative real number c =>■ g is continuous on [0, oo). 

(c) x lim c h(x) = x lim c x -2 / 3 = = h(c) for every nonzero real number c =>■ h is continuous on (—00, 0) and (—00, 00). 

(d) x lim c k(x) = x lim c x~ 1//(i — ^ — k(c) for every positive real number c ^> k is continuous on (0, 00) 

8- ( a ) U (( n — I) 71- ! ( n + I) 71 ") > where I = the set of all integers, 
n 6 I 

(b) U ( n7r ; ( n + l) 71 ")' where I = the set of all integers, 
n 6 I 

(c) (— oo, 7r) U {it, 00) 

(d) (-00, 0) U (0, 00) 



(a) lim = lim *Z%Zl = 1™ 

—00 

lim 



_ _ x-2 

x^O x 3 + 5x 2 -14x x'^o x(x + 7)(x-2) x *t^o x ( x + 7 ) 

lim £ ~ \. = 00 and lim , x ~ 2 

x — » 0" x(x + 7) x -+ + x < x + 7 * 



x^2; the limit does not exist because 



x - 4x + 4 



lim 



(x-2)(x-2) 



W x l™2 x3 + 5x2 - I4x _ x%**2 x( x + 7)(x-2) 



, x 2 , x ^ 2, and lim , x 2 = ^ 

x^2 x ( x + 7 ) ' x^2 x < x + 7 ) 2 W 



10. (a) lim * + * 3 

v ' x — > x + + 



x™0 x3 ( x2 +2 x + l) 



Now lim 



x+l 



xHPo x 2 (x+l)(x + l) 



lim 



6- x2(xTT) = 00 and ^ lim. 



lim 



x2 (x+l) 

x 2 + x 
x 5 + 2x 4 + x 3 



,x^0 and x ^ — 1 . 
00. 
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(b) lim 5 x + 4 X 3 = lim rr^yr^n — Hm n , x ^ and x ^ - 1 . The limit does not 

v ' x ^ — 1 x +2x 4 + x J x i x J (x i + 2x + l) x ^ — 1 x ( x +l) ' ' 

exist because lim ,. 1 , ,, = — oo and lim ,, 1 : , , = oo. 

X — > — 1~ x (x+ ij x ^ — 1 + x ^ x ' 

11. lim = lim — „ = lim — V = i* 

12 - x^a fcl = x linl a (x» +$)""(''-*■) = x^a + = 2s? 

13. lim (x + h > 2 ~ x2 = lim (x2 + 2hx + h2) ~ x2 = lim (2x + h) = 2x 

14. lim (x + h ' 2 - x2 = lim (* 2 + 2hx + hVx? = Um (2x + h) = h 

x^O h x^O h x^O 

15. lim S^i- = ii m 2 -< 2 + x > = ii m _i = _ I 

x^O x x^O 2x ( 2 + x > x ^0 4 + 2x 4 

16. l im @±rf_8 = Um (x3 + 6^ + 12x + 8)-g = Hm (x 2 + fa + 12) = 12 

x^O x x^O x x^O 

r 1 1/3 

17. lim [4 g(x)] 1 / 3 = 2 =>• lim 4 g(x) = 2 => lim 4 g(x) = 8, since 2 3 = 8. Then lim g(x) = 2. 

x — » + Lx — > + J x — » + x — » + 

18. lim = 2 =► lim (x + g(x)) — \ y/5 + lim g(x) = 1 =>• lim g(x) = 1 - a/5 

19. lim = 00 => 'im gW = since lim (3x 2 + 1) = 4 

x — > 1 SW x — > 1 X — > 1 

20. lim 5-^-: — => lim g(x) = oo since lim (5 — x 2 ) = 1 

21. lim g±f = lim |±f = |±S = | 22. lim £±i = lim = |±S = £ 

x — > oo 5x + c x ^ ^ 5 + i 5 + 5 -oo 5x^ + 7 x — > — oo 5 + 4 5 + 5 

23. lim x2 -, 4x + s = lim (f - A + = 0- + = 

x — » — oo 3x J x^ — oc^3x 3x z 3x J / 

1 

24. lim — — ^—-r — lim - — f — r = , — ^—^ = 

x ^ oo x-^ - 7x + 1 x— >ool-J + 4 1-0 + 



25. lim ^T 4 ? = l™ fir = -o° 26. lim = lim , 

X — > — OO x + 1 X — > —00 1 + 7 X — ► 00 12x° + 128 X — > —00 12 + ; 



oo 



27. lim < lim A- = since int x — » oo as x — > oo =>■ lim fe"^ = 0. 

X — > oo L X J — X — » 00 L X J X —> oo L X J 

28. lim < lim ^ = => lim = 0. 

(9 ^ oc 9 ~6»^oo ff 6» ^ oo 



29. lim x + si " X + Vx = Hm , ^ = i±£±° = 1 

x ^ oo x + sinx x^oc 1 + ^ 1 + 



30. lim x ; 3 , x g = lim i — < — j— „ 

x — » oo y- 1 + cos^x x — > oo \ i + Cl y x ) l + O 



1+ x~ J ' J \ _ 1 + _ 
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31. Atx=-1: lim f(x) = lim x , ( f " ' } 

X — > — 1 X — i — 1 X " 1 

= lim = lim x = — 1 , and 

lim f(x) = lim ~}) — lim x i x ,~ \\ 

= lim (-x) = -(-1) = 1. Since 

X — > — 1 

lim f(x) ^ lim f(x) 

x -> -1 x — > -1 + 

=>■ lim f(x) does not exist, the function f cannot be 

X — > — 1 

extended to a continuous function at x = 1 . 

Atx = 1: lim f(x) = lim x ^ x — lim ^-T3~~ri = nm ( — x ) = — 1> an d 

X — > 1~ X — > 1~ l x " 'I X — » 1~ <. x l ) X — > 1~ 

X (x^ j\ xfx^ 1) 

lim f(x) = lim -A, — rr = lim -4 — -r 1 — lim x = 1 . Again lim f(x) does not exist so f 

x^l+ x^l+ l x - !| X-+1+ x - 1 x^l + 5 x^l W 

cannot be extended to a continuous function at x = 1 either. 



/W=x( J r 2 -l)/|i J -l| 



32. The discontinuity at x = of f(x) = sin (-) is nonremovable because lim sin 1 does not exist. 



33. Yes, f does have a continuous extension to a = 1: 

x- 1 _ 4 



define f(l) = lim 

x — > 1 x - 





-1 


1 




m = - 

X 




34. Yes, g does have a continuous extension to a = |: 


9( 


e) 


e ( 11 ) — lim 5 cos 8 — 5 

8 V 2 1 gZ^ E 4fl - 2tt 4 ' 










»/2 



... 5 cos 9 



35. From the graph we see that lim h(t) ^ lim h(t) 

6 v t^O- t^0+ 

so h cannot be extended to a continuous function 
at a = 0. 



h(t) 



*M = (1 + 1*1)'". a = 
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36. From the graph we see that lim k(x) ^ lim k(x) 

" x -> x -> + 

so k cannot be extended to a continuous function 
at a = 0. 



k 

^^-^ 1 


x) 


-1 

A 
-2 


1 



k(x) = 



1 - 2"! ' 



a = 



37. (a) f(— 1) = — 1 and f(2) = 5 =>• f has a root between — 1 and 2 by the Intermediate Value Theorem, 
(b), (c) root is 1.32471795724 

38. (a) f(— 2) = — 2 and f(0) = 2 =>■ f has a root between —2 and by the Intermediate Value Theorem, 
(b), (c) root is -1.76929235424 



CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES 

1. (a) 



X 


0.1 


0.01 


0.001 


0.0001 


0.00001 


x x 


0.7943 


0.9550 


0.9931 


0.9991 


0.9999 



Apparently, lim x x 

x — » + 



1 



(b) 



0.6 



0.2 



y = x 



2. (a) x 



0.2 


0.6 


l 






10 


100 


1000 




0.3679 


0.3679 


0.3679 



(b) 



Apparently, Jirn^ = 0.3678 = ± 



/ 1 \ i«u «) 

/M-g) 

0.4. 



0.2 



2 4 6 
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3. lim L = lim Ln 

V — » C V — > c 



1 - £ = Lo V 1 - ^ = L m ! I — — = 

The left-hand limit was needed because the function L is undefined if v > c (the rocket cannot move faster 
than the speed of light). 



4. 



- 1 



< 0.2 



-0.2 < 



1 < 0.2 => 0.8 < Y < 12 16 < V x < 2 - 4 2 -56 < x < 5 - 76 - 



< 0.1 =^ -0.1 <f -K0.1 0.9 < Y < 11 L8 < V x < 2 - 2 3 -24 < x < 4.84. 



1 10 + (t - 70) x 10~ 4 - 10| < 0.0005 |(t - 70) x 10 4 | < 0.0005 
=► -5 < t - 70 < 5 65° < t < 75° Within 5° F. 



-0.0005 < (t - 70) x 10~ 4 < 0.0005 



1010 



6. We want to know in what interval to hold values of h to make V satisfy the inequality 
|V - 1000| = |367rh - 1000| < 10. To find out, we solve the inequality: 
|367rh - 1000| < 10 => -10 < 367rh - 1000 < 10 ^ 990 < 36tt1i < 1010 

8.8 < h < 8.9. where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe. 
The interval in which we should hold h is about 8.9 — 8.8 — 0.1 cm wide (1 mm). With stripes 1 mm wide, we can expect 
to measure a liter of water with an accuracy of 1%, which is more than enough accuracy for cooking. 



yau < h < 

367T — — 367T 



7. Show lim f(x) = lim (x 2 - 7) = -6 = f(l). 

X — ► 1 X — > 1 



Step 1: |(x 2 - 7) + 6| < e -e < x 2 - 1 < e => 1 - e < x 2 < 1 + e =>• \/l - e < x < y/l + e. 
Step 2: |x- 1| < 6 ^ -6 < x - 1 < 6 -6 + Kx<6 + l. 

Then -6 + 1= y/l-e or 6 + 1 = y/l + e. Choose 6 = min 1 1 - y/l - e, y/T+~e - l| , then 

< |x — 1 1 < 6 =>• |(x 2 — 7) — 61 < e and lim f(x) = —6. By the continuity test, f(x) is continuous at x = 1. 

x — » 1 



8. Show Um i g(x)= lirn £ = 2 = g (1) 



Step 1: |i-2|<e^-e<i-2<e^2-e<i<2 + e = 
Step 2: \x- \ \ <S =^ -6 < x - \ < 6 -6 + \<x<6+\. 



4-2e ^ A > 4+2c ' 



Then -6 + 1 = ^ 6 = 3 - 3T2? = 3p+i) ' 



or 6+ \ 



-J— s = -J i 

4-2e^ u 4-2e 4 



4(2 -e) 



Choose 6 = 4(2 + e ) , the smaller of the two values. Then < |x — j | < <5 => | ^ — 2| < e and lim i ^ 



2. 



By the continuity test, g(x) is continuous at x 



9. Show lim h(x) = lim y/2x - 3 = 1 = h(2). 



Step 1: 



\/2x-3 - 1 < e -e < V^x - 3 - 1 < e =!> 1 - e < ^2x - 3 < 1 + e =>■ 



Step 2: |x-2|<<5 -<5<x-2<<5or-<5 + 2<x<<5 + 2. 



Then -6 + 2 = « = 2 - = = 



e - § , or 6 + 2 = 



(1 + er + 3 



(l-0 2 + 3 < x < (l + £) 2 + 3 



=>• 6 = ( ° 1 + e } +3 — 2 = (1 + o — - = e + If • Choose 6 — e — 4 , the smaller of the two values . Then, 



< |x-2| < 6 => 



\/2x-3 — 1 < e, so lim y^2x — 3 = 1 . By the continuity test, h(x) is continuous at x = 2. 



10. Show lim F(x) = lim s/9 - x = 2 = F(5). 

x — > 5 x — » 5 



Step 1: 



^9 - x - 2 



< e =>• -e < 



^9-x - 2 < e =^ 9 - (2 - e) 2 > x > 9 - (2 + e) 2 



Step 2: 0<|x-5|<<5=^-<5<x-5<6=^-<5 + 5<x<6 



Then -6 + 5 = 9 - (2 + e) 2 



5 = (2 + e) 2 



2e, or 5 



9 - (2 - e) 2 6 = 4 - (2 - e) 2 



2e. 
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Choose 5 — e 2 — 2e, the smaller of the two values. Then, < |x — 5| < S 

lim v/9 — x = 2. By the continuity test, F(x) is continuous at x = 5. 

x — » 5 



V9 - x - 2 



< e, so 



11. Suppose Li and L 2 are two different limits. Without loss of generality assume L 2 > Li. Let e = I (L 2 — Li). 
Since lim f(x) = Li there is a Si > such that < |x - x | < <5i =>■ |f(x) — Li| < e => -e < f(x) - Li < e 

X ► Xo 

- 1 (L 2 - Li) + Li < f(x) < i (L 2 - LO + Li ^ 4Li - L 2 < 3f(x) < 2Li + L 2 . Likewise, lim f(x) = L 2 
so there is a 6-2 such that < |x — xo| < <5 2 => |f(x) — L 2 | < e =4> — e < f(x) — L 2 < e 
=> - i (La - Li) + L 2 < f(x) < 1 (L 2 - L x ) + L 2 =► 2L 2 + U < 3f(x) < 4L 2 - U 
=> Lj — 4L 2 < — 3f(x) < — 2L 2 — Lj. If 6 = min {Si, #2} both inequalities must hold for < |x — x | < S: 
4Lj - L 2 < 3f(x) < 2Lj + L 



Li - 4L 2 < -3f(x) < -2L 2 - Li 
a contradiction. 



=> 5(Li - L 2 ) < < L x - L 2 . That is, L : - L 2 < and L x - L 2 > 0, 



12. Suppose lim f(x) = L. If k = 0, then lim kf(x) = lim = = 0- lim f(x) and we are done. 

rJr X^C X— > C X — >C X — > c 

If k ^ 0, then given any e > 0, there is a 6 > so that < |x - c| < 6 =>■ |f(x) - L| < m => |k| |f(x) — L| < e 
|k(f(x) -L)| < e |(kf(x)) - (kL)| < e. Thus, lim kf(x) = kL = kf lim f(x)V 

13. (a) Since x — > + ,0<x 3 <x<l =>■ (x 3 - x) — > 0" lim + f (x 3 - x) = lirn f(y) = B where y = x 3 - x. 

(b) Since x — » 0~, -1 < x < x 3 < (x 3 - x) — » + =^> lim f (x 3 — x) = lim f(y) = A where y = x 3 - x. 

(c) Since x — > + , < x 4 < x 2 < 1 =>■ (x 2 - x 4 ) — > 0+ => lim f(x 2 -x 4 )= lim f(y) = A where y = x 2 - x 4 . 

x — » + y — > + 

(d) Since x — > 0~, -1 < x < < x 4 < x 2 < 1 =4> (x 2 - x 4 ) — > 0+ => lim f (x 2 - x 4 ) = A as in part (c). 

x — > + 



14. (a) True, because if lim (f(x) + g(x)) exists then lim (f(x) + g(x)) - lim f(x) = lim [(f(x) + g(x)) - f(x)] 

A — ' d A > d A — r d A — > d 

= x lim a g(x) exists, contrary to assumption. 

(b) False; for example take f(x) = - and g(x) — — -. Then neither lim f(x) nor lim g(x) exists, but 

x " x x^0 x ^ 

lim (f(x) + g(x)) = lim (i - i) = lim = exists. 

x^0 x ^ vx x/ x^0 

(c) True, because g(x) = |x| is continuous =>• g(f(x)) = |f(x)| is continuous (it is the composite of continuous 
functions). 

(d) False; for example let f(x) = < ' X — _ =>• f(x) is discontinuous at x = 0. However |f(x)| = 1 is 

I 1 , X ^ u 

continuous at x = 0. 

15. Show lim f(x)= lim = lim (x+ , l **7 1) = -2, x ^ -1. 

x->-l V ' x. — > -1 x+1 x->-l ( x+1 ) r 

r t^z± x ± _i 

Define the continuous extension of f(x) as F(x) = < x + 1 ' ' . We now prove the limit of f(x) as x — ► — 



-2 , x = -1 



exists and has the correct value. 



Step 1: 



f+f-(-2) 



< e -e < + 2<e =► -e < (x - 1) + 2 < e, x -1 -e - 1< x < e - 1. 

Step 2: |x - (-1)| <S -<5 < x + 1 < <5 -£-l<x<tf-l. 

Then -5 - 1 = -e - 1 S = e, or <5 - 1 = e - 1 ^ 5 = e. Choose 5 = e. Then < |x - (-1)| < 6 

YqPy 1 — (—2) < e =>■ lim ^ F(x) = —2. Since the conditions of the continuity test are met by F(x), then f(x) has a 
continuous extension to F(x) at x = — 1 . 
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16. Show lim g(x) = lim x V 2x 7 3 = Km (x ~ 3)(x + 1) = 2, x ^ 3. 

x^3 5 x^3 2x - 6 x^3 2 ( x - 3) r 



x 2 - 2x - 3 



, X ^ 3 



Define the continuous extension of g(x) as G(x) = < 2x - 6 ' ~ We now prove the limit of g(x) as 

2 , x = 3 



3 exists and has the correct value. 



Step 1: 



x — 2x — 3 



-2 



<e ^ -e< ^(x'y - 2<e => -e< x ^-2<e,x^3 ^ 3 - 2e < x < 3 + 2e. 



2x-6 

Step 2: |x-3|<<5 -.5 < x - 3 < <5 3-r5<x<r5 + 3. 

Then, 3 - 5 = 3 - 2e => 6 = 2e, or 5 + 3 = 3 + 2e 5 = 2e. Choose 5 = 2e. Then < |x - 3| < 8 

v x 2 — 2x — 3 



< e lirn^ (x 2(x -"3") 1> = ^- Since the conditions of the continuity test hold for G(x), 



2x-6 

g(x) can be continuously extended to G(x) at x — 3. 

17. (a) Let e > be given. If x is rational, then f(x) = x =>• |f(x) — 0| = |x — 0| < e -o- |x — 0| < e; i.e., choose 
8 = e. Then |x - 0| < 6 =>- |f(x) - 0| < e for x rational. If x is irrational, then f(x) = =>• |f(x) - 0| < e 

< e which is true no matter how close irrational x is to 0, so again we can choose 8 = e. In either case, 
given e > there is a 8 = e > such that < |x — 0| < S =>■ |f(x) — 0| < e. Therefore, f is continuous at 
x = 0. 

(b) Choose x = c > 0. Then within any interval (c — 6, c + 6) there are both rational and irrational numbers. 
If c is rational, pick e = |. No matter how small we choose 8 > there is an irrational number x in 
(c — 8, c + 8) => |f(x) — f(c)| = |0 — c| = c > § = e. That is, f is not continuous at any rational c > 0. On 
the other hand, suppose c is irrational f(c) = 0. Again pick e = | . No matter how small we choose 8 > 
there is a rational number x in (c — 8, c + 6) with |x — c| < | = e |<x<=y. Then |f(x) — f(c)| = |x — 0| 
= |x| > I = e =>■ f is not continuous at any irrational c > 0. 

If x = c < 0, repeat the argument picking e = y = ^ ■ Therefore f fails to be continuous at any 
nonzero value x = c. 



18. (a) Let c = ™ be a rational number in [0, 1] reduced to lowest terms ^> f(c) = i. Pick e = i. No matter how 
small 8 > is taken, there is an irrational number x in the interval (c — 8, c + 8) =>• |f(x) — f(c)| = |0 — j | 
= 1 > i = e. Therefore f is discontinuous at x = c, a rational number. 

n 2n ' 

(b) Now suppose c is an irrational number => f(c) = 0. Let e > be given. Notice that \ is the only rational 
number reduced to lowest terms with denominator 2 and belonging to [0, 1]; \ and \ the only rationals with 
denominator 3 belonging to [0, 1]; \ and | with denominator 4 in [0, 1]; \, I, | and = with denominator 5 in 
[0, 1]; etc. In general, choose N so that k < e => there exist only finitely many rationals in [0, 1] having 
denominator < N, say Ti,T2, ... , r p . Let 8 = min {|c — r t | : i = 1, ... , p} . Then the interval (c — 8, c + 8) 
contains no rational numbers with denominator < N. Thus, < |x — c| < 8 |f(x) — f(c)| = |f(x) — 0| 
= |f(x)| < i < e ^> f is continuous at x = c irrational. 
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(c) The graph looks like the markings on a typical ruler 
when the points (x, f(x)) on the graph of f(x) are 
connected to the x-axis with vertical lines. 



0.8 



0.6 



0.4. 



0.2 



4 



Jjli 



0.2 



0.4 



0.6 



0.8 



/w [0 if x is irratio: 



is a rational number in lowest terms 
irrational 



19. Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the 
zero point, 0, on the equator =>■ + ttR represents the midnight point (at the same exact time). Suppose Xi 
is a point on the equator "just after" noon =4> Xj + 7rR is simultaneously "just after" midnight. It seems 
reasonable that the temperature T at a point just after noon is hotter than it would be at the diametrically 
opposite point just after midnight: That is, T(xi) — T(xi + 7rR) > 0. At exactly the same moment in time 
pick x-2 to be a point just before midnight =>■ X2 + 7rR is just before noon. Then Tfe) — T(x2 + 7rR) < 0. 
Assuming the temperature function T is continuous along the equator (which is reasonable), the Intermediate 
Value Theorem says there is a point c between (noon) and 7rR (simultaneously midnight) such that 

T(c) — T(c + 7rR) = 0; i.e., there is always a pair of antipodal points on the earth's equator where the 
temperatures are the same. 

20. x lim f(x)g(x) = Urn 1 [(f(x) + g(x)) 2 - (f(x) - g(x)) 2 ] = \ [Qim (f(x) + g(x))) 2 - ( x Km (f(x) - g(x))) 

= I(3 2 -(-l) 2 )=2. 



21. (a) Atx = 0: lim r+ (a) = lim 

a — > a — > 



-1 + Vl + a 



lim 

a -» 



lim 



l-(l+a) 



a ->0 a(-l-Vl+a) -l-Vl+0 2 

l-(l+a) 



Atx=— 1: lim r+(a) = lim — ,,,,, — 

a-v-l+ a^-l + a(-l--/l+i) a->-l a(-l-vf+a) -l-^/o 



-1 + Vl+a ^ ( -1 - yi 



= lim 



if) 



= — V = i 



(b) At x = 0: lim r_ (a) = lim ~ 1 ~^ 1 + a = lim 
a-»-0- a->0~ a a^0- 



lim 



1 -(l + a) 



lim 



-l-\/l+a 



lim 



oo (because the 



a^0~ a (-1 + ^1 + a) a _^ 0" a(-l + Vl + a) a -> 0" -l + V' + i 

denominator is always negative); lim r_(a) = lim — 7- — = —00 (because the denominator 



is always positive). Therefore, lim r_ (a) does not exist. 

a — > 



At x = — 1 : lim r_ (a) = lim 

a — > — 1 + a — > — l 4 



-1- Vl + a 



= lim ^r— = 1 

a -> - V -1 + yl+a 
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22. f(x) = x + 2 cos x ^> f(0) = + 2 cos = 2 > and f(— rr) = -tt + 2 cos (-tt) = -tt - 2 < 0. Since f(x) is 
continuous on [— tt, 0], by the Intermediate Value Theorem, f(x) must take on every value between [—it — 2,2]. 
Thus there is some number c in [—%, 0] such that f(c) = 0; i.e., c is a solution to x + 2 cos x = 0. 

23. (a) The function f is bounded on D if f(x) > M and f(x) < N for all x in D. This means M < f(x) < N for all x 

in D. Choose B to be max {|M| , |N|} . Then |f(x)| < B. On the other hand, if |f(x)| < B, then 

— B < f(x) < B =>• f(x) > -B and f(x) < B => f(x) is bounded on D with N = B an upper bound and 

M = B a lower bound. 

(b) Assume f(x) < N for all x and that L > N. Let e = . Since lim f(x) = L there is a 6 > such that 

1 x — > x 

< |x - x | < 6 =>• |f(x) - L| < e L - e < f(x)< L + e L - ^ < f(x)< L + ^ 
<^ < f(x) < But L > N =>• > N =>- N < f(x) contrary to the boundedness assumption 

f(x) < N. This contradiction proves L < N. 

(c) Assume M < f(x) for all x and that L < M. Let e = ^f^. As in part (b), < |x - x | < 6 

=> L- ^ < f(x) < L + M=l ^ 3l__m < f(x) < m±l <Ma contradiction. 

24. (a) If a > b, then a - b > ^> |a - b| = a - b ^> max(a,b) = ±±± + ^ = i±b + i_b = |!=a. 

If a < b, then a - b < =>• |a - b| = -(a - b) = b - a max (a, b) = ^ + ^ = + ^ 
= & = b 

2 u - 

(b) Letmin(a,b) = ^ - ^ . 
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25. lim = sm(1 ~ cosx) = lim SM 1 (1 ~ cosx) • • = lim si " (1 ~ cosx) • lim = 1 • lim ,/f x , 

x ;,q x x »0 cos x x cos x x > cos x x > x v cos x ^ x — > x ' "^ cos x ' 

= lim $inx. shy?- =1 . ("2) =0 . 
x _^ a x 1 + cos x V 2 / 

26. lim = lim ^ • 7- = 1 • lim • lim ,/x = 1 • • = 0. 

x _, +sm V x x^0+ x sln V x V x x ^o+(^) x^0 +v 

27. lim sin & i ^ = lim ■ = lim " nM " x • lim ^ = 1 • 1 = 1. 

x^O x x^0 slnx x x^0 slnx x ^ x 

28. lim ^fe!±iil = lim El^+ll • ( x + 1) = lim . li m ( x + 1) = 1 • 1 = 1 

x^O x x^O x+x V ; x^O x+x x->0 y ' 

29. lim sin &^} = lim • (x + 2) = lim • lim (x + 2) = 1 • 4 = 4 

x^2 x - 2 x^2 x - 4 V ' x^2 x - 4 x^2 V ' 

30. lim ""(^-3) = lim sin( ) A ' 3) • 1 = lim Sin( ) A ; 3) • lim ^ = 1 • i = \ 

x^9 x ~ 9 x^9 xA- 3 xA + S x^9 \A- 3 x^9\A + 3 6 6 
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3.1 THE DERIVATIVE OF A FUNCTION 

1. Stepl: f(x) = 4-x 2 andf(x + h) = 4-(x + h) 2 

SteD 2- f ( x + h >- f W = K-(x + h) 2 ]-(4-x 2 ) _ (4-x 2 -2xh-h 2 )-4 + x 2 _ -2xh-h 2 _ h(-2x-h) 
* ' h h h h h 

= ~2x - h 

Step 3: f'(x) = lim (-2x - h) = -2x; f'(-3) = 6, f'(0) = 0, f'(l) = -2 

h — > 

2. F(x) = (x - l) 2 + 1 and F(x + h) = (x + h - l) 2 + 1 => F'(x) = ^lim [(it + h ~ 1)2 + 1 1 |~ [(x ~ 1)2 + 1 

= lim (* 2 + 2*h + h 2 -2x-2h + l + l)-(* 2 -2x + l + l) = Um 2xh + h 2 -2h = ]im (2x + h - 2) 

= 2(x - 1); F'(-l) = -4, F'(0) = -2, F'(2) = 2 



3. Stepl: g(t)= iandg(t + h)= ^ 



i i 



i 2 - a+jy 



Qter. ?• g(t + h)-g(t) _ (t+hg g _ V d + h) 2 -' 2 j _ t 2 -(t 2 + 2th + h 2 ) _ -2th - h 2 

alc P z - h — h — h — (t + h) 2 -t 2 -h ~~ (t + h) 2 t 2 h 
_ h(-2t-h) _ -2t-h 
(t + h) 2 t 2 h (t + h) 2 t 2 

Step 3: g'(t) = h lim o = = f ; g'(-l) = 2, g'(2) = - \, g' 

f l-(z+h) _ l--t \ 

4. k(z) = ^ and k(z + h) = => k'(z) = , lim, 



2 
3\/3 



h->0 

lim (1 ~ z ~ h 2 z T (1 ~ z)(z + h) = lim z-z 2 -a-E-h + z 2 + zh = lim = lim 



h^O 2(z + h)zh h->0 2(z + h)zh h ^ Q 2(z + h)zh h ^ Q 2(z + h)z 

^;k'(-D = -|,k'(l) = -i,k'(y2)=-I 



5. Step 1: p(0) = and p(0 + h) = y/3{6 + h) 

->/3fl) 

/ v / 39 + 3h+ V^fl) h( x /30 + 3h + >/3e) 



e t „„ 9 . P(fl + h)- P W _ y^fl + h)-^ _ (x/39T3h-y/3fl) (y39T3h +x /3fl) _ (3e + 3h) _ 3e 

siepz. h - h - h 



3h 



h(y3ff + 3h+,/3fl) x/3ff + 3h+v/3fl 

Step 3: p'(0) = lim 3 — j- = 3 j- = -A- ; p'(l) = -K- , p'(3) = |, p' (f) = -V 

F FV y h^O /39 + 3h+ V^30 ^30 + ^ 2^30 ' F v 7 2^3 ' F V 7 2' F V 3 ^ 2 yft. 



6. r(s) = v / 2sTT and r(s + h) = ^2(s + h) + 1 => r'(s) = h lim o v / 2s + 2h+j / ^TT 

= Mm (v / 2.s + h+l-V'2^TT) _ (v'2 S + 2h+l + v ^TT) _ (2 s + 2h + l)-(2s+l) 

h-»0 h (V2s + 2h+l + v/2s+l) h->0 h( v /2s + 2h+l + x /2s+l) 

= lim 2h — =v = lim 2 - 2 2 



h->0 h( x /2s + 2h+l + v /2sTT) h->0 \/2s + 2h+l + ^28+1 ,/2 s + 1 + ./2s + 1 2,/27+T 

7. y = f(x) = 2x 3 and f(x + h) = 2(x + h) 3 => g = lim 2 ^± t ^ = Km 2(x3 + 3x 2 h + 3xh 2 + hV2x 3 

= Hm 6x 2 h + 6xh 2 + 2h3 = Hm h(6x 2 + 6xh + 2h 2 ) = ^ ^2 ^ ^ = fc2 
h -» h h -> h h -> 
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r=^ + l => lim I 2 +1 ' [2+1J =^ lim Ks + ^Ms 3 ^ 

2 ds h ^ h 2 h ^ h 

= 1 lim s 3 +3s 2 h + 3sh 2 + h 3 + 2- s 3 -2 = I nm h[3s 2 + 3.sh + h 2 ] = | ^ ,3 2 3^ + tf) = | § 2 



9. s = r(t) = ^ and r(t + h) 



lim 

h->0 



^ (l+h)!2l+ l)-t(2l+2h+ \) \ 
, (2t+2h+l)(2t+l) I 



t+h 

2(t+h)+l 



ds 



lim 

h->0 



I t+h ' 




(,2(t+h) + 1 t 


HsTl) 



lim (t + h)(2t+l)-t(2t + 2h+l) 
h->0 



(2t + 2h + l)(2t+ l)h 

lim h 



lim 



i- 2t J + 1 + 2ht + h - 2r - 2ht - t 

h^'g (2t + 2h + l)(2t+l)h _ h^O (2t + 2h+l)(2t+l)h ~~ (2t + 2h+ l)(2t+ 1) 

1 _ 1 

(2t+l)(2t+l) (2t+l) 2 



fft + W- -J-l - ft- 11 h 1 +1 f h(t + h)t-t + (t+h) \ 

10. * = lim l ( — 1+ „ hJ ( J = lim = lim [ (1+h,1 ' 



h->0 



h-s-0 



h-+0 



= lim ht2 + 1 ' 2 ' + h = lim ^ 2 7 ±^ = £±± 

h -> h (t + h )t h — > (t + h)t 1 



11- p = f(q)=- 7 ^ T andf(q + h)=- 7 ^ TT 



dp = lim us±m: 

d 1 h^O 



, v/q+i/ 



lim 

h-»0 



7q+ 1 - v /q+h+ 1 
A+h+TVq+1 



lim 



/q + 1 - y/q + h + 1 



h h -> hy/q + h+l^q+l 

lim (\/qTT-Vq+h+i) . (7q+T+\/q+h+T) = |im 



(q+l)-(q + h+l) 



h^Q h^/q + h+1 v/qTT (v/q+l + v/q+h+1) h^O Vq + h+1 ^/qTT ( ^q + 1 + ,/q + h + l) 



= lim 



-h 



= lim 



12. ^ 

dw 



h^O h^/q + h+1 Vq+1 (Vq+1 + Vq + h+l) h^O + h + 1 \/<] + 1 (V<i + 1 + + h + 

-1 _ -1 

q + 1 v/q+ 1 (\/q + 1 + v/q+ 1) 2(q+l)^q+l 

jj m ( v /3(w + h)-2 ~ _ jj m \/3w-2- \/3w + 3h-2 



h->0 h h->0 h^3w + 3h-2^3w-2 

(v^w-2- v/3w + 3h-2) (y3w-2+v/3w+3h-2) 
h->0 hv/3w + 3h-2 \/3w-2 (y3 w _ 2 + ^3w + 3h - 2) 

_ lim (3w-2)-(3w + 3h-2) 

h-»0 h V3w + 3h - 2 ^3w - 2 (V 3w -2 + y/3w + 3h - 2) 

= lim — 



h->0 \/3w + 3h - 2 V3w - 2 ( y/3w - 2 + \/3w + 3h - 2) \/3w - 2 ^3w - 2 (y3w - 2 + V3w - 2) 

_ -3 

2(3w - 2) v/3w-2 

13. f(x) = x + \ and f(x + h) = (x + h) 



f(x + h) - f(x) _ 
h 



( x + h)J 

h 



9 

(x + h) 

x(x + h) 2 + 9x - x 2 (x + h) - 9(x + h) _ x 3 + 2x 2 h + xh 2 + 9x - x 3 - x 2 h - 9x - 9h _ x 2 h + xh 2 - 9h 
x(x + h)h x(x + h)h x(x + h)h 

h(x 2 + xh-9) _ x 2 + xh - 9 . f// x _ i- x 2 + xh - 9 _ x 2 - 9 _ 1 9 
x(x + h) ' \ ' h^O x ( x + h) x 2 



x(x + h)h 



1 - I ; m = f'(-3) = 



14. k(x) = ^- and k(x + h) 



1 



2 + x v 1 ' 2 + (x + h) 

= lim ( 2 + x) TA 2 + x , + , h) = lim 



k'(x) = lim 
h^O 



k(x + h)-k(x) _ j- m 1,2 + x + h 2 + » 
h h-+0 h 

= lim - 1 - - 1 ■ 



h ^" h(2 + x)(2 + x + h) h-io h(2 + x)(2 + x + h) h^-fO (2 + x)(2 + x + h) (2 + x) ; 

k'(2) 



j_ 

16 



15 ds = j im [(t + h) 3 -(t + h) 2 ]-(t 3 -t 2 ) = j im (t 3 + 3t 2 h + 3th 2 + h 3 ) - (t 2 + 2th + h 2 ) - 1 3 + 1 2 



h^O 



h->0 



= Hm 3t 2 h + 3th 2 +h 3 -2th-h 2 = Um h(3t 2 + 3th + h 2 -2t-h) = Hm (3t 2 3^ ^ _ ^ _ fa) 
h -> h h -> h h^O 
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= 3t 2 -2t;m = f t \ { =-i = 5 



16. 



dy _ 
dx 



lim 

h-> 



(x + h+l) 3 -(x+l) 3 _ 



lim 



(x + l) 3 + 3(x + l) 2 h + 3(x + l)h 2 + h 3 -(x + l) 3 



lim [3(x + l) 2 + 3(x + l)h + h 2 ] = 3(x + l) 2 ; m 



h->0 



17. f(x) = -J= and f(x + h) = 



f(x + h) - f(x) _ v ''(x + h)-2 y x -2 

h — h 



V(x + h)-2 

_ 8(y^2-y/x + h-2) ^ (\/^2 + \/x + h-2) _ 8[(x-2)-(x + h-2)] 

h^/x + h-2 Vx-2 (Vx-2 + Vx + h-2) h Vx + h - 2 V x - 2 ( x/x - 2 + \A + h ~ 2 ) 
-8h _> cu„\ _ i™ -8 



hv/x + h-2\/x-2^\/x-2 + \/x + h-2 

-8 



f'(x) = lim 



= = _ = =4 . _ f ,,^ _ ^4_ 

x-2 v ^2('v^ r 2+ (x-2)v/x^2' w 4,/i 



h->0 Vx+h-2 Vx-2 (Vx-2 + v /x + h-2J 

- | =>■ the equation of the tangent 



line at (6,4)isy -4 = - \ (x - 6) y = -|x + 3 + 4 => y = -|x + 7. 



-z-h + V4-Z 



(1 + v/4-(z + h)) - (l + \/4-z") fV4-z-h - - z) 

18. g'(z) = lim 1- = lim i fi >- ■ f =- 

6 w h -> h h h (\/4-z-h+ s/^J 



lim 



-h 



lim 



-l 



lim (4-z-h)-(4-z) _ iiiu : 

h->0 h (^/4-z-h + v/4-z) h->0 h (^4 - z - h + -J A - z) h -> (v/4-z-h + \/4-z) 



m = g'(3) 



-l 



2v/4-3 



W 



the equation of the tangent line at (3, 2) is w — 2 = — \ (z — 3) 

Li 7 



19. s = f(t) = 1 - 3t 2 and f(t + h) = 1 - 3(t + h) 2 = 1 - 3t 2 - 6th - 3h 2 



= lim 

h->0 



(1 -3t 2 -6th-3h 2 ) - (1 -3t 2 ) _ 



lim (-6t - 3h) = -6t 
h->o 



ds I 

dt I t=-l 



ds 



= 6 



lim 

h->0 



f(t + h)-f(t) 



20. y = f(x) = 1 - \ and f(x + h) = 1 



= lim 

h->0 



L_ji±i> - lim h 



l 

x + h 



dy 



lim 

h->0 



f(x + h) - f(x) 



lim 

h-»0 





H) 







= lim 



h — > x < x + h ) h h — > x ^ x + h ' x2 



21. r = f(0) = -Jl- and f(0 + h) = n 2 - 

v ' ^4-6 ' ^4-(9 + h) 



|= i im Sg±^rM = l im - ^ 



h -> n h -> 

Jim 2\Z4^g-2y/4-g-h _ j im 2^A^6-2^i-B-h _ {^^^ + 2^4 - 9 - h) 
h-»0 h\/4^9\/4-9-h h^O h^yi^fl V4-9-h [l^A~e + 2^4 - - h) 
4(4 - 9) - 4(4 - g - h) 



= lim 



= lim 



h->0 2h ^4 - 9 V4 - 8 - h ( ^4 - 9 + ^4 - 6 - h) h^O \/4 - 9 \/4 - 9 - h ( - fl + \/4 - 9 - h) 

2 _ 1 dr I 1 

^ 1 0=0 8 



(4-9) 2^4- 



(4-9)^/4- 



22. w = f(z) = z + y/z and f(z + h) = (z + h) + y/z + h 

(z + h + x/z + h) - (z + yz) 



dz 



lim 

h->0 



f(z + h) - f(z) 



lim 

h^O 

1 + lim 



(z + h)-z 



h->0 h [Jz + h + 



y/i) 



lim 

h->0 

1 + lim 



h+ Jz + h- Jz 



h->0 Vz + h+V z 



lim 

h->0 



2jl 



dw I _ 5 
dz I z =4 4 



/z + h + ,/z 



23. f'(x) = lim 



Urn z + 2 *+ 2 



z — > x z-x z^x z-x 



lim 



(x + 2)-(z + 2) 



lim 



lim 



z ±± >x(z-x)(z + 2)(x + 2) z *=i " x(z-x)(z + 2)(x + 2) z ^ x (z + 2)(x + 2) 



(x + 2)- 
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24. f'( x ) = l im M^iW = Hm (iiiVai = lim (x-i) 2 -(z-i) a = Hm [(x-i)-(z 1)1[( x iRjz-!) 

y ' z^x z-x z^x z-x z — > x(z-x)(z- 1) (x- l) 2 z^x (z-x)(z- 1) (x- If 

= lim (*- z X x + z - 2 ) 9 = lj m -l(x + z-2) _ -l(2x-2) _ -2(x-l) _ -2 



z^x(z-x)(z-lf(x-lf z^x(z-lf(x-lf (x-1) 4 (x-1) (x-1) 



25. g'(x) = lim — — — — lim — — = lim , . — ,,,,, . — ..,n 

ov ' z^x z-x z^x z-x z — > x(z-x)(z- l)(x- 1) z — > x (z-x)(z- l)(x- 1) z — > x (z- l)(x - 1) 



z(x-l)-x(z-l) __ 



lim 



= lim 



(x-1)' 



26. g'(x) = lim = lim (i + v^)-(i + >A) = lim ^ . = lim z-» 

ov/ z^x z-x z^x z-x z _> x z-x ,/z + ^x z — > x(z - x)(-y/z+ v/x) 



= lim 



1 _ 1 



Z^I^z+ ^x 2^/x 



27. Note that as x increases, the slope of the tangent line to the curve is first negative, then zero (when x = 0), 
then positive => the slope is always increasing which matches (b). 

28. Note that the slope of the tangent line is never negative. For x negative, f^(x) is positive but decreasing as x 
increases. When x = 0, the slope of the tangent line to x is 0. For x > 0, f^(x) is positive and increasing. This 
graph matches (a). 

29. fs(x) is an oscillating function like the cosine. Everywhere that the graph of f3 has a horizontal tangent we 
expect fg to be zero, and (d) matches this condition. 

30. The graph matches with (c). 



31. (a) f is not defined at x = 0, 1, 4. At these points, the left-hand and right-hand derivatives do not agree. 

f(x) ~ f(Q) - slope of line joining (-4,0) and (0, 2) = i but lim M=M. = s i ope of 



For example, lim 

F x->o- x -° 

line joining (0, 2) and (1, —2) = —4. Since these values are not equal, f'(0) = lim 

x — > 



f(x) - f(0) 
x-0 



does not exist. 



(b) 



-8-6-4-20 



/'on (-4, 6) 
oo 



j i ^"yp 1 6 1 L 



r 



32. (a) 



% 3- 




Vl - 

1 t \ 




-2 -1 \ 
-1 


\S 3 \§ 



(b) Shift the graph in (a) down 3 units 
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33. 



1 - 

o.s - 



-3.3 - 0-<i 



34. (a) 



dp/dt 
20 



>. 16 
n 

.£ 

S 8 




t (days) 



10 20 30 40 50 



(b) The fastest is between the 20" 1 and 30" 1 days; 
slowest is between the 40 th and 50" 1 days. 



35. Left-hand derivative: For h < 0, f(0 + h) = f(h) = h (using y = x curve) =>• lim 

h — > 



lim 

h->0" 



lim h = 0; 



f(0 + h)-f(0) 



Right-hand derivative: For h > 0, f(0 + h) = f(h) = h (using y = x curve) lim f(0 + h ^ f(0) 

h — > + 



= lim 

h^0+ 



h-0 



= lim 1 = 1; 

h -> 0+ 



Then lim 

h->o- 



f(0 + h)-f(0) 



^ lim 

h T h -> 0+ 



f(0 + h)-f(0) 
h 



the derivative f '(0) does not exist. 



36. Left-hand derivative: When h < 0, 1 + h < 1 =>■ f(l + h) = 2 

= lim = 0; 

h-»0~ 



h-»0~ h 



lim 

h-»rr 



2-2 



Right-hand derivative: When h > 0, 1 + h > 1 => f(l + h) = 2(1 + h) = 2 + 2h =» lim 

h — > ' 

= lim =±*=_ 
h^0+ h 



f(l+h)-f(l) 

h 



lim f 



Then lim 

h->0" 



h->0+ " h->0 + 
f(l+h)-f(l) / j. f(l + h)-f(l) 

h ^ h -> 0+ h 



lim 2 = 2; 

the derivative f'(l) does not exist. 



37. Left-hand derivative: When h < 0, 1 + h < 1 f(l + h) = J\ +h =>- lim f(1 + t ! ) ~ f(1) 



lim 

h->ar 



'1+h-l 



lim 

h->o- 



n + h-ij 

h 



7==^{= lim f 1 /— 1 - 1 \ — lim jrk =b 

/ l +h+ 1 ) h-+0" hfyr+h + l) h^0~ v/l+h + 1 2 



Right-hand derivative: When h > 0, 1 + h > 1 ^> f(l + h) = 2(1 + h) - 1 = 2h + 1 lim 

h -> rr 



f(i+h)-f(i) 

h 



= lim (2h+i>-i = lim 2 = 2 



h -> 0+ 11 h -> 0+ 

Then lim f(1 + h) - f(1) ^ «- f(1+h) - f(1) 
h->o- 



^ lim 

h r h -» 0+ 



the derivative f'(l) does not exist. 



38. Left-hand derivative: lim 

h->o~ 

Right-hand derivative: lim 

h-0+ 



f(l+h)-f(l) 



lim 

h^rr 



(l+h)-l 



f(l+h)-f(l) 



lim 

h -» + 



lim 1 = 1; 

= lim ' 

h -» 0+ 



l + h 



= lim s^ir = lim r^pc = -1; 



h-> 



,+ h(l+h) 



h->0+ 



l+h 



Then lim f(1 + h >- f(1) 
h->o~ h 



^ lim 

h^0+ 



f(l + h)-f(l) 



the derivative f'(l) does not exist. 
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39. (a) The function is differentiable on its domain — 3 < x < 2 (it is smooth) 

(b) none 

(c) none 

40. (a) The function is differentiable on its domain — 2 < x < 3 (it is smooth) 

(b) none 

(c) none 

41. (a) The function is differentiable on — 3 < x < and < x < 3 

(b) none 

(c) The function is neither continuous nor differentiable at x = since lim f(x) ^ lim f(x) 

x -> x -> + 



42. (a) f is differentiable on -2 < x < -1, -1 < x < 0, < x < 2, and 2 < x < 3 

= exists but t 

f'(— 1) does not exist 



(b) f is continuous but not differentiable at x = — 1 : lim f(x) = exists but there is a corner at x = — 1 since 

X — » — 1 



lim f( -' +h) - f '- 1) 



3 and lim fci±S=g=*> 
h -> 0+ 



h h^0+ h 

(c) f is neither continuous nor differentiable at x = and x = 2: 



at x = 0, lim f(x) = 3 but lim f(x) = = 

x -> 0" x -> 0+ 

at x = 2, lirn^ f(x) exists but lim^ f(x) ^ f(2) 



lim f(x) does not exist; 

x — > 



43. (a) f is differentiable on -1 < x < and < x < 2 

(b) f is continuous but not differentiable at x = 0: lim f(x) = exists but there is a cusp at x = 0, so 



f'(0) = lim 



f(0 + h)-f(0) 



h-»0 



does not exist 



(c) none 



44. (a) f is differentiable on -3 < x < -2, -2 < x < 2, and 2 < x < 3 

(b) f is continuous but not differentiable at x = —2 and x = 2: there are corners at those points 

(c) none 



45. (a) f'(x) = lim f(x + h ^ f(x) = lim 



-(x + h) 2 -(-x 2 ) _ 



(b) 



h -» 

y 

i 



o 



lim 

h -> 



-x" — 2xh — h +x~ 



lim (— 2x — h) = — 2x 
h^O 




y = -x 



-2x 



-1 



(c) y' = — 2x is positive for x < 0, y' is zero when x = 0, y' is negative when x > 

(d) y = — x 2 is increasing for — oo < x < and decreasing for < x < oo; the function is increasing on intervals 
where y' > and decreasing on intervals where y' < 



46. (a) f'(x) = lim 



f(x + h)-f(x) _ 



h->0 



lim 

h->0 



l±± l1 = lim - x + (' t + h ) = lim i = J_ 

h j, _> o x(x + h)h _j q x(x + h) x 2 
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(b) 







-1 




-1 






(c) y' is positive for all x ^ 0, y' is never 0, y' is never negative 

(d) y = — - is increasing for — oo < x < and < x < oo 



47. (a) Using the alternate formula for calculating derivatives: f'(x) = lim — — — = lim 

v/ ° ° v/ z^xz-x z ^ x z - x 



lim (z - x) ^ + zx + * 2 ) 

z*^i\ 3(z — x) z — » x 3(z - x) 



3 _ 3 

lim 



lim z " + " + x 

z — > x 3 



f(z) - f(x) _ 
z — X 

IC 2 =>- f'(x) = X 2 



-I _ ^ 

3 3 , 



(b) 








-1 


1 



(c) y' is positive for all x ^ 0, and y' = when x = 0; y' is never negative 

(d) y = y is increasing for all x ^ (the graph is horizontal at x = 0) because y is increasing where y' > 0; y is 
never decreasing 



48. (a) Using the alternate form for calculating derivatives: f'(x) = lim t(z> - tw = lim 

v/ ° ° v/ z^xz — X z^xz-x 



(b) 



= lim = lim (Z-X)(Z- + XZ+X-Z+X) = U Z 3 + XZ 2 + A+X 3 = 3 = 3 

z — > x 4(z - x) z — » x 4(z - x) z — > x 4 v > 

y 



\ 3 










y-W 


\ 2 




\ 1 




-1 


i 




(c) y' is positive for x > 0, y' is zero for x = 0, y' is negative for x < 

(d) y = x is increasing on < x < oo and decreasing on — oo < x < 



/in / r f(x) — f(c) ,■ x 3 -c 3 i- (x— c) (x J + xc + c 2 ) ,. / 2 i i 2\ o 2 

49. y = lim — — — — hm * — — = lim - — '- — lim (x + xc + c ) = 3c . 

J x^c x-c x-^c x-c X^C X-C x _j C V I 

The slope of the curve y = x 3 at x = c is y' = 3c 2 . Notice that 3c 2 > for all c =>• y = x 3 never has a negative 
slope. 



2-v/x-i-h — 2 fx 

50. Horizontal tangents occur where y' = 0. Thus, y' = lim — — t — — 

6 1 J h-»0 h 



= lim 

h->0 



2 Vx + h- ,/x 



/x + h+Jx) 



— lim 



2((x + h)-x)) 



= lim 



(x/x + h+ v/i) h->0 h (Vx + h+ Vx) h -> v^ + h + x/* v 7 * 
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Then y' = when -4- = which is never true =>• the curve has no horizontal tangents. 



51. y' 



lim 



(2(x + h) 2 - 13(x + h) + 5) - (2x 2 - 13x + 5) 



lim 



2x 2 + 4xh + 2h 2 - 13x - 13h + 5 - 2x 2 + 13x - S 



= Hm 4xh + 2h 2 -i3h = Um (4x + 2h - 13) = 4x - 13, slope at x. The slope is - 1 when 4x - 13 = -1 
IwO h h^O 

4x = 12 ^> x = 3 =>• y = 2 • 3 2 - 13 • 3 + 5 = -16. Thus the tangent line is y + 16 = (-l)(x - 3) 
=>■ y = — x — 13 and the point of tangency is (3, — 16). 



52. For the curve y = \/x, we have y' = lim 
3 v 3 h^O 



lim 



(x + h) - x 



(Vx + h+ \/*) h^O (\/xTh + ^ h 



lim t-4 — 7- = 4r 

h^O V x + h +V x 2^/x 



Suppose (a, y'a) is the point of tangency of such a line and (—1,0) is the point 
slo 

■^Y ; using the derivative formula at x = a 

2ya 



on the line where it crosses the x-axis. Then the slope of the line is a ^"(_") = which must also equal 



, - 2a = a + 1 =>• a = 1. Thus such a line does 

a+ 1 2<ya 

exist: its point of tangency is (1, 1), its slope is = ~; and an equation of the line is y — 1 = | (x — 1) 
^y= |x+i. 

53. No. Derivatives of functions have the intermediate value property. The function f(x) = [xj satisfies f(0) = 
and f(l) = 1 but does not take on the value ~ anywhere in [0, 1] =>■ f does not have the intermediate value 
property. Thus f cannot be the derivative of any function on [0, 1] =>• f cannot be the derivative of any function 

on (—oo, oc). 



54. The graphs are the same. So we know that 
for f(x) = |x| , we have f'(x) = . 



1 < 


) 




-1 

( 


1 

1-1 





55. Yes; the derivative of — f is — f so that f'(xo) exists => — f'(xo) exists as well. 

56. Yes; the derivative of 3g is 3g' so that g'(7) exists =>■ 3g'(7) exists as well. 

57. Yes, lirn^ |® can exist but it need not equal zero. For example, let g(t) = mt and h(t) = t. Then g(0) = h(0) 



0, but lim ^ = lim 

t -> h « t -> 



lim m = m, which need not be zero. 

t->0 



58. (a) Suppose |f(x)| < x 2 for -1 < x < 1. Then |f(0)| < 2 => f(0) = 0. Then f'(0) = lim 



gO + h) - f(0) 



h->0 



lim 

h->0 



f(h)-0 



lim 

h->0 



f -f. For |h| < 1, -h 2 < f(h) < h 2 =>• -h < f -f < h f'(0) = lim 3Q = 



by the Sandwich Theorem for limits, 
(b) Note that for x ^ 0, |f(x)| = |x 2 sin j| = |x 2 | |sin x| < |x 2 | • 1 = x 2 (since -1 < sin x < 1). By part (a), 
f is differentiable at x = and f '(0) = 0. 

59. The graphs are shown below for h = 1, 0.5, 0.1. The function y = rA- is the derivative of the function 

2y x 

y = a/x so that — K- — lim v/x + !' — — . The graphs reveal that y = v/x + !' — — gets closer to y = —K- 
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as h gets smaller and smaller, 
y 




h = 0.5 




h = 0.1 




60. The graphs are shown below for h = 2, 1, 0.5. The function y = 3x 2 is the derivative of the function y = x 3 so 
that 3x 2 = ^lim (x+h ^~ x3 . The graphs reveal that y = (x+h > 3 - x3 gets closer to y = 3x 2 as h 
gets smaller and smaller. 






61. Weierstrass's nowhere differentiable continuous function. 




»M = cosfrx) + (Jj cos(fcrjr)+ (5) cos(?xx) + Q\* cot&xx) 
0) cos(9'«) 



+ •••+1 



62-67. Example CAS commands: 
Maple : 

f := x -> x A 3 + x A 2 - x; 
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x0:= 1; 

plot( f(x), x=x0-5..x0+2, color=black, 

title="Section 3_l,#62(a)" ); 
q := unapply( (f(x+h)-f(x))/h, (x,h) ); # (b) 

L := limit( q(x,h), h=0 ); # (c) 

m := eval( L, x=x0 ); 
tan_line := f(x0) + m*(x-x0); 
plot( [f(x),tan_line], x=x0-2..x0+3, color=black, 

linestyle=[l,7], title=" Section 3.1 #62(d)", 

legend=["y=f(x)", "Tangent line at x=l"] ); 
Xvals := sort( [ xO+2 A (-k) $ k=0..5, xO-2 A (-k) $ k=0..5 ] ): # (e) 
Yvals := map( f, Xvals ): 

evalf[4](< convert(Xvals,Matrix) , convert(Yvals,Matrix) >); 
plot( L, x=x0-5..x0+3, color=black, title="Section 3.1 #62(f)" ); 
Mathematica l (functions and xO may vary) (see section 2.5 re. RealOnly ): 
«Miscellaneous"RealOnly" 
Clear[f, m, x, y, h] 
x0= 7T /4; 
f[x_]:=x 2 Cos[x] 
Plot[f[x], {x,x0 - 3,x0 + 3}] 
q[x_,h_]:=(f[x + h] - f[x])/h 
m[x_]:=Limit[q[x,h], h -» 0] 
ytan:=f[x0] + m[x0] (x - xO) 
Plot[{f[x], ytan},{x, xO - 3, xO + 3}] 
m[x0 - 1]//N 
m[x0+ 1]//N 

Plot[{f[x], m[x]},{x, xO - 3, x0 + 3}] 
3.2 DIFFERENTIATION RULES 

1. y = -x 2 + 3 => ^A(-x 2 ) + A (3 ) = -2x + 0=-2* => g = -2 

2. y = x 2 + x + 8 ^=2x+l+0 = 2x+l => g = 2 

3. s = 5t 3 - 3t 5 => | = | (5t 3 ) - | (3t 5 ) = 15t 2 - 15t 4 => § = | (15t 2 ) - | (15t 4 ) = 30t - 

4. w = 3z 7 - 7z 3 + 21z 2 g = 21z° - 21z 2 + 42z = 126z 5 - 42z + 42 

5. y = | x 3 - x =► | = 4x 2 - 1 =► g = 8x 

6. y=f + f + | => |=x 2 +x+i => g = 2x+l+0 = 2x+l 

7. w^Sz^-z- 1 => ^ = -6z- 3 + z- 2 = ^ + l => ^ = 18z- 4 - 2z- 3 = » - | 

8. s = -2r x + 4r 2 | = 2r 2 - 8r 3 = | - | =► ff = -4r 3 + 24r 4 = ^# + f 

9. y = 6x 2 - lOx - 5x~ 2 => ^ = 12x - 10 + 10x~ 3 = 12x - 10 + 1° => g = 12 - - 30x~ 
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10. y = 4 - 2x - x- 3 => | = -2 + 3x~ 4 = -2 + Jr ^ §=0 - 12 X - 5 = ^ 

11 r — I o-2 _ 5 „-l . dr _ _ 2 -3 t 5 „-2 _ ^2 , _5_ . drr _ 9-4 _ c.-3 _ 2 _ 5_ 
LL - 1 ~ 3 S 2 S ^ ds — 3 S + 2 S — 3s 3 + 2s 2 ^ ds 2 — ZS JS ~~ s 4 ? 

12. r = 126" 1 - 46» 3 + 0" 4 =>• g = 126* 2 + 126>- 4 - 46> 5 = =^ + $ - £ => ^ = 246»- 3 - 486»- 5 + 206>-° 

_ 24 _ 48 , 20 

— g3 g5 T fl 6 

13. (a) y = (3 - x 2 ) (x 3 - x + 1) => y' = (3 - x 2 ) • £ (x 3 - x + 1) + (x 3 - x + 1) • £ (3 _ x 2) 

= (3 - x 2 ) (3x 2 - 1) + (x 3 - x + 1) (-2x) = -5x 4 + 12x 2 - 2x - 3 
(b) y = -x 5 + 4x 3 - x 2 - 3x + 3 =>■ y' = -5x 4 + 12x 2 - 2x - 3 

14. (a) y = (x - 1) (x 2 + x + 1) =4> y' = (x - l)(2x + 1) + (x 2 + x + 1) (1) = 3x 2 
(b) y = (x - 1) (x 2 + x + 1) = x 3 - 1 y 1 = 3x 2 

15. (a) y =(x 2 + l)(x + 5+i) ^ y' = (x 2 + l)-£(x + 5+i) + (x + 5 + i) -£(x 2 + l) 

= (x 2 + 1) (1 - x- 2 ) + (x + 5 + x- 1 ) (2x) = (x 2 - 1 + 1 - x- 2 ) + (2x 2 + lOx + 2) = 3x 2 + lOx + 2 - 4, 
(b) y = x 3 + 5x 2 + 2x + 5 + ± y' = 3x 2 + lOx + 2 - i 

16. y=(x+i) (x-i + 1) 

(a) y> = (x + x- 1 ) • (1 + x- 2 ) + (x - x- 1 + 1) (1 - x- 2 ) = 2x + 1 - i + 2 

(b) y = x 2 +x+i-i =^y'=2x+l-4 f + | 

17. y = ||^| ; use the quotient rule: u = 2x + 5 and v = 3x - 2 =>■ u' = 2 and v' = 3 =>• y* = V "'~ 2 UV ' 

_ (3x - 2)(2) - (2x + 5)(3) _ 6x-4-6x-15 _ -19 



(3x-2) 2 "" (3x-2) 2 (3x-2) 2 

10 _ 2x + l . dz _ (x 2 -l)(2)-(2x+l)(2x) _ 2x 2 -2-4x 2 -2x _ -2x 2 - 2x - 2 _ -2(x 2 + x+l) 
15. Z- x2 _j =?• dx - (x2 _ 1)2 - (x2 _ 1)2 - (x2 _ 1)2 - (x2 _ 1)2 

19. g(x) = ; use the quotient rule: u = x 2 - 4 and v = x + 0.5 => u' = 2x and v' = 1 g'(x) = VU '~ 2 UV ' 

(x + 0.5)(2x)-(x 2 -4)(l) _ 2x 2 + x-x 2 +4 _ x 2 +x + 4 
(x + 0.5) 2 (x + 0.5) 2 (x + 0.5) 2 

?n fm - t 2 - 1 - (t-i)(t+i) _ t+i t / , . f / m _ (t+2)(i)-(t+i)(i) _ t+2-t-i _ i 

ZU - IW ~ t 2 +t-2 - (t + 2)(t-l) - t + 2' 1 T 1 =? 1 W - (t + 2) 2 - (t + 2) 2 - (t + 2) 2 

91 ,7 — H fi M i t2\-l _ 1-t - dv _ (l+t 2 )(-l)-(l-t)(2t) _ -l-t 2 -2t + 2t 2 _ t 2 -2t-l 

zi. v-u tj^i + tj - 1+(2 dt - (1+(2)2 - (1 + (2)2 - (1+(2)2 

22 W = x + 5 =>. w' — (2x-7)(l)-(;c + 5)(2) _ 2x - 7 - 2x - 10 _ -17 



2x - 7 (2x - 7) 2 (2x - 7) 2 (2x - 7) 2 



fro - £z± ^ fro - ( ^ +1) (^H^-'>(^) _ (v^+i)-(v^-0 _ i 

NOTE: ^ (ys) = from Example 2 in Section 2. 1 



24. u = 



du _ (2y^)(5)-(5x+l)(^) _ ^ 

2,/jc ~^ dx 4x 4x 3 / 2 
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25. v 



26. r = 2 



JL -_ i + J_ 



27. y = ( x 2 _ n A + x+ n ; use the quotient rule: u = 1 and v = (x 2 — 1) (x 2 + x + 1) =$> u' = and 
v' = (x 2 - 1) (2x + 1) + (x 2 + x + 1) (2x) = 2x 3 + x 2 - 2x - 1 + 2x 3 + 2x 2 + 2x = 4x 3 + 3x 2 - 1 



dy _ vu'-uV _ 0-l(4x 3 + 3x 2 -l) _ -4x 3 - 3x 2 + 1 
dx v 2 (x 2 -l) 2 (x 2 +x+l) 2 (x 2 -l) 2 (x 2 +x+l) 2 



90 v _ (x+l)(x + 2) _ x 2 + 3x + 2 . ^ _ (x 2 - 3x + 2) (2x + 3) - (x 2 + 3x + 2) (2x - 3) _ -6x 2 + 12 
°" ^ (x-l)(x-2) x 2 -3x + 2 ^ J (x-l) 2 (x-2) 2 (x-l) 2 (x-2) 2 

_ -6 (x 2 -2) 



(x-1) 2 (x-2) 2 



29. y = \ x 4 - § x 2 - x i = 2x 3 - 3x - 1 =>> y" = 6x 2 - 3 y'" = 12x y< 4 > = 12 => yW = for all n > 5 

30. y = j 1 ^ x 5 y' = i x 4 => y" = 1 x 3 ^> y'" = fx 2 ^ y< 4) = x => y< 5) = 1 yW = for all n > 6 

31. y = = x 2 + 7X- 1 =► £ = 2x - 7x~ 2 = 2x - ^ ^ = 2 + 14x~ 3 = 2 + i 4 

x dx x- dx- x' j 

32. s = =±f-± = l + f-i=l + 5t 1 - r 2 =► | = 0- 5r 2 + 2r 3 = -5r 2 + 2r 3 =f + $ 

d 2 ! _ , Q t -3 _ fy-A _ 10 _ 6 
ii r _ (9-1) (fl 2 +fl+l) _ 9 3 -l -| 1 _ , p-3 . dr _ n i o/J-4 _ o/)-4 _ 3 . d 2 r _ nr 5 _ -12 

33. r- p - -p- - 1-gy - 1 -0 =^^-0 + 30 -60 - ¥ => w - -120 - 

■JA „ - (x 2 +x) (x 2 -x+l) _ x(x+l)(x 2 -x+l) _ x(x 3 + l) _ x 4 +x _ i , x _ 1 , „-3 

U - x4 - x4 - x4 - x4 - 1 + x4 - 1 -t- X 

=> ^=0-3x- 4 = -3x- 4 = g = 12x- 5 = i? 

35. w = (i±^) (3 - z) = (| z- 1 + 1) (3 - z) = z- 1 - i + 3 - z = z" 1 + § - z =► ff = -z~ 2 + - 1 = -z" 2 - 1 
= 4 - 1 =*■ = 2z- 3 - = 2z~ 3 = 4 

7? dz- z a 

36. w = (z + l)(z - 1) (z 2 + 1) = (z 2 - 1) (z 2 + 1) = z 4 - 1 =!> ^ = 4z 3 - = 4z 3 =4> = 12z 2 



dz u tz. ^- dz , 

_ q 6 -q 2 +3q'-3 _ _1_ „ 2 _ _1_ n -2 _j_ 1 _ 1 Q -4 . dp _ 1 1 3 5 _ 1 J_ J_ 

4 4 9 ^dq-eQ+el +q ~ 6 9 + 6 q 3 + q 5 



37 «-f £1^3^ ( 9^ - q 6 -q 2 + 3q'-3 _ J_ 2 _ J_ - 
J/ - P _ v. 12q J { q 3 ) — I2q 4 ~ 12 9 12 1 

d?p _ 1 _ 1 -4 _ c -6 _ 1 1 5_ 

^ dq 2 — 6 2 4 J 9 — 6 2q' q 6 

« _ _ q 2 +3 _ q 2 +3 _ q 2 +3 _ q 2 +3 J_ _ 1 -1 

P— (q-l)3 +(q+ l)3 — (q 3 -3q 2 +3q-l) + (q 3 + 3q 2 +3q+l) — 2q 3 + 6q ~~ 2q (q 2 + 3) — 2q — 2 4 

^ dq — 2 4 — 2q 2 dq 2 9 — q 3 

39. u(0) = 5, u'(0) = -3, v(0) = -1, v'(0) = 2 

(a) A (uv) = uV + vu' ^ A ( UV )| x=o = u(0)v'(0) + v(0)u'(0) = 5 • 2 + (-l)(-3) = 13 

CM A ()*\ - v"' - uv' _x A (H\ I - v(0)u'(0)-u(0)V(0) _ (-l)(-3)-(5)(2) _ _ 7 
W dx Vv/ — v 2 ^ dxlv/lx=o — (v(0)) 2 — (-1) 2 — ' 

A /v\ _ uv' - vu' . d_ (v\ I _ u(0)v'(0) - v(0)u'(0) _ (5)(2) - (-l)(-3) _ J_ 
w dx Vu/ — u 2 dx Vu/l x =o — (u(0)) 2 (5) 2 — 25 
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(d) £ (7v - 2u) = 7v' - 2u' £ (7v - 2u)| x=o = 7v'(0) - 2u'(0) = 7 - 2 - 2(-3) = 20 
40. u(l) = 2, u'(l) = 0, v(l) = 5, v'(l) = -1 



(a) 


s(«v>L = 


u(l)v'(l) + v(l)u'(l) = 


2-(- 


-l) + 5- = -2 


(b) 


-(-)\ = 

dx V v / 1 x =l 


v(l)u'(l)-u(l)v'(l) 5-0-2-( 
(v(l)) 2 - (5) 2 


-i) _ 


2 
25 


(c) 


d_/v\| _ 

dx Vu / 1 x =l 


u(iya)-v(iy(i) 2-(-i)- 

(u(l)) 2 - (2) 2 


•5-0 


1 

2 


(d) 


S(7v-2u)| 


x=1 = 7v'(l) - 2u'(l) = 


7-(- 


■l)-2-0 = -7 



41. y = x 3 - 4x + 1. Note that (2, 1) is on the curve: 1 = 2 3 - 4(2) + 1 

(a) Slope of the tangent at (x, y) is y' = 3x 2 - 4 slope of the tangent at (2, 1) is y'(2) = 3(2) 2 -4 = 8. Thus 
the slope of the line perpendicular to the tangent at (2, 1) is — i =>• the equation of the line perpendicular to 
to the tangent line at (2, 1) is y — 1 — — | (x — 2) or y = — | + | . 

(b) The slope of the curve at x is m = 3x 2 — 4 and the smallest value for m is —4 when x = and y = 1 . 

(c) We want the slope of the curve to be 8 => y' = 8 =4> 3x 2 - 4 = 8 3x 2 = 12 =>■ x 2 = 4 x = ±2. When 
x = 2, y = 1 and the tangent line has equation y — 1 = 8(x — 2) or y = 8x — 15; when x — —2, 

y = (— 2) 3 — 4(— 2) + 1 = 1, and the tangent line has equation y — 1 = 8(x + 2) or y = 8x + 17. 

42. (a) y = x 3 — 3x — 2 =4> y' = 3x 2 — 3. For the tangent to be horizontal, we need m = y' = =4> = 3x 2 — 3 

=>• 3x 2 = 3 =4> x = ±1. When x = — 1, y = =4> the tangent line has equation y = 0. The line 
perpendicular to this line at (—1, 0) is x = — 1. When x = 1, y = —4 =>• the tangent line has equation 
y = —4. The line perpendicular to this line at (1, —4) is x = 1. 
(b) The smallest value of y' is —3, and this occurs when x = and y = —2. The tangent to the curve at (0, —2) 
has slope —3 =>• the line perpendicular to the tangent at (0,-2) has slope i => y + 2 = i (x — 0) or 
y = = x — 2 is an equation of the perpendicular line. 

43 V - & - (* 2 + l)W-(4x)(2x) _ 4x 2 + 4-8x 2 _ 4 (-x 2 + 1) w - _ „ _ „ , , _ 4(0+1) 

43 ' y-x^ + i => dx - {x 2 + if - (X 2 + 1) 2 - (X 2 + 1) 2 • wnenx - u,y - uanay - { 

= 4, so the tangent to the curve at (0, 0) is the line y = 4x. When x = 1, y = 2 =>• y' = 0, so the tangent to the 
curve at (1, 2) is the line y = 2. 

44. => y= &±m^™ = ^. Whenx = 2, y = 1 and y' = ^ = - |, so the tangent 
line to the curve at (2, 1) has the equation y — 1 = — | (x — 2), or y = — ^ + 2. 

45. y = ax 2 + bx + c passes through (0, 0) => = a(0) + b(0) + c => c = 0;y = ax 2 + bx passes through (1, 2) 

=> 2 = a + b; y' = 2ax + b and since the curve is tangent to y = x at the origin, its slope is 1 at x = 
=> y' = 1 when x = =^ 1 = 2a(0) + b =>• b = 1 . Then a + b = 2 => a = 1 . In summary a = b = 1 and c = so 
the curve is y = x 2 + x. 

46. y = cx — x 2 passes through (1, 0) =^ = c(l) — 1 =>• c = 1 =^ the curve is y = x — x 2 . For this curve, 

y' = 1 — 2x and x=l y' = — 1. Since y — x — x 2 and y = x 2 + ax + b have common tangents at x = 0, 
y = x 2 + ax + b must also have slope — 1 at x = 1 . Thus y' = 2x + a =>■ — 1 = 2 • 1 + a ^> a = — 3 
=> y = x 2 — 3x + b. Since this last curve passes through (1, 0), we have 0=1 — 3 + b => b = 2. In summary, 
a = —3, b = 2 and c = 1 so the curves are y = x 2 — 3x + 2 and y = x — x 2 . 

47. (a) y = x 3 — x => y' = 3x 2 — 1. When x = — 1, y = and y' = 2 => the tangent line to the curve at (—1, 0) is 

y = 2(x + 1) or y = 2x + 2. 
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(b) 



10 
8 




6 




4 




2, 




10 -8 -6 -4 -42 


• 2 4 6 8 10 


/ r 4 




/ r 6 




/ r 8 
/ iio - 





(c) 



y = x J — x 



x 3 -x = 2x + 2 => x 3 - 3x - 2 = (x - 2)(x + l) 2 = => x = 2 or x = -1. Since 



y = 2x + 2 

y = 2(2) +2 = 6; the other intersection point is (2, 6) 



48. (a) y = x 3 - 6x 2 + 5x y' = 3x 2 - 12x + 5. When x = 0, y = and y' = 5 
(0, 0) is y = 5x. 

(b) 



the tangent line to the curve at 





30 






20 






10 




10 -8 


-6 -4 -id. 


^ 4/6 8 10 



(c) y ^ 6x2 + 5x } =!> x 3 - 6x 2 + 5x = 5x => x 3 - 6x 2 = x 2 (x - 6) = =>• x = or x = 6. 

y j 



Since y = 5(6) = 30, the other intersection point is (6, 30). 

49. P(x) = a n x n + a^x"- 1 + • • • + a 2 x 2 + a lX + a ^ P'(x) = nanx"" 1 + (n - l)a„_ix n - 2 

50. R = M 2 (| - f ) = § M 2 - | M 3 , where C is a constant ^| = CM - M 2 



2a 2 x + a! 



51. Let c be a constant =>■ |£ = => ^(u-c) = u- ^+ c- ^= u- + c^=c^. Thus when one of the 
functions is a constant, the Product Rule is just the Constant Multiple Rule => the Constant Multiple Rule is 
a special case of the Product Rule. 

52. (a) We use the Quotient rule to derive the Reciprocal Rule (with u = 1): g (~) = 



v-O-i-? 

dx_ dx 



JL . dv 

v 2 dx 



(b) Now, using the Reciprocal Rule and the Product Rule, we'll derive the Quotient Rule: ;g (") = ;g ( u • ^) 
= u - E (v) + v ' I (Product Rule ) = u • (^r) | + I s (Reciprocal Rule) => g (") = ~"^ v ^ 
= ^V"^' the Quotient Rule. 

53. (a) ^(uvw) = |((uv)-w) = (i.v)*+wi(uv) = uv^ + w(u|+vS = uv ^ + wu ^ + wv ^ 



(b) £ (U!U2U3U 4 ) = £ ((U1U2U3) U 4 ) = (U!U 2 U 3 ) ^ + U 4 £ (u!U 2 U 3 ) => £ (u!U 2 U 3 U 4 ) 

= Ul u 2 u 3 ^ + u 4 (uiu 2 £ + u 3Ul Sj& + u 3 u 2 (using (a) above) 

=> £ (u lU2 u 3 u 4 ) = Ul u 2 u 3 ^ + Ul u 2 u 4 £ + Ul u 3 u 4 + u 2 u 3 u 4 

= U]U 2 U 3 U 4 + U 4 U 2 U 3 U 4 + UiU 2 U 3 U 4 + U!U 2 U 3 U 4 

(c) Generalizing (a) and (b) above, ~ (ur • -u„) = uiu 2 - • -u n _iU^ + UjU 2 - • •u„_ 2 u|' 1 _ 1 u 11 + . 



u 4 u 2 ---u„ 
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54. In this problem we don't know the Power Rule works with fractional powers so we can't use it. Remember 

(a/x) = (from Example 2 in Section 2.1) 

(a) & P ,2 ) = &(*-* lft )=x-&(yft + Vi&to = *-& + Vi-l = 4 + >a=¥ = §* 1/2 

(b) S (* 5/2 ) = 3x ( x2 ' * 1/2 ) = x 2 £ (>/*) + £ (x 2 ) = x 2 • (sjj) + • 2x = I x 3 / 2 + 2x3/2 = 5 x 3/2 

(«) £ ( x?/2 ) - E ( x3 • xV2 ) = x3 £ (>/*) + ^ £ (x 3 ) = x 3 • (V) + v 7 *" • 3x 2 = | X 5 / 2 + 3x*/ 2 = Z x5 / 2 
(d) We have £ (x 3 / 2 ) = § x 1 / 2 , £ (x 5 / 2 ) = f x 3 / 2 , £ (x 7 / 2 ) = Z x 5 / 2 so it appears that £ (x n ' 2 ) = § x^ 2 '- 1 
whenever n is an odd positive integer > 3. 

55. p = ^z^c — ^ ■ We are holding T constant, and a, b, n, R are also constant so their derivatives are zero 

, dP _ (V-nb)-0-(nRT)(l) _ V 2 (0) - (an 2 ) (2V) _ — nRT , 2an^ 
^ dV (V-nb) 2 (y2) 2 (V - nb) 2 ' V 3 

56. A(q) = If + cm + f = (km)q- 1 + cm + (|)q g = -(km)q- 2 + (|) = + | ^ = 2(km)q- 3 = ^ 

3.3 THE DERIVATIVE AS A RATE OF CHANGE 

1. s = t 2 - 3t+ 2, < t < 2 

(a) displacement = As = s(2) — s(0) = Om — 2m = —2 m, v av = 4* = = — 1 m/sec 

(b) v = | = 2t - 3 ^ |v(0)| = |-3| = 3 m/sec and |v(2)| = 1 m/sec; 
a = |f = 2 ^ a(0) = 2 m/sec 2 and a(2) = 2 m/sec 2 

(c) v = 0=^2t — 3 = 0=M=|.vis negative in the interval < t < | and v is positive when 3 < t < 2 =>• the body 
changes direction at t = 1 . 

2. s = 6t - t 2 , < t < 6 

(a) displacement = As = s(6) — s(0) = m, v av = ^ = g = m/sec 

(b) v = | = 6 - 2t |v(0)| = |6| =6 m/sec and |v(6)| = |-6| = 6 m/sec; 
a = ^ = -2 a(0) = -2 m/sec 2 and a(6) = -2 m/sec 2 

(c) v = => 6 — 2t = =>• t = 3. v is positive in the interval < t < 3 and v is negative when 3 < t < 6 ^> the body 
changes direction at t = 3. 

3. s = -t 3 + 3t 2 - 3t, < t < 3 

(a) displacement = As = s(3) — s(0) = —9 m, v av — ^ — ^ — — 3 m/sec 

(b) v= | = -3t 2 +6t- 3 =^ |v(0)| = |-3| = 3 m/sec and |v(3)| = |-12| = 12 m/sec; a = |f = -6t + 6 

=>■ a(0) = 6 m/sec 2 and a(3) — —12 m/sec 2 

(c) v = =4> -3t 2 + 6t - 3 = =4> t 2 - 2t + 1 = =>■ (t - l) 2 = t = 1. For all other values of t in the 
interval the velocity v is negative (the graph of v — — 3t 2 + 6t — 3 is a parabola with vertex at t = 1 which 
opens downward =>• the body never changes direction). 

4. s = £ - t 3 + t 2 , < t < 3 

(a) As = s(3) - s(0) = |m,v av = f = } = | m/sec 

(b) v = t 3 - 3t 2 + 2t =$> |v(0)| = m/sec and |v(3)| = 6 m/sec; a = 3t 2 - 6t + 2 a(0) = 2 m/sec 2 and 
a(3) = 11 m/sec 2 

(c) v = => t 3 - 3t 2 + 2t = => t(t - 2)(t - 1) = t = 0, 1, 2 v = t(t - 2)(t - 1) is positive in the 
interval for < t < 1 and v is negative for 1 < t < 2 and v is positive for 2 < t < 3 =>• the body changes direction at 
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t = 1 and at t = 2. 

5. s = f - f, 1 < t <5 

(a) As = s(5) - s(l) = -20 m, v av = =^ = -5 m/sec 

(b) v = ^f + | |v(l)| = 45 m/sec and |v(5)| = 1 m/sec; a = ^ - f a(l) = 140 m/sec 2 and 
a(5) = 4 m/sec 2 

(c) v = =4> ~ 5 ° +5t = =>• —50 + 5t = =>• t = 10 =>• the body does not change direction in the interval 

6. s = ^ , -4 < t < 

(a) As = s(0) - s(-4) = -20 m, v av = - f = -5 m/sec 

(b) v = |v(-4)| = 25 m/sec and |v(0)| = 1 m/sec; a = a(-4) = 50 m/sec 2 and 
a(0) = | m/sec 2 

(c) v = (t+if ~ ^ ^ v * s never ^ me body never changes direction 

7. s = t 3 — 6t 2 + 9t and let the positive direction be to the right on the s-axis. 

(a) v = 3t 2 - 12t + 9 so that v = => t 2 - 4t + 3 = (t - 3)(t - 1) = t = 1 or 3; a = 6t - 12 a(l) 
= —6 m/sec 2 and a(3) = 6 m/sec 2 . Thus the body is motionless but being accelerated left when t = 1, and 
motionless but being accelerated right when t = 3. 

(b) a = =>• 6t - 12 = =4> t = 2 with speed |v(2)| = 1 12 - 24 + 9| = 3 m/sec 

(c) The body moves to the right or forward on < t < 1, and to the left or backward on 1 < t < 2. The 
positions are s(0) = 0, s(l) = 4 and s(2) = 2 total distance = |s(l) - s(0)| + |s(2) - s(l)| = |4| + |-2| 

= 6 m. 

8. v = t 2 - 4t + 3 ^> a = 2t - 4 

(a) v = t 2 - 4t + 3 = =>■ t = 1 or 3 =>■ a(l) = -2 m/sec 2 and a(3) = 2 m/sec 2 

(b) v > (t - 3)(t - 1) > < t < 1 or t > 3 and the body is moving forward; v < =>• (t - 3)(t - 1) < 

=>■ 1 < t < 3 and the body is moving backward 

(c) velocity increasing =4> a>0 => 2t — 4 > =4> t>2; velocity decreasing => a<0 =>■ 2t — 4 < => < t < 2 

9. s m = 1.86t 2 v m = 3.72t and solving 3.72t = 27.8 t « 7.5 sec on Mars; Sj = 1 1.44t 2 v, = 22.88t and 
solving 22.88t = 27.8 =>• t « 1.2 sec on Jupiter. 

10. (a) v(t) = s'(t) = 24 - 1.6t m/sec, and a(t) = v'(t) = s"(t) = -1.6 m/sec 2 

(b) Solve v(t) = ^ 24 - 1.6t = t = 15 sec 

(c) s(15) = 24(15) - .8(15) 2 = 180 m 

(d) Solve s(t) = 90 =>• 24t - .8t 2 = 90 =>■ t = 30± ' 2 5 ^ w 4.39 sec going up and 25.6 sec going down 

(e) Twice the time it took to reach its highest point or 30 sec 

11. s = 15t - | g s t 2 => v = 15 - g,t so that v = 15 - g s t = => g s = y . Therefore g s = ±§ = | = 0.75 m/sec 2 

12. Solving s m = 832t - 2.6t 2 = =>• t(832 - 2.6t) = =>• t = or 320 320 sec on the moon; solving 

s e = 832t - 16t 2 = =>■ t(832 - 16t) = t = or 52 =>■ 52 sec on the earth. Also, v m = 832 - 5.2t = 
=>• t = 160 and s m (160) = 66,560 ft, the height it reaches above the moon's surface; v e = 832 — 32t = 
t = 26 and s e (26) = 10,816 ft, the height it reaches above the earth's surface. 

13. (a) s = 179 - 16t 2 v = -32t ^> speed = |v| = 32t ft/sec and a = -32 ft/sec 2 
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(b) s = => 179 - 16t 2 =0 =^ t = J ps 3.3 sec 



(c) Whent 



,v = -32 



16 



-8V179 ps -107.0 ft/sec 



14. (a) lim v = lim^ 9.8(sin 0)t = 9.8t so we expect v = 9.8t m/sec in free fall 

> 7^ W > 77 

(b) a = I = 9.8 m/sec 2 



15. (a) at 2 and 7 seconds 
(c) 



|w| (m/sec) 



Speed 



N V\ 

/ (sec) 



2 4 6 8 10 



(b) between 3 and 6 seconds: 3 < t < 6 
(d) 



4 
.1 




a = 




2 
1 


— 


-J-6- 


-1— 1-6 1 1 1 1 > 





_ I 


2 3 


4 5 6 7 8 9 10 


-2 








-3 


- o- 







-4 









16. (a) P is moving to the left when 2<t<3or5<t<6;Pis moving to the right when < t < 1; P is standing 
still when l<t<2or3<t<5 

(b) 



v (cm/sec) 



1 " 



speed (cm/sec) 
4 



velocity 



-O—O — o o 

1 2 3 5 6 



t (sec) 



- O O — o— — o 

1 2 3 5 6 



t (sec) 



17. (a) 190 ft/sec (b) 2 sec 

(c) at 8 sec, ft/sec (d) 10.8 sec, 90 ft/sec 

(e) From t = 8 until t = 10.8 sec, a total of 2.8 sec 

(f) Greatest acceleration happens 2 sec after launch 

(g) From t = 2 to t = 10.8 sec; during this period, a = vJ ^E^ ~ -32 ft/sec 2 



18. (a) Forward: < t < 1 and 5 < t < 7; Backward: 1 < t < 5; Speeds up: 1 < t < 2 and 5 < t < 6; 
Slows down: < t < 1, 3 < t < 5, and 6 < t < 7 

(b) Positive: 3 < t < 6; negative: < t < 2 and 6 < t < 7; zero: 2<t<3and7<t<9 

(c) t = and 2 < t < 3 

(d) 7 < t < 9 



19. s = 490t 2 ^ v = 980t a = 980 

(a) Solving 160 = 490t 2 =>- t = | sec. The average velocity was s(4/7 4 ) / ~ s(0) = 280 cm/sec. 

(b) At the 160 cm mark the balls are falling at v(4/7) = 560 cm/sec. The acceleration at the 160 cm mark 
was 980 cm/sec 2 . 

(c) The light was flashing at a rate of = 29.75 flashes per second. 
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20. (a) 

V 



(b) 




21. C = position, A = velocity, and B = acceleration. Neither A nor C can be the derivative of B because B's 
derivative is constant. Graph C cannot be the derivative of A either, because A has some negative slopes while 
C has only positive values. So, C (being the derivative of neither A nor B) must be the graph of position. 
Curve C has both positive and negative slopes, so its derivative, the velocity, must be A and not B. That 
leaves B for acceleration. 

22. C = position, B = velocity, and A = acceleration. Curve C cannot be the derivative of either A or B because 
C has only negative values while both A and B have some positive slopes. So, C represents position. Curve C 
has no positive slopes, so its derivative, the velocity, must be B. That leaves A for acceleration. Indeed, A is 
negative where B has negative slopes and positive where B has positive slopes. 

23. (a) c(100) = 11,000 =► c av = = $110 

(b) c(x) = 2000 + lOOx - .lx 2 c'(x) = 100 - .2x. Marginal cost = c'(x) => the marginal cost of producing 100 
machines is c'(100) = $80 

(c) The cost of producing the 101 s1 machine is c(101) - c(100) = 100 - = $79.90 

24. (a) r(x) = 20000 (l - ±) r'(x) = ^ , which is marginal revenue. 

(b) r'(100) = = $2. 

(c) lim r'(x) = lim — q The increase in revenue as the number of items increases without bound 
will approach zero. 

25. b(t) = 10° + 10 4 t - 10 3 t 2 => b'(t) = 10 4 - (2) (10 3 t) = 10 3 (10 - 2t) 

(a) b'(0) = 10 4 bacteria/hr (b) b'(5) = bacteria/hr 

(c) b'(10) = -10 4 bacteria/hr 

26. Q(t) = 200(30 - t) 2 = 200 (900 - 60t + t 2 ) =*> Q'(t) = 200(-60 + 2t) Q'(10) = -8,000 gallons/min is the rate 
the water is running at the end of 10 min. Then Q (1Q |~QW = — 10,000 gallons/min is the average rate the 

water flows during the first 10 min. The negative signs indicate water is leaving the tank. 
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27. (a) y = 6 (l- 5 L) 2 = 6 (l-i + i | i ) 1 = ^-1 

(b) The largest value of -i is m/h when t = 12 and the fluid level is falling the slowest at that time. The 
smallest value of $ is — 1 m/h, when t = 0, and the fluid level is falling the fastest at that time. 

(c) In this situation, ^ < the graph of y is 
always decreasing. As § increases in value, 
the slope of the graph of y increases from — 1 
to over the interval < t < 12. 





28. (a) V=|tti- 3 ^ ^=47rr 2 ^ | __ 2 = 4tt(2) 2 = 16tt ft 3 /ft 

(b) When r = 2, ^ = I6n so that when r changes by 1 unit, we expect V to change by approximately \6ir. 
Therefore when r changes by 0.2 units V changes by approximately (167r)(0.2) = 3.2n w 10.05 ft 3 . Note 
that V(2.2) - V(2) « 1 1.09 ft 3 . 

29. 200 km/hr = 55 ^m/sec = m/sec, and D = f t 2 V = f t. Thus V=^^ft=^^>t = 25 sec. 
t = 25, D = f (25) 2 = m 

30. s = v t - 16t 2 v = v - 32t; v = t = || ; 1900 = v t - 16t 2 so that t = f| 1900 = | - g 
=> v = ^(64)(1900) = 80^19 ft/sec and, finally, • ■ ^55 ■ JJjjL « 238 mph. 



31. 




(a) v = when t = 6.25 sec 

(b) v > when < t < 6.25 =4> body moves up; v < when 6.25 < t < 12.5 =>• body moves down 

(c) body changes direction at t = 6.25 sec 

(d) body speeds up on (6.25, 12.5] and slows down on [0, 6.25) 

(e) The body is moving fastest at the endpoints t = and t = 12.5 when it is traveling 200 ft/sec. It's 
moving slowest at t = 6.25 when the speed is 0. 

(f) When t = 6.25 the body is s = 625 m from the origin and farthest away. 
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32. 




(a) v = when t = | sec 

(b) v < when < t < 1.5 body moves down; v > when 1.5 < t < 5 =>• body moves up 

(c) body changes direction at t = | sec 

(d) body speeds up on (|, 5] and slows down on [0, |) 

(e) body is moving fastest at t = 5 when the speed = |v(5)| = 7 units/sec; it is moving slowest at 
t = | when the speed is 

(f) When t = 5 the body is s = 12 units from the origin and farthest away. 



33. 




(a) v = when t = sec 



(b) v < when < t < body moves left; v > when < t < or < t < 4 

=>■ body moves right 



(c) body changes direction at t = 6± ^ 15 sec 

(d) body speeds up on (^ z ^-, 2 ) U (^±^,4 



and slows down on 



0,5=^1 U 



(e) The body is moving fastest at t = and t — 4 when it is moving 7 units/sec and slowest at t 



6±yjj 



(f) Whent = 



the body is at position s w —6.303 units and farthest from the origin. 
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34. 



-10 




(a) v = when t 



(b) v < when < t < 6 or 6 + f^ < t < 4 body is moving left; v > when 



^ <t< 6 - 



body is moving right 



and slows down on 



6- y/TI 



3 



u 



(2,6±#) 



(c) body changes direction at t = 6± sec 

(d) body speeds up on (^f±Z,2\ U (^^,4 

(e) The body is moving fastest at 7 units/sec when t = and t = 4; it is moving slowest and stationary at 

t _ 6±x/l5 

(f) When t = 6 + y^ the position is s ps 10.303 units and the body is farthest from the origin. 



35. (a) It takes 135 seconds. 



(b) Average speed = 4j 



5-0 
73-0 



% « 0.068 furlongs/sec. 



(c) Using a symmetric difference quotient, the horse's speed is approximately ^ — 59 _ 33 — jg 



4-2 



0.077 furlongs/sec. 



(d) The horse is running the fastest during the last furlong (between the 9th and 10th furlong markers). This furlong takes 
only 1 1 seconds to run, which is the least amount of time for a furlong. 

(e) The horse accelerates the fastest during the first furlong (between markers and 1). 

3.4 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 



1. y = -10x + 3 COSX => g 



-10 + 3 ^(cos x)= -10 -3 sin x 



2. y=^+5sinx^^ = -^+5|- (sin x) = # + 5 cos x 



3. y = esc x — 4-v/x + 7 => 



it 

dx 



-csc x cot x — -r^r + 

2,/x 



-csc x cot X 



4. y = x 2 cotx- i it -.2 A 
= —x 2 csc 2 x + 2x cot x 



dx 



= —x 2 csc 2 x + (cot x)(2x) 



5. y = (sec x + tan x)(sec x — tan x) =>■ ^ = (sec x + tan x) -4 (sec x — tan x) + (sec x — tan x) (sec x + tan x) 
= (sec x + tan x) (sec x tan x — sec 2 x) + (sec x — tan x) (sec x tan x + sec 2 x) 

= (sec 2 x tan x + sec x tan 2 x — sec 3 x — sec 2 x tan x) + (sec 2 x tan x — sec x tan 2 x + sec 3 x — tan x sec 2 x) = 0. 



^Note also that y = sec 2 x - tan 2 x = (tan 2 x + 1) - tan 2 x = 1 jj| = 0. j 
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6. y = (sin x + cos x) sec x =>• S = (sin x + cos x) ^ (sec x) + sec x -4 (sin x + cos x) 
= (sin x + cos x)(sec x tan x) + (sec x)(cos x - sin x) = (sin x + c ° sx) si " x + cosx ~ sinx 

sin 2 x + cos x sin x + cos 2 x — cos x sin x 1 sec 2 X 

cos 2 x cos 2 x 

^Note also that y = sin x sec x + cos x sec x = tan x + 1 =>• %_ = sec2 x - 

7 v — cotx . dy _ (1 +cot x) £ (cot x) - (cot x) £ (1 +cot x) _ ( 1 + cot x) ( -csc 2 x) - (cot x) ( -esc 2 x) 
' J ~ 1+cotx dx _ (1+cotx) 2 (1+cotx) 2 
—esc 2 x — esc 2 x cot X + CSC 2 x cot X —CSC 2 X 

(1+cotx) 2 (1+cotx) 2 

g _ cosx _^ dy _ (1 +sinx) jj (cos x) -(cosx) jj (1 + sin x) (1 + sin x) (-sin x) - (cos x) (cos x) 

y 1 + sin x dx (1+sinx) 2 (1+sinx) 2 
— sin x — sin 2 x — cos 2 x — sin x — 1 —(1+sinx) —1 



(1+sinx) 2 (1+sinx) 2 (1+sinx) 2 1 + sinx 

9. y = — — h t^— — 4 sec x + cot x =4> ^- — 4 sec x tan x — esc 2 x 

J cos x tan x dx 

2Q y cos x , x , dy x(-sin x) - (cos x)(l) . (cos x)(l)-x(-sin x) _ -x sin x - cos x , cos x + x sin x 

•I x cos x dx X 2 COS 2 X X 2 COS 2 X 

11. y = x 2 sin x + 2x cos x — 2 sin x => g| = (x 2 cos x + (sin x)(2x)) + ((2x)(— sin x) + (cos x)(2)) — 2 cos x 

= x 2 cos x + 2x sin x — 2x sin x + 2 cos x — 2 cos x = x 2 cos x 

12. y = x 2 cos x — 2x sin x — 2 cos x =>• 4- — (x 2 (— sin x) + (cos x)(2x)) — (2x cos x + (sin x)(2)) — 2(— sin x) 

= —x 2 sin x + 2x cos x — 2x cos x — 2 sin x + 2 sin x = — x 2 sin x 

13. s = tan t - t =>• f t = | (tan t) - 1 = sec 2 1 - 1 = tan 2 t 

14. s = t 2 - sec t + 1 f t = 2t - | (sec t) = 2t - sec t tan t 

-i c „ 1 + csc t v ds ( 1 — esc t)(— esc t cot t) — (1 + esc t)(csc t cot t) 

1J. S— x csc t =? dt — (1-csct) 2 

—csc t cot t + csc" t cot t — csc t cot t — csc" t cot t —2 csc t cot t 

~ (1-csct) 2 — (1-csct) 2 



16. s 



ds (1 - cos t)(cos t) - (sin t)(sin t) cos t - cos 2 t - sin 2 t cos t - 1 



1-cost dt (1-cost) 2 (1-cost) 2 (1-cost) 2 1 - cos t 

1 



cos t — 1 



17. r = 4 - 6 2 sin % = - ((9 2 ^ (sin 6) + (sin 0)(20)) = - (9 2 cos 9 + 29 sin 9) = -9(9 cos 9 + 2 sin 9) 

18. r = 9 sin 9 + cos 9 % = (9 cos 9 + (sin 60(1)) - sin 6 = 6 cos 9 

19. r = sec 9 csc 9 ^> ^ = (sec 0)(-csc 9 cot 9) + (csc 0)(sec 9 tan 0) 

= (^i ) ( i ) (sa|) + ( i ) ( i ) (ml) = ^ + i = sec 2 - csc 2 

V cos 9 t \ sm 8 J \ sm J \ sin 8 / \ cos 9 / \ cos 8 J sin" 8 cos" 9 

20. r = (1 + sec 0) sin ^> § = (1 + sec 0) cos + (sin 0)(sec tan 0) = (cos + 1) + tan 2 = cos + sec 2 

21 - p = 5 + ciq= 5 + tan q aq = sec2 q 

22. p = (1 + csc q)cos q => ^ = (1 + csc q)(— sin q) + (cos q)(— csc q cot q) = (—sin q — 1) — cot 2 q = —sin q — csc 2 q 
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23. p 



sin q + cos q 
cos q 



dp (cos q)(cos q — sin q) — (sin q + cos q)(— sin q) 

dq cos 2 q 



cos q — cos q sin q + sin q + cos q sin q 

cos 2 q 



1 

cos 2 q 



sec 2 q 



24. p 



tan q 



1 + tan q 



dp {1 + tan q) (sec 2 q) — (tan q) (sec 2 q) sec 2 q + tan q sec 2 q — tan q sec 2 q sec 2 q 

dq ~~ (1 +tanq) 2 ~~ (1 +tan q) 2 — (1 +tan q) 2 



25. (a) y = esc x => y' = —esc x cot x =4> y" — — ((esc x) (—esc 2 x) + (cot x)(— esc x cot x)) = esc 3 x + esc x cot 2 
= (esc x) (esc 2 x + cot 2 x) = (esc x) (esc 2 x + esc 2 x — 1) = 2 esc 3 x — esc x 
(b) y = sec x => y' = sec x tan x =>• y" = (sec x) (sec 2 x) + (tan x)(sec x tan x) = sec 3 x + sec x tan 2 x 
= (sec x) (sec 2 x + tan 2 x) = (sec x) (sec 2 x + sec 2 x — 1 ) = 2 sec 3 x — sec x 



26. (a) y = —2 sin x => y' = —2 cos x => y" = — 2(— sin x) = 2 sin x =>■ y'" = 2 cos x 
(b) y = 9 cos x =4> y' = —9 sin x =4> y" — —9 cos x =>• y'" — — 9(— sin x) = 9 sin x 



y" = —2 sin x 

y( 4 ) = 9 COS X 



27. y = sin x y' — cos x =4> slope of tangent at 
x = — 7r is y'(— 7r) = cos (— 7r) = — 1; slope of 
tangent at x = is y'(0) = cos (0) = 1 ; and 



slope of tangent at x 



3?r 



3ir 



= 0. The tangent at (— tt, 0) is y — = — l(x - 
or y = —x — 7r; the tangent at (0, 0) is 
y — = l(x — 0), or y = x; and the tangent at 



•tt), 



;f ! -i) isy = -i. 




28. y = tan x =>• y' = sec 2 x =>• slope of tangent at x = — | 
is sec 2 (— | ) =4; slope of tangent at x = is sec 2 (0) = 1; 
and slope of tangent at x = | is sec 2 (|) =4. The tangent 

at(-|,tan(-f)) = (-f,-^) is y + = 4(x + f ) 

the tangent at (0, 0) is y = x; and the tangent at (|, tan (|)) 

'3)isy- V3=4(x-f). 




y-x 



y . tan x 



y.4x-^ + >^ I 



29. y = sec x => y' = sec x tan x ^ slope of tangent at 

x = — | is sec (— |) tan (— |) = — 2y^3 ; slope of tangent 
at x = | is sec ( | ) tan (f ) = y2 . The tangent at the point 
(-| )S ec(-f)) = (-f,2) isy-2 = -2 v / 3 (x+f); 
the tangent at the point (|, sec (|)) = y^j is y — a/2 

= V / 2(x-f). 




30. y = 1 



3 



is —sin 



-sin x 

2 



slope of tangent at 
slope of tangent at x = 



is —sin (~ J = 1. The tangent at the point 

■cos(-f)) = 



(-f.l 



7r 3^ 
3 ' 21 



is y 



Va 



x + |) ; the tangent at the point 



,l+cos(f)) = (f,l)isy-l=x- 



3n 




2-3ti 
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3 1 . Yes, y = x + sin x =>■ y' = 1 + cos x; horizontal tangent occurs where 1 + cos x — cos x — — 1 

=> X = 7T 



32. No, y = 2x + sin x =>■ y' = 2 + cos x; horizontal tangent occurs where 2 + cos x = 
are no x-values for which cos x = —2. 



cos x = —2. But there 



33. No, y = x — cot x => y' = 1 + esc 2 x; horizontal tangent occurs where 1 + esc 2 x = 



are no x-values for which esc x 



1. 



1. But there 



34. Yes, y = x + 2 cos x =>■ y' = 1 — 2 sin x; horizontal tangent occurs where 1 — 2 sin x = =>• 1 = 2 sin x 



i = sinx =>• x=Jorx=4r 

Z Ob 



35. We want all points on the curve where the tangent 
line has slope 2. Thus, y = tan x =>■ y' = sec 2 x so 
that y' = 2 =>• sec 2 x = 2 =4> sec x = ± y2 
=>• x = ± f . Then the tangent line at (f , l) has 
equation y — 1=2 (x— |) ; the tangent line at 
(- 5,-1) has equation y + 1 = 2 (x + f) . 




36. We want all points on the curve y = cot x where 
the tangent line has slope — 1. Thus y = cot x 

=> y' = — esc 2 x so that y' = — 1 =>• — csc 2 x = — 1 
=>• esc 2 x = 1 =>■ esc x = ±1 x = ? . The 
tangent line at (|, 0) is y — — x + | . 




37. y = 4 + cot x - 2 esc x =>• y' = -esc 2 x + 2 esc x cot x = - ( J-) ( '~ 2cosx ) 

^ ^ V sin x / V sin x / 

(a) When x = | , then y' = — 1; the tangent line is y = — x + | + 2. 

(b) To find the location of the horizontal tangent set y' = =>• 1—2 cos x = 
then y = 4 — y3 is the horizontal tangent. 



x = I radians. When x = f , 



38. y = 1 + y^cscx + cotx y' = - y/l esc x cot x - esc 2 x = - (J^) ( V ^^° s x x + ' 

(a) If x = j, then y' = —4; the tangent line is y = — 4x + n + 4. 

(b) To find the location of the horizontal tangent set y' = y2 cos x + 1 = =$ 
x—^f, then y = 2 is the horizontal tangent. 



x = radians. When 



39. x lim 2 sin (i - |) = sin (| - |) = sin = 



40. lim n yj\ + cos (7r esc x) = \/l + cos (7r esc (— f )) = cos (7r • (—2)) = y2 



41. lim^ sec [cos x + 7r tan ( 4 s ^ c - j — l] = sec [cos + it tan ( 4 ^ cQ ) — l] = sec [1 + 7r tan (™J — 1] = sec ir — — 1 
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7r+tan 



42. lim S i n ( f+t™x x _ sin , 

x q V tan x— 2 sec x / \ tan 0—2 sec u 



)=sin(-l) 



43. lim tan f 1 - ^) = tan (l - lim = tanfl - 1) = 

t->0 v ' ' V t^O 1 / 



44. lim cos 

0^0 



(e?)=«» (tt 



lim 

0^0 Sln ' 



lim 



45. s = 2 - 2 sin t =>■ v = ^ 

at 



-2 cos t a = ^ = 2 sin t => j = ^ = 2 cos t. Therefore, velocity = v (|) 



= — \fl m/sec; speed = |v (?) | = \fl m/sec; acceleration = a (?) = y2 m/sec 2 ; jerk = j (?) = y2 m/sec 3 . 

46. s = sin t + cos t =>• v = 4| = cos t — sin t =>■ a ~ = —sin t — cos t =>■ j = % = —cos t + sin t. Therefore 
velocity = v (?) = m/sec; speed = |v (|) | = m/sec; acceleration = a (?) = — y2 m/sec 2 ; 
jerk = j (|) = m/sec 3 . 



47. lim f(x) = lim ^ie^x 
x — » x — » x 

9 = c. 



x lim 9(^)(^ 



9 so that f is continuous at x = => lim f(x) = f(0) 

x — > 



48. lim g(x) = lim (x + b) = b and lim g(x) = lim cos x = 1 so that g is continuous at x = => lim g( 

x^O x^O x ^ 0+ x ^ 0+ x^O 

= lim g(x) => b = 1. Now g is not differentiable at x = 0: At x = 0, the left-hand derivative is 

x — » + 

g (x + b)| = 1, but the right-hand derivative is ^ (cos x)| j = — sin = 0. The left- and right-hand 
derivatives can never agree at x = 0, so g is not differentiable at x = for any value of b (including b = 1). 



49. 



dx 999 



.4 

(cos x) = sin x because -r-j (cos x) = cos x => the derivative of cos x any number of times that is a 



multiple of 4 is cos x. Thus, dividing 999 by 4 gives 999 = 249 -4 + 3 



JTffl! (cos x) 



dx :1 



(cos x) 



= (cos x) = sin x. 



50. (a) y = sec x = -i- £ = Ccosxxy-ax-ri-x) = jgrx = («j = sec tan 

v J J cos x ox (cos xr cos- x V cos x / V cos x / 



d (sec x) = sec x tan x 



dx 



(b) y = cscx= J- f = (»i°»)(0)-(iXco S x) = ^cosx = = _ cscxcotx 

v ' J sm x dx (sin xr sin- x V sm x / \ sin x / 



^ (esc x) — —csc x cot X 



j c \ „ _ c „j x _ cos x . dy _ (sin x)(-sin x) - (cos x)(cos x) _ -sin 2 x-cos 2 x _ -1 
^ ' J sin x dx 



(sin x) 2 



^ (cot x) = —CSC 2 X 



51. 





As h takes on the values of 1, 0.5, 0.3 and 0.1 the corresponding dashed curves of y = — (x + ^ — get 

closer and closer to the black curve y = cos x because 4~ (sin x) = lim Sln (x + ^ ~ sm x = cos x. The same 

3 dx h -> h 

is true as h takes on the values of —1, —0.5, —0.3 and —0.1. 
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52. 




X 



As h takes on the values of 1, 0.5, 0.3, and 0.1 the corresponding dashed curves of y = cos (x ± ^ — g e f 

closer and closer to the black curve y = —sin x because 4- (cos x) = lim co& (x + ^ ~ cos x = —sin x. The 

3 dx h -> h 

same is true as h takes on the values of —1, —0.5, —0.3, and —0.1. 



53. (a) 



La 








\ 71 I 




a 


-0.5 








-1 







The dashed curves of y = 2h * — are c l° ser to me Mack curve y = cos x than the corresponding dashed 

curves in Exercise 5 1 illustrating that the centered difference quotient is a better approximation of the derivative of 
this function. 




The dashed curves of y = cos ( x+ ^ 2h cos ^ x — ' are closer to the black curve y = — sinx than the corresponding dashed 
curves in Exercise 52 illustrating that the centered difference quotient is a better approximation of the derivative of 
this function. 



54. lim |0 + h| ~ |0 ~ h| = lim = lim = the li 

h -> 2h x -> 2h h -> 

though the derivative of f(x) = |x does not exist at x = 0. 

55. y = tan x ^> y' = sec 2 x, so the smallest value 
y' = sec 2 x takes on is y' = 1 when x = 0; 

y' has no maximum value since sec 2 x has no 
largest value on (— |, |) ; y' is never negative 
since sec 2 x > 1. 



of the centered difference quotient exists even 
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56. y = cot x =>• y' = —esc 2 x so y' has no smallest 
value since —esc 2 x has no minimum value on 
(0, tt); the largest value of y' is — 1, when x = | ; 
the slope is never positive since the largest 
value y' = —esc 2 x takes on is — 1 . 




57. y - Mn 



lim ^ 

x -> x 



at y 



" appears to cross the y-axis at y = 1, since 

1; y = appears to cross the y-axis 
2, since lim„ ^ = 2; y _ sin4x 







cross the y-axis at y = 4, since lim 



l 4x 







appears to 
= 4. 



However, none of these graphs actually cross the y-axis 
since x = is not in the domain of the functions. Also, 

= -3, and lim ^ 

x x^O x 

sin 5x „ sin(-3x) 



lim 5ffi55 

x -> x 



5, lim 

x -> 



= k the graphs of y = y = 5Hiz^ ; and 

y = approach 5, —3, and k, respectively, as 

x — > 0. However, the graphs do not actually cross the 
y-axis. 




y = (sin 4x)/x 

y ■ (sin 2x)/x 
y = (sin x)/x 



58. (a) h 



h 


sin h 
h 




1 


.017452406 


.99994923 


0.01 


.017453292 


1 


0.001 


.017453292 


1 


0.0001 


.017453292 


1 



hm siLhl = lim ™ 

h v __, n n 



( h 'i§> 



h -> n x -> 

(converting to radians) 



mi - ii m 



' ( h "iio) 



mi - Hm 
0->O 



180 



(^ = h"lio) 



h 


cos h— 1 


h 


1 


-0.0001523 


0.01 


-0.0000015 


0.001 


-0.0000001 


0.0001 






lim 

h->0 h 



(c) In degrees, 4- (sin x) = lim 

w 5 dx v ' h -> 



0, whether h is measured in degrees or radians 

sin (x + h) — sin x 



( s ^ n x cos n cos x s ' n n ) — s * n x 
h^0 E 



= lim (sinx- s^- 1 ) + lim (cos x - ^) = (sin x) • lim ( ™±=1 ) + (cos x) • lim (^) 
h->0 V h ' h^0 V h ' h-0 V h ' h->0 v h ' 

= (sin x)(0) + (cos x) (yfg) = ^ cos x 



(d) In degrees, #■ (cos x) = lim 



cos (x + h) — cos x 



lim 



(cos x cos h — sin x sin h) — cos x 



Yij^ *- cos x X cos n — 1 ) — sin x sin h 
h -» 



- lim (cos x • ^h^i) _ lim (sinx-^ 
h h _, V h J h ^ V h ; 

(cos x) h lim ( £2^) - (sin x) lim Q (^) = (cos x)(0) - (sin x) (fa) 



180 



(e) -|t (sin x) = 



dx V 180 



COS X 



) = - (lis) 2 sin x ; a& ( sin x > = (- (lis) 2 sin x ) =-(ifo) 



cos x; 



afr(cosx) = £ (- ifo sinx) = - ( T f 5 ) 2 cos x; £ (cos x) = £ (~ ( I f 5 ) 2 cosx) = (ifo) 3 sinx 
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3.5 THE CHAIN RULE AND PARAMETRIC EQUATIONS 

1. f(u) = 6u - 9 f'(u) = 6 => f'(g(x)) = 6; g(x) = \ x 4 g'(x) = 2x 3 ; therefore g = f'(g(x))g'(x) 

= 6 • 2x 3 = 12x 3 

2. f(u) = 2u 3 =» f'(u) = 6u 2 =^ f'(g(x)) = 6(8x - l) 2 ; g(x) = 8x - 1 => g'(x) = 8; therefore g = f'(g(x))g'(x) 

= 6(8x- l) 2 • 8 = 48(8x- l) 2 

3. f(u) = sin u f'(u) = cos u => f'(g(x)) = cos (3x + 1); g(x) = 3x + 1 => g'(x) = 3; therefore g = f'(g(x))g'(x) 

= (cos (3x + 1))(3) = 3 cos (3x + 1) 

4. f(u) = cos u f'(u) = -sinu =*. f'(g(x)) = -sin (^) ; g(x) = f g'(x) = - §; therefore g = f'(g(x))g'(x) 

= _ sin ( f ).(=l) = i sin ( f ) 

5. f(u) = cos u =4> f'(u) = — sinu =>• f '(g(x)) = — sin (sin x); g(x) = sin x =>• g'(x) = cos x; therefore 
g = f '(g(x))g'(x) = -(sin (sin x)) cos x 

6. f(u) = sin u => f'(u) = cos u =£■ f'(g(x)) = cos (x — cos x); g(x) = x — cos x => g'(x) = 1 + sin x; therefore 
g = f'(g(x))g'(x) = (cos(x - cos x))(l + sin x) 

7. f(u) = tan u f'(u) = sec 2 u =!> f'(g(x)) = sec 2 (lOx - 5); g(x) = lOx - 5 =>■ g'(x) = 10; therefore 
g = f'(g(x))g'(x) = (sec 2 (lOx - 5)) (10) = 10 sec 2 (lOx - 5) 

8. f(u) = —sec u =>■ f'(u) = —sec u tan u =>■ f'(g(x)) = —sec (x 2 + 7x) tan (x 2 + 7x) ; g(x) = x 2 + 7x 

=> g'(x) = 2x + 7; therefore g = f'(g(x))g'(x) = -(2x + 7) sec (x 2 + 7x) tan (x 2 + 7x) 

9. With u = (2x + 1), y = u 5 : g = g g = 5u 4 • 2 = 10(2x + l) 4 

10. With u = (4 - 3x), y = u 9 : g = g g = 9u 8 • (-3) = -27(4 - 3x) 8 

11. With u = (1 - |) , y = u-h g = g | = -7u-« - (- i) = (1 - f )- 8 

12. With u = (| - 1) , y = | = | | = -10a-" • Q) = -5 (f - l)" 11 

13. Withu=(f +x-i),y = U 4 : g = g £ = 4u 3 - (f + 1 + = 4 (£ + x - l)' (f + 1 + *) 

14. Withu=(| + i),y = ^: g = g g = 5u 4 • Q - = (f + i.) 4 (l - £) 

15. With u = tan x, y = sec u: g = g = (sec u tan u) (sec 2 x) = (sec (tan x) tan (tan x)) sec 2 x 

16. With u = tt - i, y = cot u: g = g | = (-esc 2 u) esc 2 (n 1) 

17. With u = sin x, y = u 3 : g = g g = 3u 2 cos x = 3 (sin 2 x) (cos x) 

18. With u = cos x, y = 5iT 4 : g = g g = (-20iT 5 ) (-sin x) = 20 (cos~ 5 x) (sin x) 
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19. p= v ^3 t = (3-t) 1 /2 | = I (3 _t)- 1 /2. d (3 _ t) = _i (3 _ t) -i/2 = 



2V3-t 



20. q = = (2r - r 2 ) 1/2 * = | (2r - r 2 )- 1/2 ■ A (2r - r 2 ) = \ (2r - r 2 )- 1/2 (2 - 2r) = 

21. s = £ sin 3t + £ cos 5t f = £ cos 3t • £ (3t) + £ (-sin 5t) • £ (5t) = % cos 3t - % sin 5t 
= - (cos 3t — sin 5t) 

22. s = sin (M ) + cos («) =► $ = cos (f ) -1(f)- sin (f ) - * (f ) = 4f cos - f sin (**) 



f (cos ^ - sin ^ 



23. r = (esc 9 + cot 6T 1 % = -(esc + cot 6»)~ 2 A (esc + cot 0) 



esc 9 cot 9 + csc~ 9 esc 9 (cot 9 + esc t 



esc 9 + cot 9 



24. r = -(sec + tan Oy 1 ^ = (sec + tan 0)~ 2 ^ (sec + tan (9) = ^ 



sec 9 tan 9 + sec 2 9 _ sec 9 (tan 9 + sec t 



sec 9 + tan 9) 2 (sec 9 + tan ( 



25. y = x 2 sin 4 x + x cos~ 2 x =>• ^ = x 2 £ (sin 4 x) + sin 4 x • £ (x 2 ) + x £ (cos -2 x) + cos~ 2 x • £ (x) 

= x 2 (4 sin 3 x ^ (sin x)) + 2x sin 4 x + x (—2 cos -3 x • £ (cos x)) + cos -2 x 
= x 2 (4 sin 3 x cos x) + 2x sin 4 x + x( (—2 cos -3 x) (—sin x)) + cos -2 x 
= 4x 2 sin 3 x cos x + 2x sin 4 x + 2x sin x cos -3 x + cos -2 x 

26. y = i sin -5 x — | cos 3 x =>• y' = 1 £ (sin -5 x) + sin -5 x • £ Q) — | 4- (cos 3 x) - cos 3 x - -jj- (|) 

= i (-5 sin -6 x cos x) + (sin -5 x) (- ^) - | ( (3 cos 2 x) (-sin x)) - (cos 3 x) (A) 
= — 5 sin -6 x cos x — 4 sin~ 5 x + x cos 2 x sin x — \ cos 3 x 

x x" 3 

27. y= ^ (3 x-2)^ + (4- 5 i T )- 1 => g = ^(3x-2)«.A(3x-2) + (-l)(4- 5 i I )- 2 .A( 4 - 5 l I ) 

= i (3x - 2)6 • 3 + (-1) (4 - ^)- 2 (£) = (3x - 2)6 - T? -i— , 

28. y = (5 - 2x)- 3 + HI + I)' => t = -3(5 - 2x)- 4 (-2) + | (f + l) 3 (- = 6(5 - 2x)- 4 - (£) (f + l) 3 



(5-2x) 4 



29. y = (4x + 3) 4 (x + l)" 3 =► g = (4x + 3) 4 (-3)(x + l) -4 - £ (x + 1) + (x + l)" 3 (4)(4x + 3) 3 • £ (4x + 3) 
= (4x + 3) 4 (-3)(x + ir 4 (l) + (x + l)- 3 (4)(4x + 3) 3 (4) = -3(4x + 3) 4 (x + l)" 1 + 16(4x + 3) 3 (x + l)" 3 
- r-3(4x + 3) + 16(x + 1)] - (4x ± 3)3(4x ± 7) 



(x+l) 4 L ' "J ' 1 •->} (x+1) 4 



30. y = (2x - 5)- 1 (x 2 - 5x) G g = (2x - 5)^(6) (x 2 - 5x) 5 (2x - 5) + (x 2 - 5x)°(-l)(2x - 5)~ 2 (2) 



ox 

,2 c v n5 2(x 2 -5x)° 



6 (x 2 - 5x) J 



(2x-5) 2 



31. h(x) = x tan (2^/x) + 7 ^ h'(x) = x £ (tan (2x : / 2 )) + tan (2x x / 2 ) - £ (x) + 

= x sec 2 (2X 1 / 2 ) • £ (2X 1 / 2 ) + tan (2X 1 / 2 ) = x sec 2 (2^/x) • 4= + tan (2^/x) = <fk sec 2 (2^/x) + tan (2^/x) 
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32. k(x) = x 2 sec (i) => k'(x) = x 2 £ (sec 1) + sec (I) - £ (x 2 ) = x 2 sec (I) tan (I) - £ Q) + 2x sec (I) 
= x 2 sec (i) tan (I) ■ (- + 2x sec (i) = 2x sec (A) - sec Q) tan (A) 



33. f((9) = ( 



sin g \ 2 , _ 9 I sin g \ _d_ / sin g \ _ 2 sin g (1 + cos fl)(cos 8) - (sin fl)(-sin j 

1+costf/ 1 ^ 1 W ~~ L ll+cosfl/' ' dfl U+cosflJ — 1+cosfi ' 



(2 sin 8) (cos g + cos 2 8 + sin 2 g) _ (2 sin 9) (cosfl+1) _ 2 sin g 



(1 +cos f 



(1 +cos ( 



(1 + cos< 



(1+cos 8f 



sin 2 t (sin t)(— sin t) — (1 + cos t)(cos t) 



(1+cos t) 2 



(sin t) 2 



— -sin" t — cos t — cos t 



(1+cos t) 2 



1 + cos t 



35. r = sin(<9 2 )cos(20) % = sin (0 2 ) (-sin 26) ± (26) + cos (20) (cos (6> 2 )) • ^ (6> 2 ) 

= sin (0 2 ) (-sin 2(9)(2) + (cos 26) (cos (0 2 )) (20) = -2sin((9 2 ) sin (20) + 20 cos (20) cos(0 2 ) 



36. r = (sec V^) tan (A) =>• § = (sec y^) ( sec 2 1) (- £•) + tan (1) (sec y/d tan y^) (^) 
= - ^ sec sec 2 (±) + -A= tan (A) sec tan \/0 = (sec \/~6 



tan \/# tan (l) sec 2 



2v^ 



37 " ( 7+) 



COS 



v dt 

/t+T- - 
t+i 



(v^H(v^)= C0 ^vWl)- 



( v^tt) = (2(t'+ + i 2 ) 3 / 2 ) cos (yrrr) 



38. q = COt (Sfi) ^ ^ = _ csc 2 (sfflt) . d (si^t) = (_ csc 2 (si^l)) ( t cost- sin t ) 

39. y = sin 2 (irt - 2) =>■ f = 2 sin (vrt - 2) • | sin (vrt - 2) = 2 sin (nt - 2) • cos (nt - 2) • | (vrt - 2) 



= 27r sin (7rt — 2) cos (7rt — 2) 



40. y 



= sec 2 7rt ^> & = (2 sec 7rt) • | (sec 
41. y = (1 + cos 2t)" 4 =^ f = -4(1 + cos 2t)- 5 • f t (1 + cos 2t) 
2. y=(l+cotQ))- 2 =* | = -2(1+ cot (I)) 

esc 2 a) 



; 7rt) = (2 sec 
cos 2t)- 5 -£(l 



7rt)(sec 7rt tan 7rt) • ^ (7rt) 



42. 



= -4(1 + cos 2t) -5 (~sin 

i)r 3 -!(i+cotQ))=-2 



= 27r sec 2 7rt tan irt 
l+cot(i))- 3 .(-csc 2 (|)).A(i) 



(l+cot(i)) 3 



43. y = sin (cos (2t - 5)) f = cos (cos (2t - 5)) - | 
= -2 cos (cos (2t - 5))(sin (2t - 5)) 



■£cos(2t-5) 



= cos (cos (2t - 5)) • (-sin (2t - 5)) - 1 (2t - 5) 



44. 



y = cos (5 sin (|)) =* f = -sin (5 sin (|)) - | (5 sin (|)) = -sin (5 sin (|)) (5 cos (|)) - g (i) 
= — | sin (5 sin Q)) (cos (|)) 



45. y=[l+tanM^)] 3 =► f = 3 [l 
= 12[l+tan 4 (^)] 2 



46. 



y = |[i- 



cos(ij) 

► f = 3 [l +tan 4 (^)] 2 • i [1 (£)] = 3 [l + tan 4 (^)] 2 

K (£) sec 2 (X) . i] = [l W (X)] 2 [tan a sec 2 

4> S = | [1 + cos 2 (7t)f • 2 cos(7t)(-sin(7t))(7) = -7 [1 + cc 



(i)] 2 flan 3 fAl sec 2 (All 



i)] 



- cos 2 (7t)f => £ = §[! + cos 2 (7t)] 2 • 2 cos(7t)(-sin(7t))(7) = -7 [1 + cos 2 (7t)] 2 (cos (7t) sin(7t)) 
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47. y = (l+cos(t a )) i " f = i(l+cos(t 2 ))- 1/2 -A ( i +cos(t 2 )) = I (1+cos(t 2 )r ^ ( _ sin(t2) . d (t2)) 



t 2 )) V2 => 1 = 5 
-i(l+cos(t 2 )r 1 / 2 (sin(t 2 )).2t=-- 7 ^ 



,2^-1/2, 



48. y = 4sin( ^1 + VM =► I = 4 cos ( V 1 + V 1 

2 cos ( \Jl + \/tj cos ^ y/l + -v/tj 



4 cos \/ 1 



49. y =(i+ir =► y'=3(i+ir(-i)=-^(i + ir^y"=(-i).A(i + ir-(i + ir.A(^ ) 

= ("|r) (2(1 + 1) (-i)) + (|)(l + i) 2 = ^(l + D + l(l + ^) 2 = l(l + D(^ + l + D 
= £(* + *) (1 + =) 



50. y = (1 - ,/x) 1 y' 



ix-V 2 ) 



i(i-v^) _ V 



1/2 



v" = 1 

y 2 



(1 - (- K 3/2 ) +x- J / 2 (-2) (1 - v^)" 3 (- ix"V») 



I X - 3 / 2 (1 - +X- 1 (1 - v^)- 3 = ix- 1 (1 - v^)- 3 [- i X -V2 (1 - ^) + 1] 



=i(l-^ 3 (-^+i+l)=i(l-^ 3 (l-^) 

51. y = 1 cot(3x- 1) y' = - 1 csc 2 (3x- 1)(3) = - | csc 2 (3x- 1) y" = (- |) (csc(3x- 1) • A C sc(3x- 1)) 
= — I esc (3x - l)(-csc (3x - 1) cot (3x - 1) - J- (3x - 1)) = 2 esc 2 (3x - 1) cot (3x - 1) 



52. y = 9 tan (f) =► y' = 9 (sec 2 (f )) (A) = 3 sec 2 (f) =► y" = 3 • 2 sec (f ) (sec (f) tan (|)) (i) = 2 sec 2 (f ) tan (|) 

53. g(x) = y/l g'(x) = i g(l) = 1 and g'(l) = | ; f(u) = u 5 + 1 =» f'(u) = 5u 4 f'(g(l)) = f'(l) = 5; 



therefore, (f o g)'(l) = f'(g(l)) • g'(l) = 5 • \ 



5 

2 2 



54. g(x) = (1 - x)- 1 => g'(x) = -(1 - x)- 2 (-l) = ^ => g(-l) = 1 and g'(-l) = 1 ; f(u) = 1 - I 

=> f'(u) = i => f'(g(-l)) = f (A) = 4; therefore, (f o g)'(-l) = f'(g(-l))g'(-l) = 4 - 1 = 1 

55. g(x) = 5^/x" => g'(x) = ^ g(l) = 5 and g'(l) = f ; f(u) = cot (fg) => f'(u) = -esc 2 (fg) (§) 
f'(g(l)) = f'(5) = - ^ esc 2 (f ) = - ^ ; therefore, (f o g)'(l) = f'(g(l))g'(l) = - * 



10 CSc2 ( 10/ 



5 

10 2 



56. g(x) = 7rx g'(x) = 7r =4> g (i) = I and g' (A) = tt\ f(u) = u + sec 2 u => f'(u) =1+2 sec u • sec u tan u 

= 1+2 sec 2 u tan u => f(g (1)) = f (=) = 1 + 2 sec 2 | tan f = 5; therefore, (f o g)' (I) = f'(g (I)) g' (I) = 5tt 



57. g(x) = lux 2 + x + 1 g'(x) = 20x + 1 g(0) = 1 and g'(0) = 1; f(u) = ^ = 
= gt^ f'(g(0)) = f'd) = 0; therefore, (f o g)'(0) = f'(g(0))g'(0) = 0-1=0 



w,, , _ (u 2 + l)(2)-(2u)(2u) 
IW_ (u^ + 1) 2 



58. g(x)= i-1 =► g'(x) = -| g(-l) = 0andg'(-l) = 2;f(u)= (^j) => f'(u) = 2 £ (a=i) 

(f o g)'(-l) = f'(g(-l)) g '(-l) = (_4)( 2 ) = -8 
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59. (a) y = 2f(x) => g = 2f'(x) => g 



2f'(2) = 2 Q) 



(b) y = f(x) + g(x) 

(c) y = f(x) • g(x) = 



g=f'(x) + g'(x) 



dx 

g = f(x)g'(x) + g(x)f'(x) 



= f'(3) + g'(3) = 27r + 5 



= f(3)g'(3) + g(3)f'(3) = 3 • 5 + (-4)(27T) = 15 



f(x) 
g(x) 



(d) y 

(e) y = f(g(x)) 



dy _ g(x)f'(x) - f(x)g'(x) 
dx [g(x)p 



dy 
dx 



f'(g(x))g'(x) 



dy 
dx 

dy 
dx 



g(2)f'(2)-f(2)g'(2) _ (2)(i)-(8)(-3) _ 37 
[g(2)]2 - 22 - 6 



f'(g(2))g'(2) = f'(2)(-3) = \ (-3) = -1 



(f) y = (f(x)) 1/2 

(g) y = (g(x))- 2 



g = \ (f(x))-V2 . f'( X ) = 



g = -2(g(x))- 3 • g'(x) 



f'(x) 



2^f(x) 

, ^ 

dx 



_ f'(2) _ (|) _ 1 = 1 = V| 
x=2 2yf(2) 2 \/8 6\A 12^2 24 

-2(g(3))- 3 g'(3) = -2(-4)- 3 ■ 5 - 



32 



(h) > = (.i(x)r + (g(x)) 2 ) 1/2 => g = 1 ((f(x)) 2 + (g(x)) 2 ) 1/2 (2f(x) • f'(x) + 2g(x) • g'(x)) 

x2\-l/2 



x=2 
5 

3^17 



= \ ((f(2)) 2 + (g(2)) 2 ) i/z (2f(2)f'(2) + 2g(2)g'(2)) = \ 



2 2 )~ 1/2 (2-8- i+2-2 -(-3)) 



60. (a) y = 5f(x)-g(x) 



g = 5f'(x) - g'(x) 



(c) y 



(b) y = f(x)(g(x)) 3 => g = f(x) (3(g(x)) 2 g'(x)) + (g(x)) 3 f'(x) 



5f'(l)-g'(l) = 5(-|)-(f) = l 

= 3f(0)(g(0)) 2 g'(0) + (g(0)) 3 f'(0) 



= 3(l)(l) 2 (i) +(1) 3 (5) = 6 



= f(x) 
g(x)+l 



dy (g(x)+l)f'(x)-f(x)g'(x) 
dx (g(x)+l) 2 



(g(l)+l)f'(l)-f(l)g'(l) 
(g(l)+l) 2 



(-4+1) (-1) -(3) (-1) 
(-4+1) 2 



(d) y = f(g(x)) 

(e) y = g(f(x)) 



dy _ ci< 



J) 



f'(g(x))g'(x) => g = f'(g(0))g'(0) = f'(l) (i) = 

x-0 

g'(f(x))f'(x) g = g'(f(0))f'(0) = g'(l)(5) = (- 



. 3) (3) 9 
I) (5) 



40 

3 



(f) y=(x 11 +f(x))- / =* g 

= -2(l+3)- 3 (ll-i) 

(g) y = f(x + g(x)) 



-2(1 +f(l))" 3 (11 +f'(l)) 



2(x n + f( X )) 3 (iix 10 + f(x)) ; 
-£)(¥) = -£ 

= f'(0 + g(0))(l+g'(0))=f'(l)(l + i) 



g=f'(x + g(x))(l + g'(x)) 



(-!)(!) = - 



61. 



f: s = cos0 § = -sin0 || 



= -sin(^) = 1 so that I = 



ds dfl 
d0 ' dt 



= 1-5 = 5 



62- | = g"f: y = x 2 + 7x-5 => g=2x + 7 => g = 9 so that f = g - f = 9 - J = 3 



63. With y = x, we should get g = 1 for both (a) and (b): 



(a) y = ^ 

(b) y = 1 



dx 

dy _ I . „ _ 

du — 5 



u = 5x - 35 =• = 5; therefore, g = g-g = I-5 = l,as expected 



du 
dx 

\-l du 



i!!--£;u = ( X - g = -(x - 1)^(1) = 



du 



o^V : therefore £ = £ • g 



=1 . -1 - -1 . -1 - f x _ 1 \2 1 

u 2 (x-1) 2 - ((x-l)-i) 2 (x-l) 2 -^ X l > (x-1) 2 



1 , again as expected 



64. With y = x 3 / 2 , we should get g = § x 1 / 2 for both (a) and (b): 

(a) y = u 3 =► g=3u 2 ;u=v^^ £ = ^ ; therefore, g = g - g = 3u 2 - ^ = 3 (^) 2 - ^ 

as expected. 

(b) y = yfi 

again as expected 



^ = i ; u = x 3 & = 3x 2 ; therefore, ^ = ^ - §m = i - 3x 2 

du 2\/u dx * ' dx du dx 2 x /u 



i . 3 x 2 = |xV3, 

2\/x 3 2 
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65. y = 2tan(f) 

(a) : 



dy 
dx 



(2> 



„2 7TX N 



„2 7TX 



(b) 



(f) — I T 

(|) = 7r =>• slope of tangent is 2; thus, y(l) = 2 tan (?) = 2 and y'(l) = 7r => tangent line is 
given by y — 2 = 7r(x — 1) =>• y = 7rx + 2 — 7r 

y' = | sec 2 (^) and the smallest value the secant function can have in— 2<x<2isl =>• the minimum 
value of y' is § and that occurs when § = § sec 2 (™) 1 = sec 2 (jf) =>■ ± 1 = sec (~) =>• x = 0. 



66. (a) y = sin 2x =>■ y 7 = 2 cos 2x =>• y'(0) = 2 cos (0) = 2 =4> tangent to y = sin 2x at the origin is y = 2x; 

y = —sin (|) =4> y' = — \ cos (|) =4> y'(0) = — | cos = — g =>■ tangent to y = —sin (|) at the origin is 
y = — \ x. The tangents are perpendicular to each other at the origin since the product of their slopes is 
-1. 

(b) y = sin(mx) =>• y' = mcos(mx) =>• y'(0) = m cos — m; y — — sin (^) => y' = — ^ cos (^) 

=£- y'(0) = — ~ cos (0) = — i . Since m • (— ^) = — 1, the tangent lines are perpendicular at the origin. 

(c) y = sin (mx) =>• y' = m cos (mx). The largest value cos (mx) can attain is 1 at x = => the largest value 
y' can attain is |m| because |y'| — |m cos (mx)| = |m| |cos mx| < |m| • 1 = |m| . Also, y = —sin (^) 

=>■ y' = — — cos (-) => ly'l = I — cos f — ) I < I — I Icos ( — ) I < r7 the largest value y' can attain is I — I . 

J m Vm/ ^ I I m Vm/I — Iml I V m / I — |m| fc J Iml 

(d) y = sin (mx) =>• y' = m cos (mx) =4> y'(0) = m =>■ slope of curve at the origin is m. Also, sin (mx) completes 
m periods on [0, 2tt]. Therefore the slope of the curve y = sin (mx) at the origin is the same as the number 

of periods it completes on [0, 27r]. In particular, for large m, we can think of "compressing" the graph of 
y = sin x horizontally which gives more periods completed on [0, 2?r], but also increases the slope of the 
graph at the origin. 



67. x = cos 2t, y = sin 2t, < t < 7r 

=>• cos 2 2t + sin 2 2t = 1 => x 2 + y 2 = 1 



68. x = cos (7r — t), y = sin (n — t), < t < ir 
=> cos 2 (it - t) + sin 2 (tt - t) = 1 
=>• x 2 +y 2 = 1, y > 




x 2 + y 2 -i 



1 i-n« 



69. x = 4 cos t, y = 2 sin t, < t < 2n 

v 16 cos 2 t i 4 sin 2 1 



16 



1 



*i + r = i 

16 ^ 4 1 



2 


16 4 




t = 0, 2iA 


V 


JA 







70. x = 4 sin t, y = 5 cos t, < t < It; 



16 sin" t I 25 cos" t 
16 ~r 25 



1 



*i + T_ — \ 

16 T 25 1 
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71. x = 3t, y = 9t 2 , -oo < t < oo =>• y = x 2 




x — — \ 1 X v 

— v L > y 


= t, t > o = 


9 

or y = x , x 


< o 


.t>0 




»-Vy \ 




, , -A 






t-o , 







73. x = 2t - 5, y = 4t - 7, -oo < t < oo 
=> x + 5 = 2t 2(x + 5) = 4t 
=> y = 2(x + 5) - 7 y = 2x + 3 



74. x = 3 - 3t, y = 2t, < t < 1 => | = t 
=> x = 3-3(|) => 2x = 6-3y 
y = 2 - | x, < x < 3 



4 




( = 5/2 




/ 1 

i i i /i 


j = 2x + 3 

i i i i > 


r= 7/4 /-l 
/ "' 


12 3 4 


/ " 2 




/ " 3 




/ -4 





75. x = t, y = \J\ -t 2 , -1 < t < 
y = yi - x 2 



77. x = sec 2 t - 1, y = tan t, - § < t < | 
=> sec 2 1 — 1 = tan 2 t =4> x = y 2 



3 
2 
1 

f = 
1 1 i 


< I < ir/2 


-2 -1 

-1 




-2 






; -f S *«> 


-3 





y-2-(2x/3) 
t-1 



t-0 



76. x = 0+ 1, y = y^, t > 



=> y 2 = t = 


x = y/y 2 


V 

\ 

\ 

\ 

V 

X 

N 

\ 

\1 


y^t>0 
' "1° 1 1 


,'-1 

/ 

/ 

/ 

s 

* 

* 




x — — sec t, y = tan t, — 


^> sec 2 t - 


tan 2 1 = 1 =5 
y 


\.0<t<iW2 


.2 2 . 








/ 

■ / 




\ 




N 

\ 

\ 

\ 

\ 

\ 



2^2 
. v 2 _ „2 . 
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79. (a) x = a cos t, y = — a sin t, < t < 27r 

(b) x = a cos t, y = a sin t, < t < 2tt 

(c) x = a cos t, y = — a sin t, < t < 4n 

(d) x = a cos t, y = a sin t, < t < 4tt 



80. (a) x = a sin t, y = b cos t, § < t < y" 

(b) x = a cos t, y = b sin t, < t < 2tt 

(c) x = a sin t, y = b cos t, § < t < y 

(d) x = a cos t, y = b sin t, < t < 4ir 



81. Using (—1, —3) we create the parametric equations x = — 1 + at and y = — 3 + bt, representing a line which goes 
through (—1, —3) at t = 0. We determine a and b so that the line goes through (4, 1) when t = 1. 
Since 4 — —1 + a ^ a — 5. Since 1 = —3 + b =>• b = 4. Therefore, one possible parameterization is x = — 1 + 5t, 
y = -3 - 4t, < t < 1. 



82. Using (—1, 3) we create the parametric equations x = — 1 + at and y = 3 + bt, representing a line which goes through 
(—1, 3) at t = 0. We determine a and b so that the line goes through (3, —2) when t — 1. Since 3 = — 1 + a => a = 4. 
Since — 2 = 3 + b =4> b = —5. Therefore, one possible parameterization is x = — 1 + 4t, y = — 3 — 5t, < t < 1. 

83. The lower half of the parabola is given by x = y 2 + 1 for y < 0. Substituting t for y, we obtain one possible 
parameterization x = t 2 + 1, y = t, t < 0. 

84. The vertex of the parabola is at (—1, —1), so the left half of the parabola is given by y = x 2 + 2x for x < — 1. Substituting 
t for x, we obtain one possible parametrization: x = t, y = t 2 + 2t, t < — 1. 

85. For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (2, 3) for t = and passes 
through (-1, -1) at t = 1. Then x = f(t), where f(0) = 2 and f(l) = -1. 

Since slope = ^ = =£=f = -3, x = f(t) = -3t + 2 = 2 - 3t. Also, y = g(t), where g(0) = 3 and g(l) = -1. 
Since slope = ^ = =^ = -4. y = g(t) = -4t + 3 = 3 - 4t. 
One possible parameterization is: x = 2 — 3t, y = 3 — 4t, t > 0. 

86. For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (—1, 2) for t = and 
passes through (0, 0) at t = 1. Then x = f(t), where f(0) = -1 and f(l) = 0. 

Since slope = ^ = ^j^ 1 = 1, x = f(t) = It + (-1) = -1 + 1. Also, y = g(t), where g(0) = 2 and g(l) = 0. 
Since slope = ^ = = -2. y = g(t) = ~2t + 2 = 2 - 2t. 
One possible parameterization is: x = — 1 + t, y = 2 — 2t, t > 0. 



87. t=l =* x = 2cosf = V^y = 2sinf = y2;£ = -2sint,£=2co S t => g = « = ^ = - cot t 
| = — 1; tangent line is y — \pl — — 1 ^x — y/lj or y = — x + 2\/2 ; ^ = esc 2 1 

= -y/2 



d 2 y _ dy'/dt _ esc 2 1 _ _ 1 , djV 

dx 2 — dx/dt -2 sin t — 2 sin 3 1 dx 2 



t=f : 

1 

^ dx 2 



x = cos f = - \, y = cos f 
= \/3 ; tangent line is y — ^— ^ 

= 



\/3 . dx 
2 ' dt 



d* = _ sint( | = _^ 

= \/3[x-(-i)] ory= v^x: 



sin t 

dy' _ 



dy — sin t 



dx 



d 2 y _ 



= o 



dx 
dt 



1, 



dy 



y - \ = 1 • ( x ^ ?) or y = 



i 

2V 7 ! 



dy 
dx 



dy/dt 
dx/dt 



1 . d/ I t -3/2 

4 ' dt — 4 l 



1 

1-ft 



d 2 y _ dy'/dt 
dx 2 dx/dt 



1 ; tangent line is 



dx- 



= -2 
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90. t = 3 



x = -73TT=-2,y=^3(3j = 3;f = - |( t + 1)-^, | = | (St)^ . Jx 



dy 



(-i)(t+l)-V2 



_ _ 3^/t+l _ dy 
~~ \/It ~ dx 



-3y/3+ 1 

\/3(3) 



—2; tangent line is y — 3 = — 2[x — (—2)] or y — — 2x — 1; 



dj/ = \/3t[-|(t+ ly 1 ' 2 ] + 3^1 + 1 [f (3t)- 1 -' 2 ] _ 3 d^y 

dt 3t 2tJJtJl+\ dx2 



I 3 \ 




V 3 


(2^+1) 


tv^t 







dJ2 

dx 2 



91. t= -1 =>• x = 5,y= 1; 
y — 1 = 1 • (x — 5) or y = 



dx 
dt 



4t & 
^ L > dt 



x-4; 



dy 



4 t 3 



2t 



dy 
dx 



EX 

dx 2 



dy/dt 
~ dx/dt 

dy'/dt _ 
dx/dt " 



4(3 

~ 4t 

2t _ 
4t 



(— l) 2 = 1; tangent line is 



±1 

dx- 



92. t 



t= f x = 


7T 

3 


— sin 


7T TT 

3 — 3 


sin t 


dy 






sin(f) 


1— cos t 


dx 


l= i 




1-cos (f) 


=> y = \/3x 




7rv^ 
3 


3 4 


9. dy' _ 
^' dt ~~ 


_ -1 

(1 - cos t) 2 


> 


d 2 y 
dx 2 




= -4 



1 . dx _ 1 

2 ' dt 1 



cos t. § = sin t 

' dt 



dy 
dx 



dy/dt 
dx/dt 



Jrp = \/3 ; tangent line is y - \ = \f?> (x - | + 



(I) 



(1 - cos t)(cos t) - (sin t)(sin t) 
(1-cos t) 2 



dx 2 



dy'/dt 
dx/dt 



93. t = f 



dy 
dx 



COS 



cot 



0,y = 1 
= 0; tangent line is y 



sin I = 2; f = - sin t, 



dv 
dt 



cos t 



ay 

dt 



dy 
dx 

d 2 y esc 2 1 

dx 2 — sin t 



CSC 3 t 



cott 



94. t = - I x 



sec 2 (— I) — 1 = 1, y = tan(- J) = -1; f t = 2 sec 2 1 tan t, f t = sec 2 t 



2 sec" t tan t 



1 

2 tan t 



COt t 



\ cot (— |J = — I ; tangent line is 



y - (-1) = -|(x-l)ory = -ix- 2 



-5 CSC 1 dx 2 



, . = — 1 cot 3 t 

2 sec 2 t tan t 4 



d^y 
dx-' 



95. s = A cos (27rbt) => v = g = -A sin (27rbt)(27rb) = -27rbA sin (2?rbt). If we replace b with 2b to double the 
frequency, the velocity formula gives v = — 47rbA sin (47rbt) => doubling the frequency causes the velocity to 
double. Also v = -27rbA sin (27rbt) =4> a — ^ — — 47r 2 b 2 A cos (27rbt). If we replace b with 2b in the 
acceleration formula, we get a = — 167r 2 b 2 A cos (47rbt) =>• doubling the frequency causes the acceleration to 
quadruple. Finally, a = — 4n 2 b 2 A cos (27rbt) j = 4| = 87r 3 b 3 A sin (27rbt). If we replace b with 2b in the jerk 
formula, we get j = 647r 3 b 3 A sin (47rbt) =4> doubling the frequency multiplies the jerk by a factor of 8. 

96. (a) y = 37 sin [|§ (x - 101)] + 25 =► y' = 37 cos [|| (x - 101)] (^) = |f cos (x - 101)] . 

The temperature is increasing the fastest when y' is as large as possible. The largest value of 
cos (x — 101)] is 1 and occurs when ^ (x — 101) = =>■ x = 101 =>• on day 101 of the year 
( ~ April 11), the temperature is increasing the fastest, 
(b) y'(101) = |f cos [|f (101 - 101)] = |f cos(0) = |f « 0.64 °F/day 

97. s = (1 + 4t) J / 2 v = | = | (1 + 4t)- J / 2 (4) = 2(1 + 4t)-V 2 v(6) = 2(1 + 4 • 6)" 1 / 2 = § m/sec; 

v = 2(1 + 4fT 1 / 2 a = ^ = - 1 - 2(1 + 4t)" 3 / 2 (4) = -4(1 + 4t)~ 3 / 2 a(6) = -4(1 + 4 • 6r 3 / 2 = - ^ m/sec 2 
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98. We need to show a = is constant: a=f = ^- fand| = ^ (k^/s) = ^ a : 



dv ^ ds dv 

ds * dt — ds 



k ■ ky/s = y which is a constant. 



99. v proportional to =4> v = for some constant k 



dv 
ds 



k 



Thnc n — dv — dv . ds — dv . v 

Ihus, a - it - d7 It - S v 



k k 
2sV 2 • ^ 



100. Let f t = f(x). Then, a 



2 Is 2 . 



acceleration is a constant times \ so a is inversely proportional to s 2 . 

f « = E (&) • f ( x > = S ( f ( x » • f « = f ' ( x )« x )' as required. 



dv dv _ dx dv 

dt dx ' dt — dx 



101. T = 2ttJ± =*> Hf = 2tt- 

1 dL 



/gL 



Therefore, ^ = £ • £ 



/gL 



kL 



= l-27rkjt 



!y , as required. 



102. No. The chain rule says that when g is differentiable at and f is differentiable at g(0), then f o g is 

differentiable at 0. But the chain rule says nothing about what happens when g is not differentiable at so 
there is no contradiction. 



103. The graph of y = (f o g)(x) has a horizontal tangent at x = 1 provided that (f o g)'(l) = =4> f (g(l))g'(l) = 

=>• either f'(g(l)) = or g'(l) = (or both) =>• either the graph of f has a horizontal tangent at u = g(l), or the 
graph of g has a horizontal tangent at x = 1 (or both). 

104. (f o g)'(-5) < =>• f'(g(-5)) • g'(-5) < =>• f'(g(-5)) and g'(-5) are both nonzero and have opposite signs. 
That is, either [f'(g(-5)) > and g'(-5) < 0] or [f'(g(-5)) < and g'(-5) > 0] . 



105. As h — > 0, the graph of y 



sin 2(x+h)— sin 2x 



approaches the graph of y = 2 cos 2x because 

lira sm2(x+ '' ) ~ sm2x = -f (sin 2x) = 2 cos 2x. 
h - h dx 



2 

■ 2 ill 


A ii 

•\\\\ //// \ 

il — m — v- 


H 


\\\\ //// 3.5 


//// 


W 


w _ 2 





106. As h — > 0, the graph of y 
approaches the graph of y 



_ cos [(x + h) 2 ]-cos (x 2 ) 



lim 



cos [(x + h) 2 ]-cos (x 2 ) _ 



— 2x sin (x 2 ) because 
[cos (x 2 )] = — 2x sin (x 2 ). 
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107. f = cos t and % = 2 cos 2t 



dy _ dy/dt _ 2 cos 2t _ 2 (2 cos 2 t- 1) . 
dx dx/dt cos t cos t ' 



theng=0 



2(2 COS^t- 1) _ 
COS t 



=>- 2 cos 2 1 - 1 = =>- cos t = ±4= => t 

V2 



7T 37T 57T 77T 

4 i 4 . 4 , 4 





x = sin 



In the 1st quadrant: t = | 

y = sin2(|) = l =>• 1^ is the point where the tangent line is horizontal. At the origin: x = and y = 



and 



sin t = =>■ t = 0ort = 7r and sin 2t = = 

= 2 y 



the origin. Tangents at origin: 
108. f = 2 cos 2t and % = 3 cos 3t 



• t = 0, f . 
2x and ^ 

dx 



3tt . 



thus t = and t = 7r give the tangent lines at 



-2x 



dy 
dx 



dy/dt 
dx/dt 



j3t 



3(cos 2t cos t — sin 2t sin t) 



2cos2t 2(2cos 2 t-l) 
3 [(2 cos 2 t- 1) (cos t) -2 sin t cos t sin t] _ (3 cos t) (2 cos 2 t - 1 - 2 sin 2 t) _ (3 cos t) (4 cos 2 t - 3) 



2(2cos 2 t-l) 

dy _ n . (3 cos t) (4 cos 2 t- 3) 
dx ~~ U ^ 2(2 cos 2 t- 1) 



2(2 cos 2 1-1) 



2(2 cos 2 t-l) 



; then 



3 cos t = or 4 cos 2 1 - 3 = 0: 3 cos t = =>■ t = § , ^ and 



4 cos 2 1 - 3 = => cos t = ± 



7T 5tT 77T 1 17T 

6 ' 6 ' 6 ' 6 



In the 1 st quadrant: t 



2(1) 



2 



and y = sin 3(g) = 1 =>■ f 1^ is the point where the graph has a horizontal tangent. At the origin: x = 
and y = => sin 2t = and sin 3t = => t = 0, § , ir, ~ and t = 0, f , ?f , n, Q , ^ t = and t = ir give 



the tangent lines at the origin. Tangents at the origin: ^ 

3 * 1 

2 => y 



4tt 5tt 
3 ' 3 ' ' 7r ' 3 ' 3 

3cos0 _ 3 . „ _ 3 



2 cos 



1 x, and £ 

2 ' dx 



3 cos (3tt) 

— 2 cos (2-n-) 



^X 
2 X 



109. From the power rule, with y = x 1 / 4 , we get S 



j x 3,/4 . From the chain rule, 



dy _ 
dx 



1 . d 



dx ( ^ = 277J ' ^ = ? x 3/4 ' in a s reement - 



1 10. From the power rule, with y = x 3 / 4 , we get ^ = | x 1//4 . From the chain rule, y = t/x^x 



dy _ 
dx — 



dx 



2W X-y^X 

3 \A _ 3 x -l/4 
4^J^ 4 



dy _ 
dx ~~ 



2,/x,A V 2 V* V 



2,/x,/x 



(Iv^) 



4,/xVx 



in agreement. 



111. (a) 



dg/dt 



IP- 



-7T/2 

O— 



1 



w/2 
-1 O- 



TT 

-o 



(b) | = 1.27324 sin 2t + 0.42444 sin 6t + 0.2546 sin lOt + 0.18186 sin 14t 

(c) The curve of y = % approximates y = ^ 
the best when t is not — ir, — f , 0, f , nor 7r. 



df/dt 
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112. (a) 



dg/dt 




t 



-it -tt/2 w/2 tt 

-1 



(b) f = 2.5464 cos (2t) + 2.5464 cos (6t) + 2.5465 cos (lOt) + 2.54646 cos (14t) + 2.54646 cos (18t) 



111-116. Example CAS commands: 
Maple : 

f := t -> 0.78540 - 0.63662*cos(2*t) - 0.07074*cos(6*t) 

- 0.02546*cos(10*t) - 0.01299*cos(14*t); 
g := t -> piecewise( t<-Pi/2, t+Pi, t<0, -t, t<Pi/2, t, Pi-t ); 
plot( [f(t),g(t)], t=-Pi..Pi ); 
Df := D(f); 
Dg :=D(g); 

plot( [Df(t),Dg(t)], t=-Pi..Pi ); 
Mathematica : (functions, domains, and value for tO may change): 
To see the relationship between f[t] and f [t] in 1 1 1 and h[t] in 1 12 

Clear[t, f] 

f[t_] = 0.78540 - 0.63662 Cos[2t] - 0.07074 Cos[6t] - 0.02546 Cos[10t] - 0.01299 Cos[14t] 
f[t] 

Pl0t[{f[t],f[t]},{t, -77, TT}] 

For the parametric equations in 113 - 116, do the following. Do NOT use the colon when defining tanline. 
Clear[x, y, t] 
tO = p/4; 
x[t_]:=l-Cos[t] 
y[t_]:=l +Sin[t] 

pl=ParametricPlot[{x[t], y[t]},{t, -tt, 7t}] 

yp[t_]:=y'[t]/x'[t] 
ypp[t_]:=yp'[t]/x'[t] 
yp[t0]//N 
ypp[t0]//N 

tanline [x_]=y[t0] + yp[t0] (x - x[t0]) 
p2=Plot[tanline[x], {x, 0, 1}] 
Show[pl, p2] 



(c) 



dh/dt 
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dx 



3. y = ^2x" = (2x)V3 =► g = f (2x)- 2 / 3 ■2={£ f 4. y = ^5x" = (5x)V 4 g = i ( 5 x)- 3 / 4 • 5 



5. y = 7a/x + 6 = 7(x + 6) 



1/2 



-1/2 _ 7 

2-v/x + 6 



4x :i 1 



6. y = -2^~\ = -2(x - 1)V2 | 



l(x- 1) 



-1/2 



1 

/x- 1 



7. y = (2x + 5)- 1 / 2 g = - | (2x + 5)- 3 / 2 • 2 = -(2x + 5r 3 / 2 



y = (1 - 6x) 2 / 3 =!> | = |(1- 6x)- 1 / 3 (-6) = -4(1 - 6x)- x /3 



9. y = x (x 2 + 1) 1/2 => y' = x • i(x 2 + l)~ 1/2 (2x) + (x 2 + 1) 1/2 • 1 = (x 2 + l)~ 1/2 (x 2 + x 2 + 1) = ^ti 



10. y = x(x 2 + 1)~ 1/2 =► y' = x • (-j)(x 2 + l)~ 3/2 (2x) + (x 2 + l)~ i/2 • 1 = (x 2 + l)~ 3/2 (-x 2 + x 2 + 1) 



-3/2 



1/2 



-3/2, 



(x^ + l) J ' 



11. S = 



v ^ dt — 7 1 



12. r = ^F 3 = 6I- 3 / 4 = 6»- 7 / 4 



13. y = sin ((2t + 5)- 2 / 3 ) => f = cos ((2t + 5)- 2 / 3 ) • (- f ) (2t + 5r 5 / 3 - 2 = - f (2t + 5r 5 / 3 cos ((2t + 5r 2 / 3 ) 

14. z = cos ((1 - 6t) 2 / 3 ) § = -sin ((1 - 6t) 2 / 3 ) ■ | (1 - 61)" 1 / 3 (-6) = 4(1 - et)- 1 ^ sin ((1 - 6t) 2 / 3 ) 

15. f(x, = JV^fi _ (1 _ ^ + fw = 1(1- X ./ T "» (- 1 . JI7 _^_ y _ . 



16. g(x) = 2 (2X"V2 + g-V3 ^ g/(x) = _ 2 ( 2x -l/2 + ^-4/3 . ( _ 1)x -3/2 = 2 ^-1/2 + l)- 4 / 3 x -3/2 

17. h((9) = ^/l + cos (2(9) = (1 + cos 26») 1/3 =!> h'((9) = \ (1 + cos 26»)- 2 / 3 • (-sin Iff) - 2 = - § (sin 2(9)(1 + cos 26") 



2/3 



18. k(0) = (sin ((9 + 5)) 5/4 k'((9) = | (sin (6 + 5)) 1/4 • cos((9 +5) = f cos ((9 + 5)(sin((9 + 5)) 1/4 

19. x 2 y + xy 2 = 6: 

Stepl: (x 2 g+y2x) + ( x • 2y g + y 2 • l) =0 

Step 2: x 2 g+2x y g = -2xy-y 2 
Step 3: | (x 2 + 2xy) = -2xy - y 2 
Step 4: g = ^ 



20. x 3 + y 3 = 18xy => 3x 2 + 3y 2 g = 18y + 18x g => (3y 2 - 18x) g = 18y - 3x 2 => & - 



dx y 2 — 6x 



21. 2xy + y 2 = x + y: 

Stepl: (2xg+2y)+2yg = l 



dy _ 1 _i_ dy 

dx 
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Step 2: 2xg+2yg-g = l-2y 
Step 3: | (2x + 2y - 1) = 1 - 2y 



Step 4: g 



dx 

dy _ 

dx 2x + 2y — 1 



l-2y 



22. x 3 -xy + y 3 = l => 3x 2 - y - x g + 3y 2 g = (3y 2 - x) g = y - 3x 2 => g 



2 dy 



dy 



dy y — 3x 2 

dx 3y 2 — x 



23. x 2 (x-y) 2 
Step 1 
Step 2 
Step 3 
Step 4 



(•-a) 



(x - y) 2 (2x) = 2x - 2y & 



dx 



2(x-y)(^l- 

-2x 2 (x - y) | _ 
g [-2x 2 (x - y) + 2y] = 2x [1 - x(x - y) - (x - y) 2 ] 

dy 2x [1 — x(x — y) — (x — y) 2 ] x [1 — x(x — y) — (x — y) 2 ] x (1 — x 2 + xy — x 2 + 2xy — y 2 ) 



2y g = 2x - 2x 2 (x - y) - 2x(x - y) 2 



dx — 2x 2 (x — y) + 2y 

x — 2x 3 + 3x 2 y — xy 2 

x 2 y — x 3 +y 



y-x^x-y) 



x iy — x J + y 



24. ( 3\> ! 7)- : : 6> , = 2(3\> f 7) ■ ( 3x g + 3y) = 6 dx 



dy 



2(3xy + 7)(3x) % - 6 & 



dx dx 



-6y(3xy + 7) 



g [6x(3xy + 7) - 6] = -6y(3xy + 7) 



dy 
dx 



y(3xy + 7) 3xy 2 + 7y 

x(3xy + 7) - 1 ~~ 1 - 3x 2 y - 7x 



25. y 2 = |^ => 2y g - (»+'>-(»-'> 



(x+1) 2 



(x+1) 2 



dx y(x+l) 2 



26. x 



2 _ x-y 



x 3 + x 2 y = x - y =>- 3x 2 + 2xy + x 2 y' = 1 - y 1 =>■ (x 2 + 1) y' = 1 - 3x 2 - 2xy =>• y' 



/ _ 1 - 3x 2 - 



x + y 

27. x = tan y 1 = (sec 2 y) & & - _L o2 



dx dx sec y 



cos y 



28. xy = cot (xy) => xg + y = -csc 2 (xy) (xg + y) =>■ xg + xcsc 2 (xy)g = -y csc 2 (xy) - y 



[x + xcsc 2 (xy)] = -y [csc 2 (xy) + !]=>£= ^gg| = 



29. x + tan (xy) = =>- 1 + [sec 2 (xy)] ( y + x 



-l 



—cos" (xy) y —cos" (xy) — y 



x sec 2 (xy) — 



dx 



x sec 2 (xy) x 



- 1 — y sec 2 (xy) 



dy 
dx 



- 1 — y sec (xy) 
x sec 2 (xy) 



30. x + sin y = xy 



l+(cosy)g=y + xg 



(cos y 



d> 
dx 



y-i 

cos y — x 



31. y sin ( i) = 1 -xy => y cos (I) • (-1) i - g 



dy 
dx 



i cos i 
y V y 



y 2 dx 

dy _ 
dx ~~ 



•«in(l)-g = -xg-y =► 

y_ 



■ 1 cos (i) + sin (i) + x y sin (i) - cos (j) + xy 



32. y 2 cos (j) = 2x + 2y => y 2 [-sin (±) • (-1) 4 



•cosfij -2y 



dy 
dx 



sin | ij + 2ycos(±J -2 



= 2 =>• 



dy _ 
dx ~~ 



,(l)+2ycos(l)-2 



2 + 2g => 



33. 0V2 +r l/2 = 1 ^ l r l/2 + I r -l/2.| = ^ dr 



2v^ 



-1 
2x/? 



dr 

d0 



2\A _ 
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34. r - 2^9 = I 2 / 3 + t 3 / 4 =► % - 9^ 2 = QrV* + 9^ % = + 9' 1 / 3 + 9^ 



dr -r cos (rfl) 



35. sin(r0)=± => [cos (r0)] (r + 9 §) = =► | [0 cos (r0)] = -r cos (r0) - J( , - „ c ,„ - 

cos (r0) y£ 

36. cos r + cot 9 = r0 (-sin r) ^ - esc 2 = r + ^ ^ [-sin r - 0] = r + esc 2 |§ = -£± 



37. x 2 +y 2 = l 2x + 2yy' = => 2yy' = -2x g = y' = - 5; now to find § , £ (/) = £ (- s) 

y" = = - y+x H) sinC e y ' = - 5 => = „ = ^ = -r-d-y 2 ) = 4 

y y y dx" y y J y fl y J 

38. x 2 / 3 +y 2 / 3 = l => | x -i/8 + |y-i/8g =0 |[| y -l/3] = _| x -l/3 ^ y / = g = _^ = _(Z) 



1/3 



Differentiating again, y 

=v = I x -2/3 y -l/3 , 1 1/3 -4/3 _ j^L j 1 

^ dx 2 _ 3 X y +3J X — 3x 4 / 3 + 3yV3 x 2/3 



-^273- 



39. y 2 = x 2 + 2x 2yy' = 2x + 2^y'= 2 ^ = ^; then y" = I^+M = - (X+ y ' ) (^') 

^> &i — v" — y 2 -( x + ') 2 

^ dx 2 — y — y 3 

40. y 2 - 2x = 1 - 2y 2y • y' - 2 = -2y' y'(2y + 2) = 2 y' = = (y + l)" 1 ; then y" = -(y + 1) 

= -(y + ir 2 (y + ir 1 =* g = y" 



dx 2 — J — (y+1) 3 



- - - -ttixt = ~rh ; we can 



41. 2^/y = x - y yVy = 1 _ y ^ y (y-1/2 + l) = 1 g = y 

differentiate the equation y' (y~ 1/2 + l) = 1 again to find y": y' (- \ y" 3 / 2 y') + (y~ 1/2 + l) y" = 



1 / ; \ v -3/2 

2 I v -i/2 , l y 



(y-l/2 + J) y » = I [y f y-3/2 ^ dy = yll= _ A ^ t 



(y-^ + l) 2y 3 / 2 (y-1/2 + I) 3 2(l + yy) 3 

42. xy + y 2 = 1 =>> xy' + y + 2yy' = =S> xy' + 2yy' = -y =► y'(x + 2y) = -y jr* = ; g = y" 

-(x + 2y) y ' + y(l+2y') _ -<* + 2y> [uT%j] + y [' + 2 ((IT^i)] _ ^ [y(x + 2y) + y(x + 2y) - 2y 2 ] 
(x + 2y) 2 (x + 2y) 2 (x + 2y) 2 

_ 2y(x + 2y) - 2y 2 _ 2y 2 + 2xy _ 2y(x + y) 
~~ (x + 2y) 3 ~~ (x + 2y) 3 ~~ (x + 2y) 3 

43. x 3 + y 3 = 16 =^ 3x 2 + 3y 2 y' = 3y 2 y' = -3x 2 y' = - £ ; we differentiate y 2 y' = -x 2 to find y" 



y 2 y" + y' [2y • y'] = -2x => y 2 y" = -2x - 2y [y'] 2 



-2x-2y(-^j _ -2X-- 



— 2xy 3 — 2x 4 d 2 y 
y 5 ^ dx 2 



(2.2) 



-32-32 _ _ 9 
32 — Z 



44. xy + y 2 = 1 xy' + y + 2yy' = y'(x + 2y) = -y => y' = =» y" - (x + 2y)( ~ y ' ) ~ ( ~ y)(1 + 2y ' ) 



(x+2y) ^ J (x + 2y) 2 



since yV„ = - \ we obtain y"| ,„__„ = ( " 2) (l) 4 ~ (1)C0) = - J 



45. y 2 + x 2 = y 4 - 2x at (-2, 1) and (-2, -1) 2y g + 2x = 4y 3 f - 2 ^ 2y ^ - 4y 3 ^ = -2 - 2x 
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=* £(2y-4y 3 ) = -2-2x =► g - ^ - * 



dx 2y 3 — y dx 



(-2,1) 



1 and & 

dx 



46. 



(x 2 +y 2 ) 2 =(x-y) 2 at(l,0) and (1,-1) 2(x 2 + y 2 ) (2x + 2y|) = 2(x-y)(l-g) 



^[2y(x 2 + y 2 ) + (x- y) ] = -2x(x 2 + y 2 ) + (x-y) => g = t$$n£-» =* S 



and 



dx 



dy 



(1.0) 



47. x 2 + xy - y 2 = 1 2x + y + xy' - 2yy' = =^ (x - 2y)y' = -2x - y y' = ; 

(a) the slope of the tangent line m = y' | „ „ = | =>• the tangent line is y — 3 = ^ (x — 2) => y = | x — | 



(b) the normal line is y — 3 = — ^ (x — 2) =>• y = — ^ x + y 



48. x 2 + y 2 = 25 =4> 2x + 2yy' = =>• y' = - p ; 

(a) the slope of the tangent line m = y'\ „ 4) = — 

=* y = |x-f 

(b) the normal line is y + 4 = — ^ (x — 3) => y 



the tangent line is y + 4 = | (x — 3) 



49. x 2 y 2 = 9 => 2xy 2 + 2x 2 yy' = x 2 yy' = -xy 2 =>• y' = - x • 



(a) the slope of the tangent line m = y' | 



_ _ y 

(-1,3) X I (-1,3) 



3 =>• the tangent line is y — 3 = 3(x + 1) 



=>- y = 3x + 6 

(b) the normal line is y — 3 = — | (x + 1) => y = — 3 x + I 

50. y 2 - 2x - 4y - 1 = 2yy' - 2 - 4y' = 2(y - 2)y' = 2 y' = ^_ ! 

(a) the slope of the tangent line m = y'| 2 n = — 1 => the tangent line is y — 1 = — l(x + 2) =4> y — — x — 1 

(b) the normal line is y — 1 = l(x + 2) =>■ y = x + 3 



51. 6x 2 + 3xy + 2y 2 + 17y - 6 = 12x + 3y + 3xy' + 4yy' + 17y' = y'(3x + 4y + 17) = -12x - 3y 



, _ -12x-3y 
" 3x + 4y+17 



(a) the slope of the tangent line m = y' | 



-12x-3y 
(-1,0) ~~ 3x + 4y+ 17 



(-1,0) 



| => the tangent line is y - = j (x + 1) 



6 x ' 6 



(b) the normal line is y — = — ? (x + 1) =>• y — — g x — g 



52. x 2 - V^xy + 2y 2 = 5 2x - V^xy' - V^y + 4yy' = => f Uy - V^x) = V^y - 2x =» y' 
(a) the slope of the tangent line m = y'| L/si\ ~ i r- \ = ^ ^* me tangent line is y = 2 



^y-2x . 

4y - v^x ' 



(b) the normal line is x = y3 

53. 2xy + 7r sin y = 27r => 2xy' + 2y + 7r(cos y)y' = =>• y'(2x + ir cos y) = — 2y => y' — — — ^- 



2x + 7r cos y 



(a) the slope of the tangent line m = y' | 



-2y 



2x + 7r cos y 



(i.i) 



the tangent line is 



-f(x-l) =>• y = - f x + 7T 



(b) the normal line is y — ? = - (x — 1) =>• y = - x — - + ? 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



164 Chapter 3 Differentiation 



54. x sin 2y = y cos 2x ^> x(cos 2y)2y' + sin 2y = — 2y sin 2x + y' cos 2x ^ y'(2x cos 2y — cos 2x) 

sin 2y + 2y sin 2x . 

cos 2x — 2x cos 2y ' 



-sin 2y - 2y sin 2x => y' - sin 2y + 2y sin 2x 



sin 2y + 2y sin 2x 



(a) the slope of the tangent line m = y'l • — s - 

v ' " & J I tfjfj cos 2x — 2x cos 2y 

y - | = 2 (x - |) => y = 2x 

(b) the normal line is y - f = - ~ (x - J) ^>y = -|x+^ 



I 1 = 2 => the tangent line is 



55. y = 2 sin (7rx — y) =>• 5/ = 2 [cos (7rx — y)] • (7r — y') =>• y'[l + 2 cos (7rx — y)] = 2-k cos (irx — y) 

27r the tangent line is 



/ _ 2tt cos (ttx - y) . 

J 1+2 COS (7TX — y) ' 



(a) the slope of the tangent line m = y> \ m = ^^"-y) 

y — = 27r(x — 1) =>• y = 2-7TX — 2ir 

(b) the normal line is y — = — ^- (x — 1) => y = — 



I 1.0) 



2tt 1 2ti 



56. x 2 cos 2 y — sin y = =>• x 2 (2 cos y)(— sin y)y' + 2x cos 2 y — y' cos y = =4> y' [— 2x 2 cos y sin y — cos y] 
= ~2x cos 2 y =► 5/ - 2 -^^ ■ 



2x 2 cos y sin y 4- cos y ' 

(a) the slope of the tangent line m = y'| _ 

(b) the normal line is x = 



2x cos" y 



) 2x 2 cos y sin y + cos y 



=>■ the tangent line is y = n 



57. Solving x 2 + xy + y 2 = 7 and y = =4> x 2 = 7 => x = ± \fl =!> (— a/7. O^j and (y/l, O^j are the points where the 
curve crosses the x-axis. Now x 2 + xy + y 2 = 7 => 2x + y + xy' + 2yy' = =>• (x + 2y)y' = — 2x — y 

=>- y 7 = - =>- m = - 2 rq±| =>• the slope at (-a/7, o) is m = - =^ = -2 and the slope at (\/7, o) is 

m = 2 -^5 = —2. Since the slope is —2 in each case, the corresponding tangents must be parallel. 

58. x 2 +xy + y 2 = 7 => 2x + y + x g + 2y g = => (x + 2y) g = -2x - y => g = ^ and g = ^ ; 
(a) Solving g = => — 2x — y = =>• y = — 2x and substitution into the original equation gives 

x 2 + x(— 2x) + (— 2x) 2 = 7 =^ 3x 2 — 1 =>■ x = an d y = T 2\/l when the tangents are parallel to the 



x-axis. 



(b) Solving g = => x + 2y = => y = - § and substitution gives x 2 + x (- |) + (- |) =7 
x = ± 2* / 1 and y = T y | when the tangents are parallel to the y-axis. 



59. y 4 = y 2 - x 2 =4> 4y 3 y' = 2yy' - 2x 2 (2y 3 - y) y' = -2x => y' = - _ x 2y3 ; the slope of the tangent line at 



(4:4) 



y-2y 3 



i2 



1 

2-3 



1; the slope of the tangent line at {^-, |1 



is 



y-2y 3 



5 A ~~ i-i ~~ 4-2 - V J 



4 '2 



60. y 2 (2 - x) = x 3 =^ 2yy'(2 - x) + y 2 (-l) = 3x 2 y' = ^gj^ ; the slope of the tangent line 



is 



m 



_ y 2 + 3x 2 
- 2y(2-x) 



— 2^f the tangent line is y — 1 = 2(x — 1) =>• y = 2x — 1; the normal line is 



y - 1 = - | (x - 1) => y = - | x + | 



61. y 4 - 4y 2 = x 4 - 9x 2 =>■ 4y 3 y' - 8yy' = 4x 3 - 18x y' (4y 3 - 8y) = 4x 3 - 18x =>■ y 



/ _ 4x 3 - jjjx 2x J - 9x 
4y 3 - 8y 2y 3 - 4y 
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= =m;(-3,2): m = = - f ; (-3, -2): m = f ;(3,2): m=f ;(3,-2): m=-f 



62. x 3 ^- 3 



y - 9xy = => 3x 2 + 3y 2 y' - 9xy' - 9y = =!> y' (3y 2 - 9x) = 9y - 3x 2 => y' 
(a) y" - 5 -^-" - 4 



9y - 3x 2 _ 3y-x 2 
3y 2 -9x — y 2 -3x 



4 and y'l<2,4, - 5 
3y-x 2 







54x 3 = 



(4,2) 

(b) y' = => = => 3y - x 2 = y = f x 3 + (f )' - 9x (f ) 

=>■ x 3 (x 3 - 54) = =>■ x = or x = 3 \/54 = 3 3 \/2 =>■ there is a horizontal tangent at x = 3 \fl . To find the 
corresponding y-value, we will use part (c). 



(c) 



dv 



9xV3x = 



= => f^f = 0^y 2 -3x = 0^y=± V^x ; y = V^x =>■ x 3 - 
x 3 - 6V^x 3 / 2 = x 3 / 2 (x 3 / 2 - 6V^) = ^ x 3 / 2 = or x 3 / 2 = 6V^ => x = or x = \Jl08 = 3 VS. 



Since the equation x 3 + y 3 — 9xy = is symmetric in x and y, the graph is symmetric about the line y = x. 
That is, if (a. b) is a point on the folium, then so is (b, a). Moreover, if y' | (a b = m, then y'| ^ a) = ^ . 
Thus, if the folium has a horizontal tangent at (a, b), it has a vertical tangent at (b, a) so one might expect 
that with a horizontal tangent at x = \/54 and a vertical tangent at x = 3 3 \/4, the points of tangency are 

%/sii, 3 S/^j and ^3 %/ 54 j , respectively. One can check that these points do satisfy the equation 

3 + y 3 - 9xy = 0. 



63. x 2 - 2tx + 2t 2 = 4 2x ^ - 2x - 2t 



dx 



4t = (2x - 2t) % = 2x - 4t % = 2x - 4t - x - 2t 



dt 

t(x-t) 



2x-2t x-t 

t = 2 



2y 3 -3t 2 =4 => 6y 2 |-6t = => % = % = $ ; thus g = = ^ - ^ 

x 2 - 2(2)x + 2(2) 2 =4 =±> x 2 - 4x + 4 = => (x - 2) 2 = ^> x = 2; t = 2 2y 3 - 3(2) 2 = 4 



2y 3 = 16 =^ y 3 



y = 2; therefore g| 



2(2 - 2) 
(2) 2 (2-2(2)) 







64. x=J5-x/t ^ % = H5-^)" /2 (-|t- 1/2 ) 



rt _ 1 ^ d y — 1 x, ^> d y — Si ! — i-ay^/t 

I 1 ^ dt - o.f, y dt - (t-1) - 21^-2^ 



dt - 2v A y 
2(l-2yv/t)^/5- y/t _ t 



; thus | 



;y(t-l) = ^ => y + (t-l)| = Ir 



1/2 



^ = i-2yxA WWt 
=^= 20(t-l) "I 



therefore, 



l-t 



dv 



= 4 => x 



5-x/4=x/3; t = 4 y(3) = s/l = 2 



_ 2(1-2(2)^/4)^5-^/4 _ 



1-4 



65. x + 2x 3 / 2 = t 2 + t => 



| + 3x i/2 | = 2t+i => (1 + 3X 1 / 2 ) | = 2t+i => f = i ^?;y>/t+T + 2t v ^ = 4 



dy 
dt 



x/tTT + y (i) (t + I)" 1 / 2 + 2^/y + 2t (I y-V2) | = 



dy 



dy _ dy/dt 
dx — dx/dt 



dy _ 
/yy dt ; 

-y N /y-4yy / i+^ 
lyytt+tj+ztv/t+i 
/ 21+ 1 1 



dv 
dt 



(3 



-Vy 



+ 2 v ^(t+i) + 2t v /t+T 



; thus 



; t = x + 2x 3 / 2 =0 =!> x (1 + 2X 1 / 2 ) = x = 0; t = 



y^/O+T + 2(0)0^ = 4 =>• y = 4; therefore 







{ -4^4-4(4)^0+1 \ 


dv 




\2\/4(0+ I)+2(())\/0 + 1 y 


dx 


1=0 


/ 2(0)+ 1 \ 




V 14-3(0)VV 
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66. x sin t + 2x = t =4> 
t sin t — 2t = y 



dx 



sin t + x cos t 



2 | = 1 (sin t + 2) 



^ = 1 - X cos t =>• 



dx 1 — x cos t . 

dt sin t+2 ' 



sin t + t cos t - 2 = % ; thus | = sin 1 + Vgf ' - 2 ; t = 7r 



X Sin 7T 



2X = 7T 



x = 5 ; therefore & 

2 ' dx 



sin 7T + 7T COS 7T — 2 — 47T — 8 

_ 2 + 7T ~~ 



-4 



67. (a) if f(x) = I x 2 / 3 - 3, then f'(x) = x" 1 / 3 and f"(x) = - \ x^ 3 so the claim f"(x) = x" 1 / 3 is false 

(b) if f(x) = ^ x 5 / 3 - 7, then f'(x) = § x 2 / 3 and f"(x) = x" 1 / 3 is true 

(c) f"(x) = x- 1 / 3 =!> f"'(x) = - | x- 4 / 3 is true 

(d) if f '(x) = | x 2 / 3 + 6, then f"(x) = x" 1 / 3 is true 



68. 2x 2 + 3y 2 =5 => 4x + 6yy' = => y' = - | => y'| (M) = -| ^ = - § andy^D - ^ 



2 „„j ,/l _ 2x 



also, y 2 = x 3 2yy' = 3x 2 y' = f y'| (11) = f 



= — 4 . Therefore 



the tangents to the curves are perpendicular at (1, 1) and (1, —1) (i.e., the curves are orthogonal at these two 
points of intersection). 

69. x 2 + 2xy - 3y 2 = 2x + 2xy' + 2y - 6yy' = => y'(2x - 6y) = -2x - 2y y' = =>• the slope of the 



tangent line m = y'| {U) = ^ 



3y — x 

= 1 =>■ the equation of the normal line at (1, 1) is y — 1 = — l(x — 1) 

(i,i) 



=>• y = —x + 2. To find where the normal line intersects the curve we substitute into its equation: 
x 2 + 2x(2 - x) - 3(2 - x) 2 = ^ x 2 + 4x - 2x 2 - 3 (4 - 4x + x 2 ) = -4x 2 + 16x - 12 = 

=>• x 2 — 4x + 3 = => (x — 3)(x — 1) = =>■ x = 3 and y = — x + 2 = — 1. Therefore, the normal to the curve 
at (1, 1) intersects the curve at the point (3, —1). Note that it also intersects the curve at (1, 1). 

70. xy + 2x - y = =>• x^|+y + 2- ^= =>■ g = *±§ ; the slope of the line 2x + y = is -2. In order to be 
parallel, the normal lines must also have slope of —2. Since a normal is perpendicular to a tangent, the slope of 
the tangent is i . Therefore, — \ =>• 2y + 4 = 1 — x =>■ x = — 3 — 2y. Substituting in the original equation, 

y(-3 - 2y) + 2(-3 - 2y) - y = ^> y 2 + 4y + 3 = => y =-3ory = -l. If y = -3, then x = 3 and 
y + 3 = -2(x- 3) y = -2x + 3. If y = -1, thenx = -1 and y + 1 = -2(x+ 1) =>• y = -2x - 3. 

71. y 2 = x =£• ^ = i< If a normal is drawn from (a, 0) to (xi, yi) on the curve its slope satisfies = —2yi 

=> yi — — 2yi(xi — a) or a — x\ + \ . Since xi > on the curve, we must have that a > \ . By symmetry, the 
two points on the parabola are (x\ . ^/xi ) and (xi , — ^/xi) ■ For the normal to be perpendicular, 

(xf§) (fS)=" 1 =* = 1 xi = (^-^) 2 =» x 1 = (x 1 + i-x 1 ) 2 =* x 1 = iand yi = ±§. 

Therefore, Q, ± |) and a = | . 



72. Ex. 6b.) y = x 1 / 2 has no derivative at x = because the slope of the graph becomes vertical at x = 

1 1 A 

Ex. 7a.) y = (1 — x 2 ) has a derivative only on (—1, 1) because the function is defined only on [—1, 1] and 
the slope of the tangent becomes vertical at both x = — 1 and x = 1. 



dy — y 3 — 2xy 

dx 3xy 2 + x 2 



73. xy 3 + x 2 y = 6 => x (3y 2 g) + y 3 + x 2 g + 2xy = => g (3xy 2 + x 2 ) = -y 3 - 2xy 

; also, xy 3 + x 2 y = 6 =>■ x (3y 2 ) + y 3 g + x 2 + y (2x ^1 = =>■ || (y 3 + 2xy) = -3xy 



y J + 2xy 

af = — y^ y +2xy > ^ lus Hy a PP ears to equal ^ . The two different treatments view the graphs as functions 
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symmetric across the line y = x, so their slopes are reciprocals of one another at the corresponding points 
(a, b) and (b, a). 



74. x 3 + y 2 = sin 2 y =>- 3x 2 + 2y % = (2 sin y)(cos y) % => g (2y - 2 sin y cos y) = -3x 2 =>- g = 



-3x- 



dx 

x ; also, x 3 + y 2 = sin 2 y =4> 3x 2 4 s + 2y = 2 sin y cos y 



dx 2y — 2 sin y cos y 
dx _ 2 sin y cos y - 2y . ^ dx 



2 sin y cos y — 2y ' ' * ■> dy * * dy 3x 2 ' dy 

appears to equal ^ . The two different treatments view the graphs as functions symmetric across the line 
y = x so their slopes are reciprocals of one another at the corresponding points (a, b) and (b, a). 

(b) 



75. x 4 + 4y 2 = 1: 

(a) y 2 = => y = ±§Vl-* 4 
±i(l-x 4 r 1/2 (-4x 3 ) 



ill 

dx 



±x J 



T72 



1 " " (1-x 4 ) 

differentiating implicitly, we find, 4x 3 + 8y d> 



dy -4x 3 _ -4x 3 _ ±x 3 

dx ~ 8 y ~~ sfiiv/T^ 1 ) ~ (l-x") 1 ' 2 • 



y' 




76. (x - 2) 2 + y 2 = 4: 

(a) y = ± ^4 - (x - 2) 2 

* - ± i (4 - (x - 2) 2 )~ 1/2 (-2(x - 2)) 



dx 



±(x-2) 



itj ; differentiating implicitly, 



[4-(x-2) 2 ] 

dy _ -2(x-2) 
dx w ~ ^ dx 2y 
_ -(x - 2) _ -(x - 2) _ ±(x - 2) 
y ~ ±[4-(x-2) 2 ] 1/ 



2(x - 2) + 2y | = 



[4-(x-2)f 75 



(b) 




(x-2) 2 +y 2 = 4 



77-84. Example CAS commands: 
Maple : 

ql := x A 3-x*y+y A 3 = 7; 
pt := [x=2,y=l]; 

pi := implicitplot( ql, x=-3..3, y=-3..3 ): 

pi; 
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eval( ql, pt ); 

q2 := implicitdiff( ql, y, x ); 
m := eval( q2, pt ); 
tan_line := y = 1 + m*(x-2); 

p2 := implicitplot( tan_line, x=-5..5, y=-5..5, color=green ): 
p3 := pointplot( eval([x,y],pt), color=blue ): 
display( [pl,p2,p3], ="Section 3.6 #77(c)" ); 
Mathematica : (functions and xO may vary): 

Note use of double equal sign (logic statement) in definition of eqn and tanline. 
«Graphics v ImplicifPlof 
Clear[x, y] 
{xO, y0}={l,7r/4}; 
eqn=x + Tan[y/x]==2; 

ImplicitPlot[eqn,{ x, xO - 3, xO + 3},{y, yO - 3, yO + 3}] 

eqn/.{x — > xO, y — ► yO} 

eqn/.{ y -> y[x]} 

D[%, x] 

Solve[%, y'[x]] 

slope=y'[x]/.First[%] 

m=slope/.{x — > xO, y[x] — » yO} 

tanline=y==yO + m (x — xO) 

ImplicitPlot[{eqn, tanline}, {x, xO - 3, xO + 3},{y, yO - 3, yO + 3}] 
3.7 RELATED RATES 

1. A = ^r 2 =» f =2*1% 

2. S = 47rr 2 f = 87rr | 

3. (a) V = 7rr 2 h => ^ = tit 2 ^ (b) V = 7rr 2 h => ^ = 2?rrh | 
(c) V = 7rr 2 h ^ = 7rr 2 § + 27rrh | 

4. (a) V = im 2 h =► f = irn 2 f (b) V = Xh => f = |7rrh £ 

w dt 3 " x dt T 3 " m dt 

5. (a) ^ = 1 volt/sec (b) f = - g amp/sec 

/„v dV p / dl \ i t / dR \ . dR 1 /dV n dl\ . dR 1 / dV V dl\ 

( c ) dF - R UJ +1 ldFJ dF-Tldr- R dtJ ^ dT-TldF^TsJ 

(d) f = I [1 - f (- i)] = (|) (3) = | ohms/sec, R is increasing 

6. (a) P = RI 2 => f =I 2 f +2RI| 

(b) P = RI 2 =>0=f = I 2 § +2RI| £ = -Wi = - 2 -^i =-f i 

7. (a) s = yx^T7=(x 2 + y 2 ) 1/2 => £ = ^r£ 

(b) s=y^T7=(x 2 +y 2 ) 1/2 => ^ = -^^ + -^1 

(c) s = ^/x 2 + y 2 =► s 2 = x 2 + y 2 2s f = 2x | + 2y g =► 2s • = 2x f + 2y g 

8. (a) s = ^/x 2 + y 2 + z 2 s 2 = x 2 + y 2 + z 2 =*> 2s | = 2x f + 2y g + 2z f 
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_^ ds x dx j y dy _. z dz 

it _ \Jt? + y 2 + z 2 dt ,y x 2 + y 2 +z 2 * \/x 2 + y 2 + z 2 dt 

(b) From part (a) with % = | = , , \ , % + , , \ „ | 

v ' r w dt dt y x 2 + y 2 + z 2 dt ,/x 2 + y 2 + z 2 dt 

(c) From part (a) with |=0^0 = 2x£+2y^+2z| =» S5 + z£ + |g=o 

9. (a) A = 1 ab sin 6 =>- ^ = ± ab cos 6» f (b) A = \ ab sin 9 => ^ = \ ab cos f + \ b sin i 
(c) A = | ab sin 9 =>- ^ = | ab cos f + | b sin | + | a sin f 

10. Given A = Trr 2 , g = 0.01 cm/sec, and r = 50 cm. Since ^ = 2tit g , then ^ | r 5o = 2tt(50) (y^) 

= 7r cm 2 /min. 

11. Given % — —2 cm/sec, ^ = 2 cm/sec, £ = 12 cm and w = 5 cm. 

dt dt 

(a) A = £w ^ w = e W+ w ft IT = 12 ( 2 ) + 5 (~ 2 ) = 14 cm2 / sec ^ increasing 



da 
dt 



dt dt 1 dt dt 

dP _ 9 d£ 
dt — Z dt 



(b) P = 2£ + 2w <|=2^+2<^ = 2(-2) + 2(2) = cm/sec, constant 

(c) D = Vw 2 + P = (w 2 + 1 2 ) 1 ' 2 =► f = I (w 2 + £ 2 )~ 1/2 (2w ^ + 2£ |) 



dD _ w T + t 
dt v/\v 2 +^ 



(5)(2) +(12)(-2) _ _ 14 
V25 + 144 13 



cm/sec, decreasing 



12. (a) V = xyz => f = yz | + xz f + xy f => f | (w) = (3)(2)(1) + (4)(2)(-2) + (4)(3)(1) = 2 m 3 /sec 

(b) S = 2xy + 2xz + 2yz ^ f = (2y + 2z) | + (2x + 2z) f + (2x + 2y) f 

f I (w, = dW 1 ) + ( 12 )(- 2 ) + ( 14 )(D = m2/sec 

(c) £=^/x 2 +y 2 + z 2 = (x 2 +y 2 + z 2 ) 1/2 ^ dT- Z " " 



i/x 2 + y 2 + z 2 dt y x 2 + y 2 + z 2 dt ^x 2 + y 2 + z 2 dt 



djl 

dt I (4,3,2) 



(^)( 1 )+(^)(-2)+(^)(D = 0m/sec 



13. Given: § = 5 ft/sec, the ladder is 13 ft long, and x = 12, y = 5 at the instant of time 

(a) Since x 2 + y 2 = 169 f = - | f = - (f ) (5) = -12 ft/sec, the ladder is sliding down the wall 

(b) The area of the triangle formed by the ladder and walls is A = | xy ^ = (|)( x ^+y^t) - The area 
is changing at \ [12(-12) + 5(5)] = - if- = -59.5 ft 2 /sec. 

(c) cos0=^ => -sinflf = i-| => f = -ido"l=-(5)(5) = -lrad/sec 

14. s 2 =y 2 +x 2 2s|=2xf + 2y ^ =» | = I ( x f + y f ) | = [5(-442) + 12(-481)] 
= -614 knots 

15. Let s represent the distance between the girl and the kite and x represents the horizontal distance between the 
girl and kite s 2 = (300) 2 +x 2 => £ = f £ = = 20 ft/sec. 

16. When the diameter is 3.8 in., the radius is 1.9 in. and £ = in/min. Also V = 67rr 2 ^ = 127rr £ 

^ = 12tt(1.9) (jgL) = 0.0076tt. The volume is changing at about 0.0239 in 3 /min. 

17. V = | m 2 h, h = I (2r) = f =► r = f ^ V = i ^(f) 2 h = f = ^ f 
( a > f l h =4= (t^H 10 )^ 55^ « 0.1119 m/sec= 11.19 cm/sec 
(b)r=f=^| = |f = f(^ F ) = ^« 0.1492 m/sec = 14.92 cm/sec 
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18 (a\ V - 1 7rr 2 h anH r — I5h =b> V - 1 it ( 15h \ \ - 157x1,3 =s dv — 225lTh ~ dh , dh I _ 4(-50) _ -8 

is. W v - 3 7ri nanar- — v - 5 7r( — ) n- -g- =>- - — — =^ dF I h=5 — tisms? ~ 22SF 
rs —0.0113 m/min = —1.13 cm/min 
(b) r = If =► I = f f => g 1 ^ = (f ) (^L) = « -0.0849 m/sec = -8.49 cm/sec 

19. (a) V = f y 2 (3R - y) => f = f [2y(3R - y) + y 2 (-l)] f => £ = [f (6Ry - 3y 2 )] -1 f => at R = 13 and 
y = 8 we have | = ^(-6) = j± m/min 



(b) The hemisphere is on the circle r 2 + (13 — y) 2 = 169 =>- r = \J 26y — y 2 m 

13-y _ 

,/26y - y 2 dt ~^ dt I y= 8 ^26-8 - 64 ^> 247r 



(c) r = (26y - y 2 ) 1/2 => £ = \ (26y - y 2 )- 1/2 (26 - 2y) % => £ = | => £ | ^ = -«=±- 



= 28^ m/™ 11 

20. If V = | Trr 3 , S = 47rr 2 , and ^ = kS = 4k7rr 2 , then ^ = 47rr 2 £ => 4k7rr 2 = 47rr 2 | => £ = k, a constant. 
Therefore, the radius is increasing at a constant rate. 

21. If V = | Trr 3 , r = 5, and ^ = IOOtt ft 3 /min, then ^ = 47rr 2 £ £ = 1 ft/min. Then S = 4yrr 2 f 

= 87rr £ = 87r(5)(l) = 407r ft 2 /min, the rate at which the surface area is increasing. 

22. Let s represent the length of the rope and x the horizontal distance of the boat from the dock. 

(a) We have s 2 = x 2 + 36 =4> ^ — ~ £ = ■ s ^ . Therefore, the boat is approaching the dock at 



dx I _ 10 



dt I s =10 yi0 2 -36 



(-2) = -2.5 ft/sec. 



(b) cosfl^f - S i n ^ f = - 6 | f = ml - Thus,r= 10,x = 8,andsin^= ^ 



(—2) = — 4; rad/sec 



10 2 ^) v 20 



23. Let s represent the distance between the bicycle and balloon, h the height of the balloon and x the horizontal 
distance between the balloon and the bicycle. The relationship between the variables is s 2 = h 2 + x 2 
=> l = H h f+ x ^) | = 85 [68(1) + 51(17)] = 11 ft/sec. 



24. (a) Let h be the height of the coffee in the pot. Since the radius of the pot is 3, the volume of the coffee is 
V = 97rh => ^ = 9tt § ^ the rate the coffee is rising is § = f % = £ in/min. 

dt dt & dt y7r dt yir 

(b) Let h be the height of the coffee in the pot. From the figure, the radius of the filter r = | =>• V = i 7rr 2 h 
= ^jy , the volume of the filter. The rate the coffee is falling is ^ = -£j ~ = (— 10) = — J- in/min. 



25. y = QD 1 £ = D- 1 ^ - QD 2 ^ = i (0) - ^ (-2) = ^ L/min increasing about 0.2772 L/min 

26. (a) | = (3x 2 - 12x + 15) % = (3(2) 2 - 12(2) + 15) (0.1) = 0.3, f t = 9 f = 9(0.1) = 0.9, f = 0.9 - 0.3 = 0.6 
(b) | = (3x 2 - 12x-45x~ 2 ) | = (3(1.5) 2 - 12(1.5) - 45(1.5r 2 ) (0.05) = -1.5625, f = 70 f = 70(0.05) = 3.5, 

^ = 3.5 — (-1.5625) = 5.0625 

27. Let P(x, y) represent a point on the curve y = x 2 and 9 the angle of inclination of a line containing P and the 
origin. Consequently, tan 9 = \ => tan 9 = f = x => sec 2 9 f = f => f = cos 2 9 f . Since g = 10 m/sec 
and cos 2 9\ x=3 = = <^ = ^ , we have ^1^ = 1 rad/sec. 

(-x) 1 -' 2 _^ 9 a df> _ (^(-xr'/VDx-c-x) 1 /^!) dx 



28. y = (-x) 1 / 2 and tan 9 = | =>> tan = i=f- => sec 2 



dt — x 2 dt 
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(cos 2 9) (f ) . Now, tan 6 = ^ = - \ cos 9 = - 



2 =>. cos 2 0=\. Then 
v 5 3 



f = (y) a) (-8) 



-8) = I rad/sec. 



29. The distance from the origin is s = a/x 2 + y 2 and we wish to find ^ | 



(x 2 + y 2 )- 1/2 (2xf +2y^) 



(5,12) 



_ (5)(-l) + (12)(-5) _ 
v/25 + 144 



—5 m/sec 



30. When s represents the length of the shadow and x the distance of the man from the streetlight, then s = I x. 



(a) If I represents the distance of the tip of the shadow from the streetlight, then I = s + x 



dl 
dt 



ds 
dt 



dx 
dt 



(which is velocity not speed) 
shadow is moving along the ground 



1 dI 1 


1 3 


dx 


dx 1 


1 8 1 


1 dx 1 


1 dt 1 


1 5 


dt 


h dt 1 " 


" 1 5 1 


1 dt 1 " 



-5 1 = 8 ft/sec, the speed the tip of the 



(b) gf = | ^ — | (—5) = —3 ft/sec, so the length of the shadow is decreasing at a rate of 3 ft/sec. 



31. Let s = 16t 2 represent the distance the ball has fallen, 
h the distance between the ball and the ground, and I 
the distance between the shadow and the point directly 
beneath the ball. Accordingly, s + h = 50 and since 
the triangle LOQ and triangle PRQ are similar we have 



1 



30h 
50 -h 



h = 50- 16t 2 and I 



1500 _ ™ 
16t 2 JU 



dl 
dt 



1500 
8t 3 



_ 30 (50- 16t 2 ) 
— 50-(50-16t 2 ) 

|| t _, = -1500 ft/sec. 



Ball at time t - 



sec later 




32. Let s = distance of car from foot of perpendicular in the textbook diagram => tan 9 — =>• sec 2 9 ^ = S 

f = s°§^ f t ; f t = -264 and 9 = => f = -2 rad/sec. A half second later the car has traveled 132 ft 
right of the perpendicular \9\ — |, cos 2 6 = \, and ^ = 264 (since s increases) =>■ ^ = ||| (264) = 1 rad/sec. 

33. The volume of the ice is V = f 7rr 3 - \ tt4 3 ^ = 47rr 2 § || ^ = =^ in./min when ^ = -10 in 3 /min, the 
thickness of the ice is decreasing at ^ in/min. The surface area is S = 47rr 2 =>• ^ = 87rr g => ^| = 487r (^|) 

= — y in 2 /min, the outer surface area of the ice is decreasing at y in 2 /min. 

34. Let s represent the horizontal distance between the car and plane while r is the line-of-sight distance between 
the car and plane =>- 9 + s 2 = r 2 =4> f = -^=^ g || ^ = 5 (_ 160 ) = -200 mph 

=> speed of plane + speed of car = 200 mph =>• the speed of the car is 80 mph. 

35. When x represents the length of the shadow, then tan 6 = f =>■ sec 2 6 ™ = - f? ^ ^ 
We are given that ^ = 0.27° = ^ rad/min. At x = 60, cos 9 = | =>■ 
I to i -x 2 sec 2 g dfl _ 3^ ft/min _ o.589 ft/min w 7.1 in./min. 

I dt I 80 dt (de _ „ nl ,„ ec „_s\ 16 

l^dT - 5500 andsec»- 5 J 

36. Let A represent the side opposite 9 and B represent the side adjacent 9. tan 6 = ^ => sec 2 = W ^ 
t atA=lOmandB=2Omwehavecos0= I ^ J = ^andf = [(£) (-2) - (1))] (f) 

= ( TIT - (I) = 115 rad ' sec = -f/ sec « -6°/sec 

37. Let x represent distance of the player from second base and s the distance to third base. Then |j = — 16 ft/sec 
(a) s 2 = x 2 + 8100 ^ 2s | = 2x g => f = f g . When the player is 30 ft from first base, x = 60 



-x 2 sec 2 9 AB 
80 dt ■ 
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=^ s = 30v/l3 and % = -M= (-16) = ■=§ » -8.875 ft/sec 

v dt 30a/13 v ' \/13 

(b) cos 0! = f =► -sin f = - f • | ^ = pf^ ■ f = f ■ | . Therefore, x = 60 and s = 30^13 
=► = , M , - ( ^L) = =« ra d/sec; sin 2 = ?° ^ cos 02 ^ = _ 90 . ds ^ d£ = ^90 . ds 

dt (30/13) (60) V V13/ 65 s dt s 2 dt dt s 3 cos 02 dt 

= ^ • % . Therefore, x = 60 and s = 30v/l3 =» ^ = 4 rad/sec. 

sx dt ' v dt 65 

/ x d|i _ 90 ds _ 90 (x\ (dx\ _ (90) (dx\ _ ( _90_\ dx . i- dlh 
w dt s 2 sinfli dt (s 2 -f) Vs^ V dt ) \ s 2 )\ dt I Vx 2 + 8100/' dt x STq dt 

= x ^ (x^iloo) (-15) = - \ rad/sec; f = ^ - £ = (f) (f ) = (=») (f ) 

= (™o) I x l™ f = | rad/sec 

38. Let a represent the distance between point O and ship A, b the distance between point O and ship B, and 
D the distance between the ships. By the Law of Cosines, D 2 = a 2 + b 2 — 2ab cos 120° 
=> f = 2D-[ 2a t+ 2b f + a f + b l]- Whena = 5,| = 14,b = 3,andf = 21, then f = |f 
where D = 7. The ships are moving ^ = 29.5 knots apart. 

3.8 LINEARIZATION AND DIFFERENTIALS 

1. f(x) = x 3 - 2x + 3 f'(x) = 3x 2 - 2 L(x) = f'(2)(x - 2) + f(2) = 10(x - 2) + 7 =► L(x) = lOx - 13 at 

2. f(x) = ^x 2 + 9 = (x 2 + 9) 1/2 =► f'(x) = (i) (x 2 + 9)~ 1/2 (2x) = -^L_ =► L(x) = f'(-4)(x + 4) + f(-4) 

= - I (x + 4) + 5 L(x) = -|x+|atx = -4 

3. f(x) = x + \ f'(x) = 1 - x- 2 => L(x) = f(l) + f'(l)(x - 1) = 2 + 0(x - 1) = 2 

4. f(x) = X V3 => f'( x ) = ^ => L (x) = f'(-8)(x - (-8)) + f(-8) = i (x + 8) - 2 => L(x) = £ x - f 

5. f(x) = x 2 + 2x f'(x) = 2x + 2 =>• L(x) = f'(0)(x - 0) + f(0) = 2(x - 0) + L(x) = 2x at x = 

6. f(x) = x- 1 f'(x) = -x- 2 =>- L(x) = f'(l)(x - 1) + f(l) = (-l)(x - 1) + 1 => L(x) = -x + 2 at x = 1 

7. f(x) = 2x 2 + 4x - 3 f'(x) = 4x + 4 L(x) = f'(-l)(x + 1) + f(-l) = 0(x + 1) + (-5) => L(x) = -5 at 

8. f(x) = 1 + x => f'(x) = 1 L(x) = f'(8)(x - 8) + f(8) = l(x - 8) + 9 L(x) = x + 1 at x = 8 

9. f(x) =\/x = x 1 / 3 =s> f'(x) = (|) x- 2 / 3 L(x) = f'(8)(x - 8) + f(8) = i (x - 8) + 2 L(x) = L x + f at 

10. f(x) = ^ => f'(x) = im ^ m) = L(x) = f ' (1)(x ~ 1} + f(1) = i (x " 1} + a 

L(x) = ~x+iatx=l 
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11. f(x) = sinx =>• f'(x) = cos x 

(a) L(x) = f'(0)(x - 0) + f(0) = l(x - 0) + 

=>- L(x) = x at x = 

(b) L(X) = f'(7T)(x - 7T) + f(7T) = (-1)(X - 7T) + 

=>• L(x) = 7T — xatx = 7r 







2 


XX L(x) =TT - 


1 


/X^ 


-X. - 2 - 1 


1 2 3\4 5 




X 


L(x)=x/ " 2 


f (x) = sin x 


-3 





12. f(x) = cos x f'(x) = —sin x 

(a) L(x) = f'(0)(x - 0) + f(0) = 0(x ~ 0) + 1 

L(x) = 1 at x = 

(b) L(x) = f'(-f) (x+f)+f(-f) 

= -(-1) (x + f ) + L(x) = x + | 
atx=-f 



2 


^J-(x)=x+| 


L(x)=l / x 








-3 -2/ -1 






1 X^J 5 ^ 

f (x) = COS X 


' -2 





13. f(x) = sec x =>• f'(x) = sec x tan x 

(a) L(x) = f'(0)(x - 0) + f(0) = 0(x - 0) + 1 

=>- L(x) = 1 at x = 

(b) L(x) = f'(-f) (x+f) +f(-f) 

= -2^/3 (x + f ) + 2 =► L(x) =2- 2^/3 (x + f ) 
at x = - 1 




L(x) = 2 - 2^T(x +i) 0.5 



-~f(x) = sec x 



0.5 1 1.5 



14. f(x) = tan x =>■ f'(x) = sec 2 x 

(a) L(x) = f'(0)(x - 0) + f(0) = l(x - 0) + = x 

=» L(x) = x at x = 

(b) L(x) = f (|) (x - |) + f (|) = 2 (x - |) + 1 

=> L(x) = 1 + 2 (x - f ) atx= | 



f(x) = tan x 




X(x) =1 +2(x-f) 



15. f'(x) = k(l + x) k \ We have f(0) = 1 and f'(0) = k. L(x) = f(0) + f (0)(x - 0) = 1 +k(x - 0) = 1+kx 



16. (a) f(x 

(b) f(x 

(c) f(x 

(d) f(x 

(e) f(x 



(1 - x) 6 = [1 + (-x)]° » 1 + 6(-x) = 1 - 6x 

rX = 2[! + HO]"* « 2 [! + (-!)(- x )] = 2 + 2x 
(l+x)- 1 /2«i+(_i) x= i_| 

JJ •-;) v*('x) 



X+* 2 



2 1 



2 1 



= (4 + 3x) 1/3 = 4V3(i + 3X) 1 / 3 » 4 V3(i + 1 1) = 4 l/3(i + I) 
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(f) f(x) = (l-^) 2/3 =[l + (-^ x; 



2/3 



1 + 1(-5^)=1- 



2 

6+3x 



17. (a) (1.0002) 50 = (1 + 0.0002) 50 w 1 + 50(0.0002) = 1 + .01 = 1.01 
(b) V 1-009 = (1 + 0.009) 1/3 * 1 + (g) (0.009) = 1 + 0.003 = 1.003 

18. f(x) = Vx+ 1 + sin x = (x + l) 1 / 2 + sin x =^ f'(x) = (|) (x + l)" 1 / 2 + cos x ^ L f (x) = f'(0)(x - 0) + f(0) 
= § (x - 0) + 1 L f (x) = |x + 1, the linearization of f(x); g(x) = y/x + 1 = (x + 1) 1/2 g'(x) 

= (|) (x + I)" 1 / 2 L g (x) = g'(0)(x - 0) + g(0) = \ (x - 0) + 1 L g (x) = 1 x + 1, the linearization of g(x); 
h(x) = sin x => h'(x) = cos x L h (x) = h'(0)(x - 0) + h(0) = (l)(x - 0) + =>• L h (x) = x, the linearization of 
h(x). L f (x) = L g (x) + L h (x) implies that the linearization of a sum is equal to the sum of the linearizations. 



19. y = x 3 - 3 y/x = x 3 - 3X 1 / 2 dy = (3x 2 - § x" 1 / 2 ) dx =^ dy = [3x 2 - ^ ) dx 



20. y = x\/l-x 2 = x(l-x 2 ) 1/2 =► dy = [(1)(1 -x 2 ) 1/2 + (x)(±) (1 -x 2 )~ 1/2 (-2x) 



dx 



(l-x 2 )" 1/2 [(l-x 2 )-x 2 ]dx 



(l-2x a ) 
\/l-x 2 



dx 



21. y 



2x 
1+x 2 



, _ ( (2)(l+x 2 )-(2x)(2x) \ 
^"l (1+x 2 ) 2 J 



dx = g=2L dx 

(1+x 2 )- 



22. y 



_ 2^1 _ 2x'/ 2 
- 3 (1 + Vx) - 3(l+xV 2 ) 

^ d Y = a-/ 1 — r^ 2 



dy 



_ fx' 1 -' 2 (3(l+x 1 / 2 ))-2x 1 - /2 (|x- 1 - /2 ) 



9(l+xV 2 ) i 



3) 



dx = 



3x~ I ' 2 + 3-3 
9(1 +xV 2 ) 2 



^ dx 



23. 2y 3 / 2 + xy - x = 3y x / 2 dy + y dx + xdy - dx = ^y 1 / 2 + x) dy = (1 - y) dx =$> dy = dx 



24. xy 2 - 4x 3 / 2 - y = =^ y 2 dx + 2xy dy - 6x x / 2 dx - dy = (2xy - 1) dy = (6X 1 / 2 - y 2 ) dx 

lay -l 



dy = 6 #lf dx 



25. y = sin (5^/x) = sin (5X 1 / 2 ) => dy = (cos (5X 1 / 2 )) (| X" 1 / 2 ) dx => dy = dx 

26. y = cos (x 2 ) =>• dy = [—sin (x 2 )] (2x) dx = — 2x sin (x 2 ) dx 

27. y = 4 tan Of) =>■ dy = 4 (sec 2 f f (x 2 ) dx =*> dy = 4x 2 sec 2 Of) dx 

28. y = sec (x 2 - 1) ^> dy = [sec (x 2 - 1) tan (x 2 - 1)] (2x) dx = 2x [sec (x 2 - 1) tan (x 2 - 1)] dx 

29. y = 3 esc (l - = 3 esc (l - 2x J / 2 ) =» dy = 3 (-esc (l - 2X 1 / 2 )) cot (l - 2X 1 / 2 ) (-x^ 1 / 2 ) dx 

=> dy = -tj esc (l — 2^/x) cot (l — 2^/x) dx 



30. y = 



y = 2 cot = 2 cot (x~ 1/2 ) dy = -2 esc 2 (x~ 1/2 ) (- §) (x~ 3 / 2 ) dx 

31. f(x) = x 2 + 2x, x = 1, dx = 0.1 f'(x) = 2x + 2 

(a) Af = f(x + dx) - f(x ) = f(l.l) - f(l) = 3.41 - 3 = 0.41 

(b) df = f'(x )dx = [2(1) + 2](0.1) = 0.4 



dy 



I 9. 

-7= cscr 



dx 
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(c) |Af-df| = |0.41 -0.4| =0.01 

32. f(x) = 2x 2 + 4x - 3, x = -1, dx = 0.1 => f'(x) = 4x + 4 

(a) Af = f(x + dx) - f(x ) = f(-.9) - f(-l) = .02 

(b) df = f'(x )dx=[4(~l) + 4](.l) = 

(c) |Af — df | = |.02-0| = .02 

33. f(x) = x 3 - x, x = 1, dx = 0.1 => f'(x) = 3x 2 - 1 

(a) Af = f(x + dx) - f(x ) = f(l.l) - f(l) = .231 

(b) df = f'(x )dx = [3(1) 2 - l](.l) = .2 

(c) |Af — df | = | .231 - .2| = .031 

34. f(x) = x 4 , x = 1, dx = 0.1 f'(x) = 4x 3 

(a) Af = f(x + dx) - f(x ) = f(l.l) - f(l) = .4641 

(b) df=f'(x )dx = 4(l) 3 (.l) = .4 

(c) |Af — df | = |.4641 - .4| = .0641 

35. f(x) = x -1 , x = 0.5, dx = 0.1 f'(x) = -x~ 2 

(a) Af = f(x + dx) - f(x ) = f(.6) - f(.5) = - § 

(b) df = f'(x )dx = (-4)(i) = -§ 

(c) |Af-df| = |-i + || = i 

36. f(x) = x 3 - 2x + 3, x = 2, dx = 0.1 f'(x) = 3x 2 - 2 

(a) Af = f(x + dx) - f(x ) = f(2.1) - f(2) = 1.061 

(b) df = f'(xo)dx = (10)(0.10) = 1 

(c) |Af — df | = |1.061 - 1| = .061 

37. V = 1 7rr 3 dV = 47rr 2 dr 38. V = x 3 dV = 3x 2 dx 

39. S = 6x 2 dS = 12x dx 

40. S = TnVr 2 + h 2 = ttt (r 2 + h 2 ) 1/2 , h constant f = tt (r 2 + h 2 ) 1/2 + Trr • r (r 2 + h 2 )~ 1/2 

d s = + + ^ dS = 2lM±^1 dr , h constant 

dr \/r 2 +h 2 v/r^+h 2 

41. V = 7rr 2 h, height constant =>■ dV = 27rr h dr 42. S = 2?rrh => dS = 2?rr dh 

43. Given r = 2 m, dr = .02 m 

(a) A = tit 2 =>- dA = 27rr dr = 2tt(2)(.02) = .08tt m 2 

(b) (^)(100%) = 2% 

44. C = 2tyt and dC = 2 in. dC = 2tv dr ^> dr = - ^> the diameter grew about - in.; A = 7rr 2 dA = 2nr dr 

= 2tt(5) (i) = 10 in. 2 

45. The volume of a cylinder is V = 7rr 2 h. When h is held fixed, we have ^ = 27rrh, and so dV = 27rrh dr. For h = 30 in., 
r = 6 in., and dr = 0.5 in., the volume of the material in the shell is approximately dV = 27rrh dr = 27r(6)(30)(0.5) 

= 180tt w 565.5 in 3 . 
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46. Let 8 = angle of elevation and h = height of building. Then h = 30tan 6, so dh = 30sec 2 # AO. We want |dh| < 0.04h. 
which gives: |30sec 2 6> d9\ < 0.04|30tan6»| =^ ^|d6»| < ^f^- |d0| < 0.04sin cos 6 =>- \d8\ < 0.04sin ff cos { 
= 0.01 radian. The angle should be measured with an error of less than 0.01 radian (or approximatley 0.57 degrees), 
which is a percentage error of approximately 0.76%. 



47. V = Trh 3 => dV = 37rh 2 dh; recall that AV w dV. Then | AV| < (1%)(V) 



_ (l)(7Th 3 ) 

100 



IdVl < 



(D(Th 3 ) 
100 



|3rfi 2 dh| < m{nh 



100 



I dh | < joy h = (I %) h. Therefore the greatest tolerated error in the measurement 



of his \ %. 



48. (a) Let D; represent the inside diameter. Then V = 7rr 2 h 



-Drh 



and h = 10 



dV = 5ttD, dD,. Recall that AV « dV. We want |AV| < (1%)(V) |dV| < (i) 



STiDf 
2 



5ttD, dDj < 



dD; 



< 200. The inside diameter must be measured to within 0.5%. 



40 ~^ D| 

(b) Let D e represent the exterior diameter, h the height and S the area of the painted surface. S = 7rD e h =>• dS = 7rhdD, 

dD, 



dS 

s 



j=P . Thus for small changes in exterior diameter, the approximate percentage change in the exterior diameter 
is equal to the approximate percentage change in the area painted, and to estimate the amount of paint required to 
within 5%, the tanks's exterior diameter must be measured to within 5%. 



1000 v 



49. V = 7rr 2 h, h is constant => dV = 27rrh dr; recall that AV w dV. We want | AV| < 

|dr| < 2(^o = (-05%)r =>- a .05% variation in the radius can be tolerated. 



dVl < — 
u v I — 1000 



|27rrhdr| < ^ 



50. Volume = (x + Ax) 3 = x 3 + 3x 2 (Ax) + 3x(Ax) 2 + (Ax) 3 




51. W^a+^a + bg- 1 dW = -bg~ 2 dg = - ^ ^ = = (g) 2 = 37.87, so a change of 

v (32) 2 y 

gravity on the moon has about 38 times the effect that a change of the same magnitude has on Earth. 

52. (a) T = 2tt(|) 1/2 dT = (- \ g" 3 / 2 ) dg = -ir^/hg-^ 2 dg 

(b) If g increases, then dg > =>• dT < 0. The period T decreases and the clock ticks more frequently. Both 
the pendulum speed and clock speed increase. 

(c) 0.001 = -TT a/T00 (980" 3 / 2 ) dg ^ dg « -0.977 cm/sec 2 the new g « 979 cm/sec 2 

53. The error in measurement dx = (1%)(10) = 0.1 cm; V = x 3 =» dV = 3x 2 dx = 3(10) 2 (0.1) = 30 cm 3 =^ the 
percentage error in the volume calculation is (y^) (100%) = 3% 
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54. A = s 2 => dA = 2s ds; recall that AA « dA. Then |AA| < (2%)A = ^ = |i ^ |dA| < ^ |2s ds| < 



100 ~~ 50 

l^l — (2 S )(50) = T§o = (1%) s ^ ^ e error must be no more than 1% of the true value. 



50 



55. Given D = 100 cm, dD = 1 cm, V = f tt (§) 3 = ^ => dV = § D 2 dD = f (100) 2 (1) = ^ . Then (100%) 

% = 3% 



' 10 4 ?r ' 




" 10 6 j" 


2 

6 . 


(10 2 %) = 


6 



56. V = % ttt 



4 _3 _ 4 ^ /" D 



dV = ^ dD; recall that AV w dV. Then |AV| < (3%)V = (^) (j^j 



-D-' 
200 



IdVl < 



20(1 



-D' 2 



dD 



< 



200 



dD| < = (1%)D =>■ the allowable percentage error in 



measuring the diameter is 1%. 



57. A 5% error in measuring t =>• dt = (5%)t = ^ . Then s = 16t 2 ds = 32t dt = 32t (^) 
= (10%)s =>■ a 10% error in the calculation of s. 



32t 2 _ 16t 2 
20 ~~ 10 



(A) 



58. From Example 8 we have y 7 = 4 * . An increase of 12.5% in r will give a 50% increase in V. 



59. lim 

x^0 



'1+x Vl+0 



1 + ? 



1 + ! 



60. lim ^ 

x -> x 



x l_2? (^) (cSi)=(lXD = l 



61. E(x) = f(x) - g(x) E(x) = f(x) - m(x - a) - c. Then E(a) = =>• f(a) - m(a - a) - c = c = f(a). Next 



(since c = f(a)) 



we calculate m: lim — lim — — — — - — - — =>■ lim ^ — — — : 

x^a x-a x^a x-a x — > a [ x-a 

=>• f'(a) — m = =>■ m = f'(a). Therefore, g(x) = m(x — a) + c = f'(a)(x — a) + f(a) is the linear approximation, 
as claimed. 



62. (a) i. Q(a) = f(a) implies that b = f(a). 

ii. Since Q'(x) = b a + 2b 2 (x - a), Q'(a) = f'(a) implies that bi = f'(a). 



iii. Since Q"(x) = 2b 2 , Q"(a) = f "(a) implies that b 2 



f"(a) 



In summary, b = f(a), bi = f'(a), and b2 
(b) f(x) = (l-x)~ 1 

f'(x) = -l(l-x)- 2 (-l) = (l-x)- 2 
f"(x) = -2(1 - x)~ 3 (-l) = 2(1 - x)~ 3 



f (a) 

2 - 



Since f(0) = 1, f'(0) = 1, and f"(0) = 2, the coefficients are b = 1, b x = 1, b 2 
approximation is Q(x) = 1 + x + x 2 . 



1 . The quadratic 



(c) 




As one zooms in, the two graphs quickly become 
indistinguishable. They appear to be identical. 



[-2.35, 2.35]by [-1.25, 3.25] 
(d) g(x) = x- 1 

g'(x) = -lx- 2 
g"(x) = 2x~ 3 

Since g(l) = 1, g'(l) = —1, and g"(l) = 2 , the coefficients are bo = 1, bi 



-l,b 2 



1. The quadratic 
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approximation is Q(x) = 1 — (x — 1) + (x — l) 2 . 




As one zooms in, the two graphs quickly become 
indistinguishable. They appear to be identical. 



[-1.35,3.35]by[-1.25, 3.25] 
(e) h(x) = (l + x) 1/2 
h'(x) = i(l+x)- 1/2 
h"(x) = -i(l + x)- 3 / 2 

Since h(0) = 1, h'(0) = \, and h"(0) = 
approximation is Q(x) = 1 + | — ^. 




■\ , the coefficients are b = 1, bi = |, b 2 = — The quadratic 



As one zooms in, the two graphs quickly become 
indistinguishable. They appear to be identical. 



[-1.35, 3.35]by [-1.25, 3.25] 

(f) The linearization of any differentiable function u(x) at x = a is L(x) = u(a) + u'(a)(x — a) = bo + bi(x — a), where 
bo and bi are the coefficients of the constant and linear terms of the quadratic approximation. Thus, the linearization 
for f(x) at x = is 1 + x; the linearization for g(x) at x = 1 is 1 — (x — 1) or 2 — x; and the linearization for h(x) at 
x = is 1 + §. 



63. (a) x = 1 




(b) x = 1; m = 2.5, e 1 w 2.7 x = 0; m = 1, e° = 1 x = -1; m= 0.3, e" 1 w 0.4 
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64. If f has a horizontal tangent at x = a, then f '(a) = and the linearization of f at x = a is 
L(x) = f(a) + f'(a)(x — a) = f(a) + • (x — a) = f(a). The linearization is a constant. 



65. Find |v| when m = LOlmg. m 



/ 1— n 



m => \ 1 



cr m 



c" 1 



=> |v| =c\/l- $ ^dv = c „ 



K 1 - S) (5)dm, dm = O.Olmo dv = -^L ( . m = jm^ 



dv 



iml 3 

1003 ™o 



V 100 ^ 



1000 



101 3 t/l- 



\ 101 ,,,2 

\ 1002 



V 1 ~ m- 

0.69c. Body at rest =>• v = and v = v + dv 



v = 0.69c. 



66. (a) The successive square roots of 2 appear to converge to the number 1. For tenth roots the convergence is more rapid, 
(b) Successive square roots of 0.5 also converge to 1 . In fact, successive square roots of any positive number converge 
to 1. 

A graph indicates what is going on: 




0.5 1 1.5 2 



Starting on the line y = x, the successive square roots are found by moving to the graph of y = ^/x and then across to 
the line y = x again. From any positive starting value x, the iterates converge to 1. 



67-70. Example CAS commands: 
Maple : 

with(plots): 

a: = 1: f:=x ->xA3 + xA2 - 2*x; 

plot(f(x), x=-1..2); 

diff(f(x),x); 

fp := unapply (",x); 

L:=x -> f(a) + fp(a)*(x - a); 

plot({f(x), L(x)},x=-1..2); 

err:=x -> abs(f(x) — L(x)); 

plot(err(x), x=— 1..2, title = #absolute error function#); 
err(-l); 

Mathematica : (function, xl, x2, and a may vary): 
Clear[f, x] 

{xl,x2} = {-1,2}; a= 1; 
f[x_]:=x 3 + x 2 - 2x 
Plot[f[x],{x,xl,x2}] 
lin[x_]=f[a] + f [a](x - a) 
Plot[{f[x],lin[x]},{x,xl,x2}] 
err[x_]=Abs[f[x] - lin[x]] 
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Plot[err[x], {x,xl,x2J] 
err//N 

After reviewing the error function, plot the error function and epsilon for differing values of epsilon (eps) and delta (del) 
eps = 0.5;del = 0.4 

Plot[{err[x], eps},{x, a — del, a + del}] 
CHAPTER 3 PRACTICE EXERCISES 

1. y = x 5 - 0.125x 2 + 0.25x % = 5x 4 - 0.25x + 0.25 

2. y = 3 - 0.7x 3 + 0.3x 7 g = -2.1x 2 + 2.1x 6 

3. y = x 3 - 3 (x 2 + 7T 2 ) | = 3x 2 - 3(2x + 0) = 3x 2 - 6x = 3x(x - 2) 

4. y = x 7 + ^/7x - => | = 7x° + ^7 

5. y = (x + l) 2 (x 2 + 2x) | = (x + l) 2 (2x + 2) + (x 2 + 2x) (2(x + 1)) = 2(x + 1) [(x + l) 2 + x(x + 2)] 
= 2(x + 1) (2x 2 + 4x + 1) 

6. y = (2x - 5)(4 - x)- 1 g = (2x - 5)(-l)(4 - x)- 2 (-l) + (4 - x)- 1 (2) = (4 - x)- 2 [(2x - 5) + 2(4 - x)] 

= 3(4 - x)-' 2 

7. y = (9 2 + sec 9 + if % = 3 (9 2 + sec 9 + 1) 2 (26> + sec 9 tan 0) 

8. y= I =2(-l-^-f) (^V^-l) = (-l-^-f)(csc0cot0-0) 

o s= Vt ds = ( 1 + v / ')-^-v^(^) = (1 + y/tWt = 1 

i + xA dt (i + 0) 2 2yi(i + 0) 2 2yi(i + x A) 2 



10. s 



v^-i dt (v^-i) 2 20(0-1)' 

11. y = 2 tan 2 x — sec 2 x =>■ g = (4 tan x) (sec 2 x) — (2 sec x)(sec x tan x) = 2 sec 2 x tan x 

12- y = s?x — sinx = csc;2 x ~ 2 esc x =>■ g| = (2 esc x)(— csc x cot x) — 2(— esc x cot x) = (2 esc x cot x)(l — esc x) 

13. s = cos 4 (l-2t) | = 4cos 3 (l -2t)(-sin(l - 2t))(-2) = 8cos 3 (l -2t)sin(l - 2t) 

14. s = cot 3 (f) => | = 3 cot 2 (?) ( csc 2 ( 2 )) ) = | cot 2 (?) csc 2 (?) 

15. s = (sec t + tan t) 5 =>- ^ = 5(sec t + tan t) 4 (sec t tan t + sec 2 t) = 5(sec t)(sec t + tan t) 5 

16. s = csc 5 (l -t + 3t 2 ) | = 5csc 4 (l -t+3t 2 ) (-csc(l - t + 3t 2 )cot(l - t+3t 2 ))(-l +6t) 
= -5(6t- l)csc 5 (l -t + 3t 2 ) cot(l -t + 3t 2 ) 

17. r = J 26 sin 9 = (29 sin 0) 1 / 2 % = \ (29 sin 9y 1 l 2 (29 cos 9 + 2 sin 9) = gc ° sg + sing 

z yj2B sin 6 
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18. r = 2(Vcos 9 = 29 (cos 60 1/2 % = 29 (§) (cos 6>;r 1/2 (-sin (9) + 2(cos 6I) 1/2 = + 2\j 'cos 61 



2 cos — 6* sin f 
Vcos i 



19. r = sin V26» = sin(26>) 1/2 | = cos(26>) 1/2 (| (26>r 1/2 (2)) = 

20. r = sin (* + =► | = cos (o + ^Tl) (l + ^) = cos 



(e+y/O + T) 



21. y=i X 2 cscf g = ix 2 (-cscfcot?)(^) + (cscf)(i-2 X )=cscfcotf+xcscf 



22. y = 2^ sin y/l => g = 2^ (cos ^) (^) + (sin ^ = cos ^x"- 



23. y = x- 1 / 2 sec (2x) 2 => g = x" 1 / 2 sec (2x) 2 tan (2x) 2 (2(2x) • 2) + sec (2x) 2 (- | x" 3 / 2 ) 

= 8X 1 / 2 sec(2x) 2 tan(2x) 2 - \ x~ 3 / 2 sec(2x) 2 = \ x 1 / 2 sec(2x) 2 [16 tan(2x) 2 - x~ 2 ] or ^sec^x) 2 [l6x 2 tan(2x) 2 - l] 



24. y = y/x esc (x + l) 3 = x 1 / 2 esc (x + l) 3 

=> | = x 1 / 2 ( — csc (x + l) 3 cot (x + l) 3 ) (3(x + l) 2 ) + esc (x + l) 3 (i x- 1 / 2 ) 



= -3^x:(x + l) 2 csc(x + l) 3 cot(x + 1) 
or ^csc(x + 1) 3 [1 - 6x(x + l) 2 cot(x + l) 3 ] 



3 . csc(x+ l) 3 _ 1 



2,/x 



x csc (x + 1) - — 6(x + l) 2 cot (x+l) 3 



25. y = 5 cot x 2 g = 5 (-csc 2 x 2 ) (2x) = -lOx csc 2 (x 2 ) 

26. y = x 2 cot 5x =>■ g = x 2 (-csc 2 5x) (5) + (cot 5x)(2x) = -5x 2 csc 2 5x + 2x cot 5x 

27. y = x 2 sin 2 (2x 2 ) g = x 2 (2 sin (2x 2 )) (cos (2x 2 )) (4x) + sin 2 (2x 2 ) (2x) = 8x 3 sin (2x 2 ) cos (2x 2 ) + 2x sin 2 (2x 2 ) 



28. y = x- 2 sin 2 (x 3 ) g = x~ 2 (2 sin (x 3 )) (cos (x 3 )) (3x 2 ) + sin 2 (x 3 ) (-2x~ 3 ) = 6 sin (x 3 ) cos (x 3 ) - 2x~ 3 sin 2 (x 3 ) 

ds _ _ 9 (ji^\- 3 ( (t+l)(4)-(4t)(l) \ _ _ ? (J^\- 3 4 _ _ (t+1) 
- (t+1) 2 J — Z Vt+lJ (t+1) 2 _ 8t 3 



29. »=( i * r r =► s=-2(^r) t 



30. s 



15( 15t — l) 3 



i(15t- I)" 



3 _v ds 
^ dt 



i(-3)(15t- 1)- 4 (15) 



(15t-l) 4 



(x+D^-t^d) _ (x + 1) _ 2x _ ,_ x 



(x+l) 2 



(x+1) 3 (x+l) 3 



2^x ^ ^ (2y^+l) (^)-(^*) (j-) 
(2^+ I) 2 



(2v;+i) j (2^+i) J 



33. y 



+ D 



1\1/ 2 . dy _ 1 



(i+ x r 1/2 (-^) 



2x 2 ,/l + i 



34. y = 4xJx + y/l = 4x (x + x 1 / 2 ) 1/2 ^ g = 4x (§) (x + x 1 / 2 ) ~ 1/2 (l + I x" 1 / 2 ) + ( x + x 1 / 2 ) 1/2 (4) 



= (x + yfi - 1/2 [2x (l + ^) + 4 (x + V^)] = (x + yfi - 1 ' 2 (2x + y/i + 4x + 4^) = ^| 
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35. r = (^^t) 2 % = 2 (-^L) 

V cos 8 — 1 / ad V cos — 1 / 



(cos - l)(cos 9) - (sin 0)(-sin ( 



(cos0- l) 2 



9 ( sin g \ / cos 2 g - cos g + sin 2 8 \ 
Z V cos 8 - 1 / ^ (cos 6» - l) 2 j 



8 + sin 2 ^ _ (2 sin ff)(l-cos 0) _ -2 s 



(cos0-l) 3 (cos0-l) 2 



n ft f sin g + 1 \ 2 . dr _ 9 Z - sin g + 1 \ 

V 1 — cos 8 ) ~^ d8 ~ ^ Vi-cosS/ 1 



(1 - cos 0)(cos 8) - (sin 9 + l)(sin t 



(1 - cos 0) 2 

; ieos/y cos 2 siir'y sin''-. - 2(sinfl + 1)(c> n " : ' 



(l-cos 0) 3 



(l -cos ey 



37. y = (2x + 1) V2x+ 1 = (2x + l) 3 / 2 



| = |(2 X+ 1) 1 /2(2) = 3V^+T 



38. y = 20(3x - 4)V4(3x _ 4)-i/5 = 2 Q(3x - 4) 1 / 20 g = 20 (i) (3x - 4)- 19 / 20 (3) 



3 



(3x-4) 1! 



39. y = 3 (5x 2 + sin 2x)- 3/2 g = 3 (- |) (5x 2 + sin 2x)- 5/2 [10x + (cos 2x)(2)] = gf^jffl 



40. y = (3 + cos 3 3x) 1/3 g 



1 (3 + cos 3 3x) 4/3 (3 cos 2 3x) (-sin 3x)(3) - (3 + cos33x) ^ 



3 cos 2 3x sin 3x 



41. xy + 2x + 3y = 1 => (xy' + y) + 2 + 3y' = => xy' + 3y' = -2 - y => y'(x + 3) = -2 - y y' = - 



y + 2 
x + 3 



42. x 2 + xy + y 2 - 5x = 2 =► 2x + (x g + y) + 2y g - 5 = => x g + 2y g = 5 - 2x - y 



5 - 2x - y = 

■ / dx x + 2y 



43. x 3 + 4xy - 3y 4 / 3 = 2x ^ 3x 2 + (4x g + 4y) - 4y x / 3 g = 2 4x g - 4y 1 / 3 g = 2 - 3x 2 - 4y 
=► g(4x-4yV 3 ) = 2-3x 2 -4y => g = ^# 



44. 5x 4 / 5 + 10y 6 / 5 = 15 =► 4 X - 4 / 5 + ^y 1 / 5 g = => ^y 1 / 5 g = -4X- 1 / 5 => g = -h-V /5 = - 



3(xy)V5 



45. (xy) 1 / 2 = 1 i (xy)- 1 / 2 ( x g + y ) = => x 1 ^ 1 / 2 g = -x-Vy/a 



dy _ „-l„ _x dy _ _ >■ 



46. x 2 y 2 = 1 => x 2 (2y g) + y 2 (2x) = => 2x 2 y g = -2xy 2 g 



47 v 2 - -?_ =±> ?v ^ - C+l)(l)-(x)(l) _^ dy 
J ~~ x+l ^ ^ dx ~ 



1 



(x+l) 2 



dx 2y(x+l) 2 



48. y 2 = (^) 1/2 



V 4 = i±A 

y i-x 



A V 3 dy _ (l-x)(l)-(l + x)(-l) dy _ 1 

V dx ~~ (1-x) 2 dx ~~ 7v 3 n -tY< 



dx 2y 3 (l-x) 2 



49. 



p 3 + 4pq-3q 2 = 2 3p 2 |+4(p + q*) - 6q = => 3p 2 * + 4q * = 6q - 4p 



dp 6q — 4p 

dq ~~ 3p 2 + 4q 



^(3p 2 + 4q)=6q 



50. q = (5p 2 + 2p)- 3/2 =*! = -§ (5p 2 + 2p)- 5/2 (lOp g + 2 |) ^ - | (5p 2 + 2p) 5/2 = g (10p + 2) 



dp _ (5p 2 + 2p) J -- 
dq 3(5p+l) 
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51. r cos 2s + sin 2 s = ir r(— sin 2s)(2) + (cos 2s) ($J + 2 sin s cos s = =^ ^ (cos 2s) = 2r sin 2s — 2 sin s cos s 



dr = 2rs.n2s-s.n2s = (2r - l)(sin 2s) = ^ _ ^ ^ 
as cos 2s cos 2s v /x ' 



52. 


2rs 


— r — s - 


h s 2 = -3 


2(r 




1-1- 


f 2s = 


o =* 1 


53. 


(a) 


x 3 + y 3 


= 1 ^ 3x 2 4 


-3y 2 


l = o = 


> 1 = 


_ * J 

y 2 


d 2 y _ 
^ dx 2 — 








-2xy 2 + (2yx 2 




) -2xy 2 


y 


-2xy 3 - 








^ dx 2 


y 4 




y 4 




y 5 






(b) 


y 2 = 1 


-1 =► 2yg 


2 

— X 2 


^ dx 


yx 2 ^ 


dy _ 
dx ~~ 


(yx 2 )" 1 



dr _ 1 - 2s - 2r 
ds — 2s - 1 



(yx 2 )- 



y(2x) + x 2 g 



dx 2 



-2xy-x 2 (^) _ _ 2xy2 _. 



54. (a) x 2 - y 2 = 1 2x - 2y f = -2y 



dy 



(b) 



dy _ x . d^y _ y(l)~x 
dx y dx 2 y 2 



dx dx dx y 



2x & 

4 (since y 2 - x 2 = -1) 



55. (a) Let h(x) = 6f(x) - g(x) => h'(x) = 6f'(x) - g'(x) => h'(l) = 6f'(l) - g'(l) = 6 (§) - (-4) = 7 
(b) Let h(x) = f(x)g 2 (x) h'(x) = f(x) (2g(x)) g'(x) + g 2 (x)f'(x) => h'(0) = 2f(0)g(0)g'(0) + g 2 (0)f'(0) 
= 2(l)(l)(i)+(l) 2 (-3) = -2 

jjM _v V,'/V\ - (g(x)+l)f'(x)-f(x)g'(x) ,, m _ (g(l) + l)f'(l)-f(l)g'(l) 

( g (x)+i) 2 11 



(g(D+D 2 



(c) Leth(x) = => h'(x) 

_ (5 + !)(!) -3 (-4) _ _5_ 
(5+1) 2 12 

(d) Leth(x) = f(g(x)) h'(x) = f'(g(x))g'(x) h'(0) = f'(g(0))g'(0) = f'(l) (|) = (±) (§) = \ 

(e) Leth(x) = g(f(x)) => h'(x) = g'(f(x))f'(x) => h'(0) = g'(f(0))f'(0) = g'(l)f'(0) = (-4) (-3) = 12 

(f) Let h(x) = (x + f(x)) 3 / 2 =► h'(x) = | (x + f(x))!/ 2 (1 + f'(x)) h'(l) = § (1 + f(l)) 1/2 (1 + f (1)) 

= 1(1+3)^(1 + 4) = | 

(g) Let h(x) = f(x + g(x)) =» h'(x) = f'(x + g(x)) (1 + g'(x)) =» h'(0) = f'(g(0)) (1 + g'(0)) 

= f'(l) (1 + I) = (I) (I) = i 

56. (a) Leth(x)=^/x"f(x) h '« = V^f'M + f « " ^ h'(l) = ^'(1) + f(D • ^ = | + (-3) Q) = 

(b) Leth(x) = (f(x))!/ 2 h'(x) = \ (fix))- 1 / 2 (f'(x)) =4> h'(0) = \ (f(0))- x / 2 f'(0) = \ (S>r 1/2 (-2) = - ± 

(c) Leth(x) =f(y/x) => h'(x) = f (Vx) • ^ =* h'(l) =f (yi) ■ ^ = i ■ i = i 

(d) Let h(x) = f(l - 5 tan x) => h'(x) = f'(l - 5 tan x) (-5 sec 2 x) => h'(0) = f'(l - 5 tan 0) (-5 sec 2 0) 

= f'(l)(-5) = i(-5) = -l 

(e) Leth(x) = ^ h ' (x) = (2 + cosx)nx)-f(x)(-s.nx) ^ = (2 + 1| (0) - f(0)(0) = 3(_2) = _ 2 
v 7 v ' 2 + cosx v ' (2 + cos XT v 7 (2+1)^ 9 3 

(f) Leth(x) = 10 sin (f ) f 2 (x) => h'(x) = 10 sin (f ) (2f(x)f'(x)) + f 2 (x) (10 cos (f )) (f ) 

=► h'(l)= 10 sin (|) (2f(l)f'(l)) +f 2 (l)(l0cos(f)) (f) = 20(-3) (1) + = -12 



57. x = t 2 + 7T => f = 2t; y = 3 sin 2x 



dt dx 



f = 6 cos (2t 2 ) • 2t 



► g = 3(cos 2x)(2) = 6 cos 2x = 6 cos (2t 2 + 2tt) = 6 cos (2t 2 ) ; thus, 
= 6 cos (0) • = 



58. t = (u 2 + 2u) ' =>■ J* = I (u 2 + 2u) ' (2u + 2) = § (u 2 + 2u) 7 (u + 1); s = t 2 + 5t =>• | = 2t + 5 
= 2 (u 2 + 2u) 1/3 + 5; thus | = g • | = [2 (u 2 + 2u) 1/3 + 5] (|) (u 2 + 2u)~ 2/3 (u + 1) 
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ds I 

du I u=2 



2 (2 2 + 2(2)) 1/3 + 5 (|) (2 2 + 2(2)y 2/ \2 + 1) = 2 (2 - 8 1 / 3 + 5) (S" 2 / 3 ) =2(2-2 + 5) (A) 



-2/3 



59. r = 8 sin (s + § ) | = 8 cos (s + |) ; w = sin (y/i - 2) £ = cos - 2) 

cos (^8 sin (s+g) -2~j 



lS \/ 8 sin ( s + s)- 
2,/8sin (s+ J) 



; thus, 



dw dw _ dr 

ds dr ds 



!^8sin(s + f) 



[8cos(s+f)] 



dw I 
ds I s=0 



'^8 sin (g)- 2) -8 cos (g) _ (cos0)(8)(f ) 



V 8sin (i) 



2\/4 



60. Oh + 9 = 1 (0 2 + t (269 f )) + f = => f (26t + 1) = -9 2 f = ^ ; r = (f? 2 + 7) 1/3 

35 = 5 (° 2 + 7) _2/3 (26») = 2 ; fl(6> 2 + 7)~ 2/3 ;nowt = 0and(9 2 t + 6l = 1 (9 = 1 so that f | to fl=] = =± 
-d^| 9=1 = |d+7)-V3 = i H^fL- fL=(i)(-D = -| 



61. y + y = 2 cos x 

-2sin(0) 



3y 2 & 



dx 



dy 
dx 



-2 sin x 



l(3y 2 



i) 



-2sinx => £ 



—2 sin x 
3y 2 + l 



dy 
dx 



(0,1) 



3+1 

d^y 
dx 2 



d 2 y _ (3y 2 + l)(-2cosx)-(-2sinx)(6yg) 



(3y 2 + l) 2 



(0.1 



_ (3 + l)(-2 cos 0) - (-2 sin 0)(6-0) _ 
(3 + D 2 



62. x 



1/3 



,1/3 = 4 



=> 3 X" 



-2/3 



-2/3 dy _ 
dx — u 



Qjy _ 
dx 2 — 



|)-(-y 2 /3)(jx-V3) 





dy _ 


y 2 /3 






i . dy _ -y 2 -' 3 


=> 


dx — 


- ^73 


^ dx 


(8,8) 


i; dx — X 2 / 3 


d 2 y 




(8 2 -'3) [ 




•(-!)] + 


8 2 /3) (I-8- 1 / 3 ) 


dx 2 


(8,8) 






8^/3 





X — X — I 
3 ~~ 4 — 6 



1 o„H m ±M- 1 - f(t + h)-f(t) _ 2(l+h)+l 21+1 _ 2t+l-(2t+2h+l) 



63. f(t) = ^-r and f(t + h) 



2t+l ^ L 1 2(t + h)+l h h (2t + 2h+ l)(2t+ l)h 

^ =2 - f'(t) = lim f(t + h . ) - f(1) = lim 



(2t + 2h+l)(2t+l)h (2t + 2h + l)(2t+l) ~^ W h _^ h h=»0 ( 2 t + 2h + 1 )(2t+ 1 ) 

-2 
(2t+l) 2 



64. g(x) = 2x 2 + 1 and g(x + h) = 2(x + h) 2 + 1 = 2x 2 + 4xh + 2h 2 + 1 g(* + h)-gW 

= (2x 2 + 4xh + 2h 2 + l)-(2x 2 + l) = 4xh±2h! =4x + 2h , (x) = , im g(x + h)-g(x) = , im (4x + 2h) 

= 4x 



65. (a) 

y 



.V 




-1 


U 


-1 


-1 <*<0 
0<x< 1 



(b) lim f(x) = lim x 2 = and lim f(x) = lim -x 2 = => lim f(x) = 0. Since lim f(x) = = f(0) it 

x -> 0~ x -> 0^ x^0 + x^0 + x^0 x^O 

follows that f is continuous at x = 0. 

(c) lim f'(x) = lim (2x) = and lim f '(x) = lim (— 2x) = =>■ lim f '(x) = 0. Since this limit exists, it 

x -> o - x -> o - x^o+ x-^o + x^o 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Chapter 3 Practice Exercises 185 



follows that f is differentiable at x = 0. 



66. (a) 



t(x) 



■I 



jr, -1sx<0 
tanx, Osxsrt/4 



-l 



it/4 



(b) lim f(x) = lim x = and lim f(x) = lim tan x = 

x -> 0- x -» 0- x -> + x -> 0+ 

follows that f is continuous at x = 0. 

(c) lim f'(x) = lim 1 = 1 and lim f '(x) = lim sec 2 x = 1 

x -> 0- x -> 0- x -» 0+ x -» 0+ 

follows that f is differentiable at x = 0. 



lim f(x) = 0. Since lim f(x) = = f(0), it 

x — > x — » 



lim f'(x) = 1. Since this limit exists it 

x — > 



67. (a) 



x, 0<x<l 
2-x, 1 <x<2 



(b) lim f(x) = lim x = 1 and lim f(x) = lim (2 — x) = 1 

x-yl~ x -> 1- x -» 1+ x -> 1+ 

follows that f is continuous at x = 1 . 

(c) lim f'(x) = lim 1 = 1 and lim f'(x) = lim -1 = -1 

x-yl x ^ 1+ x ^ 1+ 

not exist =4> f is not differentiable at x = 1 . 



lim f(x) = 1. Since lim f(x) = 1 = f(l), it 

x — > 1 x — > 1 



lim f'(x) 7^ lim f'(x), so lim f'(x) does 
x — > 1 x^l + x — > 1 



68. (a) lim f(x) = lim sin 2x = and lim f(x) = lim mx = 

x->0 x^0 x ^ 0+ x ^ 0+ 



lim f(x) = 0, independent of m; since 



f(0) = = lim f(x) it follows that f is continuous at x = for all values of m. 

x — > 

(b) lim f'(x) = lim (sin 2x)' = lim 2 cos 2x = 2 and lim f'(x) = lim (mx)' = lim m = m =>■ f is 

x -> 0- x -» 0- x -> 0- x -> 0+ x -> 0+ x -> 0+ 

differentiable at x = provided that lim f'(x) = lim f'(x) m = 2. 

x -> x -> + 



69. y 



—. = \ x + (2x - 4)- 1 % = | - 2(2x - A)- 2 ; the slope of the tangent is - § - 



2(2x - 4)' 



dx 2 

_2 — _ /l^- 2 



-2(2x - 4)~ 



1 = =» (2x - 4) 2 = 1 => 4x 2 - 16x + 16 = 1 



4x 2 - 16x + 15 = (2x - 5)(2x - 3) = => x = | or x = | (|, |) and (|, — |) are points on the 



curve where the slope is — 



70- y = x - i 



dy _ 
dx 



-K = l 

(2x) 2 



the slope of the tangent is 3 =4> 3 = 1 



X = ± j => (|, — |) and (— |, |) are points on the curve where the slope is 3. 



71. y = 2x 3 -3x 2 -12x + 20 



dy 



2 = -i- =*• x 2 - 1 

Z — 2x 2 ^ X — 4 



6x 2 — 6x — 12; the tangent is parallel to the x-axis when ^ = 



=>■ 6x 2 - 6x - 12 = => x 2 - x - 2 = (x - 2)(x + 1) = x = 2 or x = -1 (2, 0) and (-1, 27) are 
points on the curve where the tangent is parallel to the x-axis. 



72. y 



^ = 3x 2 



= 12; an equation of the tangent line at (—2, —8) is y + 8 = 12(x + 2) 
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y = 12x + 16; x-intercept: = 12x + 16 



(- f ,0) ; y-intercept: y = 12(0) + 16 = 16 => (0, 16) 



73. y = 2x 3 - 3x 2 - 12x + 20 =!> | = 6x 2 - 6x - 12 

(a) The tangent is perpendicular to the line y = 1 — £ when 



dy _ 



5l) 



= 24; 6x 2 - 6x - 12 = 24 



=^ x 2 - x - 2 = 4 => x 2 - x - 6 = => (x- 3)(x + 2) = x = -2 or x = 3 =>■ (-2, 16) and (3, 11) are 
points where the tangent is perpendicular to y = 1 — |j . 

(b) The tangent is parallel to the line y = \fl - 12x when & = -12 =>• 6x 2 - 6x - 12 = -12 =>• x 2 - x = 
=>■ x(x — 1) = =>■ x = or x = 1 => (0, 20) and (1, 7) are points where the tangent is parallel to 
y = - 12x. 



74. y 



dy 
tlx 



x(7T cos x) — (tt sin x)(l) 



mi 



Since nij 



~ the tangents intersect at right angles. 



1 and m 2 



1. 



75. y = tan x, — | < x < | => 3x~ sec;2 x ' now me s l°P e 
of y = — | is — | =>• the normal line is parallel to 

^ - 2. Thus, sec 2 x = 2 -K- = 2 

' COS" X 

cos x = ^= =>• x = — ? and x = ? 

for - I < x < I => (- | , -l) and (~, l) are points 
where the normal is parallel to y = — | . 



| when , 

2 dx 
2 1 

)S 2 x = i = 





^ = tan x J 






1 

1 1 


_ ^\jfKir/4, 1) 
/ I I „ 


-jr/2 -jt/4 / 


7T/4 7T/2 


Hr/4,-l)>-v-l 


" ,=-i*-f-l 



dy 
dx 



1 



76. y = 1 + cos x 

=>■ the tangent at (|, l) is the line y - 1 = - (x - |) 
=> y = —x +| + 1; the normal at (|. l) is 
y-l = (l)(x-f) => y = x-f + 1 




77. y 



^ = 2x and y = x ^ = 1 ; the parabola is tangent to y = x when 2x = 1 



thus, i = (i) 2 +C =>- C = 

78. y = x 3 => g = 3x 2 => | 
intersects y = x 3 when x 3 — 
=Mx - a) 2 (x + 2a) = =S 



\=a 

,3 



= 3a 2 =4> the tangent line at (a, a 3 ) is y — a 3 = 3a 2 (x — a). The tangent line 

3a 2 (x - a) =>• (x - a) (x 2 + xa + a 2 ) = 3a 2 (x - a) =>• (x - a) (x 2 + xa - 2a 2 ) = 



x = a or x 



-2a. Now g 



3(-2a) 2 = 12a 2 = 4 (3a 2 ), so the slope at 



x = —2a is 4 times as large as the slope at (a, a 3 ) where x = a. 



3 -(-2) 



= -1 



the line through (0, 3) and (5, —2) is 



79. The line through (0, 3) and (5, —2) has slope m — (| - 

y = -x + 3; y = ^fj =>■ = ( X +\y , so the curve is tangent to y — -x + 3 
=> (x + l) 2 = c, x + 1 — 1. Moreover, y = ^-j intersects y = — x + 3 ^> = — x + 3, x ^ — 1 



dy _ i _ -c 
dx — 1 — (x+1) 2 



c = (x + l)(-x + 3), x ^ -1. Thus c = c (x + l) 2 = (x + l)(-x + 3) (x + l)[x + 1 - (-x + 3)] 
= 0, x ^ -1 (x + l)(2x - 2) = x = 1 (since x ^ -1) => c = 4. 
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normal line through (b, ± \J a 2 — b 2 J has slope 
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dy _ 



2x + 2yg 



dy 
dx 



±\/a 2 -b 2 



±\/a 2 -b 2 



±y / a 2 -b 2 



y - ( ± \/a 2 - b 2 ) 
which passes through the origin. 



(x - b) y =F \/a 2 - b 2 = ±v^Z^ x =F \/a 2 - b 2 



normal line is 

y= ±^ 



81. x 2 + 2y 2 = 9 2x + 4y g = 



dy 
dx 



2y 



(1.2) 



I and the normal line is y = 2 + 4(x — 1) = 4x — 2. 



82. x 3 + y 2 



3x 2 + 2y 



dy 
dx 



dy 
dx 



-3x J 
2y 



= — I x + I and the normal line isy=l + |(x — l)=|x+| 



the tangent line is y = 2 — j (x — 1) 



the tangent line isy=l + ^(x— 1) 



83. xy + 2x - 5y = 2 => (x g + y) + 2 - 5 g = => g (x - 5) = -y - 2 => 



dy 
dx 



-y-2 

x-5 



(3,2) 



the tangent line is y = 2 + 2(x — 3) = 2x — 4 and the normal line isy = 2+ ^(x — 3) = — |x+l. 



84. (y-x) 2 = 2x + 4 =» 2(y - x) ( g - 1 ) =2 (y - x) g = 1 + (y - x) g = I±*=* 



dy 



the tangent line is y = 2 + | (x — 6) = j x - | and the normal line is y = 2 — i (x — 6) — — t x + 10. 



85. x 



= 



the tangent line is y = 1 — f (x — 4) = — 5 x + 6 and the normal line is y = 1 + | (x — 4) 



(4,1) 

4 _ 11 

„ A . . 



86. x 3 / 2 + 2y 3 / 2 = 17 



3 1/2 
2 A 



Sy 1 / 2 £ = 



dx 



dy _ -x 1/2 
dx 2V 1 / 2 



the tangent line is 



y = 4- i(x — 1) = -tX+¥ and the normal line is y = 4 + 4(x - 1) = 4x. 



87. x 3 y 3 + y 2 = x + y => 



=> g (3x 3 y 2 + 2y - 1) = 1 - 3x 2 y 3 => 



(3y 2 l)+y 3 (3x 2 ) 



2yg = l + g => 3x 3 y 2 g+2y|-g = l-3x 2 y 3 



dy 1 — 3x 2 y 3 

dx 3x 3 y 2 + 2y — 1 



dx 

dy 
dx 



= -4, but 



dy 



(1,1) 



is undefined. 



(i,-D 



Therefore, the curve has slope — | at (1, 1) but the slope is undefined at (1, —1). 



y = sin (x — sin x) => g = [cos (x — sin x)](l — cos x); y = =>• sin (x — sin x) = =4> x — sin x = kir, 
k = —2, — 1, 0, 1, 2 (for our interval) =>• cos (x — sin x) = cos (laf) — ± 1. Therefore, g = and y = when 
1 — cos x = and x = lor. For — 2ir < x < 2ir, these equations hold when k = —2, 0, and 2 (since 
cos (— 7r) = cos 7r = — 1). Thus the curve has horizontal tangents at the x-axis for the x-values — 2tt, 0, and 2tt 
(which are even integer multiples of n) =>• the curve has an infinite number of horizontal tangents. 



y - 1 tan t v - 1 «pp t =2> ^ - d >' /dt - 5 secttant _ tan t _ • f 

x - 5 tan t, y - 5 sec t ^> S - 575 - 1 — - ^ - sin t 



t=x/3 



= sin f = ^ ; t = f 



x = i tan f - ^ 



2cos 3 (f)=I 



anH v — 1 Cf»n 71 — 1 -A v — ^ v -I- 1 ■ ^ — d y' /dt — cost _ 9 3 t . 

2 andy-^secj-l^y-— x+j,^!--^ - j— n - 2 cos t ^> 



Ell 

dx 2 I 1=7r /3 



90. 



dy 
dx 



dy/dt _ (Pj 
dx/dt ~~ / 2 



(2) 



-3;t 



2 2 



and 
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y = i-l 



v - -Tr 4- 11 • ^2 - dyVdt - ("§) _ 3 t 3 , d^y 
J ~ ^ + 4 ' dx 2 ~~ dx/dt ~~ I 2 \ — 4 L ^ dx 2 



= 1 (2) 3 = 6 



91. B = graph of f, A = graph of f. Curve B cannot be the derivative of A because A has only negative slopes 
while some of B's values are positive. 

92. A = graph of f, B = graph of f '. Curve A cannot be the derivative of B because B has only negative slopes 
while A has positive values for x > 0. 



93. 



(-1, 2) 




94. 



H.0) 



y = f(x) 



(4,1) 



(6,-D 



(1.-2) 



95. (a) 0,0 



(b) largest 1700, smallest about 1400 



96. rabbits/day and foxes/day 



97. lim 

x -> 



2x 2 -x 



= lim 

x -> 



(2x-l) 



= (D(i)=-l 



98. lim 3x-tan7x = li m (§* - ^U) 

x ( g \2x 2xcos7x/ 2 



x^0 



3 lim 

x -» 



99. lim 





tan 2r 



(cosV ' S1 7x 7X - (f) ) - 2 ' 1 ' D 

r i™ • sra • 5) = (I) (1) r i™ fipy = (3) (1) (t) = 5 



100. lim lim 

-> " e^o 



( sin (sin g) \ / sin g \ 
^ sin« y V 9 J 



lim sin(si " g) . Let x = sin 9. Then x -> as 

0^0 Sln 9 



lim = lim siiis = 1 

0->O smfl x^0 x 



6> ^ 



101. lim 



i tan 2 8 + tan g + 1 _ jj m ( 4 + u.n8 + 



_ (4 + + 0) _ 
(1+0) 



102. lim 

0->O + 



l - 2 cot 2 e 

5 cot 2 61 - 7 cot - 8 



= lim 



9 -» + (5 J^) 



(0-2) _ _ 2 
(5-0-0) — 5 



103. lim , T x = lim - — - „,„ 

x^0 2-2cosx x ^ 2(1- cos x ^ 2(2sin 2 (|)) x ^ 



= lim 



= lim 



2'2 . sin x 

yin 2 X 



lim 

x -> 



(!) 



sin I £ J sin 



(i)(i)(i) = i 



104. lim 



lim 



2 sin 



lim 

0^0 



sin (|) sin (f) 1 

(!) ' (!) '2 



(D(i)(|) = | 



105. lim ^= lim ( - m*) = 1; let = tan x =► -> as x -> => lim g(x) = lim tan f (tan x) 
x^0 x x^0 Vcosx x 7 ' x-»0 6 x->0 tanx 



= lim ^ 

e -» o 



1. Therefore, to make g continuous at the origin, define g(0) = 1. 
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106. lim f(x) = lim 

x^O x^O sin(sinx) 



lim 

x ->■ 

as x 



#105); let 9 = sin x => 9 
continuous at the origin, define f(0) 



tan (tan x) 
tan x 

-> = 

= 1. 



sin (sin x) cos x 

lim sinx 



- lim S 

x > g sin (sin x) q > q sin 



1 • lim . s ' nx , (using the result of 

x > g sin (sm x) v D 

1 . Therefore, to make f 



107. (a) S = 2yrr 2 
(b) S = 2nr 2 



2i:vh and h constant 
27rrh and r constant 

dS 



470-! 



dS 
dt 

ds = 27rr — 

dt dt 



27 rh I 



(47rr + 2yrh) g 



(c) S = 27rr 2 + 27rrh f = 47rr g + 2tt (r f + h %) = (4nr + 2ttK) f t + 2nr f 



(d) S constant 



dS 
dt 



0^0 = (4?rr + 27rh) 



27rrf 



(2r + h)g 



dh 



dr _ -r dh 
dt 2r+h dt 



108. S = yrr^/r 2 + h 2 

(a) h constant = 

(b) r constant =; 



dS 
dt 



^rrJr + Wr 2 + h 2 g; 

Vr 2 +h 2 v dt 



dh 
dt 

dr 

dt ' 







dS 
dt 

dS 
dt _ 



+ ^V^Tv g = [w'HTtf + ^ 



(c) In general, f = [ttaA 2 + h 2 + 



7rrh dh 
V^+h 2 dt 

dr 

dt 



7rrh dh 



dr 
dt 



109. A = 7rr 2 ^ = 27rr | ; so r = 10 and | = - \ m/sec ^ = (2tt)(10) (- f) = -40 m 2 /sec 



110. V = s 3 



dV 
dt 



3s 2 - 



2 ds 



ds 
dt 



h f ; so s 

3s" dt ' 



20 and 



1200 cm 3 /min 



ds 
dt 



3(20) ; 



(1200) = 1 cm/min 



111. ^ = -lohm/sec,f =0.5 ohm/sec; andl = i + i =► § = =J ^ - * <f . Also, 



Ri = 75 ohms and R2 = 50 ohms =>■ 5 = 75+55 R = 30 ohms. Therefore, from the derivative equation, 

- ^_C_n 1 rn 51 - f_J L") ^ dR - f-900^ ( 500Q - 5625 ) - 9 < 625 > - J_ 

— (75)2 V >■) ( 5 0) 2 — ^ 5625 5QQO j dt — V ^ou; ^ 5625.5000 ^ — 50(5625) ~~ 50 

0.02 ohm/sec. 



-1 dR 
(30) 2 dt 



112. f = 3 ohms/sec and *f = -2 ohms/sec; Z = a/R 2 + X 2 =4> f = 



n (IK , v (IX 

R dT + X T 
\/R 2 +X 2 



so that R = 10 ohms and 



X = 20 ohms 



dZ _ (10)(3)+(20)(-2) _ -1 
dt v/l0 2 + 20 2 ^5 



—0.45 ohm/sec. 



1 13. Given g = 10 m/sec and g 



5 m/sec, let D be the distance from the origin D 2 = x 2 + y 2 



— 2x ^ 
_ zx dt 



2y^ 



D f= x ^+y| - When(x,y) = (3,-4),D = ^3 2 + (-4) z = 5 and 



(5)(10) + (12)(5) 



dD 
dt 



110 

5 



2D 



dD 



22. Therefore, the particle is moving away from the origin at 22 m/sec 



(because the distance D is increasing). 



1 14. Let D be the distance from the origin. We are given that ® = 11 units/sec. Then D 2 = x 2 



= x 2 + (x 3 / 2 ) = x 2 + x 3 => 2D f = 2x 



3x 2 | = x(2 



3x) | ; x = 3 

dx 



D = x/3 2 + 3 3 = 6 



and substitution in the derivative equation gives (2)(6)(1 1) = (3)(2 + 9) ^ 



^ = 4 units/sec. 

dt 



115. (a) From the diagram we have 
(b) V = i7rr 2 h = |tt(§ h) 2 h 



4rf 

75 



dV 
dt 



|h. 

_ 4n\f_ dh 
~~ 25 dt 



, SO 



dV 



-5 and h 



dh 
dt 



116. From the sketch in the text, s = rd 



ds 
dt 



dr 
dt 



Also r = 1.2 is constant => g — 



| = r f = (1.2) f . Therefore, | = 6 ft/sec and r = 1.2 ft 



f = 5 rad/sec 
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117. (a) From the sketch in the text, ¥ = —0.6 rad/sec and x = tan 8. Also x = tan 8 =4> % = sec 2 8 4f ; at 



point A, x = =>- 9 = ^ ^ = ( sec 2 0) (-0.6) = -0.6. Therefore the speed of the light is 0.6 = | km/sec 
when it reaches point A. 

(b) < 3/ ^ • . 60^c = 18 revs/min 

v 7 sec 27T rad min tt 



118. From the figure, 5 = X =» ? = 7 , b ■ 



We are given 



that r is constant. Differentiation gives, 

1 da_ (^gjjfhKgs)^ 



r dt 



b 2 -r 2 



Then, 



b = 2r and § = -0.3r 

dt 



da 



\V< 2r > r 

(2r) 2 -r 2 



_ V3r 2 (-03r) + ^g> _ (3r 2 ) ( _ , 3r) + ( 4r 2 ) (0 , 3r) _ 3r _ r 




3v/3r 2 



3v/3 10^3 



m/sec. Since is positive, 



the distance OA is increasing when OB = 2r, and B is moving toward O at the rate of 0.3r m/sec. 



1 19. (a) If f(x) = tan x and x = — | , then f '(x) = sec 2 x, 

f (- |) =-landf'(-|) =2. The linearization of 



f(x) is L(x) = 2 (x + |) + (-1) = 2x + * 



-2 



(b) If f(x) = sec x and x = — j , then f'(x) = sec x tan x, 
f (- f) = a/2 and f (- f) = -a/2. The linearization 
of f(x) is L(x) = -a/2 (x + I) + a/2 



1 

j = 2j: + (ir-2)/2 / 


_ / / y = \anx 


-ir/4 / / 


jr/4 


(-tt/4,-1)/ 






-tt/2 -W4 ^0_/\^ tt/2 



120.f(x) = 



1 



1 + tan x 



f'(x) = 



(1 +tanx) 2 



The linearization at x = is L(x) = f (0)(x - 0) + f(0) = 1 - x. 



121. f(x) = x/x+T + sin x - 0.5 = (x + l) 1 / 2 + sin x - 0.5 f'(x) = (±) (x + l)" 1 / 2 + cos x 

L(x) = f'(0)(x - 0) + f(0) = 1.5(x - 0) + 0.5 =► L(x) = 1.5x + 0.5, the linearization of f(x). 



122.f(x) = £ + a/I +x - 3.1 = 2(1 - x)- 1 + (1 + x) 1 / 2 - 3.1 =► f'(x) = -2(1 - x)- 2 (-l) + ± (1 + x)" 1 / 2 
- 2 1 1 ^ L(x) = f'(0)(x - 0) + f(0) = 2.5x - 0.1, the linearization of f(x). 



(l-x) 2 1 



123.S = tt rx/r 2 + h 2 , r constant dS = tt r • ±(r 2 + h 2 ) 1/2 2h dh : 



7r r h 



\A 2 +h 2 



-dh. Height changes from ho to ho + dh 



dS = 



tt r ho (dh) 
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124. (a) S = 6r 2 dS = 12rdr. We want |dS| < (2%)S |12rdr| < ^ |dr| < ^ . The measurement of the 

edge r must have an error less than 1%. 
(b) When V = r 3 , then dV = 3r 2 dr. The accuracy of the volume is (^) (100%) = (100%) 
= (|) (dr)(100%) = (f) (4) (100%) = 3% 

125. C = 27rr => r = £ , S = 4tit 2 = ^ , and V = f vrr 3 = £ . It also follows that dr = f dC, dS = ^ dC and 

Z7T ' 7T * J D7T- Z7T ' 7T 

dV = ^ dC. Recall that C = 10 cm and dC = 0.4 cm. 

(a) dr = = ^ cm =>- (f ) (100%) = (^) (| ) (100%) = (.04)(100%) = 4% 

(b) dS = f (0.4) = & cm (f ) (100%) = (|) (^) (100%) = 8% 

(c) dV = i£ (0.4) = P cm (f ) (100%) = (P ) (^) (100%) = 12% 

126.Similar triangles yield y = T =^ h = 14 ft. The same triangles imply that = | =4> h = 120a _1 + 6 

dh = -120a" 2 da = - ^ da = (- ^) ( ± = (-^f ) ( ± ±) = ± ^ « ± .0444 ft = ± 0.53 inches. 

CHAPTER 3 ADDITIONAL AND ADVANCED EXERCISES 

1. (a) sin 20 = 2 sin cos ^ (sin 20) = ^ (2 sin cos 0) =>■ 2 cos 20 = 2[(sin 0)(— sin 0) + (cos 0)(cos 0)] 

cos 20 = cos 2 - sin 2 

(b) cos 20 = cos 2 - sin 2 =>- ^ (cos 20) = ^ (cos 2 - sin 2 0) =>• -2 sin 20 = (2 cos 0)(-sin 0) - (2 sin 0)(cos 
=>• sin 20 = cos sin + sin cos =>■ sin 20 = 2 sin cos 

2. The derivative of sin (x + a) = sin x cos a + cos x sin a with respect to x is 

cos (x + a) = cos x cos a — sin x sin a, which is also an identity. This principle does not apply to the 

equation x 2 — 2x — 8 = 0, since x 2 — 2x — 8 = is not an identity: it holds for 2 values of x (—2 and 4), but not 

for all x. 

3. (a) f(x) = cos x =>• f'(x) = —sin x =>• f"(x) = —cos x, and g(x) = a + bx + cx 2 =>• g'(x) = b + 2cx =>• g"(x) = 

also, f(0) = g(0) cos(0) = a a = 1; f (0) = g'(0) => -sin(0) = b =>- b = 0; f"(0) = g"(0) 
=>■ — cos(0) = 2c =>• c = — | . Therefore, g(x) = 1 — \ x 2 . 

(b) f(x) = sin (x + a) =>• f '(x) = cos (x + a), and g(x) = b sin x + c cos x =4> g'(x) = b cos x — c sin x; also, 
f(0) = g(0) ^> sin (a) = b sin (0) + c cos (0) =>■ c = sin a; f '(0) = g'(0) cos (a) = b cos (0) - c sin (0) 

=>■ b = cos a. Therefore, g(x) = sin x cos a + cos x sin a. 

(c) When f(x) = cos x, f'"(x) = sin x and f ' 4 '(x) = cos x; when g(x) = 1 — \ x 2 , g"'(x) = and g' 4 '(x) = 0. 
Thus f "'(0) = = g"'(0) so the third derivatives agree at x = 0. However, the fourth derivatives do not 
agree since f ' 4 '(0) = 1 but g^(0) = 0. In case (b), when f(x) = sin (x + a) and g(x) 

= sin x cos a + cos x sin a, notice that f(x) = g(x) for all x, not just x = 0. Since this is an identity, we 
have fw(x) = g'°)(x) for any x and any positive integer n. 

4. (a) y = sin x =4> y' — cos x => y" = —sin x => y" + y — —sin x + sin x — 0; y = cos x =4> y' = —sin x 

=>■ y" = —cos x => y" + y = —cos x + cos x = 0; y = a cos x + b sin x => y' = — a sin x + b cos x 
=>■ y" = —a cos x — b sin x =>• y" + y = (—a cos x — b sin x) + (a cos x + b sin x) = 
(b) y = sin (2x) =4> y' = 2 cos (2x) =>• y" = -4 sin (2x) =>■ y" + 4y = -4 sin (2x) + 4 sin (2x) = 0. Similarly, 
y = cos (2x) and y = a cos (2x) + b sin (2x) satisfy the differential equation y' + 4y = 0. In general, 
y = cos (mx), y = sin (mx) and y = a cos (mx) + b sin (mx) satisfy the differential equation y" + m 2 y = 0. 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



192 Chapter 3 Differentiation 



5. If the circle (x — h) + (y — k) = a and y = x J + 1 are tangent at (1, 2), then the slope of this tangent is 



m = 2x 
V = 2x 



(] 2) = 2 and the tangent line is y = 2x. The line containing (h, k) and (1, 2) is perpendicular to 
=>• |f| = - \ => h = 5 - 2k => the location of the center is (5 - 2k, k). Also, (x - h) 2 + (y - k) 2 = a 2 
x - h + (y - k)y' = 0^1 + (y') 2 + (y - k)y" = =>• y" = . At the point (1, 2) we know 

y' = 2 from the tangent line and that y" = 2 from the parabola. Since the second derivatives are equal at (1, 2) 
we obtain 2 = ^P^- =>• k = ? . Then h = 5 - 2k = -4 =>■ the circle is (x + 4) 2 + (y - |) 2 = a 2 . Since (1, 2) 



k-2 



lies on the circle we have that a 



6. The total revenue is the number of people times the price of the fare: r(x) = xp = x (3 — 55) 2 , where 
< x < 60. The marginal revenue is £ = (3 - £) 2 + 2x (3 - £) (- i) => £ = (3 - i) [(3 - 
= 3 (3 - i) (l - i) . Then g = => x = 40 (since x = 120 does not belong to the domain). When 40 people 



2x1 
40 J 



are on the bus the marginal revenue is zero and the fare is p(40) = (3 — 



AO) 



= $4.00. 



7. (a) y = uv ^ = ^ v + u £ = (0.04u)v + u(0.05v) = 0.09uv = 0.09y the rate of growth of the total production is 
9% per year. 

(b) If f = -0.02u and f t = 0.03v, then f t = (-0.02u)v + (0.03v)u = O.Oluv = O.Oly, increasing at 1% per 
year. 



When x 2 + y 2 



225, then y' 



The tangent 



line to the balloon at (12, -9) is y + 9 = f (x - 12) 
=> y = | x — 25. The top of the gondola is 15 + 8 



= 23 ft below the center of the balloon. The inter- 
section of y = —23 and y = | x — 25 is at the far 
right edge of the gondola =>• — 23 = | x — 25 
x = | . Thus the gondola is 2x = 3 ft wide. 




(-12,-9)^1 



Suspension cables — V 
Gondola I 



Ms r 



»F(12,-9) 

*7 



15 ft 



y-(4/3)x-25 8 ft 

£ 



— H H— Width 

NOT TO SCALE 



9. Answers will vary. Here is one possibility. 



1 



10. s(t) = 10 cos (t + | ) v(t) = | = -10 sin (t + |) =» a(t) = £ = § = -10 cos (t + f ) 

(a) s(0)= 10 cos (|) = ^ 

(b) Left: -10, Right: 10 

(c) Solving 10 cos (t + |) = -10 cos (t + f) = - 1 t = ^ when the particle is farthest to the left. 
Solving 10 cos (t + |) = 10 => cos (t + f) = 1 t = - f , but t > ^> t = 2tt + = n -f when the particle 
is farthest to the right. Thus, v (&) = 0, v (^) = 0, a (^) = 10, and a (J-f) = -10. 

(d) Solving 10 cos (t + f) = t = f v (f) = -10, |v (f ) | = 10 and a (f ) = 0. 
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11. (a) s(t) = 64t - 16t 2 => v(t) = f t = 64 - 32t = 32(2 - t). The maximum height is reached when v(t) = 

=>■ t = 2 sec. The velocity when it leaves the hand is v(0) = 64 ft/sec. 
(b) s(t) = 64t - 2.6t 2 => v(t) = £ = 64 - 5.2t. The maximum height is reached when v(t) = => t « 12.31 sec. 
The maximum height is about s(12.31) = 393.85 ft. 

12. si = 3t 3 - 12t 2 + 18t + 5 and s 2 = -t 3 + 9t 2 - 12t =>• v x = 9t 2 - 24t + 18 and v 2 = -3t 2 + 18t - 12; vi = v 2 

9t 2 - 24t + 18 = -3t 2 + 18t - 12 => 2t 2 - 7t + 5 = (t - l)(2t - 5) = t = 1 sec and t = 2.5 sec. 

13. m(v 2 -v 2 )=k(x 2 -x 2 ) => m (2vf) =k(-2x|) m £ = k (- |) £ m £ = -kx (i) f . Then 
substituting £ = v =>■ m £ = — kx, as claimed. 



14. (a) x = At 2 +Bt + Con [t 1; t 2 ] => v = £ = 2At + B v (^) =2A(^) + B = A (ti + t 2 ) + B is the 

Ax 
At 



instantaneous velocity at the midpoint. The average velocity over the time interval is v a , — x 



_ (Atj+Bt 2 +C)-(Atj+Bti+C) _ (t 2 -ti)[A (t 2 +ti)+B[ _ j^U , t \ , g 
ta — ti t2 — ti V ^ J- / 

(b) On the graph of the parabola x = At 2 + Bt + C, the slope of the curve at the midpoint of the interval 
[ti , t 2 ] is the same as the average slope of the curve over the interval. 

15. (a) To be continuous at x = tt requires that lim_sinx= lim (mx + b) =>■ — mn + b =>- m = — - 

I COS X X 7T 

(b) If y' = < ' ^ is differentiable at x = tt, then lim cos x = m =^ m = — 1 and b = 7r. 

m, X > 7T X ^ 7T 



= lim 

x w x^O x -° x-*0 x 



16. f(x) is continuous at because lim i^f^=0 = f(0). f'(0) = lim = lim 



= lim ( i^^) ( i±cosx) = ii m ( m*) ( i — ) = i . Therefore f '(0) exists with value \ . 

x^O / \ 1 + cos x / x — > x V 1 + cos x / 2 v 7 2 

17. (a) For all a, b and for all x =t 2, f is differentiable at x. Next, f differentiable at x = 2 =>• f continuous at x = 2 

=>• lim f(x) = f(2) 2a = 4a - 2b + 3 2a - 2b + 3 = 0. Also, f differentiable at x ^ 2 

x — > 2 

f a x <C 2 

=>■ f '(x) = < ' . In order that f '(2) exist we must have a = 2a(2) — b =>• a = 4a — b =>• 3a 

Zax — b, x ^> 2 



Then 2a — 2b + 3 = and 3a = b =>■ a = | and b = 4 



9 

(b) For x < 2, the graph of f is a straight line having a slope of § and passing through the origin; for x > 2, the graph of f 
is a parabola. At x = 2, the value of the y-coordinate on the parabola is | which matches the y-coordinate of the point 
on the straight line at x = 2. In addition, the slope of the parabola at the match up point is § which is equal to the 
slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there. 

18. (a) For any a, b and for any x ^ — 1, g is differentiable at x. Next, g differentiable at x — — 1 =4> g continuous at 

x = -1 =>• lim g(x) = g(— 1) -a - 1 + 2b — -a + b =4> b — 1. Also, g differentiable at x ^ -1 

X — » — 1 + 

{r^ X *\ 1 

„ , . . In order that g'(— 1) exist we must have a = 3a(— l) 2 + 1 => a = 3a + 1 

3ax J + 1, x > — 1 

=> a=-|. 

(b) For x < — 1, the graph of f is a straight line having a slope of — I and a y-intercept of 1. For x > — 1, the graph of f is 
a parabola. At x = — 1, the value of the y-coordinate on the parabola is | which matches the y-coordinate of the point 
on the straight line at x = — 1. In addition, the slope of the parabola at the match up point is — | which is equal to the 
slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there. 

19. fodd f(-x) = -f(x) ^ £ (f(-x)) = £ (-f(x)) => f'(-x)(-l) = -f'(x) f'(-x) = f'(x) f is even. 
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20. feven f(-x) = f(x) -f (f(-x)) = £ (f(x)) f'(-x)(-l) = f'(x) f'(-x) = -f'(x) =$> f is odd. 



21. Leth(x) = (fg)(x) = f(x)g(x) 



h'(x) = lim 



h(x) - h(x ) 



lilll 

X - Xo X — > x 



f(x)g(x)-f(xo)g(x ) 
x-xo 



= lim 

x -> x 



f(x) g(x) - f(x) g(x ) + f(x) g(x ) - f(x ) g(x„) = 
x - x 



lim 

X — > x 



f(x) 



gW - g(*o) 
x-x 



lim 

x -» x 



l(xo) 



f(x)-f(xp) 
x - x 



f(x ) v lim 



x 



g(x)-g(x ) 
x-xo 



g(x )f'(xo) = O- lim 



Xo 



gW - g(*o) 
x-xo 



+ g(x ) f '(x ) = g(x ) f '(xo), if g is 



continuous at Xq. Therefore (fg)(x) is differentiable at Xq if f(xg) = 0, and (fg)' (xq) = g(xo) f (xq). 



22. From Exercise 21 we have that fg is differentiable at if f is differentiable at 0, f(0) = and g is continuous 
atO. 

(a) If f(x) = sin x and g(x) = |x| , then |x| sin x is differentiable because f'(0) = cos (0) = 1, f(0) = sin (0) = 
and g(x) = |x| is continuous at x = 0. 

(b) If f(x) = sin x and g(x) = x 2 / 3 , then x 2 / 3 sin x is differentiable because f'(0) = cos (0) = 1, f(0) = sin (0) = 
and g(x) = x 2 / 3 is continuous at x = 0. 

(c) If f(x) = 1 — cos x and g(x) = \/x, then yx(l — cos x) is differentiable because f'(0) = sin (0) = 0, 
f(0) = 1 — cos (0) = and g(x) = x 1 / 3 is continuous at x = 0. 

(d) If f(x) = x and g(x) = x sin (!) , then x 2 sin (!) is differentiable because f'(0) = 1, f(0) = and 



lim x sin (!) — lim 

x^O Vx/ x^O 



lim 

t — » 00 1 



(so g is continuous at x = 0). 



23. If f(x) = x and g(x) = x sin (!) , then x 2 sin (!) is differentiable at x = because f'(0) = 1, f(0) = and 



lim x sin (!) = lim 

x^O Vx/ x^O 



lim 

t — > oc 



(so g is continuous at x = 0). In fact, from Exercise 21, 



h'(0) = g(0) f'(0) = 0. However, for x ^ 0, h'(x) = [x 2 cos (A)] (- 4) + 2x sin (!) . But 

lim h'(x) = lim [— cos (!) + 2x sin (!)1 does not exist because cos (!) has no limit as x — > 0. Therefore, 

x^O x^O L KxJ yxJi KxJ 

the derivative is not continuous at x = because it has no limit there. 



24. From the given conditions we have f(x + h) = f(x) f(h), f(h) — 1 = hg(h) and lim g(h) = 1. Therefore, 

h — > 



f'(x) 



lim f(x+h) - fw 
h->0 



|j m f(x)f(h)-f(x) 
h->0 



h h->0 h 

f'(x) = f(x) and f'(x) exists at every value of x 



lim f(x) 
h^O 



f(h)-l 



f(x) 



lim g(h) 

n — > U 



f(x) • 1 = f(x) 



25. Step 1: The formula holds for n = 2 (a single product) since y = U1U2 =>• S 
Step 2: Assume the formula holds for n = k: 



u 2 + Ui 



y = uiu 2 - ■ u k => ^ = ^ u 2 u 3 - • -u k + m u 3 - • u k + . . . + UiU 2 ' • -u k ., ^ 



Ify = uiu 2 ---u k u k 



(uiu 2 ---u k )u k+ i, then 



dy 



d(uiU2---u t ) 
dx 



U k+ i 



(^u 2 u 3 ---u k + u 1 ^u 3 ---u k +-- 

d RT u 2 u 3 - • -U k+1 + Ui ^ U 3 - • • U k+ i + 



UlU 2 ---U k _, ^) U k+1 
du,. 



+ U 1 U 2 ---U k ^ 
UlU 2 ---U k 

+ u 1 u 2 ...u k < 1 ^ 



dx "^"J " k +i 1 dx 

Thus the original formula holds for n = (k+1) whenever it holds for n = k 



26. Recall (?) = . Then (») = 

_ m!(k+ l) + m!(m- k) _ m!(m+l) 



Now, 



k!(m-k)! 1 (k+ 1)! (m - k - 1)! 

we prove 



(k+l)!(m-k)! (k+l)!(m-k)! (k+ 1)! ((m + 1) - (k+ 1))! 

Leibniz's rule by mathematical induction. 

Step 1: If n = 1, then = u ^ + v ^ . Assume that the statement is true for n = k, that is: 



dx 



dx 



d k (uv) _ d"u 
dx k dx k 



Step 2: Ifn = k+1, then 



d k 'u dv 

dx k_1 dx 

d k+ '(uv) 
dx k+1 



, (k\ d^u £v , , I k \ 

T I 2 ) dx k - 2 dx 2 T ' ' ■ T V k _ i) 



( d k (uv) \ 



du d k *v 
dv dx k_l 



rd«u , d% dvi , 

Ldx k +' v ^ dx k dxJ T 



dS< 
dx k 



d k u dv 



d k -'u d 2 v 
dx k -' dx 2 
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/k\ d k -'u d 2 v , (k\ d k - 2 u d 3 v 
\2> dx k -> dx 2 ' \2> dx"- 2 dx 3 



I k \ d^u d k -'v , ( k \ du d k u „ 
\k-l) dx 2 dx"-' ' Vk-lJ dx dx k V 



+ [g £ + u = p v + (k+ 1) g g + [(*) + (*)] P § + •■ ■ 

+ [( k k l )+©]^+^^v +( k + i)^i + (^)^g 



k+l^ du dS; 
dx dx k 



d t+1 v 
dx k 



' (T) 

Therefore the formula (c) holds for n = (k + 1) whenever it holds for n = k. 



1 sec 2 )(32.2 ft/sec 
4tt 2 



L« 0.8156 ft 

VdL = -^dL; dT = 



.(0.01ft) « 0.00613 sec. 



(a) J 2 = L = *f => L 

(b) T 2 = ^ T = ^|\/L; dT = ■ ^7E UJ - - 7l1 u ^' Ui - v/(0.8156ft)(32.2 ft/sec 2 ) 1 

(c) Since there are 86,400 sec in a day, we have (0.00613 sec)(86,400 sec/day) w 529.6 sec/day, or 8.83 min/day; the 
clock will lose about 8.83 min/day. 



2k = s 
i_ 



, 1/3 



; 2ds _ _^la^2\ _^ ds 
dt 

Si . Let t = the time it will take the ice cube to melt. Now, t = || 
11 hr. 



3s 2 ^ = — k(6s 2 ) =>• ^ = —2k. If So = the initial length of the cube's side, then si = So 

So _ (Vo) 
S -Si 



2k 
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CHAPTER 4 APPLICATIONS OF DERIVATIVES 



4.1 EXTREME VALUES OF FUNCTIONS 

1. An absolute minimum at x = C2, an absolute maximum at x = b. Theorem 1 guarantees the existence of such 
extreme values because h is continuous on [a, b]. 

2. An absolute minimum at x = b, an absolute maximum at x = c. Theorem 1 guarantees the existence of such 
extreme values because f is continuous on [a. b]. 

3. No absolute minimum. An absolute maximum at x = c. Since the function's domain is an open interval, the 
function does not satisfy the hypotheses of Theorem 1 and need not have absolute extreme values. 

4. No absolute extrema. The function is neither continuous nor defined on a closed interval, so it need not fulfill 
the conclusions of Theorem 1. 

5. An absolute minimum at x = a and an absolute maximum at x = c. Note that y = g(x) is not continuous but 
still has extrema. When the hypothesis of Theorem 1 is satisfied then extrema are guaranteed, but when the 
hypothesis is not satisfied, absolute extrema may or may not occur. 

6. Absolute minimum at x = c and an absolute maximum at x = a. Note that y = g(x) is not continuous but still 
has absolute extrema. When the hypothesis of Theorem 1 is satisfied then extrema are guaranteed, but when 
the hypothesis is not satisfied, absolute extrema may or may not occur. 

7. Local minimum at ( — 1, 0), local maximum at (1, 0) 

8. Minima at (-2, 0) and (2, 0), maximum at (0, 2) 

9. Maximum at (0, 5). Note that there is no minimum since the endpoint (2, 0) is excluded from the graph. 

10. Local maximum at (—3, 0), local minimum at (2, 0), maximum at (1, 2), minimum at (0, —1) 

11. Graph (c), since this the only graph that has positive slope at c. 

12. Graph (b), since this is the only graph that represents a differentiable function at a and b and has negative slope at c. 

13. Graph (d), since this is the only graph representing a funtion that is differentiable at b but not at a. 

14. Graph (a), since this is the only graph that represents a function that is not differentiable at a or b. 
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15. f(x) = \ x • 



f'(x) 



no critical points; 



f(— 2) — — ^j, f(3) = — 3 => the absolute maximum 



is —3 at x 

x = -2 



3 and the absolute minimum is 



19 



at 



1 1 


iii, 


-2 - 


-1 
-1 


1 2 3 




-2 








(3, -3) 




-3 








Abs 




-4 


" max 




-5, 




-19/3) 




y=|*-5 


Abs«T 


-6 


-2<*<3 


mill 


-7 





16. f(x) = — x — 4 => f'(x) = — 1 =>■ no critical points; 
f(— 4) = 0, f(l) = — 5 =>• the absolute maximum is 
at x = —4 and the absolute minimum is —5 at x = 1 



(-4,0) 




f(x) = -jc - 4 



(1,-5) 



17. f(x) = x 2 — 1 =4> f'(x) = 2x =>• a critical point at 
x = 0; f(-l) = 0, f(0) = -1, f(2) = 3 the absolute 
maximum is 3 at x = 2 and the absolute minimum is — 1 
atx = 







(2, 3) Abs 


3 




J max 






/ 2 i 






/ y=x—\ 


2 




I -l<x<2 


1 








A 


2 




'lo.-D 


Abs 






mill 



18. f(x) = 4 - x 2 ^> f'(x) — — 2x ^> a critical point at 
x = 0; f(-3) = -5, f(0) = 4, f(l) = 3 the absolute 
maximum is 4 at x = and the absolute minimum is —5 
at x = — 3 



/to = 4-x 2 




(-3,-5) 



19. F( x ) = - ^ = -x" 2 ^> F'(x) = 2x~ 3 = ^ , however 
x = is not a critical point since is not in the domain; 
F(0.5) = —4, F(2) = —0.25 =>■ the absolute maximum is 
—0.25 at x = 2 and the absolute minimum is —4 at 
x = 0.5 




(2, -0.25) 
Abs max 
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20. F(x) 



F'(x) 



, however 



x = is not a critical point since is not in the domain; 
F(— 2) = | , F(— 1) = 1 =£■ the absolute maximum is 1 at 
x = — 1 and the absolute minimum is I at x = —2 




(-2,1/2) 



-2 -1.5 .1 J1.5 



21. h(x) 



= x 1 / 3 => h'(x) = | x 2 / 3 =4> a critical point 
at x = 0; h(-l) = -1, h(0) = 0, h(8) = 2 =>■ the absolute 
maximum is 2 at x = 8 and the absolute minimum is — 1 
at x = - 1 



22. h(x) = -3x 2 / 3 =3> h'(x) = -2x -1 / 3 => a critical point at 
x = 0; h(-l) = -3, h(0) = 0, h(l) = -3 the absolute 
maximum is at x = and the absolute minimum is —3 
at x = 1 and at x — — 1 



2 


-1<i<8 




• (8, 2) 

A he 


1 


V — max 

v -. 


-u 


12 3 4 


5 6 


7 8 


(-1,-1) 

Abs min 










-1 -0.5 


y 




OS 1 





/-i 


\ h(x) = - 




/ -2 




1,-3)/ 


•3 





0.-3) 



23. g(x) = \/4-x 2 = (4 - x 2 ) 1/2 

=> g'(x) = i (4 - x 2 )- 1/2 (-2x) = 



=> critical points at x = —2 and x = 0, but not at x = 2 
because 2 is not in the domain; g(— 2) = 0, g(0) = 2, 

g(l) = i/3 =>• the absolute maximum is 2 at x = and the 

absolute minimum is at x = —2 



y = V4-X 2 


(0, 2) Abs max 


-2<x< I* — ' ' 
/ 1 
1 1 




(-2,0) - 1 





1 


Abs 






min 


-1 





x 2 ) 1/2 (5-x 2 r 1/2 (-2x) 



24. g(x) = -y/5 -x 2 = -(5 

=>• g'(x) = — (!)= 7 x ; =^ critical points atx = — W 5 

^ z ' v 5 — x" 

and x = 0, but not at x = \J~5 because y5 is not in the 
domain; f (- V^) = 0, f(0) = -y/5 

=>• the absolute maximum is at x = — and the absolute 
minimum is — y/5 at x = 



-2.5 -2 .1.5 -1 -OS 




g(x) = -VJ^ 



25. f((9) = sin 9 f'((9) = cos = | is a critical point, 
but 9 = ~ i s not a critical point because ^ is not interior to 



the domain; f ( 



-l>f (!) = !.!(? 



=> the absolute maximum is 1 at 6 = | and the absolute 
minimum is — 1 at 9 — ^ 



1 


(it/2, 1) Abs max 
A 1 1 > 


-7T/2 / 


tt/2 5it/6 


•— ^ -1 


y = sin 0, -7T/2 < 6 < 5tt/6 


(-ir/2,-1) 




Abs min 
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26. f(9) = tan 9 =4> f '(9) = sec 2 9 =>• f has no critical points in 
f^r-, j). The extreme values therefore occur at the 
endpoints: f ( 



minimum is 



= -y^andf (f) = 1 => the absolute 

7T 

~~ 4 

x/3at9 



maximum is 1 at 9 = | and the absolute 



— 7T 

3 



ir/4,1) 




27. g(x) = esc x =4> g'(x) = —(esc x)(cot x) =>■ a critical point 
atx=f;g(f) = ^ )g (i) = l,g(f)=^ => the 
absolute maximum is A- at x = f and x = ^ , and the 
absolute minimum is 1 at x = 5 



Abs max Abs max 
(ir/3, 2/VI) (2tt/3, 2/V5) 



j'-cscx (tt/2, l) 

T/3^S2tr/3 Abs 
min 



17/3 tt/2 2tt/3 



28. g(x) = sec x =4> g'(x) = (sec x)(tan x) =>• 
x = 0;g(-f)=2,g(0) = l,g(f) = ^ 

maximum is 2 at x = 
atx = 



a critical point at 
=4> the absolute 



| and the absolute minimum is 1 



(-•it/3, 2) 





2 




> 


(0,1) 




g(x) = sec* 


0.5 




y 



-1 .0.8 -0.6 -0.4 -0.2 



29. f(t) = 2 - |t| = 2 - x/t 2 = 2 - (t 2 ) 1/2 

=> f, w = - \ (t 2 r 1/2 (2t) = - = - i 

=> a critical point at t = 0; f(— 1) = 1, 
f(0) = 2, f(3) = — 1 => the absolute maximum is 2 at t : 
and the absolute minimum is — 1 at t — 3 





(0, 2) Abs 






\ max 




* 1 


- y 


= 2-lfl 






1£<£3 


-1 


1 


3 * 


-1 




Abs\ 




min ( 3i _!) 



30. f(t) = |t - 5| = y/(t - 5) 2 = ((t - 5) 2 ) 



f'(t) 



i((t-5) 2 )- 1/2 (2(t-5)) 



t-5 
F51 



=> a critical point at t = 5; f(4) = 1, f(5) = 0, f(7) = 2 
the absolute maximum is 2 at t = 7 and the absolute 
minimum is at t = 5 




4 (5,0) 6 



/<») = !' -51 



31. f(x) = x 4 / 3 f'(x) = \ x 1 / 3 =>• a critical point at x = 0; f(-l) = 1, f(0) = 0, f(8) = 16 =!> the absolute 
maximum is 16 at x = 8 and the absolute minimum is at x = 

32. f(x) = x 5 / 3 f'(x) = § x 2 / 3 =>• a critical point at x = 0; f(-l) = -1, f(0) = 0, f(8) = 32 => the absolute 
maximum is 32 at x = 8 and the absolute minimum is — 1 at x = — 1 

33. g(0) = (9 3 / 5 ^ g'(9) = | 9-' 2 l r ° => a critical point at 6 = 0; g(-32) = -8, g(0) = 0, g(l) = 1 the absolute 
maximum is 1 at 9 — 1 and the absolute minimum is — 8 at 9 — —32 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 4. 1 Extreme Values of Functions 



34. h(0) = 30 2 / 3 => h'(0) = 20- 1 / 3 a critical point at = 0; h(-27) = 27, h(0) = 0, h(8) = 12 
maximum is 27 at = —27 and the absolute minimum is at = 



the absolute 



35. Minimum value is 1 at x = 2. 



-2 



-2 




2 4 6 



-2,6] by [-2,4] 



36. To find the exact values, note that y' = 3x 2 — 2, 



which is zero when x = ± 



Local maximum at 



minimum at 



9 



(-0.816, 5.089); local 



9 



(0.816, 2.911) 




6,6] by [-2,7] 



37. To find the exact values, note that that y' = 3x 2 + 2x — 8 
= (3x — 4)(x + 2), which is zero when x = — 2 or x = |. 
Local maximum at (—2, 17); local minimum at (|. — 11) 




2 4 6 



6,6] by [-5,20] 



38. Note that y' = 3x 2 — 6x + 3 = 3(x — l) 2 , which is zero at 
X = 1. The graph shows that the function assumes lower 
values to the left and higher values to the right of this point, 
so the function has no local or global extreme values. 




6,6] by [-4,4] 



39. Minimum value is when x = — 1 or x = 1. 




6,6] by [-2,4] 
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40. The minimum value is 1 at x = 0. 



41. The actual graph of the function has asymptotes at x = ± 1, 
so there are no extrema near these values. (This is an 
example of grapher failure.) There is a local minimum at 
(0,1). 



42. Maximum value is 2 at x = 1; 

minimum value is at x — —1 and x = 3. 



43. Maximum value is \ atx = 1; 
minimum value is — | as x = — 1. 



44. Maximum value is | at x = 0; 
minimum value is — | as x = —2. 




-l l 

[-1.5,1.5] by [-0.5,3] 



y 




[-4.7,4.7] by [-3.1,3.1] 



y 




-4-2 2 4 

-1 ■■ 

-2 ■■ 
-3 



[-4.7,4.7] by [-3.1,3.1] 
y 




[-5,5] by [-0.7,0.7] 




[-5,5] by [-0.8,0.6] 
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45. y' = x 2 / 3 (l) + fx-V^x + 2) = | 



crit. pt. 


derivative 


extremum 


value 


A — 5 





local max 


iflO 1 / 3 = 1.034 


x = 


undefined 


local min 






46. y' = x 2 / 3 (2x) + |x- 1 / 3 (x 2 - 4) = §| 



crit. pt. 


derivative 


extremum 


value 


x= -1 





minimum 


-3 


x = 


undefined 


local max 





x = 1 





minimum 


3 



-x 2 + (4-x 


2 ) _ 4-2x 2 






V4-X 2 


^4-x 2 






crit. pt. 


derivative 


extremum 


value 


x = -2 


undefined 


local max 





x = -v^ 





minimum 


-2 


x= 





maximum 


2 


x = 2 


undefined 


local min 






48. y' = x 2 ^|^( - 1) + 2x^3 - x 

-x 2 + (4x)(3-x) _ _5x 2 + 12x 
2%/3-x " 2\/3-x 



crit. pt. 


derivative 


extremum 


value 


x = 





minimum 





X _ 5 





local max 


if 15 1 / 2 « 4.462 


x = 3 


undefined 


minimum 





, = r-2, x <i 

* \ 1, X>1 






crit. pt. 


derivative 


extremum 


value 


x = 1 


undefined 


minimum 


2 



Section 4. 1 Extreme Values of Functions 203 

y 




[-4,4] by [-3,3] 



y 




X 



[-4,4] by [-3,3] 



y 




-3 - 

[-2.35,2.35] by [-3.5,3.5] 



y 




X 



-4-2 2 4 



[-4.7,4.7] by [-1,5] 




X 



-4-2 2 4 

[-4.7,4.7] by [0,6.2] 
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( -2x -2, x < 1 
\ -2x + 6, x > 1 



crit. pt. 


derivative 


extremum 


value 


x = -1 





maximum 


5 


x = 1 


undefined 


local min 


1 


x = 3 





maximum 


5 



y 

6 - : 




[-4,6] by [-2,6] 



f — ix 2 — -x + — , x < 1 
52. We begin by determining whether f'(x) is defined at x = 1, where f(x) = < 4 2 4 ' ~~ 

[ x d - 6x 2 + 8x, x > 1 

Clearly, f'(x) = -|x - | if x < 1, and lim f'(l + h) = -1. Also, f'(x) = 3x 2 - 12x + 8 if x > 1, and 

-1. Thus, 

x < 1 



h->fr 

lim f'(l + h) = —1. Since f is continuous at x = 1, we have that f'(l) 

h^0+ 



f'(x) = 



-ix - 1 

2 A 2' 



3x 2 - 12x 



x > 1 



when x 



1, and 3x 2 - 12x + 8 = when x : 



12± v /l2 2 -4(3)(8) _ 12 ±^48 



2(3) 



2± 



2%/is 



But 2 - w 0.845 < 1, so the critical points occur at x = -1 and x = 2 + ^ 



3.155. 



crit. pt. 


derivative 


extremum 


value 


x = -1 





local max 


4 


x w 3.155 





local min 


w -3.079 




[-4,6] by [-5,5 



53. (a) No, since f'(x) = |(x — 2) which is undefined at x = 2. 

(b) The derivative is defined and nonzero for all x ^ 2. Also, f(2) = and f(x) > for all x^2. 

(c) No, f(x) need not have a global maximum because its domain is all real numbers. Any restriction of f to a closed 
interval of the form [a, b] would have both a maximum value and minimum value on the interval. 

(d) The answers are the same as (a) and (b) with 2 replaced by a. 



54. Note that f(x) = j x ^ aA ' A - ° ul u - A ^ °. Therefore, f'(x) - , 



9x, x < -3or0 < x < 3 _ , , f -3x 3 + 9, x<-3or0<x<3 

„ „ „■ Therefore, f ix) = < „ , 

- 9x, -3 < x < or x > 3 w \ 3x 3 - 9, -3 < x < or x > 3 

(a) No, since the left- and right-hand derivatives at x = 0, are —9 and 9, respectively. 

(b) No, since the left- and right-hand derivatives at x = 3, are —18 and 18, respectively. 
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(c) No, since the left- and right-hand derivatives at x — —3, are 18 and —18, respectively. 

(d) The critical points occur when f'(x) = (at x = ± \/3) and when f'(x) is undefined (at x = and x = ±3). The 
minimum value is at x = —3, at x = 0, and at x = 3; local maxima occur at and (^\/3, . 



55. 



DF 

N. 



\, V* 2 + 16 



.B 



(a) The construction cost is C(x) = 0.3\/l6 + x 2 + 0.2(9 — x) million dollars, where < x < 9 miles. The following is 
a graph of C(x). 




8 



9 



Solving C'(x) 



0.3x 

\/l6 + x 2 



0.2 = gives x = ± 



8\/5 



4 S 

x (miles) 

~ ±3.58 miles, but only x = 3.58 miles is a critical point is 



the specified domain. Evaluating the costs at the critical and endpoints gives C(0) = $3 million, C^^ip j rj $2,694 

million, and C(9) « $2,955 million. Therefore, to minimize the cost of construction, the pipeline should be placed 
from the docking facility to point B, 3.58 miles along the shore from point A, and then along the shore from B to the 
refinery. 

(b) If the per mile cost of underwater construction is p, then C(x) = p\/ 16 + x 2 + 0.2(9 — x) and 

C'(x) = 



0.3x 

^16 + > 



— 0.2 = gives x c = , , 0,8 , which minimizes the construction cost provided x c < 9. The value 

VP — 0.04 



of p that gives x c = 9 miles is 0.218864. Consequently, if the underwater construction costs $218,864 per mile or less, 
then running the pipeline along a straight line directly from the docking facility to the refinery will minimize the cost 
of construction. 

In theory, p would have to be infinite to justify running the pipe directly from the docking facility to point A (i.e., for 
x c to be zero). For all values of p > 0.218864 there is always an x c 6 (0, 9) that will give a minimum value for C. 
This is proved by looking at C"(x c ) = ^ 6 ^ 6p ^ 3/2 which is always positive for p > 0. 



56. There are two options to consider. The first is to build a new road straight from Village A to Village B. The second is to 
build a new highway segment from Village A to the Old Road, reconstruct a segment of Old Road, and build a new 
highway segment from Old Road to Village B, as shown in the figure. The cost of the first option is Ci = 0.5(150) million 
dollars = 75 million dollars. 
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The construction cost for the second option is C2(x) = 0.5 ^2\/2500 + x 2 j + 0.3(150 — 2x) million dollars for 
< x < 75 miles. The following is a graph of C2(x). 




S 10 15 20 25 30 35 40 45 SO 55 80 65 70 75 
x (mites) 

Solving C' 2 (x) = y 250 x 0+ 3 — 0-6 = give x = ± 37.5 miles, but only x = 37.5 miles is in the specified domain. In 

summary, Ci = $75 million, C 2 (0) = $95 million, C 2 (37.5) = $85 million, and C 2 (75) = $90,139 million. Consequently, 
a new road straight from village A to village B is the least expensive option. 

57. 

C x p 10-x D 




The length of pipeline is L(x) = \J A + x 2 + y 25 + (10 — x) 2 for < x < 10. The following is a graph of L(x). 

15.5 T 

15 
14.5 
& 14 
•* 13.5 
13 
1Z5 

12 ■< 1 1 1 f 1 

2 4 6 8 10 

Setting the derivative of L(x) equal to zero gives L'(x) = , x , , ( 10 ~ x ) = 0. Note that , x „ = cos 9\ and 

5 W 4 5 W Vi + ^ 2 ^25 + (10-x) 2 

—, — = cos 9 B , therefore, L'(x) = when cos 9 A = cos 9b, or 9 A = 9 B and AACP is similar to ABDP. Use 

y25 + (10-x) 2 

simple proportions to determine x as follows: | = iSjp =4> x = y « 2.857 miles along the coast from town A to town B. 
If the two towns were on opposite sides of the river, the obvious solution would be to place the pump station on a straight 
line (the shortest distance) between two towns, again forcing 9 a = 9g. The shortest length of pipe is the same regardless of 
whether the towns are on thee same or opposite sides of the river. 
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58. 




50 ft 



(a) The length of guy wire is L(x) = \/ 900 + x 2 
L(x). 



30 ft 



2500 + (150 - x) 2 for < x < 150. The following is a graph of 



Setting L'(x) equal to zero gives L'(x) 




x/900 + x : 



0. Note that 



00 + (150-x)" 



^900 + x 2 



cos 9a and 



(150 -x) 



cos 8b- Therefore, L'(x) = when cos 8\ — cos 8b, or 9a = &b and AACE is similar to AABD. 



\J 2500 + (150 -nf 

Use simple proportions to determine x: ^ 



150 -x 
50 



■225 
4 



56.25 feet. 



(b) If the heights of the towers are he and he, and the horizontal distance between them is s, then 

L(x) = 



h| + (s - xy and L'(x) = 



(s-x) 



-. However, 



= cos 9c and 



V /h c+ x2 \/hB + ( S -x) 2 ' ' sjtit +x 2 

i = cos 9b- Therefore, L'(x) = when cos 9c — cos 9b, or 9c — 9b and AACE is similar to AABD. 

v/he + Oi-x) 2 



Simple proportions can again be used to determine the optimum x: £ = ^ 

59. (a) V(x) = 160x - 52x 2 + 4x 3 

V'(x) = 160 - 104x + 12x 2 = 4(x - 2)(3x - 20) 

The only critical point in the interval (0, 5) is at x = 2. The maximum value of V(x) is 144 at x = 2. 
(b) The largest possible volume of the box is 144 cubic units, and it occurs when x = 2 units. 

60. (a) P'(x) = 2 - 200x~ 2 

The only critical point in the interval (0, oo) is at x = 10. The minimum value of P(x) is 40 at x = 10. 
(b) The smallest possible perimeter of the rectangel is 40 units and it occurs at x = 10 units which makes the rectangle a 
10 by 10 square. 



61. Let x represent the length of the base and \/25 — x 2 the height of the triangle. The area of the triangle is represented by 



25 - 2x 2 



2^25^ 



= => x = 



A(x) = | \/25 — x 2 where < x < 5. Consequently, solving A'(x) = 
A(0) = A(5) = 0, A(x) is maximized at x = The largest possible area is A^^^ = ^ cm 2 . 



Since 
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62. (a) From the diagram the perimeter P = 2x + 2m = 400 
=>• x = 200 — 7rr. The area A is 2rx 
=>- A(r) = 400r - 2?rr 2 where < r < ^. 
(b) A'(r) = 400 - 47rr so the only critical point is r = 
Since A(r) = if r = and x = 200 - tit = 0, the 
values r = — « 31.83 m and x = 100 m maximize the 

7T 

area over the interval < r < — . 



63. s = -igt 2 + v t + s =>- g = -gt + v = ^ t = ^. Now s(t) = s <^ t(-f + v ) = <^ t = or t = ^ 
Thus s ^ = — jsf^l + v o (jf) + s ° = + s ° > s ° * s me max i mum height over the interval < t < ^ 



64. % = — 2sin t + 2cos t, solving % — =>■ tan t = 1 =>• t = |+n7r where n is a nonnegative integer (in this exercise t is 
never negative) =4> the peak current is 2^/2 amps. 

65. Yes, since f(x) = |x| = V* 2 = (x 2 ) 1/2 =!> f'(x) = \ (x 2 )~ 1/2 (2x) = — ^ = A is not defined at x = 0. Thus it 

(x ) II 

is not required that f ' be zero at a local extreme point since f ' may be undefined there. 

66. If f(c) is a local maximum value of f, then f(x) < f(c) for all x in some open interval (a, b) containing c. Since 

f is even, f(— x) = f(x) < f(c) = f(— c) for all — x in the open interval (— b, —a) containing — c. That is, f assumes 
a local maximum at the point — c. This is also clear from the graph of f because the graph of an even function 
is symmetric about the y-axis. 



67. If g(c) is a local minimum value of g, then g(x) > g(c) for all x in some open interval (a, b) containing c. Since 
g is odd, g(— x) = — g(x) < — g(c) = g(— c) for all — x in the open interval (— b, —a) containing — c. That is, g 
assumes a local maximum at the point — c. This is also clear from the graph of g because the graph of an odd 
function is symmetric about the origin. 

68. If there are no boundary points or critical points the function will have no extreme values in its domain. Such 
functions do indeed exist, for example f(x) = x for — oo < x < oo. (Any other linear function f(x) = mx + b 
with m ^ will do as well.) 

69. (a) f '(x) = 3ax 2 + 2bx + c is a quadratic, so it can have 0, 1, or 2 zeros, which would be the critical points of f. The 

function f(x) = x 3 — 3x has two critical points atx = —1 and x = 1. The function f(x) = x 3 — 1 has one critical point 
atx = 0. The function f(x) = x 3 + x has no critical points. 

y y y 




(b) The function can have either two local extreme values or no extreme values. (If there is only one critical point, the 
cubic function has no extreme values.) 
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70. (a) 




[-0.1,0.6] by [-1.5,1.5] 

f(0) = is not a local extreme value because in any open interval containing x = 0, there are infinitely many points 
where f(x) = 1 and where f(x) = — 1. 
(b) One possible answer, on the interval [0, 1]: 

_ J (1 - x)cos jL, < x < 1 
* 0, x = 1 

This function has no local extreme value at x = 1. Note that it is continuous on [0, 1]. 



f(x) 



71. Maximum value is 11 at x = 5; 

minimum value is 5 on the interval [—3, 2]; 
local maximum at (—5, 9) 



12 




10 • 




\ 8 " 




\ 6 




4 




2 





-4-2 2 4 

[-6,6] by [0,12] 



72. Maximum value is 4 on the interval [5, 7]; 
minimum value is —4 on the interval [—2, 1]. 




■3,8] by [-5,5] 



73. Maximum value is 5 on the interval [3, oo); 

minimum value is —5 on the interval (— oo, —2]. 




6,6] by [-6,6] 
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74. Minimum value is 4 on the interval [—1, 3] 



y 




-4- 



2 



x 



-6 



-4 



-2 



2 



4 



6 



[-6,6] by [0,9] 



75-80. Example CAS commands: 
Maple : 

with(student): 

f := x -> x A 4 - 8*x A 2 + 4*x + 2; 
domain := x=-20/25.. 64/25; 

plot( f(x), domain, color=black, title="Section 4.1 #75(a)" ); 
Df := D(f); 

plot( Df(x), domain, color=black, title=" Section 4.1 # 75(b)" ) 

StatPt := fsolve( Df(x)=0, domain ) 

SingPt := NULL; 

EndPt := op(rhs(domain)); 

Pts : =e valf ( [EndPt,StatPt,SingPt] ) ; 

Values := [seq( f(x), x=Pts )]; 
Maximum value is 2.7608 and occurs at x=2.56 (right endpoint). 
Minimum value J is -6.2680 and occurs at x=l. 86081 (singular point). 
Mathematica : (functions may vary) (see section 2.5 re. RealsOnly ): 

«Miscellaneous "RealOnly" 

Clear[f,x] 

a= -l;b= 10/3; 

f[xj =2 + 2x - 3 x m 

f[x] 

Plot[{f[x],f[x]},{x,a,b}] 
NSolve[f [x]==0, x] 
{f[a],f[0],f[x]/.%,f[b]//N 

In more complicated expressions, NSolve may not yield results. In this case, an approximate solution (say 1.1 here) 
is observed from the graph and the following command is used: 
FindRoot[f[x]==0,{x, 1.1}] 

4.2 THE MEAN VALUE THEOREM 

1. When f(x) = x 2 + 2x - 1 for < x < 1, then ^® = f ( c ) ^ 3 = 2c + 2 => c = \. 

2. When f(x) = x 2 / 3 for < x < 1, then = f'(c) =!> 1 = (|) c" 1 / 3 =^ c = §j. 

3. When f(x) = x + \ for \ < x < 2, then f(2 j:^ /2) = f'(c) =^0 = l- ^=^c=l. 

4. When f(x) = ^x- 1 for 1 < x < 3, then ^^f 1 = f'(c) ^> ^ = ^7== =^ c = |. 



5. Does not; f(x) is not differentiable at x = in (—1, 8). 
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6. Does; f(x) is continuous for every point of [0, 1] and differentiable for every point in (0, 1). 

7. Does; f(x) is continuous for every point of [0, 1] and differentiable for every point in (0, 1). 

8. Does not; f(x) is not continuous at x = because lim f(x) =1^0 = f(0). 

x — > 

9. Since f(x) is not continuous on < x < 1, Rolle's Theorem does not apply: lim f(x) = lim x = 1 

X — > 1 X — ► 1 

¥= o = f(i). 

10. Since f(x) must be continuous at x = and x = 1 we have lim f(x) = a = f(0) a = 3 and 

x -> + 

lim f(x) = lim f(x) =>• — l+3+a=m+b => 5 = m + b. Since f(x) must also be differentiable at 

x -» 1 X -> 1+ 

x = 1 we have lim f'(x) = lim f'(x) =>■ — 2x + 31 . = ml , =^ 1 = m. Therefore, a = 3, m = 1 and b = 4. 



11. (a) 



1 






-2 





2 






11 


-5 


-4 -3 












111 






-1 





2 






IV 







4 


9 




18 


24 



(b) Let ri and r 2 be zeros of the polynomial P(x) = x" + a„.|X° + . . . + aix + a , then P(rj) = P(r 2 ) = 0. 
Since polynomials are everywhere continuous and differentiable, by Rolle's Theorem P'(r) = for some r 
between ri and r 2 , where P'(x) = nx" + (n — 1) a^x"" 2 + . . . + aj.. 

12. With f both differentiable and continuous on [a, b] and f(ri) = f(r 2 ) = f(r3) = where ri, r 2 and r3 are in [a, b], 
then by Rolle's Theorem there exists a ci between ri and r 2 such that f'(ci) = and a c 2 between r 2 and r3 
such that f'(c 2 ) = 0. Since f is both differentiable and continuous on [a, b], Rolle's Theorem again applies and 
we have a C3 between Ci and c 2 such that f '(C3) = 0. To generalize, if f has n+1 zeros in [a, b] and fW is 
continuous on [a, b], then f W has at least one zero between a and b. 

13. Since f " exists throughout [a, b] the derivative function f is continuous there. If f has more than one zero in 
[a, b], say f'(ri) = f'(r 2 ) = for ri ^ r 2 , then by Rolle's Theorem there is a c between ri and r 2 such that 
f"(c) = 0, contrary to f" > throughout [a, b]. Therefore f ' has at most one zero in [a, b]. The same argument 
holds if f" < throughout [a, b]. 

14. If f(x) is a cubic polynomial with four or more zeros, then by Rolle's Theorem f'(x) has three or more zeros, 
f"(x) has 2 or more zeros and f"'(x) has at least one zero. This is a contradiction since f"'(x) is a non-zero 
constant when f(x) is a cubic polynomial. 

15. With f(— 2) = 1 1 > and f(— 1) = — 1 < we conclude from the Intermediate Value Theorem that 
f(x) = x 4 + 3x + 1 has at least one zero between —2 and —1. Then —2 < x < — 1 =>■ — 8 < x 3 < — 1 

-32 < 4x 3 < -4 => -29 < 4x 3 + 3 < -1 ^> f'(x) < for -2 < x < -1 ^> f(x) is decreasing on [-2, -1] 
=> f(x) = has exactly one solution in the interval (—2,-1). 

16. f(x) = x 3 + £ + 7 f'(x) = 3x 2 - |r > on (-00, 0) =!> f(x) is increasing on (-00, 0). Also, f(x) < if 
x < —2 and f(x) > if —2 < x < =>■ f(x) has exactly one zero in (—00, 0). 

17. g(t) = + y/t+l - 4 g'(t) = ^ + > => g(t) is increasing for t in (0, 00); g(3) = y^3 - 2 < 
and g(15) = y/l5 > g(t) has exactly one zero in (0, 00). 
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18. g(t) = jij + y/l + t - 3.1 =► g'(t) = + > ^> g(t) is increasing for t in (-1, 1); 
g(-0.99) = -2.5 and g(0.99) = 98.3 g(t) has exactly one zero in (-1, 1). 

19. t{9) = (9 + sin 2 (| ) - 8 r'((9) = 1 + § sin (|) cos (|) = 1 + | sin (f ) > on (-oo, oo) =4> r((9) is 
increasing on (— oo, oo); r(0) — —8 and r(8) = sin 2 (|) > r(9) has exactly one zero in (— oo, oo). 

20. r(6) = 29 — cos 2 9 + \/2 => r'(9) — 2 + 2 sin 9 cos 9 — 2 + sin 29 > on (— oo, oo) => r(6*) is increasing on 
(-oo, oo); r(-2?r) = -4?r - cos (-2tt) + y/l = -4tt - 1 + \[2 < and r(2?r) = 4tt - 1 + \/2 > =>• r(0) has 
exactly one zero in (— oo, oo). 

21. r(9) = sec 9 - ^ + 5 => r'(6>) = (sec 0)(tan 9) + | > on (0, f ) => r(0) is increasing on (0, f ) ; 
r(0.1) w -994 and r(1.57) re 1260.5 r(0) has exactly one zero in (0, |) . 

22. r(0) = tan - cot - 9 => r'(0) = sec 2 9 + esc 2 9-1 = sec 2 + cot 2 9 > on (0, |) =>- r(0) is increasing 
on (0, § ) ; r (f ) = - f < and r(1.57) re 1254.2 r((9) has exactly one zero in (0, §) . 

23. By Corollary 1, f'(x) = for all x =>• f(x) = C, where C is a constant. Since f(— 1) = 3 we have C = 3 

f(x) = 3 for all x. 

24. g(x) = 2x + 5 =>• g'(x) — 2 — f'(x) for all x. By Corollary 2, f(x) = g(x) + C for some constant C. Then 
f(0) = g(0) + C^5 = 5 + C^C = 0^f(x) = g(x) = 2x + 5 for all x. 

25. g(x) = x 2 => g'(x) = 2x = f'(x) for all x. By Corollary 2, f(x) = g(x) + C. 

(a) f(0) = = g(0) + C = + C =>> C = =>■ f(x) = x 2 f(2) = 4 

(b) f(l) = = g(l) + C = 1 + C C = -1 f(x) = x 2 - 1 f(2) = 3 

(c) f(-2) = 3 3 = g(-2) + C 3 = 4 + C =!> C = -1 f(x) = x 2 - 1 => f(2) = 3 

26. g(x) = mx => g'(x) = m, a constant. If f'(x) = m, then by Corollary 2, f(x) = g(x) + b = mx + b where 
b is a constant. Therefore all functions whose derivatives are constant can be graphed as straight lines 

y = mx + b. 

27. (a) y = f + C (b) y = f + C (c) y = £ + C 

28. (a) y = x 2 + C (b) y = x 2 - x + C (c) y = x 3 + x 2 - x + C 

29. (a) y' = -x~ 2 ^ y = i + C (b) y = x + i + C (c)y = 5x-i+C 

30. (a) y'^ix- 1 / 2 => y = x 1 /2 + C y^^ + C (b) y = 2Vx + C 
(c) y = 2x 2 - 2^/x + C 

31. (a) y = -icos2t + C (b) y = 2 sin | + C 
(c) y = - | cos 2t + 2 sin | + C 

32. (a) y = tan 9 + C (b) y' = 9 1 ' 2 y = f 3 / 2 + C (c) y = | 3 / 2 - tan 9 + C 

33. f(x) = x 2 - x + C; = f(0) = 2 - + C C = => f(x) = x 2 - x 
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34. g(x) = - i + x 2 + C; 1 = g(-l) = - i + (-1) 2 + C => C = -1 => g(x) = - 1 + x 2 - 1 

35. r(0) = 86> + cot 6 + C; = r (f ) = 8 (f ) + cot (f ) + C = 2tt + 1 + C C = -2tt - 1 

r(0) = 86> + cot 6» - 2tt - 1 

36. r(t) = sec t - t + C; = r(0) = sec (0) - + C C = -1 =^ r(t) = sec t - 1 - 1 

37. v = f = 9.8t + 5 s = 4.9t 2 + 5t + C; at s = 10 and t = we have C = 10 =^ s = 4.9t 2 + 5t + 10 

38. v = | = 32t - 2 s = 16t 2 - 2t + C; at s = 4 and t = \ we have C = 1 =>- s = 6t 2 - 2t + 1 

39. v = % = sin(Trt) s = -AcosM + C; at s = and t = we have C = 1 => s = 1 ~ CQ$W 

40. v = g = |cos(f ) => s = sin(f ) + C; at s = 1 and t = n 2 we have C = 1 =>- s = sin(* ) + 1 

41. a = 32 ^ v = 32t + Q; at v = 20 and t = we have Ci = 20 =$> v = 32t + 20 s = 16t 2 + 20t + C 2 ; at s = 5 and 
t = 0we have C 2 = 5 s = 16t 2 + 20t + 5 

42. a = 9.8 => v = 9.8t + Ci; at v = -3 and t = we have Q = -3 =$> v = 9.8t - 3 s = 4.9t 2 - 3t + C 2 ; at s = and 
t = 0we have C 2 = s = 4.9t 2 - 3t 

43. a = -4sin(2t) =>• v = 2cos(2t) + Ci; at v = 2 and t = we have Ci = v = 2cos(2t) =>■ s = sin(2t) + C 2 ; at s = -3 
and t = we have C 2 = —3 =4> s = sin(2t) — 3 

44. a = Jrcos(^) => v = |sin(|r) +Ci; atv = and t = we have Ci = =>■ v = |sin(|) =4> s = -cos(f ) + C 2 ; at 
s = — 1 and t = 0we have C 2 = =>• s = — cos(^) 

45. If T(t) is the temperature of the thermometer at time t, then T(0) = -19° C and T(14) = 100° C. From the 
Mean Value Theorem there exists a < t < 14 such that = 8.5° C/sec = T'(t ), the rate at which 
the temperature was changing at t = to as measured by the rising mercury on the thermometer. 

46. Because the trucker's average speed was 79.5 mph, by the Mean Value Theorem, the trucker must have been going that 
speed at least once during the trip. 

47. Because its average speed was approximately 7.667 knots, and by the Mean Value Theorem, it must have been going that 
speed at least once during the trip. 

48. The runner's average speed for the marathon was approximately 1 1.909 mph. Therefore, by the Mean Value Theorem, the 
runner must have been going that speed at least once during the marathon. Since the initial speed and final speed are both 
mph and the runner's speed is continuous, by the Intermediate Value Theorem, the runner's speed must have been 1 1 mph 
at least twice. 

49. Let d(t) represent the distance the automobile traveled in time t. The average speed over < t < 2 is 
d(2 lZf 0) - The Mean Value Theorem says that for some < t < 2, d'(t ) = i(2 lzf 0) - The value d'(t ) is 
the speed of the automobile at time t (which is read on the speedometer). 

50. a(t) = v'(t) = 1.6 => v(t) = 1.6t + C; at (0, 0) we have C = =>■ v(t) = 1.6t. When t = 30, then v(30) = 48 m/sec. 
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51. The conclusion of the Mean Value Theorem yields t— ?• = — A c 2 f^gp) = a — b c=\/ab. 

52. The conclusion of the Mean Value Theorem yields b b Ii|" —2c =4> c = ^ . 

53. f '(x) = [cos x sin (x + 2) + sin x cos (x + 2)] — 2 sin (x + 1) cos (x + 1) = sin (x + x + 2) — sin 2(x +1) 

= sin (2x + 2) — sin (2x + 2) = 0. Therefore, the function has the constant value f(0) = —sin 2 1 w —0.7081 
which explains why the graph is a horizontal line. 

54. (a) f(x) = (x + 2)(x + l)x(x - l)(x - 2) = x 5 - 5x 3 + 4x is one possibility. 

(b) Graphing f(x) = x 5 — 5x 3 + 4x and f'(x) = 5x 4 — 15x 2 + 4 on [—3, 3] by [—7, 7] we see that each x-intercept of 
f'(x) lies between a pair of x-intercepts of f(x), as expected by Rolle's Theorem. 



y 




(c) Yes, since sin is continuous and differentiable on ( — oo, oo). 

55. f(x) must be zero at least once between a and b by the Intermediate Value Theorem. Now suppose that f(x) is zero twice 
between a and b. Then by the Mean Value Theorem, f'(x) would have to be zero at least once between the two zeros of 
f(x), but this can't be true since we are given that f'(x) ^ on this interval. Therefore, f(x) is zero once and only once 
between a and b. 

56. Consider the function k(x) = f(x) — g(x). k(x) is continuous 
and differentiable on [a, b], and since k(a) = f(a) — g(a) and 
k(b) = f(b) — g(b), by the Mean Value Theorem, there must 
be a point c in (a, b) where k'(c) = 0. But since 
k'(c) = f'(c) — g'(c), this means that f'(c) = g'(c), and c is a 
point where the graphs of f and g have tangent lines with the 
same slope, so these lines are either parallel or are the same 
line. 

57. Yes. By Corollary 2 we have f(x) = g(x) + c since f'(x) = g'(x). If the graphs start at the same point x = a, 
then f(a) = g(a) => c = f(x) = g(x). 

58. Let f(x) = sin x for a < x < b. From the Mean Value Theorem there exists a c between a and b such that 

sin b — sin a _„„ _ __. i ^ sin b — sin a ^ i I sin b — sin a I ^ i k I •„ u nl / Ik n | 

— r = cos c => — I < — r < 1 — r < I =>■ sin b — sin a < b — a . 

b — a — b — a — I b — a I — I I — I I 

59. By the Mean Value Theorem we have f(b ^ ~ = f'(c) for some point c between a and b. Since b — a > and f(b) < f(a), 
we have f(b) - f(a) < ^> f'(c) < 0. 

60. The condition is that f should be continuous over [a, b]. The Mean Value Theorem then guarantees the 
existence of a point c in (a, b) such that f ^ ~ ^ — f '(c). If f ' is continuous, then it has a minimum and 
maximum value on [a, b], and min f < f'(c) < max f ', as required. 
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61. f'(x) = (1 + x 4 cos x) 1 f"(x) = - (1 + x 4 cos x) 2 (4x 3 cos x - x 4 sin x) 

= —x 3 (1 + x 4 cos x) 2 (4 cos x — x sin x) < for < x < 0.1 =4> f'(x) is decreasing when < x < 0.1 
minf w 0.9999 and max f = 1. Now we have 0.9999 < fm \~ 1 < 1 0.09999 < f(0.1) 1 < 0.1 
1.09999 < f(0.1) < 1.1. 

62. f'(x) = (1 - x 4 )~ 1 f"(x) = - (1 - x 4 ) -2 (-4x 3 ) = -^-j > for < x < 0.1 f'(x) is increasing when 

(1 X ) 

< x < 0.1 min f = 1 and max f = 1.0001. Now we have 1 < f(0 ( ) ) ~ 2 < 1.0001 
=> 0.1 < f(0.1) -2 < 0.10001 2.1 < f(0.1) < 2.10001. 

63. (a) Suppose x < 1, then by the Mean Value Theorem < =>- f(x) > f(l). Suppose x > 1, then by the 

Mean Value Theorem f(x ^I) (1) > =>■ f(x) > f(l). Therefore f(x) > 1 for all x since f(l) = 1. 
(b) Yes. From part (a), lim f(x) :*' (1) < and lim M=M > o. Since f'(l) exists, these two one-sided 

X — > 1~ X 1 X —> 1+ x 

limits are equal and have the value f'(l) =^> f'(l) < and f'(l) > f'(l) = 0. 

64. From the Mean Value Theorem we have f(b ^ ~ = f '(c) where c is between a and b. But f'(c) = 2pc + q = 
has only one solution c = — |L. (Note: p ^ since f is a quadratic function.) 

4.3 MONOTONIC FUNCTIONS AND THE FIRST DERIVATIVE TEST 

1. (a) f'(x) = x(x — 1) =>■ critical points at and 1 

(b) f — +++ | | +++ => increasing on (— oo, 0) and (1, oo), decreasing on (0. 1) 

1 

(c) Local maximum at x = and a local minimum at x = 1 

2. (a) f'(x) = (x - l)(x + 2) =>• critical points at -2 and 1 

(b) f = +++ | | +++ =>■ increasing on (— oo, —2) and (1, oo), decreasing on (—2, 1) 

-2 1 

(c) Local maximum at x = —2 and a local minimum at x = 1 

3. (a) f'(x) = (x - l) 2 (x + 2) =>- critical points at -2 and 1 

(b) f' — | +++ | +++ =>■ increasing on (—2, 1) and (1, oo), decreasing on (— oo, —2) 

-2 1 

(c) No local maximum and a local minimum at x — —2 

4. (a) f'(x) = (X - l) 2 (x + If => critical points at -2 and 1 

(b) f — +++ | +++ | +++ increasing on (— oo. —2) U (—2, 1) U (1, oo), never decreasing 

-2 1" 

(c) No local extrema 

5. (a) f'(x) = (X - 1)(X + 2)(x - 3) critical points at -2, 1 and 3 

(b) f — | +++ | | +++ => increasing on (—2. 1) and (3, oo), decreasing on (— oo, —2) and (1, 3) 

-2 13 

(c) Local maximum at x = 1, local minima at x = —2 and x = 3 

6. (a) f'(x) = (x - 7)(x + l)(x + 5) ^ critical points at -5, -1 and 7 

(b) f — | +++ | | +++ increasing on (—5, —1) and (7, oo), decreasing on (— oo, —5) and (—1, 7) 

-5 -1 7 

(c) Local maximum at x = — 1, local minima at x = — 5 and x = 7 
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7. (a) f'(x) = x _1 / 3 (x + 2) =>• critical points at -2 and 

(b) f = +++ | )( +++ =>■ increasing on (— oo, —2) and (0, oo), decreasing on (—2, 0) 

-2 

(c) Local maximum at x = —2, local minimum at x = 

8. (a) f'(x) = x _1 / 2 (x - 3) =>■ critical points at and 3 

(b) f ' — ( | +++ =>• increasing on (3, oo), decreasing on (0, 3) 

3 

(c) No local maximum and a local minimum at x = 3 



9. (a) g(t) = -t 2 - 3t + 3 g'(t) = -2t - 3 ^ a critical point at t = - 



— _ 3 • n ' — 



(— oo, — |) , decreasing on (— |, oo) 

(b) local maximum value of g (— | 

(c) absolute maximum is ^ at t = 
(d) 

g(t) 

;(t) = -t 2 -3t + 3 6 :! 



= £att = -§ 

3 
2 




-3/2 



increasing on 



10. (a) g(t) = -3t 2 + 9t + 5 ^> g'(t) = -6t + 9 =>• a critical point at t = | ; g' 



(—oo, |) , decreasing on (§, oo) 

(b) local maximum value ofg(|)=^att 

(c) absolute maximum is ^ at t = 1 
(d) 

g(t) 



15 


g(t) = -3t 2 +9t + 5 


10 




, 7 




2 -1 


12 3 4 



3/2 



increasing on 



11. (a) h(x) = -x 3 + 2x 2 ^> h'(x) = 

=> h' = | +++ | — 

4/3 



(b) local maximum value of h ( i 

(c) no absolute extrema 



— 3x 2 + 4x = x(4 — 3x) =^> critical points at x = 0, I 
— , increasing on (0, |) , decreasing on (— oo, 0) and (|, oo) 

= p at x = I ; local minimum value of h(0) = at x = 
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(d) 



h(x) 



h(x) = -x 3 +2x 2 




12. (a) h(x) = 2x 3 - 18x => h'(x) = 6x 2 - 18 = 6 (x + \/3j (x - y^) critical points at x = ± \/3 

=>- h' = +++ | | +++, increasing on ^— oo, — \/3^ and (s/S, ooj , decreasing on (—a/3, a/3J 

- \/3 v3 

(b) a local maximum is h ^— v^l = 12\/3 at x = — \/l>; local minimum is h (v^) = — 12-/3 at x = \f?> 

(c) no absolute extrema 
(d) 

h(x) 



20 
10 - 




3 


f 2 


-1 


\vj__^y2 3 






-10 - 


■ h(x) = 2x 3 -18x 






-20 





13. (a) f((9) = 30 2 - 40 3 f (0) = 66* - 120 2 = 60(1 - 20) critical points at = 0, \ f 

increasing on (0, |) , decreasing on (-co, 0) and (|, oo) 

(b) a local maximum is f (|) = | at = |, a local minimum is f(0) = at = 

(c) no absolute extrema 
(d) 




1/2 



14. (a) f(0) = 60 - 3 => f'(0) = 6 - 30 2 = 3 (y 2 - 0J (y 2 + 0j ^> critical points at = ± V2 =>> 

f' — | +++ | , increasing on y/l, \/2\, decreasing on ^— oo, — y^2j and ^V^i 00 

-a/2 \/2 

(b) a local maximum is f fV^J = 4a/2 at = \/2, a local minimum is f ^— \/2^ — — 4 a/2 at = —a/2 

(c) no absolute extrema 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



218 Chapter 4 Applications of Derivatives 




15. (a) f(r) = 3r 3 + 16r =>• f'(r) = 9r 2 + 16 ^> no critical points =>• f — +++++, increasing on (— oo, oo), never 
decreasing 

(b) no local extrema 

(c) no absolute extrema 





200 






100 


/f(r) = 3r 3 - 






-4 




2 4 




' -100 






-200 - 





16. (a) h(r) = (r + 7) 3 =>• h'(r) = 3(r + 7) 2 => a critical point at r = -7 => h' = 



increasing on 



(— oo, —7) U (—7, oo), never decreasing 

(b) no local extrema 

(c) no absolute extrema 
(d) 

h(r) 







I 10 ' 






/h(r) = (r + 7) 3 5 . 


10 




-6 -4 -2 






-5 






-10 



17. (a) f(x) = x 4 - 8x 2 + 16 f'(x) = 4x 3 - 16x = 4x(x + 2)(x - 2) =^ critical points at x = and x = ±2 

=>- f = | +++ | | +++, increasing on (—2, 0) and (2. oo), decreasing on (— oo, —2) and (0, 2) 

-2 2 

(b) a local maximum is f(0) = 16 at x = 0, local minima are f(±2)=0atx = ±2 

(c) no absolute maximum; absolute minimum is at x = ±2 
(d) 
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18. (a) g(x) = x 4 - 4x 3 + 4x 2 =>• g'(x) = 4x 3 - 12x 2 + 8x = 4x(x - 2)(x - 1) => critical points at x = 0, 1, 2 

^ g' — | +++ | | +++, increasing on (0, 1) and (2, oo), decreasing on (— oo, 0) and (1, 2) 

"012 

(b) a local maximum is g(l) = 1 at x = 1, local minima are g(0) = at x = and g(2) = at x = 2 

(c) no absolute maximum; absolute minimum is at x = 0, 2 
(d) 



g(x) = x 4 -4x J +4x 2 




19. (a) H(t) = 1 1 4 - t 6 ^ H'(t) = 6t 3 - 6t 5 = 6t 3 (l + t)(l - t) => critical points at t = 0, ±1 

=>- H' — +++ | | +++ | , increasing on (— oo, —1) and (0, 1), decreasing on (—1, 0) and (1, oo) 

-1 1 

(b) the local maxima are H(— 1) = | att = — 1 and H(l) = I at t = 1, the local minimum is H(0) = at t = 

(c) absolute maximum is 4 at t = ± 1 ; no absolute minimum 
(d) 

H(t) 





1 


H(t) = 


lt 4 -t s 


2 1 


-1 


1 


1 2 



20. (a) K(t) = 15t 3 - t 5 ^> K'(t) = 45t 2 - 5t 4 = 5t 2 (3 + t)(3 - t) => critical points at t = 0, ±3 

=> K' — | +++ | +++ | , increasing on (—3, 0) U (0, 3), decreasing on (— oo, —3) and (3, oo) 

-3 3 

(b) a local maximum is K(3) = 162 at t = 3, a local minimum is K(— 3) = — 162 at t — —3 

(c) no absolute extrema 
(d) 

K < fc > K(t) = 15t 3 -t 5 

150 ■ 
100 
50 




12 3 



21. (a) g(x) = x\/8-x 2 =x(8-x 2 ) 1/2 =► g'(x) = (8 - x 2 ) 1/2 + x (A) (8 - x 2 ) 1/2 (-2x) 



2(2 - x)(2 + x) 



=> critical points at x = ±2, ± 2y2 =^ g' = ( | - 

-2^2 -2 



2^/2-xj [2^/2 + xj 

increasing on (—2, 2), decreasing on 



2V2 



2x/2,-2 and 2,2V2 
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(b) local maxima are g(2) = 4 at x = 2 and g (^—2\/2 S J — at x = —2\/2, local minima are g(— 2) 

x = —2 and g ^2\/2^ = at x = 2y/l 

(c) absolute maximum is 4 at x = 2; absolute minimum is —4 at x = —2 

(d) ^ 

g(x) = x%/8-x 2 



-4 at 



g(x) 




22. (a) g(x) = x 2 v / 5^ = x 2 (5-x) 1 /2 g'(x) = 2x(5 — x) 1 / 2 + x 2 (~) (5 — x) _1 / 2 (— l) — Sx " * ! 
=>■ critical points at x = 0, 4 and 5 =>■ g' = — 



2V5-x 



| +++ | ), increasing on (0, 4), decreasing on (— oo, 0) 

4 5' 
and (4, 5) 

(b) a local maximum is g(4) = 16 at x = 4, a local minimum is at x = and x = 5 

(c) no absolute maximum; absolute minimum is at x = 0, 5 
(d) 

(x) = x 2 >/5-x 




x 2 -3 



fU , _ 2x(x-2)-(x 2 -3)(l) _ (x-3)(x-l) 

1 W - (x _ 2)2 



-)( 

2 



— , — r critical points at x = 1 , 3 

increasing on (— oo, 1) and (3, oo), decreasing on (1, 2) and (2, 3), 



23. (a) f(x) = x _ - 

f = +++ 

1 2 3 
discontinuous at x = 2 

(b) a local maximum is f(l) = 2 at x = 1, a local minimum is f(3) = 6 at x = 3 

(c) no absolute extrema 
(d) 

f(x) 



8 




6 




4 

2 


f (x) = 

w x-2 




12 4 6 



24. (a) f(x) = 3^ 
? = ++ 







rl, \ 3x 2 (3x 2 + l)-x 3 (6x) 3x 2 (x 2 + l) _^ !4 . , ■ . . n 

f (x) = (3^ + 1)* = { w + l f => a crltlcal P 0lnt at x = 
increasing on (— oo, 0) U (0, oo), and never decreasing 



(b) no local extrema 

(c) no absolute extrema 
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(d) 



f(x) 



0.05 ■ 


/f(x) = - 


.5 


-0.05 


0.5 



3x 2 +l 



25. (a) f(x) = xV3( x + 8) = x 4 / 3 + 8X 1 / 3 =$> f'(x) = | x 1 / 3 + f x~ 2 / 3 = critical points at x = 0, -2 

=>- f = | +++ )( +++, increasing on (—2, 0) U (0, oo), decreasing on (— oo, —2) 

-2 

(b) no local maximum, a local minimum is f(— 2) = —6 y2 ps —7.56 at x = —2 

(c) no absolute maximum; absolute minimum is —6 3 \/2 at x = — 2 
(d) 



f(x) 
10 * 



-10 



f(x) = x" 3 (x + 8) 



26. (a) g(x) = x 2 / 3 (x + 5) = x 5 / 3 + 5x 2 / 3 g'(x) = f x 2 / 3 + ^ x" 1 / 3 = ^37^ =^ critical points at x = -2 and 

3 \/x 

x = =4> g' = +++ I )( +++, increasing on (—00, —2) and (0, 00), decreasing on (—2, 0) 

-2 

(b) local maximum is g(— 2) = 3 3 \/4 w 4.762 at x = —2, a local minimum is g(0) = at x = 

(c) no absolute extrema 
(d) 




-3 -2 -1 



x =x" J x + 5 



12 3 



27. (a) h(x) = x 1 / 3 (x 2 - 4) = x 7 / 3 - 4X 1 / 3 => h'(x) = | x 4 / 3 - § x~ 2 / 3 = 



/7x + 2J \yix-2) 



critical points at 



x = 0, # h' = 



)( 



-+- 



-2/V7 



2/V7 



increasing on ^—00, -H0 and (7^) 00 ) > decreasing on 



(^o)and(o,^) 

(b) local maximum is h = ~ 3.12 at x = -^=, the local minimum is h (S^) — ~ ~ — 3. 

(c) no absolute extrema 



12 
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(d) 




h(x) = x" 3 (x 2 -4) 



28. (a) k(x) = x 2 / 3 (x 2 - 4) = x 8 / 3 - 4x 2 / 3 => k'(x) = | x 5 / 3 - f x" 1 / 3 = 8(x + 1 3 ) ^~' ) critical points at 



x = 0, ± 1 => k' = | +++)( | +- 

-1 1 
and (0, 1) 

(b) local maximum is k(0) = at x = 0, local minima are k( ± 1) = — 3 at x = ±1 

(c) no absolute maximum; absolute minimum is — 3 at x = ±1 
(d) 



3 3 - 3 y* 

increasing on (—1, 0) and (1, oo), decreasing on (— oo, —1) 




k(x) = x 2i3 x 2 -4 



29. (a) f(x) = 2x - x 2 =>■ f'(x) = 2 - 2x = 2(1 - x) =J> a critical point at x = 1 f 

f(2) = =>■ a local maximum is 1 at x = 1, a local minimum is at x = 2 
(b) absolute maximum is 1 at x = 1 ; no absolute minimum 

(c) 

f (x) 

f(x) = 2x-x 2 




] andf(l) = 1, 
2 



30. (a) f(x) = (x + l) 2 => f'(x) = 2(x + 1) ^> a critical point atx = -1 ^> f = 

=>■ a local maximum is 1 at x = 0, a local minimum is at x = — 1 
(b) no absolute maximum; absolute minimum is at x = — 1 

(c) 




-] andf(-l) = 0,f(0) = 1 
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31. (a) g(x) = x 2 -4x + 4 =>• g(x) = 2x - 4 = 2(x - 2) =>- a critical point at x = 2 



1 



g(l) = 1, g(2) = =>• a local maximum is 1 at x = 1, a local minimum is g(2) = at x = 2 
(b) no absolute maximum; absolute minimum is at x = 2 
(c) 




-+ and 



32. (a) g(x) = -x 2 - 6x - 9 g'(x) = -2x - 6 = -2(x + 3) a critical point at x 



= [ 

-4 



g(— 4) = —1, g(— 3) = => a local maximum is at x = —3, a local minimum is — 1 at x — —4 
(b) absolute maximum is at x = —3; no absolute minimum 
(c) 

g(x) 




-3 



and 



-10 



33. (a) f(t) = 12t - t 3 =>- f'(t) = 12 - 3t 2 = 3(2 + t)(2 - t) =>- critical points at t = ±2 =>• f = [ | - 

-3 -2 

and f(-3) = -9, f(-2) = - 16, f(2) = 16 local maxima are -9 at t = -3 and 16 at t = -2, a local 

minimum is —16 at t = —2 
(b) absolute maximum is 16 at t = 2; no absolute minimum 
(c) 

f(t) 



20 - 


f(t) = 12t-t 3 


10 - 




■3 -2 -1 / 


1 2 3 \ 4 5 






-20 





34. (a) f(t) = t 3 - 3t 2 f'(t) = 3t 2 - 6t = 3t(t - 2) =>- critical points at t = and t = 2 

f ' = +++ | | +++ ] and f(0) = 0, f(2) = -4, f(3) = ^ a local maximum is at t = and t = 3, a 

2 3 

local minimum is —4 at t = 2 
(b) absolute maximum is at t = 0, 3; no absolute minimum 
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(c) 



f(t) 




35. (a) h(x) 



2x 2 + 4x h'(x) = x 2 - 4x + 4 = (x - 2) 2 => a critical point at x = 2 



h' 



and 



h(0) = =>■ no local maximum, a local minimum is at x = 
(b) no absolute maximum; absolute minimum is at x = 

(c) 



h(x) 
6 - 
5 
4 
3 
2 
1 - 



h(x) = 2x 2 +4x 

v ; 3 



36. (a) k(x) = x 3 + 3x 2 + 3x + 1 k'(x) = 3x 2 + 6x + 3 = 3(x + l) 2 =>- a critical point at x = -1 

=>■ k' — +++ | +++ ] and k(— 1) = 0, k(0) = 1 =>• a local maximum is 1 at x = 0, no local minimum 

-1 

(b) absolute maximum is 1 at x = 0; no absolute minimum 




37. (a) f(x) = | - 2 sin (|) f'(x) = \ - cos (|) , f'(x) = cos (§) = \ a critical point at x = ^ 

=> f = [ | +++ ] and f(0) = 0, f (^) = f - a/3, f(27r) = ?r local maxima are at x = and tt 

2^/3 2^ 

at x = 2tt, a local minimum is | — y^3 at x = ^ 



(b) The graph of f rises when f ' > 0, falls when f ' < 0, 
and has a local minimum value at the point where f ' 
changes from negative to positive. 
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38. (a) f(x) = — 2 cos x — cos 2 x 



X = -7T, 0, 7T =>- f = [ I 

-7r o 



f'(x) = 2 sin x + 2 cos x sin x = 2(sin x)(l + cos x) =>• critical points at 

a local maximum is 1 at 



- ] and f(-7r) = 1, f(0) = -3, f(?r) = 1 

7T 



x = ± 7r, a local minimum is —3 at x = 
(b) The graph of f rises when f ' > 0, falls when f ' < 0, 
and has local extreme values where f ' = 0. The 
function f has a local minimum value at x = 0, where 
the values of f change from negative to positive. 





2 


/ \ /'to 


-3 -2\ 


1 

1 


/ 1 /2\. 3 










V -2 


A 



/(x) = -2cos;r -cos 2 x, -it<x<n 



39. (a) f(x) = esc 2 x — 2 cot x => f'(x) = 2(csc x)(— esc x)(cot x) — 2 (— esc 2 x) = — 2 (esc 2 x) (cot x — 1) => a critical 

point at x = I => f = ( | +++ ) and f (?) = 

tt/4 ^ 

(b) The graph of f rises when f ' > 0, falls when f ' < 0, 

and has a local minimum value at the point where 

f ' = and the values of f ' change from negative to 

positive. The graph of f steepens as f'(x) — > ± oo. 



no local maximum, a local minimum is at x = f 



/to = csc'jr - 2cotx. 0<x<jf 




40. (a) f(x) = sec 2 x — 2 tan x f '(x) = 2(sec x)(sec x)(tan x) — 2 sec 2 x = (2 sec 2 x) (tan x — 1) => a critical point 

at x = | =£- f = ( | +++ ) and f (|) = => no local maximum, a local minimum is at x = | 

-tt/2 tt/4 tt/2 



(b) The graph of f rises when f ' > 0, falls when f ' < 0, 
and has a local minimum value where f ' = and the 
values of f ' change from negative to positive. 




— | sin (|) =4> h' — [ ] , (0, 3) and (2ir, —3) =>• a local maximum is 3 at 9 — 0, 

2tt 

| cos (I) ^ h' = [ +++ ] , (0, 0) and (n, 5) => a local maximum is 5 at 9 = 7r, a local 



41. h(0) = 3 cos (f ) h'(6>) = 
a local minimum is —3 at 9 = 

42. h(0) = 5 sin (f ) h'(6») = 
minimum is at = 
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43. (a) (b) (c) (d) 




47. f(x) = x 3 - 3x + 2 =*> f'(x) = 3x 2 - 3 = 3(x - l)(x + 1) =4> f = +++ | | +++ rising for x = c = 2 

-1 1 

f'(x) > for x = c = 2. 

48. f(x) = ax 2 + bx + c = a (x 2 + \ x) + c = a (x 2 + \ x + ^) - g + c = a (x + - , a parabola whose 

vertex is at x = — ^ . Thus when a > 0, f is increasing on oo) and decreasing on (— oo, ^) ; when a < 0, 

f is increasing on (— oo, ^) and decreasing on oo) . Also note that f'(x) = 2ax + b = 2a (x + ^) =>• for 

a > 0, f = | +++ ; for a < 0, f ' = +++ | . 

— b/2a — b/2a 

4.4 CONCAVITY AND CURVE SKETCHING 

1. y=^-^-2x+i^y' = x 2 -x-2 = (x- 2)(x +1) y" = 2x - 1 = 2 (x - |) . The graph is rising on 
(— oo, —1) and (2, oo), falling on (—1, 2), concave up on (|, oo) and concave down on (— oo, h) . Consequently, 
a local maximum is | at x = — 1, a local minimum is — 3 at x = 2, and (I, — I) is a point of inflection. 
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. . ■ y' = x 3 - 4x = x (x 2 - 4) = x(x + 2)(x - 2) y" = 3x 2 - 4 = (y^x + l \ ( x /3\ 2 ) . The 



y = 4 - 2x 2 + 4 



graph is rising on (—2, 0) and (2, oo), falling on (— oo, —2) and (0, 2), concave up on ( — oo, A^j and , oo^ 



and concave down on ^— , . Consequently, a local maximum is 4 at x = 0, local minima are at 
x = ±2, and (- ^ , f ) and , f) are points 



ts of inflection. 



^ ( X 2 _ y> = (|) (|) ( X 2 _ l)-/^ (2x) = x (x 2 _ j)-/^ y , =___)( 



n2/3 



-1/3, 



,-1/3 



-1 



•I— )(- 
o 1 

3 



the graph is rising on (—1, 0) and (1, oo), falling on (-co, —1) and (0, 1) =^ a local maximum is 4 at x = 0, local 

^ , -. // / i . \— 1/3 , , / l\ / n .\— 4/3,™ . 

minima are I 



S at x = ± 1; y" = (x 2 - 1)~ 1/3 + (x) (- \) (x 2 - l)- 4/3 (2x) = 

3 \/(x 2 -l) 



+ - 



-) ( 
-1 



•)(■ 
1 



- I +++ =>• the graph is concave up on I — oo, — y 3 I and ( \j 3, oo ) , i 
down on ( — ^/3, =>■ points of inflection at ( ± \/3, 



y = « X V3 ( x 2 _ 7 ) ^ y/ = 3 x -2/3 (x 2 _ ?) + 9 x l/3 (2x) = 3 x _2/3 (x 2 _ ^ y , = +++ | )( | + + + 

' " -10 1 

=> the graph is rising on (—oo, —1) and (1, oo), falling on (—1, 1) =4> a local maximum is y at x = — 1, a local 

minimum is - ^ at x = 1; y" = -x~ 5 / 3 (x 2 - 1) + 3X 1 / 3 = 2X 1 / 3 + x" 5 / 3 = x~ 5 / 3 (2x 2 + 1) , 

y" = )( +++ the graph is concave up on (0, oo), concave down on (— oo, 0) ^> a point of inflection at 



(0,0) 

y = x + sin 2x =>■ y' = 1+2 cos 2x, y' = [ | +++ | ] =>■ the graph is rising on (— |, |) , falling 

-2tt/3 -tt/3 tt/3 2tt/3 



(_ 2?r _ 7T 
1 V 3 ' 3 

n _ 73 
3 2 



and (f , it) ^ local maxima are 



2e i 



,3 ' 3 

at x = - § and ^ - ^ at x = ?f ; y" = -4 sin 2x, y" = [ 



at x 



and 



at x = | , local minima are 



the 



-2tt/3 -tt/2 tt/2 2tt/3 
graph is concave up on (— |, 0) and (|, ~) , concave down on (— — | ) and (0, |) points of inflection at 

(0,0), and 

y = tan x — 4x => y' = sec 2 x — 4, y' = ( +++ | | +++ ) =>■ the graph is rising on (— |, — |) and 

-tt/2 -tt/3 tt/3 tt/2 

(?, l) , falling on (— |, |) => a local maximum is — y3 + ^ at x = — f , a local minimum is v^3 — y at x = |; 

y" = 2(sec x)(sec x)(tan x) = 2 (sec 2 x) (tan x), y" = ( | +++ ) =>• the graph is concave up on (0, l) , 



-tt/2 

concave down on (— | , 0) =>■ a point of inflection at (0, 0) 



tt/2 



If x > 0, sin |x| = sin x and if x < 0, sin |x| = sin(— x) 
= —sin x. From the sketch the graph is rising on 
(- 4f ,- f) , (0, f) and (4f ,2n) , falling on (-2tt, - 4f ) , 
(-1,0) and (f , 4f ) ; local minima are -1 at x = ± 4f 
and at x = 0; local maxima are 1 at x = ± 1 and 
at x = ± 2n; concave up on (— 2tt, — tt) and (tt, 27t), and 
concavedown on (— %, 0) and (0, tt) =>■ points of inflection 
are (—it, 0) and (tt, 0) 



(-2s, 0) 



(-3rc/2,-l) 



y = sin|;c|, -lit sxs 2ir 
002.1) 

(27t,0) 




(3tc/2,-1) 
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8. y = 2 cos x — \fl\ => y' = — 2 sin x — \[2, y' = [ | +++ | — : +++ ] =4> rising on 

_7r -3tt/4 -tt/4 5tt/4 3tt/2 

(- T' ~ !) and (t> t) > falling on (-- tt, - ^) and (- |, ^) => local maxima are -2 + 7rV^atx = -tt, y / 2 + ^ 

atx = - | and - at x = f , and local minima are - + ^ at x = - ^ and -\fl- 5^ at x = 5 -f ; 

y" = — 2 cos x, y" = [ +++ I I +++ ] =>• concave up on (— tt, — f) and ff, ~) , concave down on 

-tt/2 tt/2 3^/2 

(-§,§) ^ points of inflection at (-f,^ 1 ) and (f,-^) 



9. When y = x 2 - 4x + 3, then y 
y" = 2. The curve rises on (2, 
At x = 2 there is a minimum, 
concave up for all x. 



' = 2x - 4 = 2(x - 2) and 
oo) and falls on (— oo, 2). 
Since y'' > 0, the curve is 




X 



-2 - Loc min 



10. When y = 6 - 2x - x 2 , then y' = -2 - 2x = -2(1 + x) and 
y" = —2. The curve rises on (-co, —1) and falls on 
(—1, oo). At x = —1 there is a maximum. Since y'' < 0, the 
curve is concave down for all x. 




11. When y = x 3 - 3x + 3, then y' = 3x 2 - 3 = 3(x - l)(x + 1) 
and y" = 6x. The curve rises on (-co, — 1) U (1, oo) and 
falls on (—1, 1). At x = — 1 there is a local maximum and at 
x = 1 a local minimum. The curve is concave down on 
(— oo, 0) and concave up on (0, oo). There is a point of 
inflection at x = 0. 




12. When y = x(6 - 2x) 2 , then y' = -4x(6 - 2x) + (6 - 2x) 2 
= 12(3 - x)(l - x) and y" = -12(3 - x) - 12(1 - x) 
= 24(x — 2). The curve rises on (— oo, 1) U (3, oo) and 
falls on (1, 3). The curve is concave down on (-co, 2) and 
concave up on (2, oo). At x = 2 there is a point of 
inflection. 
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13. When y = -2x 3 + 6x 2 - 3, then y' = -6x 2 + 12x 

= -6x(x - 2) and y" = -12x + 12 = -12(x - 1). The 
curve rises on (0, 2) and falls on (— oo, 0) and (2, oo). 
At x = there is a local minimum and at x = 2 a local 
maximum. The curve is concave up on (— oo, 1) and 
concave down on (1, oo). At x = 1 there is a point of 
inflection. 





(2, 5) Loc max 


Infl 1 




0. i)"~~-4i 




\l 

1 


/ ' " — 1 ' — 


-3 -1 1 


71 2 


(0,-3)1 




Loc min 


y = -2x 3 + 6x 2 - 



14. When y = 1 - 9x - 6x 2 - x 3 , then y' = -9 - 12x - 3x 2 
= -3(x + 3)(x + 1) and y" = -12 - 6x = -6(x + 2). 
The curve rises on (—3, —1) and falls on (— oo, —3) and 
(—1, oo). At x = — 1 there is a local maximum and at 
x = — 3 a local minimum. The curve is concave up on 
(— oo, —2) and concave down on (—2, oo). At x — —2 
there is a point of inflection. 



15. When y = (x - 2) 3 + I, then y' = 3(x - 2) 2 and 

y" = 6(x — 2). The curve never falls and there are no 
local extrema. The curve is concave down on (— oo, 2) 
and concave up on (2, oo). At x = 2 there is a point 
of inflection. 



y = 1 - 9x - 6js j - jc } 






(-1,5) 






jf(-2,3> \ 






(-3, 1) 


h 


y 






3 




2 
1 


M / 

(2, 1)/ 

/ 1 1 1 > X 


-2 -1 


11 2 3 4 


-1 




-2 


/ y = (x-2) 3 +l 



16. When y = 1 - (x + l) 3 , then y' = -3(x + l) 2 and 
y" = — 6(x + 1). The curve never rises and there are 
no local extrema. The curve is concave up on (—oo, - 
and concave down on (—1, oo). At x = — 1 there is a 
point of inflection. 



1) 
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17. When y = x 4 - 2x 2 , then y' = 4x 3 - 4x = 4x(x + l)(x - 1) 

and y" = 12x 2 - 4 = 12 (x + 4j) (x - 4j) . The curve 

rises on (—1, 0) and (1, oo) and falls on (— oo, —1) and (0, 1). 
At x = ±1 there are local minima and at x = a local 

maximum. The curve is concave up on ^— oo, — -4jJ and 

^-4j , oo^j and concave down on ^— . At x 

there are points of inflection. 



±i 

v/3 




Loc min 

(i,-D 



l/Vi, -5/9) 

Infl 



18. When y = -x 4 + 6x 2 - 4, then y' = -4x 3 + 12x 

= -4x (x + v^) (x - v 7 ^) and y" = - 12x2 + 12 

= — 12(x + l)(x — 1). The curve rises on ^—00. — 
and (o, \/3) , and falls on (—^3, 0) and f 1/3, 00 J . At 

x = ± V^there are local maxima and at x = a local 
minimum. The curve is concave up on (—1, 1) and concave 
down on (—00, —1) and (1, 00). At x = ±1 there are points 
of inflection. 



(- v3".5) 



CA5) 




y = -x* + 6x 2 - 4 



(0.-4) 



19. When y = 4x 3 - x 4 , then y' = 12x 2 - 4x 3 = 4x 2 (3 - x) and 
y" = 24x — 12x 2 = 12x(2 — x). The curve rises on (—00, 3) 
and falls on (3, 00). At x = 3 there is a local maximum, but 
there is no local minimum. The graph is concave up on 
(0, 2) and concave down on (—00, 0) and (2, 00). There are 
inflection points at x = and x = 2. 





* (3, 27) 


27 


A 


.oc max 


21 






1(2, 16)/ ) 


y = 4x 3 - x 1 


15 


~ flnfl 




9 






Infl 






(0,0)3 


1 S\ 1 1 




/ 


_ 1 2 3 


(4 



20. When y = x 4 + 2x 3 , then y' = 4x 3 + 6x 2 = 2x 2 (2x + 3) and 
y" = 12x 2 + 12x = 12x(x + 1). The curve rises on 
(— |, 00) and falls on (—00, — |j . There is a local 
minimum at x = — |, but no local maximum. The curve is 
concave up on (—00, — 1) and (0, 00), and concave down on 
(—1,0). At x = — 1 and x = there are points of inflection. 
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21. When y = x 5 - 5x 4 , then y' = 5x 4 - 20x 3 = 5x 3 (x - 4) and 
y" = 20x 3 — 60x 2 = 20x 2 (x — 3). The curve rises on 
(— oo, 0) and (4, oo), and falls on (0, 4). There is a local 
maximum at x = 0, and a local minimum at x = 4. The 
curve is concave down on (-co, 3) and concave up on 
(3, oo). At x = 3 there is a point of inflection. 




22. Wheny = x (| -5) 4 ,theny' = (| - 5) 4 + x(4)(f -5) 3 (±) 

= (f-5) 3 (f-5),andy^3(l-5) 2 (i)(f-5) 

+ (1 ~ 5 ) 3 (I) = 5 (1 -5) 2 (x-4). The curve is rising 
on (— oo, 2) and (10, oo), and falling on (2, 10). There is a 
local maximum at x = 2 and a local minimum at x = 10. 
The curve is concave down on (— oo, 4) and concave up on 
(4, oo). At x = 4 there is a point of inflection. 



(2,512 




,-,(|-5)' 



(10,0) 



23. When y = x + sin x, then y' = 1 + cos x and y" = —sin x. 
The curve rises on (0, 27r). At x = there is a local and 
absolute minimum and at x = 2n there is a local and absolute 
maximum. The curve is concave down on (0, tt) and concave 
up on (tt, 2tt). At x = n there is a point of inflection. 





Max 




(2ir, 2w) f 




y = x + sin x / 




(tt, it) y 


TT 






Ml 




/Min x x 


(> 


TT 2lT 



24. When y = x — sin x, then y' = 1 — cos x and y" = sin x. 
The curve rises on (0, 2ir). At x = there is a local and 
absolute minimum and at x = 2it there is a local and absolute 
maximum. The curve is concave up on (0, tt) and concave 
down on (tt, 2tt). At x = ir there is a point of inflection. 




25. When y = x 1 / 5 , then y' = i x" 4 / 5 and y" 



25 



-9/5 



The curve rises on (— oo, oo) and there are no extrema. 
The curve is concave up on (— oo, 0) and concave down 
on (0, oo). At x = there is a point of inflection. 



2 

Veit tan 




at x = 1 
i i i 




-3 -2 ^-1^ 


\1 2 3 
- (0,0) 




Infl 


-2 
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26. When y = x 3 / 5 , then y' = f x~ 2 / 5 and y" = - ^ x" 7 / 5 . 



The curve rises on (— oo, oo) and there are no extrema. 
The curve is concave up on (— oo. 0) and concave down 
on (0, oo). At x = there is a point of inflection. 




27. When y = x 2 / 5 , then y' = \ x" 3 / 5 and y" = - ^ x" 8 / 5 . 
The curve is rising on (0, oo) and falling on (— oo, 0). At 
x = there is a local and absolute minimum. There is 
no local or absolute maximum. The curve is concave 
down on (— oo, 0) and (0, oo). There are no points of 
inflection, but a cusp exists at x = 0. 







2 

I I I I J 


. y = * 2 ' 5 
,1111, 


-4 -3 -2 -1 


\ 1 2 3 4 




(0,0) 




Cusp 




Loc min 



28. When y = x 4 / 5 , then y' = f x" 1 / 5 and y" 



25 



-6/5 



The curve is rising on (0, oo) and falling on (— oo, 0). At 
x = there is a local and absolute minimum. There is 
no local or absolute maximum. The curve is concave 
down on (— oo, 0) and (0, oo). There are no points of 
inflection, but a cusp exists at x = 0. 



(0,0)\ 


/ y= X *K 







29. When y = 2x - 3x 2 / 3 , then y' = 2 - 2X" 1 / 3 and 
y" = | x~ 4 / 3 . The curve is rising on (— oo, 0) and 
(1, oo), and falling on (0, 1). There is a local maximum 
at x = and a local minimum at x = 1 . The curve is 
concave up on (— oo, 0) and (0, oo). There are no 
points of inflection, but a cusp exists at x = 0. 





y = 2x-3x 2/3 S 




- Cusp, Loc max 


1 






30. When y = 5x 2 / 5 - 2x, then y' = 2x~ 3 / 5 -2 = 2 (x^ 3 / 5 - l) 
and y" = — | x _8//5 . The curve is rising on (0, 1) and 
falling on (— oo, 0) and (1, oo). There is a local minimum 
at x = and a local maximum at x = 1 . The curve is 
concave down on (— oo, 0) and (0, oo). There are no 
points of inflection, but a cusp exists at x = 0. 



(1,3) 



y = 5x vs - 2x 



(0,0) 
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31. When y = x 2 / 3 (§ - x) = § x 2 / 3 - x 5 / 3 , then 
y' = § x- 1 / 3 - f x 2 / 3 = § x-V^l - x) and 
y" = - | x- 4 / 3 - f x-V3 = _ 5 x -4/ 3(1 + 2x) 
The curve is rising on (0, 1) and falling on (— oo, 0) and 
(1, oo). There is a local minimum at x = and a local 
maximum at x = 1. The curve is concave up on (— oo, — |j 
and concave down on (— \ , 0) and (0, oo). There is a point 
of inflection at x = — \ and a cusp at x = 0. 




32. When y = x 2 / 3 (x - 5) = x 5 / 3 - 5x 2 / 3 , then 
y' = | x 2 / 3 - f x-V3 = I x -i/3 (x _ 2) and 

y" = f X-V3 + 10 x -4/3 = W x _4/3 (x + 1} The curye 

is rising on (— oo, 0) and (2, oo), and falling on (0, 2). 
There is a local minimum at x = 2 and a local maximum 
at x = 0. The curve is concave up on (—1, 0) and (0, oo), 
and concave down on (— oo, — 1). There is a point of 
inflection at x = — 1 and a cusp at x = 0. 





y = x vi (x 


-5) 


(0,0) 






1-1,-6) / 


(2.0,-4. 


16) 



33. When y = x\/d, - x 2 = x (8 - x 2 ) 1/2 , then 
y' = (8 - x 2 ) 1/2 + (x) (|) (8 - x 2 r 1/2 (-2x) 



x 2 )~ 1/2 (8 - 2x 2 ) 



2(2 - x)(2 + x) 



2^2 + x 2^2-x 



and 



y" = (_I)(8-x 2 ) f (-2x)(8-2x 2 ) + (8-x 2 ) 5 (-4x) 

2x (x 2 — 12) 

= / ' . The curve is rising on (—2, 2), and falling 

on ^— 2 a/2, — 2^j and ^2,2\/2^ . There are local minima 

x = —2 and x = 2\/2, and local maxima at x = — 2y2 and 
x = 2. The curve is concave up on (— 2\/2, 0^ and 

concave down on ^0, 2\/2^ . There is a point of inflection 
at x = 0. 




34. When y = (2 - x 2 ) 3/2 , then y' = (f ) (2 - x 2 ) I/2 (-2x) 



-3xa/ 2 — x 2 = — 3x 



and 



y" = (-3) (2 - x 2 ) 1/2 + (-3x) (i) (2 - x 2 )- 1/2 (-2x) 

-6(1-X)(1+X) ... 

= ; • The curve is rising on 

J (^2-x) L/2 + x\ 

(—y/2, O^j and falling on ^0, \/2J . There is a local 

maximum at x = 0, and local minima at x = ± y2. The 
curve is concave down on (—1, 1) and concave up on 

y/2, —l \ and f 1, \/2\ . There are points of inflection at 

: ± 1. 



(0,2/2) 


^ y = (2 - x 1 ) 111 


(-1,1)/ 


\ (1,1) 


(-^,o) 
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35. Wheny 

_ (x-3)(x-l) 



k--3 
x-2 



then v' - 2*(*-2>-(» 3 -3)q> 
meny - (x 2)2 



and 



(x-2) 2 

(2x - 4)(x - 2) 2 - (x 2 - 4x + 3)2 (x - 2) 



J ~ (x-2) 4 ~ (x-2) 3 ■ 

The curve is rising on (—00, 1) and (3, 00), and falling on 
(1, 2) and (2, 3). There is a local maximum at x = 1 and a 
local minimum at x = 3. The curve is concave down on 
(—00, 2) and concave up on (2, 00). There are no points 
of inflection because x = 2 is not in the domain. 



8 
6 




1 / 

\y 


2 , 




(3, 6) Loc min 


2 




(1, 2) Loc max 


-8 -6 -4 / 




2 4 6 8 


/ -2 






S ~ 4 






/ -6 

-8 







36. When y = . ? , . , then y 

-* 3x" + 1 ' J 



1 _ 3x 2 (3x 2 + l)-x 3 (6x) 
(3x 2 + l) 2 



3x 2 (x 2 + l) . 

~WTYf and 

(12x 3 + 6x) (3x 2 + l) 2 - 2 (3x 2 + l)(6x)(3x 4 + 3x 2 ) 



(3x 2 + l) 4 

The curve is rising on (—00, 00) so 



_ 6x(l -x)(l +x) 
~ (3x 2 + l) 3 

there are no local extrema. The curve is concave up on 
(—00, —1) and (0, 1), and concave down on (—1, 0) and 
(1, 00). There are points of inflection at x = — 1, x = 0, 
and x = 1 . 



(0.0) 



y = 



-1- x 



3x*+ 1 



37. Wheny = |x 2 - 1| = 
2x, Ixl > 1 



x 2 - 1, Ixl > 1 



, then 



The 



1 - x 2 , |x| < f 

indv"-/ 2 ' |X|>1 
-2x, |x|<l andy -\-2, |x|<l 

curve rises on (—1, 0) and (1, 00) and falls on (— 00, —1) 

and (0, 1). There is a local maximum at x = and local 

minima at x = ±1. The curve is concave up on (—00, —1) 

and (1, 00), and concave down on (—1, 1). There are no 

points of inflection because y is not differentiable at x = ±1 

(so there is no tangent line at those points). 




-2 (-1, 0) 
Loc min 



( x 2 - 2x, x < 
38. When y = |x 2 - 2x| = I 2x - x 2 , < x < 2 , then 

[ x 2 - 2x, x > 2 

{2x - 2, x < ( 2, x < 

2 - 2x, < x < 2 , and y" = <^ -2, < x < 2 . 
2x - 2, x > 2 ^ 2, x > 2 

The curve is rising on (0, 1) and (2, 00), and falling on 
(—00, 0) and (1, 2). There is a local maximum at x = 1 and 
local minima at x = and x = 2. The curve is concave up 
on (—00, 0) and (2, 00), and concave down on (0, 2). 
There are no points of inflection because y is not 
differentiable at x = and x = 2 (so there is no tangent 
at those points). 









y = Ix 1 - 2*| / 




0.1) / 


(0.0) 


(2.0) 
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39. Wheny 



y/x, x > 




Since lim y' = — oo and lim y' = oo there is a 

x -> 0- x -> 0+ 

cusp at x = 0. There is a local minimum at x = 0, but no 
local maximum. The curve is concave down on (— oo, 0) 
and (0, oo). There are no points of inflection. 







2 




I I I I ] 


i 1 1 1 1 > 


-4 -3 -2 -1 ' 


\ 1 2 3 4 




Cusp 




Loc min 



40. When y = y/\x-4\ 



— 7^-, x > 4 



\/x — 4, x > 4 , 

v , ~ , then 

y/4 — X, X < 4 



x < 4 



and y" 



-(4-x)- 



, x < 4 



Since lim y' 



oo and lim y' = oo there is a cusp 

x -> 4+ 



at x = 4. There is a local minimum at x = 4, but no local 
maximum. The curve is concave down on (— oo, 4) 
and (4, oo). There are no points of inflection. 

41. y' = 2 + x - x 2 = (1 + x)(2 - x), y' = | +++ | — 

-1 2 

=>• rising on (—1, 2), falling on (-co, —1) and (2, oo) 

=>• there is a local maximum at x = 2 and a local minimum 

at x = -1; y" = 1 - 2x, y" = +++ | 

1/2 

=>• concave up on (— oo, |) , concave down on (A, oo) 
=> a point of inflection at x = \ 




(4, 0) 




42. y' = x 2 - x - 6 = (x - 3)(x + 2), y' = +++ | | - 

-2 3 

=> rising on (— oo, —2) and (3, oo), falling on (—2, 3) 

=> there is a local maximum at x = —2 and a local 

minimum at x = 3; y" = 2x — 1, y" = | +++ 

1/2 

=> concave up on (|, oo), concave down on (— oo, V) 
=>• a point of inflection at x = I 



x — 2 



43. y' = x(x - 3) 2 , y' = | +++ | +++ =>• rising on 

3 

(0, oo), falling on (—oo, 0) no local maximum, but there 

is a local minimum at x = 0; y" = (x — 3) 2 + x(2)(x — 3) 

= 3(x - 3)(x - 1), y" = +++ | | +++ =>• concave 

1 3 

up on (— oo, 1) and (3, oo), concave down on (1, 3) 
points of inflection at x = 1 and x = 3 
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44. y' = x 2 (2 - x), y' = 



- I +++ I - 
2 



rising on 



(— oo, 2), falling on (2, oo) =>• there is a local maximum at 

x = 2, but no local minimum; y" = 2x(2 — x) + x 2 (— 1) 

= x(4 — 3x), y" — | +++ | =>■ concave up 

4/3 

on (0, |) , concave down on (—oo, 0) and (|, oo) =>• points 
of inflection at x = and x = \ 



45. i = x (x 2 - 12) = x (x - 21/3J (x + 2^3) , 

y' = | +++ | | +++ =>■ rising on 



-00, -2V3 



-2y/3 2V"3 
— 2a/3, 0^ and ^2\/3, 00^ , falling on 

and ^0, 2y^3^ => a local maximum at x = 0, local minima 

at x = ± 2 ; y" = (1) (x 2 - 12) + (x)(2x) 

= 3(x - 2)(x + 2), y" = +++ I I +++ 

-2 2 

=> concave up on (— cxo, —2) and (2, 00), concave down on 
(—2, 2) =>• points of inflection at x = ±2 




46. y' = (x - l) 2 (2x + 3), y' 



-3/2 



1 



no local 



=> rising on (— |, 00) , falling on (- 

maximum, a local minimum at x = — | ; 

y" = 2(x - l)(2x + 3) + (x - 1) 2 (2) = 2(x - l)(3x + 2), 

y" = +++ I I +++ =>■ concave up on 

-2/3 1 

(—00, — |) and (1, 00), concave down on (— I, l) 
=>• points of inflection at x = — 1 and x = 1 

47. y' = (8x - 5x 2 ) (4 - x) 2 = x(8 - 5x)(4 - x) 2 , 

y' = I +++ I I => rising on (0, |) , 

8/5 4 

falling on (—00, 0) and ( 1 . 00) =>• a local maximum at 

x = I , a local minimum at x = 0; 

y " = (8 - 10x)(4 - x) 2 + (8x - 5x 2 ) (2)(4 - x)(-l) 

= 4(4 - x) (5x 2 - 16x + 8) , 

y" = +++ I +++ I concave up 

8-Zy/g 8+2^/6 4 

5 5 

8 - 2 \/6 ^ q „h ( % + 2 */6 A concave down on 



on —00 



-2V6 



)and( 8 +|^ ! 4), 1 
, 8+ 5 J and (4, 00) =^ points of inflection at 



x = and x = 4 



x-1 



'X--2/3 
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48. y' = (x 2 - 2x) (x - 5) 2 = x(x - 2)(x - 5) 2 , 

y' = +++ | | +++ | +++ rising on (-oo,0) 

2 5 
and (2, oo), falling on (0, 2) => a local maximum at x = 0, 
a local minimum at x = 2; 

y" = (2x - 2)(x - 5) 2 + (x 2 - 2x) (2)(x - 5) 
= 2(x - 5) (2x 2 - 8x + 5) , 

y" = +++ | | +++ =>■ concave up 

i-s/l i+s/6 5 

2 2 

on ( 4 , 4+ 2 v ^ ^j and (5, oo), concave down on 

^— oo, 4 -2 ^\ and ( 4 + ^ , bj =$> points of inflection at 

x = and x = 5 

49. y' = sec 2 x, y' = ( +++ ) =>■ rising on (- |, |) , 

-tt/2 tt/2 

never falling => no local extrema; 

y" = 2(sec x)(sec x)(tan x) = 2 (sec 2 x) (tan x), 

y" = ( | +++ ) =>■ concave up on (0, |), 

-tt/2 tt/2 

concave down on (— | , 0) , is a opoint of inflection. 

50. y' = tan x, y' = ( | +++ ) => rising on (0, §) , 

-tt/2 tt/2 

falling on (— |, 0) => no local maximum, a local minimum 

at x = 0; y" = sec 2 x, y" = ( +++ ) =4> concave up 
-tt/2 tt/2 

on (— 5, |) =^ no points of inflection 

51. y' = cot f , y' = ( +++ | ) rising on (0, tt), 

7T 2tt 

falling on (7r, 27r) => a local maximum at # = tt, no local 

minimum; y" = — ~ esc 2 | , y" = ( ) =>■ never 

2tt 

concave up, concave down on (0, 27r) no points of 
inflection 

52. y' = esc 2 | , y' = ( +++ ) =4> rising on (0, 2n), never 

2tt 

falling => no local extrema; 

y" = 2(cscf) (-cscf) (cot |) (§) 

= -(csc 2 f) (cotf),y" = (—|+++) 

i" 2tt 
=> concave up on (n, 2if), concave down on (0, tt) 

=>• a point of inflection at 9 = n 




x = x = 2ji 
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53. y' = tan 2 6-1 = (tan 9 - l)(tan 9 + 1), 

y' = ( +++ | | +++ ) rising on 

-tt/2 -tt/4 tt/4 tt/2 

(-§,-5) and (f, f), felling an (-f, J) 

=>• a local maximum at 9 — — |, a local minimum at 6> 

y" = 2 tan 6» sec 2 6», y" = ( | +++ ) 

-tt/2 tt/2 

=> concave up on (0, |) , concave down on (— f , 0) 

=>• a point of inflection at 9 = 




54. y' = 1 - cot 2 (9 = (1 - cot 0)(1 + cot 0), 

y' = ( I +++ I ) rising on (f, 

tt/4 3tt/4 * 

falling on (0, |) and (tj t) a local maximum at 



= =y , a local minimum at 6 1 = f 



-2(cot 0) ( — esc 2 



y" = (+++l - 

tt/2 



-) 

TT 



concave up on (0, |) , concave down on (|, 7r) 
a point of inflection at = | 



e=37t/4 




55. y' = cos t, y 7 = [ ■ 




tt/2 3tt/2 



f] 
2tt 



rising on 



(0, §) and 27r) , falling on (§, ^) =>• local maxima at 
t = | and t = 27r, local minima at t = and t = =f ; 

y " = -suit, y" = [ | +++] 

2tt 
=> concave up on (ir, 2ir), concave down 
on (0, 7r) =>• a point of inflection at t = n 




56. y' = sin t, y' = [ +++ | ] =>■ rising on (0, if), 

f 2tt 
falling on (71", 27r) => a local maximum at t = 7T, local 
minima at t = and t — 2n; y" — cos t, 

y" = [ +++ I I +++] concave up on (0, f ) 

tt/2 3tt/2 2tt 

and (nr, 27r) , concave down on =>■ points 

of inflection at t = | and t = y 



t - 71 



t>o 



t-2n 



57. y' = (x + ir 2/3 , y' = +++ ) ( +++ => rising on 



(—00, 00), never falling =>■ no local extrema; 

y " = -|(x+ l)- 5/3 , y" = +++ ) ( 

-1 

=> concave up on (— 00, —1), concave down on (—1, 00) 
=>• a point of inflection and vertical tangent at x = — 1 



Infl 

Veit tan 
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58. y' = (x - 2)" 1 / 3 , y' = )(- 



rising on (2, oo), 



falling on (— oo, 2) =>■ no local maximum, but a local 

minimum at x = 2; y" = — | (x — 2)~ 4 / 3 , 

y" = )( =r- concave down on (— oo, 2) and 

2 

(2, oo) =>■ no points of inflection, but there is a cusp at 

x = 2 



, x-2 



59. y' = x~ 2 / 3 (x - 1), y' = )( | +++ =>- rising on 

1 

(1, oo), falling on (—oo, 1) =>• no local maximum, but a 

local minimum at x = 1; y" = i x~ 2 / 3 + | x~ 5 / 3 

= 1 x- 5 / 3 (x + 2), y" = +++ | )( +++ 

-2 

=>• concave up on (— oo, —2) and (0, oo), concave down on 
(—2, 0) =>• points of inflection at x = —2 and x = 0, and a 
vertical tangent at x = 




60. y' = x - 4 / 5 (x+l), y' 



-1 



-)(■ 




rising on 



(— 1, 0) and (0, oo), falling on (— oo, — 1) => no local 
maximum, but a local minimum at x = — 1 ; 

y" = I x- 4 / 5 - 4 X- 9 / 5 = 1 X- 9 / 5 (x - 4), 

y" = +++ )( | +++ =4> concave up on (— oo, 0) and 

4 

(4, oo), concave down on (0, 4) points of inflection at 
x = and x = 4, and a vertical tangent at x = 




61 - y H 2x, x>o ' y 







rising on 



(— oo, oo) =>■ no local extrema; y 

+■ =>■ concave up on (0, oo), concave 



'"={tx 



< 
> 



y" = )(+++ 

o 

down on (— oo, 0) =>■ a point of inflection at x = 




62. y' 



-x 2 , x < , 
x 2 , x > ' y 







rising on 



(0, oo), falling on (— oo. 0) no local maximum, but a 

, ■ • n a f —2x, x < 

local minimum atx = 0;y=< , „ , 

J \ 2x, x > 







concave up on (— oo, oo) 



no point of inflection 
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63. The graph of y = f"(x) => the graph of y = f(x) is concave 
up on (0, oo), concave down on (—00, 0) =>• a point of 
inflection at x = 0; the graph of y = f'(x) 

y' = +++ I I +++ =>■ the graph y = f(x) has 

both a local maximum and a local minimum 



64. The graph of y = f"(x) => y" = +++ | ^> the 

graph of y = f(x) has a point of inflection, the graph of 

y = f'(x) y' = I +++ I =>• the graph of 

y = f(x) has both a local maximum and a local minimum 



65. The graph of y = f"(x) => y" = | +++ | 

=> the graph of y = f(x) has two points of inflection, the 

graph of y = f'(x) => y' — | +++ =>■ the graph of 

y = f(x) has a local minimum 



66. The graph of y = f"(x) => y" = +++ | ^> the 

graph of y = f(x) has a point of inflection; the graph of 

y = f'(x) y' = I +++ I =>■ the graph of 

y = f(x) has both a local maximum and a local minimum 



Point 


y' 


y" 


P 




+ 


Q 


+ 





R 


+ 




S 







T 
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68. 



69. 



y 




X 




o 



2 



4 



(6, 7) 



6 



x 



70. 




X 



71. Graphs printed in color can shift during a press run, so your values may differ somewhat from those given here. 

(a) The body is moving away from the origin when displacement! i s increasing as t increases, < t < 2 and 

6 < t < 9.5; the body is moving toward the origin when | displacement is decreasing as t increases, 2 < t < 6 
and 9.5 < t < 15 

(b) The velocity will be zero when the slope of the tangent line for y = s(t) is horizontal. The velocity is zero 
when t is approximately 2, 6, or 9.5 sec. 

(c) The acceleration will be zero at those values of t where the curve y = s(t) has points of inflection. The 
acceleration is zero when t is approximately 4, 7.5, or 12.5 sec. 

(d) The acceleration is positive when the concavity is up, 4 < t < 7.5 and 12.5 < t < 15; the acceleration is 
negative when the concavity is down, < t < 4 and 7.5 < t < 12.5 

72. (a) The body is moving away from the origin when displacement! i s increasing as t increases, 1.5 < t < 4, 

10 < t < 12 and 13.5 < t < 16; the body is moving toward the origin when | displacement is decreasing as t 
increases, < t < 1.5, 4 < t < 10 and 12 < t < 13.5 

(b) The velocity will be zero when the slope of the tangent line for y = s(t) is horizontal. The velocity is zero 
when t is approximately 0, 4, 12 or 16 sec. 

(c) The acceleration will be zero at those values of t where the curve y = s(t) has points of inflection. The 
acceleration is zero when t is approximately 1.5, 6, 8, 10.5, or 13.5 sec. 

(d) The acceleration is positive when the concavity is up, < t < 1.5, 6 < t < 8 and 10 < t < 13.5, the 
acceleration is negative when the concavity is down, 1.5 < t < 6, 8 < t < 10 and 13.5 < t < 16. 

73. The marginal cost is ~ which changes from decreasing to increasing when its derivative ^Jj is zero. This is a 
point of inflection of the cost curve and occurs when the production level x is approximately 60 thousand units. 

74. The marginal revenue is ^ and it is increasing when its derivative -j-J is positive the curve is concave up 

=> < t < 2 and 5 < t < 9; marginal revenue is decreasing when ^ < the curve is concave down 
2 < t < 5 and 9 < t < 12. 

75. When y' = (x — l) 2 (x — 2), then y" = 2(x — l)(x — 2) + (x — l) 2 . The curve falls on (-co, 2) and rises on 

(2, oo). At x = 2 there is a local minimum. There is no local maximum. The curve is concave upward on (— oo, 1) and 
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(|, oo) , and concave downward on (l, |) . At x = 1 or x = | there are inflection points. 

76. When y' = (x - l) 2 (x - 2)(x - 4), then y" = 2(x - l)(x - 2)(x - 4) + (x - l) 2 (x - 4) + (x - l) 2 (x - 2) 

= (x - 1) [2 (x 2 - 6x + 8) + (x 2 - 5x + 4) + (x 2 - 3x + 2)] = 2(x - 1) (2x 2 - lOx + 11). The curve rises on 
(— oo, 2) and (4, oo) and falls on (2, 4). At x = 2 there is a local maximum and at x = 4 a local minimum. The 

curve is concave downward on (— oo, 1) and ( 5 , 5+ 2 v ^ ) and concave upward on (l. S ~ 2 ) an< ^ 




78. The second derivative, being continuous and never zero, cannot change sign. Therefore the graph will always 
be concave up or concave down so it will have no inflection points and no cusps or corners. 

79. The curve will have a point of inflection at x = 1 if 1 is a solution of y" = 0; y = x 3 + bx 2 + cx + d 

=>. y> = 3x 2 + 2bx + c / = 6x + 2b and 6(1) + 2b = b = -3. 

80. (a) True. If f(x) is a polynomial of even degree then f ' is of odd degree. Every polynomial of odd degree has 

at least one real root =>• f (x) = for some x = r =>• f has a horizontal tangent at x = r. 
(b) False. For example, f(x) = x — 1 is a polynomial of odd degree but f'(x) = 1 is never 0. As another 

example, y = | x 3 + x 2 + x is a polynomial of odd degree, but y' = x 2 + 2x + 1 = (x + l) 2 > for all x. 

81. (a) f(x) = ax 2 + bx + c = a (x 2 + \ x) + c = a (x 2 + \ x + ^\ - g + c = a (x + - a parabola 

whose vertex is at x = — ^ =>• the coordinates of the vertex are ^— ^ , — b " ~ a 4ac ^ 

(b) The second derivative, f "(x) = 2a, describes concavity =>• when a > the parabola is concave up and 
when a < the parabola is concave down. 

82. No, f"(x) could be decreasing to zero at x = c and then increase again so it would be concave up on every 
interval even though f"(x) = 0. For example f(x) = x 4 is always concave up even though f"(0) = 0. 

83. A quadratic curve never has an inflection point. If y = ax 2 + bx + c where a 0, then y' = 2ax + b and 
y" = 2a. Since 2a is a constant, it is not possible for y" to change signs. 

84. A cubic curve always has exactly one inflection point. If y = ax 3 + bx 2 + cx + d where a ^ 0, then 

y' = 3ax 2 + 2bx + c and y" = 6ax + 2b. Since ^ is a solution of y" = 0, we have that y" changes its sign 
at x = — and y' exists everywhere (so there is a tangent at x = — £-). Thus the curve has an inflection 
point at x = — ^ . There are no other inflection points because y" changes sign only at this zero. 
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85. If y = x 5 - 5x 4 - 240, then y' = 5x 3 (x - 4) and 
y" = 20x 2 (x — 3). The zeros of y' are extrema, and 
there is a point of inflection at x = 3. 



200 


> 


" = 20x 2 (x- 3) 








i 






■ > 


/^o 

-200 




y' = 5x^(x- 


A 

4) 


5 


-400 


V* 5 


-5^ 4 -240\. 







86. If y = x 3 - 12x 2 , then y' = 3x(x - 8) and 
y" = 6(x — 4). The zeros of y' and y" are 
extrema and points of inflection, respectively. 



\^50 








/^50 


y' = 3x(x - 8) 


-100 




-150 




-200 


Xv-x'-iax 2 


-250 





87. Ify 



x 5 + 16x 2 - 25, then y' = 4x (x 3 + 8) and 
y" = 16 (x 3 + 2) . The zeros of y' and y" are 
extrema and points of inflection, respectively. 







\ 100 




\ 50 






^ \ / \ i j 


-3 /\J_^>^1 


S 2 3 


1 1 ~ 50 


- y = \x 5 + 16x 2 -25 


' / -100 




= 16& 3 + 2) 





Ify 



^ - f - 4x 2 + 12x + 20, then 
y ' = x 3 - x 2 - 8x + 12 = (x + 3)(x - 2) 2 . 
So y has a local minimum at x = —3 as its only extreme 
value. Also y" = 3x 2 - 2x - 8 = (3x + 4)(x - 2) and there 
are inflection points at both zeros, — | and 2, of y". 



y" - (3x + 4)(x-2) 




The graph of f falls where f ' < 0, rises where f ' > 0, 
and has horizontal tangents where f ' = 0. It has local 
minima at points where f ' changes from negative to 
positive and local maxima where f ' changes from 
positive to negative. The graph of f is concave down 
where f " < and concave up where f" > 0. It has an 
inflection point each time f "changes sign, provided a tangent 
line exists there. 
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90. The graph f is concave down where f " < 0, and concave 
up where f " > 0. It has an inflection point each time 
f " changes sign, provided a tangent line exists there. 





A 




vy if 




91. (a) It appears to control the number and magnitude of the 

local extrema. If k < 0, there is a local maximum to the 
left of the origin and a local minimum to the right. The 
larger the magnitude of k (k < 0), the greater the 
magnitude of the extrema. If k > 0, the graph has only 
positive slopes and lies entirely in the first and third 
quadrants with no local extrema. The graph becomes 
increasingly steep and straight as k — > oo. 



(b) f'(x) = 3x 2 + k =>• the discriminant 2 — 4(3)(k) = —12k is positive for k < 0, zero for k = 0, and 
negative for k > 0; f ' has two zeros x = ± — | when k < 0, one zero x = when k = and no real zeros 

when k > 0; the sign of k controls the number of local extrema. 

(c) As k — > oo, f'(x) — > oo and the graph becomes 
increasingly steep and straight. As k — > — oo, the 
crest of the graph (local maximum) in the second 
quadrant becomes increasingly high and the trough 
(local minimum) in the fourth quadrant becomes 
increasingly deep. 



> 200 












/ -100 




-200 





92. (a) It appears to control the concavity and the number of 
local extrema. 




k=-10 
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(b) f(x) = x 4 + kx 3 + 6x 2 =>- f'(x) = 4x 3 + 3kx 2 + 12x 
=> f"(x) = 12x 2 + 6kx + 12 =>• the discriminant is 
36k 2 - 4(12)(12) = 36(k + 4)(k - 4), so the sign line 

of the discriminant is +++ | | +++ =>■ the 

-4 4 

discriminant is positive when |k| > 4, zero when 
k = ± 4, and negative when |k| < 4; f"(x) = has 
two zeros when |k| > 4, one zero when k = ± 4, and 
no real zeros for |k| < 4; the value of k controls the 
number of possible points of inflection. 




4 Y -l/3 



x ''" (2x 2 - 1) and 



93. (a) If y = x 2 / 3 (x 2 - 2) , then y' 

y" = | x~ 4 / 3 (10x 2 + 1) . The curve rises on 

(- 72 ' °) and {72 > °°) and falls on (-°°' - 7i) 



and 



The curve is concave up on (—00, 0) 



and (0, 00). 



(b) A cusp since lim y' = 00 and lim y' 

x -> x -> + 



-OO. 





1 

0.5 






-2 


\ _1 

\ ~ 0m r 
Wi 


i / 

\y > 





94. (a) If y = 9x 2 / 3 (x - 1), then y' 



15 x- 



and 



y" = 10 5 ^ ■ The curve rises on (—00, 0) and 
(I, 00) and falls on (0, 1) . The curve is concave 
down on (—00, — |) and concave up on (— |, OJ and 
(0,oo). 

(b) A cusp since lim y' = 00 and lim y' = —00. 

x -> x -» + 




95. Yes: y = x 2 + 3 sin 2x =4> y' = 2x + 6 cos 2x. The graph 
of y' is zero near —3 and this indicates a horizontal tangent 
near x = —3. 




2x + 6 cos 2x 



4.5 APPLIED OPTIMIZATION PROBLEMS 

1. Let £ and w represent the length and width of the rectangle, respectively. With an area of 16 in. 2 , we have 

that (£)(w) = 16 =>- w = 161- 1 the perimeter is P = U + 2w = U + 32l~ l and P'(£) = 2 - f = 2( ^~' 6) . 
Solving P'(£) = =^ 2(C + 4 f ) 2 (f '~ 4) =0 i = -4,4. Since £ > for the length of a rectangle, £ must be 4 and 
w = 4 =>- the perimeter is 16 in., a minimum since P"(£) = 4f > 0. 

2. Let x represent the length of the rectangle in meters (0 < x < 4) Then the width is 4 — x and the area is 

A(x) = x(4 - x) = 4x — x 2 . Since A'(x) = 4 — 2x, the critical point occurs at x = 2. Since, A'(x) > for < x < 2 and 
A'(x) < for 2 < x < 4, this critical point corresponds to the maximum area. The rectangle with the largest area measures 
2 m by 4 — 2 = 2 m, so it is a square. 
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Graphical Support: 

A(x) 



(2,4) 




3. (a) The line containing point P also contains the points (0, 1) and (1, 0) the line containing P is y = 1 — x 

=>■ a general point on that line is (x, 1 — x). 

(b) The area A(x) = 2x(l — x), where < x < 1. 

(c) When A(x) = 2x - 2x 2 , then A'(x) = 2 - 4x = =» x = \ . Since A(0) = and A(l) = 0, we conclude 
that A (i) = | sq units is the largest area. The dimensions are 1 unit by ~ unit. 

4. The area of the rectangle is A = 2xy = 2x (12 — x 2 ) , 
where < x < y/ll . Solving A'(x) = =>■ 24 - 6x 2 = 

=> x = —2 or 2. Now —2 is not in the domain, and since 

A(0) = and A (v 7 ^) = 0, we conclude that A(2) = 32 

square units is the maximum area. The dimensions are 4 units 
by 8 units. 




The volume of the box is V(x) = x(15 — 2x)(8 — 2x) 
= 120x - 46x 2 + 4x 3 , where < x < 4. Solving V'(x) 
120 - 92x + 12x 2 = 4(6 - x)(5 - 3x) = => x = 
or 6, but 6 is not in the domain. Since V(0) = V(4) = 0, 
V (|) = 2 |!p » 91 in 3 must be the maximum volume of 
the box with dimensions x ¥ x f inches. 



15-2X 



CM 
I 

CO 



6. The area of the triangle is A = h ba = | sj 400 — b 2 , where 
< b < 20. Then ^ = \ v/400 - b 2 . b ' 

- - db 2 v 2\/400-b 2 

= 7°°~ b \ = the interior critical point is b = 10\/2. 

V400 - b 2 

When b = or 20, the area is zero A ^10\/2^ is the 

maximum area. When a 2 + b 2 = 400 and b = l0\/2, the 
value of a is also \0\/2 =>• the maximum area occurs when 
a = b. 



(0.b) 










(«.0) 



7. The area is A(x) = x(800 - 2x), where < x < 400. 
Solving A'(x) = 800 - 4x = ^ x = 200. With 
A(0) = A(400) = 0, the maximum area is 
A(200) = 80,000 m 2 . The dimensions are 200 m by 400 m. 



river 



800 - 2X 
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The area is 2xy — 216 =4> y = — . The amount of fence 
needed is P = 4x + 3y = 4x + 324x _1 , where < x; 
g = 4 - ^ = =>■ x 2 - 81 = the critical points are 
and ± 9, but and —9 are not in the domain. Then 
P"(9) > =>• at x = 9 there is a minimum =>• the 
dimensions of the outer rectangle are 18 mby 12 m 
=>• 72 meters of fence will be needed. 



9. (a) We minimize the weight = tS where S is the surface area, and t is the thickness of the steel walls of the tank. The 

surace area is S = x 2 + 4xy where x is the length of a side of the square base of the tank, and y is its depth. The 
volume of the tank must be 500ft 3 => y = ™. Therefore, the weight of the tank is w(x) = t(x 2 + ^p) ■ Treating the 
thickness as a constant gives w'(x) = t(2x — ^jjr^) for x.0. The critical value is at x = 10. Since 
w"(10) = t(2 + ^gr) > 0, there is a minimum at x = 10. Therefore, the optimum dimensions of the tank are 10 ft on 
the base edges and 5 ft deep. 

(b) Minimizing the surface area of the tank minimizes its weight for a given wall thickness. The thickness of the steel 
walls would likely be determined by other considerations such as structural requirements. 

10. (a) The volume of the tank being 1125 ft 3 , we have that yx 2 = 1125 =4> y = The cost of building the tank is 

c(x) = 5x 2 + 30x(ijr), where < x. Then c'(x) = lOx - = the critical points are and 15, but is not 
in the domain. Thus, c"(15) > =>• at x = 15 we have a minimum. The values of x = 15 ft and y = 5 ft will 
minimize the cost. 

(b) The cost function c = 5(x 2 + 4xy) + lOxy, can be separated into two items: (1) the cost of the materials and labor to 
fabricate the tank, and (2) the cost for the excavation. Since the area of the sides and bottom of the tanks is (x 2 + 4xy), 
it can be deduced that the unit cost to fabricate the tanks is $5/ft 2 . Normally, excavation costs are per unit volume of 
excavated material. Consequently, the total excavation cost can be taken as lOxy = ( ^) (x 2 y)- This suggests that the 

unit cost of excavation is $1 ° x //ft where x is the length of a side of the square base of the tank in feet. For the least 
expensive tank, the unit cost for the excavation is = = ^| . The total cost of the least expensive tank is 

$3375, which is the sum of $2625 for fabrication and $750 for the excavation. 



11. The area of the printing is (y — 4)(x — 8) = 50. 

Consequently, y = (jrrg) + 4. The area of the paper is 
A(x) = x (r^r + 4) , where 8 < x. Then 



A'(x)=(^+4)-x(^) 



_ 4(x-8) 2 -400 _ 
- (x-8) 2 _ 







y-4 



=>■ the critical points are —2 and 18, but —2 is not in the 
domain. Thus A"(18) > =>- at x = 18 we have 
a minimum. Therefore the dimensions 1 8 by 9 inches 
minimize the amount of paper. 



12. The volume of the cone is V = 4 7rr 2 h, where r = x = yj9 — y 2 and h = y + 3 (from the figure in the text). 
Thus, V(y) = f (9 - y 2 ) (y + 3) = § (27 + 9y - 3y 2 - y 3 ) V'(y) = f (9 - 6y - 3y 2 ) = tt(1 - y)(3 + y). 
The critical points are —3 and 1, but —3 is not in the domain. Thus V"(l) = | (—6 — 6(1)) < =4> at y = 1 
we have a maximum volume of V(l) = | (8)(4) = ^ cubic units. 
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13. The area of the triangle is A(0) = ^f 11 
Solving A'(0) = = 0^0 



where < < 7r. 
= |. Since A"(0) 



A" (|) < 0, there is a maximum at 



2 • 




14. A volume V = TrHh = 1000 



1000 



The amount of 



material is the surface area given by the sides and bottom of 



the can =>■ S = 27rrh + nr = 



2000 



2000 
r 2 

are and 4^= 



dS 
dr 



2tit = 



TIT 3 - 1000 



7rr 2 , < r. Then 
= 0. The critical points 



but is not in the domain. Since 



J_s 1 2ir > 0, we have a minimum surface area when 



dr 2 ~~ r 3 

r = io cmandh = m 



10 



cm. Comparing this result to 

the result found in Example 2, if we include both ends of the 
can, then we have a minimum surface area when the can is 
shorter-specifically, when the height of the can is the same as 
its diameter. 



15. With a volume of 1000 cm and V = 7rr 2 h, then h = 
A = 8r 2 + 27rrh = 8r 2 + . Then A'(r) = 16r - 
but r = results in no can. Since A"(r) = 16 



1000 

7rr 2 
2000 



The amount of aluminum used per can is 







8r 3 -1000 



=> the critical points are and 5, 



> we have a minimum at r = 5 => h = — and h:r = 8:7r. 



16. (a) The base measures 10 — 2x in. by lo 2 2x in., so the volume formula is V(x) = x ( 10 2x)(i5 2x) _ _ 25 x 2 _|_ 75-^ 
(b) We require x > 0, 2x < 10, and 2x < 15. Combining these requirements, the domain is the interval (0, 5). 




(c) The maximum volume is approximately 66.02 in. 3 when x « 1.96 in. 
(1.9618739,66.019118 




_ 50± x /(-50) 2 -4(6)(75) _ 50± ^QQ 



(d) V'(x) = 6x 2 — 50x + 75. The critical point occurs when V'(x) = 0, at x — ^gr — i 

_ 25 ; that is, x f» 1.96 or x s* 6.37. We discard the larger value because it is not in the domain. Since 
V"(x) = 12x — 50, which is negative when x w 1.96 , the critical point corresponds to the maximum volume. The 



maximum volume occurs when x 



25 — 5 \fl 



1.96, which comfimrs the result in (c). 



17. (a) The" sides" of the suitcase will measure 24 — 2x in. by 18 — 2x in. and will be 2x in. apart, so the volume formula is 

V(x) = 2x(24 - 2x)(18 - 2x) = 8x 3 - 168x 2 + 862x. 
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(b) We require x > 0, 2x < 18, and 2x < 24. Combining these requirements, the domain is the interval (0, 9). 

V 

1600 - 




-400 



(c) The maximum volume is approximately 1309.95 in. 3 when x ps 3.39 in. 



(3.3944503,1309.9547) 




-400 



_ 14±^/(-14) 2 -4(l)(36) _ I4±y52 



(d) V'(x) = 24x 2 - 336x + 864 = 24(x 2 - 14x + 36). The critical point is at x - 

= 7 ± yl3, that is, x « 3.39 or x rj 10.61. We discard the larger value because it is not in the domain. Since 
V"(x) = 24(2x — 14) which is negative when x w 3.39, the critical point corresponds to the maximum volume. The 
maximum value occurs at x = 7 — yl3 w 3.39, which confirms the results in (c). 

(e) 8x 3 - 168x 2 + 862x = 1120 =4> 8(x 3 - 21x 2 + 108x - 140) = 8(x - 2)(x - 5)(x - 14) = 0. Since 14 is not in 
the fomain, the possible values of x are x = 2 in. or x = 5 in. 

(f) The dimensions of the resulting box are 2x in., (24 — 2x) in., and (18 — 2x). Each of these measurements must be 
positive, so that gives the domain of (0, 9). 



18. If the upper right vertex of the rectangle is located at (x, 4 cos 0.5 x) for < x < ir, then the rectangle has width 2x and 
height 4 cos 0.5x, so the area is A(x) = 8x cos 0.5x. Solving A'(x) = graphically for < x < n, we find that 
x « 2.214. Evaluating 2x and 4 cos 0.5x for x w 2.214, the dimensions of the rectangle are approximately 4.43 (width) by 
1.79 (height), and the maximum area is approximately 7.923. 



19. Let the radius of the cylinder be r cm, < r < 10. Then the height is 2^/100 -r 2 and the volume is 
V(r) = 27rrVl00 - r 2 cm 3 . Then, V'(r) = 27rr 2 ( _ - ) (-2r) + ^TiVlOO - r 2 ) (2r) 



_ -27rr 3 + 47rr(100-r 2 ) _ 27rr(200 - 3I" 2 ) 



v/ioo- 



v'ioo- 



The critical point for < r < 10 occurs at r 



2 |° = 10 J\. Since V'(r) > for 



< r < lO-i / 1 and V'(r) < for lO-i / § < r < 10, the critical point corresponds to the maximum volume. The 



dimensions are r = 10 



8.16 cm and h = 



20 



11.55 cm, and the volume is 



4000?r 
3\/3 



2418.40 cm 3 



20. 



(a) From the diagram we have 4x + I — 108 and V = x 2 £. 
The volume of the box is V(x) = x 2 (108 — 4x), where 
< x < 27. Then 

V'(x) = 216x - 12x 2 = 12x(18 - x) = 
=>• the critical points are and 18, but x = results in 
no box. Since V"(x) = 216 - 24x < at x = 18 we 
have a maximum. The dimensions of the box are 
18 x 18 x 36 in. 
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(b) In terms of length, V(£) = x 2 £ = ( 



108 - 



4 1. The graph 
indicates that the maximum volume occurs near I — 36, 
which is consistent with the result of part (a). 



10000 
8000 
6000 
4000 
2000 



20 



40 



60 



80 100 



21. (a) From the diagram we have 3h + 2w = 108 and 

V = h 2 w => V(h) = h 2 (54 - § h) = 54h 2 - § h 3 . 
Then V'(h) = 108h - § h 2 = § h(24 - h) = 
=> h = or h = 24, but h = results in no box. Since 
V"(h) = 108 - 9h < at h = 24, we have a maximum 
volume at h = 24 and w = 54 - \ h = 18. 
(b) 




10 15 20 25 30 35 



22. From the diagram the perimeter is P = 2r + 2h + 7rr, 
where r is the radius of the semicircle and h is the 
height of the rectangle. The amount of light transmitted 
proportional to 

A = 2rh + i ?rr 2 = r(P - 2r - Trr) + iyrr 2 



= rP - 2r 2 - ^7rr 2 . Then ^=P-4r-|7rr = 

4 dr 2 



=> r- - 

^ 1 ~~ 8 + 3tT " 

Therefore, ^ = 

' h 

most light since 



2h 



4P 

8 + 37T 



2ttP 
8 + 3tt 



(4 + tt)P 
8 + 3tt 



gives the proportions that admit the 



d-A 
dr- 



-4 - I it < 0. 




2r 



23. The fixed volume is V = 7rr h 



f 7TI 3 



h = X — y > where h is the height of the cylinder and r is the radius 



of the hemisphere. To minimize the cost we must minimize surface area of the cylinder added to twice the 



surface area of the hemisphere. Thus, we minimize C = 27rrh + 4-7rr 2 

r=(I) 1/3 
(?) 



2^-!)+ 47 rr 2 = 



2V 



■ 7rr 



Then f= = - ^ + f Trr = =*> V = | ttt 3 



. From the volume equation, h = -Xj — ?r 



4V 



2-3 1 / 3 .y 1 / 3 _ 3V3.2-4-V 1 / 3 — 2-3 1 - 



- ^1/3.32/3 3-2-jtV3 - 3-2-ttV3 

dimensions do minimize the cost. 



' 3 ^ 1/3 . Since ^ 



^ 7T > 0, these 



cos 2 — sin 2 I 



24. The volume of the trough is maximized when the area of the cross section is maximized. From the diagram 
the area of the cross section is A(6) = cos 8 + sin 8 cos 8, < 8 < |. Then A' (8) = —sin 
= - (2 sin 2 6» + sin 6 - 1) = -(2 sin 8 - l)(sin + 1) so A'(8) = sin 8 = \ or sin 8 = -1 
sin (9 ^ -1 when < 8 < | . Also, A'(0) > for < 8 < \ and A'(0) < for | < < | . Therefore, at 
there is a maximum. 



= I because 
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25. (a) From the diagram we have: AP = x, RA = yX — x 2 
PB = 8.5-x ) CH = DR=ll-RA=ll - \f~L-: 
QB = ^x 2 - (8.5 - x) 2 , HQ = 11 -CH-QB 



11 



11 - \/L-x 2 + V'x 2 - (8.5 - xf 



VL-x 2 - ^/x 2 - (8.5 - x) 2 , RQ 2 = RH 2 + HQ 2 



It 




= (8.5) 2 + (yL - x 2 - y/x 2 - (8.5 - x) 

bllows that RP 2 = PQ 2 + RQ 2 ^> L 2 = x 2 + ( \/l 2 - x 2 - ^x 2 - (x - 8.5) 2 

L 2 = x 2 + L 2 - x 2 - 2\/L 2 - x 2 ^/l7x-(8.5) 2 + 17x - (8.5) 2 + (8.5) 2 
17 2 x 2 =4(L 2 -x 2 )(17x-(8.5) 2 ) L 2 = x 2 



(8.5) 2 



17 2 x 2 



17x J 



4[17x-(8.5) 2 



17x-(8.5) 2 



17x 3 

ivx-(¥) 2 



4x 3 
4x- 17 



2x 3 
2X-8.5' 



(b) Iff(x) = 



4x-17 



is minimized, then L 2 is minimized. Now f '(x) = 



and f'(x) > when x > ^ . Thus L 2 is minimized when x = 



51 



(c) When x 



l -, thenL « 11.0 in. 



4x 2 (8x-51) 
(4x - 17) 2 



L 

35 
30 
25 
20 
15 



f'(x) < when x < 




^^—5 — s — 7 — 6 § 10 x 



26. (a) From the figure in the text we have P = 2x + 2y =4> y = | — x. If P = 36, then y = 18 — x. When the 

cylinder is formed, x = 27rr =>• r = and h = y => h = 18 — x. The volume of the cylinder is V = 7rr 2 h 
=>- V(x) = 18x 4~ x3 . Solving V'(x) = Ml ^~ x) = =>• x = or 12; but when x = 0, there is no cylinder. 
Then V"(x) = - (3 — |) =>■ V"(12) < =4* there is a maximum at x = 12. The values of x = 12 cm and 
y = 6 cm give the largest volume, 
(b) In this case V(x) = 7rx 2 (18 - x). Solving V'(x) = 37rx(12 - x) = x = or 12; but x = would result in 
no cylinder. Then V"(x) = 67r(6 — x) =>• V"(12) < => there is a maximum at x = 12. The values of 
x = 12 cm and y = 6 cm give the largest volume. 

27. Note that h 2 + r 2 = 3 and so r = V^-h 2 . Then the volume is given by V = |r 2 h = f (3 - h 2 )h = Trh - |h 3 for 
< h < y3, and so C£ = n — nx 2 — 7r(l — r 2 ). The critical point (for h > 0) occurs at h = 1. Since ^ > for 

< h < 1, and % < for 1< h < V3, the critical point corresponds to the maximum volume. The cone of greatest 
volume has radius \/2 m, height lm, and volume y m 3 . 

28. (a) f(x) = x 2 + | f'(x) = x" 2 (2x 3 - a) , so that f'(x) = when x = 2 implies a = 16 
(b) f(x) = x 2 + | f"(x) = 2x~ 3 (x 3 + a) , so that f"(x) = when x = 1 implies a = -1 

29. If f(x) = x 2 + a , then f'(x) = 2x - ax" 2 and f"(x) = 2 + 2ax~ 3 . The critical points are and \/f , but x ^ 0. 
Now f " ( \/|} = 6 > =>■ at x = 3 ^/f there is a local minimum. However, no local maximum exists for any a. 

30. If f(x) = x 3 + ax 2 + bx, then f '(x) = 3x 2 + 2ax + b and f "(x) = 6x + 2a. 

(a) A local maximum at x = —1 and local minimum at x = 3 => f'(— 1) = and f'(3) = =>■ 3 — 2a + b = and 
27 + 6a + b = a = -3 and b = -9. 

(b) A local minimum at x = 4 and a point of inflection at x = 1 => f'(4) = and f"(l) = =>■ 48 + 8a + b = 
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and 6 + 2a = => a = -3 and b = -24. 

31. (a) s(t) = -16t 2 + 96t + 112 v(t) = s'(t) = -32t + 96. At t = 0, the velocity is v(0) = 96 ft/sec. 

(b) The maximum height ocurs when v(t) = 0, when t = 3. The maximum height is s(3) = 256 ft and it occurs at t = 3 
sec. 

(c) Note that s(t) = -16t 2 + 96t + 112 = -16(t + l)(t - 7), so s = at t = -1 or t = 7. Choosing the positive value 
of t, the velocity when s = is v(7) = —128 ft/sec. 



32. 



6 mi ■ 




Village 



2 mi 



Jane 



Let x be the distance from the point on the shoreline nearest Jane's boat to the point where she lands her boat. Then she 
needs to row y4 + x 2 mi at 2 mph and walk 6 — x mi at 5 mph. The total amount of time to reach the village is 

1 x 



f(x) = 
have: 



hours (0 < x < 6). Then f'(x) - 1 
I 5x = 2 v / 4~Tx 2 



. r, — r(2x) 
25x 2 = 4(4 + x 2 ) => 21x 2 



- - /f , - \. Solving fix) = 0, we 

5 2^4 + x 2 5 £> W ' 

16 =>• x = ± -4—. We discard the negative 

V21 6 



value of x because it is not in the domain. Checking the endpoints and critical point, we have f(0) = 2.2, 

\\72i) ~ anc ^ ^(^) ~ 3.16. Jane should land her boat -4= w 0.87 miles donw the shoreline from the point 
nearest her boat. 



33. ! = 



216 



x + 27— — . x andL(x) = A /h 2 + (x + 27) 2 

(8 + ^) 2 + (x + 27) 2 when x > 0. Note that L(x) is 

minimized when f(x) = (8 + + (x + 27) 2 is 
minimized. If f'(x) = 0, then 
2(8+^ )(_3W) +2(x + 27) =0 
=>• (x + 27) (l - i|P ) = x = -27 (not acceptable 
since distance is never negative or x = 12. ThenL(12) = \J 2197 ~ 46.87 ft. 




34. (a) From the diagram we have d 2 = 4r 2 — w 2 . The strength of the beam is S = kwd 2 = kw (4r 2 — w 2 ) . When 



(b) 



r = 6, then S = 144kw - kw 3 . Also, S'(w) = 144k - 3kw 2 = 3k (48 - w 2 ) so S'(w) = ^ w = ± 4 V 3 ; 
S" ^4\/3 S J < and —4\/3 is not acceptable. Therefore S ^4y^3^ is the maximum strength. The dimensions 
of the strongest beam are 4y3 by 4y6 inches. 

(c) 




600 
500 
400 
300 
200 
100 




s = Wl44-d' 



4 6 8 10 12 

Both graphs indicate the same maximum value and are consistent with each other. Changing k does not 
change the dimensions that give the strongest beam (i.e., do not change the values of w and d that produce 
the strongest beam). 
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35. (a) From the situation we have w 2 = 144 — d 2 . The stiffness of the beam is S = kwd 3 = kd 3 (144 — d 2 ) , 
where < d < 12. Also, S'(d) = 4kd2 , (108 ~ d2) => critical points at 0, 12, and 6\f?>. Both d = and 

d = 12 cause S = 0. The maximum occurs at d = 6y3. The dimensions are 6 by 6y3 inches. 




Both graphs indicate the same maximum value and are consistent with each other. The changing of k has 
no effect. 



36. (a) si = s 2 =^ sin t = sin (t + f) => 
t = f or A -f 



sin t = sin t cos ? + sin ? cos t =>■ sin t = \ sin t + ^ cos t => tan t = a/3 



(b) The distance between the particles is s(t) = |sj — sa| = | sin t — sin (t + |) | = \ 

in t — \p*> cos t J ( cos t + y^3 sin t] _ , 



S'(t) 



2 sin t — V3 cos t 



sin t — y3 cos t 
critical times and endpoints 



are 0, f , f , f , ^, 2tt; then s(0) = ^ , s (|) = 0, s (^) = 1, s ) = 0, s (i^) = 1, s(2tt) 
greatest distance between the particles is 1 . 



V3 
2 



(c) Since s'(t) 



^sin t — \/3 cos ^cos t + sin 
2 sin t — \/3 cos t 



we can conclude that at t = I and ^, s'(t) has cusps and 



the distance between the particles is changing the fastest near these points. 



the 



37. (a) s=10cos(7rt) => v = — 10ir sin (7rt) =>• speed = | 10tt sin (7rt)| = 10-7T | sin (7rt)| => the maximum speed is 

107T rs 31.42 cm/sec since the maximum value of |sin(7rt)| is 1; the cart is moving the fastest at t = 0.5 sec, 
1.5 sec, 2.5 sec and 3.5 sec when | sin (*7rt) | is 1. At these times the distance is s = 10 cos (|) = cm and 
a = -107T 2 cos(7rt) => |a| = 107r 2 |cos(7rt)| =4> |a|=0 cm/sec 2 
(b) |a| = 107T 2 |cos (7rt)| is greatest at t = 0.0 sec, 1.0 sec, 2.0 sec, 3.0 sec and 4.0 sec, and at these times the 
magnitude of the cart's position is |s| = 10 cm from the rest position and the speed is cm/sec. 

38. (a) 2 sin t = sin 2t => 2 sin t — 2 sin t cos t = =>■ 

integer 

(b) The vertical distance between the masses is s(t) = 
=>. s'(t) = (1) ((sin 2t - 2 sin t) 2 )~ 1/2 (2)(sin 2t 



(2 sin t)(l — cos t) = =^ t = k7r where k is a positive 

= |si — s 2 | = (( Sl - s 2 ) 2 ) 1/2 = ((sin 2t - 2 sin t) 2 ) 1/2 
— 2 sin t)(2 cos 2t — 2 cos t) 



_ 2(cos 2t - cos t)(sin 2t - 2 sin t) _ 4(2 cos t + l)(cos t - l)(sin t)(cos t - 1) critical times at 

|sin 2t— 2 sin t| |sin 2t — 2 sin t| 

0, f , 7T, f , 2tt; then s(0) = 0, s (f ) = |sin (f ) - 2 sin ) | = , b(tt) = 0, s (f ) 
= | sin (^) - 2 sin (^) | = s(2tt) = the greatest distance is ^ at t = ?f and 



4- 
3 



39. (a) s = ^(12 - 12t) 2 + (8t) 2 = ((12 - 12t) 2 + 64t 2 ) 

(b) % = | ((12 - 12t) 2 + 64t 2 ) _1/2 [2(12 - 12t)(-12) + 128t] 



208t-144 
V(12- 12t) 2 + 64t 2 



12 knots and ^ I =8 knots 



ds I 

dt I i=o iw.utj "i'>» ,jt 1 1=1 
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(c) The graph indicates that the ships did not see 
each other because s(t) > 5 for all values of t. 



(d) The graph supports the conclusions in parts (b) 
and (c). 




/ gs 2081-144 

*"V{i2.ia) 2 + 6« l 



lim 



(208t- 144) 2 



/lim gzff 

t -» oo 144 ( i_ i ) +64 



208- 



t^oo at Vt=»oo 144(1 - 1) 2 + 64t 2 t " VV, ,.,„fi ,V , V 144 + 64 

which equals the square root of the sums of the squares of the individual speeds 



208 = 403 



40. The distance OT + TB is minimized when OB is 
a straight line. Hence Za — Z/3 =>• di — &2- 




41. If v = kax — kx 2 , then v' = ka — 2kx and v" = —2k, so v' = 



v" (|) = —2k < 0. The maximum value of v is 



ka: 
4 



Atx 



there is a maximum since 



42. (a) According to the graph, y'(0) = 0. 

(b) According to the graph, y'(— L) = 0. 

(c) y(0) = 0, so d = 0. Now y'(x) = 3ax 2 + 2bx + c, so y'(0) — implies that c = 0. There fore, y(x) = ax 3 + bx 2 and 
y'(x) = 3ax 2 + 2bx. Then y(-L) = -aL 3 + bL 2 = H and y'(-L) = 3aL 2 - 2bL = 0, so we have two linear 
equations in two unknowns a and b. The second equation gives b = ^ . Substituting into the first equation, we have 
-aL 3 + = H, or ^- = H, so a = 2p-. Therefore, b = 3 jSf and the equation for y is 

y(x) =2§x 3 +3^x 2 ,ory(x) =H[2(^) 3 + 3(^) 2 



43. The profit is p = nx - nc = n(x - c) = [a(x - c)" 1 + b(100 - x)] (x - c) = a + b(100 - x)(x - c) 

= a + (be + 100b)x - lOObc - bx 2 . Then p'(x) = be + 100b - 2bx and p"(x) = -2b. Solving p'(x) = 
x = | + 50. At x = | + 50 there is a maximum profit since p"(x) = —2b < for all x. 



44. Let x represent the number of people over 50. The profit is p(x) = (50 + x)(200 — 2x) — 32(50 + x) — 6000 

= -2x 2 + 68x + 2400. Then p'(x) = -4x + 68 and p" = -4. Solving p'(x) = ^> x = 17. At x = 17 there is a 
maximum since p"(17) < 0. It would take 67 people to maximize the profit. 
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45. (a) A(q) = kmq" 1 + cm + | q, where q > =>- A'(q) = -kmq- 2 + | = hq2 ~^ km and A"(q) = 2kmq- 3 . The 
critical points are - J ^ , 0, and J ^ , but only y is in the domain. Then A'Mi/^j > =>• at 



q = y ^ there is a minimum average weekly cost. 

(b) A(q) = + cm + | q = kmq- 1 + bm + cm + § q, where q > A'(q) = at q = y^ as m ( a ). 

Also A"(q) = 2kmq~ 3 > so the most economical quantity to order is still q = y/ which minimizes 
the average weekly cost. 

46. We start with c(x) = the cost of producing x items, x > 0, and ^ = the average cost of producing x items, assumed 

to be differentiable. If the average cost can be minimized, it will be at a production level at which ^ f ^x^) = 

=> x c ^ x ^~ c ^ x - ) = (by the quotient rule) 4 x c'(x) — c(x) = (multiply both sides by x 2 ) =4> c'(x) = ^ where 
c'(x) is the marginal cost. This concludes the proof. (Note: The theorem does not assure a production level that will give a 
minimum cost, but rather, it indicates where to look to see if there is one. Find the production levels where the average cost 
equals the marginal cost, then check to see if any of them give a mimimum.) 

47. The profit p(x) = r(x) - c(x) = 6x - (x 3 - 6x 2 + 15x) = -x 3 + 6x 2 - 9x, where x > 0. Then 

p'(x) = — 3x 2 + 12x — 9 = — 3(x — 3)(x — 1) and p''(x) = — 6x + 12. The critical points are 1 and 3. Thus 
p"(l) = 6 > =>• at x = 1 there is a local minimum, and p"(3) = —6 < =>• at x = 3 there is a local maximum. 
But p(3) = =>■ the best you can do is break even. 

48. The average cost of producing x items is c(x) = ^ = x 2 - 20x + 20, 000 c'(x) = 2x - 20 = => x = 10, the 
only critical value. The average cost is c(10) = $19, 900 per item is a minimum cost because c"(10) = 2 > 0. 

49. (a) The artisan should order px units of material in order to have enough until the next delivery. 

(b) The average number of units in storage until the next delivery is y an d so the cost of storing then is s( t?) per 
day, and the total cost for x days is (^)sx. When added to the delivery cost, the total cost for delivery and storage 



for each cycle is: cost per cycle = d + y sx. 
(c) The average cost per day for storage and delivery of materials is: average cost per day = ^ d + 2 X - + - + yX. 



To minimize the average cost per day, set the derivative equal to zero. ^ ^d(x) 1 + ^-xj — — d(x) 2 + ^ = 
=>■ x = ± y/jf. Only the positive root makes sense in this context so that x* = To verify that x* gives a 

minimum, check the second derivative 



Al > =>• a minimum. 



The amount to deliver is px* = y . 
(d) The line and the hyperbola intersect when * = ^x. Solving for x gives x; ntersect i on = ± yf^- For x > 0, 

Xintersection = = x *- F rom this result, the average cost per day is minimized when the average daily cost of 
delivery is equal to the average daily cost of storage. 

50. Average Cost: ^ = ^ + 96 + 4x x / 2 £ (^f) = + 2X" 1 / 2 = x = 100. Check for a minimum: 

^ = M00 _ xoo- 3 / 2 = 0.003 > =>• a minimum at X = 100. At a production level of 100, 000 units, 

x=100 

the average cost will be minimized at $156 per unit. 
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51. We have || = CM - M 2 . Solving |§=C-2M = 0^M=§. Also, £| = - 2<0^atM=§ there is a 
maximum. 



52. (a) If v = cror 2 — cr 3 , then v' = 2cror — 3cr 2 = cr (2yq — 3r) and v" = 2crg — 6cr = 2c (ro — 3r) . The solution of 



is r = or ^ , but is not in the domain. Also, v' > for r < ^ and v' < for r > 



at 



r = ?y there is a maximum. 

(b) The graph confirms the findings in (a), 
v 




0.1 0.2 0.3 0.4 



53. If x > 0, then (x - l) 2 > => x 2 + 1 > 2x 



x 2 + l 



> 2. In particular if a, b, c and d are positive integers, 



then 



^) (^) 



+ M I d 2 + l 



> 16. 



54. (a) f(x) 



f'(x) 



\J£ + x 2 

f(x) is an increasing function of x 



( a 2 + x 2 ) 1/i -x 2 (a 2 +x 2 p /J 
(a 2 +x 2 ) 



a- + x- - x' 



(b) g(x) 



V^ + rd-x) 2 ~^ 
-(b 2 + (d-x) 2 ) + (d-x) ; 
(b 2 +(d-x) 2 ) 3/2 



g'(x) = 



a \ a 

(a 2 -t-x 2 ) ' (a 2 + x 2 ) ' 



2X-1/ 2 



- (b 2 + (d - x) 2 ) 1/2 + (d - x) 2 (b 2 + (d - x) 2 ) 
b 2 + (d - x) 2 

nj < => g(x) is a decreasing function of x 



(b 2 + (d-x) 2 ) 



(c) Since ci, C2 > 0, the derivative jg is an increasing function of x (from part (a)) minus a decreasing 

function of x (from part (b)): g = ± f(x) - ^ g(x) = ^ f '(x) - i g'(x) > since f '(x) > and 
g'(x) < =4> is an increasing function of x. 



55. At x = c, the tangents to the curves are parallel. Justification: The vertical distance between the curves is 

D(x) = f(x) — g(x), so D'(x) = f '(x) — g'(x). The maximum value of D will occur at a point c where D' = 0. At 
such a point, f'(c) — g'(c) = 0, or f'(c) = g'(c). 

56. (a) f(x) = 3 + 4 cos x + cos 2x is a periodic function with period 2tt 

(b) No, f(x) = 3 + 4 cos x + cos 2x = 3 + 4 cos x + (2 cos 2 x - 1) = 2 (1 + 2 cos x + cos 2 x) = 2(1 + cos x) 2 > 
=>■ f(x) is never negative 

57. (a) If y = cot x — \pl esc x where < x < n, then y' = (esc x) \ \[2 cot x — esc x^j . Solving y 1 = 

=>■ cos x = -4j =>• x = I . For < x < I we have y' > 0, and y' < when | < x < ir. Therefore, at x = J 
there is a maximum value of y = — 1 . 
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The graph confirms the findings in (a). 



58. (a) If y = tan x + 3 cot x where < x < | , then y' = sec 2 x — 3 esc 2 x. Solving y' = =>• tan x = ± y3 
=>■ x = ± |, but — | is not in the domain. Also, y" = 2 sec 2 x tan x + 3 esc 2 x cot x > for all < x < 
Therefore at x = | there is a minimum value of y = 2y3. 



2 ' 



(b) 



80 



20 



y = tanx+3cotx 



0.25 0.5 0.75 1 1.25 1.5 

The graph confirms the findings in (a). 



59. (a) The square of the distance is D(x) = (x — f ) 2 + (-y/x + 0) 2 = x 2 — 2x + f, so D'(x) = 2x — 2 and the critical 
point occurs at x = 1. Since D'(x) < for x < 1 and D'(x) > for x > 1, the critical point corresponds to the 
minimum distance. The minimum distance is y/~D(l) — ^ . 

(b) 



y,D(x) 



4 




The minimum distance is from the point (|, 0) to the point (1, 1) on the graph of y = y/x, and this occurs at the 
value x = 1 where D(x), the distance squared, has its minimum value. 

60. (a) Calculus Method: 

The square of the distance from the point f 1, \/3j to (x, Vl6-x 2 ) is given by 

= x 2 - 2x + 1 + 16 - x 2 - 2 v / 48 - 3x 2 + 3 = - 2x + 20 - 2^48 - 3x 2 . 



D( X ) = (x-ir- 

ThenD'(x) = - 2- 



16 -x 2 



\/48 - 3x 2 



(-6x) = - 2 



0x 



\/48 - 3x 2 



Solving D'(x) = we have: 6x = 2^48 - 3x 2 
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=>• 36x 2 = 4(48 - 3x 2 ) =>■ 9x 2 = 48 - 3x 2 =4> 12x 2 = 48 =>• x = ± 2. We discard x = -2 as an extraneous solution, 
leaving x = 2. Since D'(x) < for —4 < x < 2 and D'(x) > for 2 < x < 4, the critical point corresponds to the 
minimum distance. The minimum distance is ^/D(2) = 2. 
Geometry Method: 

The semicircle is centered at the origin and has radius 4. The distance from the origin to ( 1, v 3 ) is 



l 2 + (v^l = 2- The shortest distance from the point to the semicircle is the distance along the radius 
containing the point 1 1, y 3 ) . That distance is 4 — 2 = 2. 



(b) 




The minimum distance is from the point ^1, xf3j to the point ^2, 2\/ r 3j on the graph of y = \/l6 — x 2 , and this 
occurs at the value x = 2 where D(x), the distance squared, has its minimum value. 



61. (a) The base radius of the cone is r = 2n ^ x and so the height is h = \/ a 2 — r 2 = v/a 2 — ( 27Ta 27r * ) 2 - Therefore 



V(x) = |r 2 h - : , , 



^-^(^)V a2 -(^) 2 - 

(b) To simplify the calculations, we shall consider the volume as a function of r: volume = f(r) = |r 2 \/ a 2 — r 2 , where 
0<r<a. f'(r) = f£(rVa 2 ~ r 2 ) =f r 2 • ^±—(-2r) + (Va 2 - r 2 ) (2r) 





-r 3 + 2r(a 2 - i 2 ) 


3 


^a 2 - r 2 



2a 2 r - 3I 3 



_ 7rr(2a 2 - 3r*) 



The critical point occurs when r 2 = 2 |-, which gives r = a^/ 4 = ^ v r ^. Then 



-a. fl - sV? 

3 3 ■ 



,2 _ 2^ 



f = Using r: 



and h 



n/g 



, we may now find the values of r and h 



for the given values of a. 
When a = 4: r= ^,h= 
When a = 5: r= h = 
When a = 6: r = 2^6, h = 2^; 
When a = 8: r= ^,h = 
(c) Since r = and h = the relationship is g = \/2. 



62. (a) Let Xo represent the fixed value of x at the point P, so that P has the coordinates (xo, a), and let m = f'(xo) be the 
slope of the line RT. Then the equation of the line RT is y = m(x — x ) + a. The y-intercept of this line is 
m(0 — Xo) + a = a — mxo, and the x-intercept is the solution of m(x — Xo) + a = 0, or x = " m ^ n ~ a ■ Let O designate 
the origin. Then 
(Area of triangle RST) 
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X f'(x) 



= 2(Area of triangle ORT) 

= 2 • i(x-intercept of line RT)(y-intercept of line RT) 

= 2 .I(mx^a )(a _ mXo) 
_ m / mx - / mxp - 

= - m ( x o-s) 2 

Substituting x for Xq, f'(x) for m, and f(x) for a, we have A(x) = — f'(x) 



(b) The domain is the open interval (0, 10). To graph, let y! = f(x) = 5 + 5y 1 - j^, y 2 = f'(x) = NDER(yi), and 
y3 = A(x) = — y2 (x — ^\ . The graph of the area function y3 = A(x) is shown below. 

A(x) 
500 - 
400 ■ 
300 
200 
100 




2 4 6 8 10 

The vertical asymptotes at x = and x = 10 correspond to horizontal or vertical tangent lines, which do not form 
triangles. 

(c) Using our expression for the y-intercept of the tangent line, the height of the triangle is 



a - mx = f(x) - f'(x) • x = 5 + Wl00-x 2 - 



_x = 5+i\A00-x 2 



2^100 - 



2 v 2^100 - x 2 2 

We may use graphing methods or the analytic method in part (d) to find that the minimum value of A(x) occurs at 
x w 8.66. Substituting this value into the expression above, the height of the triangle is 15. This is 3 times the 
y-coordinate of the center of the ellipse, 
(d) Part (a) remains unchanged. Assuming C > B, the domain is (0, C). To graph, note that 



f(x) = B + B A /l-^=B + £v/C 2 -x 2 and f'(x) = P , \ (-2x) = ,~° x „ . Therefore we have 

w V c c K ' c 2\JC 2 - x 2 v ' CVC 2 - x 2 



A(x) = -f'(x) 
_ l 

~ BCxVC 2 - x 2 

_ 1 

" BCx^C 2 - x 2 



v SO 

X f'(x) 



Bx 



C^/C ^ - 



X — 



B + §VC 2 - x 2 



cTc 2 ^ 



Bx 



(bc + bVc 2 - x 2 ) (Vc 2 -x 2 



Bx 2 + (BC + BVC 2 -x 2 ) (yc 2 -x 2 ) 
BC(C+ \/C 2 -x 2 



Cs/C 2 - x 2 
1 

BCx^C 2 - x- 



X — 



Bx 



Bx 2 + BC\/C 2 - x 2 + B(C 2 - x 2 ) 



BC(C + i/C 2 - x 2 ] 



(xy / C^)(2)( C+ V ^ 2 ^)( 7E ^ ? ) - (C+ y^ 2 ^) (x^ + y/c^(l)) 

W - £>V_ • x 2 (C 2 -x 2 ) 



BC^C + \/C 2 - x 2 ) 
x 2 (C 2 -x 2 ) 



-2x 2 - C 



BC (c + \/C 2 - x 2 j 
x 2 (C 2 -x 2 ) 



(c+^-x^-^ + ^C^) 



-2x 2 + - C^C 2 - x 2 + x 2 -(C 2 - x 2 ) 

V C 2 — x 2 



BC[C + \/C 2 - x 
x 2 (C 2 - x 2 ) 

BC 2 fc+ v / C 2 -x 2 



BC (C + ^C 2 - x 2 ) r 

x 2 (C 2 - x 2 ) 3/2 



Cx 2 -C(C 2 -x 2 )-C 2 V / C 2 ^7 2 



2x 2 - C 2 - C 



VC 2 - x 2 ) 



x 2 (C 2 -x 2 ) 3/2 

To find the critical points for < x < C, we solve: 2x 2 C 2 = C\/ C 2 - x 2 4x 4 - 4C 2 x 2 + C 4 = C 4 - C 2 x 2 
4x 4 — 3C 2 x 2 = => x 2 (4x 2 — 3C 2 ) = 0. The minimum value of A(x) for < x < C occurs at the critical point 
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^Y^, or x 2 = . The corresponding triangle height is 



a — mx = f(x) — f'(x) • x 
= B + jVC 2 -x 2 

= B + Wc 2 -x 2 



Bx 2 



c Jo - & 



= B + §(f)+^ 

=B+|+f 
= 3B 

This shows that the traingle has minimum arrea when its height is 3B. 



4.6 INDETERMINATE FORMS AND L'HOPITAL'S RULE 



1. l'Hopital: lim = _l 



x^2 



2. l'Hopital: lim o 



sin 5x 5 cos 5x 



1 



= 5 or lim sinsx = 5 lim sm5x = 5 . 1 = 5 

x=0 x^O x 5x^0 5x 



3. l'Hopital: lim f 

r X — > oc ' 



5x 2 - 3x 



lim 



10x-3 



lim i? = I or lim 



5x 2 -3x 



lim 



5-1 



x^oc 7x 2 + l x — > oc 14x x — > (X> 14 7 x — » oo 7x 2 + l x^oo 7+i 7 

X 

j im (x-l)(x 2 +x+l) 



x 3 -l 



lim 



3x 2 _ 3 



or lim 



x J -l 



4. l'Hopital: lim^ 4x3 _ x _ 3 - is^T ~ TT ul x ^'j 4x 3 -x-3 ~ /^"j (x- i)(4x 2 +4x + 3) 

(x 2 + x+l) _ 3 



x 1 ™! (4x 2 + 4x + 3) ~~ 11 



5. l'Hopital: lim = lim ^ = lim , 

x^O x * x ^ 2x x ^ 2 2 x^O 



cosx _ 1 or Hm l^cosx = Um 

x -> 



(1 - cos x) I 1 + cos x \ 

X 2 V 1 + COS X / 



lim ""~ x , = lim 

X^O x-(l+cosx) x ^ 



( sin_x\ ( sin x \ ( 1 \ 
V x A x Al+cosx/ 



6. l'Hopital: lim 

1 x — > r 



2x 2 + 3x 



. lim „ 4x , + 3 , = _ lim 4- — or lim , 2x2 + 3x , = _ lim 



x x 3 + x + 1 x ^Voc 3x 2 + 1 x ^i'oo 6x " x ^ oo x 3 + x + 1 x — /oo 1 + X + X 1 



7. lim ^ = lim = 

t-»0 ' t->0 1 



8. lim = lim -4- = 4 = -2 

X^tt/2 cosx ~ smx ~ r 



9. lim 

— ► 7T 



lim 

-> 7T 



cos 9 _ -1 

-1 ~~ -1 



10. lim ,'- sinx = lim = lim sinx 

x-tt/2 ! + cos2x x^tt/2 - 2sln2x x^tt/2 



ii. iim 51,1 x -r x 

x^tt/4 x ~4 



lim 

x -> tt/4 



> x + sin x _|_ -y/2 



sin x \/3 

x-Ttt/3 x ~5 x""tt73 1 2 



12. lim = lim 
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13. lim — (x — |)tanx= lim 

x^tt/2 v 2/ x^tt/2 



x — % 1 sin x 



lim 

x — > tt/2 



(w — x) cos x 4- sin x(— 1) 



14. lim 



lim 



l im = _M_ — o 



x ^0 x + x _>n 1 + ^ x->0 2 \A+7 2 -°+ 7 



15. lim 

X -> 1 



2x 2 -(3x + l) x /x + 2 



lim 

X^ 1 



At 9 y 1 / 2 1 

2x^3x^x^+2 = Um 4X ^ X _jg = _! 
x — 1 1 



16. l im + = lim i£±£V) = Um 1 = 1 

x-^2 x ~ 4 x-*2 2x x^2 2Vx 2 + 5 6 



17. lim Va(a + x) " a = lim —rf = -4- - , 

X^O x x^0 2\/a 2 +ax 2Va 2 2 



L where a > 0. 



18. lim 

t-»0 



= lim 10(c ^- 1) = lim = lim = = 

3 t->0 3t t->0 Gt t->0 6 6 3 



19. lim x(cosx ~ 1) 

x , r o sin x — x 



Um — xsin x + cos x — 1 lim — XCQS X — X lim xcos x + 2sin x Um — xsin x + j cos x 3 ^ 

x t q cos x — 1 x , q —sin x x , q sin x x > q cos x 1 



20 li m sin(a + h) -sina _ cos(a + h) - cos a _ q 



h->0 







21. lim ^L—p.— lim — ^ = an lim r n 1 = an, where n is a positive integer. 



22. lim ( i - 4= 

x^O 1 V x \/ x / x^0 + 



= Um ( ^) = ( raop.tal'srule\ = y A _ . 1 = 

n + V x / \ does not apply / n + V V / x 



y does not apply J x ^ q+ 

' x + \/x 2 +x\ _ 



23. lim (x - v/x 2 + = lim fx - Jx 2 + x) ( x +v^± x N ) = i im x =^ra = li m 

x^(X>V / x -> 00 \ / V x + Vx 2 + x / x^oo x + -/x 2 + X x -» oo 



lim — 4- 



1 / l'Hopital's rule A 

2 \ is unnecessary j 



-ITT 



24. lim x tan f - ) — lim 

x— +oo Vx/ x — > oe 



tan UJ 

1 



lim 

X — » 00 



lim sec 

X — > oc 



2/l> 



sec 2 = 1 



25. Um 



3x-5 



lim 







x ^ ± oc 2x x + 2 x ^ ± oc 4x 1 

sin7x _ 7cos(7x) _ 7-1 _ 7 



26. lim = lim 



x^O 



tan llx 



x^O 



llsec 2 (llx 111 ll 



27. lim 

X — > oc Jx+ l 



lim 

X — > oc x+ l 



lim ? = = 3 

X — > oc I v 



28. lim 

x + Vsmx 



L__ = ./I = I 

lim sai I/ 1 



29. lim f££i = lim ' 1 ^ ' cosx 



x^tt/2- ranx x^tt/2- 



= lim J- = 1 

V sin x / „ „ /o- sin x 

X — ► 7T/Z 



30. lim 5°tx = lim Um 

x _ +0+ cscx X ^ Q+ M, x ^ 0+ 



= lim cos x = 1 
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3 1 . Part (b) is correct because part (a) is neither in the § nor — form and so l'Hopital's rale may not be used. 



32. Answers may vary. 

(a) f(x) =3x+l;g(x) =x 



lim 



fix) 



lim 



3x + l 



lim 



X — > (X) gM X — > 00 X X^OOI 

,2 



(b) f(x) =x+l;g(x) =X 2 



lim 



f(x) 



Jim H 1 = lim f = 



X — > oo g(x) X —> oc x 2 x^oo 2s 

(c) f(x) = x 2 ;g(x) =X+1 

lim ^ = lim -4t = lim ^ 

X — » 00 g( x ) X^OCX+1 x^OO l 



00 



33. If f(x) is to be continuous at x = 0, then lim f(x) = f(0) ^> c = f(0) = lim 9 *- 3 f 3 * = lim 9 -?. c ° s3 * 

x — » x — » 3X x — > 13x 



lim 

x^O 



27 sin 3x 
30x 



lim 

x^O 



81 cos 3x _ 27 



30 



10 ■ 



34. (a) For x ^ 0, f'(x) = f (x + 2) = 1 and gVx) = f (x + 1) = 1. Therefore, lim ^ = t = h while lim 

w ' ' w dx v ' ' ° w dx v ' ' X^O S 00 1 ' x __» g( x ) 



x + 2 _ + 2 
x+1 0+1 



= 2. 



(b) This does not contradict l'Hopital's rule because neither f nor g is differentiable at x = 

(as evidenced by the fact that neither is continuous at x = 0), so l'Hopital's rule does not apply. 



35. The graph indicates a limit near — 1 . The limit leads to the 
indeterminate form ? : lim 



o 



X -> 1 



= lim 

X -> 1 

4-1- 



1 



2x 2 -3x J '--x I ' 2 +2 _ 



4-5 
1 



2x 2 -(3x+l) v /x + 2 


2x Z -(3x+1)Vx + 


x-1 


V= X ~ 1 / 


lim 1 = 




I->1 1 


1 / 


-1 









36. (a) 



-0.5 



20 40 60 80 100 



= X-Vx 1 +X 



(b) The limit leads to the indeterminate form oo — oo: 

(x-y/tf+Z\= lim ( X -^^)(*_±V^) = , im ( * 2 -(f +»A 

V / x->oo \ v J\x+^x 2 +xJ X > oo y x + yx +x/ 



lim 

X — ► 00 



lim A — 

X — > 00 x+yx 2 +x 



= lim 



1 + Vi- 



I 1 + J1 + 



37. Graphing f(x) = 1 ~™ sx on th window [-1, 1] by [-0.5, 1] it appears that lim f(x) = 0. However, we see that if we 



u = x 6 , then lim f(x) = lim = lim ^ = lim cosu - 1 

x w u^O u iw 2u u^O 



2 2 - 



38. (a) We seek c in (-2, 0) so that y 
=^c= -1. 



f'(c) _ f(0)-f(-2) _ + 2 _ _i 



(c) g(0)-g(-2) 0- 



| = —\. Since f'(c) = 1 and g'(c) = 2c we have that ^ = - 
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(b) We seek c in any open interval (a, b) so that 

(c) We seek c in (0, 3) so that ^ = f ffi~ f( ,° n l = =^=S 

v ' \ 1 I g'( c ) g(3)-g(0) 9-0 



f'(c) _ f(b) - f(a) _ b-a _ b-a _ 1 



1 



1 



(c) g(b)-g(a) b 2 -a 2 (b-a)(b + a) b + a ~^ 2c b + a 



c- -4 
2c 



1 



3c 2 + 2c - 12 = 



b + a 



/37 



(Note that c 



-1- V37 



is not in the given interval (0, 3).) 



39. (a) By similar triangles, f§ = g§ where E is the point on AB such that CE J_ AB : 




Thus ^—g^ — \ _ ^° n s I , since the coordinates of C are (cos 8, sin 9). Hence, 1 — x - 

"'l-cosfl) 1; _ g sin B + 1 - cos 6 _ i- 8 cos 8 + sin 8 + sin t 



(b) lim (1 — x) = lim ^4 — — lim 

8^0 ^ ' 8^0 1-cos 



lim 

8^0 



sin 8 



jj m 8 cos 8 + 2sin 8 
8^0 



sin 6 



— lim 

8^0 cos 



sin 6) + cos 8 + 2cos 9 



_ y m -9sin9 + 3cosfl _ + 3 _ g 
0-»O cos(? 1 



(c) We have that lim [(1 - x) - (1 - cos 0)1 = lim 

8 — > oo 8 — > oc 



6 - sin e 



— (1 — COS I 



lim (1 — cos i 

-> OO 



B - sin 9 



1 



As 9 — > oo, (1 — cos 0) oscillates between and 2, and so it is bounded. Since lim ( - a — K-z — l) =1 — 1 = 0, 



lim (1 — cos i 
approaches 0. 



- 1 



= 0. Geometrically, this means that as 9 — > oo, the distance between points P and D 



40. Throughout this problem note that r 2 = y 2 + 1, r > y and that both r — > oo and y — > oo as 9 
(a) lim r — y = lim -f- = 

8 -> tt/2 ' -> tt/2 r +y 



(b) lim r 2 — y 2 



lim 1 = 1 

-> tt/2 
3 



( c ) We have that r — y 3 = (r — y)(r + ry + y 2 ) 



2^ _ r + ry + y- ^ y +y-y + y _ 3y 2 _ 



r + y 



3yf. 



Since lim 3y • - = lim 3sin 9 ■ y = oo we have that lim r 3 — y 3 = oo. 

8 -> tt/2 1 6 -> 7r/2 -> tt/2 



4.7 NEWTON'S METHOD 



1. y = x 2 

=>■ x 2 



=>• x 2 = -2 - 



1 =>• y' 

Fi " 

4-2-1 
-4+1 



2x + 1 =^ X n+ 

X 2 = 

- f « -1.66667 



x;+x n -i 

2x„+l 



; x = 1 => Xi = 1 



l+i-i 

2+1 



4+6-9 _ 2 
12+9 3 



21 



13 

21 



.61905; x = -1 => xj = 1 - l=±=± 



= -2 



2. y = x 3 + 3x + 1 =>■ y' = 3x 2 + 3 =>• 



x 2 



-l+i 



+3 



_1_ 
90 



_ _ xg+3x„+l 
1 ~~ X ° 3x2+3 ' X ° 

| » -0.32222 



xi = 
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3. y 



■ x - 3 =>- y' — 4x 3 + 1 =>- x, 



n+l 



x^+x n -3 _ _ 



4x3+1 



X = 1 => Xi = 1 — 



1 + 1-3 
4+1 



X 

Y _ 6 _ jgf + _ 6 _ 1296+750-1875 _ 6 _ 171_ _ 5763 ^ -i 1/^49. Y _ 1 , Y — _1 _ ' ' ■ ■ ' 
2 ~~ 5 M+l ~ 5 4320+625 ~~ 5 4945 ~~ 4945 ~ i-^OJtz, x — 1 — - \| - 1 _ s , 

11 
31 



-4+1 



-2 x 2 = -2 - =-2+ii = -|f« -1.64516 



4. y = 2x - x 2 + 1 ^ y' = 2 - 2x 



2x„-x 2 n +l _ „ _ „ o-o+i _ i 

X » 2-2x„ ' X - U ^ Xi - U - -2Zq- - - 5 



• x 2 = - i - = 

A2 2 2+1 

5 _ 20-25+4 5 1_ 

2 -12 2 12 



-l + -i = -^« -.41667; x = 2 => xi = 2 - 



29 



12 

2.41667 



2-4 



X2 



2-5 



5. y = x 4 



4x 3 



x, 



n+l — X n 

1.1935 



x!-2 



5 _ JH _ 2500-113 _ 2387 
4 2000 



2000 



■200(1 



; x = 1 => xi — I 



1-2 _ 5 
4 4 



X2 



125 — 4 



625-512 
2000 



From Exercise 5, x n+1 = x„ - ; x = -1 Xi = -1 - ^ 



625_ 2 
y„ — _ 5 _ 256 
A 2 — A 125 



5 _ 625-512 
4 -2000 



5 , 113 
4 ' 2000 



1.1935 



ffx ) 

7. f(x ) = and f'(x ) ^0 ^ x n+ , = x„ - jr^y gives Xi = x => x 2 = x 
the approximations in Newton's method will be the root of f(x) = 0. 



x„ = Xq for all n > 0. That is, all of 



8. It does matter. If you start too far away from x = | , the calculated values may approach some other root. 
Starting with Xq = —0.5, for instance, leads to x — — | as the root, not x = f . 



9. rfx = h>0 



y - v - Ml - V, f(h) 

xi — x f/(xo) — II f/(h) 



h 2 



-h; 



ifx = -h<0 ^ Xl= x -^ = -h-^ 
(275) 



>/£) 

h ) ( iVhj = h. 




,x>0 

^Tx,x<o 



10. f(x) = x 1 / 3 f'(x) = (i) x" 



2/3 



1/3 

X n 



= — 2x n ; Xo = 1 =>• Xi = —2, X2 = 4, X3 = —8, and 
X4 = 16 and so forth. Since |x„| = 2|x n _! | we may conclude 
that n — > 00 IxJ — > 00. 




11. i) is equivalent to solving x 3 — 3x — 1 = 0. 

ii) is equivalent to solving x 3 — 3x — 1 = 0. 

iii) is equivalent to solving x 3 — 3x — 1 = 0. 

iv) is equivalent to solving x 3 — 3x — 1 = 0. 
All four equations are equivalent. 



12. f(x) = x - 1 - 0.5 sin x =>■ f (x) =1-0.5 cos x 
Xi = 1.49870 



- 1-0.5 sinx if l 5 h 

1 - 0.5 cos x n ' u ' 
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13. For Xo = —0.3, the procedure converges to the root —0.32218535. 
(a) 



Plotl Plots PlotJ 

\ylBx A 3+3x+l 
\y2BnDer(y 1 j x> x) 



WIND SDDM TRACE GRAPH 



-£ I INSf I DELf ISELCTH 



(b) 



. 3-*x 



-.3 



(C) 



x-al/y2-»x 



.322324152194 
.322185360292 
.322185354626 
.322185354626 



(d) Values for x will vary. One possible choice is Xq = 0.1. 



7TW 
x-yl/y2-*x 



. 1 

.329372795587 
. 322200595043 
.322185354698 
.322185354626 



(e) Values for x will vary. 



14. (a) f(x) = x 3 - 3x - 1 => f'(x) = 3x 2 - 3 => x„ +1 = x„ - x ° 3x ^ 3 1 

and -0.34730 
(b) The estimated solutions of x 3 — 3x — 1 = are 
-1.53209, -0.34730, 1.87939. 



the two negative zeros are —1.53209 



(c) The estimated x-values where 

g(x) = 0.25x 4 — 1 .5x 2 — x + 5 has horizontal tangents 
are the roots of g'(x) = x 3 — 3x — 1, and these are 
-1.53209, -0.34730, 1.87939. 



-2/ -1 



f(x) = x 3 -3x-l 




x) = 0.25x 4 -1.5x 2 -x + 5 



15. f(x) = tan x - 2x f'(x) = sec 2 x - 2 

=> x 2 = 1.155327774 => x 16 = x 17 = 1.165561185 



X " ■ = -V. " '""ic"^?*" ; X ° = 1 Xl = 12920445 



16. f(x) = x 4 - 2x 3 



2x + 2 =>■ f'(x) = 4x 3 - 6x 2 - 2x - 2 x n+1 



if x = 0.5, then x 4 = 0.630115396; if x = 2.5, then x 4 = 2.57327196 



xj, - 2x| -x%- 2x„ + 2 
4x2 - 6x2 - 2x„ - 2 
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17. (a) The graph of f(x) = sin 3x — 0.99 + x 2 in the window 
—2 < x < 2, —2 < y < 3 suggests three roots. 
However, when you zoom in on the x-axis near x = 1.2, 
you can see that the graph lies above the axis there. 
There are only two roots, one near x = — 1, the other 
near x = 0.4. 

(b) f(x) = sin 3x - 0.99 + x 2 f '(x) = 3 cos 3x + 2x 



x„ - 



sin(3x„) - 0.99+x^ 



3 cos (3x n ) + 2x n 

are approximately 0.35003501505249 and 
-1.0261731615301 



and the solutions 



y - sln(3x) -0.99 + x ' 




18. (a) Yes, three times as indicted by the 
graphs 

(b) f(x) = cos 3x - x f'(x) 
= —3 sin 3x — 1 ^ x n+ i 

cos (3x„) — x„ 

= X ° ~~ -3 sin (3x„) - 1 ; at 

approximately —0.979367, 
-0.887726, and 0.39004 we have 
cos 3x = x 





19. f(x) = 2x 4 - 4x 2 + 1 =>■ f'(x) = 8x 3 - 8x x n+1 = x„ - 2x g " x3 ; if x = -2, then x 6 = -1.30656296; if 

Xo = —0.5, then X3 — —0.541 1961; the roots are approximately ± 0.541 1961 and ± 1.30656296 because f(x) is 
an even function. 

20. f(x) = tan x f'(x) = sec 2 x x 11+1 = x„ - ; x = 3 => x x = 3.13971 => x 2 = 3.14159 and we 
approximate tt to be 3.14159. 
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23. If f(x) = x 3 



2x — 4, then f(l) = — 1 < and f(2) = 8 > =>• by the Intermediate Value Theorem the equation 



x 3 + 2x — 4 = has a solution between 1 and 2. Consequently, f'(x) = 3x 2 + 2 and x n+ , = x, 



xjj + 2x„ - 



Then x = 1 
1.17951. 



1.2 =-> x 2 = 1.17975 x 3 = 1.179509 => x 4 = 1.1795090 



3x^ + 2 ■ 

the root is approximately 



24. We wish to solve 8x 4 - 14x 3 - 9x 2 



f'(x) = 


32x 3 - 42x 2 18x + 11 =4> x n+1 = x„ 


x 


approximation of corresponding root 


-1.0 


-0.976823589 


0.1 


0.100363332 


0.6 


0.642746671 


2.0 


1.983713587 



1 lx - 1 = 0. Let f(x) = 8x 4 - 14x 3 

&4 - 14xg -9xl + l lx n - 1 
32x^ -42x2 - 18x n + 11 • 



9x 2 



llx - 1, then 



25. f(x) = 4x 4 - 4x 2 f'(x) = 16x 3 - 8x 



f'(Xi) 



- . Iterations are performed using the 



■ f / (x .) - «i 4^-2' 

procedure in problem 13 in this section. 

(a) For Xo = 2 or Xo = —0.8, x; — > — 1 as i gets large. 

(b) For Xo = —0.5 or Xo = 0.25, x; — > as i gets large. 

(c) For Xo = 0.8 or Xo = 2, x; — > 1 as i gets large. 

(d) (If your calculator has a CAS, put it in exact mode, otherwise approximate the radicals with a decimal value.) 
For x = — or x = — Newton's method does not converge. The values of Xj alternate between 



x 



^orx 



/21 



as l increases. 



26. (a) The distance can be represented by 

D(x) = y^x-2) 2 + (x 2 + i) 2 , where x > 0. The 

distance D(x) is minimized when 

f(x) = (x - 2) 2 + (x 2 + \) 2 is minimized. If 

f(x) = (x-2) 2 +(x 2 + i) 2 ,then 

f'(x) = 4 (x 3 + x - 1) and f"(x) = 4 (3x 2 + 1) > 0. 

Now f'(x) = => x 3 +x-l=0 x (x 2 + 1) = 1 

X = TXT ■ 
x^ + l 

1 , 9 . ,s-l 




(b) Let g(x) = ^ - x = (x* + 1) - x => g'(x) = - (x 2 + 1) \2x) - 1 



-2x 



fx+1) 



- 1 



x„ - 



xj+l 



-2x n 



; Xq = 1 =>• X4 = 0.68233 to five decimal places. 



27. f(x) = (x - l) 40 f'(x) = 40(x - l) 39 ^ x n+1 = x„ - 
gave x 87 = x 88 = x 89 = • • 



(xn-i) 40 _ 39x n + 1 



40(x„-l) 39 40 

X200 = 1 ■ 1 105 1 , coming within 0. 1 105 1 of the root x = 1 



With x = 2, our computer 



28. f(x) = 4x 4 - 4x 2 ==!> f'(x) = 16x 3 - 8x = 8x (2x 2 - 1) =>- x n+1 = x„ 



Xn (x| ~ 1) 

2(2x2-1) 



; if Xq = .65, then 



X12 



.000004, if x = .7, thenx 12 



1.000004; if x = .8, then x 6 = 1.000000. NOTE: 



.654654 



29. f(x) = x 3 + 3.6x 2 - 36.4 =*> f'(x) = 3x 2 + 7.2x =!> x 11+1 = x„ 



+ 3.6xg - 36.4 _ 9 
3xj + 7 .2x„ ' x — Z 



xi = 2.5303 



x 2 = 2.45418225 =$> x 3 = 2.45238021 => x 4 = 2.45237921 which is 2.45 to two decimal places. Recall that 
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x = 10 4 [H 3 0+] [H 3 0+] = (x) (10- 4 ) = (2.45) (1(T 4 ) = 0.000245 
30. Newton's method yields the following: 



the initial value 


2 


i 


\/3 + i 


the approached value 


1 


-5.5593U 


-29.5815 - 17.0789i 



4.8 ANTIDERIVATIVES 

1. (a) x 2 

2. (a) 3x 2 

3. (a) x- 3 

4. (a) -x~ 2 

5. (a) =1 

6. (a) £ 

7. (a) Vx 3 " 

8. (a) x 4 / 3 

9. (a) x 2 / 3 

10. (a) x 1 / 2 

11. (a) cos(7rx) 



12. (a 

13. (a 

14. (a 

15. (a 

16. (a 



sin (7rx) 



tan x 



—cot x 



—CSC X 



17. I 

19. / (3t 



x+l)dx= f+x + C 



(b) \ (c 

(b) i (c 

(b) (c 

(b) -^ + f (c 

(b) f (c 

(b) ^ (c 

(b) (c 

(b) ix 2 / 3 (c 

(b) x 1 / 3 (c 

(b) x- 1 / 2 (c 

(b) —3 cos x (c 

(b) sin(f) (c 

(b) 2 tan (f) (c 

(b) cot(f) (c 

(b) 1 esc (5x) (c 

(b) I sec (3x) (c 
18. / (5 - 6x) dx = 5x - 3x 2 + C 



- 3x 2 + 8x 



<i 2 + 3x 



2 ~ 2 



2x 



1 

2x 2 



2 ,Ar3 



2v^ 



1 Y 4/3 1 3 Y 2/3 
4 ' 2 A 



x -l/3 
x -3/2 

^^+cos(3x) 
(f) sin(f)+7rsinx 



- f tan (f ) 
x + 4 cot(2x) 
2csc(f) 
I sec(f) 



2 1 t 



.,, dt = t 3 + f + C 



20. / (I +4t 3 ) dt = I +t 4 + C 
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21. J (2x 3 - 5x + 7) dx = \ x 4 - § x 2 + 7x + C 22. J (1 - x 2 - 3x 5 ) dx = x - \ x 3 - \ x G + C 

23- J(^-x 2 -i)dx=/(x- 2 -x 2 -i)dx=^-^-Ix + C = -i-^-f+C 

24 - / G - ! + 2x ) dx = / (s - 2x ~ 3 + 2x) dx = i x - (^) + 2 ^+C=5 + J J+x 2 + c 
25. f x- J /3 dx = 4^ + C = \ x 2 ' 3 + C 26. f x- 5 / 4 dx=^+C=^+C 

J 3 ~~ 4 V X 

27. / (^+ 3 v /x )dx = / (x^+x 1 / 3 ) dx= 4! + ^+C= ? x 3 / 2 + | x 4 / 3 + C 

28 - / ("f + ^) dx = / (I xV2 + 2x ~ 1/2 ) dx = \ (x) + 2 (t) + C = 3 x3/2 + 4xV2 + C 

29. / ( 8y -^)dy = / (8y - 2y-V4) dy = f - 2 (^) + C = 4y 2 - f y 3 / 4 + C 

30. J(l-^)dy = /(i-y-/ 4 )dy=Iy-(^) + C=^ + ^+C 

31. J 2x (1 - x~ 3 ) dx = J (2x - 2x~ 2 ) dx = ?f - 2 fc) + C = x 2 + 2 -+C 



32. / x- 3 (x + 1) dx = J (x- 2 + x- 3 ) dx = ±1 + + C = - i - + C 

33. /*^dt=/(¥ + ¥) «* = / (r 1 / 2 +r 8 /»)dt=^+(^)+C = 20-^ + C 

34. J^dt=/(i + ^)dt=/(4r 3 + t-/ 2 )dt = 4(^) + (^) + C = -|-^ + C 

35. J" -2 cos t dt = -2 sin t + C 36. J -5 sin t dt = 5 cos t + C 
37. / 7 sin | d0 = -21 cos § + C 38. / 3 cos 56* d0 = | sin 50 + C 
39. / -3 esc 2 x dx = 3 cot x + C 40. / - dx = - ^ + C 

41. / cscg 2 cotfl dO = - \ esc 9 + C 42. / § sec tan AO = § sec + C 

43. J (4 sec x tan x — 2 sec 2 x) dx = 4 sec x — 2 tan x + C 

44. J ~ (esc 2 x — esc x cot x) dx = — ~ cot x + ~ esc x + C 

45. J (sin 2x — esc 2 x) dx = — \ cos 2x + cot x + C 46. J (2 cos 2x — 3 sin 3x) dx = sin 2x + cos 3x + C 

47. / i±f^ dt = / (| + | cos 4t) dt = 1 1 + i (^) + C = + ^ + C 

48. / I^dt = /(±->s6t)dt=±t-H^)+C=£-^+C 
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49. / (1 + tan 2 0) d0 = J sec 2 d0 = tan + C 

50. / (2 + tan 2 0) d0 = / (1 + 1 + tan 2 0) d0 = J (1 + sec 2 0) d0 = + tan + C 

51. J cot 2 x dx = J (esc 2 x — 1) dx = —cot x — x + C 

52. J (1 - cot 2 x) dx = J (1 - (esc 2 x - 1)) dx = J (2 - esc 2 x) dx = 2x + cot x + C 

53. / cos (tan + sec 0) d0 = / (sin + 1) d0 = -cos + + C 

54. f f c9 . , d0 = f ( c „ scfl . 5 ) (%!) d0 = f d0 = f d0 = f sec 2 d0 = tan + C 

J csc — sin J \ esc 6 — sin 6 / \ sin 9 J J 1— sin- # J cos^P J 



55- ^( (Z ^+c) = 4 ^#^=(7x-2)3 



56 . A(_e£^i +C )=-(-^±f^)=(3x + 5)- 2 

57. ^ (i tan(5x - 1) + C) = i (sec 2 (5x - 1)) (5) = sec 2 (5x - 1) 

58. A (-3 cot (^1) + C) = -3 ( csc 2 (^J) (f) = csc 2 

59- £ (fh + c) = (-i)(-D(x + i)- 2 = ^ 60. i + C) = ™^ = ^ 

61. (a) Wrong: ^ f y sin X + = y sin x + y cos x = x sin x + y cos x ^ x sin x 
(b) Wrong: 4- (— x cos x + C) = —cos x + x sin x ^ x sin x 



(c) Right: 4- (—x cos x + sin x + C) = —cos x + x sin x + cos x = x sin x 



62. (a) Wrong: ^ + c) = (sec tan 0) = sec 3 tan ^ tan sec 2 

(b) Right: fg (1 tan 2 + C) = § (2 tan 0) sec 2 = tan sec 2 

(c) Right: fg (i sec 2 + C) = § (2 sec 0) sec tan = tan sec 2 

63. (a) Wrong: £ + c) = 3(2x + 1)2(2) = 2(2x + l) 2 # (2x + l) 2 

(b) Wrong: £ ((2x + l) 3 + C) = 3(2x + 1) 2 (2) = 6(2x + l) 2 ^ 3(2x + l) 2 

(c) Right: £ ((2x + l) 3 + C) = 6(2x + l) 2 

64. (a) Wrong: £ (x 2 + x + C) 1/2 = \ (x 2 + x + C)" 1/2 (2x + 1) = 2 ^\\ + c + >/2x + 1 

(b) Wrong: £ ((x 2 + x) 1/2 + c) = 1 (x 2 + x)~ 1/2 (2x + 1) = ^^U- ^ ^/2xTT 

(c) Right: £ f | ( x/2x + I)' + = ^ (| (2x + l) 3 / 2 + C) = § (2x + l) 1 ^) = + 1 

65. Graph (b), because g = 2z y = x 2 + C. Then y(l) = 4 C = 3. 

66. Graph (b), because g = -x => y = - \ x 2 + C. Then y(— 1) = 1 C = | . 
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67. | = 2x - 7 y = x 2 - 7x + C; at x = 2 and y = we have = 2 2 - 7(2) + C C = 10 y = x 2 - 7x + 10 

68. | = 10 - x y = lOx - £ + C; at x = and y = -1 we have -1 = 10(0) - £ + C => C = -1 

=*> y = 10x - £ - 1 

69. & = 4r + x = x~ 2 + x y = -x" 1 + £ + C; at x = 2 and y = 1 we have 1 = -2" 1 + f+ C => C = - | 

70. | = 9x 2 -4x + 5 y = 3x 3 - 2x 2 + 5x + C; at x = -1 and y = we have = 3(-l) 3 - 2(-l) 2 + 5(-l) + C 

C = 10 =► y = 3x 3 - 2x 2 + 5x + 10 

71. g = 3x- 2 / 3 y= 3 #+C = 9;atx = 9x J / 3 + C; at x = -1 and y = -5 we have -5 = 9(-l)V 3 + C C = 4 

=> y = 9 x l/3 +4 

72. g = ^ = 1 x- 1 / 2 y = x 1 / 2 + C; at x = 4 and y = we have = 4 1 / 2 + C^C = -2^y = x 1 / 2 - 2 

73. f t = 1 + cos t s = t + sin t + C; at t = and s = 4 we have 4 = + sin + C => C = 4 s = t + sin t + 4 

74. gj = cos t + sin t =>■ s = sin t — cos t + C; at t = n and s = 1 we have 1 = sin n — cos n + C =>• C = 
=>• s = sin t — cos t 

75. j| = -7r sin 7r6> =>- r = cos (7r6>) + C; at r = and 9 = we have = cos (n0) + C => C = -1 => r = cos (w9) - 1 

76. % = costt6» r = i sin(7r(9) + C; atr= 1 and 9 = we have 1 = \ sin(7r0) + C =!> C = 1 =>■ r = \ sin(7r6>) + 1 

77. & = | sec t tan t =>■ v = \ sec t + C; at v = 1 and t = we have 1 = \ sec (0) + C =>• C = \ =!> v = \ sec t + \ 

78. f = 8t + esc 2 1 =>■ v = 4t 2 - cot t + C; at v = -7 and t = f we have -7 = 4 (f ) 2 - cot (f ) + C =>- C = -7 - tt 2 
=>. v = 4t 2 - cot t - 7 - 7T 2 

79. § = 2 - 6x =>- g = 2x - 3x 2 + Ci; at ^ = 4 and x = we have 4 = 2(0) - 3(0) 2 + Ci Ci = 4 

=> | = 2x - 3x 2 + 4 y = x 2 - x 3 + 4x + C 2 ; at y = 1 and x = we have 1 = 2 - 3 + 4(0) + C 2 =>■ C 2 = 1 
=>. y = x 2 - X 3 + 4x + 1 

80. § = % = Cr, at ^ = 2 andx = we have d = 2 =► g = 2 => y = 2x + C 2 ; at y = and x = we 
have = 2(0) + C 2 => C 2 = y = 2x 

81. g = 2 = 2r 3 =^ | = -t~ 2 + Ci; at | = 1 andt = 1 we have 1 = -(1)~ 2 + Ci ^ Ci = 2 => g = -t" 2 + 2 

r = r 1 + 2t + C 2 ; at r = 1 and t = 1 we have 1 = 1 1 + 2(1) + C 2 C 2 = -2 => r = r 1 + 2t - 2 or 
r = i + 2t - 2 

82. § = | => | = f + C i; at | = 3 and t = 4 we have 3 = ^ + C, =► Ci = => | = f ^ s = ^ + C 2 ; at 
s = 4 and t = 4 we have 4 = ^ + C 2 C 2 = ^ s = 
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83. § = 6 =!> § = 6x + Cr, at § = -8 and x = we have -8 = 6(0) + d =!> d = -8 § = 6x - 8 

| = 3x 2 - 8x + C 2 ; at g = and x = we have = 3(0) 2 - 8(0) + C 2 => C 2 = g = 3x 2 - 8x 
y = x 3 - 4x 2 + C 3 ; at y = 5 and x = we have 5 = 3 - 4(0) 2 + C 3 C 3 = 5 y = x 3 - 4x 2 + 5 

84. 0=0^ = Ci; at |f = -2 and t = we have |£ = -2 f = -2t + C 2 ; at f = - i and t = we 
have - \ = -2(0) + C 2 ^> C 2 = - \ => f = -2t - \ (9 = -t 2 - \ t + C 3 ; at 9 = \fl and t = we have 
a/2 = -0 2 - § (0) + C 3 => C 3 = y/l => 9 = -t 2 - \ t + 

85. y( 4 ' = -sin t + cos t => y'" = cos t + sin t + Ci ; at y'" = 7 and t = we have 7 = cos (0) + sin (0) + Ci 

Ci = 6 =>- y'" = cos t + sin t + 6 =>- y" = sin t - cos t + 6t + C 2 ; at y" = - 1 and t = we have 
-1 = sin (0) - cos (0) + 6(0) + C 2 =>■ C 2 = => y" = sin t - cos t + 6t y' = -cos t - sin t + 3t 2 + C 3 ; 
at y' = -1 and t = we have -1 = -cos (0) - sin(0) + 3(0) 2 + C 3 =!> C 3 = => f = -cos t - sin t + 3t 2 

=> y = -sin t + cos t + t 3 + C 4 ; at y = and t = we have = -sin (0) + cos (0) + 3 + C 4 =>• C 4 = - 1 

=> y = -sin t + cos t + t 3 - 1 

86. y^ 4 ' = —cos x + 8 sin (2x) =>• y'" — —sin x — 4 cos (2x) + Ci", at y'" = and x = we have 

= -sin (0) - 4 cos (2(0)) + Ci =!> Ci = 4 => y'" = -sin x - 4 cos (2x) + 4 y" = cos x - 2 sin (2x) + 4x + C 2 ; 
at y" = 1 and x = we have 1 = cos (0) - 2 sin (2(0)) + 4(0) + C 2 C 2 = y" = cos x - 2 sin (2x) + 4x 

y' = sin x + cos (2x) + 2x 2 + C 3 ; at y' = 1 and x = we have 1 = sin (0) + cos (2(0)) + 2(0) 2 + C 3 => C 3 = 
=> y' = sin x + cos (2x) + 2x 2 =>■ y = —cos x + | sin (2x) + | x 3 + C 4 ; at y = 3 and x = 0we have 
3 = -cos (0) + \ sin (2(0)) + § (0) 3 + d=^C 4 = 4^>y = -cos x + \ sin(2x) + = x 3 + 4 

87. m = y' = 3 y/x = 3x J / 2 =>- y = 2x 3 / 2 + C; at (9, 4) we have 4 = 2(9) 3/2 + C^C = -50^y = 2x 3 / 2 - 50 

88. (a) § = 6x =!> g = 3x 2 + d; at y' = and x = we have = 3(0) 2 + d d = g = 3x 2 

=>■ y = x 3 + d; at y = 1 and x = we have C 2 = l =>■ y = x 3 + 1 
(b) One, because any other possible function would differ from x 3 + 1 by a constant that must be zero because 
of the initial conditions 

89. g = 1 - | x 1 / 3 y = J(l - | x 1 / 3 ) dx = x - x 4 / 3 + C; at (1, 0.5) on the curve we have 0.5 = 1 - l 4 / 3 + C 

C = 0.5 y = x - x 4 / 3 + i 

90. g = x - 1 =>• y = / (x - 1) dx = f - x + C; at (-1, 1) on the curve we have 1 = ^ - (-1) + C 
=► C=-| => y=f -x-| 

91. g = sin x — cos x => y = J (sin x — cos x) dx = —cos x — sin x + C; at (— vr, — 1) on the curve we have 
— 1 = —cos (— tt) — sin (— 7r) + C =>• C = — 2 => y = —cos x — sin x — 2 

92. g = + 7r sin 7rx = | x -1 / 2 + 7r sin 7rx =>• y = / (i x -1 / 2 + sin 7rx) dx = x 1 / 2 - cos 7rx + C; at (1.2) on the 
curve we have 2 = l 1 / 2 — cos 7r(l) + C => C = ^> y — y/x — cos 7rx 

93. (a) | = 9.8t - 3 s = 4.9t 2 - 3t + C; (i) at s = 5 and t = we have C = 5 => s = 4.9t 2 - 3t + 5; 

displacement = s(3) - s(l) = ((4.9)(9) - 9 + 5) - (4.9 - 3 + 5) = 33.2 units; (ii) at s = -2 and t = we have 
C = 2 s = 4.9t 2 - 3t - 2; displacement = s(3) - s(l) = ((4.9)(9) - 9 - 2) - (4.9 - 3 - 2) = 33.2 units; 
(iii) at s = So and t = 0we have C = So =>■ s = 4.9t 2 — 3t + Sq; displacement = s(3) — s(l) 
= ((4.9)(9) - 9 + s ) - (4.9 - 3 + s ) = 33.2 units 
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(b) True. Given an antiderivative f(t) of the velocity function, we know that the body's position function is 

s = f(t) + C for some constant C. Therefore, the displacement from t = a to t = b is (f(b) + C) — (f(a) + C) 
= f(b) — f(a). Thus we can find the displacement from any antiderivative f as the numerical difference 
f(b) — f(a) without knowing the exact values of C and s. 

94. a(t) = v'(t) = 20 =>- v(t) = 20t + C; at (0, 0) we have C = =>- v(t) = 20t. When t = 60, then v(60) = 20(60) 

= 1200 m/sec. 

95. Step 1: |j = -k f = -kt + Ci; at | = 88 and t = we have d = 88 =^ | = -kt + 88 =» 

s = -k (£\ + 88t + C 2 ; at s = and t = we have C 2 = s = - ^ + 88t 
Step 2: | = = -kt + 88 => t = f 

Step 3: 242 = + 88 (f ) 242 = - ^ + ^ 242 = ^ =!> k = 16 

96. = -k | = / -k dt = -kt + C; at | = 44 when t = 0we have 44 = -k(0) + C =>• C = 44 

| = -kt + 44 s = - ^ + 44t + Ci; at s = when t = 0we have = - ^ + 44(0) + Ci =>- Ci = 
=> s = - ^ + 44t. Then | = -kt + 44 = t = f and s (f ) = - + 44 (f ) = 45 

_9M + i|6 =45 ^ 968 = 45 ^ k= ^~21.5 S | I . 

97. (a) v = / a dt = J (15I 1 / 2 - 3t -1 / 2 ) dt = 10t 3 / 2 - 6t : / 2 + C; f (1) = 4 4 = 10(1) 3 / 2 - 6(1) : / 2 + C C = 

=> v = 10t 3 / 2 - ft 1 / 2 

(b) s = / v dt = J(l0t 3 / 2 - 6t J / 2 ) dt = 4t 5 / 2 - 4t 3 / 2 + C; s(l) = 0^0 = 4(1) 5 / 2 - 4(1) 3 / 2 + C C = 
=> s = 4t 5 / 2 - 4t 3 / 2 

98. ff = -5.2 => | = -5.2t + Ci; at | = and t = we have Ci = | = -5.2t => s = -2.6t 2 + C 2 ; at s = 4 
and t = we have C 2 = 4 =>■ s = -2.6t 2 + 4. Then s = => = -2.6t 2 + 4 =>• t = w 1.24 sec, since t > 

99. = a =>■ | = J" a dt = at + C; f = v when t = =!> C = v =!> g = at + v s = ^ + v t + Ci; s = s 
when t = s = ^ + v (0) + Ci Ci = s => s = ^ + v t + s 

100. The appropriate initial value problem is: Differential Equation: ^ = — g with Initial Conditions: g = Vo and 

s = s when t = 0. Thus, | = / -g dt = -gt+ Ci; g (0) = v => v = (-g)(0) + Ci =► Ci = V 

=* I = + v o- Thus s = / (-S 1 + v ) dt = - | gt 2 + v t + C 2 ; s(0) = s = - \ (g)(0) 2 + v (0) + C 2 =► C 2 = s 
Thus s = - \ gt 2 + v t + s . 

101. (a) Jf(x)dx = 1 - V^ + Ci = -Vx + C (b) Jg(x) dx = x + 2 + Ci = x + C 

(c) /-f(x)dx= - (1 - y/x) +d = a/x + C (d) J-g(x) dx = -(x + 2) + Ci = -x + C 

(e) / [f(x) + g(x)]dx=(l-^)+(x + 2) + C 1 =x-^ + C 

(f) / [f(x) - g(x)] dx = (1 - y/xj - (X + 2) + Cj = -x - y/i + C 



102. Yes. If F(x) and G(x) both solve the initial value problem on an interval I then they both have the same first 
derivative. Therefore, by Corollary 2 of the Mean Value Theorem there is a constant C such that 
F(x) = G(x) + C for all x. In particular, F(x ) = G(x ) + C, so C = F(x ) - G(x ) = 0. Hence F(x) = G(x) 
for all x. 
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103 — 106 Example CAS commands: 
Maple : 

with(student): 

f := x -> cos(x) A 2 + sin(x); 

ic := [x=Pi,y=l]; 

F := unapply( int( f(x), x ) + C, x ); 

eq := eval( y=F(x), ic ); 

solnC := solve( eq, {C} ); 

Y := unapply( eval( F(x), solnC ), x ); 

DEplot( diff(y(x),x) = f(x), y(x), x=0..2*Pi, [[y(Pi)=l]], 

color=black, linecolor=black, stepsize=0.05, title="Section 4.8 #103" ); 
Mafhematica : (functions and values may vary) 

The following commands use the definite integral and the Fundamental Theorem of calculus to construct the solution 
of the initial value problems for exercises 103 - 105. 

Clear[x, y, yprime] 

yprime[x_] = Cos[x] 2 + Sin[x]; 

initxvalue = tt; inityvalue = 1 ; 

y[x_] = Integrate [yprime [t], {t, initxvalue, x}] + inityvalue 
If the solution satisfies the differential equation and initial condition, the following yield True 

yprime [x]==D[y[x], x] //Simplify 

y[initxvalue]==inity value 
Since exercise 106 is a second order differential equation, two integrations will be required. 

Clear[x, y, yprime] 

y2prime[x_] = 3 Exp[x/2] + 1; 

initxval = 0; inity val = 4; inityprimeval = — 1 ; 

yprime [x_] = Integrate[y2prime[t],{t, initxval, x}] + inityprimeval 

y[x_] = Integrate [yprime [t], {t, initxval, x}] + inityval 
Verify that y[x] solves the differential equation and initial condition and plot the solution (red) and its derivative (blue). 

y2prime[x]==D[y[x], {x, 2}]//Simplify 

y[initxval]==inityval 

yprime[initxval]==inityprimeval 

Plot[{y[x], yprime[x]}, {x, initxval - 3, initxval + 3), PlotStyle -> {RGBColor[l,0,0], RGBColor[0,0,l]}] 
CHAPTER 4 PRACTICE EXERCISES 

1. No, since f(x) = x 3 + 2x + tan x =>- f'(x) = 3x 2 + 2 + sec 2 x > =>• f(x) is always increasing on its domain 

2. No, since g(x) = esc x + 2 cot x =>■ g'(x) = —esc x cot x — 2 esc 2 x = — — A- — — A- (cos x + 2) < 

=> g(x) is always decreasing on its domain 

3. No absolute minimum because lim (7 + x)(ll — 3x) 1,/3 — — oo. Nextf'(x) = 

X — » cc 

(1 1 - 3x) J / 3 - (7 + x)(l 1 - 3x)" 2 / 3 = ( '\ n 3 ! ) 3~x) ( y3 +X) = (ii-3 X X )V3 x = 1 and x = ^ are critical points. 
Since f ' > if x < 1 and f < if x > 1, f(l) = 16 is the absolute maximum. 

4. f(x)=f±f =► f'(x) = a(x2 -g-y + b) = ~ ( ^, + _y a) ;f^(3) = 0=» -i(9a + 6b + a) = 0^5a + 3b = 0. 
We require also that f(3) = 1. Thus 1 = =>• 3a + b = 8. Solving both equations yields a = 6 and b = —10. Now, 

f'(x) = ~ 2(3 . x 2 ~ 1)( *;~ 3) so that f = | | +++ | +++ | . Thus f changes sign at x = 3 from 

(x " ' -1 1/3 1 3 

positive to negative so there is a local maximum at x = 3 which has a value f(3) = 1. 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Chapter 4 Practice Exercises 275 



5. Yes, because at each point of [0, 1) except x = 0, the function's value is a local minimum value as well as a 
local maximum value. At x = the function's value, 0, is not a local minimum value because each open 
interval around x = on the x-axis contains points to the left of where f equals — 1 . 

6. (a) The first derivative of the function f(x) = x 3 is zero at x = even though f has no local extreme value at 

x = 0. 

(b) Theorem 2 says only that if f is differentiable and f has a local extreme at x = c then f '(c) = 0. It does not 
assert the (false) reverse implication f '(c) = =>• f has a local extreme at x = c. 

7. No, because the interval < x < 1 fails to be closed. The Extreme Value Theorem says that if the function is 
continuous throughout a finite closed interval a < x < b then the existence of absolute extrema is guaranteed on 
that interval. 

8. The absolute maximum is | — 1 1 = 1 and the absolute minimum is |0| = 0. This is not inconsistent with the Extreme Value 
Theorem for continuous functions, which says a continuous function on a closed interval attains its extreme values on that 
interval. The theorem says nothing about the behavior of a continuous function on an interval which is half open and half 
closed, such as [—1, 1), so there is nothing to contradict. 



9. (a) There appear to be local minima at x = — 1.75 








and 1.8. Points of inflection are indicated at 




20 




approximately x = and x = ± 1 . 










10 






V2 




1 2 






-10 


f(x) = x 8 /8-x 6 /2-x 5 







(b) f'(x) = x 7 - 3x 5 - 5x 4 + 15x 2 = x 2 (x 2 - 3) (x 3 - 5). The pattern y' = 
indicates a local maximum at x = 3 \/~5 and local minima at x = ± y3 . 

y 



(c) 



■a/3 



3 



V5 y/3 




y = x 8 /8-x 6 /2-x 5 + 5x 3 



1.72 1.74 1.76 1.78 



10. (a) The graph does not indicate any local 

extremum. Points of inflection are indicated at 



approximately x 



and x = 1 . 



y 

600 
400 
200 



-201 



-40C 
-60C 



f{x) - s"- 2 5 _ -5x--%+ 11 



(b) f'(x) = x 7 - 2x 4 - 5 + 3 = x" 3 (x 3 - 2) (x 7 - 5) . The pattern f = )( 





-+ 



+++ indicates 
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a local maximum at x = 7 \/5 and a local minimum at x = Z \fl . 



1 .07437 - 




1.2535 1.2599 



11. (a) g(t) = sin t — 3t g'(t) = 2 sin t cos t — 3 = sin (2t) — 3 => g' < =>• g(t) is always falling and hence must 

decrease on every interval in its domain, 
(b) One, since sin 2 t — 3t — 5 = and sin 2 1 — 3t = 5 have the same solutions: f(t) = sin 2 1 — 3t — 5 has the same 
derivative as g(t) in part (a) and is always decreasing with f(— 3) > and f(0) < 0. The Intermediate Value 
Theorem guarantees the continuous function f has a root in [—3, 0]. 

12. (a) y = tan 9 =4> S = sec 2 9 > =>• y = tan 6 is always rising on its domain => y = tan 9 increases on every 

interval in its domain 

(b) The interval [f ,7r] is not in the tangent's domain because tan 9 is undefined at = | . Thus the tangent 
need not increase on this interval. 

13. (a) f(x) = x 4 + 2x 2 - 2 f'(x) = 4x 3 + 4x. Since f(0) = -2 < 0, f(l) = 1 > and f(x) > for < x < 1, we 

may conclude from the Intermediate Value Theorem that f(x) has exactly one solution when < x < 1 . 
(b) x 2 = - 2± v / 4 + s >0 ^ x 2 = A/3- landx >0 => x « ^.7320508076 « .8555996772 

14. (a) y = ^> y' — ( X + 1)2 > 0, f° r a U x m me domain of => y = is increasing in every interval in 

its domain 

(b) y = x 3 + 2x =>• y' = 3x 2 + 2 > for all x => the graph of y = x 3 + 2x is always increasing and can never 
have a local maximum or minimum 

15. Let V(t) represent the volume of the water in the reservoir at time t, in minutes, let V(0) = ao be the initial 
amount and V(1440) = ao + (1400)(43,560)(7.48) gallons be the amount of water contained in the reservoir 
after the rain, where 24 hr = 1440 min. Assume that V(t) is continuous on [0, 1440] and differentiable on 
(0, 1440). The Mean Value Theorem says that for some t in (0, 1440) we have V'(t ) = ^'^I^ 

= ao + (i4 0)(43>0)(7.48)-a = 456 160.320 gal = 316 7?g ^ Therefore at t the reservoir's volume 

1440 1440 min ' u 

was increasing at a rate in excess of 225,000 gal/min. 

16. Yes, all differentiable functions g(x) having 3 as a derivative differ by only a constant. Consequently, the 
difference 3x — g(x) is a constant K because g'(x) = 3 = g (3x). Thus g(x) = 3x + K, the same form as F(x). 



17. No, = 1 + ^> j^xy differs from by the constant 1. Both functions have the same derivative 

d_ ( x \ _ (x+ l)-x(l) _ 1 _ I -1 \ 
dx VX + lJ (x+1) 2 (x+1) 2 dx Vx+lJ - 



18. f'(x) = g'(x) = , 2x 2 ^> f(x) — g(x) = C for some constant C the graphs differ by a vertical shift. 

(x+1) 

19. The global minimum value of \ occurs at x = 2. 
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20. (a) The function is increasing on the intervals [—3, —2] and [1, 2]. 

(b) The function is decreasing on the intervals [—2, 0) and (0, 1]. 

(c) The local maximum values occur only at x = —2, and at x = 2; local minimum values occur at x = — 3 and at x = 
provided f is continuous at x = 0. 




(c) 6 < t < 12 
(c) 0<t<4 



24. 




(d) < t < 6, 12 < t < 14 
(d) 4 < t < 8 



y = x 3 -3x 2 + 3 



25. 



26. 



x 3 +6x 2 -9x + i 





y = (x 3 + 3x" - 9x - 27 . 



27. 



28. 









500 




(6, 432) 


400 


_ y = Ai 




300 






200 




/(4,256) \ 


100 


1 L 


i i i i \ j 


-2/4 ' 


2 


4 6 8\ 


/-100 








29. 



30. 
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31. 



32. 





33. (a) y' = 16 — x 2 =>■ y' = | +++ | =>• the curve is rising on (—4, 4), falling on (-co, —4) and (4, oo) 

-4 4 

=>■ a local maximum at x = 4 and a local minimum at x = —4; y" = — 2x =4> y" = +++ | =>■ the curve 







is concave up on (— oo, 0), concave down on (0, oo) =>■ a point of inflection at x = 



(b) 




34. (a) y' = x 2 - x - 6 = (x - 3)(x + 2) y' = +++ | | +++ =>- the curve is rising on (-oo, -2) and (3, oo), 

-2 3 

falling on (—2, 3) =>• local maximum at x = —2 and a local minimum at x = 3; y" = 2x — 1 



1/2 



concave up on Q, oo) , concave down on (— oo, |) =>■ a point of inflection at x = | 



(b) 



x =-2 



x= 1/2 



x = 3 

35. (a) y' = 6x(x + l)(x - 2) = 6x 3 - 6x 2 - 12x => y' = | +++ | | +++ => the graph is rising on (-1, 0) 

-10 2 

and (2, oo), falling on (-co, —1) and (0, 2) =>■ a local maximum at x = 0, local minima at x = —1 and 



x = 2; y" = 18x 2 - 12x - 12 = 6 (3x 2 - 2x - 2) = 6 (x - (x - i±_v5) =► 

+ => the curve is concave up on , concave down 



3 3 
1 - y/7 l + y/7 



3^ j =>■ points of inflection at x = 1 ± ^ 



(b) 



min , 



wLoc 
x = -l 
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36. (a) y' = x 2 (6 - 4x) = 6x 2 - 4x 3 



- I +++ I - 
3/2 



=>- a local maximum at x = § ; y" = 12x - 12x 2 = 12x(l - x) =>- y" = | +++ | 

1 

(0, 1), concave down on (— oo, 0) and (1, oo) =>• points of inflection at x = and x = 1 
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the curve is rising on (-co, |), falling on (|, oo) 

- =>• concave up on 



(b) 



x = • 



= 1 



x = 



37. (a) y' = x 4 - 2x 2 = x 2 (x 2 - 2) => y' 



-V2 



V~2 



the curve is rising on ( — oo, — \J 2 ) and 



2, ooj , falling on \ — \[2. => a local maximum at x = — y^2 and a local minimum at x = y/l ; 

y" = 4x 3 - 4x = 4x(x - l)(x +1) =>- y" = | +++ | | +++ =>■ concave up on (-1, 0) and (1, oo), 

-1 1 

concave down on (— oo, — 1) and (0, 1) =>• points of inflection at x = and x = ± 1 



(b) 




38. (a) y' = 4x 2 - x 4 = x 2 (4 - x 2 ) =>• y' = | +++ | +++ | =>- the curve is rising on (-2, 0) and (0, 2), 

-2 2 

falling on (— oo, —2) and (2, oo) =>• a local maximum at x = 2, a local minimum at x = —2; y" = 8x — 4x 3 
= 4x (2 — x 2 ) => y" — +++ | I +++ I concave up on ( —oo, —v2) and (0, v 2] , concave 



-y/2 y/2 
down on (-y/2,0\ and L/l, oo) => points of inflection at x = and x = ± y 2 



(b) 



x = 2 




x = -2 



39. The values of the first derivative indicate that the curve is rising on (0, oo) and falling on (— oo, 0). The slope 

of the curve approaches —oo as x — » 0~, and approaches oo as x — ► + and x — > 1. The curve should therefore 
have a cusp and local minimum at x = 0, and a vertical tangent at x = 1 . 
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X 



40. The values of the first derivative indicate that the curve is rising on (0, h) and (1, oo), and falling on (— oo, 0) 
and (4,1) ■ The derivative changes from positive to negative at x = |, indicating a local maximum there. The 
slope of the curve approaches —oo as x — > 0~ and x — » 1 ~ , and approaches oo as x — » + and as x — > 1 + , 
indicating cusps and local minima at both x = and x = 1 . 



y y' 




X 




42. The graph of the first derivative indicates that the curve is rising on (0, 17 ~ 16 3 j and f 17 + 16 , ooj , falling 

on (— oo, 0) and ( 17 ■, 17 + i6^ ) =^ a l° ca l maximum at x = 17 ~-^f^ , a local minimum at 

x = 17 • The derivative approaches — oo as x — » _ and x — > 1, and approaches oo as x — ► + , 
indicating a cusp and local minimum at x = and a vertical tangent at x = 1. 
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47. y 



x 3 + 2 
2x 



48. y 





49. y = |r5t = 1 



x 2 - 3 




50. y=^ = l + ^ 

y 



JL=1 



x 2 -4 



2 x =2 



51. lim 

x -> 1 



x- + 3x - 4 _ 



lim 

X -> 1 



2x + 3 _ 
1 



52. lim 

X -> 1 



x a -l 



lim 

X -> 1 



bx"- 1 



53. lim tanx = ton. = 

X — > 7T X x 



54. lim 



= lim 



x > q x + sin x x > q 1+ cos x 1 + 1 2 



55. lim 



= lim 



= lim. J^L = lim 



2cos(2x) 



x _> tan ( x2 ) x->0 2xsec2 ( x2 ) x ^» 2xsec2 ( x2 ) x ^» 2x(2sec 2 (x 2 )tan(x 2 )-2x) + 2sec 2 (x 2 ) + 2-1 



= 1 



cr -i • sinf mx) -■ • mcos(mx) 

56. lim -A — f = lim VA — 

x __> Q sin(nx) x _^ q ncos(nx) 



57. lim sec(7x)cos(3x) = lim c -°^\ = lim = f 

x -> tt/2- V ^ V ' x -> tt/2- cos ( 7x ' x -> tt/2- -^n(7x) 7 



58. lim ,/x sec x = lim = ? = 

x^0 + V x^0 + cosx 1 



59. lim (esc x — cot x) = lim 



1 — COS X 



x -> 



x -> 



= lim ^ = ? = 

X ^Q COSX 1 
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60. lim. 4-4 



- o 



61. lim 

x — > OO 



lim 



= lim (1 - x 2 ) • 4, = lim (1 - x 2 ) = ] 

V A / x ^ A x ^ x 



lim 4- = 1 • oo — oo 



x 2 + x + 1 - Vx 2 - x) = lim ( Vx 2 + x + 1 - a/x 2 - x) • V* 2 + * + i+^£. 

/ X ^ OO \ / Vx ! + x + 1 + Vx 2 - x 



lim 



2x + 1 



OO v 7 * 2 + x + 1 + Vx 2 - x 

Notice that x = \/x^ for x > so this is equivalent to 

2+1 



lim 

x — > oo 



lim 

x — > oo 



+ 1 + \ + /rri 



62. lim 

x — > OO 

= lim 



I y? _ x 3 \ _ 

v a2 -i x 2 + i;- x 



_ j. x 3 (x 2 + l)-x 3 (x 2 -l) _ j. _2 

~ llm OO (x 2 -l)(x 2 + l) -x^OQ * 4 



= lim 



6x 2 
OO 4x 3 



= lim 

x — > oo 



12x- 



12 



= lim 



= 



63. (a) Maximize f(x) = <Jx - \/36 - x = x 1 / 2 - (36 - x) 1 / 2 where < x < 36 



=$> f'(x) = | x- 1 / 2 - i (36 - x)- 1 / 2 (-l) = 



derivative fails to exist at and 36; f(0) = —6, 



2^ 2 V *-J 2 v /x" x /36-x 

and f(36) = 6 =>• the numbers are and 36 
(b) Maximize g(x) = y/x + \/36 - x = x 1 / 2 + (36 - x) 1 / 2 where < x < 36 

critical points at 0, 18 and 36; g(0) = 6, 



'(x) 



= I Y-l/2 



(36-x)-V2(-i)= 



2^ 1 2^" A V V *J 2^x^36 - x 

g(18) = 2^18 = 6V^ and g(36) = 6 the numbers are 18 and 18 



64. (a) Maximize f(x) = y^(20 - x) = 20X 1 / 2 - x 3 / 2 where < x < 20 f'(x) = lOx" 1 / 2 - fx 1 



/2 



20 -3x 

40y/20 
3\/3 



= ^ x = and x = f are critical points; f(0) = f(20) = and f (f ) = Jf (20 - f ) 



40 



the numbers are y and 3 . 



(b) Maximize g(x) = x + \/20 - x = x + (20 - x) 1 / 2 where < x < 20 g'(x) = 2 ^ 2 ^- 1 = 







^20 - x = \ 



79 



The critical points are x = ™ and x = 20. Since g (™) = ^ and g(20) = 20 



the numbers must be ™ and J . 



65. A(x) = i (2x) (27 - x 2 ) for < x < V27 

A'(x) = 3(3 + x)(3 - x) and A''(x) = -6x. 
The critical points are —3 and 3, but —3 is not in the 

domain. Since A"(3) = -18 < and A (v^) = 0, 

the maximum occurs at x = 3 =4> the largest area is 
A(3) = 54 sq units. 




66. The volume is V = x 2 h = 32 =>• h = H . The 
surface area is S(x) = x 2 + 4x ( = x 2 + ^ , 
where x > =► S'(x) = 2(x - 4)(x > 4x+ 16) 
=$• the critical points are and 4, but is not in the 
domain. Now S''(4) = 2+ ^>0 ^ at x = 4 there 
is a minimum. The dimensions 4 ft by 4 ft by 2 ft 
minimize the surface area. 
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67. From the diagram we have (^) 2 + r 2 = (\Z^J 



12-h 2 



The volume of the cylinder is 



V = 7rr 2 h = 7T ( y 12 ^) h = | (12h - h 3 ) , where 

< h < 2^/3 . Then V'(h) = ^ (2 + h)(2 - h) 
=> the critical points are —2 and 2, but —2 is not in 
the domain. At h = 2 there is a maximum since 

V (2) = — 3n < 0. The dimensions of the largest 
cylinder are radius = \J2 and height = 2. 

68. From the diagram we have x = radius and 

y = height = 12 — 2x and V(x) = ~ 7rx 2 (12 — 2x), where 
< x < 6 =>- V'(x) = 2ttx(4 - x) and V'(4) = -8tt. The 
critical points are and 4; V(0) = V(6) = => x = 4 
gives the maximum. Thus the values of r = 4 and 
h = 4 yield the largest volume for the smaller cone. 




Ah 



69. The profit P = 2px + py = 2px + p ( 40 5 _ 1 ® X ) , where p is the profit on grade B tires and < x < 4. Thus 
P'(x) = (x 2 - lOx + 20) =!> the critical points are (5 - \/5) . 5, and (5 + y/sj , but only (5 - y^) 
the domain. Now P'(x) > for < x < (5 - \/5j and P'(x) < for ( 5 - J <x<4=*>atx=(5- 
is a local maximum. Also P(0) = 8p, P ^5 - \/5j — 4p ^5 - ) ~ 1 lp, and P(4) = 8p ^> at x = ^5 - 

is an absolute maximum. The maximum occurs when x = ^5 — y^J anc ' Y — 2 ^5 — \/5\ , the units are 
hundreds of tires, i.e., x w 276 tires and y w 553 tires. 

70. (a) The distance between the particles is |f(t) | where f(t) = —cos t + cos (t + |J . Then, f'(t) = sin t — sin(t 

Solving f'(t) = graphically, we obtain t w 1.178, t w 4.320, and so on. 



5 J there 
5) there 




Alternatively, f'(t) = may be solved analytically as follows. f'(t) = sin (t + | 



8i Sln 8 



= sin(t + |)cos I — cos(t 
so the critical points occur when cos (t 



sinft 



I) cos § 



COS 



(t+i: 



sin ■ 



= -2sin|cos(t+ I) 



0, ort 



k7T. At each of these values, f(t) = ± cos ; 



± 0.765 units, so the maximum distance between the particles is 0.765 units. 
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(b) Solving cos t = cos (t + | J graphically, we obtain t w 2.749, t « 5.890, and so on. 




(2.7488936.0.9238795) 



Alternatively, this problem can be solved analytically as follows. 

cos t = cos (t + |) 



cos 



(t+f)-l 



cos 



cos(t+ |)cos I + sin(t+ |)sin| = cos(t+ |)cos| - sin(t+ |] 
2sin (t+ |) sin | = 
sin (t+|) =0 



sin ■ 



7tt 
8 



The particles collide when t 



2.749. (plus multiples of tt if they keep going.) 



71. The dimensions will be x in. by 10 - 2x in. by 16 - 2x in., so V(x) = x(10 - 2x)(16 - 2x) = 4x 3 - 52x 2 + 160x for 
< x < 5. Then V'(x) = 12x 2 - 104x + 160 = 4(x - 2)(3x - 20) , so the critical point in the correct domain is x = 2. 
This critical point corresponds to the maximum possible volume because V'(x) > for < x < 2 and V'(x) < for 
2 < x < 5. The box of largest volume has a height of 2 in. and a base measuring 6 in. by 12 in., and its volume is 144 in. 3 
Graphical support: 




72. The length of the ladder is di + = 8 sec 9 + 6 esc 9. We 
wish to maximize 1(60 = 8 sec 9 + 6 esc 9 =>• l'(9) 

= 8 sec 9 tan 9 - 6 esc 9 cot 9. Then I'(0) = 

8 sin 3 6»-6 cos 3 9 = tan = 4^ 

di = 4 ^4 + 3 v / 36 and d 2 = %/36 ^4 + \/36 
=>• the length of the ladder is about 

(4 + V36~) ^4+ 3 v / 36 = (4 + V36) 3/2 ~ 19-7 ft. 

73. g(x) = 3x - x 3 + 4 => g(2) = 2 > and g(3) = -14 < g(x) = in the interval [2, 3] by the Intermediate 
Value Theorem. Then g'(x) = 3 — 3x 2 =>• x n+1 = x„ — 3x ° 3 _g° 2 + 4 ; Xo = 2 =^> Xi = 2.22 => x 2 = 2.196215, and 
so forth to x 5 = 2.195823345. 
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74. g(x) = x 4 - x 3 - 75 => g(3) = -21 < and g(4) = 117 > =>• g(x) = in the interval [3, 4] by the Intermediate 
Value Theorem. Then g'(x) = 4x 3 - 3x 2 =>■ x n+1 = x n - x ° 4 ~ s x _" ~J 5 ; x = 3 =>• xi = 3.259259 

=> x 2 = 3.229050, and so forth to x 5 = 3.22857729. 

75. J(x 3 + 5x - 7) dx = £ + ^ - 7x + C 

76. /( 8 t*-f +t)dt=f -£ + f +C = 2t 4 -£ + f +C 

77. / (3 v ^+|)dt=/(3t 1 /2 +4 r 2 )dt=^ + 4 ^+C = 2t 3 / 2 - 4 +C 

78 - Jfe-?) dt=/(irV 2 -3t^)dt=|(f)-S + C = A A+HC 

79. Let u = r + 5 => du = dr 

/( r TV = /F = /^ 2 du=^+C=-u-i+C = -^ J + C 

80. Let u = r - y/l du = dr 

/rf^r, =6/^-^=6/^ =6/ u- 3 du = 6(^)+C = -3u- 2 + C = - 



81. Let u = 2 + 1 =^ du = 20 d9 => \ du = 9 dO 



J 39 v / 9 2 + 1 d0 = / y/vi (§ du) = | / u 1 / 2 du = | u£j + C = u 3 / 2 + C = (0 2 + if 2 + C 

82. Let u = 7 + 6> 2 ^ du = 26> d(9 1 du = (9 d0 

/7fe^/^(l du )^/^ d -;(f)+ c - 1/2 + c =^+ c 

83. Let u = 1 + x 4 du = 4x 3 dx 1 du = x 3 dx 

/ x 3 (1 + x 4 )~ 1/4 dx = J u-V4 (i du) = i J u- 1 / 4 du = 1 + C = 1 u 3 / 4 + C = I (1 + x 4 ) 3/4 + C 

84. Let u = 2 - x => du = - dx => - du = dx 

f(2- x) 3 / 5 dx = J u 3 / 5 (- du) = - J u 3 / 5 du = --££+C=-§ u 8 / 5 + C = - | (2 - x) 8 / 5 + C 

85. Let u = ^ => du = ^ ds => 10 du = ds 

/sec 2 ^ ds = f (sec 2 u) (10 du) = 10 / sec 2 u du = 10 tan u + C = 10 tan ^ + C 

86. Let u = 7rs => du = n ds =>■ A du = ds 

J* esc 2 7rs ds = J (esc 2 u) du) = A J" esc 2 u du = — A cot u + C = — A cot 7rs + C 

87. Letu = v/2 =S> du = Jid9 => 4- du = d9 

J csc cot y/29 d9 = J (esc u cot u) ( -4- du) = -4 (-esc u) + C = - -4- esc \/20 + C 
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88. Let u = f =>- du = ± d9 => 3 du = d6 

J sec | tan f d6> = J (sec u tan u)(3 du) = 3 sec u + C = 3 sec f + C 

89. Let u = j =>• du = 1 dx =>• 4 du = dx 

J sin 2 | dx = J (sin 2 u) (4 du) = J 4 ( '~ c 2 os2u ) du = 2/(1 - cos 2u) du = 2 (u - ^) + C 
= 2u - sin 2u + C = 2 (|) - sin 2 (|) + C = \ - sin § + C 

90. Let u = | du = i dx 2 du = dx 

J" cos 2 f dx = J (cos 2 u) (2 du) = J* 2 ( 1+C 2 0S 2u ) du = / (1 + cos 2u) du = u + ^ + c 
= § + \ sin x + C 

91. y = J s^ti dx = J(l + x~ 2 ) dx = x-x- 1 +C = x- 1 +C;y = -1 whenx = 1 => 1 - i+C = -1 

=> C=-l =>■ y = x-i-l 

92. y= J (x+i) 2 dx = J (x 2 + 2+4)dx= J (x 2 + 2 + x~ 2 ) dx = f + 2x - x" 1 + C = ^ + 2x - ± + C; 
y = 1 when x = 1 => ±+2-{+C=l =>■ C = - f y=f+ 2x_ x _ 5 

93. | = / (l5 y/i + 4j) dt = J (151 1 / 2 + 3t- J / 2 ) dt = 10t 3 / 2 + 6t J / 2 + C; f = 8 when t = 1 

10(1) 3 / 2 + 6(1) J / 2 + C = 8 => C = -8. Thus | = 10t 3 / 2 + 61 1 / 2 - 8 r = J (lOt 3 / 2 + 6t^ 2 - 8) dt 
= 4t 5 / 2 + 4t 3 / 2 - 8t + C; r = when t = 1 => 4(1) 5 / 2 + 4(1) 3 / 2 - 8(1) + Ci = d = 0. Therefore, 
r = 4t 5 / 2 + 4t 3 /' 2 - 8t 

94. || = J -cos t dt = -sin t + C; r" = when t = -sin + C = C 

f = / -sin t dt = cos t + Ci; r' = when t = 1 + Ci = =^ Ci = 
=> r = J (cos t - 1) dt = sin t - t + C 2 ; r = -1 when t = => 0-0 + C 2 = 
r = sin t — t — 1 

CHAPTER 4 ADDITIONAL AND ADVANCED EXERCISES 

1 . If M and m are the maximum and minimum values, respectively, then m < f(x) < M for all x e I. If m = M 
then f is constant on I. 

2. No, the function f(x) = < ' ^ ~ X ^ ^ has an absolute minimum value of at x = —2 and an absolute 

|_ 9 — x , < x < 2 

maximum value of 9 at x = 0, but it is discontinuous at x = 0. 

3. On an open interval the extreme values of a continuous function (if any) must occur at an interior critical 
point. On a half-open interval the extreme values of a continuous function may be at a critical point or at the 
closed endpoint. Extreme values occur only where f = 0, f ' does not exist, or at the endpoints of the interval. 
Thus the extreme points will not be at the ends of an open interval. 

4. The pattern f ' = +++ | | | ++++ | +++ indicates a local maximum at x = 1 and a local 

12 3 4 

minimum at x = 3. 



= 0. Thus, y = -sin t 
= -1. Then % =cost- 1 
; — 1 => C 2 = — 1. Therefore, 
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5. (a) If y' = 6(x + l)(x — 2) 2 , then y' < for x < — 1 and y' > for x > —1. The sign pattern is 

f = | +++ | +++ => f has a local minimum at x = -1. Also y" = 6(x - 2) 2 + 12(x + l)(x - 2) 

-1 2 

= 6(x — 2)(3x) =4> y'' > for x < or x > 2, while y" < for < x < 2. Therefore f has points of inflection 
at x = and x = 2. There is no local maximum, 
(b) If y' = 6x(x + l)(x - 2), then y' < for x < -1 and < x < 2; y' > for -1 < x < and x > 2. The sign 
sign pattern is y' — | +++ | | +++ . Therefore f has a local maximum at x = and 



-1 







local minima at x = -1 and x = 2. Also, y" = 18 x- ( L 1T L ) x ~ ( ii 3^) ' so y " < for 
< x < and y" > for all other x =>■ f has points of inflection at x = 



6. The Mean Value Theorem indicates that f(< %:ff 0) = f (c) < 2 for some c in (0, 6). Then f(6) - f(0) < 12 
indicates the most that f can increase is 12. 

7. If f is continuous on [a, c) and f'(x) < on [a, c), then by the Mean Value Theorem for all x £ [a, c) we have 
f "^lf° < f(c) - f(x) < f(x) > f(c). Also if f is continuous on (c, b] and f '(x) > on (c, b], then for 
all x £ (c, b] we have f(x) I f(c) > =!> f(x) - f(c) > f(x) > f(c). Therefore f(x) > f(c) for all x £ [a, b]. 



(a) For all x, -(x + l) 2 < < (x - l) 2 : 

(b) There exists c £ (a, b) such that j-^j 

=> |f(b) - f(a)| < i |b - a| . 



f(b)-f(a) 
b-a 



1 + X 2 ) < 2x < (1 + X 2 ) => - i < jf^ < 1 . 

I jf^r I < \ , from part (a) 



f(b)-f(a) 
b-a 



9. No. Corollary 1 requires that f'(x) = for all x in some interval I, not f (x) = at a single point in I. 

10. (a) h(x) = f(x)g(x) =>• h'(x) = f'(x)g(x) + f(x)g'(x) which changes signs at x = a since f'(x), g'(x) > when 

x < a, f'(x), g'(x) < when x > a and f(x), g(x) > for all x. Therefore h(x) does have a local maximum 
at x = a. 

(b) No, let f(x) = g(x) = x 3 which have points of inflection at x = 0, but h(x) = x c has no point of inflection 
(it has a local minimum at x = 0). 

1 1 . From (ii), f(— 1) = . ~ 1 1 3 ., =0 =>• a = 1 ; from (iii), either 1 = lim f(x) or 1 = lim f(x). In either case, 



x+l 



lim f(x)= lim bx 2 + cx + 2 



1 + 7 



lim 

x-»±oo bx + c + f 



X — > OC s ' X — > —00 

1 b = and c = 1. For if b = 1, then 



1 + 1 1 + 1 1 + 1 

lim — ■ — f-y = and if c = 0, then lim - — -\ — lim — j- 8 - = ± cxd. Thus a = 1, b = 0, and c = 1. 

X^±0O x + c + 7 X — > ± oc bx + - x — > ± oc 7 



12. |=3x 2 + 2kx + 3 = => x= - 2k±v/ 6 4k2 - 36 
k= ±3. 



x has only one value when 4k~ — 36 = => k = 9 or 



13. The area of the A ABC is A(x) = \ (2) \f\ - x 2 = (1 - x 2 ) 



where < x < 1. Thus A'(x) = 



and ± 1 are 



(x.Vl -x 2 )c 



critical points. Also A ( ± 1) = so A(0) = 1 is the 
maximum. When x = the AABC is isosceles since 
AC = BC = \fl . 
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14. lim 



f'(c + h)-f'(c) 







f"(c) for e = \ |f"(c)| > there exists a <5 > such that < |h| < 6 



f (c+h) - f (c) 



- f"(c) 



< i |f"(c)| . Then f (c) = =► - 1 |f"(c)| < 



f'(c + h) 



-f"(c)<||f"(c)| 



=> f"(c) - i I f "(c) I < 



^^±h) < f' (c ) + i |f" (c) | . If f' (c ) < o, then |f"(c)| = -f"(c) 

f(c + h) 



3 f " (c) < fi£+» < i f' (c) < 0; likewise if f "(c) > 0, then < \ f"(c) < ^™ < § f"(c) 



f (c + h) > and < h < 6 



h ^2 

f '(c + h) < 0. Therefore, f(c) is a local 



(a) If f "(c) < 0, then -6 < h < 
maximum. 

(b) If f "(c) > 0, then -6 < h < f'(c + h) < and < h < 6 f '(c + h) > 0. Therefore, f(c) is a local 
minimum. 



15. The time it would take the water to hit the ground from height y is J — , where g is the acceleration of 



gravity. The product of time and exit velocity (rate) yields the distance the water travels: 



D(y) 



- / 2 y 



^64(h - y) = 8 J\ (hy - y 2 ) 1/2 , < y < h D'(y) = -AJ\ (hy - y 2 ) I/2 (h - 2y) 0, \ and h 



are critical points. Now D(0) = 0, D (|) = y= and D(h) = 



the best place to drill the hole is at y 



16. From the figure in the text, tan (J3 + 6) = ^; tan (J3 + ff)= iHL^ + tan 



1 — tan 8 tan 6 



; and tan 9 = ? . These equations 



give^ 



tan /? + s 



1 



tan 8 



h tan 3 + a 
h — a tan 3 



Solving for tan (5 gives tan /3 = h , + ^ + a) or 
(h 2 — a(b + a)) tan j3 — bh. Differentiating both sides with respect to h gives 
2h tan (5 + (h 2 + a(b + a)) sec 2 &%=h. Then % = =>- 2h tan (3 = b ^> 2h 



2bh 2 = bh 2 + ab(b + a) h 2 = a(b + a) h = ^/a(a + b) . 



^h 2 + a(b + a) J 



= b 



17. The surface area of the cylinder is S = 27rr 2 + 27rrh. From 
the diagram we have ^ = => h = RH R rIi and 
S(r) = 27rr(r + h) = 2m (r + H - r g) 




= 2?r (1 - £) r 2 + 27rHr, where < r < R. 
Case 1: H < R =>• S(r) is a quadratic equation containing 

the origin and concave upward =>■ S(r) is maximum at 

r = R. 

Case 2: H = R =>• S(r) is a linear equation containing the 
origin with a positive slope =>■ S(r) is maximum at 
r = R. 

Case 3: H > R =>• S(r) is a quadratic equation containing the origin and concave downward. Then 

= 47T (l - |) r + 2ttH and = 4tt (l - g) r + 2ttH = => r = 2(1 f H R) . For simplification 



dS 
dr 

we let r* = 



RH 



2(H-R) ' 

(a) If R < H < 2R, then > H 2R H > 2(H - R) =S> 2(I f H R) > R which is impossible. 

(b) If H = 2R, then r* = ^ = R S(r) is maximum at r = R. 



H 



2(H-R) 



< 1 



RH 



2(H - R) 



< R 



r* < R. Therefore, 



(c) If H > 2R, then 2R + H < 2H H < 2(H - R) 

S(r) is a maximum at r = r* = 2(I f H R) . 
Conclusion : If H £ (0, R] or H = 2R, then the maximum surface area is at r = R. If H e (R, 2R), then r > R 



which is not possible. If H 6 (2R, oo), then the maximum is at r = r* = 



R) 



18. f(x) = mx - 1 + i f'(x) = m - 4 and f'(x) = 4 > when x > 0. Then f'(x) = =>- x = 4= yields a 

XXX \/ IT1 

i. If f f-^J > 0, then ^/m — 1 + -^/m = — 1 > =4> m > | . Thus the smallest acceptable value 



minimum. 
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for m is j . 



19. (a) lim 



= lim = lim = M> . 1 = ^ 

3x x — > f ( 5x ) x — » 3 ( 5x ) 3 3 

sin(5x)cos(3x) lim _ 3sin(5x)sin(3x) + 5cos(5x)cos(3x) 



(b) lim sin(5x)cot(3x) = lim — 

V x^O y ' V ' x^O sln ( 3x 



(c) lim x esc v 2x 

x^O V 



lim — 7 * 

X— >0 cos 2\/2x -2 



lim x 7— 

x — > sinV2x 

_ 1 

2 



x -> 
1 



x llm Q Mny/^co,^ 



3cos(3x) 



lim / zx 

X -> sin 2\/2x 



lim 

x — » cos I 



(d) 



lim (sec x — tan x) = lim smx 

-»tt/2 k ; x^tt/2 cosx 



= lim =5?« = o. 

x^tt/2 - smx 



(e) lim 



x — sin x 







= lim = lim 1 - cosx 

X^O l-sec 2 x x ^ 



, = lim c -^^ = lim 9 - Slnx 2 

tan-x x y q tan^x x > g 2tanx sec^x 



= lim 



n 



= lim S«S 

x -> ~ 2 



(f) lim sin(x2 ) = lim 2xcos ( x2 ) = n m -( 2x2 ) sin ( x2 ) + 2cos ( x2 ) _ 2 _ ^ 

^ ' x > q xsin x x > g xcos x+sin x x > q — xsin x+2cos x 2 



(g) lim n 

x — » 

(h) lim 



Yiyxi sec x tan x 

x -> 



2x 

)(x 

(x-2)(x + 2) 



Jjj^ sec x + tan x sec x 

X -> J 



1 + 
2 



= j im (*-2)(x' + 2, + 4) = Um 



x 2 + 2x + 4 
x+2 



= 3 



20. (a) lim 



/x + 5 



X — ► co ^/x + 5 



(b) lim 



2x 



00 x + 7,/x 



lim 

; — > oo 

lim 



/x + 5 



A+ 5 

2x 
x 

x+7yx 



lim 



00 1 + T> 



lim — S= 

:^oc i + 7 /i 



2 

1+0 



21. (a) The profit function is P(x) = (c — ex)x — (a + bx) = —ex 2 + (c — b)x — a. P'(x) = — 2ex + c — b = 
=>• x = P"(x) = — 2e < Oife > so that the profit function is maximized at x 
(b) The price therefore that corresponds to a production level yeilding a maximum profit is 



c-b 
2e - 



c — e 



2e 



^ dollars. 



(c) The weekly profit at this production level is P(x) = -e( £ 2r) 2 + (c - b) (^) - a = - a. 



2e 



(d) The tax increases cost to the new profit function is F(x) = (c — ex)x — (a + bx + tx) = —ex 2 



b - t)x - a. 



Now F'(x) = — 2ex + c — b — t = when x 
when x 



t + b-c c-b-t 



-2e 



2e 



Y units per week. Thus the price per unit is p = c 
increases the cost per unit by c+ ? +t 



Since F"(x) = — 2e < if e > 0, F is maximized 
dollars. Thus, such a tax 



c + b 

2 



\ 2e / 2 

dollars if units are priced to maximize profit. 



22. (a) 



2 - 




-4 -2 

-2 


^^^2 4 


^-4 • 

-a'- 


f(x) = i-3 

X 



The x-intercept occurs when ~— 3 = 0=^~ = 3=^x=|. 
(b) By Newton's method, x n+ i = x n — jsfer- Here f'(x n ) = — x~ 2 
— x n ~\~ x n 3x n = 2x n 3x n = x n (2 3x n ). 



-. Sox n+1 = x n 
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23. X! = x n - 7773T = Xo - = q -i — = c-i — = x o a + "^r a so that x i ls a weighted average of x 

and -^i with weights m n = and nil = i 

q q 

In the case where x^^we have = a and Xl = ^ (a^J + ^ (ij) = ^ + 5) = ^r- 

24. We have that (x - h) 2 + (y - h) 2 = r 2 and so 2(x - h) + 2(y - h)g = and 2 + 2^ + 2(y - h)^ = hold. 

d d x+y^ 

Thus 2x + 2yg = 2h + 2hg, by the former. Solving for h, we obtain h = ^ . Substituting this into the second 

x x 1 + & 

equation yields 2 + 2g + 2yg - 2 (r^g) = °' Dividin g b y 2 results in 1 + I + ? S - (t^M = °- 

25. (a) a(t) = s"(t) = -k (k > 0) =>- s'(t) = -kt + C 1; where s'(0) = 88 => Cj = 88 => s'(t) = -kt + 88. So 

s(t) = =^ + 88t + C 2 where s(0) = =>• C 2 = so s(t) = + 88t Now s(t) = 100 when 
=|£ + 88t = 100. Solving for t we obtain t = 88 ± ~ 200k . At such t we want s'(t) = 0, thus 
_ k ^88W8|^200k x j + 88 = Qr _ k ^88W88^200k^ + 88 = 0. In either case we obtain 88 2 - 200k = 

so that k = §| w 38.72 ft/sec 2 , 
(b) The initial condition that s'(0) = 44 ft/sec implies that s'(t) = -kt + 44 and s(t) = + 44t where k is as above. 
The car is stopped at a time t such that s'(t) = — kt + 44 = =>■ t = y . At this time the car has traveled a distance 

s (f) = T (f) 2 + 44 (f) = If = TT = 968 (li) = 25 feet Thus halvin g the initial velocity quarters 
stopping distance. 

26. h(x) = f 2 (x) + g 2 (x) => h'(x) = 2f(x)f'(x) + 2g(x)g'(x) = 2[f(x)f'(x) + g(x)g'(x)] = 2[f(x)g(x) + g(x)(-f(x))] 

= 2-0 = 0. Thus h(x) = c, a constant. Since h(0) = 5, h(x) = 5 for all x in the domain of h. Thus h(10) = 5. 

27. Yes. The curve y = x satisfies all three conditions since = 1 everywhere, when x = 0, y = 0, and ^4 = everywhere. 

28. y' = 3x 2 + 2 for all x y = x 3 + 2x + C where -l = l 3 + 2- l + C^>C = -4^y = x 3 + 2x-4. 

29. s"(t) = a = -t 2 => v = s'(t) = =f + C. We seek v = s'(0) = C. We know that s(t*) = b for some t* and s is at a 
maximum for this t*. Since s(t) = + Ct + k and s(0) = we have that s(t) — +Ct and also s'(t*) = so that 

t* = (3C) 1/3 . So [ ~ (3 g' /3]4 + C(3C) 1/3 = b => (3C) 1/3 (C - § ) = b (3C) 1/3 (f ) = b =► 3 J / 3 C 4 / 3 = f 
=>. C = ^f. Thus v = s'(0) = = ^b 3 / 4 . 

30. (a) s"(t) = t 1 / 2 - rV2 ^ v (t) = s '(t) = |t 3 / 2 - 2t 1 < /2 + k where v(0) = k = | v(t) = ft 3 / 2 - 21 1 / 2 + f . 
(b) s(t) = ^t 5 / 2 - ft 3 / 2 + ft + k 2 where s(0) = k 2 = Thus s(t) = ±t 5 / 2 - ft 3 / 2 + ft - ^. 

31. The graph of f(x) = ax 2 + bx + c with a > is a parabola opening upwards. Thus f(x) > for all x if f(x) = for at most 

one real value of x. The solutions to f(x) = are, by the quadratic equation ^ - Thus we require 

(2b) 2 - 4ac < b 2 - ac < 0. 

32. (a) Clearly f(x) = (aiX + bi) 2 + . . . + (a n x + b n ) 2 > for all x. Expanding we see 

f(x) = (a 2 x 2 + 2 ai b lX + b\) + . . . + (a 2 x 2 + 2a n b n x + b 2 ) 

= (a 2 + a 2 + . . . + a 2 )x 2 + 2(aibi + a 2 b 2 + . . . + a n b n )x + (b 2 + b 2 + . . . + b 2 ) > 0. 
Thus (aibi + a 2 b 2 + . . . + a n b n ) 2 - (a 2 + a 2 + . . . + a 2 )(b 2 + b 2 + . . . + b 2 ) < by Exercise 31. 
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Thus (aibj + a 2 b 2 + . . . + a n b n ) 2 < (a? + a 2 + . . . + a 2 )(b 2 + b 2 + . . . + b 2 ). 
(b) Referring to Exercise 31: It is clear that f(x) = for some real x b 2 — 4ac = 0, by quadratic formula. 
Now notice that this implies that 
f(x) = (ajx + bi) 2 + . . . + (a„x + b n ) 2 

= (a 2 + a 2 + . . . + a 2 )x 2 + 2(aibi + a 2 b 2 + . . . + a n b n )x + (b 2 + b 2 + . . . + b 2 ) = 
<S> (aibi + a 2 b 2 + . . . + a n b n ) 2 - (a 2 + a 2 + . . . + a 2 )(b 2 + b 2 + . . . + b 2 ) = 

(a^i + a 2 b 2 + . . . + a n b n ) 2 = (a 2 + a 2 + . . . + a 2 )(b 2 + b 2 + . . . + b 2 ) 
But now f(x) = ajx + bj = for alii = 1, 2, . . . , n <£> aiX = — bj = for all i = 1, 2, ... , n. 
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5.1 ESTIMATING WITH FINITE SUMS 

1. f(x)=x 2 
y 



(a) Ax = ^ = i and xj = iAx 

(b) Ax- , 



2 2 1 2 

^ - 1 and Xi = iAx = \ 



Since f is increasing on [0, 1], we use left endpoints to obtain 
lower sums and right endpoints to obtain upper sums. 



a lower sum is 



£(§) 2 -i = Ko 2 +G) 2 H 



i=0 
3 



a lower sum is 



£Q) 2 -H!(o 2 + a) 2 + G) 2 + (i) 2 H 

i— n ^ ' 



i=0 
2 



(c) Ax = = I and Xj = iAx = | =4> an upper sum is XjG) 2 ' | = I (G) 2+l2 ) 



I — A 

8 32 



(d) Ax = = i and x, = iAx = | ^ an upper sum is £(?)' ' ? = ? + (if + (if+l 2 ) = | • (§) = M 




(a) Ax 

(b) Ax 

(c) Ax 

(d) Ax 



iffi = \ and Xi = iAx 



1-0 _ 1 
4 



2 and x; = iAx 



^-2 = | and x; = iAx 

4 ~ 4 



Since f is increasing on [0, 1], we use left endpoints to obtain 
lower sums and right endpoints to obtain upper sums. 



a lower sum is 



EG) 3 • \ = |(o 3 + (\?) - h 

i=0 v ' 

Ea) 3 -Hi(o 3 +( 4 ) 3 +a) 3 +(i) 3 ) 

i=0 v ' 

> upper sum isE(|) 3 -H5((5) 3+l3 )=5 



a lower sum is 



1-0 _ 1 



i=l 

4 



9 — _9_ 
8 16 



= \ andx, = iAx = | an upper sumis • \ = \{ (?) + (£) + (!) +1 3 



i=l 



30 9 
256 64 



100 25 
256 64 
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3. f(x) 



Since f is decreasing on [0, 1], we use left endpoints to obtain 
upper sums and right endpoints to obtain lower sums. 





1 2 


3 4 


5 


r A 














(a) 




2 and x; = 


1 4 


iAx = 


1- 


h2i : 


2 

=>■ a lower sum is — 

i=l 


■2 = 2(i + |) 


.._ 16 
15 




(b) 


Ax=^ = 


1 and Xi = 


1 4 


iAx = 


1- 


hi =J 


4 

- a lower sum is ^2 ^ ■ 

i=l 1 


1 = 1(| + | + 


1 + 1) 


77 
60 


(c) 


Ax= ^± = 


2 and x; = 


1 4 


iAx = 


1 - 


h 2i = 


l 

=>- an upper sum is J] - 

i=0 


^•2 = 2(1 + 1 


) = 1 




(d) 


Ax= 5_l = 


1 and X; = 


1 4 


iAx = 


1 - 


hi ^ 


3 

' an upper sum is i 


• 1 = 1(1 + |h 


4 + i 


\ 25 
J ~~ 12 



i=0 



4. f(x) = 4 - x 2 




Since f is increasing on [—2, 0] and decreasing on [0, 2], we use 
left endpoints on [—2, 0] and right endpoints on [0, 2] to obtain 
lower sums and use right endpoints on [—2. 0] and left endpoints 
on [0, 2] to obtain upper sums. 





-2 






2 




(a) 


Ax= 2 - 


-(-2) 
2 


= 2 and x; 


= -2 4 


iAx 


(b) 


Ax= 2 - 


-(-2) 
4 


= 1 and x; 


= -2 4 


iAx 




= 1((4 


"(- 


2) 2 ) + (4- 


-(-I) 2 ) 


+ (4 


(c) 


Ax= 2 - 


-(-2) 
2 


= 2 and x; 


= -2 4 


iAx 


(d) 


Ax= 2 - 


-(-2) 
4 


= 1 and x; 


= -2 4 


iAx 



1 andx; = -2 + iAx = -2 + i =>- a lower sum is £ (4 - (x ; ) 2 ) • 1 + £(4 - (x ; ) 2 ) • 1 

i=0 i=3 



i=l 



3 

E( 

i=2 



1((4 - (-1) 2 ) + (4 - 2 ) + (4 - 2 ) + (4 - l 2 )) = 14 




Using 2 rectangles =4> Ax : 



l((i) 2 +(l) 2 ) 



1-0 — 1-^1 
2 2 2 



l(f(i)+f(!)) 



12 — A 

32 16 



1-0 _ 1 
4 4 



Using 4 rectangles =4> Ax 

^Kf(I)+f(l)+f(l)+f(D) 
= i((l) 2 + (I) 2 + (I) 2 + (I) 2 ) 



21 
04 
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6. f(x) 



Using 2 rectangles = 

:d 3 +(!) 3 ) 



Ax = 

- 28 
2-64 



1-0 
2 

= T_ 

32 



l(f(i)+f(D) 




Using 4 rectangles =4* Ax : 
=>*(*(*)+*(§)+ f(§) 

_ 1 / l 3 +3 3 +5 3 +7^ _ _496_ 
~ 4 ^ 8 3 



1-0 _ 

4) 

124 _ 



31 



7. f(x) 



Using 2 rectangles 

= 2(I + |) = f 



AX: 



5-1 



2(f(2)+f(4)) 



Using 4 rectangles 
^l(f(l)+f(I) 
= 1(1 + 1 + 1 + 



> Ax 
f(I) 



= 1 



+ f(D) 

1488 _ 



3-; 



496 
5-7-9 



315 



f(x) 



Using 2 rectangles =4> Ax 

= 2(3 + 3) = 12 



_ 2 -(-2) _ 



2(f(-l)+f(l)) 



Using 4 rectangles =4* Ax : 



2 -(-2) 



•l(f(-l)+f(-|)+f(l)+f(l)) 

1 (( 4 - ("§)') + ( 4 - H)') + (4 - (s) 2 ) + (4 - (|) 2 )) 
16- (| -2+ A- 2) =16- f = 11 



9. (a) D « (0)(1) + (12)(1) + (22)(1) + (10)(1) + (5)(1) + (13)(1) + (H)(1) + (6)(1) + (2)(1) + (6)(1) = 87 inches 
(b) D « (12)(1) + (22)(1) + (10)(1) + (5)(1) + (13)(1) + (H)(1) + (6)(1) + (2)(1) + (6)(1) + (0)(1) = 87 inches 

10. (a) D « (1)(300) + (1.2)(300) + (1.7)(300) + (2.0)(300) + (1.8)(300) + (1.6)(300) + (1.4)(300) + (1.2)(300) 

+ (1.0)(300) + (1.8)(300) + (1.5)(300) + (1.2)(300) = 5220 meters (NOTE: 5 minutes = 300 seconds) 
(b) D w (1.2)(300) + (1.7)(300) + (2.0)(300) + (1.8)(300) + (1.6)(300) + (1.4)(300) + (1.2)(300) + (1.0)(300) 
+ (1.8)(300) + (1.5)(300) + (1.2)(300) + (0)(300) = 4920 meters (NOTE: 5 minutes = 300 seconds) 

11. (a) D ks (0)(10) + (44)(10) + (15)(10) + (35)(10) + (30)(10) + (44)(10) + (35)(10) + (15)(10) + (22)(10) 

+ (35)(10) + (44)(10) + (30)(10) = 3490 feet w 0.66 miles 
(b) D » (44)(10) + (15)(10) + (35)(10) + (30)(10) + (44)(10) + (35)(10) + (15)(10) + (22)(10) + (35)(10) 
+ (44)(10) + (30)(10) + (35)(10) = 3840 feet w 0.73 miles 

12. (a) The distance traveled will be the area under the curve. We will use the approximate velocities at the 

midpoints of each time interval to approximate this area using rectangles. Thus, 

D « (20)(0.001) + (50)(0.001) + (72)(0.001) + (90)(0.001) + (102)(0.001) + (112X0.001) + (120)(0.001) 
+ (128)(0.001) + (134)(0.001) + (139)(0.001) « 0.967 miles 
(b) Roughly, after 0.0063 hours, the car would have gone 0.484 miles, where 0.0060 hours = 22.7 sec. At 22.7 
sec, the velocity was approximately 120 mi/hr. 
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13. (a) Because the acceleration is decreasing, an upper estimate is obtained using left end-points in summing 
acceleration • At. Thus, At = 1 and speed » [32.00 + 19.41 + 11.77 + 7.14 + 4.33](1) = 74.65 ft/sec 

(b) Using right end-points we obtain a lower estimate: speed rj [19.41 + 1 1.77 + 7.14 + 4.33 + 2.63](1) 

= 45.28 ft/sec 

(c) Upper estimates for the speed at each second are: 



t 





1 


2 


3 


4 


5 


V 





32.00 


51.41 


63.18 


70.32 


74.65 



Thus, the distance fallen when t = 3 seconds is s » [32.00 + 51.41 + 63.18](1) = 146.59 ft. 

14. (a) The speed is a decreasing function of time =>• right end-points give an lower estimate for the height (distance) 
attained. Also 



t 





1 


2 


3 


4 


5 


V 


400 


368 


336 


304 


272 


240 



gives the time-velocity table by subtracting the constant g = 32 from the speed at each time increment 
At = 1 sec. Thus, the speed w 240 ft/sec after 5 seconds, 
(b) A lower estimate for height attained is h « [368 + 336 + 304 + 272 + 240](1) = 1520 ft. 



15. Partition [0, 2] into the four subintervals [0, 0.5], [0.5, 1], [1, 1.5], and [1.5, 2]. The midpoints of these 
subintervals are mi = 0.25, 1112 = 0.75, m3 = 1.25, and mi = 1.75. The heights of the four approximating 



rectangles are f(im) = (0.25) 3 = f(m 2 ) = (0.75) 3 = g, f(m 3 ) = (1.25) 3 = ^, and f^) = (1.75) 3 



Notice that the average value is approximated by | Q) J (|) + (~) (|) + (i) 



64 

\3 



343 
64 



:i) 3 



31 
16 



length of [0,2] 



approximate area under 
curve f(x) = x 3 



We use this observation in solving the next several exercises. 



16. Partition [1,9] into the four subintervals [1, 3], [3, 5], [5, 7], and [7, 9]. The midpoints of these subintervals are 
mi = 2, m 2 = 4, 1113 = 6, and mi = 8. The heights of the four approximating rectangles are f(mi) = |, 
f( m 2) = |, f(iri3) = |, and f(rri4) = |. The width of each rectangle is Ax = 2. Thus, 

Area « 2 (f) + 2 (A) + 2 (I) + 2 (|) = ff =* average value « 5gt ^ = ^ = |. 

17. Partition [0, 2] into the four subintervals [0, 0.5], [0.5, 1], [1, 1.5], and [1.5, 2]. The midpoints of the subintervals 
are mi = 0.25, m 2 = 0.75, m 3 = 1.25, and m 4 = 1.75. The heights of the four approximating rectangles are 

f(mi) = \ + sin 2 | = | + | = 1, f(m 2 ) = \ + sin 2 *t = * + § = 1, f(m 3 ) = \ + sin 2 5 f = \ + (- ^ 
= I + \ = 1, and f(mi) = 5 + sin 2 n -f — | + (— A^j " = 1. The width of each rectangle is Ax = |. Thus, 



Area w (1 + 1 + 1 + 1) (|) = 2 =>■ average value : 



area 2 

length of [0,2] — 2 



18. Partition [0, 4] into the four subintervals [0, 1], [1,2, ], [2, 3], and [3,4]. The midpoints of the subintervals 
are mi = |, m 2 = |, m 3 = |, and rnj = |, The heights of the four approximating rectangles are 

f(mj) = 1 - (cos (^)) 4 = 1 - (cos (f)) 4 = 0.27145 (to 5 decimal places), 

f(m 2 ) = 1 - (cos (t^)) 4 = 1 - (cos (f )) 4 = 0.97855, f(m 3 ) = 1 - (cos (^)) 4 = 1 - (cos (f )) 4 

= 0.97855, andf(m 4 ) = 1 - (cos (4^)) ^ = 1 - (cos (^)) 4 = 0.27145. The width of each rectangle is 
Ax = l. Thus, Area w (0.27145)(1) + (0.97855)(1) + (0.97855)(1) + (0.27145)(1) = 2.5 average 

valiip ~ area _ 2J> _ 5 
vdiuc ~ length of [0,4] — 4 — 8' 
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19. Since the leakage is increasing, an upper estimate uses right endpoints and a lower estimate uses left 
endpoints: 

(a) upper estimate = (70)(1) + (97)(1) + (136)(1) + (190)(1) + (265)(1) = 758 gal, 
lower estimate = (50)(1) + (70)(1) + (97)(1) + (136)(1) + (190)(1) = 543 gal. 

(b) upper estimate = (70 + 97 + 136 + 190 + 265 + 369 + 516 + 720) = 2363 gal, 
lower estimate = (50 + 70 + 97 + 136 + 190 + 265 + 369 + 516) = 1693 gal. 

(c) worst case: 2363 + 720t = 25,000 =!> t«31.4hrs; 
best case: 1693 + 720t = 25,000 =>• t«32.4hrs 



20. Since the pollutant release increases over time, an upper estimate uses right endpoints and a lower estimate 
uses left endpoints: 

(a) upper estimate = (0.2)(30) + (0.25)(30) + (0.27)(30) + (0.34)(30) + (0.45)(30) + (0.52)(30) = 60.9 tons 
lower estimate = (0.05)(30) + (0.2)(30) + (0.25)(30) + (0.27)(30) + (0.34)(30) + (0.45)(30) = 46.8 tons 

(b) Using the lower (best case) estimate: 46.8 + (0.52)(30) + (0.63)(30) + (0.70)(30) + (0.81)(30) = 126.6 tons, 
so near the end of September 125 tons of pollutants will have been released. 

21. (a) The diagonal of the square has length 2, so the side length is \J~2~. Area = f V^l — 2 

(b) Think of the octagon as a collection of 16 right triangles with a hypotenuse of length 1 and an acute angle measuring 

16 — 8' 

Area = 16(A) (sin |) (cos |) = 4 sin f = 2\[2 « 2.828 

(c) Think of the 16-gon as a collection of 32 right triangles with a hypotenuse of length 1 and an acute angle measuring 

2tt _7T_ 

32 — 16 - 

Area = 32 (|) (sin (cos §) = 8 sin § = 2^2 « 3.061 

(d) Each area is less than the area of the circle, n. As n increases, the area approaches w. 



22. (a) Each of the isosceles triangles is made up of two right triangles having hypotenuse 1 and an acute angle measuring 
|. The area of each isosceles triangle is Aj — 2(|) (sin |J (cos |J = | sin ^. 



2e 

2 n 



(b) The area of the polygon is Ap = nAx = S sin — , so lim § sin — = lim n ■ 

(c) Multiply each area by r 2 . 
A T = |r 2 sin ^ 

A P = 2 r 2 sin ^ 

r 2 n 

limAp = 7rr 2 

n^oo 



23-26. Example CAS commands: 
Maple : 

with( Student[Calculusl] ); 
f := x -> sin(x); 
a:= 0; 
b := Pi; 

plot( f(x), x=a..b, title="#23(a) (Section 5.1)" ); 

N :=[ 100, 200, 1000]; # (b) 

for n in N do 

Xlist := [ a+l.*(b-a)/n*i $ i=0..n ]; 

Ylist := map( f, Xlist ); 
end do: 

for n in N do # (c) 

Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist)); 
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end do; 

avg := FunctionAverage( f(x), x=a..b, output=value ); 
evalf( avg ); 

FunctionAverage(f(x),x=a..b,output=plot); # (d) 

fsolve( f(x)=avg, x=0.5 ); 

fsolve( f(x)=avg, x=2.5 ); 

fsolve( f(x)=Avg[1000], x=0.5 ); 

fsolve( f(x)=Avg[1000], x=2.5 ); 
Mathematica l (assigned function and values for a and b may vary): 
Symbols for 7r, — * , powers, roots, fractions, etc. are available in Palettes (under File). 
Never insert a space between the name of a function and its argument. 

Clear[x] 

f[x_]:=x Sin[l/x] 
{a,b}={7i74, tt} 
Plot[f[x],{x, a,b}] 

The following code computes the value of the function for each interval midpoint and then finds the average. Each 
sequence of commands for a different value of n (number of subdivisions) should be placed in a separate cell. 

n =100; dx = (b - a) In; 

values = Table[N[f[x]], {x, a + dx/2, b, dx}] 

average=Sum[values[[i]],{i, 1, Length[values]}] /n 

n =200; dx = (b - a) /n; 

values = Table[N[f[x]],{x, a + dx/2, b, dx}] 

average=Sum[values[[i]],{i, 1, Length[values] }] /n 

n =1000; dx = (b - a) /n; 

values = Table[N[f[x]],{x, a + dx/2, b, dx}] 

average=Sum[values[[i]],{i, 1, Length[values] }] In 

FindRoot[f[x] == average, {x, a}] 

5.2 SIGMA NOTATION AND LIMITS OF FINITE SUMS 

1 V 6k _ 6(1) , 6(2) _ 6 , 12 _ 7 
l - 2^ k+l 1 + 1 2+1 2 ' 3 ' 

k=l 

Z -^k 1^2 + 3 U+ 2^3 6 



3. Yl cos ^TT = cos (l7r) + cos (2tt) + cos (37r) + cos (4ir) = —1 + 1 — 1 + 1= 



4. sin kTr = sin (l7r) + sin (2n) + sin (3tt) + sin (4tt) + sin (5tt) = + + + + = 

k=l 

5. E (-l) k+1 sin | = (-1) 1+1 sin f + (-1) 2+1 sin f + (-1) 3+1 sin f = - 1 + ^ = 

k=l 

6. E (-l) k coskTr = (-1) 1 cos(lTr) + (-1) 2 cos(2tt) + (-1) 3 cos(3tt) + (-1) 4 cos(47r) 

k=l 

= -(-l)+l-(-l)+l=4 
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7. (a) 


E 2 k -' 


= 2 1 - 1 + 2 2 - 1 + 2 3 - 1 + 2 4 - 1 + 


2 5-i +2 6-i = i +2 + 4 + 8 


+ 16 + 32 


(b) 


k=ll 


2° + 2 1 + 2 2 + 2 3 + 2 4 + 2 5 = 


1+2 + 4 + 8+16 + 32 




(c) 


± 2 k+ > 

k=-l 


= 2- 1+1 + 2 0+1 + 2 1+1 + 2 2+1 


+ 2 3+1 + 2 4+1 = 1 + 2 + 4 + 


8 + 16 + 32 



All of them represent 1+2 + 4 + 8+16 + 32 



8. (a) E (— 2) k -' = (-2) 1 - 1 + (-2) 2 - 1 + (-2) 3 - 1 + (-2) 4 " 1 + (-2) 5 - 1 + (-2) 6 - 1 = 1- 2 + 4- 8+16-32 

k=l 

(b) E (-l) k 2 k = (-1)°2° + {-l) l 2 x + (-1) 2 2 2 + (-1) 3 2 3 + (-1) 4 2 4 + (-1) 5 2 5 = 1- 2 + 4- 8+16-32 

k=0 
3 



(c) E (-l) k+1 2 k+2 = (-l)- 2+1 2- 2 + 2 + (-1)- 1+1 2- 1+2 + (-1) 0+1 2 0+2 + (-1) 1+1 2 1+2 + (-1) 2+1 2 2 + 

k=-2 

+ (-1) 3+1 2 3 + 2 = -1+2-4 + 8- 16 + 32; 
(a) and (b) represent 1—2 + 4 — 8+16 — 32; (c) is not equivalent to the other two 



(-D 4 - _ i 

1 "T 2 ~ 3 

k=2 

(b) T = + + i=±£ = 1 - 

W k+1 0+1 T 1 + 1 ' 2 + 1 1 2 1 3 

k=0 

W k + 2 -1+2 ' + 2 '1+2 1 ' 2 3 

k=-l 

(a) and (c) are equivalent; (b) is not equivalent to the other two. 



2 



(-1)'- 


(-D 2 - 1 


(-if 




k- 1 


~~ 2-1 


1 3- 




(-D k 


_ (-D , 




(-D 2 


k+1 


0+1 T 


1 + 1 T 


2+1 " 


k + 2 


_ (-ir> 

~~ -1 + 2 


, (-D 
r + 2 


i_i=32i 

r 1+2 



10. (a) E ( k - I) 2 = (1 - l) 2 + (2 - l) 2 + (3 - l) 2 + (4 - l) 2 = + 1 + 4 + 9 

k=l 

(b) E (k + I) 2 = (-1 + I) 2 + (0 + l) 2 + (1 + l) 2 + (2 + l) 2 + (3 + l) 2 = + 1 + 4 + 9 + 16 

k=-l 

(c) E k 2 = (-3) 2 + (-2) 2 + (-l) 2 = 9 + 4+l 

k=-3 

(a) and (c) are equivalent to each other; (b) is not equivalent to the other two. 

11. Ek 12. £k 2 13. E h 

k=l k=l k=l 

14. £2k 15. E(-l) k+1 i 16. E(-l) k | 

k=l k=l k=l 

17. (a) E 3a k = 3 E a k = 3(-5) = -15 

k=l k=l 

(b) E | = \ E bk = I (6) = 1 

k=l k=l 

(c) E (a k + b k ) = E a k + E b k = -5 + 6 = 1 

k=l k=l k=l 

(d) E (a k - b k ) = E a k - E b k = -5 - 6 = -11 

k=l k=l k=l 



(e) £ (b k - 2a k ) = £b k -2£a k = 6- 2(-5) = 16 

k=l k=l k=l 
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18. (a) E 8a k = 8 £ a k = 8(0) = 



(b) J2 250b k = 250 E b k = 250 (!) = 250 



k=l k=l 



(c) E (a k + 1) = £ a k + E 1 = + n = n (d) E (b k - 1) = E b k - £ 1 = 1 - n 



k=l k=l 



k= 1 k= ! 



19. (a) £k = 

k=l 
10 

(c) £k 3 = 



10(10+1) _ 



55 



10(10+ 1) 



n 2 



55 2 = 3025 



(b) Ek : 



2 _ 10(10+ 1)(2(10)+ 1) _ 



385 



20. (a) £]k: 

k=l 
13 



13(13 + 1) 

2 



(c) Ek 3 = 



13(13 + 1) 



91 

2 



= 91 2 = 8281 



(b) Ek : 



2 _ 13(13+ 1)(2(13) + 1) _ 



819 



21. E - 2 k = -2 E k = -2 f™ 2 ) = -56 



22. 



E S = §Ek=§(^)= 7 r 



23. E (3 - k 2 ) = E 3 - E k 2 = 3(6) - 6(6 + 1)( 6 2(6)+1) = 

k=l k=l k=l 



-73 



24. E (k 2 - 5) = E k 2 - E 5 



6(6 + l)(2(6)+l) 



5(6) = 61 



k=l k=l 



25. E k(3k + 5) = E (3k 2 + 5k) = 3 E k 2 + 5 E k = 3 ( 5(5 + 1)( 6 2(5)+ r> ) + 5 f 5 ^) = 240 

t-i l—i t=I k=l ' ' " ' 



26. E k(2k + 1) = E ( 2 k 2 + k)=2Ek 2 + Ek = 2 ( 7(7 + 1)( 6 2(7)+ " ) - 



308 



k=l k=l 



21- E gg + (Ek) = ^ 5 E^ + (Ek) = 22 , 



b(^) 2 +(^) 3 = 



3376 



28. 



Ek) -E ! = (Ek) -iEk3 = (2(2±ii) 2 -i(ze±i)) 2 = 588 



2 9. (a) 



(b) 



(c) 



(2,3) 



/(x) = :r z -l, 

0<x<2 

Left-hand 



c, = Cr> c'= 1 2 



(2,3) 



/W=jc z -l, 
< x < 2 
Right-hand 
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30. (a) 



f(x) — x 



(b) 




(c) 



f(X)— X 



mmm 



m 



31. (a) 



(b) 



(c) 



f(x) = sin x, 

-7T<X< 77 

Left-hand 

-j* j 



c, = -7T cj xc% — o 



3 


i 




f(x) = sin x, 

-ir<X<TT 

Right-hand . 










— k: 4 7 

~ 7r \ n. c i 


2 = c 3 


C 4 = 7T 



.1 




/(x) = sin x, 




-1T<X< 77 




Midpoint j 




Cj -77/2 c 2 




— k— 1 — 1 — 1—7 


C3 77/2 C 4 7T 







32. (a) 




-0.5 
-1 



7^2 11 

f(x) = sin x +1 



■it -nl2 



-0.5 
-1 



(c) 



n/2 

f(x) = sin x +1 



2 




1.5 

K ^ 


0mm 


filfe 

JBSSSiiiisiS 

liiltl 


-JE -7C/2 




12 It 


-0.5 

-1 




sin x + 1 



33. |xi - x | = |1.2 - 0| = 1.2, |x 2 - xi| = 1 1.5 — 1.2| = 0.3, |x 3 - x 2 | = |2.3 - 1.5| = 0.8, |x 4 - x 3 | = |2.6 - 2.3 1 = 0.3, 
and |x 5 - x 4 | = |3 - 2.6| = 0.4; the largest is ||P|| = 1.2. 



34. |xi - x | = |-1.6 - (-2)| = 0.4, |x 2 - Xl | 
|x 4 - x 3 | = |0.8 - 0| = 0.8, and |x 5 - x 4 | = 



-0.5 - (-1.6)| = 1.1, |x 3 - x 2 | = |0 - (-0.5)| = 0.5, 
-0.8| = 0.2; the largest is ||P|| = 1.1. 




Since f is decreasing on [ 0, 1] we use left endpoints to obtain 
upper sums. Ax = i^S = ~ and X; = iAx = ~. So an upper sum 



i=0 i=0 

4 - ^Ei 2 = 1 



i=0 

3 , 1 



(n-l)n(2(n-l) + l) _ -, 
6n 3 — 1 



2n 3 - 3n 2 + n 
6n 3 



1 — - — l" 1 "" 7 . Thus, 



lim £(l-x?)i = lim 

n— -'Oo n— ■ 



=1-1=2 

3 3 
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Since f is increasing on [ 0, 3] we use right endpoints to obtain 
upper sums. Ax = — | anc [ Xj — j/\ x = ^ So an upper 

sumis E2 Xi (|)= £fi.I=*£i=*.^ = I^ 



i-i 



Thus, lim Vf • f = lim §2^" = lim (9 + 5 ) = 9. 




Since f is increasing on [ 0, 3] we use right endpoints to obtain 
upper sums. Ax = — - and x; = iAx = — . So an upper 

sumis E(x 2 + 1)H E((f) 2 + l)H^ E(f +l) 

i=l i=l v 7 i=l v ' 

-fEi 2 + f •n-g( n(n + 1) c (2 " + 1) )+ 3 

i=l V 



9(2n 3 +3n- + n) . o 
2n 3 + 



lim E(x 2 + l)|=hm 



3. Thus, 



18+ if + - 



3 = 9 + 3 = 12. 



38. f(x) = 3x 2 
y 

3 



Since f is increasing on [ 0, 1] we use right endpoints to obtain 
upper sums. Ax = ^—^ — - and x; = iAx = L . So an upper sum 

is E3xf(i) = tm\l) = £ & 



i-1 



2n 3 + 3n- + n 



2 _ _3 ( n(n+l)(2 
6 



2+ ; + - 



2n 3 



Thus, lim E3x 2 (D 



= lim 



■2+l + i, 



— - — 1 
2 ± - 



39. f(x) = x + x 2 = x(l + x) 
y 




Since f is increasing on [ 0, 1] we use right endpoints to obtain 
upper sums. Ax = = ~ and x; = iAx = ~. So an upper sum 

is E(xi + x 2 )H E (j + Q) 2 ) H + _?Ei 2 

i=l i=l v y i=l i=l 

_ J_ f ntn+l) ^ _,_ J_ ^ n(n+] 



-l)(2n + l) \ _ n 2 + n , 2n 3 + 3n 2 + n 
6 j ~ 2n 2 ' 6n 3 



i±i 

2 



= lim 

n^oo 



-+-^.Thus, lim E(x. + x 2 )i 



n^oo 

6 



1 , 2 
2^6 



40. f(x) = 3x + 2x 2 




Since f is increasing on [ 0, 1] we use right endpoints to obtain 
upper sums. Ax = — - — - and x; = iAx = -. So an upper sum 

E(3x ; + 2x 2 )i = E (f + 2(D 2 ) 1 = m + 4Ei 2 

i=l i=l v ' i=l i=l 



IS 



3_( n(n+l) \ 2 I n(n + l)(2n + 1) \ 



3n 2 + 3n . 2n 2 + 3n + 1 



2n 2 



3n 2 



2+ "„ + ^ .Thus, lim E(3x, + 2x 2 )i 



= lim 

n^oo 



3+j 
2 



2 + 5 + ir 
3 



3,2 
2 ' 3 



13 
6 1 
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5.3 THE DEFINITE INTEGRAL 

1. J Q x 2 dx 2. f° 2x a dx 3. £ (x 2 - 3x) dx 

4. f i dx 5. f J- dx 6. f v/4-x 

Jl x J 2 1 -x JO 

/0 mt/4 

(sec x) dx 8. I (tan x) dx 
-7r/4 J 



dx 



9. (a) £g(x)dx = (b) £g(x) dx = - £ g(x) dx = -8 



(c 
(e 
(0 

10. (a 
(b 
(c 
(d 
(e 
(0 

11. (a 
(c 

12. (a 
(c 

13. (a 
(b 

14. (a 
(b 



J 3f(x) dx = 3 f f(x) dx = 3(-4) = -12 (d) J f(x) dx = J f(x) dx - J f(x) dx = 6 - (-4) = 10 

£ [f(x) - g(x)] dx = Jj f(x) dx - J x g(x) dx = 6 - 8 = -2 
Jj [4f(x) - g(x)] dx = 4 Jj f(x) dx - Jj g(x) dx = 4(6) - 8 = 16 

p9 ^9 

J -2f(x)dx = -2 J f(x)dx = -2(-l) = 2 

p9 p9 p9 

J 7 [f(x) + h(x)] dx = J 7 f(x) dx + J 7 h(x) dx = 5 + 4 = 9 

£ [2f(x) - 3h(x)] dx = 2 £ f(x) dx - 3 £ h(x) dx = 2(5) - 3(4) = -2 

/ 9 f(x) dx = - Jj f(x) dx = -(-1) = 1 

Jj f(x) dx = £ f(x) dx - £ f(x) dx = -1 - 5 = -6 

Jj [h(x) - f(x)] dx = £ [f(x) - h(x)] dx = £ f(x) dx - f 7 h(x) dx = 5 - 4 = 1 

Jj f(u)du = Jj f(x)dx = 5 (b) Jj y3f(z)dz=V^ Jj f(z)dz = 5A/3 

£f(t) dt = - £ f(t) dt = -5 (d) £ [-f(x)] dx = - £f(x) dx = -5 



f Q g(t)dt = -/_ 3 g(t)dt=-V2 (b) £g(u)du = J_ 3 g(t)dt = V2 

£ [-g(x)] dx = - £ g(x) dx = -y/2 (d) £ f 2 dr = ^ £ g(t) dt = (^) = 1 



Jj f(z) dz = f Q f(z) dz - Jj f(z) dz = 7 - 3 = 4 

£f ( t)dt=-£f(t)dt=-4 

J h(r) dr = J h(r) dr - f h(r) dr = 6 - = 6 
- Jj h(u) du = - (- £ h(u) diA = £ h(u) du = 6 
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15. The area of the trapezoid is A = | (B + b)h 



= i(5 + 2)(6) = 21 
= 21 square units 



3 dx 




16. The area of the trapezoid is A = 1 (B + b)h 

= | (3 + 1)(1) = 2 Jj^ 2 (-2x + 4) dx 
= 2 square units 



17. The area of the semicircle is A = = 7rr 2 = = 7r(3) 2 



7T => f \/9 - X 2 
t/ —3 



dx 



7r square units 



•jf f(x) - -2x + 4 




0,5 1 1,5 2 




-3 -2 -1 



1 2 



18. The graph of the quarter circle is A = \ nr 2 — \ 7r(4) 2 
= 47r ^> J y/l6 — x 2 dx = 47r square units 




19. The area of the triangle on the left is A = \ bh = \ (2)(2) 
= 2. The area of the triangle on the right is A = \ bh 
= I (l)(l) = I. Then, the total area is 2.5 



r 



|x| dx = 2.5 square units 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



20. The area of the triangle is A = \ bh = \ (2)(1) = 1 
=>• J (1 — |x|) dx = 1 square unit 
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y 

f(x) = 1-|x| 




21. The area of the triangular peak is A = \ bh = \ (2)(1) = 1. 
The area of the rectangular base is S = £w = (2)(1) = 2. 

Then the total area is 3 =>■ J (2 — |x|) dx = 3 square units 



f(x) = 2-|x| 




22. y = 1 + 



- 1 = vT 1 " 



=>• (y - l) 2 = 1 - x 2 =>• x 2 + (y - l) 2 = 1, a circle with 
center (0, 1) and radius of 1 => y = 1 + \J 1 — x 2 is the 
upper semicircle. The area of this semicircle is 
A = \ 7rr 2 = ^ 7r(l) 2 = |. The area of the rectangular base 
is A = Ay = (2)(1) = 2. Then the total area is 2 + | 

1 fl + \/ 1 — 1 dx = 2 + | square units 



-1 



) = i+Vi-> 
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25. J a 2s ds = \ b(2b) - \ a(2a) = b 2 - a 2 




y-2s 



27. J x dx = 



J 



2 2 2 



3,. /^fc.I^.J 

Jo 3 3 



L 



1/2 ,iJ 

33. | o t 2 dt=<f = £ 



).2a 
a 



35. | x dx 



(2a) 2 a 2 _ 3a 2 
2 2 2 



37. J Q x 2 dx = 



39. | 7dx = 7(l -3) = -14 



43 



21 _ oi 

2 2 



= 10 



26. J a 3t dt = \ b(3b) - \ a(3a) = | (b 2 - a 2 ) 




J .2. 5 
x dx - ., 
0.5 - 



_ (2.5) 2 _ (0.5) 2 _ 



30. rdr 



2 2 



24 



32. J Q s 2 ds = = 0.009 
34. J^V dtf = ^ = g 

/»\/3a 
36 ' Ja X 



dx 



331 - - a 2 

2 2" - a 



38. x 2 dx=®!=9b 3 
Jo 3 



X" 



r 

41. f 5x dx = 5 f x dx = 5 
Jo Jo 

J o (2t - 3) dt = 2 J t dt - J q 3 dt = 2 

X 

45- X ( 1 + § ) dz = £ 1 dz + J 2 ' | dz = £ 1 dz - \ z dz 



2 dx = V2 (-2 - 0) = -2V2 



42 ' £i**=lf!*^ 



5! _ 2! 
2 2 



= I! = 1 
16 1 



?! _ £ 

2 2 



3(2 - 0) = 4 - 6 = -2 



44. f (t - x/2] dt - J tdt- J \/2dt = 



-^2^/2-0 



= 1[1 -2] - i 



= 1 -2= -1 



2^ _ 1_ 2 
2 2 



46. 



J>0 pO pO p3 pO 

(2z - 3) dz = I 2z dz - I 3 dz = -2 / z dz / 3 dz = -2 
3 J3 J3 Jo J3 



/» 2 r*2 V p2 r*l 

3u 2 du = 3 I u 2 du = 3 I u 2 du | u 2 du 
1 Ji Jo Jo 



= 3 



3 dz = 


-2 


'3 2 

2 


o 2 ' 

2 


2 3 3 ~ 




'l 3 


o 3 


3 3 




3 


3 



1 2 V2^ 4 

3)0-3] = -9 + 9 = 

= 3(|) =7 



= 3 
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49. 



50. 



J 1/2 



48. I 24u 2 du - 24 f u 2 du = 24 

'1/2 J 1/2 



pi ~l/2 

I u 2 du — I u 

Jo Jo 



du 





"i 3 (i) 3 " 






= 24 


3 3 


= 24 


rci) i 

3 



x - 5) dx = 3 J Q x 2 dx + f o x dx - J Q 



x dx — I 5 dx = 3 
o Jo 



' 2 3 () 3~ 




' T? 2 ' 


3 3 


+ 


2 2 



= 7 



- 5[2 - 0] = (8 + 2) - 10 = 



f (3x 2 + x - 5) dx = - J (3x 2 + x - 5) dx = - 3 J x 2 dx + J x dx - J q 5 dx 
= - [3 - f ) + (f - -5(1-0)] = - (1 -5) = 1 



51. Let Ax = 

X2 = 2Ax 



b-0 



= - and let x = 0, xi = Ax, 
x„_! = (n — l)Ax, x„ = nAx = b. 
Let the c k 's be the right end-points of the subintervals 
=>• Ci = Xi, C2 = X2, and so on. The rectangles 
defined have areas: 

f(ci) Ax = f(Ax) Ax = 3(Ax) 2 Ax = 3(Ax) 3 
f(c 2 ) Ax = f(2Ax) Ax = 3(2Ax) 2 Ax = 3(2) 2 (Ax) 3 
f(c 3 ) Ax = f(3Ax) Ax = 3(3Ax) 2 Ax = 3(3) 2 (Ax) 3 

f(c n ) Ax = f(nAx) Ax = 3(nAx) 2 Ax = 3(n) 2 (Ax) 3 
Then S„ = J2 f(c k ) Ax = £ 3k 2 (Ax) 3 



k=l 

\3 J2 V- 

k=l 



3(Ax) 3 £ k 2 = 3 (|) ( n(n+1 f n+1) ) 
= + U f b 3x 2 dx= lim %{2 

2 \ n a 1 1 Jo n -+ oo 2 V 



3 - + l 
n n- 



= b 3 . 



52. Let Ax = ^ = £ and let x = 0, Xi = Ax, 
x 2 = 2 Ax, . . . , x„_! = (n — l)Ax, x„ = nAx = b. 
Let the c k 's be the right end-points of the subintervals 
=>• ci = Xi, C2 = X2, and so on. The rectangles 
defined have areas: 

f(ci) Ax = f(Ax) Ax = vr(Ax) 2 Ax = tt(Ax) 3 
f(c 2 ) Ax = f(2Ax) Ax = tt(2Ax) 2 Ax = tt(2) 2 (Ax) 3 
f(c 3 ) Ax = f(3Ax) Ax = tt(3Ax) 2 Ax = tt(3) 2 (Ax) 3 

f(c) Ax = f(nAx) Ax = Tr(nAx) 2 Ax = 7r(n) 2 (Ax) 3 
Then S„ = J2 f ( c k) Ax = E 7rk 2 (Ax) 3 

k=l k=l 

^(Ax) 3 £k 2 ^(g) ( n(n+1 f° +1) ) 

= f (2+! + ^)^X^ 2 dx = n liin o f (2+^ + 4) 



3b 



jtb 



3 ' 



f (x) = 3x 



f(x) = RX 



(b,3b 2 ) 



Xj-0 x, Xj -X^, x„»b 



(b.itb 



x..b 
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53. Let Ax = ^ = \ and let x = 0, Xi = Ax, 
X2 = 2Ax, . . . , x n _! = (n — l)Ax, x„ = nAx = b. 
Let the c k 's be the right end-points of the subintervals 

=> ci = xi, c-2 — X2, and so on. The rectangles 
defined have areas: 

f(cO Ax = f(Ax) Ax = 2(Ax)(Ax) = 2(Ax) 2 
f(c 2 ) Ax = f(2Ax) Ax = 2(2Ax)(Ax) = 2(2)(Ax) 2 
f(c 3 ) Ax = f(3 Ax) Ax = 2(3 Ax)(Ax) = 2(3)(Ax) 2 

f(c n ) Ax = f(nAx) Ax = 2(nAx)(Ax) = 2(n)(Ax) 2 
Then S„ = £ f ( c k) Ax = £ 2k(Ax) 2 

k=l k=l 

= 2(Ax) 2 £ k = 2(g) (&±% 

k=l \ / \ 

nb 

= b 2 (l + i) I 2xdx= lim b 2 (l + i)=b 2 . 

\ ' nJ Jo n-+oo \ ' nJ 

54. Let Ax = ^ = £ and let x = 0, x x = Ax, 

X2 = 2Ax, . . . , x n _! = (n — l)Ax, x„ = nAx = b. 

Let the c k 's be the right end-points of the subintervals 
=>• ci = xi, C2 = X2, and so on. The rectangles 

defined have areas: 

f(c x ) Ax = f(Ax) Ax = + 1) (Ax) = \ (Ax) 2 + Ax 
f(c 2 ) Ax = f(2Ax) Ax = + 1) (Ax) = ^(2)(Ax) 2 + Ax 
f(c 3 ) Ax = f(3Ax) Ax = + 1) (Ax) = \ (3)(Ax) 2 + Ax 

f(c n ) Ax = f(nAx) Ax = (sf 5 + 1) (Ax) = \ (n)(Ax) 2 + Ax 



2b 



1(x) = 2x 




Then S„ = £ f(c k ) Ax = £ Q k(Ax) 2 + Ax) = \ (Ax) 2 £ k + Ax £ 1 = \ ( %) (^) + (£) (n) 

k=l k=l k=l k=l V / \ / 

= | b 2 (l + I )+b ^ J o b (f + l) dx = n lirn o (Ib 2 (l + I)+b)=Ib 2 +b. 
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57. av(f)=( I i T5 ) J o (-3x 2 -l)dx = 



58. av(f) = (j^) £ (3x 2 - 3) dx = 

= 3 X lx2dx -r 3dx = 3 (^)- 3(i - o) 
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59. av(f) = 



p3 p3 r*3 

l(f)-|(f-f) + |(3-0) 



dt 



60. av(f) = (rjps) f_ 2 (t 2 - t) dt 



- I fi!^ _ I ffcSl^ 4-1-2 

~~ 3 \ 3 ) 3 \ 3 J ' 2 ~ 2 " 

61. (a) av(g) = J_ i (|x| - 1) dx 

= i/_° (-x-Ddx+i/^x-Ddx 

_ lX dx-lJ t ldx+lJ o xdx-lJ o ldx 

=-Kf-^)-i(o-(-i))+K^-^)-^ (1 - 0) 




5 OS 1 1.5 2 2.5 3 




H 1 Ic— »• 



g(x) = |x| - 1 




-t — x 
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(b) av(g) = (3^) J x (|x| - 1) dx = \ Jj (x - 1) dx 



(c) av(g) = /^(Ixl - 1) dx 

= i J_ 1 i (| x |-l)d X + i //(M - 1) dx 



= j (— 1 + 2) = 7 (see parts (a) and (b) above). 



62. (a) av(h) = (0^) |x| dx = ^"-(-xjdx 



1 

2 1 



(b) av(h)=( T ^ J ) J o -|x|dx 

i! _ 0!^ — _ I 

, 2 2 J 2- 



Jo 



x dx 



- Ixl dx 



(c) av(h) = (7^) £ 

= l(X° i -|x|dx+/ o 1 -|x|dx' 
= i (- § + (- \)) = - i (see parts (a) and (b) 



above). 





V — 1*1 — 1 




•3 




■' / 






-1 

— 1 — 1 — 1 — 1 — 


■ 


-1- 


,12 3 




y 




; y-M-1 




■2 , 




■1 / 


-1 




— 1 — 1 — 1 — 1<— 


jf 1 — 1 — 1 — 

/1 2 3 


-r 






i 




; h(x)=H*| 




■ 1 


— 1 — 1 — 1 — 1 — -p 

-1 y\ 


— 1 — 1 — 1 — 1 — 

1 


: 


•-1 




f 




[ h(x) = -|x| 


— 1 — 1 — 1 — 1 — 


■ 1 




V ' 1 1 








y 




; h( X )— w 




■ 1 











63. To find where x - x 2 > 0, let x - x 2 = x(l - x) = => x = or x = 1. If < x < 1, then 0<x-x 2 ^ a = 
and b = 1 maximize the integral. 
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64. To find where x 4 - 2x 2 < 0, let x 4 - 2x 2 = x 2 (x 2 - 2) = x = or x = ± y/l. By the sign graph, 

/2,\/l a = -v^2 andb = 



+++++++, we can see that x 4 - 2x 2 < on 

V2~ 



minimize the integral. 



65. f(x) = yq^y is decreasing on [0, 1] =>■ maximum value of f occurs at => max f = f(0) = 1; minimum value of f 
occurs at 1 => min f = f(l) = y+\? = \ . Therefore, (1—0) min f < J Q yqr^ dx < (1 — 0) max f 

=> 1 < J q dx < 1 . That is, an upper bound = 1 and a lower bound = | . 

66. See Exercise 65 above. On [0,0.5], max f = j-^-qj = 1, min f = t + 4 Q 5)2 = 0.8. Therefore 

/■>0.5 ^0.5 

(0.5 - 0) min f < J Q f(x) dx < (0.5 - 0) max f =>• § < J Q y^Ur dx < ± . On [0.5, 1], max f = 1+( 1 ()5)2 = 0.8 and 
min f = t^tt =0.5. Therefore (1 -0.5) min f< f ^ dx < (1 - 0.5) max f j< f dx < | . 

1 + 1- v ' — J 0.5 !+"- — 4 — J 0.5 !+ x " — 5 

J. 0.5 nl pi 

t-U, dx + I y-U dx<i + | =^ |^ < I -r-^ dx < ^ . 
1 + x- J o.5 1 + x — 2 5 20 _ Jo l + x — 10 

67. -1 < sin (x 2 ) < 1 for all x (1 - 0)(-l) < J sin (x 2 ) dx < (1 - 0)(1) or f sin x 2 dx < 1 J q sin x 2 dx cannot 
equal 2. 

68. f(x) = Vx + 8 is increasing on [0, 1] max f = f(l) = ^/TTs, = 3 and min f = f(0) = ^/0+~8 = 2^/l . 
Therefore, (1 - 0) min f< f Jx + 8 dx < (1 - 0)max f ^> 2\fl < f Jx + 8 dx < 3. 

*J i/ 

69. If f(x) > on [a, b], then min f > and max f > on [a, b]. Now, (b — a) min f< J f(x) dx < (b — a) max f. 
Then b > a b - a > (b - a) min f > f(x) dx > 0. 

70. If f(x) < on [a, b], then min f < and max f < 0. Now, (b - a) min f < J f(x) dx < (b - a) max f. Then 
b > a b - a > =S> (b - a) max f < J a f(x) dx < 0. 

71. sin x < x for x > =>- sin x — x < for x > => (sin x — x) dx < (see Exercise 70) sin x dx — x dx 

< =4> ^ sin x dx < J q x dx =>■ sin x dx < ( y — =>■ sin x dx < ~ . Thus an upper bound is ~. 

72. sec x > 1 + ^ on (- f , |) => sec x - (l + > on (- §, f ) J q [sec x - (l + 1 dx > (see 
Exercise 69) since [0, 1] is contained in (— |, |) ^ j" sec x dx — f 1 + dx > sec x dx 

X( i+ ^) dx X secxdx ^X idx+ 5/o x2dx X secxdx ^ (i -° )+ Kfl X secxdx ^5- 



> 

Thus a lower bound is ? . 



pb pb pb 

73. Yes, for the following reasons: av(f) = J f(x) dx is a constant K. Thus J av(f) dx = J Kdx 

/*b /»b pb 

= K(b - a) =4> J a av(f) dx = (b - a)K = (b - a) - ^ J f(x) dx = J a f(x) dx. 
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74. All three rules hold. The reasons: On any interval [a, b] on which f and g are integrable, we have: 

r n b nb 1 nb r b 



dx + bh /„ §w dx 



(a) av(f + g) = ^ j R [f(x) + g(x)] dx = ^ J] f(x) dx + j & g(x) dx = g^/ a f(x) 

= av(f) + av(g) 

(b) av(kf) = ^ J* a kf(x) dx = ^ k J a f(x) dx = k ^ J a f(x) dx = k av(f) 

pb /*b 

(c) av(f) = ^ J a f(x) dx < J a g(x) dx since f(x) < g(x) on [a, b], and ^ g(x) dx = av(g). 
Therefore, av(f) < av(g). 

75. Consider the partition P that subdivides the interval [a, b] into n subintervals of width Ax = and let c k be the right 
endpoint of each subinterval. So the partition is P = {a, a + ^=^, a + 2 ^ b ~ a \ . . . , a + "fo^* 1 ) } and c k = a + M!LzJL> 

We get the Riemann sum £f( c k) Ax = E c ' ^ = £i 'ir ill E 1 = '^^r 1 • n = c(b - a). As n ^ oo and ||P|| -> 

k=l k=l k=l 

r b 

this expression remains c(b — a). Thus, J c dx = c(b — a). 

76. Consider the partition P that subdivides the interval [a, b] into n subintervals of width Ax = b -^- a and let c k be the right 



2(b-a) 



endpoint of each subinterval. So the partition is P = {a, a + b -^ 1 , a 
We get the Riemann sum £f(c k ) Ax = Ec^ 1 ^) = ^E ( a + ^r^V = ^E 

k=l k=l n " k=l^ n ' " k=l 



n(b-a) 



andc k = a 

2 , 2ak(b-a) k 2 (b- 



k(b - a) 



b-a 



(b-a) ^1,2 \ _ b 



_1 Ea 2 + ^z£i Ek+ ^_£L Ek : 
k=l k=l k=l 



na 



2 2a(b-a)- n(n+l) (b - a) J n(n+l)(2n+l) 



6 



(b - a)a 2 + a(b - a) 



2 n +l i (b-a) J (n + l)(2n+l) 



(b - a)a 2 + a(b - a) 



2.1 + 1, (b-a) 3 2+^ + 4, 



1 

(b-a) 3 
6 



As n — > oo and ||P|| — > this expression has value (b — a)a 2 + a(b — a) 2 • 1 
= ba 2 - a 3 + ab 2 - 2a 2 b + a 3 + i(b 3 - 3b 2 a + 3ba 2 - a 3 ) = f - f . Thus, J a x 2 dx = f - f . 

77. (a) U = maxi Ax + max2 Ax + . . . + max„ Ax where maxi = f(xi), max2 = f(x2), . . . , max„ = f(x„) since f is 
increasing on [a, b]; L = mini Ax + min2 Ax + . . . + min n Ax where mini = f(xrj)> min2 = f(xi), . . . , 
min n = f(x n _i) since f is increasing on [a, b]. Therefore 
U — L = (maxi — mini) Ax + (max2 — min2) Ax + . . . + (max,, — minj Ax 

= (f(xi) - f(x )) Ax + (f(x 2 ) - f(xi))Ax + . . . + (f(xj - f(x^)) Ax = (f(x„) - f(x )) Ax = (f(b) - f(a)) Ax. 
(b) U = maxi Axi + max 2 Ax2 + . . . + max,, Ax„ where maxi = f(xi), max 2 = f(x 2 ), . . . , max n = f(x„) since f 
is increasing on[a, b]; L = mini Axi + min2 Ax 2 + . . . + min„ Ax„ where 
mini = f(xo), min 2 = f(xi), . . . , min„ = f(x n _!) since f is increasing on [a, b]. Therefore 
U — L = (maxi — mini) Axi + (max2 — min2) Ax2 + . . . + (max„ — min„) Ax„ 
= (f(xi) - f(x )) Axi + (f(x 2 ) - f(xi))Ax 2 + . . . + (f(x„) - f(x„_,)) Ax„ 
< (f(xi) - f(x )) Ax milx + (f(x 2 ) - f(xO) Ax max + . . . + (f(x„) - f(x„_,)) Ax mi , x . Then 
U - L < (f(x„) - f(x )) Ax mi „ = (f(b) - f(a)) Ax max = |f(b) - f(a)| Ax max since f(b) > f(a). Thus 
Mm (U - L) = Jim (f(b) - f(a)) Ax max = 0, since Ax max = ||P|| . 
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-t — t- 



a x 1 x 2 X„ - b 
* n 



78. (a) U = maxi Ax + max2 Ax + . . . + max„ Ax where 
maxi = f(x ), max 2 = f(xi), . . . , max„ = f(x n _x) 
since f is decreasing on [a, b] ; 
L = mini Ax + min2 Ax + . . . + min„ Ax where 
mini = f(xi), min 2 = f(x 2 ), . . . , min„ = f(x„) 
since f is decreasing on [a, b]. Therefore 
U — L = (maxi — mini) Ax + (max 2 — min 2 ) Ax 

+ . . . + (max n — min„) Ax 

= (f(x ) - f(xi)) Ax + (f(xi) - f(x 2 ))Ax 

+ . . . + (f(x^) - f(x„)) Ax = (f(x ) - f(x„)) Ax 

= (f(a)-f(b))Ax. 

(b) U = maxi Axi + max 2 Ax 2 + . . . + max n Ax„ where maxi = f(xo), max 2 = f(xi), . . . , max,, = f(x n _x) since 
f is decreasing on[a, b]; L = mini Axi + min 2 Ax 2 + . . . + min n Ax„ where 
mini = f(xi), min 2 = f(x 2 ), . . . , min„ = f(x„) since f is decreasing on [a, b]. Therefore 
U — L = (maxi — mini) Axi + (max 2 — min2) Ax 2 + . . . + (max„ — min„) Ax n 
= (f(x ) - f(xi)) Axi + (f(xi) - f(x 2 ))Ax 2 + . . . + (f(x n _x) - f(xj) Ax„ 
< (f(x ) - f(x„)) Ax max = (f(a) - f(b) Ax max = |f(b) - f(a)| Ax,„ ax since f(b) < f(a). Thus 
lim Q (U - L) = lim q |f(b) - f(a)| Ax max = 0, since Ax max = ||P|| . 



79. (a) Partition [0, f ] into n subintervals, each of length Ax = £ with points Xo = 0, Xi = Ax, 

x 2 = 2 Ax, ... ,x n — nAx = |. Since sin x is increasing on [0, |1 , the upper sum U is the sum of the areas 
of the circumscribed rectangles of areas f(xi) Ax = (sin Ax)Ax, f(x 2 ) Ax = (sin 2Ax) Ax, . . . , f(x„) Ax 

cos 4f -cos( (n+ I) Ax) 



= (sin nAx) Ax. Then U = (sin Ax + sin 2Ax 



sin nAx) Ax = 



Ax 



cos ^-cos((n+i) g) 



(b) The area is 



2 sin 



(§) 



7T (COS f; - COS (f + _ COS g, - COS (f + ^) 



4n sin 



nx/3 

j sin x 



dx= lim cos E -co S (, + ai ) = l-co ii = 1 _ 

n — » OO / sm 4n ^ 1 



80. (a) The area of the shaded region is J]^ x i ' m i which is equal to L. 

i=l 
n 

(b) The area of the shaded region is J]^ x i ' Mj which is equal to U. 

i=l 

(c) The area of the shaded region is the difference in the areas of the shaded regions shown in the second part of the figure 
and the first part of the figure. Thus this area is U — L. 

n n 

81. By Exercise 80, U — L = ^Ax^ ■ M{ — ^ Ax; • m; where Mj = max{f(x) on the ith subinterval} and 

i=l i=l 

n n 

m; = min{f(x) on the ith subinterval}. Thus U — L = 5Z(Mj — m;)Axi < J^e • Axj provided Ax; < S for each 



i = 1, . . . , n. Since J^e • Ax; = e X^ x i — e (b — a ) me result, U — L < e(b — a) follows. 

i=l i=l 
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82. The car drove the first 150 miles in 5 hours and the 
second 150 miles in 3 hours, which means it drove 300 
miles in 8 hours, for an average of ™ mi/hr 
= 37.5 mi/hr. In terms of average values of functions, 
the function whose average value we seek is 
30, < t < 5 
50, 5 < 1 < 8 

(30)(5) + (50)(3) = 37 5 



Velocity 
mi/hr 

v 
50) 



30 



v(t) = 



and the average value is 



_average 
"value 



37.5 mi/hr 



Time 
hr 



83-88. Example CAS commands: 
Maple : 

with( plots ); 

with( Student[Calculusl] ); 
f := x -> 1-x; 
a:= 0; 
b := 1; 

N:=[4, 10, 20, 50]; 

P := [seq( RiemannSum( f(x), x=a..b, partition=n, mefhod=random, output=plot ), n=N )]: 
display ( P, insequence=true ); 

89-92. Example CAS commands: 
Maple : 

with( StudentfCalculusl] ); 
f := x -> sin(x); 
a:= 0; 
b := Pi; 

plot( f(x), x=a..b, title="#23(a) (Section 5.1)" ); 

N :=[ 100, 200, 1000]; # (b) 

for n in N do 

Xlist := [ a+l.*(b-a)/n*i $ i=0..n ]; 

Ylist := map( f, Xlist ); 
end do: 

for n in N do # (c) 

Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist)); 
end do; 

avg := FunctionAverage( f(x), x=a..b, output=value ); 
evalf( avg ); 

FunctionAverage(f(x),x=a..b,output=plot); # (d) 
fsolve( f(x)=avg, x=0.5 ); 
fsolve( f(x)=avg, x=2.5 ); 
fsolve( f(x)=Avg[1000], x=0.5 ); 
fsolve( f(x)=Avg[1000], x=2.5 ); 

83-92. Example CAS commands: 

Mathematica : (assigned function and values for a, b, and n may vary) 

Sums of rectangles evaluated at left-hand endpoints can be represented and evaluated by this set of commands 
Clear[x, f, a, b, n] 
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{a, b}={0, 7t}; n =10; dx = (b - a)/n; 
f=Sin[x] 2 ; 

xvals =Table[N[x], {x, a, b — dx, dx}]; 
yvals = f /.x —¥ xvals; 

boxes = MapThread[Line[{{#l,0},{#l, #3}, {#2, #3}, {#2, 0}]&,{xvals, xvals + dx, yvals}]; 
Plot[f, {x, a, b}, Epilog —> boxes]; 
Sum[yvals[[i]] dx, {i, 1, Lengthfyvals] }]//N 
Sums of rectangles evaluated at right-hand endpoints can be represented and evaluated by this set of commands. 
Clear[x, f, a, b, n] 

{a, b}={0, tt}; n =10; dx = (b - a)/n; 
f=Sin[x] 2 ; 

xvals =Table[N[x], {x, a + dx, b, dx}]; 
yvals = f /.x — > xvals; 

boxes = MapThread[Line[{{#l,0},{#l, #3}, {#2, #3}, {#2, 0}]&,{xvals - dx,xvals, yvals}]; 
Plot[f, {x, a, b}, Epilog — > boxes]; 
Sum[yvals[[i]] dx, {i, l,Length[yvals]}]//N 
Sums of rectangles evaluated at midpoints can be represented and evaluated by this set of commands. 
Clear[x, f, a, b, n] 

{a, b}={0, tt}; n =10; dx = (b - a)/n; 
f=Sin[x] 2 ; 

xvals =Table[N[x], {x, a + dx/2, b - dx/2, dx}]; 
yvals = f /.x — > xvals; 

boxes = MapThread[Line[{{#l,0},{#l, #3}, {#2, #3}, {#2, 0}]&,{xvals - dx/2, xvals + dx/2, yvals}]; 
Plot[f, {x, a, b}, Epilog — > boxes]; 
Sum[yvals[[i]] dx, {i, 1, Length [yvals] }]//N 

5.4 THE FUNDAMENTAL THEOREM OF CALCULUS 

1. J 2 (2x + 5) dx = [x 2 + 5x]! 2 = (0 2 + 5(0)) - ((-2) 2 + 5(-2)) = 6 



2 - £( 5 -!) dx =[ 5x -T 



J -3 



(5(4) - f) - ( 5 (-3) - ) 



133 
4 




= - 2 2 + 3(2)) - (J=f - (-2) 2 + 3(-2)) 



16 




(Of 
16 




= 12 






8 - f> 



dx = X 



-2 



-1 



2x~ 2 dx = [-2X- 1 ] 



-l 



(5f)-(E|) = l 
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9. J sin x dx = [—cos x]- = (—cos tt) — (—cos 0) = —(—1) — (— 1) = 2 

10. J (1 + cos x) dx = [x + sin x]J = (tt + sin tt) — (0 + sin 0) = n 

r-x/3 

11. J 2 sec 2 x dx = [2 tan x]q /3 = (2 tan (f )) - (2 tan 0) = 2^ - = 2^ 

12 - ir csc2xdx= [ - cotx] S 6 = (- cot (ir)) - (-«*(?)) = - (-^) - (-v^) =2v^ 



13. f ^ esc 9 cot $ d$ = [-cscfl] 3 ^ 4 = (-csc(^f)) - (-csc(f)) = -sfl- {-\fl 



14. J o 7 4 sec u tan u du = [4 sec uf /3 = 4 sec (f ) - 4 sec = 4(2) - 4(1) = 4 

15 ' dt = Ijl + \ cos 2t ) dt = [l t+ 3 sin 2t] ! /2 = (1 (0) + i sin 2(0)) - (i (|) + I sin 2 (|)) 



16. 



= (I (!) - i ^2(f)) _ (i (_|) - I si n2(-f)) = | - i sinf + | + i sin(^) 



3 ; — 3 4 



17 - J_w 2 ( 8 y 2 + sin y) d y 



8y 3 

-| cos y 



?r/2 

-7T/2 



8(f) 3 

— ^ — cos I 



cos 



(-1) 



211! 

3 



18. 



LI ( 4 sec2 t + f ) dt = /_ J 3 (4 sec 2 1 + Trr 2 ) dt = [4 tan t - f ] ^ 

= (4tan(-f) - ^y) - (4tan(f) - ^) = (4(-l) + 4) - (4 (- ^5) + 3) = 4^-3 



19. 



J (r+l) 2 dr= J (r 2 + 2r+l) 



dr 



j + r 2 + r 



^=(^+(-l) 2 + (-l))-(^ + l 2 + l) 



20. f^(t + l)(t 2 +4) dt= r^(t 3 + t 2 +4t + 4) 

<J — v/3 t/ — a/3 



dt : 



4 1 3 



2t 2 + 4t 



-VI 



'(V3)\ (V3) 3 



2fv / 3V+4V / 3 



(-V3)\ (-V3r 



3) +4f-V / 3) = lOx/3 



2L /^(^-^) du = /^(^- u ") d 
22 ' /i(?-?)*=/^-0*=[ 

23. j; -/Ms j; (i -s -vis 



HI J 1 

16 T 4u 4 



n 1 



2v 2 ' 3v 3 J 1/2 



71 



1^ 
1 



(l6 + 4(1) 4 ) 
\2(\f T 3(1)' 



16 



.(V2) 4 



Mir 3(i) 



^ - 2 3 / 4 + 1 
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J^^T du - IV 1/2 - du - t 2 ^ -<-{ 2 ^~ 4 - 4 )- ( 2 ^ - 9) = 3 



/4 r>0 n4 nO r>4 

4 |x| dx = J_ 4 |x| dx + J o |x| dx = - J_ 4 x dx + J o x dx = 

16 



26. | (cos x + |cos x| ) dx = |(cos x + cos x) dx + J ^ ' (cos x cos 
= sin S — sin = 1 



J 2 \ (cos x — cos x) dx = 



cos x dx = [sin x]q^ 2 



27. 



(a) ^ cos t dt = [sin t]^* — sin ^/x — sin = sin =>• £ f ^J* cos t dtj = ~ (sin y'x) = cos y^x (| x 1//2 ) 

cos y^x 

W & fX^tdt) = (cos ^) = (cos >/x) (K 1/2 ) = ^# 



28. 



/»sin x / nsm x 

(a) J i 3t 2 dt = [t 3 ] f = sin 3 x - 1 £ ( J j 3t 2 dt ) = £ (sin 3 x - 1) = 3 sin 2 x cos x 



(b) A ( 3t 2 dt J = (3 sin 2 x) (sin x)) = 3 sin 2 x cos x 



29. (a) / o Vdu=X"uV 2 du=[ 2 u 3 / 2 ]; = f(tY /2 -0= 2 t« | (£ V du) = |(§ t«) = 4t* 
(b) | (f Q yfi du) = (| (t 4 )) = t 2 (4t 3 ) = 4t 5 



30. (a) 



n tan 6 / p tan \ 

J o sec 2 y dy = [tan y]™" = tan (tan 0) - = tan (tan ff) W [ J sec2 y d y ) = ffl ( tan ( tan ^» 
= (sec 2 (tan 0)) sec 2 
(b) A ( S ec 2 y dy ) = (sec 2 (tan 0)) (gg (tan 0)) = (sec 2 (tan 0)) sec 2 



32. y = / X idt =► g = i,x> 



31. y = / o X yrTT 



2dt ^ g = v T 



33. y= f sint^-J^sint^dt =► g = - (sin (y^) 2 ) ( £ (^)) = -(sin x) (I x^) 



sin x 

~2Ji 



34. y = f o cos y/tdt => g = (cos Vx 2 ) (g (x 2 )) = 2x cos |x| 



psin x 
p tan x 

36 - y = Jo 



'1-t 2 



M < 5 =*■ % = ,. „ (£ (sin x)) = T V ( cos x > = 



dx v/l -sin 2 x ^ dx 



cosx _ cos_x _ j sin(;e | | < | 

COS X COS X 112 



TTF => I = (i+kl) (&(*«)) = (sec 2 x) = 1 
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37. -x 2 - 2x = => -x(x + 2) = =^ x = or x = -2; Area 

= J* (-x 2 - 2x)dx + J_ 2 (-x 2 - 2x)dx - J q (-x 2 - 2x)dx 

[ % * 



_ 3 + [- f - 3 

(-2) 2 )-(-^-(-3) 2 )) 
((-f-0 2 )-(-^-(-2) 2 )) 



(-2) 3 
3 




38. 3x^ — 3 = =>■ x — 1 => x = ±1; because of symmetry about 
the y-axis, Area = 2 (- J q (3x 2 - 3)dx + Jj (3x 2 - 3)dx 

2(-[x 3 -3x]; + [x 3 -3x]j) =2[- ((l 3 - 3(1)) - (0 3 - 3(0))) 
+ ((2 3 - 3(2)) -(l 3 - 3(1))] =2(6)= 12 




y = 3x -3 



39. x 3 - 3x 2 + 2x = => x (x 2 - 3x + 2) = 
=>■ x(x - 2)(x - D = =$> x = 0, 1, or 2; 

Area = J (x 3 - 3x 2 + 2x)dx - J" ( 



x 3 - 3x 2 + 2x)dx 



— X u + X 



(^-i 3 + i 2 )-(^-o 3 + o 2 ) 

- 2 3 + 2 2 ) - U - l 3 + l 2 




40. x 3 - 4x = =>• x (x 2 - 4) = => x(x - 2)(x + 2) = 

^(x 3 - 4x)dx - J o (x 3 - 4x)dx 



f -2x 2 



|-2x 2 | n =(^-2(0) 2 ) 



- 2(-2) 2 ) - [(* - 2(2) 2 ) - (| - 2(0) 2 ) 




^Z 3 dx + J o x 1 / 3 dx 

= [ _ I x4/3 ]° + [I x4/3 ] 8 

= (- I (O) 4 / 3 ) - (- \ (-D 4/3 ) + Q (8) 4 / 3 ) - (f (O) 4 / 3 ) 



51 

4 
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42. x 1 / 3 - x = =>- x 1 / 3 (1 - x 2 / 3 ) = 
1 - x 2 / 3 = =>• x = or 1 = x 2 / 3 = 



1 =x 2 
Area = 



> x 
x = 0or± 1; 

^/ 3 -x)dx 



> x 1/3 = or 
x = or 
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y 



r° 



J Q (x 1 / 3 - x)dx - J (x 1 / 3 - x)dx 



X 2 




+ 


3 Y 4/3 x 2 


1 


'3 Y 4/3 x 2 l 


2 


-1 


4 A 2 





4 A 2 J 



(i(0) 4 / 3 -f)-(K-D 4 / 3 -^) 

(!d) 4/3 -fl-(!(0) 4/3 -f) 
I(8) 4/3 -f)-(!d) 4/3 -^ 

f 1 -(-20-f + l 




f) 



83 
4 



43. The area of the rectangle bounded by the lines y = 2, y = 0, x = tt, and x = is 2tt. The area under the curve 

y = 1 + cos x on [0, tt] is I (1 + cos x) dx = [x + sin x]q — (tt + sin tt) — (0 + sin 0) = tt. Therefore the area of 
J 

the shaded region is 2tt — tt — tt. 



f,x= ^,y = sin 



() ., — sin ^ , and y = is 

5tt/6 



44. The area of the rectangle bounded by the lines x 

5 (<T — l) = f • The area under the curve y = sin x on [|, is J ^ sin x dx = [— cos x]^ 

-cos |) = - 



5tt/6 
/6 



= (—cos ^) — (—cos l) = — ( — ^\ + = \/3. Therefore the area of the shaded region is y/3 — |. 



45. On [— f j 0] : The area of the rectangle bounded by the lines y = y2, y = 0, 9 — 0, and = — f is \/2 (?) 



-tt/4 



= . The area between the curve y = sec 9 tan 9 and y = is — J ^sec tan d# = [—sec 9]° 
— (—sec 0) — (—sec (— f )) = \f2 — 1. Therefore the area of the shaded region on [— |, 0] is + (y/l — l^j 
On [0, f ] : The area of the rectangle bounded by = J , 6 = 0, y = y/i, andy = is y/l (f ) = ^ . The area 
under the curve y = sec 9 tan 9 is sec 9 tan d# = [sec 9]q = sec | — sec = y 2 — 1. Therefore the area 
of the shaded region on [0, jj is — ^\/2 — l^j . Thus, the area of the total shaded region is 

^ + V / 2-l) + (^#-\/2+l)=^#- 



46. The area of the rectangle bounded by the lines y = 2, y = 0, t = — |, and t = 1 is 2 (l — (— ^ )) — 2 + | . The 
area under the curve y = sec 2 1 on [— f , 0] is 4 sec2 1 dt = [tan t]^ ?r y 4 = tan — tan (— |) = 1. The area 



under the curve y = 1 — t 2 on [0, 1] is ( 1 — t 2 ) 



- t 2 dt = 



^ = (l - - (o - f ) = = . Thus, the total 



area under the curves on 



t,1 is 1 



2 _ 5 

3 — 3 



5 _ 1 1 7T 

3 — 3 ' 2 • 



Therefore the area of the shaded region is (2+5) 

47. y = J 1 dt - 3 =4> ^ = 1 and y(yr) = J \ dt - 3 = - 3 = -3 =!> (d) is a solution to this problem. 

48. y= J* sectdt + 4 g£ = sec x and y(-l) = J sec t dt + 4 = + 4 = 4 => (c) is a solution to this problem 

49. y = J q sec t dt + 4 => ^ = sec x and y(0) = J q sec t dt + 4 = + 4 = 4 =>■ (b) is a solution to this problem. 
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50. y= J^dt-3 => | = iandy(l)= J ± \ dt - 3 = - 3 = -3 =► (a; 



) is a solution to this problem. 



51. y = J sectdt + 3 
53. s = J f(x) dx + s 



55 - Area= r(h-(f)^)dx= r 2 



nx 3b , 



b/2 



4h(^ 



M 2) 3b 2 I I " V 2 1 
{bh bh\ I bh . bh\ ll 



4h ( 



3b 2 



<f = |bh 



52. y= J t y/l +t 2 dt-2 
54. v = f g(x) dx + v 



h y = h - (4h/b 2 )x 2 




-b/2 



56 - r =x' 3 ( 2 -^w) fe = 2 r( i -^) dx = 2 [ x -(^)]j=M( 3+ ^)-( o+ (oTi)) 

= 2 [3 i - 1] = 2 (2 i) = 4.5 or $4500 



c(100) - c(l) = v'lOO - y/l = $9.00 



58. By Exercise 57, c(400) - c(100) 



7 400 



100 = 20- 10 = $10.00 



59. (a) v = I = £ J f(x) dx = f(t) v(5) = f(5) = 2 m/sec 

(b) a = is negative since the slope of the tangent line at t = 5 is negative 

(c) s = J f(x) dx = I (3)(3) = I m since the integral is the area of the triangle formed by y = f(x), the x-axis, 
and x = 3 

(d) t = 6 since from t = 6 to t = 9, the region lies below the x-axis 

(e) At t = 4 and t = 7, since there are horizontal tangents there 

(f) Toward the origin between t = 6 and t = 9 since the velocity is negative on this interval. Away from the 
origin between t = and t = 6 since the velocity is positive there. 

(g) Right or positive side, because the integral of f from to 9 is positive, there being more area above the 
x-axis than below it. 

60. (a) v = f = I f o g(x) dx = g(t) v(3) = g(3) = m/sec. 

(b) a = is positive, since the slope of the tangent line at t = 3 is positive 

(c) At t = 3, the particle's position is J g(x) dx = 1 (3)(-6) = -9 

(d) The particle passes through the origin at t = 6 because s(6) = I g(x) dx = 

U 

(e) At t =7, since there is a horizontal tangent there 

(f) The particle starts at the origin and moves away to the left for < t < 3. It moves back toward the origin 
for 3 < t < 6, passes through the origin at t = 6, and moves away to the right for t > 6. 

(g) Right side, since its position at t = 9 is positive, there being more area above the x-axis than below it at t = 9. 
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61. k > =4* one arch of y = sin kx will occur over the interval [0, |] => the area = sin kx dx = [— £ cos kx] Q 

= -£cos (k (=))-(-£ cos (0))=g 



1 7r / k 



62. limi r^j- 

X ^0 X J ° f + 1 



dt = lim 



■10 1 4 +1 



3x2 x"'o 3 ( x4 + 1 ) 



lim 7 



oo. 



63. 



64. 



65. 



= 2x-2 



J^ f(t) dt = x 2 - 2x + 1 => f(x) = £ f'f® dt = £ (x 2 - 2x + 1) 
J o f(t) dt = x cos 7tx f(x) = ^ j f(t) dt = cos 7rx — 7rx sin 7tx f(4) = cos 7r(4) — 7r(4) sin 7r(4) = 1 



f(x) = 2- i £ XHl T ^dt => f'(x) 



J>1+1 
^dt = 2-0 = 2; 



66. 



1 +(x+ 1) 

L(x) = -3(x - 1) + f(l) = -3(x - 1) + 2 = -3x + 5 

g(x) = 3 + J^ sec(t-l)dt => g'(x) = (sec(x 2 - l))(2x) = 2x sec (x 2 - 1) => g'(-l) = 2(-l) sec ((-l) 2 - 1) 

r(-i) 2 fi 
= -2;g(-l) = 3 + J sec(t-l)dt = 3 + J i sec(t - 1) dt = 3 + = 3; L(x) = -2(x - (-1)) + g(-l) 

= -2(x + 1) + 3 = -2x + 1 

67. (a) True: since f is continuous, g is differentiable by Part 1 of the Fundamental Theorem of Calculus. 

(b) True: g is continuous because it is differentiable. 

(c) True, since g'(l) = f(l) = 0. 

(d) False, since g"(l) = f'(l) > 0. 

(e) True, since g'(l) = and g"(l) = f'(l) > 0. 

(f) False: g"(x) = f'(x) > 0, so g" never changes sign. 

(g) True, since g'(l) = f(l) = and g'(x) = f(x) is an increasing function of x (because f'(x) > 0). 

68. (a) True: by Part 1 of the Fundamental Theorem of Calculus, h'(x) = f(x). Since f is differentiable for all x, 

h has a second derivative for all x. 

(b) True: they are continuous because they are differentiable. 

(c) True, since h'(l) = f(l) = 0. 

(d) True, since h'(l) = and h"(l) = f'(l) < 0. 

(e) False, since h"(l) = f'(l) < 0. 

(f) False, since h"(x) = f'(x) < never changes sign. 

(g) True, since h'(l) = f(l) = and h'(x) = f(x) is a decreasing function of x (because f'(x) < 0). 



69. 



= COS X 




70. The limit is 3x 2 
-h-0.5 
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71-74. Example CAS commands: 
Maple : 

with( plots ); 

f := x -> x A 3-4*x A 2+3*x; 

a:= 0; 

b :=4; 

F := unapply( int(f(t),t=a..x), x ); # (a) 

pi := plot( [f(x),F(x)], x=a..b, legend=["y = f(x)","y = F(x)"], title="#71(a) (Section 5.4)" ): 

pi; 

dF := D(F); # (b) 

ql := solve( dF(x)=0, x ); 

ptsl := [ seq( [x,f(x)], x=remove(has,evalf([ql]),I) ) ]; 

p2 := plot( ptsl, style=point, color=blue, symbolsize=18, symbol=diamond, legend="(x,f(x)) where F '( x )=0" ): 

display( [pl,p2], title="71(b) (Section 5.4)" ); 

incr := solve( dF(x)>0, x ); # (c) 

deer := solve( dF(x)<0, x ); 

df := D(f); # (d) 

p3 := plot( [df(x),F(x)], x=a..b, legend=["y = f (x)","y = F(x)"], title="#71(d) (Section 5.4)" ): 
p3; 

q2 := solve( df(x)=0, x ); 

pts2 := [ seq( [x,F(x)], x=remove(has,evalf([q2]),I) ) ]; 

p4 := plot( pts2, style=point, color=blue, symbolsize=18, symbol=diamond, legend="(x,f(x)) where f '(x)=0" ): 
display( [p3,p4], title="71(d) (Section 5.4)" ); 

75-78. Example CAS commands: 
Maple : 
a:= 1; 

u := x -> x A 2; 

f := x -> sqrt(l-x A 2); 

F := unapply( int( f(t), t=a..u(x) ), x ); 

dF := D(F); # (b) 

cp := solve( dF(x)=0, x ); 

solve( dF(x)>0, x ); 

solve( dF(x)<0, x ); 

d2F := D(dF); # (c) 

solve( d2F(x)=0, x ); 

plot( F(x), x=-l..l, title="#75(d) (Section 5.4)" ); 

79. Example CAS commands: 
Maple : 

f :=T; 

ql := Diff( Int( f(t), t=a..u(x) ), x ); 
dl := value( ql ); 

80. Example CAS commands: 
Maple : 

f :=T; 

q2 := Diff( Int( f(t), t=a..u(x) ), x,x ); 
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value( q2 ); 

71-80. Example CAS commands: 

Mathematica l (assigned function and values for a, and b may vary) 
For transcendental functions the FindRoot is needed instead of the Solve command. 
The Map command executes FindRoot over a set of initial guesses 
Initial guesses will vary as the functions vary. 
Clear[x, f, F] 

{a, b}= {0, 2tt}; f[x_] = Sin[2x] Cos[x/3] 
F[x_] = Integrate [f[t], {t, a, x}] 
Plot[{f[x],F[x]},{x, a,b}] 

x/.Map[FindRoot[F[x]==0, {x, #}] &,{2, 3, 5, 6}] 
x/.Map[FindRoot[f [x]==0, {x, #}] &,{ 1, 2, 4, 5, 6}] 
Slightly alter above commands for 75 - 80. 
Clear[x, f, F, u] 
a=0; f[x_] = x 2 - 2x - 3 
u[xj = 1 - x 2 

F[x_] = Integrate [f[t], {t, a, u(x)}] 
x/.Map[FindRoot[F'[x]==0,{x, #}]&,{ 1, 2, 3,4}] 
x/.Map[FindRoot[F"[x]==0,{x,#}] &,{ 1,2, 3,4}] 
After determining an appropriate value for b, the following can be entered 
b = 4; 

Plot[{F[x],{x,a,b}] 
5.5 INDEFINITE INTEGRALS AND THE SUBSTITUTION RULE 

1 . Let u = 3x =>■ du = 3 dx =4* | du = dx 

J sin 3x dx = J | sin u du = — | cos u + C = — | cos 3x + C 

2. Let u = 2x 2 => du = 4x dx =» \ du = x dx 

J x sin (2x 2 ) dx = f | sin u du = — | cos u + C = — | cos 2x 2 + C 

3. Let u = 2t => du = 2 dt =>■ \ du = dt 

/ sec 2t tan 2t dt = / \ sec u tan u du = \ sec u + C = \ sec 2t + C 

4. Let u = 1 — cos | => du = § sin I dt =>• 2 du = sin | dt 

J (1 -cos i) 2 (sin |) dt= /2u 2 du = § u 3 + C = f (l - cos |) 3 + C 

5. Let u = 7x — 2 =>• du = 7 dx =>■ = du = dx 

J 28(7x - 2)" 5 dx = / | (28)u^ 5 du = J 4u~ 5 du = -u~ 4 + C = -(7x - 2)~ 4 + C 

6. Let u = x 4 - 1 du = 4x 3 dx | du = x 3 dx 

/ x 3 (x 4 - l) 2 dx = / \ u 2 du = f 2 + C = i (x 4 - l) 3 + C 
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7. Let u = 1 - r 3 => du = -3r 2 dr -3 du = 9r 2 dr 

J -»±±_ = / -3u-V2 du = -3(2)u!/ 2 + C =-6(1- r 3 ) 1/2 + C 

8. Let u = y 4 + 4y 2 + 1 du = (4y 3 + 8y) dy =>• 3 du = 12 (y 3 + 2y) dy 

J" 12 (y 4 + 4y 2 + l) 2 (y 3 + 2y) dy = J 3u 2 du = u 3 + C = (y 4 + 4y 2 + l) 3 + C 

9. Let u = x 3 / 2 - 1 => du = § x 1 / 2 dx =>■ | du = ^/x dx 

J y/x sin 2 (x 3 / 2 - 1) dx = J | sin 2 u du = § (§ - ± sin 2u) + C = 1 (x 3 / 2 - l) - i sin (2x 3 / 2 - 2 

10. Let u = -i =>- du = 4 dx 

J 4y cos 2 (i) dx = Jcos 2 (-u)du = J cos 2 (u) du = (H + ± sin 2u) + C = - ^ + \ sin (- = ) + 

— i-l-«»(I)+c 

11. (a) Let u = cot 20 => du = -2 esc 2 29 d6 ^ - \ du = esc 2 20 d9 

J esc 2 261 cot 29 d0 = - J 1 u du = - \ (jf) +C=-^+C=-± cot 2 29 + C 
(b) Let u = esc 29 =>- du = -2 esc 20 cot 20 d0 =^ - \ du = esc 2(9 cot 20 d0 

J esc 2 20 cot 20 d0 = J - i u du = - \ (jf) + C = - £ + C = - \ esc 2 20 + C 

12. (a) Let u = 5x + 8 => du = 5 dx =>• | du = dx 

/7fe = /K^) du -i/ u " /2du -H2u 1/2 )+C=luV 2 + C=|y5xT8 + C 
(b) Let u = V / 5xT8 du = § (5x + 8)- 1 / 2 (5) dx ^ \ du = 

/ Vfcl = / 5 ^ = fu + C = | + C 

13. Let u = 3 — 2s => du = —2 ds =>• — 1 du = ds 

/ y/^Tsds = J>Rdu)=-i/ uV2 du = (- i) (| u 3 / 2 ) +C = - i (3 - 2s) 3 / 2 + C 

14. Let u = 2x + 1 =!> du = 2 dx =>- \ du = dx 

/ (2x + l) 3 dx = J u 3 (i du) = i J" u 3 du = (A) (t) + C = | (2x + l) 4 + C 

15. Let u = 5s + 4 => du = 5 ds =!> | du = ds 
J V5 J Tlds= /^(I du ) = i/ u -i/ 2du= (i) (2uV 2 ) +C =l^T^ + C 

16. Let u = 2 — x => du = — dx =4> — du = dx 

/ (2 ^dx = /^) = -3/u- 2 du = -3(^) + C=^+C 

17. Let u = 1 - 2 du = -20 d0 =» - | du = d0 

/ "vT^d0 = / Vu" (- 1 du) = - \ J u 1 /* du = (- I) ( 4 u 5 / 4 ) + C = - § (1 - 2 ) 5/4 + C 

18. Let u = 2 - 1 => du = 20 d0 4 du = 80 d0 

J 80 y<9 2 - 1 d0 = J \/u(4 du) = 4 J u 1 / 3 du = 4 (| u 4 / 3 ) + C = 3 (0 2 - 1) 4/3 + C 
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19. Let u = 7 - 3y 2 du = -6y dy =*> - | du = 3y dy 

/ 3y y^3f dy = / yfi (- § du) = - \ J u 1 ^ du = (- 1) (f u 3 / 2 ) + C = - § (7 - 3y 2 ) 3/2 + C 

20. Let u = 2y 2 + 1 =>• du = 4y dy 

J^ftt - / Tu du = J u " /2 du - 2ul/2 + c = V^TT+c 

21. Let u = 1 + a/x => du = dx => 2 du = -7- dx 

v ^v x v x 

22. Let u = 1 + ,/x =>- du = -K- dx =>• 2 du = 4- dx 

/ i ^# l! dx = / u 3 (2du) = 2(iu 4 )+C=i(l + ^) 4 + C 

23. Let u = 3z + 4 ^> du = 3 dz | du = dz 

J cos (3z + 4) dz = J (cos u) (| du) = | J* cos u du = | sin u + C = | sin (3z + 4) + C 

24. Let u = 8z - 5 =>■ du = 8 dz =>• | du = dz 

^ sin(8z — 5) dz = J (sin u) (| du) = g f sin u du = | (—cos u) + C = — | cos (8z — 5) + C 

25. Let u = 3x + 2 =>• du = 3 dx =>■ I du = dx 

J sec 2 (3x + 2) dx = J (sec 2 u) (± du) = \ J sec 2 u du = ± tan u + C = | tan (3x + 2) + C 

26. Let u = tan x =>• du = sec 2 x dx 

J tan 2 x sec 2 x dx = J u 2 du = i u 3 + C = | tan 3 x + C 

27. Letu = sin (|) du = | cos (|) dx =>- 3 du = cos (|) dx 

J sin 5 (f ) cos (|) dx = J u 5 (3 du) = 3 (± u°) + C = \ sin G (f ) + C 

28. Let u = tan (|) =>• du = \ sec 2 (|) dx => 2 du = sec 2 (§) dx 

/ tan 7 (|) sec 2 (f) dx = J u 7 (2 du) = 2 (± u 8 ) + C = 5 tan 8 (f) +C 

29. Let u = ~ - 1 =>■ du = | dr =>• 6 du = r 2 dr 
Jr 2 (4-l) a dr=/u 5 (6du) = 6/u 5 du = 6(^)+C= (fi-l)° + C 

30. Let u = 7 - ^ du = - \ r 4 dr =► -2 du = r 4 dr 
Jr 4 (7-^) 3 dr=/u 3 (-2du) = -2/u 3 du = -2(^)+C=-i(7-ii) 4 + C 

31. Let u = x 3 / 2 + 1 du = | x 1 / 2 dx => | du = x 1 / 2 dx 

J x 1 / 2 sin (x 3 / 2 + 1) dx = J (sin u) (f du) = § J sin u du = § (-cos u) + C = - § cos (x 3 / 2 + l) + C 
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32. Let u = x 4 / 3 - 8 du = § x 1 / 3 dx | du = x 1 / 3 dx 

J x 1 / 3 sin (x 4 / 3 - 8) dx = J (sin u) (f du) = f J sin u du = \ (-cos u) + C = - | cos (x 4 / 3 - 8) + C 

33. Let u = sec (v + f ) du = sec (v + §) tan (v + §) dv 

J sec (v + |) tan (v + §) dv = J du = u + C = sec (v + f ) + C 

34. Letu = csc (^) => du = - \ esc (^) cot (^) dv -2 du = esc {^-=f) cot (^f) dv 
J esc (^) cot (^) dv = J -2 du = -2u + C = -2 esc (^) + C 

35. Letu = cos(2t + 1) => du = -2 sin(2t + 1) dt => - | du = sin(2t + 1) dt 

f sin(2t + 1) _ f_ldu_J_,p_ 1 , p 

J cos 2 (2t+l) J 2 u 2 2u ^ 2cos(2t+l) ' 

36. Let u = 2 + sin t => du = cos t dt 

J(2TsVdt=/|du = 6/u- 3 du = 6(^)+C = -3(2 + sint)- 2 + C 

37. Let u = cot y =>• du = —esc 2 y dy => — du = esc 2 y dy 

J ycoty csc2 y d y = / v^(- du ) = - / ul/2 du = - 1 u3/2 + c = - 1 ( cot y) 3/2 + c = - 1 ( cot3 y) 1/2 + c 



38. Let u = sec z =>• du = sec z tan z dz 

J se ^|E z dz = / 4= du = / u- 1 / 2 du = 2u 4 / 2 + C = 2 V / ^ + C 

39. Let u = i - 1 = r 1 - 1 du = -r 2 dt =!> -du = ^ dt 

J p- cos (i — l) dt = J (cos u)(— du) — J cos u du = —sin u + C = —sin (i — l) + C 

40. Let u = V't + 3 = t 1 / 2 + 3 => du = \ r 1 / 2 dt 2 du = dt 

J cos ( + 3) dt = J (cos u)(2 du) = 2 J cos u du = 2 sin u + C = 2 sin (^/t + 3) + C 

41. Letu = sin \ => du = (cos \) (- ^) d6> => -du = p cos | d6> 
J jr sin i cos | d6 = J -u du = - \ u 2 + C = - \ sin 2 \ + C 



42. Let u = csc du = (-csc cot (^/j) d0 ^ ~ 2 du = 3| cot csc \f® d # 
f /T f 8 r n d° = f \ cot csc V# d(9 = f -2 du = -2u + C = -2 csc y/0 + C = 

J \/6'sin-\/# J x /0 J sin 



43. Let u = s 3 + 2s 2 - 5s + 5 du = (3s 2 + 4s - 5) ds 

/ (s 3 + 2s 2 - 5s + 5) (3s 2 + 4s - 5) ds = / u du = f + C = ( s3 + 2s2 - 5s + 5 > 2 + C 

44. Let u = 6> 4 - 2d 2 + 8(9 - 2 du = (46» 3 - 40 + 8) d(9 =4- | du = (8 3 - (9 + 2) d0 

/ (0 4 - 29 2 + W - 2) (9 3 - + 2) d9 = Ju (| du) = 1 / u du = 1 ) + C = ( g4 - 2fl2 + 8g - 2 ) 2 + c 
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45. Let u = 1 + t 4 =>• du = 4t 3 dt => \ du = t 3 dt 

/ t 3 (l+t 4 ) 3 dt= / u 3 Qdu) = i(? u4 )+C=^(l+t 4 ) 4 + C 

46. Let u = 1 - - =>• du = 4 dx 

/\/¥d X =/^y¥dx = /^yr^idx = /^du=/uV 2 du=|u 3 /^ + C=|(l-I) 3/2 + C 



47 



. Let u = x 2 + 1. Then du = 2xdx and |du = xdx and x 2 = u — 1. Thus J x 3 \/x 2 + 1 dx = J (u — 1) \ ^/u 



du 



l/(u 3 / 2 -uV 2 )du=i 



2„5/2 _ 2,.3/2 



- C = iu 5 / 2 - iu 3 / 2 + C = i(* 2 + 1) 5/2 - i(x 2 + if 2 + C 



\3/2 



48. Letu = x 3 + 1 =>■ du = 3x 2 dx and x 3 = u - 1. So J 3x 5 \A 3 + ldx = J (u - l) A /udu = J (u 3 / 2 - uV 2 )du 



= §u 5 / 2 - fu 3 / 2 + C = |(x 3 + if 2 - |(x 3 + if 2 



49. (a) Let u = tan x =>• du = sec x dx; v = u 3 =>• dv = 3u _ du =>• 6 dv = 18u du; w = 2 + v =>• dw = dv 



(2 + tan 3 x)' 



18tan 2 xsec 2 x dx = f ^8jr_ du = f 6dv = f 6dw = g f -2 dw = _ fi -1 + C = _ <> 
J (2 + u 3 ) - J (2 + vy J w- J 



2 + v 



c 



2+u 3 2 + tan 3 x 

(b) Let u = tan 3 x du = 3 tan 2 x sec 2 x dx =f> 6 du = 18 tan 2 x sec 2 x dx; v = 2 -h u dv = du 



/ l 8 tan" x sec x j„ . / 6du _ / 6 1 
(2 + tan 3 x) 2 " ~ J (2 + u) 2 ~ J v 



6 dv 



r — 6 l r 

2 + u ^ 



(2 + tan 3 x) z J (2 + uF J v z v 1 - 2 + u 1 - 2 + tan 3 x 

(c) Let u = 2 + tan 3 x =>• du = 3 tan 2 x sec 2 x dx =>• 6 du = 1 8 tan 2 x sec 2 x dx 



1 8 tan" x sec x 
(2 + tan 3 x) 2 



dx 



Sh 



6 du 



c 



2 + tan 3 x 



50. (a) Let u = x — 1 du = dx; v = sin u =>■ dv = cos u du; w = 1 + v 2 =>• dw = 2v dv =>■ 1 dw = v dv 
J 1 \/l + sin 2 (x — 1) sin (x — 1) cos (x — 1) dx = J \J 1 + sin 2 u sin u cos u du = J v\/ 1 + v 2 dv 

= / l\/* dw= 5W 3 / 2 +C = i (1 +v 2 ) 3/2 + C = i(l + sin 2 u) 3/2 + C = |(1 + sin 2 (x- l)) 3/2 + C 

(b) Let u = sin (x — 1) =>■ du = cos (x — 1) dx; v = 1 + u 2 =>• dv = 2u du =>■ § dv = u du 

J a/1 + sin 2 (x - 1) sin(x - 1) cos(x - 1) dx = J u \J 1 + u 2 du = J i^/v"dv = J 1 v 1 / 2 dv 

= (3 (!) y3/2 ) + C = 3 y3/2 + C = j (1 + u 2 ) 3/2 + C = \ (1 + sin 2 (x - 1)) 3/2 + C 

(c) Let u = 1 + sin 2 (x — 1) =>• du = 2 sin (x — 1) cos (x — 1) dx =>• \ du = sin (x — 1) cos (x — 1) dx 

J" a/1 + sin 2 (x - 1) sin(x - 1) cos(x - 1) dx = Ji^/udu = J \ u 1 / 2 du = \ (§ u 3 / 2 ) + C 
= i(l + sin 2 (x- l)) 3/2 + C 



51. Let u = 3(2r - l) 2 + 6 =4> du = 6(2r - 1)(2) dr =>- i du = (2r - 1) dr; v = 1/u dv = ^ du ^ i dv 

= T^7u du 

J gr-u^rp^ dr = J ^ ( , du) = J (cosv)( i dv) = 1 sin v + c = 1 sin ^ + c 
= \ sin x/3(2r- l) 2 + 6 + C 

52. Let u = cos v/# du = (-sin ( 69 -2 du = AO 
\ , sin & d6 = f si "^ d0 = [ =m = -2 f u- 3 / 2 du = -2 (-2u- 1 /2) + C = 4 + C 
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J cos \fd 

53. Let u = 3t 2 - 1 =^ du = 6t dt => 2 du = 12t dt 
s= Jl2t(3t 2 - l) 3 dt = Ju 3 (2du) = 2(iu 4 ) +C= iu 4 + C= i(3t 2 -l) 4 + C; 
s = 3 when t = 1 =>• 3 = ± (3 - l) 4 + C 3 = 8 + C C = -5 s = § (3t 2 - l) 4 - 5 

54. Let u = x 2 + 8 du = 2x dx =>■ 2 du = 4x dx 

y = J 4x (x 2 + 8)~ 1/3 dx = / u"V3 (2 du) = 2 (| u 2 / 3 ) + C = 3u 2 / 3 + C = 3 (x 2 + 8) 2/3 + C; 
y = when x = =>• = 3(8) 2 / 3 + C C = -12 =!> y = 3 (x 2 + 8) 2/3 - 12 

55. Let u = t + => du = dt 
s = J 8 sin 2 (t + ^) dt = / 8 sin 2 u du = 8 (| - \ sin 2u) + C = 4 (t + §) - 2 sin (2t + | ) + C; 
s = 8 when t = 8 = 4 (f0 - 2 sin (§) + C C = 8- | + l = 9- | 

s = 4(t + §) - 2 sin (2t + f ) + 9 - f = 4t - 2 sin (2t + f ) + 9 

56. Let u = f - -du = d0 
r = J 3 cos 2 (f - 0) dfl = - / 3 cos 2 u du = -3 (f + \ sin 2u) + C = 
r = f when = => § = -f-|sinf+C => C = § + | r = 

r = 1 - I sin (| - 20) + f + f =>■ r = | - | cos 20 + § + | 

57. Let u = 2t - § => du = 2 dt -2 du = -4 dt 
| = J -4 sin (2t - |) dt = J (sin u)(-2 du) = 2 cos u + Ci = 2 cos (2t - § ) + d; 

at t = and | = 100 we have 100 = 2 cos (- § ) + Ci Q = 100 => g = 2 cos (2t - | ) + 100 

s = J (2 cos (2t - |) + 100) dt = J* (cos u + 50) du = sin u + 50u + C 2 = sin (2t - f ) + 50 (2t - § ) + C 2 ; 
at t = and s = we have = sin (- |) + 50 (- § ) + C 2 =>• C 2 = 1 + 25?r 
s = sin (2t - f ) + 100t - 25tt + (1 + 25tt) s = sin (2t - § ) + lOOt + 1 

58. Let u = tan 2x =4> du = 2 sec 2 2x dx =>■ 2 du = 4 sec 2 2x dx; v = 2x =>■ dv = 2 dx =4> \ dv = dx 
g = J 4 sec 2 2x tan 2x dx = J u(2 du) = u 2 + d = tan 2 2x + d; 

at x = and & = 4 we have 4 = + Ci Ci = 4 gf = tan 2 2x + 4 = (sec 2 2x - 1) + 4 = sec 2 2x + 3 
^ y = J (sec 2 2x + 3) dx = J (sec 2 v + 3) ( | dv) = | tan v + | v + C 2 = \ tan 2x + 3x + C 2 ; 
at x = and y = - 1 we have - 1 = \ (0) + + C 2 C 2 = - 1 => y = | tan 2x + 3x - 1 

59. Let u = 2t du = 2 dt =>■ 3 du = 6 dt 

s = J 6 sin 2t dt = J (sin u)(3 du) = -3 cos u + C = -3 cos 2t + C; 

at t = and s = we have = -3 cos + C C = 3 =>■ s = 3 - 3 cos 2t => s (f ) = 3 - 3 cos (tt) = 6 m 

60. Let u = 7rt du = 7r dt =>• 7r du = 7r 2 dt 

v — J n 2 cos 7rt dt = J" (cos u)(7r du) = 7r sin u + Ci = tt sin (7rt) + Ci ; 

at t = and v = 8 we have 8 = 7r(0) + Q => Ci = 8 =>- v = f t = tt sin (irt) + 8 =!> s = J (tt sin (vrt) + 8) dt 
= J sin u du + 8t + C 2 = -cos (7rt) + 8t + C 2 ; at t = and s = we have = - 1 + C 2 =>- C 2 = 1 



-§(!-0)-isin(f-20)+C; 
_|(|_0)_| sin (|_20) + f + | 
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=> s = 8t - cos (7rt) + 1 => s(l) = 8 - cos 7T + 1 = 10 m 

61. All three integrations are correct. In each case, the derivative of the function on the right is the integrand on 
the left, and each formula has an arbitrary constant for generating the remaining antiderivatives. Moreover, 

sin 2 x + Ci = 1 - cos 2 x + Ci C 2 = 1+ Ci; also -cos 2 x + C 2 = - CJ ^ - \ + C 2 =>■ C 3 = C 2 - \ = Ci + 1. 



62. Both integrations are correct. In each case, the derivative of the function on the right is the integrand on the 
left, and each formula has an arbitrary constant for generating the remaining antiderivatives. Moreover, 



s£i + C = + C = ^sp + (C - ±) 



2 / 

a constant 



63. (a) (t^q) J q ' V max sin 1207rt dt = 60 [-V max (JL) cos (1207rt)] J /6 ° = - ^ [cos 2tt - cos 0] 
= _Y r [l_l]= 

(b) V max = V m = ^(240) pa 339 volts 

pl/60 p 1/60 3 nl/60 

(c) J o (V max ) 2 sin 2 1 207rtdt=(V mM ) 2 J Q (i^2|24(^) dt= (X^r (1 _ C os 2407rt) dt 

= V [t- (jfe) -n 240*t] J /6 ° = %j! [( £ _ (_L_) sin(47r) ) - ( - (^) sin(0))] = ^ 



5.6 SUBSTITUTION AND AREA BETWEEN CURVES 



1. (a) Let u = y + 1 =>- du = dy; y = =>- u = 1, y = 3 =>■ u = 4 



/ Vy+Tdy = /V/ 2 du = [§ u 3 / 2 ] ; = (f) (4) 3 / 2 - (f) (l) 3 / 2 = (f) (8) - (|) (1) 
Use the same substitution for u as in part (a); y = — 1 =>• u = 0, y = => u = 1 

£ V^TT dy = /> du = [1 u 3 / 2 ] J = (|) (I) 3 / 2 -0=f 



2. (a) Let u = 1 - r 2 => du = -2r dr - 5 du = r dr; r = u = 1, r = 1 =4> u = 

J o r v 7 !^ 2 dr = f°- i ^ du = [- 1 u 3 / 2 ] J = - (- i) (I) 3 / 2 = i 
(b) Use the same substitution for u as in part (a); r = — 1 =4> u = 0, r = 1 => u = 

£r A /l~^dr=/ o °-i v ^du = 

3. (a) Let u = tan x =>• du = sec 2 x dx; x = =4> u = 0, X = ? =>- u = 1 



n 1 



= £-0 = 1 

2 2 



/»7T/4 /> 1 

I tan x sec 2 x dx = I u du = 
Jo Jo 

(b) Use the same substitution as in part (a); x = — | =>• u = — 1, x = =>• u = 

= 0-i = - 



r>0 nO 

I tan x sec 2 x dx = I u du = 

J -jr/4 J-l 





1 _ _ 1 

2 



-1 



4. (a) Let u = cos x =>■ du = —sin x dx =>■ — du = sin x dx; x = =>■ u = 1, X = tt => u 

J o 3 cos 2 x sin x dx = J -3u 2 du = [-u 3 ] ^ = -(-l) 3 - (-(l) 3 ) = 2 
(b) Use the same substitution as in part (a); x = 27r =>• u = 1, x = 37r =J> u = — 1 

J 3 cos 2 x sin x dx = J — 3u 2 du = 2 
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5. (a) u = 1 + t 4 =>• du = 4t 3 dt =>■ \ du = t 3 dt; t = u = 1, t = 1 => u = 2 



/> ( i + o 3 dt=j;V 3 



3 du = 



16 



(b) Use the same substitution as in part (a); t : 
J 1 1 3 (1 + t 4 ) 3 dt = J 2 \ u 3 du = 



r _ if. is 

16 16 16 

-1 =>. u = 2, t= 1 =!> u = 2 



6. (a) Let u = t 2 + 1 =!> du = 2t dt ^ \ du = t dt; t = =>- u = 1, t = y/l =>• u = 8 

/,^t(l? + D 1/3 dt = J' \ uV3 du = [(I) (|) u 4 / 3 ] ; = (I) (8) 4 / 3 - (|) (I) 4 / 3 = f 
(b) Use the same substitution as in part (a); t = — \Jl =>• u = 8, t = =>■ u = 1 
f t (t 2 + 1) 1/3 dt = f 1 u 1 / 3 du = - / V V3 du = - 



45 

X 



7. (a) Let u = 4 + r 2 => du = 2r dr 5 du = r dr; r = -1 => u = 5, r = 1 => u = 5 

f Tr^dr = 5 f 5 iu- 2 du = 
(b) Use the same substitution as in part (a); r = => u = 4, r = 1 =>• u = 5 

X ' dr = 5 £ I u- 2 du = 5 [- i u- 4 ] \ = 5 (- \ (5)^) - 5 (- \ (4)^) = J 

8. (a) Let u = 1 + v 3 / 2 du = § v 1 / 2 dv ^ f du = 10^/v dv; v = u = 1, v = 1 u = 2 
(b) Use the same substitution as in part (a); v = 1 u = 2, v = 4 =>• u = 1 + 4 3 / 2 = 9 



70 
27 



9. (a) Let u = x 2 + 1 => du = 2x dx => 2 du = 4x dx; x = u = 1, x = \/3 =>- u = 4 



r"vfc dx = f ^ du = f 2u ~ i/2 du = t 4ui/2 ] ; - ^ = 4 

(b) Use the same substitution as in part (a); x = — y3 u = 4, x = y3 =>• u = 4 



X 



4x 



v/3 \/x 2 + 1 



dx 



f4= 
J4 \A 



du = 



10. (a) Let u = x 4 + 9 du = 4x 3 dx | du = x 3 dx; x = u = 9, x = 1 u = 10 



I -fe dx = I \ u- 4 / 2 du = [I (2)u 4 / 2 ] J° = § (IO) 4 / 2 - I (9)V 2 = ^ 
(b) Use the same substitution as in part (a); x = — 1 =>• u = 10, x = => u = 9 

pO p9 p{0 , — 

x^ dx= / l u -l/3 du= _ 1 u -l/2 du = 3-^10 

J I \R + 9 J 10 4 J 9 4 2 



10-3 



11. (a) Let u = 1 - cos 3t =>■ du = 3 sin 3t dt \ du = sin 3t dt; t = =>• u = 0, t = f =!> u = 1 - cos | = 1 



pir/6 

Jo 



— cos 3t) sin 3t dt = 



du = 



Hi 



= i«) s -J<0) ! =J 



(b) Use the same substitution as in part (a); t = ^ =>■ u = 1, t = ? =>• u = 1 — cos 7r = 2 



J** (1 - cos 3t) sin 3t dt = J \ u du = | (jfj 



= I(2) 2 -I(1) 2 =1 
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12. (a) Let u = 2 + tan * =>• du = \ sec 2 | dt => 2 du = sec 2 | dt; t = => u = 2 + tan (^) = 1, t = u 

J 2 (2 + tan |) sec 2 * dt = u(2 du) = [u 2 ] J = 2 2 - l 2 = 3 
(b) Use the same substitution as in part (a); t = ^ => u = 1, t = f =>■ u = 3 

f'* /2 {2 + tan §) sec 2 § dt = if* u du = [u 2 ] J = 3 2 - l 2 = 8 

13. (a) Let u = 4 + 3 sin z =>• du = 3 cos z dz =>• | du = cos z dz; z = u = 4, z — 2n =4> u = 4 

f ,„ cos , z - dz^ f 4= (idu)=0 

Jo y 4 + 3 sin z J 4 v u 

(b) Use the same substitution as in part (a); z = — ir u = 4 + 3 sin (— 7r) = 4, z = 7r => u = 4 
f cosz dz—f — (- du) = 

J-tt i/4+3 sin z J 4 v/u ^3 / 



14. (a) Let u = 3 + 2 cos w =>■ du = —2 sin w dw =>■ — ~ du = sin w dw; w = — % =>• u = 3, w = => u = 5 



x: 



dw=£u- 2 (-Idu) = i[u-^ 



1 r„-n a — I (I _ 11 
3 — 2 I5 3; 



15 



'-tt/2 (3 + 2cosw) 2 

(b) Use the same substitution as in part (a); w = => u = 5, w = | =>■ u = 3 
f"' 2 l ,J™ w g dw = f u 2 (- 1 du) = i f u- 2 du = i 

Jo (3 + 2 cos w)- J 5 V 2 / 2 J 15 



15. Let u = t 5 + 2t =>■ du = (5t 4 + 2) dt; t = => u = 0, t = 1 =>■ u = 3 

£ ^/¥+2t (5t 4 + 2) dt = f^u 1 ' 2 du = [§ u 3 / 2 ] J = | (3) 3 / 2 - | (0) 3 / 2 = 2^3 



16. Letu^l + ^/y =>■ du=^;y=l u = 2, y = 4 u = 3 

17. Let u = cos 26 du = -2 sin 26* AO - * du = sin 26* d0; = u = 1, 9 = \ => u = cos 2 (f ) = \ 



nrr/6 

J o 



cos" 3 261 sin 26» 69 



r i/i 



i du) 



I J, »~ 3d » 



1/2 
1 



4 fi) 4(1) 2 4 



18. Letu = tan (f) =>- du = 1 sec 2 (f) 60 => 6 du = sec 2 (§) 60; 9 = n => u = tan (f) = -L . 



3 77 



u = tan | = 1 

->3x/2 



X cot5 (D -c 2 (f) d0 = / u-«(6du)=[6(^)] ,«=[-&] 



2u 4 J 1/V3 



3 

2(1) 4 



= 12 



19. Let u = 5 - 4 cos t =>• du = 4 sin t dt | du = sin t dt; t = =>■ u = 5 — 4 cos 0=1, t = 7T =>- 
u = 5 — 4 cos 7r = 9 

/ o *5 (5-4 cos t) 1 / 4 sin t dt = J^u 1 / 4 (i du) = f J'u 1 / 4 du = [| (f u 5 / 4 )] J = 9 5 / 4 - 1 = 3 5 / 2 - 1 

20. Let u 777777, 1 - sin 2t du = -2 cos 2t dt => - \ du = cos 2t dt; t = u = 1, t = f => u = 
£'\l - sin 2t) 3 / 2 cos 2t dt = f - \ u 3 / 2 du = [- \ (§ u 5 / 2 )] J = (- I (0) 5 / 2 ) - (- \ (l) 5 / 2 ) = | 



21. Letu 777777 4y-y 2 + 4y 3 + 1 =$> du 777777 (4 - 2y + 12y 2 ) dy; y = => u = 1, y = 1 u 777777 4(1) - (l) 2 + 4(1) 3 + 1 
J o '(4y - y 2 + 4y 3 + 1) _2/3 (12y 2 - 2y + 4) dy 777777 J|V 2 / 3 du 777777 [3u 4 / 3 ] \ = 3(8) 4 / 3 - 3(1) 4 / 3 = 3 
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22. Let u = y 3 + 6y 2 - 12y + 9 du = (3y 2 + 12y - 12) dy f du = (y 2 + 4y - 4) dy; y = =>• u = 9, y = 1 
=>■ u = 4 

J o '(y 3 + 6y 2 - 12y + 9)~ 1/2 (y 2 + 4y - 4) dy = fju'V 2 du = [§ (2U 1 / 2 )] J = § (4) 1 / 2 _ | ( 9 )V2 = | (2 - 3) 

_ 2 
3 



23. Let u = 6» 3 / 2 => du = | (9 1 / 2 d6> => | du = \J Q dO; 9 = ^ u = 0, = S/tt~ 2 



U = TT 



J* o cos 2 (# 3 / 2 ) dfl = J o "cos 2 u (f du) = [§ (I + i sin2u)] * = § (f + ± sin 2tt) - § (0) = f 



24. Let u = 1 + \ =>• du = -t -2 dt; t = -1 ^> u = 0, t 

.-1/2 



=> u = -1 



J | r 2 sin 2 (1 + i) dt = f Q -sin 2 udu = [-(§- | sin 2u)] ^ = -["(- i - 1 sin (-2)) - (§ - \ sin 0) 



| - i sin 2 



25. Let u = 4 - x 2 =!> du = -2x dx =>• - ± du = x dx; x = -2 =!> u = 0, x = => u = 4, x = 2 =>• u = 

A=-/ x\/4 - x 2 dx + J Q x^4 - x 2 dx = -J - I u 1 ' 2 du + J°- A u 1 / 2 du = 2 J q 1 u 1 / 2 du = J q u 1 / 2 du 



= [f u3/2 ](I= | (4) 3 / 2 - | (0) 3 / 2 = 



26. Let u = 1 — cos x =4> du = sin x dx; x = => u = 0, \ — tt => u = 2 

2 



/:<■ 



cos x) sin x dx 



du 



o 2 







27. Let u = 1 + cos x => du = —sin x dx — du = sin x dx; x = — tt =>• u = 1 + cos (—it) = 0, x = 

=>• u = 1 + cos = 2 

A = - J 3 (sin x) a/1 + cos x dx = - J q 3U 1 / 2 (-du) = 3 J q u 1 / 2 du = [2u 3 / 2 ] \ = 2(2) 3 / 2 - 2(0) 3 / 2 = 2 5 / 2 

28. Let u = 7r + 7r sin x =>■ du = 7r cos x dx =>■ A du = cos x dx; x = — \ u = 7r + 7r sin (— f ) = 0, x = u = 7r 

^ | (cos x) (sin (tt + n sin x)) dx = 2 J | (sin u) (~ du) 

= sin u du = [—cos u]q = (—cos tt) — (—cos 0) = 2 

29. For the sketch given, a = 0, b = tt; f(x) — g(x) = 1 — cos 2 x = sin 2 x = 1 = c ° s 2x ; 
A= £(^^ dx= l£ (1 _ cos2x) ^ = I[ x _^]- = I [(7r _ )-(0-0)] = f 



30. For the sketch given, a = — |, b = |; f(t) — g(t) = A sec 2 1 — (— 4 sin 2 1) = h sec 2 1 + 4 sin 2 t; 

A = f 7 (i sec 2 1 + 4 sin 2 t) dt = 1 f 7 sec 2 1 dt + 4 f 7 sin 2 1 dt = A f sec 2 1 dt + 4 ( ' (1 ~ c ° s2t) di 

J -tt/3 V 2 ' 2 J -tt/3 J -tt/3 2 J -ir/3 J -tt/3 



-t/3 



l£'' sec 2 1 dt + 2/^(1 - cos 2t) dt = \ [tan tf ^ + 2[t - = y/3 + 4 - f - y/3 = f 



-tt/3 



31. For the sketch given, a = -2, b = 2; f(x) - g(x) = 2x 2 - (x 4 - 2x 2 ) = 4x 2 - x 4 ; 

'2 r . .i 2 



A= / (4x 2 -x 4 ) 



dx 



4x 3 _ 
3 5 



(f-f) 



32 
3 



(-¥)] 



64 64 _ 320-192 _ 128 
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32. For the sketch given, c = 0, d = 1; f(y) — g(y) = y 2 — y 3 ; 

a = L ( y2 ~ y3 ) dy = L y2 dy ~ L y3 dy 





1 


y 


'y 3 ' 




3 





4 



~ 3 4 ~ 3 4 — 12 



33. For the sketch given, c = 0, d = 1; f(y) - g(y) = (12y 2 - 12y 3 ) - (2y 2 - 2y) = 10y 2 - 12y 3 + 2y; 

A = X'(10y 2 - 12y 3 + 2y) dy = £ 10y 2 dy - £ 12y 3 dy + £ly dy = [f y 3 ] J - [f y 4 ] J + [f y 2 ] J 
= (f -0) -(3-0) + (1-0)= | 



34. For the sketch given, a = — 1, b = 1; f(x) — g(x) — x 2 — (— 2x 4 ) = x 2 + 2x 



4. 



A= J [ (x 2 + 2x 4 ) dx 



X 3 , 2x 5 
3 + 5 



(l + f) 



)] 



2,4 10+12 _ 22 

3 + 5 — 15 — 15 



35. We want the area between the line y = 1, < x < 2, and the curve y =\, minus the area of a triangle 
(formed by y = x and y = 1) with base 1 and height 1. Thus, ^-—J (l — if) ^ x — \ (1)0-) = 

V 4, 12/ 2 x 3 2 6 



36. We want the area between the x-axis and the curve y = x 2 , < x < 1 plus the area of a triangle (formed by x = 1, 



x + y = 2, and the x-axis) with base 1 and height 1. Thus, A 



J 



2 dx+i(l)(l) 



1 _ 1 , 1 _ 5 

2 — 3 ' 2 — 6 



37. AREA = Al + A2 

Al: For the sketch given, a = — 3 and we find b by solving the equations y = x 2 — 4 and y = — x 2 — 2x 

simultaneously for x: x 2 — 4 = — x 2 — 2x => 2x 2 + 2x — 4 = => 2(x + 2)(x — 1) x = —2 or x = 1 so 

b = -2: f(x) - g(x) = (x 2 - 4) - (-x 2 - 2x) = 2x 2 + 2x - 4 =^ Al = J (2x 2 + 2x - 4) dx 



2x 3 i 2x 2 



-4x 



= (- f +4 + 8) -(-18 + 9 + 12) = 9- f = ^: 



A2: For the sketch given, a = -2 and b = 1: f(x) - g(x) = (-x 2 - 2x) - (x 2 - 4) = -2x 2 - 2x + 4 



=>- A2 = - 



2x - 4) dx = - 



\ + x 2 - 4x 



= -(f + l-4) 



16 



4 + 8 



§-1+4-^+4 + 8 = 9; 



38 



Therefore, AREA = Al+A2=^+9- , 



38. AREA = Al + A2 

Al: For the sketch given, a = -2 and b = 0: f(x) - g(x) = (2x 3 - x 2 - 5x) - (-x 2 + 3x) = 2x 3 - 8x 

2 (2x 3 - 8x) dx = - = - (8 - 16) = 8; 

A2: For the sketch given, a = and b = 2: f(x) - g(x) = (-x 2 + 3x) - (2x 3 - x 2 - 5x) = 8x - 2x 3 



=> A2 = J o (8x - 2x 3 ) dx = 
Therefore, AREA = Al + A2 = 16 



8x^ _ 2x1 
2 4 



i 2 



(16-8) = 8; 



39. AREA = Al + A2 + A3 

Al: For the sketch given, a = —2 and b = — 1: f(x) — g(x) = (— x + 2) — (4 — x 2 ) = x 2 — x — 2 

£'(x 2 -x-2) 



Al 



dx 



2x 



3 2 



|+4) 



7 _ 1 _ 14-3 _ 11. 
3 2 6 6 : 



A2: For the sketch given, a = -1 and b = 2: f(x) - g(x) = (4 - x 2 ) - (-x + 2) = - (x 2 - x - 2) 



A2 



-J 2 i (x 2 -x-2) 



dx 



2x 



n 2 



(|-l-4) + (- 



1-1 + 2) 



-3 + 8 - j — \\ 
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A3: For the sketch given, a = 2 and b = 3: f(x) - g(x) = (-x + 2) - (4 - x 2 ) = x 2 - x - 2 

1 3 



=>. A3 = J 7 (x 2 - x - 2) dx 
Therefore, AREA = Al + A2 + A3 



2x 



6 



(9 



'27 



6)-G 



4) =9 



49 
6 



40. AREA = Al + A2 + A3 

Al: For the sketch given, a = —2 and b = 0: f(x) — g(x) = ( y — 



Al 



4x) dx 



2x 2 



- i (4 - 8) 



A2: For the sketch given, a = and we find b by solving the equations y 



(x 3 - 4x) 



— x and y = I simultaneously 



I(x 3 



4x) 



=> A3 = | J 2 (x 3 - 4x) dx = 
Therefore, AREA = Al + A2 + A3 = 



-2x 

4 

3 1 3 



4 

4 i 4 



= H(^-2"9)-(f-8)]=H^-14) 



25. 
12' 



32+25 



12 

4 



forx: y - x = § => y - i x = ^ f (x - 2)(x + 2) = ^> x = -2, x = 0, or x = 2 so b = 2: 
f(x) - g(x) = f - - x) = - I (x 3 - 4x) => A2 = - | J o (x 3 - 4x) dx = | J g (4x - x 3 ) = ± 
= i(8-4) = |; 

A3: For the sketch given, a = 2 and b = 3: f(x) — g(x) = — x^j — 



2x 2 



41. a= -2,b = 2; 

f(x) - g(x) = 2 - (x 2 - 2) = 4 

A= J 7 (4-x 2 )dx 



4x 



2-(f 



32 
3 



2 

-2 



(8-1) -(-8 + 1) 




42. a=-l,b = 3; 

f(x) - g(x) = (2x - x 2 ) - (-3) = 2x - x 2 + 3 



• A = J (2x - x 2 + 3) dx : 
(9-f +9)-(l+|-3) 



11 



3x 

32 
3 



1 3 



y=2x-x 2 





44. Limits of integration: x 2 — 2x = x =>• 

^ x(x - 3) = =*> a = and b = 2 
f(x) - g(x) = x - (x 2 - 2x) = 3x - x 

/ o 3 (3x - x 2 ) dx 



3x 



=» A = 



3x- 
2 



= 2Z - 9 — 



27-18 
2 
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45. Limits of integration: x 2 = — x 2 + 4x =>• 2x 2 — 4x = 
2x(x - 2) = a = and b = 2; 
f(x) - g(x) = (-x 2 + 4x) - x 2 = -2x 2 + 4x 

f o (-2x 2 + 4x) dx : 

-32 + 48 _ 8 



A : 



-2x 3 , 4x 2 
3 2 



16 , 16 

3 ' 2 




46. Limits of integration: 7 - 2x 2 = x 2 + 4 => 3x 2 - 3 = 
=> 3(x- l)(x+l) = a= -1 andb = 1; 
f(x) - g(x) = (7 - 2x 2 ) - (x 2 + 4) = 3 - 3x 2 

J > i (3-3x 2 )dx = 3 



=> A = 



= 3[(l-|)-(-l + |)]=6(l)=4 



y=7-2x2 




47. Limits of integration: x 4 — 4x 2 + 4 = x 2 

=> x 4 - 5x 2 + 4 = (x 2 - 4) (x 2 - 1) = 
=> (x + 2)(x - 2)(x + l)(x - 1) = x = -2, -1, 1, 2; 
f(x) - g(x) = (x 4 - 4x 2 + 4) - x 2 = x 4 - 5x 2 + 4 and 
g(x) - f(x) = x 2 - (x 4 - 4x 2 + 4) = -x 4 + 5x 2 - 4 

A = J (-x 4 + 5x 2 -4)dx+ J ( (x 4 -5x 2 +4)dx 



5x 2 - 4)dx 
-l 



5f -4x 



-2 
32 _ 40 
5 3 

60 , 60 _ 300-180 _ i 
5 ~r 3 15 ' 



5x^ 
3 



4x 



( 5 -f+4)-( 

6C 
3 



3-1 + 4) 



_ 5x^ 
3 

1 i 5 



-4x 




4) + (- 



32 i 40 



*)~H + §-4) 



48. Limits of integration: xy a2 ~~ x2 — =>■ x = or 

\/a 2 - x 2 = x = or a 2 - x 2 = X = -a, 0, a; 

A= — x \/ a 2 — x 2 dx + x \/ a 2 — x 2 



dx 



|[!(a 2 -x^ 2 ]° a -i[f(, 



i (a 2 ) 3/2 - [- i (a 2 ) 3/2 



2a: 
3 



x 2 ) 3/2 




49. Limits of integration: y 



-x, x < 
fx, x > 



and 



5y = x + 6 ory = f + f ; for x < 

5^/^x = x + 6 25(-x) = x 2 + 12x + 36 
x 2 + 37x + 36 = (x+ l)(x + 36) = 
=>• x = — 1, —36 (but x = —36 is not a solution); 
for x > 0: 5^/x = x + 6 25x = x 2 + 12x + 36 
=> x 2 - 13x + 36 = (x - 4)(x - 9) = 
=>• x = 4, 9; there are three intersection points and 



A : 



i: 



x + 6 



!dx +x 4 (^-v^) dx +r(v^ 




^r) dx 
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(* + 6? _ 2 „3/2 
10 3 A 



2 „3/2 _ (x + 6)- 

3 A 10 



+ 1 (-*) 3/2 J _ x 

_ (36 _ 25 _ 2\ , /"100 _ 2 ^3/2 _ 36 , r>\ , /2 q 3/2 _ 225 _ 2 4 3/2 , 100 \ _ _ 50 
V 10 10 3 / ' \ 10 3 ' H 10 ' U J t 1 3 ' y 10 3 ' H "r 10 J — 10 



20 

3 



50. Limits of integration: 

x 2 — 4, x < —2 or x > 2 
4 - x 2 , -2 < x < 2 

for x < -2 and x > 2: x 2 - 4 = £ + 4 



4| 



2x 2 - 8 = x 2 



=> x 2 = 16 =^ x = ± 4; 



for -2 < x < 2: 4 - x 2 = 



4 => 8 - 2x 2 = x 2 



=> x — => x = 0; by symmetry of the graph, 

A = 2/ o 2 [(f +4) -(4-x 2 )]dx + 2/ 2 4 [(f +4) -(x 2 -4) 
= 2(| - 0) +2(32 - f - 16 



6 / ~~ u 3 — 3 




dx = 2 



+ 2 



8x- \ 



n 4 

2 



51. Limits of integration: c = and d = 3; 
f(y) - g(y) = 2y 2 - = 2y 2 



1 3 



2-9 = 18 




52. Limits of integration: y 2 



(y+l)(y-2) = 



-landd = 2;f(y)-g(y) = (y + 2)-y 2 



> A= £(y + 2-y 2 )dy = 
(f+4-|)-(|-2+i) 



2y 

8 _ 

3 




53. Limits of integration: 4x = y 2 — 4 and 4x = 16 + y 

y 2 -4=16 + y => y 2 - y - 20 = ^> 
(y - 5)(y + 4) = => c = -4 and d = 5; 

f(y)-g(y)=(^)-(^) = =^ 

=* A= i/j-y 2 +y + 20)dy 



3 1 

125 



20y 



1 /_ 12 
4 v 3 

H 



f + ioo)-i(f 



- 80) 



189 

3 



180) 



243 




-y-16 
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54. Limits of integration: x = y 2 and x = 3 — 2y 2 

=» y 2 = 3 - 2y 2 3y 2 = 3 3(y - l)(y + 1) = 
=> c = -1 and d = 1; f(y) - g(y) = (3 - 2y 2 ) - y 2 

= 3 - 3y 2 = 3 (1 - y 2 ) => A = 3 fjl- y 2 ) dy 
3(l-i)-3(-l + i) 



= 3 



y-V 



i 

-i 



3-2(l-i)=4 



x+2y2=3 



x-y2=0 




55. Limits of integration: x = — y 2 and x = 2 — 3y 2 

-y 2 = 2 - 3y 2 2y 2 - 2 = 
2(y - l)(y + 1) = c = -1 and d = 1; 
f(Y) - g(y) = (2 - 3y 2 ) - (-y 2 ) = 2 - 2y 2 = 2 (1 - y 2 ) 

£(l-y 2 )dy = 2 



=>• A = 2 



2-1 



4(1) 



x+3y 2 -2 




56. Limits of integration: x = y 2 / 3 and x = 2 — y 4 



/ 2 / 3 = 2 - 



1 andd= 1; 



v/2/3 



f(y) - g(y) = (2 - y 4 ) - y 

=> A= i /" i (2-y 4 -y 2 / 3 ) dy 
= 2y-^-|y^] 1 i 

= (2-^-f)-(-2+i + |) 
= 2(2-I-f) = f 




57. Limits of integration: x = y 2 — 1 and x = |y| y/l — y 2 

=> y 2 - 1 = |y| ^/l - y 2 ^ y 4 - 2y 2 + 1 = y 2 (1 - y 2 ) 
y 4 - 2y 2 + 1 = y 2 - y 4 => 2y 4 - 3y 2 + 1 = 
(2y 2 - 1) (y 2 - 1) = 2y 2 - 1 = or y 2 - 1 = 



=> y 2 = \ or y 2 = 1 
Substitution shows that 



± & ory = ±1, 



±y / 2 



are not solutions =>• y = ± 1 ; 



for -1 < y < 0, f(x) - g(x) = -y^l - y 2 - (y 2 - 1) 



i-y -y(i-y') 



A = 2 



and by symmetry of the graph, 
dy 

2£(l-y 2 )dy-2 f j (1 - y 2 ) 1/2 dy 



£[i-y 2 -y(i-y 2 ) 1/2 



2(i-y 2 ) 3 ' 




* -I if I -f 2 



= 2[(0-0)-(-l + i)] +(|-0) =2 
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58. AREA = Al + A2 

Limits of integration: x = 2y and x = y 3 — y 2 =4* 

y 3 - y 2 = 2 y y (y 2 - y - 2) = y(y + l)(y - 2) = 
=> y = -1,0,2: 

for -1 < y < 0, f(y) - g(y) = y 3 - y 2 - 2y 



=» Al = 



- y 2 - 2y) dy 



r _ r _ v 2 

4 3 > 



o-a+i-i) 



12' 



for < y < 2, f(y) - g(y) = 2y - y 3 + y 2 



A2 = 



y 2 ) dy 



4^3 



(4 



16 



Therefore, Al + A2 = ^ , , 



8 _ 37 
12 




59. Limits of integration: y = — 4x 2 + 4 and y = x 4 — 1 



-4x 2 



■4 =>- x 4 + 4x 2 



(x 2 + 5)(x-l)(x+l) = 



= 

-1 andb = 1; 



f(x) - g(x) = -4x 2 + 4 - x 4 + 1 = -4x 2 - x 4 + 5 



=> A = 

4 



/:,( 



-4x 2 - x 4 

4 



5) dx 



4x J 
3 



5x 



(-f-|+5)-(! + i-5)=2(-|-I+5) = f 




60. Limits of integration: y = x 3 and y = 3x 2 — 4 



3x 2 



(x 2 -x-2)(x-2) = 



^ (x + l)(x - 2) 2 = a = -1 and b = 2; 
f(x) - g(x) = x 3 - (3x 2 - 4) = x 3 - 3x 2 + 4 

=> A = J (x 3 - 3x 2 + 4) dx 

= (f-f +8)-a+i-4) =f 



t- _ 3x1 
4 3 



4x 




61. Limits of integration: x = 4 — 4y 2 and x = 1 — y 4 



4-4y 2 



1 



4y 2 







=> ( y - V3J (y + V3J (y - i)(y + l) = o c = -l 

and d = 1 since x > 0; f(y) - g(y) = (4 - 4y 2 ) - (1 - y 4 ) 
= 3 - 4y 2 + y 4 A = J ( (3 - 4y 2 + y 4 ) dy 



3y 



3 



1 

-1 



2(3 



56 
15 



x =4-4y2 




62. Limits of integration: x = 3 — y 2 and x = — ^ r 



.,2 _ _ r 3y 2 

y — 4^4 

c = —2 and d — 2 



(y - 2)(y + 2) = 



3 [(2 



12/ 



; f(y) - g(y) = (3 - y 2 ) - 
> A = 3 £(l-$)dy = 3[y-| 
(-2+4)] =3(4-|f) =12-4 
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63. a = 0, b = 7r; f(x) — g(x) = 2 sin x — sin 2x 

=^ A = J o (2 sin x - sin 2x) dx = [-2 cos x 1 ° ,s 2x 
= [-2(-l)+l]-(-2-l + i)=4 



2 J 



y=2sin x 




64. a = — |, b = |; f(x) — g(x) = 8 cos x — sec x 

=> A = J ^(8 cos x — sec 2 x) dx = [8 sin x — tan x] _ n 
.f-^)-(-S.4 + ^)=6V3 



/3 



y = 8cosx 




65. a = -l,b = 1; f(x) - g(x) = (1 - x 2 ) - cos (f ) 



=> A = J [1 - x 2 - cos (f )] dx = 
= (l-|-f)-(-l + l + f)=2(|-) 



x- f -\ sin(f ) 



4 _ 4 

3 7T 




66. A = Al + A2 

ai = — l,bi =0 and as = 0, b2 = 1; 

fi(x) - gj(x) = x - sin (f ) and f 2 (x) - g 2 (x) = sin (f ) - x 
=> by symmetry about the origin, 

Ai + A 2 = 2Aj A = 2 J [sin (f ) - x] dx 
= 2[-fcos(f)-f];=2[(-f-0-i)-(-|.l-0)] 
= 2(f-D=2(^) = ^ 



y=sin («x/2). 




i — x 



67. a — — ^, b — ^; f(x) — g(x) = sec x — tan x 

-»7r/4 



A = I (sec 2 x — tan 2 x) dx 

J -jr/4 y ' 

J ^[sec 2 x — (sec 2 x — 1)] dx 

(-£> = ! 



/ l-dx=[ X ]t /4 = I 



68. c = - f , d = f ; f(y) - g(y) = tan 2 y - (- tan 2 y) = 2 tan 2 y 

/x/4 
2(sec 2 y- 1) dy 
-7r/4 

= 2[tany-y]i 4 /4 = 2[(l-f)-(-l + f)] 

= 4(1-|) = 4-7T 




=(tan x) 2 



-7t 

4 


~— H X 

4 


x=-(tany)2^ 


rx=(tany) 2 


— i 
-1 


1 
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69. c = 0, d = |; f(y) — g(y) = 3 sin y^/cosy — = 3 sin y^/cos y 

rv/2 

=> A = 3 J o sin y^/cos y dy = —3 [| (cos y) 3 / 2 ] , 
= -2(0 - 1) = 2 



tt/2 





70. a = -1, b = 1; f(x) - g(x) = sec 2 (f ) - 



,1/3 



> A = J\ [sec 2 (f ) - xVS] dx = [1 tan (f ) - | x 4 / 3 ] ^ 




f X 



— „3 



y 3 and x = y 



y = y 3 



71. A = Ai + A 2 

Limits of integration: x 

y 3 - y = =» y(y- l)(y + 1) = cj = -1, dj = 
and c 2 = 0, d 2 = 1; fi(y) - gi(y) = y 3 - y and 



h(y) - g2(y) = y - y 3 



by symmetry about the origin, 



Ai + A 2 = 2A 2 A = 2 J o (y - y 3 ) dy = 2 
= 2 (A - i) = 1 

^V2 4^ 2 




72. A = Ai + A 2 

Limits of integration: y = x 3 and y = x° => x 3 = x 5 

x 5 - x 3 = x 3 (x - l)(x + 1) = ^ ai = -I, bi = 
and a 2 = 0, b 2 = 1; fj(x) — gi(x) = x 3 — x 5 and 



hi*) - g 2 (x) = x 5 
Ai + A 2 = 2A 2 = 
= 2fA _ I.) = I 

A U 6^ 6 



by symmetry about the origin, 



A 



2 J o (x 3 -x 5 ) dx = 2 



i l 

o 



-l 





73. A = Ai + A 2 

Limits of integration: y = x and y = ^ => x=^,x^0 
=> x 3 = 1 =>• x = 1 , fi(x) - gi(x) = x - = x 



=► A 1 = / o xdx= [| 

= x -2 =>■ A 2 = x 
A = Aj + A 2 = A + 1 



o 

2 dx 
= 1 



A;f 2 (x)-g 2 (x) 



rll 2 

x J 1 



i y= i/x* 




Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 5.6 Substitution and Area Between Curves 341 



74. Limits of integration: sin x = cos x =>■ x = ? =>• a = 
and b = | ; f(x) — g(x) = cos x — sin x 

Xtt/4 
(cos x — sin x) dx = [sin x + cos x]g 



=> A = 



+ f)-(0 + l) 



= V2- 1 




75 . (a) The coordinates of the points of intersection of the 

line and parabola are c = x 2 => x = ± -v/c and y = c 
(b) f(y) — g(y) = y^y — (— */y) = 2y^y =>• the area of the 

lower section is, A L = J q [f(y) — g(y)] dy 

= 2 J o y/y dy = 2 [§ y 3 / 2 ] L Q = | c 3 / 2 . The area of the 




entire shaded region can be found by setting c = 4: A = (|) 4 3 / 2 = y = y ■ Since we want c to divide the region 
into subsections of equal area we have A = 2A L =4> y = 2 (| c 3 / 2 ) =4> c = 4 2 / 3 



(c) f(x) - g(x) = c - x 2 =r> A L = J ' ° [f(x) - g(x)] dx = J '(c-x 2 ) 



- x 2 dx = 



cx — 



= t c 3 / 2 . Again, the area of the whole shaded region can be found by setting c = 4 
condition A = 2A L , we get | c 3/2 = y c = 4 2/3 as in part (b). 



= 2 



,3/2 _ cf: 



32 



From the 



76. (a) Limits of integration: y = 3 — x 2 and y = — 1 

=> 3 - x 2 = - 1 x 2 = 4 => a = -2 and b = 2; 
f(x)-g(x) = (3-x 2 )-(-l) = 4-x 2 

J f (4-x 2 ) dx 



=> A = 



4x- 



16 



-2 
16 _ 32 
3 — 3 



(b) Limits of integration: let x = in y = 3 — x 2 
=> y = 3; f(y) - g(y) = - ("V^y) 

= 2(3 - y) 1 / 2 

A = 2 J_ 3 (3 - y) 1 / 2 dy = -2 £'(3 - y) 1 / 2 (-l) dy = (-2) 




= (f)(8) = 



32 



2(3 -y) 3 - 



3 



3 

-1 



(-f) [0-(3 + l) 3 / 2 ] 



77. Limits of integration: y = 1 + ^/x and y = 

l + y^ = -2=, x ^0 =^ ^/x + x = 2 =*> x = (2 - x) 2 

=> x = 4 - 4x + x 2 =>■ x 2 - 5x + 4 = 
=> (x - 4)(x - 1) = =>- x = 1, 4 (but x = 4 does not 
satisfy the equation); y = -3= and y = | =>■ -4= = | 



64 



Therefore, AREA = Ai + A 2 : fi(x) - gl (x) = (l + x 



l/2\ 



=> Ai = 



.-/.'( 



c 1 / 2 - 5) dx = 



x + | x 3/2 _ ^ 



y = 1 + s/x 




= (1 + | - A) - = 21; f 2 (x) - g 2 (x) = 2x-V2 _ | A 2 = j[ (2x-V2 - |) dx = [4xV 2 - 
= (4 • 2 - f ) - (4 - i) = 4 - f* = T ; Therefore, AREA = A 1 +A 2 =g + f = ^si 



88 11 

24 3 
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78. Limits of integration: (y — l) 2 = 3 — y =4* y 2 — 2y + 1 
= 3 - y => y 2 - y - 2 = (y- 2)(y + 1) = 
=> y = 2 since y > 0; also, 2y / y = 3 — y 

4y = 9 - 6y + y 2 y 2 - lOy + 9 = 
=> (y — 9)(y — 1) = =>■ y = 1 since y = 9 does not 
satisfy the equation; 
AREA = Ai + A 2 

fi(y)-gi(y) = 20^-o = 2y 1 / 2 

=► Ax = 2 J o 'y 1/2 dy = 2 




|; f 2 (y) - g 2 (y) = (3 - y) - (y - l) 2 



A 2 = J^[3 - y - (y - l) 2 ] dy = [3y - \ y 2 - \ (y - l) 3 ] J = (6 - 2 - i) - (3 - \ + 0) = 1 



1 + 1 = 2- 

3^2 6' 



Therefore, A 1 +A 2 = f + | = f = § 



79. Area between parabola and y = a 2 : A = 2^ (a 2 — x 2 ) 

Area of triangle AOC: \ (2a) (a 2 ) = a 3 ; limit of ratio = lim 



dx = 2 [a 2 x - \ x 3 ] a Q = 2 



= 4a^. 
u 3 ' 



| which is independent of a. 



pb nb pb nb nb 

80. A = / 2f(x) dx - I f(x) dx = 2 / f(x) dx - I f(x) dx = I f(x) dx = 4 

t/a a a a a 

81. Neither one; they are both zero. Neither integral takes into account the changes in the formulas for the 
region's upper and lower bounding curves at x = 0. The area of the shaded region is actually 

/0 nl nO nl 

[-x - (x)] dx + I [x - (-x)] dx = I -2x dx + I 2x dx = 2. 

82. It is sometimes true. It is true if f(x) > g(x) for all x between a and b. Otherwise it is false. If the graph of f 
lies below the graph of g for a portion of the interval of integration, the integral over that portion will be 
negative and the integral over [a, b] will be less than the area between the curves (see Exercise 53). 

83. Let u = 2x =>■ du = 2 dx =4> \ du = dx; x = 1 =>• u = 2, x = 3 => u = 6 
J'tioM dx = £|u (1 du ) = du = [ F(u)] 6 = F(6) _ F(2 ) 

84. Let u = 1 - x => du = -dx =>- -du = dx; x = => u = 1, x = 1 => u = 

nl nO nO nl nl 

I f(l-x)dx = I f(u)(-du) = -j f(u)du = I f(u)du = I f(x) dx 

85. (a) Letu = -x => du = -dx;x = -1 => u = l,x = =>■ u = 

nO nO nO nO nl 

fodd f(-x) = -f(x). Then J f(x) dx = J f(-u) (- du) = J -f(u)(-du)= J f(u)du=-J f(u) du 

= -3 

(b) Let u = -x => du = - dx; x = - 1 u = 1 , x = =>■ u = 

/0 nO nO nl 

f(x)dx = J f(-u)(-du)= -J f(u)du= J o f(u)du = 3 



86. 



= —x =^ du = — dx =>■ — du = dx and x = — a => u = a and x = 



nO 

(a) Consider J f(x) dx when f is odd. Let u = — x 

=$> u = 0. Thus f f(x) dx = f -f(-u) du = f f(u) du = - f f(u) du = f f(x) dx. 

<-/ -a i/a i/a i/0 i/0 

/a nO na pa pa 

f(x) dx = | f(x) dx + I f(x) dx = I f(x) dx + | f(x) dx = 0. 

-a *-/ -a *J t/0 t/0 
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X7T/2 
/2 sin x dx = [-cos x]^ 2 /2 = -cos (|) + cos (- § ) =0 + = 0. 

87. Let u = a — x =>• du = — dx; x = => u = a, x = a =4> u = 

r _ f° f(x)dx P° f(a-u) , . % _ f' f(a-u) du _ f f(a-x) dx 

Jo f(x)+f(a-x) J a f(a-u)+f(u) V UU J J„ f( u )+f(a-u) J f(x)+f(a-x) 

=►1 + 1= f " ft Si dX s + ^ = f a f!+g a ~ x i dx= f'dx = [x]H = a-0 = a. 

Jo f(x)+f(a-x) Jo f(x)+f(a-x) J f(x)+f(a-x) J L J 

Therefore, 21 = a I = | . 

88. Let u = H du = - f dt - ^ du = 1 dt - 1 du = 1 dt; t = x =^ u = y, t = xy => u = 1. Therefore, 

/•xy pi pi py />y 

1 dt = I - 1 du = - I i du = I i du = I 1 dt 

J X 1 JyU JyU J 1 " Jit 

89. Let u = x + c =>• du = dx; x = a — c =>• u = a, x = b — c =>• u = b 

f f(x + c)dx= f f(u)du= f f(x)dx 

t/ a— c *J a a 



90. (a) 




91-94. Example CAS commands: 
Maple : 

f := x -> x A 3/3-x A 2/2-2*x+l/3; 
g:=x-> x-1; 

plot( [f(x),g(x)], x=-5..5, legend=["y = f(x)","y = g(x)"], title="#91(a) (Section 5.6)" ); 
ql:=[-5,-2, 1,4]; # (b) 

q2 := [seq( fsolve( f(x)=g(x), x=ql[i]..ql[i+l] ), i=l..nops(ql)-l )]; 
for i from 1 to nops(q2)-l do # (c) 

area[i] := int( abs(f(x)-g(x)),x=q2[i]..q2[i+l] ); 
end do; 

add( area[i], i=l..nops(q2)-l ); # (d) 
Mathematica : (assigned functions may vary) 

Clear[x, f, g] 

f[xj = x 2 Cos[x] 

g[xj = x 3 - X 

Plot[{f[x],g[x]}, {x, -2,2}] 
After examining the plots, the initial guesses for FindRoot can be determined. 

pts = x/.Map[FindRoot[f[x]==g[x],{x, #}]&, {-1, 0, 1}] 

il=NIntegrate[f[x] - g[x], fx, pts[[l]], pts[[2]]}] 

i2=NIntegrate[f[x] - g[x], {x, pts[[2]], pts[[3]]}] 

il +i2 
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CHAPTER 5 PRACTICE EXERCISES 



1. (a) Each time subinterval is of length At = 0.4 sec. The distance traveled over each subinterval, using the 

midpoint rule, is Ah = | (v s + v i+1 ) At, where V; is the velocity at the left endpoint and v i+] the velocity at 
the right endpoint of the subinterval. We then add Ah to the height attained so far at the left endpoint v s to 
arrive at the height associated with velocity v 1+] at the right endpoint. Using this methodology we build 
the following table based on the figure in the text: 



t (sec) 





0.4 


0.8 


1.2 


1.6 


2.0 


2.4 


2.8 


3.2 


3.6 


4.0 


4.4 


4.8 


5.2 


5.6 


6.0 


v (fps) 





10 


25 


55 


100 


190 


180 


165 


150 


140 


130 


115 


105 


90 


76 


65 


h(ft) 





2 


9 


25 


56 


114 


188 


257 


320 


378 


432 


481 


525 


564 


592 


620.2 



t (sec) 


6.4 


6.8 


7.2 


7.6 


8.0 


v (fps) 


50 


37 


25 


12 





h(ft) 


643.2 


660.6 


672 


679.4 


681.8 



NOTE: Your table values may vary slightly from ours depending on the v-values you read from the graph. 
Remember that some shifting of the graph occurs in the printing process. 
The total height attained is about 680 ft. 
(b) The graph is based on the table in part (a). h ( feet ) 




t (sec) 



2. (a) Each time subinterval is of length At = 1 sec. The distance traveled over each subinterval, using the 
midpoint rule, is As = I (v ( + v i+1 ) At, where V; is the velocity at the left, and v i+] the velocity at the 
right, endpoint of the subinterval. We then add As to the distance attained so far at the left endpoint v ; 
to arrive at the distance associated with velocity v i+1 at the right endpoint. Using this methodology we 
build the table given below based on the figure in the text, obtaining approximately 26 m for the total 
distance traveled: 



t (sec) 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


v (m/sec) 





0.5 


1.2 


2 


3.4 


4.5 


4.8 


4.5 


3.5 


2 





s (m) 





0.25 


1.1 


2.7 


5.4 


9.35 


14 


18.65 


22.65 


25.4 


26.4 



(b) The graph shows the distance traveled by the 
moving body as a function of time for 
< t < 10. 




M i M 

(a) E | = \ E a k = \ (-2) = - \ 
k = 1 k = 1 

10 10 10 10 

(c) J2 (a k + b k -l)= £ a k + £ W- E 1 = -2 + 25 - (1)(10) = 13 
k=l k=l k= 1 k= 1 



10 10 10 

(b) £ (b k -3a k ) = £ b k -3 E a k = 25-3(-2) = 31 
k= 1 k= 1 k= 1 
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(d) J2 (f-W)= E f - E ^ = 1 (io) -25 = 

k= 1 k= 1 k= 1 



20 20 

4. (a) £ 3a k = 3 £ a k = 3(0) = 

k= 1 k= 1 

20 20 , , 20 

(c) E (|-f)= E |-f E b k = i(20)-f(7) 

k=l k=l k=l 

20 20 20 

(d) J2 (a k -2)= £ a k - £ 2 = 0-2(20)^-40 
k= 1 k= 1 k= 1 



20 20 20 

(b) J2 (a k + b k ) = £ a k + £ b k = + 7 = 7 
k= 1 k= 1 k= 1 



5. Let u = 2x - 1 =>• du = 2 dx =>- 1 du = dx; x = 1 u = 1, x = 5 =>■ u = 9 
J^(2x - l)- 1 / 2 dx = /V 1 / 2 (| du) = [u 1 / 2 ] I = 3 - 1 = 2 

6. Let u = x 2 - 1 =>• du = 2x dx \ du = x dx; x = 1 =>- u = 0, x = 3 u = 8 
/ 3 x (x 2 - 1) 1/3 dx = JV/3 (I du) = [| u^/3] J = 1 (16 - 0) = 6 

7. Let u = | =>- 2du = dx;x = -7r =^ u = - f , x = => u = 

J cos (f ) dx = J , 2 (cos u)(2 du) = [2 sin u]° t/2 = 2 sin - 2 sin (- f ) = 2(0 - (-1)) = 2 

8. Let u = sin x =>■ du = cos x dx; x = =>■ u = 0, X = 5 => u = 1 



J o (sin x)(cos x) dx = J g u 



du 



/2 r»2 />5 r*5 nl 

f(x) dx = i J 3 f(x) dx = \ (12) = 4 (b) J 2 f(x) dx = J f(x) dx - J f(x) dx = 6 - 4 = 2 

(c) g(x) dx = - J ' 2 g(x) dx = -2 (d) J ^(-tt g(x)) dx = -tt J ^g(x) dx = -7r(2) = -2ir 

(e) £ (*M±lW) dx = 1 £f(x) dx + 1 £g(x) dx = i (6) + i (2) = | 

10. (a) £g(x) dx = i J q 2 7 g(x) dx = i (7) = 1 (b) f*g(x) dx = J^gfr) dx - £g(x) dx = 1 - 2 = -1 

(c) J 2 f(x) dx = - J f(x) dx = -tt (d) f Q \fl f(x) dx = \fl § f(x) dx = v^W = ""V^ 

(e) Jjg(x) - 3 f(x)] dx = J o 2 g(x) dx - 3 Jj(x) dx = 1 - 3vr 



11. x 2 -4x + 3 = (x- 3)(x- 1) = =4- x = 3 orx = 1; 



Area 



J q (x 2 - 4x + 3) dx - J (x 2 - 4x + 3) 
-i l 



dx 



2x 2 + 3x 



n 



2x 2 + 3x 



-2(1) 2 + 3(1)) -0 
"(f -2(3) 2 + 3(3)) - (^-2(1) 2 + 3(1)) 

= (i + i)-[o-(| + i)] = f 



f(x) = x -4x + 3 
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13. 5 - 5x 2 / 3 = 1 - x 2 / 3 = x = ± 1; 

Area = J ' (5 - 5x 2 / 3 ) dx J (5 - 5x 2 / 3 ) dx 

= [5x - 3x 5 / 3 ] ^ - [5x - 3x 5 / 3 ] J 
= [(5(1) - 3(1) 5 / 3 ) - (5(-l) - 3(-l) 5 / 3 )] 
- [(5(8) - 3(8) 5 / 3 ) - (5(1) -3(1) 5 / 3 )] 
= [2 - (-2)] - [(40 - 96) - 2] = 62 



51 f(x) = 5-5x 2 ' 3 



-5 
-10 
-15 



14. 1 - A /x = ^ x= 1: 



Area=/ o '(l-^) dx- J^l-^i) 



dx 



[x-§x 3 / 2 ];-[x-§x 3 /^ 



= [(l-f(l) 3 / 2 )-0]-[(4 
= |-[(4-¥)-|]=2 



(4)3/2) 



(1)3/2)] 



I 

0.5 

-0.5 
-1 



f(x) = 1 - Vx 




17. f(x) = (1 - v^) 2 ' g<X> = 0, a = 0, b = 1 =^ A = J [f(x) - g(x)] dx = J (l - y^c) 2 dx = J Q (l - 2^/x + x) dx 



J 

J o 



'1 - 2X 1 / 2 



dx 



4 Y 3/2 
3 A 



(6-8 + 3) 



/-»b n 1 pi 

18. f(x) = (1 -x 3 ) 2 ,g(x) = 0, a = 0,b = 1 =^ A = I [f(x) - g(x)] dx = I (l-x 3 ) 2 dx = I (l-2x 3 + x 6 )dx 



_9_ 
14 
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19. f(y) = 2y 2 , g(y) = 0, c = 0, d = 3 

=> A = f [f(y) - g(y)] dy = (2y 2 - 0) dy 

= 2/ o Vdy 



I [y 3 ]o = is 




20. f(y) = 4 - y 2 , g(y) = 0, c = -2, d = 2 

=> A = /" [f(y) - g(y)] dy = £(4 - y 2 ) dy 



4y - £ ] 



32 
3 



x=4-y 2 




21. Let us find the intersection points: ^ = ^ 

=> y 2 -y-2 = =^ (y- 2)(y + 1) = => y = -1 



ory = 2 c = -l,d = 2; f(y) 



y+2 



,g(y) 



A= J c d [f(y)-g(y)]dy= £( 

f £(y + 2-y 2 )dy=i[f+2y-^ 



H(f+4-!)-(|-2+|)] = f 




22. Let us find the intersection points: = y ^ 16 

y 2 - y - 20 = (y - 5)(y + 4) = ^> y = -4 



ory = 5 ^ c = -4,d = 5;f(y)= ^ , g(y) 



y 7 -4 
4 



A = £ [f(y) - g(y)] dy = £ - ^ ') dy 



= l£(y + 20-y 2 )dy=i[f +20y-fl 5 4 

= I[(f + 100-^)-(f-80+f)] 

| (| + 180 - 63) = \ (| + 117) = \ (9 + 234) 



2-13 

8 




x = (y+16)/4 



23. f(x) = x, g(x) = sin x, a = 0, b = f 

=> A = | [f(x) - g(x)] dx = | (x - sin x) dx 



tt/4 



32 



y=x 



y=sinx 



*/4 



24. f(x) = 1, g(x) = | sin x| , a = - § , b = § 

=> A = f b [f(x) - g(x)] dx = ["'(I - sin x|) dx 

•J a t/ — 7T/2 

/0 r>7r/2 
^(1 + sin x) dx + J Q (1 ^ sin x) dx 

= 2 I (1 — sin x) dx = 2[x + cos x] 
= 2(|-l)= 7 r-2 




i — x 
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25. a = 0, b = 7T, f(x) — g(x) = 2 sin x — sin 2x 

=> A = f o (2 sin x - sin 2x) dx = [-2 cos x + ^] * 
= [-2-(-l)+I]-(-2-l + i)=4 



=2sin x 




26. a = — |, b = |, f(x) — g(x) = 8 cos x — sec 2 x 



A = 



J ^(8 cos x — sec 2 x) dx = [8 sin x — tan x]_^ 3 



(8-f -V^)-(-8-f + ^)=6^ 



y=8cos x 




=(sec x) 2 
( x 



27. f(y) = ^/y, g(y) = 2-y,c=l,d = 2 

A = £ [f(y) - g(y)] dy = Jj^/y" - (2 - y)] dy 



|y 3 / 2 -2y+t 



(| V / 2-4 + 2)-( 



3 ^ + 2 , 



4 /9 _ 2 
3 V z 6 



Syg-7 




28. f(y) = 6 - y, g(y) = y 2 , c = 1, d = 2 

=> A = /" [f(y) - g(y)] dy = J^(6 - y - y 2 ) dy 
= (l2-2-f)-(6-i-i) 



6y 



4-2 + 1 

^ 3^2 



24-14+3 _ 13 
6 6 



f=6-x 



4 5 



29. f(x) = x 3 - 3x 2 = x 2 (x - 3) f'(x) = 3x 2 - 6x = 3x(x - 2) f ' = +- 



=> f(0) = is a maximum and f(2) = —4 is a minimum. A = J (x 3 — 3x _ ) dx = — 







— x" 



'81 



27 
4 



4 27 ) 

A = J^a 1 / 2 - x J /2) 2 dx = J* (a. - 2^/a"x 1 /2 + x ) 
l + h) = T (6-8 + 3)=f 



30. A = 

a 2 fl 



dx = 



ax - | ^x 3 / 2 + f 



a 2 - | y^-ava+ | 



31. The area above the x-axis is Ai = 



2/3 _ 



y) dy 



yV3 

5 2 
-.0 



= A ; the area below the x-axis is 



A 2 = 



X 



/3 _ 



y) dy 



3y J/J y- 

5 2 



10 



the total area is A x + A 2 = 
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32. A = 



X7T/4 p37T/4 
(cos x — sin x) dx + J (sin x — cos x) dx 

I (cos X 



sin x) dx = [sin x + cos x] 



y = sin x 



[— cos x — sin x]^ + [sin x + cos x] 5ir y 4 
(-1+0) 



a . 2 ) "(0+1) 



(f + f)-(-f -f) 



\/2 _ v^2 
2 2 



8yg 

2 



2 = 4-V/2 - 2 




33. > =x 2 + Jjdt |=2x+i g=2-^;y(l)=l + / 1 1 idt=landy / (l) = 2+l = 3 



34. y = / Q (1 + 2^/ sec t) dt & = 1 + 2^/sec x § = 2 (|) (sec x) _1 / 2 ( S ec x tan x) = ^sec X (tan x); 
x = ^> y = J (1 + 2A/secl) dt = and x = => % = 1 + 2^/sec = 3 



_ sin x . v ^ „ J" smj 



dt - 3 = -3 



35. y = £^ dt - 3 =► ^ = ^;x = 5 y 

36. y = J* sjl- sin 2 1 dt + 2 so that & = \/2 - sin 2 x; x = - 1 ^ y = J \Jl- sin 2 t dt + 2 = 2 



37. Let u = cos x =>■ du = —sin x dx =>• — du = sin x dx 

J 2(cos x)- 1 / 2 sin x dx = J 2iT 1 < /2 (- du) = -2 J ir 1 / 2 du = -2 + C = -4U 1 / 2 + C 

= -4(cos x) 1 / 2 + C 



38. Letu = tanx => du = sec - x dx 



J (tan x)- 3 / 2 sec 2 x dx = J u~ 3 / 2 du = f^r + C = -2U" 1 / 2 + C = + C 



39. Let u = 26» + 1 du = 2 d0 § du = d6> 

J [2(9 + 1 + 2 cos (26* + 1)] d6 = J(u + 2 cos u) (± du) = £ + sin u + Ci - , 
= 6> 2 + 9 + sin (26* + 1) + C, where C = Ci + \ is still an arbitrary constant 



- -i- sin (20+ 1) + Q 



40. Let u = 26» - tt du = 2 d6» ± du = d6> 



du 



J + 2 sec 2 (29 - iA d6 = f(-±+2 sec 2 u) (| du) = 1 J (u^ 1 / 2 + 2 sec 2 u) 

= | (vy) + i (2 tan u) + C = u 1 / 2 + tan u + C = (29 - tt) 1 / 2 + tan (26* - tt) + C 



41. J ( t -f)(t+f)dt= / (t 2 -|)dt= / (t 2 -4r 2 )dt=f-4(^)+C=f + ^+C 



r 



42. / dt = 



/^d t =/(£ + £)dt=/(t-' + 2r»)dt=^ + 2 



(^)+c=-f-£+c 



43. Let u = 2t 3 / 2 => du = Sy^dt => |du = dt 

J* v^sin (2t 3 / 2 )dt = 1 Jsin u du = -±cosu + C = -±cos(2t 3 / 2 ) +C 
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44. Let u = 1 + sec 9 =^ du = sec 9 tan0 d9 J sec tanfl a/1 + sec 9 d6 = J u^du = §u 3 / 2 + C 

= |(l + sec6») 3/2 +C 

45. / (3x 2 -4x + 7) dx = [x 3 - 2x 2 +7x]^ = [l 3 - 2(1) 2 + 7(1)] - [(-l) 3 - 2(-l) 2 + 7(-l)] = 6 - (-10) = 16 

46. J (8s 3 - 12s 2 + 5) ds = [2s 4 - 4s 3 + 5s] J = [2(1) 4 - 4(1) 3 + 5(1)] -0 = 3 

47 ' I J dv = T 4v " 2 dv = [- 4v ^ i = (^) - (l 1 ) = 2 

48. /V 4/3 dx = [-3x-V3] = _3 (27 )-i/3 _ (-3d)- 1 / 3 ) = -3 (±) + 3(1) = 2 

49. r 4 jt = r 4 a = r 4 r3 / 3 dt = r_ 2r i/2i 4 = ^ _ = 1 

50. Let x = 1 + y^u =±> dx = | u" 1 / 2 du 2 dx = ; u = 1 x = 2, u = 4 x = 3 

f { du = J/ xV 2 (2 dx) = [2 ( 2 ) x 3 / 2 ] J = I (3 3 / 2 ) - | (2 3 / 2 ) = 4^ - | ^ = I (3 - 2y/i) 

51. Letu = 2x+ 1 du = 2 dx =>- 18 du = 36 dx; x = =^ u = 1, x = 1 => u = 3 

,1 3 



r 36 dx r 

Jo Ji 



18u" 3 du 



18u" 



52. Let u = 7 - 5r => du = -5 dr =>• - 1 du = dr; r = => u = 7, r = 1 => u = 2 



I = r (? - 5r)_2/3 dr = I^' m t 3ui/3 ] ; 



3 I 3 



53. Let u = 1 - x 2 / 3 du = - § x" 1 / 3 dx - | du = x" 1 / 3 dx; x = ± =» u = 1 - ( ±) 2/3 = 3 



= 1 =^ u = 1 - l 2 / 3 = 



/' *~ 1/3 (i - - m f 2 ^ = £ u3/2 (" i du ) - [(- i) (f)l a/4 = [- 1 u5/2 ] 



1/8 

160 





3/4 



(o) 5/2 - (-!) (i)' A " 



54. Let u = 1 + 9x 4 du = 36x 3 dx =>■ ^ du = x 3 dx; x = u = 1, x = ± =^ u = 1 + 9 (§) = 



1\ 4 _ 25 
16 



I 



1/2 



lb 

x 3 (l+9x 4 ) _3/2 dx= J u- 3 / 2 ( 

1 / 25 ^ - 1 / 2 ( J_ /i\-l/2\ J_ 



«*■) = 



25/16 



&(§r' -(-&ar 1/a ) 



90 



55. Let u = 5r =±> du = 5 dr =>• j du = dr; r = u = 0, r = 7r =±> u = 57r 

JJsin 2 5r dr = /"(sin 2 u) Q du) = \ [| - ^] * = (f - - (0 - ^) = f 



56. Let u = 4t - | du = 4 dt => | du = dt; t = u = - f , t = f u = ^ 

o cos 2 (4t - |) dt = J /4 (cos 2 u) (I du) = I [| + = I (¥ + ^) - I (- f + ^) 

7T J_ I J_ ZI 

— 8 16 ^ 16 8 
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57. J g sec 2 d6> = [tan 8] n ' 3 = tan f - tan = 

58. J ^ esc 2 x dx = [-cot xf*{ 4 = (- cot - (- cot f ) = 2 



59. Let u = | du = g dx =4> 6 du = dx; x = n u = |, x = 37r =>- u = | 



I 



3ir /iir/2 

2 x 



cot 2 | dx = 



J 6 cot 2 u du = 6 J (esc 2 u - 1) du = [6(-cot u - u)]^ = 6 (- cot § - f ) - 6 (-cot § - §) 



60. Let u = f du = § d(9 => 3 du = d0; 6» = u = 0, 9 = n u = f 

J o tan 2 f d0 = J g (sec 2 | - l) d6 = J 3 (sec 2 u - 1) du = [3 tan u - 3u]q /3 
= [3 tan f - 3 (f )] - (3 tan - 0) = 3y/3 - n 

61. J J sec x tan x dx = [sec x]°_ w ^ 3 = sec — sec (— 1) = 1 — 2 = — 1 

62. J esc z cot z dz = [—esc z] 3 ^ 4 = (— esc ^) — (— esc |) = —\fl+ \fl — 

63. Let u = sin x =>■ du = cos x dx; x = =>■ u = 0, x = | => u = 1 

J ' 5(sin x) 3 / 2 cos x dx = / o '5u 3 / 2 du = [5 (|) u 5 / 2 ] J = [2u 5 / 2 ] \ = 2(1) 5 / 2 - 2(0) 5 / 2 = 2 

64. Let u = 1 - x 2 =>• du = — 2x dx =>■ - du = 2x dx; x = - 1 => u = 0, x = 1 =>• u = 
J ^ 2x sin (1 — x 2 ) dx = — sin u du = 

65. Let u = sin 3x => du = 3 cos 3x dx =>• | du = cos 3x dx; x = — | => u = sin (— =y) = 1, x = | =>• u = sin (~) 

= -1 



J 15 sin 3x cos 3x dx 

J -tt/2 



15u 4 (idu)=J^ 5u 4 du = [u 5 ]/ = (-1) 5 - (l) 5 = -2 



66. Letu = cos (|) =!> du = - \ sin (|) dx -2 du = sin (§) dx; x = =*> u = cos (§) = 1, x = ^ => u = cos 



J (i 



l 

2 

2tt/3 



COS 



sin 



(!) dx=/' /2 u- 4 (-2du)= [- 2 (^) 



1/2 
1 



|Q) _3 -|(ir 3 = |(8-i) = f 



67. Let u = 1 + 3 sin 2 x =>■ du = 6 sin x cos x dx => | du = 3 sin x cos x dx; x = =>• u = 1, x = | 

u = 1 + 3 sin 2 |=4 

JT ** = T ^ (i du ) - 1 1 u ~ l/2 du = [Kf)l ! = t ul/2 ] I = 41/2 - 11/2 - 1 

68. Let u = 1 + 7 tan x =4> du = 7 sec 2 x dx =4> = du = sec 2 x dx; x = => u = 1 + 7 tan = 1, 
X = f =!> u = 1 + 7 tan f = 8 

JT o+f&T, dx = j; 8 ^ (i du) = j; 8 1 u-/3 du = [i )] ; = [§ ; = § ^ - § = i 
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Let u = sec 9 =$> du = 

pv/3 nrr/ 

I tan|_ d6 , = I 

Jo \J2 sec 8 Jo 

1 



69. Let u = sec 9 =>- du = sec tan 9 AO; 9 — =>■ u = sec = 1, = | => u = sec | = 2 



wr/3 



' sec s/2 see $ 





2 




2 


U-i). 


1 


. \/2u_ 


1 



d(9 



/2(2) 



r*/3 

l sec 

Jo v^O 



d6» 



du = 4= 

I v/2u 3 / a V2 Ji 



- J| u- 3 / 2 du 



( x/20)) 



= V2-1 



70. Letu = sin =>■ du = (cos 0) (5 t _1/2 ) dt 
t = £ =>■ u = sin ? = 1 



2-vA 



dt ^> 2du 



4 

„74 



' ! /36 y/t Sin yji 



/2 



^ dt; t = g 



6 2 ' 



= 4-s/l - = 2 ( 



= 2 2- V2 



71. (a) av(f) 



i-(-D 



x; 



(mx + b) dx 



n 1 



(b) av(f) = X" (mx + b) dx 

= i (2bk) = b 



2k 



2f +bx 



"f +bx 



2k 



(5f!+b(i))-(s^+b(-i)) 
(sf^+b(k)) - (rf+b(-k)) 



i (2b) = b 



72. (a) y av = 3^ £ dx = | x 1 / 2 dx = f [f x 3 / 2 ] ' = f [| (3) 3 / 2 - | (O) 3 / 2 ] = f (2^) 

(b) 7. = ^0 Tv^ dx = dx = f [f x 3 / 2 ] ; = £ (| (a) 3 / 2 - f (O) 3 / 2 ) = £ (f a^) 



= 2 



f b 

73. 4 = ^ J y^axf'Cx) dx = ^ [f(x)] b = ^ [f(b) - f( a )] = '^if so the average value off over [a,b] is the 
slope of the secant line joining the points (a, f(a)) and (b, f(b)), which is the average rate of change of f over [a, b]. 

74. Yes, because the average value of f on [a, b] is J f( x ) dx. If the length of the interval is 2, then b — a = 2 
and the average value of the function is ~ J f(x) dx. 



75. We want to evaluate 

-.300 



305 



^oJo f ( x ) dx = 305 j (37sin 
Notice that the period of y = sin 



2- 



(x- 101) 



25 ) dx =;§J sin 



2- 

305 



(x- 101) 



dx 4- 
UA + 365 



/»3l 
J 



dx 



2- 

305 

305 



(x- 101) 



is ||r = 365 and that we are integrating this function over an iterval of 



length 365. Thus the value of 



X 



2- 
305 



(x- 101) 



QX + 365 



n365 

J dxis l'0+l-365 = 25. 



76- ^bo£V 27 + 10- 5 (26T - 1.87T 2 ))dT = £ 
8.27(675) -l ^51* 



.27T 



26T 2 1.87T 3 



1 

055 



2-10 5 



1.87(675) J 
3-10 5 



2-10 5 3-10 5 

8.27(20) + "l w 



075 



2(1 



26(20)' _ 1.87(20) J 
3-10 5 



|5(3724.44- 165.40) 



055 



= 5.43 = the average value of C v on [20, 675]. To find the temperature T at which C v = 5.43, solve 
5.43 = 8.27 + 10~ 5 (26T - 1.87T 2 ) for T. We obtain 1.87T 2 - 26T - 284000 = 

26± V / (26) 2 -4(1.87)(-284000) _ 2 6± x /2124 996 
^ 1 2(1.87) 3.74 

interval [20, 675], so T = 396.72°C. 



-. So T = -382.82 or T = 396.72. Only T = 396.72 lies in the 



dy 



77. g = \/V, - cos 'a 
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78. | = v'2 + cos 3 (7x 2 ) • |^(7x 2 ) = 14x^2 + cos 3 (7x 2 ) 



7 q dy _ _d_ 
/7 - dx — dx 



J l 3 + 1 



dt =- 



3+x 4 



80 ^ = — ( f 1 

dx dx I J sec x t 2 + 1 



dt 



— s^-n-T"( sec x ) 

sec-x + 1 dx V / 



sec x tan x 
1 + sec 2 x 



81. Yes. The function f, being differentiable on [a, b], is then continuous on [a, b]. The Fundamental Theorem of 
Calculus says that every continuous function on [a, b] is the derivative of a function on [a, b]. 

82. The second part of the Fundamental Theorem of Calculus states that if F(x) is an antiderivative of f(x) on 
[a, b], then | f(x) dx = F(b) — F(a). In particular, if F(x) is an antiderivaitve of \/l + x 4 on [0, 1], then 

t/ a 

f \/\ +x 4 dx = F(l) - F(0). 



83. y 



84. y 



f 

*J CO: 



1 + t 2 dt = — 



J, 



dt 



it _ A 

dx dx 



nx 



1 + 1 2 dt 



_d_ 

dx 



/»x 



1 + 1 2 dt 



= ->/T 



dt: 



r 



^dt 



dy _ d_ 
dx dx 



r 

J 



T^dt 



dx 



no 

Jo 



T^dt 



, 1 — cos x / \ dx 



^(cosx)) 



v sin 2 x ) 



(— sin x) 



85. We estimate the area A using midpoints of the vertical intervals, and we will estimate the width of the parking lot on each 
interval by averaging the widths at top and bottom. This gives the estimate 

A S3 15 • ( °t 36 + 36 + 54 4- 54 + 51 _|_ 51 + 49.5 _|_ 49.5 + 54 _|_ 54 + 64.4 _|_ 64.4 + 67.5 _|_ 67.5 + 42 ^ 

A« 5961 ft 2 .ThecostisArea-($2.10/ft 2 ) w (5961 ft 2 ) ($2.10/ft 2 ) = $12,518.10 ^ the job cannot be done for $11,000. 



86. (a) Before the chute opens for A, a = —32 ft/sec 2 . Since the helicopter is hovering, vo = ft/sec 

v = J -32 dt = -32t + v = -32t. Then s = 6400 ft s = J -32t dt = -16t 2 + s = -16t 2 + 6400. 
At t = 4 sec, s = -16(4) 2 + 6400 = 6144 ft when A's chute opens; 

(b) For B, s = 7000 ft, v = 0, a = -32 ft/sec 2 =4> v = J -32 dt = -32t + v = -32t s = J -32t dt 

= -16t 2 + s = -16t 2 + 7000. At t = 13 sec, s = -16(13) 2 + 7000 = 4296 ft when B's chute opens; 

(c) After the chutes open, v = — 16 ft/sec s = J - 16 dt = - 16t + s . For A, s = 6144 ft and for B, 

s = 4296 ft. Therefore, for A, s = - 16t + 6144 and for B, s = - 16t + 4296. When they hit the ground, 







for A, 



16t + 6144 



6144 
16 



384 seconds, and for B, = - 16t + 4296 



42% 
16 



= 268.5 seconds to hit the ground after the chutes open. Since B's chute opens 58 seconds after A's opens 
=^ B hits the ground first. 

87. av(I) = ^ J o (1200 - 40t) dt = ^ [I200t - 20t 2 ]g° = ^ [((1200(30) - 20(30) 2 ) - (1200(0) - 20(0) 2 )] 
= i (18,000) = 600; Average Daily Holding Cost = (600)($0.03) = $18 

88. av(I) = n J o (600 + 600t) dt = i [600t + 300t 2 ]" = i [600(14) + 300(14) 2 - 0] = 4800; Average Daily 
Holding Cost = (4800)($0.04) = $192 
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89. av(I) = i/ o 3 °(450-|)dt=i 
= (300)($0.02) = $6 



450t- 



J_ 

30 



450(30) - ^ - 



300; Average Daily Holding Cost 



600-20X/T5Y/ 2 ) dt= i 



600t-20V15(|)t 3 / 2 



90. av(I) = i J Q (600 - 20/151) dt = i J o _ v _ , „ - 6Q 

= i [600(60) - (60) 3 / 2 - ol = i (36,000 - (^p) 15 2 ) = 200; Average Daily Holding Cost 
= (200)($0.005) = $1.00 



n 60 



CHAPTER 5 ADDITIONAL AND ADVANCED EXERCISES 



1. (a) Yes, because J o f(x) dx = ± J g 7f(x) dx = ± (7) = 1 

(b) No. For example, J o 8x dx = [4x 2 ] J = 4, but J o dx = 2^2 (^j 1 = ^ (l 3 / 2 - 3 / 2 ) 



dx = -3 



2. (a) True: J s f(x) dx = - J f(x) i 

(b) True: J Jf(x) + g(x)] dx = J ~f(x) dx + J g(x)dx = J^f(x) dx + J f(x) dx + J'g(x) dx 

=4+3+2=9 

(c) False: J f(x) dx = 4 + 3 = 7>2 = J g(x) dx J [f(x) - g(x)] dx > => J [g(x) - f(x)] dx < 0. 
On the other hand, f(x) < g(x) =£• [g(x) — f(x)] > => J [g(x) — f(x)] dx > which is a contradiction. 

px px 

3. y = \j o f(t) sin a(x — t) dt = j f(t) sin ax cos at dt — 1 f(t) cos ax sin at dt 

= ^ J o f(t) cos at dt - ^ J o f(t) sin at dt g = cos ax ( J g f(t) cos at dt^ 

+ ^ (s X f(t) cos at dt ) + sin ax X f(t) sin at dt ~ ^ (to X f(t) ; 

= cos ax J o f(t) cos at dt + (f(x) cos ax) + sin ax J q f(t) sin at dt - (f(x) sin ax) 
ax f(t) cos at dt + sin ax f(t) sin at dt. Next, 
-a sin ax f(t) cos at dt + (cos ax) (g^ X ^) cos at dt^ + a cos ax f(t) sin at dt 

+ (sin ax) (^ X ^ s * n at = ~ a s * n ax X ^ C0S at dt ^ C0S ax -*^ x -' cos ax 

+ a cos ax J f(t) sin at dt + (sin ax)f(x) sin ax = —a sin ax f(t) cos at dt + a cos ax J g f(t) sin at dt + f(x). 
Therefore, y" + a 2 y = a cos ax J q f(t) sin at dt — a sin ax f(t) cos at dt + f(x) 

+ a 2 { shLM f(t) CQS at d( . _ co^ax f(t) sin at dj . j = f(x) Note alsQ that y / (Q) = y(Q) = o 



sin at dt 



dy _ 
dx ~~ 



d 2 y _ 
dx 2 ~~ 



4. x = 



foTm? dt ^rJ-)-i X„ V 7hc- dt -i [I The- dt ] (to) *™ the chain rule 

1 = 7iM£) ^ = ^ /r ^- Then S = s(v / TW) = ^(v^W)(g) 

1(1+ 4y 2 )- 1 / 2 (8y) (g) = = = 4y. Thus g = 4y, and the constant of 
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proportionality is 4. 



n\ 2 nx 2 

5. (a) J o f(t) dt = x cos 7rx =>■ J ^) dt = cos — 705 sm nx ^ ^ ( x2 ) (^x) = cos ^ — nx sm nx 

^ f ( x 2) = cos7rx-7rxsin7rx _ x = 2 ^ f(4) = cos 2tt - 2tt sin 2^ = 1 

w Jo 



t z dt = 



1 f(x) 



= J (f(x)) 3 =>- i (f(x)) 3 = X COS 7TX =>• (f(x)) 3 = 3X COS 7TX =4> f(x) = V 3x COS 7TX 



f(4) = V3(4) cos 4tt = \/T2 



dx = 



sin a 



cos a. Let F(a) = 



f(a) = F'(a) = a + | sin a + | cos a — | sin a 



dt =>- f(a) = F'(a). Now F(a) = 



sin 



(2 ) nrv c ZE ZE cin — _|_ I 1L I 

2 CU 2 2 2 — 2 ' 2 2 — 2 



7. f(x) dx = \/b 2 + l - \/2 f(b) = £ J] f(x) dx = i (b 2 + 1) 1/2 (2b) 



\/b 2 + l 



f(x) = 



8. The derivative of the left side of the equation is: -jj- 
side of the equation is: ^ 



1 dt 



du 



Jf(t) dt; the derivative of the right 




_d_ 
dx 



J o X f(u)(x - u) duj = A £ f(u) x du _ d £ u m du 

px px r ~] PX 

J o f(u) du - ^ Jo u f ( u ) du = J f ( u ) du + x £ J f ( u ) du - xf ( x ) = Jo f W du + xf W ~ xf W 
= I f(u) du. Since each side has the same derivative, they differ by a constant, and since both sides equal 



J o f(t) dt du = J q f(u)(x — u) du. 

9. | = 3x 2 + 2 y = J (3x 2 + 2) dx = x 3 + 2x + C. Then (1,-1) on the curve => l 3 + 2(1) + C = -1 =!> C = -t 

=> y = x 3 + 2x - 4 

10. The acceleration due to gravity downward is —32 ft/sec 2 => v = J* —32 dt = — 32t + vo, where Vo is the initial 

velocity v = -32t + 32 => s = J (-32t + 32) dt = -16t 2 + 32t + C. If the release point, at t = 0, is s = 0, then 
C = =>- s = -16t 2 + 32t. Then s = 17 => 17 = -16t 2 + 32t =4> 16t 2 - 32t + 17 = 0. The discriminant of this 
quadratic equation is —64 which says there is no real time when s = 17 ft. You had better duck. 



/3 nO />3 

f(x) dx = J 8 x 2 / 3 dx + J o -4 dx 



[§ x^ 3 ] °_ 8 + [-4x] 3 



(0 - | (-8) 5 / 3 ) + (-4(3) - 0) = f - 12 



36 
5 




12. £f(x) dx = /°y=i dx + £ (x 2 - 4) 

= [_| ( _ x) 3/ 2] « 4+ ^_ 4x ]^ 

= [0-(-|(4) 3 / 2 )] + [(f-4(3)) 



dx 



-0 



16 _ t _ 7 
3 J — 3 
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13. J; g (t)dt=/\dt+J/sin7rtdt 

= (5-°) + [-^ cos2 ^-(-i cos ^)] 



1 _ 2 

2 7T 




14. J h(z) dz = J a/1 -z dz + J (7z - 6)" 1 / 3 dz 
= [-§(!- z)^] J + (7z - 6)^3] J 
= [- f (1 - l) 3 / 2 - (- § (1 - O) 3 / 2 )] 

+ (7(2) - 6) 2 / 3 - £ (7(1) - 6) 2 / 3 ] 



2 1 (6 _ _3_\ _ 55 

3 ' V7 14/ ~~ 42 




15. J 2 f(x)dx = J 2 dx+ / (1 -x 2 )dx + 2 dx 
= Ml 2 + [x - f ] 1 1 + [2x] 2 



(-l-(-2)) + 



l + f-(-f)+4-2=f 



16. J h(r)dr= J rdr + J (l-r 2 )dr+ J 
= (0-^) + ((l-?)-0)+(2-l) 





2 








j> = 2 








2(2) - 2(1) 




v.. 




-2 -1 


1 2 



V- 1 



dr 



1 1 2 



17. Ave. value 




dx = 



/'xdx+ J/(x-l)dx 



— X 



18 



19. 



(*-°W?-2)-0f-i)H 

. Ave. value = ^ /V) dx = ^ J^x) dx = | [ J^dx + J]"o dx + £ 



i [1-0 + + 3- 2] = f 



f « = £t dt =* f '« = i (i) - (i) Gl (;)) = ;-*(-?) = ^ + ; = i 



r»sin x 

20 - f W = L*TT^ dt f 'W=(™)(E(^x))-(H^) (&(C0SX)) 
cos x sin x 



21. g(y)= J^sint 2 dt =► g'(y)= (sin(20^) 2 ) (^(20^ 



cos x _|_ sin x 
cos 2 x sin 2 x 



sin 4y sin y 



m 3 

22. f(x) = J t(5 - t) dt f'(x) = (x + 3)(5 - (x + 3)) (£ (x + 3)) - x(5 - x) (g) = (x + 3)(2 - x) - x(5 - x) 

= 6 - x - x 2 - 5x + x 2 = 6 - 6x. Thus f'(x) = 6 - 6x = x = 1. Also, f"(x) = -6 < =>■ x = 1 gives a 
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maximum. 



23. Let f(x) = x 5 on [0, 11. Partition [0. 1] into n subintervals with Ax = L=> = ±. Then ±, . . . , a are the 

right-hand endpoints of the subintervals. Since f is increasing on [0, 1], U = ^ (~) is the upper sum for 

5 



f(x) = x b on [0, 1] 



= I x J dx 



lim 

n — » oo 



t (£) (I) 
j=i v ' 



= lim i 

n — > oo n 



(IT 



= lim 

n — » oo 



l 5 + 2 5 + ... + n 5 



24. Let f(x) = x 3 on [0, 1]. Partition [0, 1] into n subintervals with Ax 



1-0 _ 1 



. Then ±, 



1 2 
n ' n ' 



- are the 



00 / ■ \ 3 

right-hand endpoints of the subintervals. Since f is increasing on [0, 1], U = ^ ( ~ J f ~) is the upper sum for 



f(x) = x 3 on [0, 1] 



Jo 



= I x 3 dx — 



lim 

n — > oo 



t (*)'(*; 

j=l v ' 



= lim i 

n — > oo n 



(,r • ar • - • c:) : 



= lim 

n —> oc 



l 3 + 2 3 + ... + n 3 



25. Let y = f(x) on [0, 1]. Partition [0, 1] into n subintervals with Ax = ^ = 1. Then i, |, ... , S are the 
right-hand endpoints of the subintervals. Since f is continuous on [0, 1], ^2 f ( £ ) Q) is a Riemann sum of 

y = f( X )on[0,l] n lim o Ef(l) (A) = ^ i [f (A) +f (f) + ... +f (a)] = £ f(x) dx 



= where 



26. (a) lim \ [2 + 4 + 6 + . . . + 2n] = lim 1 p + * + ^ + ...+ ^1 = f 2x dx = [x 2 l„ = 1, where f(x) = 2x 

w n ^ oo n J L ' J n^ocnLn'n'n 1 n J J Q 110 ' v / 

on [0, 1] (see Exercise 25) 

(b) lim 4e [1 15 + 2 15 + ... +n 15 ]= lim I [(I) 15 + (?V 5 + ... + («) 15 1 = f ' x 15 dx = ~ 
v ' n-too » 1 1 n — too n [ V n/ \n ) \n/ J J L lu Jo 

f(x) = x 15 on [0, 1] (see Exercise 25) 

(c) lim - [sin - + sin — + ...+ sin — 1 = | sin nir dx = \— - cos 7rxl „ = — - cos ir — (— - cos 0) 

v/ n^oonLn' n 1 nJJ Ljt J 7T Vir / 

= -, where f(x) = sin nx on [0, 1] (see Exercise 25) 

(d) lim 4, [l 15 + 2 15 + ... +n 15 l = ( lim ±) ( lim 4rU 15 +2 15 

n — ► oo n 1 ' L J yn — > oo n / yn — > oo n ^ 

= (-j^) =0 (see part (b) above) 

(e) lim 4dl 15 + 2 15 + . 

n — > oo n 



" 15 = (n^oo 0/o' xl5dx 



■ 00 

= ( lim 

Vn — > oc 



■n 15 l = lim ^[l 15 +2 15 

1 n — > oo n 



,151 



»)(. 



lim 



zUl 15 + 2 15 



n 15 ]^ = ^lirn^ nj J o x 15 dx = oo (see part (b) above) 



27. (a) Let the polygon be inscribed in a circle of radius r. If we draw a radius from the center of the circle (and 
the polygon) to each vertex of the polygon, we have n isosceles triangles formed (the equal sides are equal 
to r, the radius of the circle) and a vertex angle of 6 B where 6 n = ~. The area of each triangle is 



A„ = k r sin 6 n => the area of the polygon is A = nA n = S- sin 6>„ 



4- sin ^. 

I n 



(b) lim A = lim 



sin ^ = lim f? 2 sin ^ = lim (tit 2 ) si "|^ = (yrr 2 ) lim 

n n — » oo 2tt n n — > oo v ' (fj v ' 2-n/n — > 



28. y = sin x + J cos 2t dt + 1 = sin x J cos 2t dt + 1 ^> y' = cos x — cos(2x) ; when x = 7r we have 

y' = cos7r — cos(27r) = — 1 — 1 = —2. And y" = — sinx + 2sin(2x); when x = it, y = simr + J cos 2t dt + 1 
= + + 1 = 1. 
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29. (a) g(l) = J i 1 f(t)dt=0 

(b) g(3) = J^f(t)dt=-i(2)(l) = -l 

(c) g(-l) = I 'f(t) dt = -£f(t) dt = -\(n2 2 ) = -it 

(d) g'(x) = f(x) = =^ x = -3, 1, 3 and the sign chart for g'(x) = f(x) is | +++ | | +++. So g has a 

-3 1 3 

relative maximum at x = 1. 

(e) g'( — 1) = f(— 1) = 2 is the slope and g(— 1) = f(t) dt = — it, by (c). Thus the equation is y + it — 2(x + 1) 
y = 2x + 2 - tt. 

(f) g"(x) = f'(x) = at x = — 1 and g"(x) = f'(x) is negative on (—3, —1) and positive on (—1, 1) so there is an 
inflection point for g at x = — 1. We notice that g"(x) = f'(x) < for x on (—1, 2) and g"(x) = f'(x) > for x on 
(2, 4), even though g"(2) does not exist, g has a tangent line at x = 2, so there is an inflection point at x = 2. 

(g) g is continuous on [—3, 4] and so it attains its absolute maximum and minimum values on this interval. We saw in (d) 
that g'(x) = => x = -3, 1, 3. We have that 

g(-3) = I 3 f(t) dt = -/_ 3 f(t) dt = -f = -27T 
g(l) = / i 1 f(t) dt=0 
g(3) = I f(t) dt = -1 

g (4) = / i f(t) dt = -i + i-i-i = -i 

Thus, the absolute minimum is — 2ir and the absolute maximum is 0. Thus, the range is [— 2ir, 0]. 
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NOTES: 
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NOTES: 
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CHAPTER 6 APPLICATIONS OF DEFINITE INTEGRALS 



6.1 VOLUMES BY SLICING AND ROTATION ABOUT AN AXIS 



1 / „ \ 

1. (a) 


A 


7r(radius) 2 and radius = 


(b) 


\ = 


width • height, width = 


(c) 


A = 


(side) 2 and diagonal = 


(d) 


A = 


^ (side) 2 and side = : 


2. (a) 


A = 


7r(radius) 2 and radius = 


(b) 


A = 


width • height, width = 


(c) 


A = 


(side) 2 and diagonal — 


(d) 


A = 


(side) 2 and side = ] 



3. A(x) = (diag g nal)2 = (^-(-^ 2 = 2x (see Exercise lc); a = 0, b = 4; 



V = £a(x) dx = £lx dx = [x 2 ] * = 16 



4. A (x) = ECjjgggterf = M(2-0-x'] = = 7T (l - 2x 2 + x 4 ) ; a = -1, b = 1; 

V = £ A(x) dx = £ } it (1 - 2x 2 + x 4 ) dx = n x - § x 3 + ^ 1 = 2tt (l 



2 i 1\ l(m 

3 I" 5) ~ 15 



5. A(x) = (edge) 2 = \J\ - x 2 - - x 2 ) 2 = (2a/ 1 -x 2 ) 2 = 4 (1 - x 2 ) ; a = -1, b = 1; 

V = £ A(x) dx = £ 4(1 - x 2 ) dx = 4 x - f = 8 (l — |) 



n _ 16 



6. A(x) = <^ = = = 2 (1 _ x2) (see Exercise lc) . a = _i, b = 1; 



£a(x) dx = zj\ (1 - x 2 ) dx = 2 x - f 1 =4(1- \) 



V 



n _ 8 
3 



7. (a) STEP 1) A(x) = \ (side) • (side) • (sin |) = \ ■ 'sin x) • ^2\/sin x) (sin f ) = sin x 

STEP 2) a = 0,b = 7r 

STEP 3) V= £a(x) dx = J\inxdx= -y^cosx * = y/3(l + 1) = 2^/3 

(b) STEP 1) A(x) = (side) 2 = (l^sin x) ^2^/sinx) = 4 sin x 

STEP 2) a = 0,b = 7r 

STEP 3) V = £a(x) dx = £ 4 sin x dx = [-4 cos x] £ = 8 

8. (a) STEP1) A(x) = ;r < di ™ etel ) 2 = | ( sec x - tan x) 2 = | (sec 2 x + tan 2 x - 2 sec x tan x) 

= | [sec 2 x+(sec 2 x-l)-2^] 

STEP 2) a=-f,b=f 

STEP 3) V = £a(x) dx = £^l f (2 sec 2 x - 1 - ) dx = f [2 tan x - x + 2 (- ^)]^ /3 
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= |[2V3-i+2(- I ! J )-(-2^+f +2(-^ 

(b) STEP 1) A(x) = (edge) 2 = (sec x - tan x) 2 = (2 sec 2 x - 1 - 2 ^) 
STEP 2) a =-f,b=f 

STEP 3) V = fA(x) dx = f ' (2 sec 2 x - 1 - 2 -^) dx = 2 ( iJz 

J a J — tt/3 V COS" X / V 



|(4V^-f) 



4v^- T 



9. A(y) = | (diameter) 2 = f (v^y 2 - o)' = 5 f y 4 ; 
c = 0,d = 2;V = £A(y) dy = £ 5 f y 4 dy 



) (?) 



7T / 5 



(2 5 - 0) = 8tt 




1 — rrr To 



10. A(y) = i (leg)(leg) = 1 [^T^f - (-\/I^y 2 )] 2 = § (2^/T^ 2 ) 2 = 2 (1 - y 2 ) ; c = -1, d = 1; 



V = f*A(y) dy = /' 2(1 - y 2 ) dy = 2 



4(1-1) 



11. (a) It follows from Cavalieri's Principle that the volume of a column is the same as the volume of a right 



prism with a square base of side length s and altitude h. Thus, STEP 1) A(x) = (side length) 



2 _ „2 



s ; 



STEP 2) a = 0, b = h; STEP 3) V = f A(x) dx = f s 2 dx = s 2 h 

J a JO 

(b) From Cavalieri's Principle we conclude that the volume of the column is the same as the volume of the 
prism described above, regardless of the number of turns =>• V = s 2 h 



12. 1) The solid and the cone have the same altitude of 12. 

2) The cross sections of the solid are disks of diameter 

x — f | ) = | . If we place the vertex of the cone at the 
origin of the coordinate system and make its axis of 
symmetry coincide with the x-axis then the cone's cross 
sections will be circular disks of diameter 
| — (— |) = | (see accompanying figure). 

3) The solid and the cone have equal altitudes and identical 
parallel cross sections. From Cavalieri's Principle we 
conclude that the solid and the cone have the same 
volume. 




13. R(x) = y = 1 - | => V= J 2 7r[R(x)] 2 dx = n £ (l - |) 2 dx = n£(l -x + £ ) dx = tt 



2- 



14. R(y) = x= | V = / o 2 ^[R(y)] 2 dy = ^/ o 2 (^) 2 dy = ^/ o 2 |y 2 dy = 7r[|y 3 ] 2 =^-|-8 = 67r 

15. R(x) = tan (f y) ; u = f y du = f dy => 4 du = tt dy; y = => u = 0, y = 1 u = f ; 
V= £ 7r[R(y)] 2 dy = tt £ [tan (f y)] 2 dy = 4 /"'tan 2 u du = 4 /**(-! + sec 2 u) du = 4[-u + tan \xf c 



Jo 
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= 4(-f + l-0)=4-7T 

16. R(x) = sin x cos x; R(x) = a = and b = | are the limits of integration; V = J o 7r[R(x)] 2 dx 
= 7T £' 2 (sin x cos x) 2 dx = tt £ P dx; [u = 2x du = 2 dx => f = f ; x = =>- u = 0, 

x=f u = tt] - V = 7r/;isin 2 udu=f - I sin 2u] £ = f [(f - 0) - 0] = £ 




18. R(x) = x 3 



V = /V[R(X)] 2 dx = TT /^(X 3 ) 2 dx 



TT X 6 dx = TT 



1287T 

7 




19. R(x) = ^9-x 2 V = J\[R(x)] 2 dx = tt fj9 - x 2 ) dx 



9x- 



= 2tt [9(3) - f ] = 2 • tt • 18 = 36tt 



20. R(x) = x - x 2 V = J o '7r[R(x)] 2 dx = tt J' (x - x 2 ) 2 dx 



7T J' (X 2 - 2X 3 + X 4 ) dx = TT 



2x1 
4 



^(10- 15 + 6) 



30 



30 



=(9- X 2) 1/2 




21. R(x) = ^/cos x => V = J o tt[R(x)] 2 dx = 7rJ o cos x dx 

= TT [sin X] q = 7r(l — 0) = 7T 



y=(cosx) 1/2 
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Xtt/4 mr/4 
tt[R(x)] 2 dx = 7T I sec 2 x dx 
-tt/4 t/ — 7r/4 

'4 

T/4 



= 7 r[tanx]! / ff 4 /4 = 7r[l-(-l)] = 27T 




23. R(x) = \fl - sec x tan x => V = £* tt[R(x)] 2 dx 

r'U r \ 2 
= 7r J o I y 2 — sec x tan x J dx 

= 7r J o (2 — 2\/2 sec x tan x + sec 2 x tan 2 x^j dx 
= 7r I J o 2 dx — 2\/2 J o sec x tan x dx + J o (tan x) 2 sec 2 x dx \ m 



7r ( [2x]n — 2^/2 [sec x] 



tt/4 



tan 3 x 




3 





1 

0.8 
0.6 



y = V2 



(f - 0) - 2V2 V2 - 1 + 1 (l 3 - 0) 



2^2-^ 



24. R(x) = 2 - 2 sin x = 2(1 - sin x) V = P ~tt[R(x)] 2 dx 

r>7r/2 r-Tr/2 

~ n Jo 4(1 — sin x) 2 dx = 47r J o (1 + sin 2 x — 2 sin x) dx 
= 4tt [1 + 5(1- cos 2x) - 2 sin x] dx 



= 4tt 



cos 2x 



— 2 sin x) 



4tt[§x- ^ + 2cosx]g /2 



= 4tt [(& - + 0) - (0 - + 2)] = ttOtt - 8) 

25. R(y) = y/5 ■ y 2 =► V = £ 7r[R(y)] 2 dy = tt £ 5y 4 dy 
= 7r [ y 5]^ =7r[ l_ (_!)] = 2 7T 



) 




y = sec x tan x 





26. R(y) = y 3 / 2 => V = £ 7r[R(y)] 2 dy = tt /* y 3 dy 



= 4tt 



27. R(y) = ^2~^ => V = £ 7r[R(y)] 2 dy 

r /2 r 1 - 

= 7r J Q 2 sin 2y dy = n [— cos 2yJ j 
= tt[1 - (-1)] = 2tt 



lo /2 
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28. R(y) = Jcosf => V = / 2 ^[R(y)] 2 dy 



7T /"cos (J ) dy = 4 [sin f ] °_ 2 = 4[0 - (-1)] = 4 




x=Vcos(jty/4) 



29. R(y) = ^ =* V = f\[R(y)? dy = 4tt /' ^ dy 



47T 



y+i 

-l 
y+i 



:4tt[-A -(-!)] =3^ 




a = 2/(y+l) 



30. R(y) = =► V = J o " 7r[R(y)] 2 dy = tt £ 2y (y 2 + 1)~ 2 dy; 
[u = y 2 + 1 =>■ du = 2y dy; y = ^ u = 1, y = 1 => u = 2] 
- V = 7rjV 2 du^[-i] 2 = ,- [-l-(-l)] = f 



* = v'W + i) 




31. For the sketch given, a = - §, b = |; R(x) = 1, r(x) = ^/cos x; V = J" tt ([R(x)] 2 - [r(x)] 2 ) dx 

= J ^ 7r(l — cos x) dx = 2irJ o (1 — cos x) dx = 27r[x — sin x]^ 2 = 2tt (| — l) = tt 2 — 2tt 

32. For the sketch given, c = 0, d = f ; R(y) = 1, r(y) = tan y; V = J* tt ([R(y)] 2 - [r(y)] 2 ) dy 

= tt - tan 2 y) dy = tt fj* (2 - sec 2 y) dy = ^[2y - tan y]^ 4 = 7r (|-l) = ^- 7r 



33. r(x) = x and R(x) = 1 =4> V = £ tt ([R(x)] 2 - [r(x)] 2 ) 



X 7 r(l-^)dx = 7 r[x-fl =7r [(l-I)- ] = 



dx 

3 




34. r(x) = 2^/x and R(x) = 2 =>> V = f tt ([R(x)] 2 - [r(x)] 2 ) dx 
= tt (4 - 4x) dx = 4tt x - f 1 1 = Att (l - ±) = 2tt 
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35. r(x) = x 2 + 1 and R(x) = x + 3 

=> V = J%([R(x)] 2 -[r(x)] 2 )dx 
= 7 r/ 2 ] [(x + 3) 2 - (x 2 + l) 2 ] dx 
= 7T J\ [(x 2 + 6x + 9) - (x 4 + 2x 2 + 1)] dx 
= 7T f (-x 4 - x 2 + 6x + 8) dx 

= t [- T - T + ¥ + 8x ] ' 

= -[(-f-! + f + 16)" (l + l + f-8)] =-(-1-3 + 28-3 

36. r(x) = 2 - x and R(x) = 4 - x 2 

V = £ ^([R(x)] 2 -[r(x)] 2 )dx 
= 7r J 2 ] [(4-x 2 ) 2 -(2-x) 2 ] dx 
= 7T J' [(16 - 8x 2 + x 4 ) - (4 - 4x+ x 2 )] dx 
= 7T J' (12 + 4x - 9x 2 + x 4 ) dx 
= 7T [l2x + 2x 2 - 3x 3 + f 2 i 

= tt [(24 + 8 -24 + f) - (-12 + 2 + 3 -i)] = tt (15 + f ) = 

37. r(x) = sec x and R(x) = y2 

V= /^*7r([R(x)] a -[r(x)] a )dx 

/4 (2 — sec 2 x) dx = 7r[2x — tan x]_^ 4 
= 7r[(f-l)-(-f + l)]=7r(7r-2) 





LOgg 
5 



V2 






y = secx 


H./4 


«/4 



38. R(x) = sec x and r(x) = tan x 

=> V = J%([R(x)] 2 -[r(x)] 2 )dx 

= 7r (sec 2 x — tan 2 x) dx — tt J o 1 dx = 7r[x]J = 7r 




39. r(y) = 1 and R(y) = 1 + y 

=> V = J%([R(y)] 2 -[r(y)] 2 )dy 

= tt/ 1 [(l+y) 2 -l]dy = ^ J '(l+2y- 



l)dy 



tt/; (2y + y 2 )dy^[y 2 + ^^(l + I) 



4tt 
3 




=X-1 
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40. R(y) = 1 and r(y) = 1 - y => V = J q tt ([R(y)] 2 - [r(y)] 2 ) dy 
= 7T £ [1 - (1 - y) 2 ] dy = 7T J o ' [1 - (1 - 2y + y 2 )] dy 
= 7r / o 1 (2y-y2)dy = 7 r[y^-^]'= 7 r(l-|) 
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y 

■ 



2rr 
3 




41. R(y) = 2 and r(y) = 

=> V = X 4 7r([R(y)] 2 -[r(y)] 2 )dy 



7T J (4 - y) dy = 7T 



*y- y i 



= tt(16 - 8) = 8tt 



42. R(y) = y/3 and r(y) = - y 2 

=> V = J o ^7r([R(y)] 2 -[r(y)] 2 )dy 

= tt [3 - (3 - y 2 )] dy = njf y 2 dy 

43. R(y) = 2 and r(y) =1 + 

V = X'^([R(y)] 2 -[r(y)] 2 )dy 

= ^r[ 4 -( 1 + v^) 2 ] d y 

= 7r /o' (4-1-20-y) dy 

= 7r X' ( 3 - 2 v^-y) d y 

= -[3y-|y 3/2 -^; 

= 7r ( 3 -|-I) =7r (l^l) = ^ 



44. R(y) = 2- y 1/3 and r(y) = 1 

=> V = X'^([R(y)] 2 -[r(y)] 2 )dy 

= [(2-y 1 / 3 ) 2 -!] dy 

= tt J o (4 - 4y 1 / 3 + y 2 / 3 - l) dy 

= tt £ (3 - 4y 1 < /3 + y 2 / 3 ) dy 

= ^[3y-3y 4 / 3 + ^l 1 =7r(3-3 + |) 






( 




k 1- 






2 


1 





3tt 
5 
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45. (a) r(x) = y/x and R(x) = 2 

=> V = /V([R(x)] 2 -[r(x)] 2 )dx 

= nJ o (4 — x) dx = tt 
(b) r(y) = and R(y) = y 2 

=> V = / o 2 ^([R(y)] 2 -[r(y)] 2 )dy 

= 7T J o y 4 dy = 7T 



= tt(16 - 8) = 8tt 




32tt 
5 



(c) r(x) = and R(x) = 2- ^/x"^V = /V ([R(x)] 2 - [r(x)] 2 ) dx = tt £ (2 - 



dx 



r 4 

7rJ o (4 - 4^/x + x) dx = 7T 



4x 



.(16-f 



_16\ 8tt 

2 I ~ 3 



(d) r(y) = 4 - y 2 and R(y) = 4 => V = £ tt ([R(y)] 2 - [r(y)] 2 ) dy = tt £ [l6 - (4 - y 2 



dy 



tt £ (16 - 16 + 8y 2 - y 4 ) dy = tt £ (8y 2 - y 4 ) dy = tt 



si 2 



/64 _ 32\ _ 2247r 
^ I 3 5 > ~ 15 



46. (a) r(y) = and R(y) = 1 - § 

=► V= £ 7r([R(y)] 2 -[r(y)] 2 )dy 

= *C(i-5) a 4y = */r(i-y+?) d y 



7r[y~£ + 5 



n 2 




4 _l _8_^ 2tt 




(b) r(y) = landR(y) = 2-f 



> V = £ tt ([R(y)] 2 - [r(y)] 2 ) dy = tt £ [(2 - \f - l] dy = tt £ (4 - 2y + t - l) dy 
^ (3-2y+^)dy = ^ 



3y - y 2 + ^ I = tt f 6 - 4 + A) = tt C2 - 2 



8tt 

3^ — 3 



47. (a) r(x) = and R(x) = 1 - x 2 

=> V= J'^([R(x)] 2 -[r(x)] 2 )dx 

= tt J' (1 - x 2 ) 2 dx = tt £ (1 - 2x 2 + x 4 ) dx 



2x ;i 



si 1 

-1 
16- 
15 



= 2tt(1-| 



i+ 5 ; 




=y2 



= 2.(1^) = 

(b) r(x) = 1 and R(x) = 2 - x 2 V = £ tt ([R(x)] 2 - [r(x)] 2 ) dx = tt £ [(2 - x 2 ) 2 - 1 

= tt £ (4 - 4x 2 + x 4 - 1) dx = tt £ (3 - 4x 2 + x 4 ) dx = tt 
= ff (45 - 20 + 3)= ^ 

(c) r(x) = 1 + x 2 and R(x) = 2 =>• V = J i it ([R(x)] 2 - [r(x)] 2 ) dx = tt £ \a - (1 + x 2 ) 2 



1 

dx 

= 2tt (3 - 



dx 



tt £ (4 - 1 - 2x 2 - x 4 ) dx = tt £ (3 - 2x 2 - x 4 ) dx = tt 
§ (45 - 10 - 3) = eg 



3x - f x 3 - f 



= 2tt (3 - § - 
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48. (a) r(x) = and R(x) = - jj x + h 



> V= J\([R(x)] 2 -[r(x)] 2 )dx 

-r(-5 x + h ) 2dx 

+ dx 



=-(h/b)x+h 



\W - ¥ + x 



7Th 2 (|-b+b) = Sfi 




(b) r(y) = and R(y) = b (l - *) => V = J\ ([R(y)] 2 - [r(y)] 2 ) dy = Trb 2 ^" (l - £) 2 dy 



Trb 2 r 

Jo 



+ S dy = .b 2 



y h T 3h 2 



Trb 2 (h-h+|) 



7rb 2 h 



3/ 3 



49. R(y) = b + yfa 2 - y 2 and r(y) = b - v'a 2 - y 2 

^ v = r^([ R (y)] 2 - Wy)] 2 )dy 

= tt £ [(b + ^/a^ 2 ) 2 - (b - x/^y 2 ) 2 ] dy 

= tt J* 4b \/a 2 — y 2 dy = 4b7r J* \fa? —y 2 dy 

= 4b7r • area of semicircle of radius a = 4b7r • ^ = 2a 2 b7r 2 




2 ± 2 2 
x + y = a 



50. (a) A cross section has radius r = y^2y and area 7rr 2 = 27ry. The volume is J* 27rydy 
(b) V(h) = /A(h)dh, so f = A(h). Therefore f = f • f = A(h) ■ % so $ 
For h = 4, the area is 2tt(4) = 87r, so dt — g7r 



7r[y 2 ]^ 257r. 



l dy 

A(h) ' dt ■ 



dh 1 g units _3_ t units 3 



51. (a) R(y) = - y 2 ^ V = tt f " (a 2 - y 2 ) dy = tt 



a 2 y-^ 



a 2 h - a 3 - 2^ 



2 h - \ (h 3 - 3h 2 a + 3ha 2 - a 3 ) - f 



tt [ah 



h 3 

3 



h 2 a — ha 



7rh 2 (3a -h) 
3 



?rh 2 (15-h) 



(b) Given ^ = 0.2 nrVsec and a = 5 m, find f t \ h=4 . From part (a), V(h) 
dY = 107r h - Trh 2 => ^ = ^ • * = Trhf 10 - h) ^ => * I 

=?■ dh lu/ui /in =?- dt dh d( /nu,iu 11; d( =?- dt | h=4 4,r(io-4) 



3 

0.2 



57rh 

l 



2 



(-a 3 + i ) 



3 



(20tt)(6) 



12b m^ - 



52. Suppose the solid is produced by revolving y = 2 — x about 
the y-axis. Cast a shadow of the solid on a plane parallel to 
the xy-plane. 

Use an approximation such as the Trapezoid Rule, to 



f b 2 11 f d *\ 

estimate J 7r[R(y)J dy « J]7r[ y I Ay 




53. The cross section of a solid right circular cylinder with a cone removed is a disk with radius R from which a disk of radius 
h has been removed. Thus its area is Ai = 7rR 2 — 7rh 2 = tt (R 2 — h 2 ) . The cross section of the hemisphere is a disk of 



radius \/R 2 — h 2 . Therefore its area is A2 = tt ( \/R 2 — h 2 J = tt (R 2 — h 2 ) . We can see that Ai = A2. The altitudes of 



both solids are R. Applying Cavalieri's Principle we find 

Volume of Hemisphere = (Volume of Cylinder) — (Volume of Cone) = (7rR 2 ) R — ^tt (R 2 ) R = 1 7rR 3 . 
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54. R(x) = £ V = J o tt[R(x)] 
a cone of radius r and height h. 



TTt 2 


'x 3 " 


h 




h 2 


3 








w) (f) = 5 nr2h > the volume of 



55. R(y) = ^256 - y 2 V = J^[R(y)] 2 dy = tt J j256 - y 2 ) dy = 
= 7T [(256)(-7) + £ - f(256)(-16) + f^)l = tt + 256(16 - 7) 



256y - * 



— / 

-16 

1053tt cm 3 



3308 cm 3 



56. R(x) = i \/36 - x 2 =► V = ^[R(x)] 2 dx = tt /' ^ (36 - x 2 ) dx = ^ J*' (36x 2 - x 4 ) dx 



12x 3 



144 



(l2 • 6 3 - f ) = ^ (12 - f ) = (^f ) (^^) = ^f 1 cm 3 . The plumb bob will 



weigh about W = (8.5) (^p) ~ 192 gm, to the nearest gram. 



57. (a) R(x) — |c — sin x| , so V — ttJ o [R(x)] 2 dx = tt J o (c — sin x) 2 dx = tt f o (c 2 — 2c sin x + sin 2 x) dx 

dx = tt £ (c 2 + \ - 2c sin x - ^) dx 
2c cos x - SHLis] I = tt [(c 2 tt + § - 2c - 0) - (0 + 2c - 0)] = tt (c 2 tt + f - 4c) . Let 



c J — 2c sin x 



Jo 

=*[(« 

V(C) = TT (C 2 7T + § 

point, andV(f) =7r (i + |-|) = 



4c 

'4 



We find the extreme values of V(c): 



dV 
dc 



7T(2C7T - 4) = 



4; Evaluate V at the endpoints: V(0) 



- is a critical 
= t and 



V(l) = 7r (| 7r — 4) = y — (4 — 7r)7r. Now we see that the function's absolute minimum value is y — 4, 



taken on at the critical point c = -. (See also the accompanying graph.) 

(b) From the discussion in part (a) we conclude that the function's absolute maximum value is y 
the endpoint c = 0. 

(c) The graph of the solid's volume as a function of c for 
< c < 1 is given at the right. As c moves away from 
[0, 1] the volume of the solid increases without bound. 
If we approximate the solid as a set of solid disks, we 
can see that the radius of a typical disk increases without 
bounds as c moves away from [0, 1]. 



taken on at 




58. (a) R(x) = 1 - fg => V = J 4 4 7r[R(x)] 2 dx 



16 



dX: 

4 



7T X — 



24 1 5-16 2 



= 2?r 4 - 



16 2 J 



dx 



24 1 5-16 2 



-4 

§ (60 - 40 + 12) = ^ ft 3 



1-(x2/16) 



= 2tt {4-1 + 1 

(b) The helicopter will be able to fly (^f ) (7.48 1 )(2 ) % 20 ! additional miles 
6.2 VOLUME BY CYLINDRICAL SHELLS 




1. For the sketch given, a = 0, b = 2; 

V = J> (** ) ( *J) dx = J>x (l + f ) dx = 2./; (x + i) dx = 2. 
= 2-7T • 3 = 6tt 



Mf + 1§) 



2. For the sketch given, a = 0, b = 2; 

v = j> (**,) (*-) dx = T 2 - x ( 2 - t ) dx = 2 -r ( 2x - t) dx = 2 - 



= 2tt(4 - 1) = 6tt 
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3. For the sketch given, c = 0, d = y2; 



V = j> ( 



shell \ / shell 
radius / \ height 



dy = Jo 2yry ' (y ) d y = 27r Jo y d y = 2?r 



2tt 



4. For the sketch given, c = 0, d = y3; 



V = J> ( r Ss) (5t) ^ = X^vry • [3 - (3 - y 2 )] dy = 2. J/ 3 y 3 dy = 2n 



yT 3 



r„4i \/3 



9tt 
2 



5. For the sketch given, a = 0, b = a/3; 

V = J> (** ) (*«) dx = • (v^TT) dx; 

u = x 2 + 1 =r> du = 2x dx; x = u = 1, x = \/3 =r> u = 4 

-> V = 7T j/u 1 / 2 du = 7T [| U 3 / 2 ] J = f (4 3 / 2 - 1) = ( 2 f ) (8 - 1) = 



14- 

3 



6. For the sketch given, a = 0, b = 3; 

^ ~~ X ( radius ) ( height ) dx — X V \ •> 

[u = x 3 + 9 ^ du = 3x 2 dx =>- 3 du = 9x 2 dx; x 



9x 



dx; 



V = 2tt J*3\tV 2 du = 6 ^ [ 2uV2 ] 9° = 12 ^ (\/36 - v^) 



J, x = 3 =>■ u = 36] 
= 36tt 



7. a = 0,b = 2 

••b 



v = J> C£L) (wt) dx = 1 2 ™ t x - (- !)] dx 

X' 2 ^rx 2 • | dx = 7T X' 3x 2 dx = 7T [x 3 ] g = 8tt 




a = 0,b= 1; 

^ »/a ( radius ) 



shell 
height 



dx 



X 27TX (2x 



dx 



7T X 2 (¥) dx = 7T/ 3x 2 dx = ^[x 3 ]J 




9. a = 0, b = 1 

••b 



V = X 27r (height) ^ = X 2 ™ [(2 - x) - x 2 ] dx 

= 2tt X' (2x - x 2 - x 3 ) dx = 2tt [x 2 - f - 1 
= 2.(1-1-1) =2.(^1) 



10- 

12 



577 

6 



y=2-x 
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10. a = 0, b = 1 



v = X 2 - GEL) (a) dx = X 2 ™ [( 2 - * 2 ) - x2 i dx 

= 2tt J x (2 - 2x 2 ) dx = 4tt J' (x - x 3 ) dx 



= 4tt E - 



y=2-x 2 




11. a = 0,b= 1; 

v = x> cs s ) (at) dx = 2 ™ iv* - (2x - i} ] dx 

= 2tt J o (x 3 / 2 - 2x 2 + x) dx = 2tt [§ x 5 / 2 
= 2tt (I - | + |) = 2tt ( l^M+is ^i 



3 X 3 + 2 X 2 ] Q 



30 



Ijk 
15 




53 !TS 1 



12. a= l,b = 4; 

V = X>( r S s )(^t) dx = X> x (l x - 1/2 ) dx 
= 3tt X"x 1/2 dx = 3tt [f x 3 / 2 ] J = 2tt (4 3 / 2 - 1) 
= 2tt(8 - 1) = 14tt 



2 

1.5 
1 

0.5 



13. (a) xf(x) = 



x, x = 



sin x, < x < 7T . 
xr(x) = < _ ,, ; since sin = we have 
1 0, x = 



. sin x, < x < 7r „. . . ,. „ 

xi(x) = < _ => xr(x) = sin x, < x < 7r 

1 sin x, x = 



(b) V = j\n (Xs) (hrigh,) dx = Io 2nx ■ f « dx and x • f « = sin x, < x < ^ by part (a) 
=> V = 27rX sin x dx = 2tt[— cos x]q = 27r(— cos 7r + cos 0) = 4tt 



x .taj_x ; 0<X< I 

x • 0, x = 
tan 2 x, < x < 7r/4 
tan 2 x, x = 



xg(x) 



tan 2 x, < x < 7r/4 



0, x = 



since tan = we have 



14. (a) xg(x) 
xg(x) 

(b) V = fjir ) ( **) dx = fJ\-KX • g(x) dx and x • g(x) = tan 2 x, < x < tt/4 by part (a) 



xg(x) = tan 2 x, < x < 7r/4 

W4 



V = 2tt X" 4 tan 2 x dx = 2ir £\sec 2 x - 1) dx = 27r[tan x - x]^ 4 = 2tt (l - f ) 



7T\ 47T — 7T 
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17. c = 0,d = 2; 



V = I 2n (** ) dy = / o 27 ry (2y - f )dy 



= 2tt £ (2y 2 - y 3 ) dy = 2tt [ 
= 327r(i-i 



= M¥-¥) 



32,v 
12 



877 

3 



x=2y-y : 




18. c = 0,d 
V 



1; 

J> GEL) (S) dy = X' ( 2 y -y 2 - ^ 

2* /„' y (y - y 2 ) dy = 2tt £ (y 2 - y 3 ) dy 



2tt 



= 2 7 r(|-|) = f 




19. c = 0,d = 1; 



V = J> ( r SJ (hth.) ^ = 2./; y[y - (-y)]dy 



= 2^/ o '2y 2 dy=f [y 3 ]^ f 
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21. c = 0,d = 2 

-d 



V = 



shell \ 
radius 1 



shell 
height 



2 -I (2y- 



y 2 - y 3 ) dy = 2. |y : 



= 2tt (4 + f - ^ ) = I (48 + 32 - 48) = 16jr 



dy= J o ~2.y[(2 + y)-y 2 ]dy 

2 


3 



22. c = 0,d= 1; 



shell \ 
v radius I 



shell 
height 



v = J>( 

= 2tt/ o (2y - y , , - *„ ^ - T 
= 27 r(l-i-i) = |(12-4-3)=f 



dy= J o 2.y[(2-y)-y 2 ]dy 
y 3 ) dy = 2. [y 2 



41 1 




23. (a) V = /> ( ** ) (5* ) dy = £ 2.y - 12 (y 2 - y 3 ) dy = 24. £ (y 3 - y 4 ) dy = 24. 



r _ r 

4 5 



247T _ 67T 



= 247r(?-5)= 20 " 5 



W V = /> (5£) (htight) ^ = X' 2.(1 - y) [12 (y 2 - y 3 )] dy = 2A*fi (1 - y) (y 2 - y 3 ) dy 



24. f a (y 2 - 2y 3 + y 4 ) dy = 24. - £ + £ = 24. (± - 



l , i^ 



24. (i) 



4jr 
5 



(c) V = /> ( *- ) ( - J) dy = /; 2. (§ y) [12 (y 2 - y 3 )] dy = 24. £ (§ - y) (y 2 - y 3 ) dy 



24. 



/.'(! 



11 ,,3 
5 



y 3 + y 4 ) dy = 24. 



A v 3 _ 13 4 . 

15 y 20 y 



24. (± 



13 
20 



24;i 
60 



(32 - 39 



24- 



= 2. 



(d) V = /> («) (5* ) dy = £ 2. (y + |) [12 (y 2 - y 3 )] dy = 24. / o ' (y + |) (y 2 - y 3 ) dy 
= 24. £ (y 3 - y 4 + \ y 2 - § y 3 ) dy = 24. £ (§ y 2 + § y 3 - y 4 ) dy = 24. [ £ y 3 + | y 4 



24. (£ 



20 



^(8 + 9-12)=^ =2. 



24. 



24 ' 



(a) V = J> ( ** ) (**) dy = £ 2.y L 

= **[i-i]l=2x($-£) =32.(1 _ ^ o/ . 

v = j> (at) * - r ^ - y> [?-(? - *)] * = r 

= 2 -r( 2 y 2 -^-y 3 + ^) d y- 2 -[¥-i4-^ + ^]^2.(f 
v = J>(*-) (51) d y - £ 2 -( 5 - y) P - (? - ?)] dy = JT 

= 2.X 2 (5y 2 -Iy 4 -y 3 + ^)dy = 2.[f - " 4 " 6l ' 

= r 2 -(y + i) 

4 ) dy = 2. f " 



^]dy = X 2 2.y(y 2 -^) dy = 2^ 
32. (i 



i)=32.(^)=f 



(b) 



(c) V 



OJ^JT^-y) (y 2 -x) dy 



(d) 



■yj- 2.7T ( S ^ e ^ 1 [ 

J c V radius / \ 

.3 _ £ , 5 2 

4 ^ 8 ^ 



= 2 -X 2 (y ; 



C sheU 1 dv = 

^ height J u y 

fy 4 

(51) d y ; 



16 _ 32 
* 10 



16 , 64\ _ Stt 
4 ~r 24^ ~~ 5 



5f_ 
20 



4 



2.(5 - y) (y 2 - f) dy 
£r=2.(f-M-!| + §)=8. 

f)dy 



2 



32 > 



24 



j u 

0?-£)H=.O(y+§) (y 1 



24 



5y5 

Ho 



64 
24 



40 _ 160 \ 4 
24 160 J ™ 
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25. (a) Aboutx-axis:V = />( r f d t)( h ^ t )dy 

= X' 2 MVy -y) d y = 2 *Sl (y 3/2 - y 2 ) d y 
= Mh 5/2 -h 3 )l = HI-l) = 2 f 5 

About y-axis: V = J> ( ** ) ( ** ) dx 

= J o ' 2ttx(x - x 2 )dx = 2tt J"' (x 2 - x 3 )dx 



= 2tt i-- 




[f-fl = MI-i) = l 

(b) About x-axis: R(x) = x and r(x) = x 2 V= j\[R(x) 2 - r(x) 2 ] dx = J o 'tt[x 2 - x 4 ]dx 



«•(*-&) 



2£ 

lo 



About y-axis: R(y) = ^/y and r(y) = y =4> V = J tt [R(y) 2 — r(y) 2 ] dy = n[y — y 2 ]dy 
= -(|-|) = f 



JL _ L 
2 3 



dx 



26. (a) V= J a ^[R(x) 2 -r(x) 2 ]dx = 7r/ o [(f +2) 2 -x ; 

= 7r/ o 4 (-|x 2 + 2x + 4)dx = 7r[-^+x 2 + 4x ^ 
= tt(-16 + 16 + 16) = 16tt 
(b) V = J> ( ** ) ( **)dx = X 4 27 rx(l + 2 - x)dx 

=x j M 2 -f) dx =^r( 2x -^) dx 



= 2^|x 2 -^ 



(c) V= £itt{ 



= 27r(l6-f) = 



:52- 




= 2tt 8x - 2x 2 



shell \ / shell 
radius / I height 

4 




)dx = / o 4 2tt(4 - x)(§ + 2 - x)dx = J o J 27r(4 -x)(2 - |)dx = 2^(8 - 4x + f ) 



2tt(32 - 32 + f ) = 5|e 



(d) V = J\[R(x) 2 - r(x) 2 ]dx = tt [(8 - x) 2 - (6 - § ) 2 dx = tt f* [(64 - 16x + x 2 ) 
tt / '(fx 2 - lOx + 28)dx = irH - 5x 2 + 2S 



- 36 - 6x- 



dx 



dx 



tt[16 - (5)(16) + (7)(16)] = tt(3)(16) = 48tt 



27. (a) V = f*2n ( 



shell \ / shell 
radius / y height 



) dy = L 2iTy(y ~ ^ dy 



= 2^ 2 (y 2 -y)dy = 2 7 r[^-fl i 

= 2 7 r[(|-^)-(i-i)] 

= 2tt (| - 2 + |) = f (14 - 12 + 3) = 



(b) V= £itt{ 



shell \ / shell 
radius / \ height 



dx 



J* 27rx(2 — x) dx = 2tt f (2x — x 2 ) dx = 2tt 



2 7 r[(^)-(^i)]= 2.(1-1) 



4tt 
3 




1 2 

2- [(4 -I) 



(c) V = J> ( ** ) ( - J) dx = f 2. (f - x) (2 - x) dx = 2.j; 2 (f - f x + x 2 ) dx 



27r [f x _ | v 2^ iv 31 



x 2 + Ix3] 2 = 2.[(f-f + f) _ (f _| + i )]=27r(f)=27r 

w v = /> (x s ) (fit) d y = JT 2 ^ - - 1} d y = 2 ^ 2 (y - d 2 = 2 - 



(y-D J 

3 



2£ 

3 
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28. (a) v = J> ( ** ) (**) dy = />y(y 2 - o) d y 



2tt 



IV dy 



2tt 



2tt 



(?) 



8tt 



0» V = X2.(-«)(^ t )dx 

= J 4 2ttx (2 - y^x) dx = 2tt J* q (2x - x 3 / 2 ) dx 
= 2. [x 2 - | x V 2 ]J = 27r ( 16 _^) 



2tt (16 - f ) = f (80 - 64) = ^ 




(») V = /> (.Ss) (51) ^ = J>r(4 - x) (2 - ^) dx = 2*/> - 4x^ - 2x + x 3 / 2 ) dx 



2tt [8x - | x 3 / 2 - x 2 + § x 5 / 2 ] I = 2tt (32 



64 
3 



16 



f) 



It, 



ff (240 - 320 + 192) = f§ (112) 



224- 



(d) V = /> ( ** ) ( **) dy = J>(2 - y) (y 2 ) dy = 2n £(2f y 3 ) dy = 2n 



2 3 _ / 

3 y 4 



2^-^=^(4-3) 



8tt 
3 



n 2 





29. (a) V = J> ( ** ) (**) dy = /^(y - y 3 ) dy 
= />(y 2 -y4)dy = 2.[f-^; = 2.(i-i) 



4tt 
15 



(b) V = J> 

= J o ' 2tt(1 - y) (y-y 3 )dy 



- y 2 - y 3 + y 4 ) dy = 2n 



y- y d 

T — T — + 



x=y-y 3 




1) = |(30- 20- 15 + 12) 



30. (a) V= (5j)dy 
= / o '27ry[l-(y-y 3 )]dy 



2^ X'(y-y 2 + y 4 )dy = 2tt 

27r(i-| + i) = |(15-10 + 6) 



r _ r 

2 3 



15 




(b) Use the washer method: 

V = £tt [R 2 (y) - r 2 (y)] dy = £ tt [l 2 - (y - y 3 ) 2 ] dy = tt / o ' (1 - y 2 - y G + 2y 4 ) dy = tt 



v - 2- - 2- 

y 3 7 



7T 1 



^ (105 - 35 - 15 + 42) 



105 



97- 
105 



(c) Use the washer method: 

V = £tt [R 2 (y) - r 2 (y)] dy = £ tt [[1 - (y - y 3 )] 2 - 

= tt £ (1 + y 2 + y 6 - 2y + 2y 3 - 2y 4 ) dy = tt 



dy = *£ [ 



f + y i 



l-2(y-y 3 ) + (y-y 3 )^ 
, n l 



dy 



5 







7r(l 



1 + 1 - 1 

3 T 7 1 



= 5fo (70 + 30 + 105 - 2 • 42) = 



(d) V = J> ( ** ) (**) dy = X' 27r(l - y) [1 - (y - y 3 )] dy = 2tt £(l y) (1 - y + y 3 ) dy 

y-y 



= 27r/ o (1 - y + y 3 - y + y 2 - y 4 ) dy = 2tt/ o (1 - 2y + y 2 + y 3 - y 4 ) dy = 2tt 



r , r 

3^4 



2tt (1 — 1 



1 + I _ r> 

3^4 5; 



60 



(20 + 15 - 12) 



23- 
30 
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31. (a) V = />( r ^j( h ^ t )dy=X 2 2.y(v^-y 2 )dy 



= 2tt 



2^[ o 2 (2^yV2- y 3) dy = 2^[l#y5 

/ 4-2^ _ 
I 5 4 ) 
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y 

y=V* 



377 



= 2tt 



2tt- 4(f-l) = f (8-5) = 



247T 

5 

-.4 




0») V = J> ) ( - J) dx = /; 2.x - f ) dx = 2./; (x 3 / 2 - fj dx = 2. 



2 Y 5/2 _ xi 
5 A 32 



2^(^-1) =2.(1-1) = ^(32-20) = ^ 



2 !! -3 



160 



■■2 4 -3 _ 48;r 
5 5 



32. (a) V = J>(«)(-g t )dx 
= J 2.x [(2x — x 2 ) — x] dx 
= 2tt J' x (x - x 2 ) dx = 2tt J (x 2 - x 3 ) dx 



2tt 



(b) V = J> ( ** ) ( **) dx = J>(1 - x) [(2x - x 2 ) - x] dx = 2.X'(1 - x) (x - x 2 ) dx 



2tt J o (x - 2x 2 + x 3 ) dx = 2tt [ 



e _ 2 v 3 , x 4 
2 3 A + 4 



2^ 



(6-8 + 3) 



33. (a) V = f\ [R 2 (x) - r 2 (x)] dx = tt J"J 16 (x~ 1/2 - l) dx 
= -[2x 1/2 -x]; /16 = 7 r[(2-l)-(2.i-i)] 



7T(1 



9£ 
16 



o» v = j> ( X s ) (51) d y = T 2 -y - &) d y 

= 2^V-^) dy = 2.[-Iy- 2 -|,]" 

= 2*[(-l-l)-(-h-£i)] = **(l + k) 

= 1(8 + D = f| 




!/ = l 



02 0:4 o:<s o:> — 1 — * 



34. (a) V = £tt [R 2 (y) - r 2 (y)] dy = J\ (i - i) dy 

= - [- iy- 3 - ^] ? = - [(- i - i) - (- 1 - ^)] 

= §(-2-6 + 16 + 3)= ^ 
0» V = J> ( ** ) ( - J) dx = J>x (i - l) dx 
= 2. /^(x 1 / 2 - x) dx = 2tt [f x 3 / 2 - f ] j 4 



y 

2- 

I- 




y-1/Vx 



.25 



= 2 ^ [(I - I) - (I " I - M)] = ^ (I - 1 - S + 1^) = C 4 " 16 - 48 - 8 + 3 ) = 



11- 



35. (a) Disk: V = V x - V 2 

Vi = f"7r[Ri(x)] 2 dx and V 2 = pTrfR^x)] 2 with R x (x) - ■ , 

ai = —2, h>i = 1; a 2 = 0, b 2 = 1 =>■ two integrals are required 
(b) Washer: V = Vi - V 2 

V! = J\ ([Ri(x)] 2 - [n(x)] 2 ) dx with Ri(x) = 



and R 2 (x) = y/x, 



^±2 and ri(x) = 0; ai 



-2 and bi = 0; 
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- /x + 2 



and r 2 (x) = y/x; a 2 — and b 2 — 1 



V 2 = £ 7T ([R 2 (x)] 2 - [r 2 (x)] 2 ) dx with R 2 (x) 

=>■ two integrals are required 

(c) Shell. V = £ 2n (** ) ( **) dy = £ 27 ry ( **) dy where shell height = f (3y 2 2) = 2 - 2y 2 

c = and d = 1. Only one integral is required. It is, therefore preferable to use the shell method. 
However, whichever method you use, you will get V = it. 



36. (a) Disk: V = Vi - V 2 - V 3 

Vj = £ 7r[R,(y)] 2 dy, i = 1, 2, 3 with Rj(y) = 1 and Ci = -1, di = 1; R 2 (y) = y/y and c 2 = and d 2 = 1; 

Rs(y) = ( — y) 1 ^ 4 an d C3 = — 1, dg = three integrals are required 

(b) Washer: V = Vi + V 2 

V, = /. d '7r([R(y)] 2 - [r,(y)] 2 ) dy, i = 1, 2 with R^y) = 1, n(y) = yfi, cj = and d : = 1; 
R-2(y) = 1» r 2 (y) = (— y) 1//4 , c 2 = — 1 and d 2 = => two integrals are required 

(c) Shell: V=jT>( r S s )( h S t )dx = />x( h ^ t )dx, where shell height = x 2 - (-x^) = x 2 
a = and b = 1 =>■ only one integral is required. It is, therefore preferable to use the shell method. 



,2 _j_ x 4 > 



However, whichever method you use, you will get V 



6 ' 



6.3 LENGTHS OF PLANE CURVES 



dy _ 
dt 



1. | = -land| = 3 a/(D +(* = V(-D 2 + (3) 2 = V^ 



Length = f^y/Wdt = \/l0 [t] i 2/3 = ^/lO 



5V10 



2. f = - sin t and f = 1 + cos t W (f ) 2 + (f) = ^/(- sin t) 2 + (1 + cos t) 2 = s/2 + 2 cos t 
Length = / o V2 + 2costdt = y/l JV(f^i) (1 + cos t) dt = y/l £ 



1 — COS t 



dt (since sin t > on [0, 7r]); [u = 1 — cos t du = sin t dt; t = u = 0, 



t = 7T^u = 2]^^/2 /V 1 / 2 du = [2U 1 / 2 ] J = 4 



3. f =3t 2 and£=3t 



'dx\ 2 
, dt) 



Length = 3t\/t 2 + 1 dt; 
J i 4 |u 1 /2du= [u 3 / 2 ] 4 = (8 - 1) = 7 



(jf) = ^ (3t 2 ) 2 + (3t) 2 = V9t 4 + 9t 2 = 3t0 2 + 1 (since t > on 0, \/3 ) 
u = t 2 + 1 | du = 3t dt; t = =3> u = 1, t = a/3 ^ u = 4 



4. 



tlx 



= t and f = (2t + l) 1 / 2 
Lengths J* (t + l)dt: 



\/ (f t ) 2 + (f) 2 = \A 2 + (2t +T) = x/oTT) 2 " = |t + 1 1 



t + 1 since < t < 4 



(8 + 4) = 12 



5. | = (2t + 3) 1 /2 an df = l+t ^ (f) 2 + (fj" = ^(2t + 3) + (1 + t) 2 = \A 2 + 4t + 4 = |t + 2| = t + 2 
since < t < 3 Length = / (t + 2) dt 



|+2t 



21 

2 
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6. f t = 8t cost and ^ = 8t sin t => y (f ) 2 + = \A 8t cos t) 2 + (8t sin t) 2 = \/64t 2 cos 2 1 + 64t 2 sin 2 1 

= | St | = 8t since < t < § =!> Length = £ *8t dt = [4t 2 ]o /2 = tt 2 



dx 3 2 



(x 2 + 2) 1/2 -2x= ^(x 2 +2) 



> L= / V 1 + (x 2 + 2 ) x ' 2 dx = J Vl +2x 2 + x 4 
/^(l+x^dx = J o 3 (l + x 2 ) dx = [x + : 



dx 



3 + f = 12 



10 




=> du = | dx =>• | du = dx; x = =>- u = 1 ; x = 4 
=>. u =10] L = J 1 1 °u 1 / 2 (|du)=|[|u 3 /2]; 
10a/10 - 



y=x 3 / 2 . 



dx 



^' dy y 4y 



y 2 ^ ( dy ) 



/ 4 - 1 + ^-r 



XV y4+ 5 + w d y 

xV( y2+ ^) 2dy= ^ 3 ( y2+ ^) dy 




y y 

3 4 



I 3 12/ \3 A) y 12 3 ' 4 y 



(-1-4 + 3) 



_ g , (-2) _ 53 
~~ 5 ~ 12 — 6 



io. IHy 172 -^ 2 =► (|) =|(y-2 + i) 

=► L = /Vl + l(y-2+i) dy 



X V /i(y + 2 + i)dy=Xl v /(Vy + ^) dy 

lX 9 (y 1/2 +y _1/2 ) d y = \ [ty 3/2 +2y 1/2 ]J 
[^ + y 1/2 ]^(f + 3)-G + i) = n-i 



32 
3 




11. 



dx _ 3 
dy J 



4? ^ (dy) 

r 

j;(y 3 + ^) dy=[ 

f 16 - fl - I) 

^ 4 (16)(2) y U 8^ 



y 2 + 16y 6 



S -5 + wdy 
y° + 2 + wdy = j;\/(>--'-^ 



) dy 



— I y_ _ y_ 

4 8 




4 1 1 , 1 _ 128-1-8+4 _ 123 

H 32 4 + 8 — 32 — 32 
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12. £ 

dy 



-w => (l)" = s(y 4 -2 + y- 4 ) 
/Vi + |(y 4 -2 + y - 4 ) d y 



f 2 V / |(y 4 + 2 + y-4)dy 

I JT ^(7+7¥ dy = | J 2 3 (y 2 + y- 2 ) dy 




= I [(f - 1) - (I - 1)] = Hf - 1 + I) = I (6 + 1) = 



13 
4 



13. 



dy 



_ x l/3 _ 1 x -l/3 



{*y\ - y 2 /3 1 I x- 2 -' 3 

ydxj — A 2 ^ 16 

> L=XVl+xV3-i + ^dx 

r^+i+^fdx 

Jj' V /( X l/3 + I X-l/3) 2 dx = J]" ( X V3 + 1 x -l/3) dx 
[3 x 4/3 + 3 x 2/3]8 = 3 [ 2x 4/3 +x 2/3]8 

| [(2 • 2 4 + 2 2 ) -(2+1)] = §(32 + 4-3) = f 



20 
15 
10 
5 



3x 4 ' 3 3x 2 ' 3 




14- | 



= x 2 + 2x + 1 - 



(4x+4)< 



= x 2 + 2x + 1 - ± 



l l 



4 (1+x) 2 



XV^+^ + ^ + ^dx 

X 



( i + x) 2 + (i±xr 



dx 



x2 , (1+x)" 



r[d+ x ) ■ 4 

> L = Jj (u 2 + \ u" 2 ) du 



y X 3 , 1 

y= — +x 2 +x+- 7 

J 3 y 4x+4 




dx; [u = 1 + x =>- du = dx; x = =>■ u = 1, x = 2 => u = 3] 



ui _ l -1 
3 4 u 



1 1\ _ 108-1-4+3 _ 106 _ 53 



12 



12 



15. p 

dy 



= ^/se^y- 1 =► (|)~ = sec 4 y- 1 
L = fj Vl + ( sec4 y- 1) dy = £J 4 sec 2 y dy 



' -x/4 

[tany]X 4 /4 = l-(-l) = 2 



*/4 


x=J 




Vsec 4 t 




.1 



16. 



dy 



,^3x^T^ (^) 2 = 3x 4 -l 
L = J"~' ^/l + (3x 4 - 1) dx = J 2 '\/3x 2 dx 
/3[fl = # hl-(-2) 3 ] 



3^ (-1 + 8) = ^ 



-2 



y=/V3t 4 -1 dt 

-2 



-1 
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17. (a) £ = 2x =► (g) = 4x 



^ L =LV 1+ (s) dx 

J i ^1+4x2 dx 



(c) L«6.13 



(b) 




18. (a) g=sec 2 x => (g) 2 = sec 4 x 
=>• L = J 1 3 -y/ 1 + sec 4 x dx 



(c) Lw2.06 



(b) 



-] -0.1 -0.6 -0.4 -02 




19. (a) | = cosy =4> = cos 2 y 

=>- L = ^/l + cos 2 y dy 
(c) L 3.82 



20. (a) 



— — — y 

.1/2 



— y 



, : v ' 1 ::i-^T d y = /XV^y ,dy 



.1/2 

r-l/ 

(c) L « 1.05 



£>-yT 1/2 dy 



21. (a) 2y + 2 = 2| (|) 2 = ( y+ l)2 

=> L = /_ 3 lV /l + (y+l) 2 dy 
(c) L k 9.29 



(b) 



(b) 



(b) 





NOT TO SCALE 



V s + 2y = 2i + 1 



1 a i 4 i 6 1 x 
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22. (a) ^ = cos x - cos x + x sin x => ( jj£ ) = x 2 sin 2 x 



dx 



dx 



^1 _ v 2 fi;rl 2. 



(b) 



L — J o y/l + x 2 sin 2 x dx 



(c) L«4.70 




23. (a) |=tanx => (g) 2 = tan 2 x 

L=/; /6 v / r+to^dx=j; 

= I -2*- =| sec x dx 

Jo cosx Jo 

(c) Lw0.55 



(b) 



sin 2 x + cos 2 x 



dx 




SI 52 53 53 5T - " 



24. (a) | = V sec2 y-! (|) 2 = sec 2 y-l 
=> L = /_^ 3 Vl + (sec 2 y-l)dy 

= J- ir / 3 l sec yl d y = J_w3 sec y d y 



(b) 



■'it/A 
'-x/3 

(c) L«2.20 



x = J y Vsec 2 1-1 dt 



25. V^x = 1 + (w) 2 dt, x > a/2 = \J\+ (s) 2 ai =±1 ^y = f(x)=±x + C where C is any 



real number. 

26. (a) From the accompanying figure and definition of the 

differential (change along the tangent line) we see that 
dy = f'(Xk-i) As k 4 length of kth tangent fin is 
yj{ A x k ) 2 + (dy) 2 = y/{ A x k ) 2 + [f'(x k _,) A x k ]2 . 




Tangent fin 
with slope 



n n 

(b) Length of curve = lim E (length of kth tangent fin) = lim E yj ( A x k ) 2 + [f'(x k _,) A x k ] 2 

n — > oo k=l n — > oo ^ 

= nliPL E \/l + [f'(x k -l)] 2 Ax k = £ V 1 + [f'(x)] 2 dx 



27. (a) f ^ correspondes to ~ here, so take ^ as A7J. Then y = -^/x + C and since (1, 1) lies on the curve, C = 0. 
So y = y/x from (1, 1) to (4, 2). 
(b) Only one. We know the derivative of the function and the value of the function at one value of x. 
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28. (a) f ~ j correspondes to jn here, so take as ^ . Then x = — 1 + C and, since (0, 1) lies on the curve, C = 1 
(b) Only one. We know the derivative of the function and the value of the function at one value of x. 

29. (a) | = -2 sin 2t and f = 2 cos 2t J (f t ) 2 + (f) 2 = ^/(-2 sin 2t) 2 + (2 cos 2t) 2 = 2 

=>- Length = J"^ dt = [2t] n /2 = tt 
(b) ^ = 7T cos 7rt and ^ = -tt sin 7rt = W (^) 2 + = ^/(n cos 7rt) 2 + (-tt sin 7rt) 2 = tt 

=>■ Length = J 7T dt = [7rt] _ x y 2 = n 

30. x = a(0 - sin 0) § = a(l - cos 0) (^) 2 = a 2 (1 - 2 cos + cos 2 0) and y = a(l - cos 0) 

=* |=asin0 => (|) 2 = a 2 sin 2 Length = (%) 2 + (jf d0 = J^V^l - cos 0) d0 

= lyfifcy/lyfi^M = 2a /"(sin f | d0 = 2a /"sin f d0 = -4a [cos f] * = 8a 

31-36. Example CAS commands: 
Maple : 

with( plots ); 

with( Student[Calculusl] ); 
with( student ); 
f :=x-> sqrt(l-x A 2);a :=-l; 
b := 1; 

N := [2, 4, 8 ]; 
for n in N do 

xx := [seq( a+i*(b-a)/n, i=0..n )]; 

pts := [seq([x,f(x)],x=xx)]; 

L := simplify(add( distance(pts[i+l],pts[i]), i=l..n )); 
T := sprintf("#31(a) (Section 6.3)\nn=%3d L=%8.5f\n", n, L ); 
P[n] := plot( [f(x),pts], x=a..b, title=T ): 
end do: 

display( [seq(P[n],n=N)], insequence=true, scaling=constrained ); 
L := ArcLength( f(x), x=a..b, output=integral ): 
L = evalf( L ); 



#(b) 
#(a) 

#(c) 



37-40. Example CAS commands: 
Maple : 

with( plots ); 
with( student ); 
x :=t->t A 3/3; 
y := t -> t A 2/2; 
a:= 0; 
b := 1; 

N := [2, 4, 8 ]; 
for n in N do 

tt := [seq( a+i*(b-a)/n, i=0..n )]; 

pts := [seq([x(t),y(t)],t=tt)]; 
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L := simplify(add( student[distance](pts[i+l],pts[i]), i=l..n )); # (b) 
T := sprintf("#37(a) (Section 6.3)\nn=%3d L=%8.5f\n", n, L ); 
P[n] := plot( [[x(t),y(t),t=a..b],pts], title=T ): # (a) 

end do: 

display( [seq(P[n],n=N)], insequence=true ); 

ds := t ->sqrt( simplify(D(x)(t) A 2 + D(y)(t) A 2) ): # (c) 

L := Int( ds(t), t=a..b ): 
L = evalf(L); 

31-40. Example CAS commands: 

Mathematica : (assigned function and values for a, b, and n may vary) 
Clear[x, f] 

{a,b} = {-1, l};f[x_] = Sqrt[l -x 2 ] 
pi = Plot[f[x], {x, a,b}] 
n = 8; 

pts = Table[{xn, f[xn]}, {xn, a, b, (b - a)/n}]//N 
Show[{pl,Graphics[{Line[pts] }]}] 

Sum[ Sqrt[ (pts[[i + 1, 1]] - pts[[i, l]]) 2 + (pts[[i + 1, 2]] - pts[[i, 2]]) 2 ], {i, 1, n}] 
NIntegratef Sqrt[ 1 + f [x] 2 ],{x, a, b}] 

6.4 MOMENTS AND CENTERS OF MASS 

1 . Because the children are balanced, the moment of the system about the origin must be equal to zero: 
5 - 80 = x • 100 =4> x = 4 ft, the distance of the 100-lb child from the fulcrum. 

2. Suppose the log has length 2a. Align the log along the x-axis so the 100-lb end is placed at x = — a and the 
200-lb end at x = a. Then the center of mass x satisfies x = 10 °(~ a j + ?=Xg) ^ = |, That is, x is located 



100(-a) + 200(a) 
300 

at a distance a — | = y = | (2a) which is | of the length of the log from the 200-lb (heavier) end (see figure) 
or | of the way from the lighter end toward the heavier end. 

i(2a) 



100 lbs. » » » » 200 lbs 

-a x = a/3 a 



3. The center of mass of each rod is in its center (see Example 1). The rod system is equivalent to two point 
masses located at the centers of the rods at coordinates ( | , 0) and (0, |) . Therefore x = =^ 

_ x imi +x 2 m 2 _ r m +° L j == nix yim 2 +y 2 m 2 _ 0+|-m l . (L L\ • t * rpntpr „f 

- m 1+ m 2 - m+m - ? and y - m - mi+m2 - m+m - 4 => [ 4 , 5 J is the center of 
mass location. 



4. Let the rods have lengths x = L and y = 2L. The center of mass of each rod is in its center (see Example 1). 
The rod system is equivalent to two point masses located at the centers of the rods at coordinates ( | , 0) and 

(0, L). Therefore x = ^"m"' = g and y = Q '^+^ m = f (| , f ) is the center of mass location. 



5. M = J q x • 4 dx = 4 f Q = 4 • \ = 8; M = j o 4 dx = [4x] 2 = 4- 2 = 8 ==!> x=^ = l 

6. M = f' x • 4 dx = 4 f 3 = \ (9 - 1) = 16; M = f* 4 dx = [4x]f = 12-4 = 8 x = 
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7. M, 



o 



6 ~ 2 



|)d* = 



? dx = 



15 — 5 
9 — 3 



= (| + f) = f;M=X 3 (l + f)d X 



M 
M = 



= r X (2-f)d X = / o 4 (2x-f) dx 



4 



(16 -ff 



16 



16 

3 



16- ? = ^ 



_o_16_£ _v ^ _ Mo _ 32 _ 16 
— O 8 — V ^> X — M — 3 6 — 9 



9. M 

M = 



X 4 x(i+^) dx =j>+* i/2 ) dx= 



2x 3 / : 
3 



i 4 

1 



/^(l + x- 1 / 2 ) dx = [x + 2X 1 / 2 ] J = (4 + 4) - (1+ 2) = 5 x 



-(£ + !) = ¥ 

Mp (t) _ 73 
M 5 30 



14 _ 454-28 _ 73 . 
3 — 6 ~ 6 ' 



10. M, 



■3/2 



-5/2\ 



dx = 3 / i/4 (x-V 2 + x-3/ 2) dx = 3 [2x i/2 _ ^ = 3 

3(4 - 1) = 9; M = 3 /^(x- 3 / 2 + x^/ 2 ) dx = 3 [-§ - ^] J /4 = 3 [(-2 
6 + 14 = 20 



2-i 

^ 2 



'1/4' 

Mo _ _9_ 
M 20 



(2-2) 
(-4-f)]=3(2 



id 



11. M = J x(2 - x) dx + J^x • x dx = J(2x - x 2 ) dx + f~x 2 dx 



'2x 2 


x 3 " 


1 


'x 3 ' 


2 


3 


+ 




3 



= (i-|) + (!-|) 



3;M = X 1 ( 2-x)d X +/ i 2 xdx=[2 X -^V[f]'=(2-I) + (|-i)=3 



Mo 



12. M = J o 'x(x+l)dx + Jj 2 2xdx= J Q '(x 2 +x)dx + Jj^xdx 



[ x2 ]i = (3 + 5)+( 4 -D 



3 + ^ = ?! 
J T 6 6 

V v Mp_ _ 

M — 



;M= / (x+ l)dx + /*2dx 



[2x] 2 = (i + l)+(4-2) = 2+| 



;f)(i; 



23 
21 



3 _ 7 
2 



13. Since the plate is symmetric about the y-a X is and its density is 
constant, the distribution of mass is symmetric about the y-a X is 
and the center of mass lies on the y-axis. This means that 
x = 0. It remains to find y = m ■ ^ e m °d e l me distribution of 




mass with vertical strips. The typical strip has center of mass: 
(x ,y ) = ^x, ^y^^J , length: 4 — x 2 , width: dx, area: 
dA = (4 — x 2 ) dx, mass: dm = 6 dA = 6 (4 — x 2 ) dx. The moment of the strip about the x-axis is 
y dm = f ^-y^ <5 (4 — x 2 ) dx = | (16 — x 4 ) dx. The moment of the plate about the x-axis is M x = fV dm 



16x 



= £f(16-x 4 )dx = 

plate is M = J S (4 - X 2 ) d X = 6 
mass is the point (x, y) = (0, y ) . 



1 2 
-2 



16-2 2 



r)-(- 16 ' 2 + f) 



(32 



128.- 



The mass of the 



Therefore y 



M 



1288 ' 



12 



The plate's center of 
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14. Applying the symmetry argument analogous to the one in 



Exercise 13, we find x = 0. To find y 



M 



we use the 



vertical strips technique. The typical strip has center of 

mass: (x ,¥ ) = ^x, 25 ~ x " \ , length: 25 — x 2 , width: dx, 

area: dA = (25 - x 2 )dx, mass: dm = 6 dA = 6 (25 - x 2 ) dx. 
The moment of the strip about the x-axis is 



y=25-x2 




y" dm = ( 25 2 x " j 6 (25 — x 2 ) dx = | (25 — x 2 ) 2 dx. The moment of the plate about the x-axis is M x = Jy dm 



625x 



50 3 
3 X 



2 • | ( 625 • 5 



50 



= / J (25 - x 2 ) 2 dx = | J 5 (625 - 50x 2 + x 4 ) dx = 
= 8 ■ 625 (5 - f + 1) = 6 - 625 • (|) . The mass of the plate is M = J dm = f 6 (25 - x 2 ) dx = 6 
= 26 ( 5 3 - f ) = 4 6 ■ 5 3 . Therefore y = f = g^g 



f) 



25x- | 



10. The plate's center of mass is the point (x, y) = (0, 10). 



15. Intersection points: x — x 2 = — x => 2x — x 2 = 

=>• x(2 — x) = => x = or x = 2. The typical vertical 



(x-x 2 ) + (-x) 



) 




strip has center of mass: ( x . y ) = 

= fx, - |^ , length: (x - x 2 ) - (— x) = 2x - x 2 , width: dx, 

area: dA = (2x — x 2 ) dx, mass: dm = 6 dA = 6 (2x — x 2 ) dx. 
The moment of the strip about the x-axis is 

y" dm = (2x — x 2 ) dx; about the y-axis it is 3c dm = x - 6 (2x — x 2 ) dx. Thus, M x 



= - 51 (I x2 ) ( 2x - x 2 ) dx = - | J o 2 (2x 3 - x 4 ) dx = - 
= - f; My = j x dm = J\ ■ 6 (2x - x 2 ) dx = 6 £{2x 2 - x 3 ) = 6 
J dm = £ 6 (2x - x 2 ) dx = 6 £{2x - x 2 ) dx = 6 [x r 



1 2 




(23-J) 



2 Y 3 _ 5! 

3 4 



= M 2 -T- 4 



J y dm 

') 



12 



4f 
3 



M 



5 (4 - |) = f . Therefore, x : 



M 



(f)( 



4tu 



1 and y 



_ Mx _ 



(— y) (^) = — | (x, y) = (l, — I) is the center of mass. 



16. Intersection points: x 2 — 3 = — 2x 2 =>• 3x 2 — 3 = 

=> 3(x - l)(x + 1) = => x=-lorx=l. Applying the 
symmetry argument analogous to the one in Exercise 13, we 
find x = 0. The typical vertical strip has center of mass: 

(x ,y)=(x, - 2 - 3+ f- 3) ) = (x,^), 

length: -2x 2 - (x 2 - 3) = 3 (1 - x 2 ), width: dx, 

area: dA = 3 (1 — x 2 ) dx, mass: dm = 6 dA = 36 (1 — x 2 ) dx. 

The moment of the strip about the x-axis is 




y =x 2 -3 



y dm = | 6 (-x 2 - 3) (1 - x 2 ) dx = \ 6 (x 4 + 3x 2 - x 2 - 3) dx = \ 6 (x 4 + 2x 2 - 3) dx; M x = J y dm 



6 J' i (x 4 + 2x 2 -3) dx 



M = / dm = 2>bf (\ - x 2 ) dx = 36 



2x ;; 



X — 



- 3x 



= 16.2(1 + I-3)=3S(^-^ 



326 . 
5 ' 



= 35-2(1 -i) =46. Therefore,y=^ = -||| = -| 



(x, y) = (0, — |) is the center of mass. 
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17. The typical horizontal strip has center of mass: 

Cx ,y ) = ^ y ~ Y , y^j , length: y — y 3 , width: dy, 

area: dA = (y — y 3 ) dy, mass: dm = 6 dA = S (y — y 3 ) dy. 
The moment of the strip about the y-axis is 



x dm 



S {^) (y-y 3 ) dy = f(y-y 3 ) 2 dy 



= | (y 2 — 2y 4 + y G ) dy; the moment about the x-axis is 
y dm = 6y (y — y 3 ) dy = 6 (y 2 — y 4 ) dy. Thus, M x = J y dm = 6 f Q (y 2 — y 4 ) dy 

/xdm=f/ o 1 (y 2 -2y 4 + y 6 )dy 

^X'(y-y 3 )dy = «5[ 




2r 

5 



(3 5 + 7) — 2 ( 



8 f 35 - 42 + 15 ^ 
3-5-7 



- 8 r _ z_ 
v [ 2 4 

16 



= 6(1-1) =1 Therefore, I = (|) = & «* J 



= s (i - 1) = H- 

v \3 5) 15 ' 

= &;M = /dm 

— Mi — (i\ 
m ~~ V 15/ U I 



(x, y) = (w, jc) is the center of mass. 



18. Intersection points: y = y 2 — y =>• y 2 — 2y = 
=>• y(y — 2) = => y = or y = 2. The typical 
horizontal strip has center of mass: 

(x,y)=(^,y) = (£,y), 

length: y — (y 2 — y) = 2y — y 2 , width: dy, 
area: dA = (2y — y 2 ) dy, mass: dm = 6 dA = 6 (2y — y 2 ) dy. 
The moment about the y-axis is x dm = | • y 2 (2y — y 2 ) dy 

= | (2y 3 — y 4 ) dy; the moment about the x-axis is y 1 dm = Sy (2y — y 2 ) dy = 6 (2y 2 — y 3 ) dy. Thus, 




M x = / y dm = £0 (2y 2 - y 3 ) dy = 6 

= / 2 |(2y 3 -y 4 ) dy = 



= S(f-^) = ±§(4-3)=f;M y = J x dm 

(8 - f ) = § (^) = f ; M = /dm = Jj (2y - y 2 ) dy 

= 6 ^ - l = H*- I) = f • Therefore,x= ^ = (f ) = | andy= M, = («) (A) = ! 
(x, y) = (|, l) is the center of mass. 



19. Applying the symmetry argument analogous to the one used 
in Exercise 13, we find x = 0. The typical vertical strip has 



center of mass: (x , y ) = (x, 



, length: cos x, width: dx, 



area: dA = cos x dx, mass: dm = 6 dA = <5 cos x dx. The 
moment of the strip about the x-axis is y dm = 6 ■ . cos x dx 



§ cos 2 X 



dx = \ ( 1 + c ° s2x ) dx = f (1 + cos 2x) dx; thus, 



y=cos x 




-«/2 



Jy dm =£ y / 2 J( 1 + cos2x )^=![ x + 5 ¥ 5 ]i 2 /2 = ![(f +°) -(-!)] =f ;M = /dm = ,5£ / 2 2 cosxdx 



= <5[sin , 2 = 26. Therefore, y = ^ = — | =>• (x, y) = (0, | ) is the center of mass. 



20. Applying the symmetry argument analogous to the one used 
in Exercise 13, we find x = 0. The typical vertical strip has 

, length: sec 2 x, width: dx, 



center of mass: (x , y ) = [ X, — 
area: dA = sec 2 x dx, mass: dm = b dA = 6 sec 2 x dx. The 
moment about the x-axis is y dm = ^^^f- 2 ^ (6 sec 2 x) dx 

= I sec x dx. M x = J y dm = § J 4 sec x dx 




-*/4 



(*> y) w/4 
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X7T/4 
4 (tan 2 x + 1) (sec 2 x) dx 



| J (tan x) 2 (sec 2 x) dx 



sec 2 x dx = % 



I [5 - (- D] + f [1 - (-D] = f + 5 = f 5 M = / dm = 6 £ /4 sec2 x dx = ^ X ]-V4 



2 J „ ff y4 
-*/4 



(tan x) J 
3 



tt/4 



Therefore, y 



Mi 

M 



(¥)(&) 



(x,y) = (0, |) is the center of mass. 



tt/4 

_^ 4 +f [tanx]i; /4 
5[1 -(-!)] =25. 



21. Since the plate is symmetric about the line x = 1 and its 
density is constant, the distribution of mass is symmetric 
about this line and the center of mass lies on it. This means 
that x = 1. The typical vertical strip has center of mass: 

length: (2x - x 2 ) - (2x 2 - 4x) = -3x 2 + 6x = 3 (2x - x 2 ) , 
width: dx, area: dA = 3 (2x — x 2 ) dx, mass: dm = 5 dA 
= 35 (2x — x 2 ) dx. The moment about the x-axis is 

y dm = \ 5 (x 2 - 2x) (2x - x 2 ) dx = - § 8 (x 2 - 2x) 2 dx 




y = 2i 2 - Ax 



= - \8 (x 4 - 4x 3 + 4x 2 ) dx. Thus, M x = / y dm = - J* | 5 (x 4 - 4x 3 + 4x 2 ) dx = - 1 8 



2 4 



3 )--I^ 24 ( 



8 -2 4 ( 



6- 15 + 10 A 
15 ) 



38 



f Q 38 (2x - x 2 ) dx 
• (x, y) = (l , — |) is the center of mass. 



35 (4 - |) = 45. Therefore, y = ^ 



; M = / dm 



(-¥)(£) 



4 „3 
3 X 



n 2 

n 



22. (a) Since the plate is symmetric about the line x = y and 
its density is constant, the distribution of mass is 
symmetric about this line. This means that x = y. The 
typical vertical strip has center of mass: 

length: y9 — x 2 , width: dx, 



2+y2=9 



2 



(x ,y ) = I \. 

area: dA = y9 — x 2 dx, 

mass: dm = 8 dA = 5a/ 9 — x 2 dx. 

The moment about the x-axis is 

5 




y dm 

_ s 



(^r^) \/9-x 2 dx = f (9 - x 2 ) dx. Thus, M x = |ydm= Jjf (9 - x 2 ) 



dx 



9x 



n 3 




ivx2+y2=9 



(27 - 9) = 95; M = f dm = / 5 dA = 5 J dA = 5(Area of a quarter of a circle of radius 3) = 5 (^) 
Therefore, y = ^ = (95) (<^j) = | =>• (x, y) = is the center of mass, 

(b) Applying the symmetry argument analogous to the one 
used in Exercise 13, we find that x = 0. The typical 
vertical strip has the same parameters as in part (a). 

Thus, M x = Jy dm = f \ (9 - x 2 ) dx 
= 2 £ f (9 - x 2 ) dx = 2(95) = 185; 

M = / dm = / 5 dA = 5 /dA 
= 5(Area of a semi-circle of radius 3) = 5 (^) = ^ . Therefore, y = ^ = (185) (§fj) = | , the same y 
as in part (a) =>• (x, y) = (0, ^) is the center of mass. 



4 
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23. Since the plate is symmetric about the line x = y and its 
density is constant, the distribution of mass is symmetric 
about this line. This means that x = y. The typical vertical 
strip has 

center of mass: (x ,y ) = ^x, - + ^ ~ x " j , 
length: 3 — \/9 — x 2 , width: dx, 
area: dA = ^3 — \J9 - x 2 ^j dx, 

mass: dm = 6 dA = 6 ^3 — \/9 — x 2 J 
The moment about the x-axis is 

ydm^^^^-^dx- 



dx. 




[9 - (9 - x 2 )] dx = 2|- dx. Thus, M x = 



r 

Jo 



— S hr 3 l 3 — 
6 L A J 2 



-9 



equals the area of a square with side length 3 minus one quarter the area of a disk with radius 3 =>• A = 3 — ^ 



= I (4 - tt) M = 6A = f (4 - tt). Therefore, y = » = (f ) 



4 

96(4 - jr) 



b => (x,Y)= (4^,4^) is the 



center of mass. 



24. Applying the symmetry argument analogous to the one used 
in Exercise 13, we find that y = 0. The typical vertical strip 



1 1 



(x,0), 




has center of mass: (x ,y ) = |^x, 

length: ^ — (— jj) = Jr , width: dx, area: dA = ^ dx, 
mass: dm = 6 dA = |f dx. The moment about the y-axis is 

x dm = x • H dx = H dx. Thus, M v = f x dm = f " H dx 

= M[-i];=2*(-l + l) = ^;M=/dm=f ^dx = *[-^]; = ff(-^ + l) = ^l 

(x,y) = f-^r.O) . Also, lim x = 2. 

va+ 1 ' / ' a — » 00 



Therefore, 



My _ 


'2<5(a- 1)' 






2a 




a 






~ a+1 



25. M s = /ydm=X 2 (|l -«5-(|)dx 

= r(^)( x2 )(l)dx = /;|dx = 2/; x-dx 
= 2[-x-^=2[(-|) -(-!)] =2(1) =1; 
M y = /xdm=jV«S-(!) dx 
= j; 2 x(x 2 )(|)dx = 2j; 2 xdx = 2[f]' 
= 2(2-i)=4-l=3;M = /dm = / 2 5 ( dx = JjV (|) dx = 2 J^dx = 2[x] 2 = 2(2 - 1) = 2. So 

(x, y) = (5, 5) is the center of mass. 




x - M > - 3 and v - M > - 1 



26. We use the vertical strip approach: 

M x = / y dm = £ (x - x 2 ) • 6 dx 

= ^'(x 2 -x 4 ) - 12xdx 

= 6/ o '(x 3 -x 5 ) dx = 6^- 

U U 6^ 4 1 2 ' 




/ x dm = j x (x - x 2 ) • 5 dx = J Q (x 2 - x 3 ) • 12x dx = 12 f (x 3 - x 4 ) dx = 12 



12 a -i) 
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12 — 3 
20 5 



r 1 r l 

; M = J dm = / (x - x 2 ) • 5 dx = 12 J q (x 2 - x 3 ) dx = 12 



12(1 -i) =|| = 1. So 



12 



x = W = fandy 



Mi — I 

M — 2 



(|, 5) is the center of mass. 



27. (a) We use the shell method: V = £ 2tt ( ) ( ^ ) dx = £ 2ttx - (- ^) 



dx 



= 16tt£ dx = 16tt£ x 1 / 2 dx = 16tt [| x 3 / 2 ] J = 16tt (| • 8 - §) = '-f (8 - 1) - , 

(b) Since the plate is symmetric about the x-axis and its density S(x) — 1 is a function of x alone, the 

distribution of its mass is symmetric about the x-axis. This means that y = 0. We use the vertical strip 

approach to find x: M y = / x dm = Jj x ■ 4j - (- ^) •<5dx = J" i x--^-idx=8 /V 1 / 2 dx 
= 8 [2xV 2 ] J = 8(2 -2-2) = 16;M= /dm- ( -)] -6 dx = g£(£) (I) dx = 8 jV 3 / 2 dx 

= 8 [-2X- 1 / 2 ] \ = 8[-l - (-2)] = 8. Sox = ^ = f = 2 => (x,y) = (2, 0) is the center of i 

(c) 



mass. 




(2,0) 




28. (a) We use the disk method: V = £ ttR 2 (x) dx = J* it (£) dx = 4tt / x" 2 dx = 4tt [- 1] \ 
= 4tt [f - (-1)] = tt[— 1 +4] = 3tt 
(b) We model the distribution of mass with vertical strips: M x = J y 1 dm = / ^ - (|) ■ 6 dx — ■ ^/x dx 



(c) 



= 2 /V 3 / 2 dx = 2 



= 2[-l - (-2)] = 2; M y = 



f x dm = fx • ? • 6 dx = 2 f V/ 2 dx 

J J 1 x J l 



2 [^] ^ = 2 [f - f] = f ; M = / dm = - « dx = 2/;f dx = 2^ dx = 2 [2xV 2 ] J 
2(4-2) = 4. Sox = ^ = = 7 and y = ^ = 2 = l ^ (x,y )= is the center of mass. 




29. The mass of a horizontal strip is dm = 6 dA = 6L dy, where L is the width of the triangle at a distance of y above 
its base on the x-axis as shown in the figure in the text. Also, by similar triangles we have ~ = tlJ j^ 



L = I (h - y). Thus, M x = / y dm = £ Sy (£) (h - y) dy = f /"(hy - y 2 ) dy 



= f (|-f)=6bh 2 (i-I) = 



<5bh 2 



M 



/dm=X^(E)(h-y)dy=fX h (h-y) dy 



6b 
h 



hy-t 



5bh 

2 



Soy 



Mi 

M 



6 



ft>hJ 



the center of mass lies above the base of the 
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triangle one-third of the way toward the opposite vertex. Similarly the other two sides of the triangle can be 
placed on the x-axis and the same results will occur. Therefore the centroid does lie at the intersection of the 
medians, as claimed. 



30. From the symmetry about the y-axis it follows that x = 0. 
It also follows that the line through the points (0, 0) and 
(0, 3) is a median =^ y = | (3 - 0) = 1 (x, y) = (0, 1). 



(0,3) 



(-1,0) 




(+1,0) 



3 1 . From the symmetry about the line x = y it follows that 
x = y. It also follows that the line through the points (0, 0) 

and (|, j) is a median =>■ y = x= |-Q — Q)=| 
=* (X,y)= (i,i). 




(1,0) 



32. From the symmetry about the line x = y it follows that 
x = y. It also follows that the line through the point (0, 0) 



and (f , f ) is a median 

=> (*,y)= (§,!)■ 



(f-o) 



3 



(0,a) 



(0,0) 




(a,0) 



33. The point of intersection of the median from the vertex (0, b) 
to the opposite side has coordinates (0, |) 

y = (b-0)-i = |andx=(|-0)-| = f 

=* %y)= (|, |). 



(0,b) 



(0,0) 




a/0) 



34. From the symmetry about the line x = | it follows that 
x = | . It also follows that the line through the points 



( | , 0) and ( | , b) is a median 

=> fry) =(!>!)■ 



Kb 



0) 



(0,0) 




(a,0) 
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36. y = x 3 =$> dy = 3x 2 dx 



=> dx = y^dx) 2 + (3x 2 dx) 2 = +9x 4 dx; 
M x = 6 f Q x 3 a/1 +9x 4 dx; 

[u = 1 + 9x 4 => du = 36x 3 dx =>• ^ du = x 3 dx; 
x = =>■ u = 1, x = 1 u= 10] 

- m. = ui/2 du = & [i u3/2 ] !° = u (io 3/2 - 1) 




37. From Example 6 we have M x = f" a(a sin 0)(k sin 9) d0 = a 2 k P sin 2 9 d9 = ^ P (1 - cos 26>) d0 
= ^ [0 - ^] o = ^ ; M y = JJ a(a cos 0)(k sin 0) d0 = a 2 k J** sin 9 cos d0 = ^ [sin 2 0] J = 0; 
M = ak sin d0 = ak[- cos 0]; = 2ak. Therefore, x=^=0andy=^ = (^) (i) = ^ =>- (0, 
is the center of mass. 



38. M x = J y dm = J" (a sin 0) • <5 • a d0 
= J "(a 2 sin 0) (1+ k |cos 0|) d0 
= a 2 /^(sin (9)(1 + k cos 0) d0 
+ a 2 f" (sin0)(l - k cos 9) d9 

•J 7r/2 




K/2 " 

a 2 P 'sin d0 + a 2 k P^sin cos d0 + a 2 P sin d0 - a 2 k f" sin cos d0 

JO JO Ji/2 Jul 2 



a 2 [— cos 6*] 



tt/2 



a-'k I ^ £ 



a 2 k 



sirr I 

2 



tt/2 



'x/2 

tt/2 

+ a 2 [-cos6»]I / „ 

= a 2 [0-(-l)]+a 2 k(i -0) + a 2 [-(-l) - 0] - a 2 k (0 - \) = a 2 + ^ 
= 2a 2 + a 2 k = a 2 (2 + k); 

M y = f x dm = f*(a cos 0) • <5 • a d0 = JJfa 2 cos 0) (1 + k |cos 0|) d9 
= a 2 r 2 (cos 0)(1 + k cos 0) d0 + a 2 f" (cos 0)(1 - k cos 0) d0 

JO J tt/2 

= a 2 JJ^cos 9 d0 + a 2 k / ( 1+c ° s2fl ) d0 + a 2 JJ 7 cos d0 - a 2 k JJ 2 ( 



a 2 + f 



1 +cos 20 \ 



69 



a 2 [sin 9]l 



m26 1 
2 J 



a 2 [sin flf 



tt/2 



sin 2fl ] 71 
2 J tt/2 



2 , a'kn 
4 



= a 2 (l -0)+ ^ [(I -0) -(0 + 0)] +a 2 (0- 1) - ^ [(tt + 0) - (f +0)] = a ; 
M = J o " 5 - a d0 = a JJ(1 + k |cos 0|) d0 = a + k cos 0) d0 + a JJfl - k cos 9) d9 



= a[0 + k sin fl]^ 2 + a[0 - k sin 0]J /2 = a [(§ + k) - 0] + a [(tt + 0) - (f - k)] 



f + ak + a (| + k) = an + 2ak = a(?r + 2k). So x 
(0, is the center of mass. 



and y 



Mi 

M 



a 2 (2 + k) _ a(2 + k) 
a(7r + 2k) 7r + 2k 



39. Consider the curve as an infinite number of line segments joined together. From the derivation of arc 
length we have that the length of a particular segment is ds = \J (dx) 2 + (dy) 2 . This implies that 

M x = J 6y ds, M y = J Sx ds and M = J 6 ds. If 6 is constant, then x = ^ = — j e n^h anc ^ 

- _ M, _ J yds _ J yds 
y M J ds length ' 



40. Applying the symmetry argument analogous to the one used in Exercise 13, we find that x = 0. The typical 
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mass: dm = 6 dA = 6 \ a — £ 



vertical strip has center of mass: ("x ,y ) = ^x, ^-y^ J , length: a — ^, width: dx, area: dA = (a — |Q 

|) dx. Thus, M x = / y dm = £J 1 (a + g) (a - |) 5 dx 

= «(2a»Vpi-^) 



dx, 



8<>p- 
'80-16 



80p 2 



2a^(l-^)=^V^(M) =2a2(5Vp l ( |) = ^ ; M = /dm= ( 5 / (a - £) dx 

^ = 2fi (2a^i - = 4a^ (1 - « ) = <tatyP*W) 



2-6 



.Soy 



a, as claimed. 



41. Since the density is constant, its value will not affect our answers, so we can set 8=1. 

„ nTt/2 + o 

A generalization of Example 6 yields M x = J y dm = J a 2 sin 9 d9 = a 2 [— cos 0]*/ 2 -° 

„ nir/2 + t 

= a 2 [— cos (| + a) + cos (| — a)] = a 2 (sin a + sin a) = 2a 2 sin a; M = J dm = J 
= a [(f + a) - (f - a)] = 2aa. Thus, y = |f = = ^ . Now s = a(2a) and a sin a = § 



" +Q ad6> = a[6»f^ +Q 



c = 2a sin a. Then y = a(2 ^ ° } — if > as claimed. 



42. (a) First, we note that y = (distance from origin to AB) + d 

Moreover, h = a - a cos a - d - a(sin a ~ a cos a) - staa - acoSQ 
lim 



= a cos a + d 



a(sin ct — ot cos a) 



a(a — q cos ct) 



a — a cos a 



The graphs below suggest that 



a -> 



sin a — a cos q ^ 2 
3 - 



+ a — a cos a 



sm a — a cos or 




ZOOM 
VIEW 



"TS3 — 5tT 



sma - orcosar 



Tfi B2 - " a 



(b) 


a 


0.2 


0.4 


0.6 


0.8 


1.0 




f(a) 


0.666222 


0.664879 


0.662615 


0.659389 


0.655145 



6.5 AREAS OF SURFACES OF REVOLUTION AND THE THEOREMS OF PAPPUS 



1. (a) % =sec 2 x (!) =sec 4 x 

=>■ S = 27r (tan x) \/ 1 + sec 4 x dx 
(c) S « 3.84 



(b) 




753 53 !T5 VT 
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2- W £=2x => (|) 2 =4x 2 

^ S = 2tt J q 2 x 2 y^i +4x 2 dx 
(c) S « 53.23 



dx 
dy 



3. (a) xy = 1 =► x = ± 

S = 27r/ i 2 iyrT^ Z 4dy 



(c) S « 5.02 



V<W y 4 



(b) 



(b) 




i re r 



03 63 S7 03 65 r 



4. (a) | = cosy (|) 2 = cos 2 y 

=4> S = 27r (sin y) a/T+ cos 2 y dy 
(c) S w 14.42 



(b) 




T52 03 03 0T" — I x 



5. (a) x 1 /2+yi/2 = 3 ^ y= ( 3 _ x i/ 2 y 
=> l=2(3-x^) (-i x -V2) 

. 2 



(S)^(l-3x- 1 / 2 ) ; 



S = 2nJ i (3 - x 1 / 2 ) 2 yj\ + (1 - 3X-V2) 2 dx 
(c) S « 63.37 



(b) 



1 — 1 — r 
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6. (a) | = l+y-V2 f| r - n - L ' l/2 ^ <b) 



^ S = 2tt 
(c) S « 51.33 



(l+y-l/2)^ 

r(y + 2 v^) V 1 + ( 1 + ^ 1/2 ) 2 



dx 



y 

2 
1.8 
1.6 
1.4 
1.2 

1 



y + 2Jy=x 



3 1 3.'4 " 3.1 ' 42 x 



7. (a) |=tany => (|) 2 =tan 2 y 

=> S = 2n J q ' f tan t dt) y/\ + tan 2 y dy 

Jo 7 (r tantdt ) sec y d y 



(b) 



= 2tt^ 
(c) S w 2.08 




El 52 03 CM 6.'5 0!< 0.'7 x 



=> S = 2^ 5 ( J,Vt 2 - 1 dt) + ( x2 - 1) dx 



= 2tt 
(c) S « 8.55 



- 1 dt x dx 




or^ia w is i.i — 2 — jt~ x 



9. y = | => 



dy 

dx 2 ' 



dx 



i ;S = / a 2 7 ryy / l + (|) dx =► S = / o 27r(|) > /rTjdr=^/ o x 
4-k\/~5; Geometry formula: base circumference = 2tt(2), slant height = \J \ 2 + 2 2 = 2y5 



Lateral surface area = \ (Air) ^2\f5*j = 47r\/5 in agreement with the integral value 



10. y = f ^x = 2y^> | = 2;S = J^Lttx y'l + (§)* dy = f\n ■ 2y^J\ + 2 2 dy = 4*^5 J^y dy = 2ir^5 [y 2 ] 

= 27ta/5 • 4 = 87r\/5; Geometry formula: base circumference = 27r(4), slant height = \J 4 2 + 2 2 = 2y5 
=> Lateral surface area = 1 (8tt) (2^/5) = SttV^ in agreement with the integral value 



ii- t = b s = J>yv 1 + (^) L dx = JT 27r ^ dx = ^ /> + 1) dx = 

= ^ [(I + 3) - (i + 1)] = ^ (4 + 2 ) = 3ttV^; Geometry formula: r x = | + \ = 1, r 2 = § + § = 2, 
slant height = y/(2 — l) 2 + (3 — l) 2 = y5 Frustum surface area = 7r(ri + r 2 ) X slant height = 7r(l + 2)\/5 
in agreement with the integral value 
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12. y = ± + \ = x = 2y-l =• £ = 2; S = J 2r:x { i 1 + (|) dy = Jj 2w(2y - 1)^1+4 dy = 2wy/S Jj (2y - 1) dy 

= [y 2 - y] i = 2?!-^ [(4 - 2) - (1 - 1)] = 4ny/5; Geometry formula: v 1 = 1, r 2 = 3, 

slant height = y/(2 — l) 2 + (3 — l) 2 = y5 =>• Frustum surface area = 7r(l + 3)y5 = 47ry5 in agreement with 
the integral value 



13. 



dy 
dx 



Jo 



2;tv : 
o 9 



dx; 



1 + ~ =>■ du = | x 3 dx =!> 1 du = ~ dx; 



x = => u=l,x = 2 => u = 



251 



S = 2tt J i u 1 / 2 • i du 

— IE A25 i \ ?! f 125-27 \ 

~ 3 V 27 L ) ~ 3 V 27 / 



s [|u 3 / 2 



25/9 



2 L3 
. 98tt 
" 81 




14. 



dy 
dx 



s =rr 27r ^\A 



5dx 



!( X + I) 3/2 



r[(f +i) 3/2 -a+i) 



421 (8 - 1) = 2|ZE 



3/2' 



4tt 
3 



15/4 

3/4 
4\3 



(I) -1 





1.94- 








0.87- 


— i 




1 




0.75 


1 

3.75 



15. 



dy _ 1 (2 - 2x) _ 1 -x . 
dx 2 v/2x - x 2 \/2x - x 2 

=► s=/ o 1 5 W2x-x2yi 



dy \ _ (1 -x) J 
dx / 2x — x 2 



(l-x) 2 
2x-x 2 



dx 



\/2x - x 2 + 1 - 2x + x 2 
v/2x - x 2 



16. H 



= 27T f \/2x — x 1 

J 0.5 

= 2tt J o ' 5 5 dx = 2ir[x]J;l = 2tt 

(2)' 



dx 



dy _ 1 
dx ~~ 2\/x+ 1 



4(x+l) 



1 Jl 



S = I 2tt/ 
= 27r/V(x+l)+Idx = 27rj; 5 ^ 



1 Hy 

4(x+l) UX 

5 



2tt 

3 



[§(*■ 



5>i 3/2 
4 J 



In 

3 



(25)3/2 _ ( | )3 /2 



= | (125 - 27) = ^ = 



4_7r 

~~ 3 

49vr 



fdx 



[(5 + f) 3/2 -(l 

^2 3 2 3 y 



5\3/2 
4J 



y 

2.4 ■■ 
1.4 -■ 



y=^/2x-x 2 



.5 1 1.5 



y=Vx+T 



17. 



; = y 2 =► (I) =y 4 => s = / ^yr+/dy ; 

u = 1 + y 4 => du = 4y 3 dy \ du = y 3 dy; y = 
= 5> u = l ) y = l=>u = 2]-*-S = J^tt (i) u 1 / 2 (i du) 
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18. x = (| y 3 / 2 - y 1 / 2 ) < 0, when 1 < y < 3. To get positive 
area, we take x = — (I y 3 / 2 — y 1//2 ) 

=> | = -Hy 1/2 -y" 1/2 ) => (|) 2 = ?(y-2 + y- 1 ) 

=> S = - /> (| y 3 / 2 - y 1 / 2 ) ^/l + \ (y - 2 + y-i) dy 
= - 27 r/ i 3 (iy 3 / 2 -y 1 /2) A (y ~ 2 ~ y _ 1} dy 



X= (ly^2_ y 1/2) 




-27T ^(i y 3 / 2 - yV 2 ) y^±y^Z dy = .^jj'yi/a (1 y _ l} (yl/2 . : ) dy _ ff £(1 y - l) (y + 1) dy 



i y 2 - f y - 1) dy = -tt 



-f-y =--[(f-f-3)-(|-|-i)] = --(-3-| + | + i) 



= -f (-18- 1+3)= ifs 



19. 



dx _ -1 



dy ,/4-y 

■15/4 



(|)=4^S = J o 2^.2^4^1 + ^ = 4^ ^ - y) + 1 dy 



4n £' dy = -4tt [f (5 - y) 3 / 2 ] ^ = - f [(5 - if) 3/2 - 5 3 / 2 ] 



8s; 
3 



(5)3/2 _ 53/2 



/U - dy - y2y^T 



2^ => S = J^y/^T ^1 + ^ 



dy = 2tt JlV(2y - 1) + 1 dy 



2^ 5/8 v^y 1/2 dy = 2^[ly 3/2 ]; /8 = 



4^/2 
3 



l3/2 _ (5)3/2 



~ 3 



21. ds = ^dx 2 + dy 2 = ; / ( y 3 - ^ ) % 1 dy 



y 2 + 16y 6 



1 dy 



y 6 ■ , 



s + dy 



2tt 



y 3 + 40 2 dy = (y 3 + fr) dy; S = f\ny ds = 2^/ 2 y (y 3 + dy = 27r/V + \ y~ 2 ) dy 
2* [(¥"*) =2.(1 + 1) = |(8.31 + 5)=^ 



5 4 y 



1 2 
1 



22. y = i (x 2 + 2) 3/2 =J> dy = x \/x 2 + 2 dx =>- ds = ^/l + (2x 2 + x 4 ) dx S = 2tt J^x V'l + 2x 2 +x 4 dx 
= 2tt J^xy+x 2 + l) 2 dx = 2tt x (x 2 + 1) dx = 2tt /^(x 3 + x) dx = 2tt f + f j ^ = 2tt (| + §) = 4tt 



23. y = Va 2 - x 2 | = I (a 2 - x 2 )~ 1/2 (-2x) = 



(a 2 - x 2 ) 



S = 2tt J^a 2 -x 2 + (jr^ dx = 2tt /^(a 2 - x 2 ) + x 2 dx = 2tt J*a dx = 2yra[x] a _ a 
= 2?ra[a - (-a)] = (27ra)(2a) = 4?ra 2 



24. 



y=K x => l = E => (I) => S = 27r/;ix A /l7|dx = 27r/ o h ix^pdx 

?f ^h 2 + r 2 = 7rr\/h 2 + r 2 



2ot 
h 



25. y = cos x=>^ = — sinx=^(^) = sin 2 



x => S = 2tt f (cos x) v/ 1 + sin 2 x 

w — tt/2 



dx 
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26. y=(l-* 2/3 ) 3/2 =► g-|(l-x 2 / 3 ) 1/2 (-lx-V3).-(l^ (|) 



,2/3 — v2/3 



=> S = 2/ o 2tt (1 - x 2 / 3 ) 3/2 ^/l + ^-l) dx = 4tt J o (1 - x 2 / 3 ) 3/2 dx 
= 4nf* (1 - x 2 / 3 ) 3/2 x-V3 dx; [u = 1 - x 2 / 3 =► du = - f x^ dx => - | du = iT 1 / 3 dx; 
x = 0=*-u=l,x=l ^ u = 0] S = 4nf° u 3 ' 2 (- | du) = -6tt [f u 5 / 2 ] ° = -6tt (0 - |) 



12- 
5 



27. The area of the surface of one wok is S = 27rx y 1 + dy. Now, x 2 + y 2 = 16 2 => x = ^/ 16 2 — y 2 

=> 1 = 7*7 ^ (I)' = ; s - /-« 2-V^7 V 1 + d y - 2 -£ 7 6 V(i6 2 - y 2 ) + y 2 dy 



= 2ttJ ( 16 dy = 32n ■ 9 — 2S8tt rj 904.78 cm 2 . The enamel needed to cover one surface of one wok is 

V = S • 0.5 mm = S • 0.05 cm = (904.78)(0.05) cm 3 = 45.24 cm 3 . For 5000 woks, we need 
5000 • V = 5000 • 45.24 cm 3 = (5)(45.24)L = 226.2L 226.2 liters of each color are needed. 



28. y=V^^ => 1 = -!^ = ^ =► (§) = A;S = 27r/; +h Vr^yr + ^ 

pa+h pa+h 

= 27r J v (r 2 — x 2 ) + x 2 dx = Inr J dx = 27rrh, which is independent of a. 



29. y=V^^^ S--57fc = 7fe =► (|) =^;S = 2.£ +h V^^ V / 1 + ^ 

pa+h pa+h 

= 2tt J a 7(R 2 - x 2 ) + x 2 dx = 2ttR J dx = 27rRh 



30. (a) x 2 +y 2 = 45 2 x = ^45^7 | = =* (|) 



2 2 

_ r 



45 2 - y 2 ' 

S = f_[ 2 2ir ^45 2 - y 2 Jl + 55^ dy = 2tt y/ (45 2 - y 2 ) + y 2 dy = 2^-45 J^dy 



-22.5 v V 4S"-y* ^ J -22.5 v v - 1 J -22.5 

= (2tt)(45)(67.5) = 6075tt square feet 
(b) 19,085 square feet 

31, y = X f|) = 1 =S> (g) 2 = 1 S = 2^f i |x| v'TTTdx = 2tt fj~x)^/2 dx + 2tt J^x^dx 

= -2V2tt (0 - |) + 2V2tt(2 - 0) = 5\f2-n 



= -2 X /'2;t 

o 



'x 2 " 


r- 


'x 2 ' 


2 


i + 2V2tt 


2 



32. % = f =*■ (|) = £ => by symmetry of the graph that S = 2 f ^ 2n (- f ) 0Tf dx; [u = 1 + f 
=> du = | x 3 dx - J du = - f dx; x = -a/3 u = 2, x = => u = ll -> S = 4^' u 1 / 2 (- i) du 
= -7r J o u 1 / 2 du = -7T [§ u 3 / 2 ] 2 = _7r (| _ | = t _ l) • If the absolute value bars are dropped the 



integral for S = J ^ 27rf(x) ds will equal zero since J ^_ 2tt (^j \J 1 + ^ dx is the integral of an odd function 
over the symmetric interval — y\3 < x < y3. 

33. f = - sin t and f = cos t =► (f t ) 2 + (|) 2 = 7(- sin t) 2 + (cos t) 2 = 1 =► S = / 27ry ds 
= 2tt(2 + sin t)(l) dt = 2tt [2t - cos t] jf = 27r[(47r - 1) - (0 - 1)] = 8tt 2 
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34. | = & and % = => ^(f ) 2 + (f ) = = ^ S = / 2.x ds 

= J g 3 2tt (f t 3 / 2 ) dt = f //Wt 2 + 1 dt; [u = t 2 + 1 du = 2t dt; t = =>> u = 1, 



:s... 

9 



[t=-v/3 =► u = 4l -» J] 4 f ^u"du = [f u 3 / 2 ]* 
Note: 27r (| t 3 / 2 ) y / ^-^ dt is an improper integral but lim f(t) exists and is equal to 0, where 

= 2. (it 3 / 2 ; 

Jo F « dt 



f(t) = 2tt (I t 3 / 2 ) . Thus the discontinuity is removable: define F(t) = f(t) for t > and F(0) = 



28?r 
9 ' 



35. E = land|=t h \/2 



=► (f ) 2 + (^) 2 = ^l 2 + (t + Vlf = ^/t 2 + 2^2t+ 3 S = /27rxds 



1^ 2 " ( l 



t = J 2 ^> u = 



t 2 + 2v/2t + 3dt; 



u = t 2 + 2\/2 1 + 3 =^ du = (2t + 2\/2 ) dt; t 



'2 => u= 1, 



/'tti/u du = [§ 7m 3 / 2 ] ' = f (27 - 1) 



52^ 
3 



36 — 



a( 1 — cos t) and = a sin t 



^(S) 2 +(^) 2 = V[ a ( 1 - cost )] 2 + (a8int) 2 
= \/a 2 — 2 a 2 cos t + a 2 cos 2 t + a 2 sin 2 t = \J 2a 2 — 2a 2 cos t = a\/2\/ 1 — cos t => S = J 2ny ds 
= J o 2tt a(l — cos t) • a\/2\/ 1 — cos t dt = 2 y/2 tt a 2 f (1 — cos t) 3/2 dt 



37. ^=2and^ = l 



= 27rV5 



38. f=handf =r 



dt 



a/2 2 + l 2 = S = / 27ry ds = £ 2n(t + l)y/5 



dt 



Check: slant height is \J~5 =>• Area is 7r(l + 2)v5 = 37r\/5 . 



= 27rr Vh 2 + r 2 /' t dt = 27rr Vh 2 + r 2 
r^h 2 + r 2 . 



ry h 2 + r 2 . Check: slant height is Vh 2 + r 2 =>• Area is 



39. (a) An equation of the tangent line segment is 
(see figure) y = f(m k ) + f'(m k )(x - m k ). 
When x = x k _, we have 
r x = f(m k ) + f'(m k )(x t _i - m k ) 

= f(m k ) + f'(m k ) (- = f(m k ) - f'(m k ) ^ ; 
when x = x k we have 
r 2 = f(m k ) + f'(m k )(Xfc - m k ) 

= f(m k ) + f '(m k ) ; 

(b) L 2 = (Ax k ) 2 + (r 2 - rO 2 

= (Ax k ) 2 + [f'(m k ) ^ - (-f'(m k ) 4f )] 2 
= (Ax k ) 2 + [f'(m k )Ax k ] 2 => L k = ^(Ax k ) 2 + [f'(m k )Ax k ] 2 , as claimed 

(c) From geometry it is a fact that the lateral surface area of the frustum obtained by revolving the tangent 




line segment about the x-axis is given by AS k — tt(ti + V2)L^ — 7r[2f(m k )] \J (Ax k )" + [f'(m k )Ax k ] 2 
using parts (a) and (b) above. Thus, AS k = 27rf(m k ) a/1 + [f '(m k )] 2 Ax k 
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(d) S = n lirn^ ± AS k = n lirn^ ± 27rf(m k ) J\ + [f'(m k )] 2 Ax k = £ 2rf(x) J I + [f'(x)] 2 dx 



40. S = J a 2yrf(x) dx = J o 2tt • 4 



73 dx= 73 |x 



21 37T 



41. The centroid of the square is located at (2, 2). The volume is V = (2vr) (y) (A) = (2tt)(2)(8) = 32n and the 
surface area is S = (2tt) (y) (L) = (2tt)(2) UJs) = 32^/2tt (where 

is the length of a side). 



42. The midpoint of the hypotenuse of the triangle is ( | , 3) 
=>• y = 2x is an equation of the median =>• the line 
y = 2x contains the centroid. The point ( | , 3) is 



V5 



units from the origin =>• the x-coordinate of the 



centroid solves the equation y (x — |) + (2x — 3) 2 

= 4 (x 2 - 3x + 2) + (4x 2 - 12x + 9) = | 
=> 5x 2 - 15x + 9 = -1 3 5 

=>• x 2 — 3x + 2 = (x — 2)(x — 1) = => x = 1 since the centroid must lie inside the triangle 



\ y = 2x 




X(|,3) 









2. By the 



Theorem of Pappus, the volume is V = (distance traveled by the centroid)(area of the region) = 2ir (5 — x) [| (3)(6)] 
= (2tt)(4)(9) = 72tt 

43. The centroid is located at (2, 0) V = (2tt) (x) (A) = (27r)(2)(7r) = 4tt 2 



44. We create the cone by revolving the triangle with vertices 
(0, 0), (h, r) and (h, 0) about the x-axis (see the accompanying 
figure). Thus, the cone has height h and base radius r. By 
Theorem of Pappus, the lateral surface area swept out by the 
hypotenuse L is given by S = 27ryL = 27T (§) \/h 2 + r 2 

= ttt\/ r 2 + h 2 . To calculate the volume we need the position 
of the centroid of the triangle. From the diagram we see that 




the centroid lies on the line y = x. The x-coordinate of the centroid solves the equation d (x — h) 2 + ( x — | 



h 2 



2(r+41r 







2h or lh 
3 U1 3 



2h 



— 3 V 4 V 4h2 / V 2h / 4 9 3 3 3 

inside the triangle => y = 2I1 * = 5' ^ tne Theorem of Pappus, V = [27r (| hr) = I 7rr 2 h. 



, since the centroid must lie 



45. S = 27ryL 

46. S = 2npL 

47. V = 27ryA 

48. V = 2?rpA 



4-7ra 2 = (27ry) (na) => y = ^, and by symmetry x = 
[2tt (a-f)] (vra) = 27ra 2 (7r - 2) 

| Trab 2 = (27ry) (^) ^ y = f£ and by symmetry x = 
■ (*+&)] (T) 



V= 2tt I 



7ra 3 (37r + 4) 

3 



49. V = 2irp A = (27r)(area of the region) • (distance from the centroid to the line y = x — a). We must find the 
distance from (0, to y = x — a. The line containing the centroid and perpendicular to y = x — a has slope 
— 1 and contains the point (0, 1^) . This line is y = — x + The intersection of y = x — a and y = — x + |Ms 
the point ( 4a ^' d7T , 4a g 7r 3a?r ) . Thus, the distance from the centroid to the line y = x — a is 
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' 1 4a + 3a7r \ 1 i ( 4a 4a , 3a;r\ 



4a _ 4a , 3a7r\ 2 _ y / 2(4a + 3a7r) 



67T 



=*> V = 



^\/2(4a + 3a7r)^ /jra^ _ yg 7ra 3 (4 + 3Q 



50. The line perpendicular to y = x — a and passing through the centroid (0, — ) has equation y = — x + — . The 



intersection of the two perpendicular lines occurs when x — a=— x+^ =>• x 



2a -i 



2tt 



2jt 



Thus 



the distance from the centroid to the line y = x — a is -W ( 2a + na — o) 



Therefore, by the Theorem of Pappus the surface area is S = 2tt 



a(2+?r) 



( 2a - ?ra _ 2a\ 2 _ a(2+7r) 
I 2 2 ) ^ 

(vra) = V^™ 2 (2 + tt). 



51. From Example 4 and Pappus's Theorem for Volumes we have the moment about the x-axis is M x = y M 



6.6 WORK 



1 . The force required to stretch the spring from its natural length of 2 m to a length of 5 m is F(x) = kx. The 
work done by F is W = f F(x) dx = k fn dx = | [x 2 ] \ = f . This work is equal to 1800 J § k = 1800 
=> k = 400N/m 



2. (a) We find the force constant from Hooke's Law: F = kx =>• k= - =>- k=^ = 200 lb/in. 



(b) The work done to stretch the spring 2 inches beyond its natural length is W 



f 

J (i 



kx dx 



= 200 x dx = 200 



= 200(2 - 0) = 400 in • lb = 33.3 ft • lb 



(c) We substitute F = 1600 into the equation F = 200x to find 1600 = 200x x = 8 in. 



3. We find the force constant from Hooke's law: F = kx. A force of 2 N stretches the spring to 0.02 m 

=> 2 = k - (0.02) ^> k = 100 ~. The force of 4 N will stretch the rubber band y m, where F = ky ^> y = 

nO.QA 

y = 0.04 m = 4 cm. The work done to stretch the rubber band 0.04 m is W= kxdx 

(100)(0.04) 2 



4N 
100^ 



J' 0.04 
X 




dx = 100 



! 0.04 




0.08 J 



We find the force constant from Hooke's law: F = kx =>■ k=| => k = ^ =>■ k = 90^. The work done to 



stretch the spring 5 m beyond its natural length is W = J o kx dx = 90 f g x dx = 90 



(90) (f) = 1125 J 



5. (a) We find the spring's constant from Hooke's law: F = kx 



k = 7238 i 



i_ F 21,714 _ 21,714 

K _ x _ 8-5 _ 3 

n0.5 n0.5 

(b) The work done to compress the assembly the first half inch is W = J q kx dx = 7238 J o x dx 

0.5 



lb 



7238 



o 



(7238) 



17238X0.25) 
2 



905 in • lb. The work done to compress the assembly the 



kx dx = 7238 I x dx = 7238 

0.5 J 0.5 

« 2714 in -lb 



1.0 
0.5 



7238 



1 - (0.5) 



21 _ (7238X0.75) 



6. First, we find the force constant from Hooke's law: F = kx 



150 

5) 



16 - 150 = 2,400 P*. If someone 



compresses the scale x = I in, he/she must weigh F = kx = 2,400 (I) = 300 lb. The work done to compress the 



scale this far is W = 



f 1/8 

I kx dx 

Jo 



= 2400 



fg! = 18.75 lb -in. = ffft-lb 
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The force required to haul up the rope is equal to the rope's weight, which varies steadily and is proportional to 

p50 r>50 

x, the length of the rope still hanging: F(x) = 0.624x. The work done is: W = J o F(x) dx = J o 0.624x dx 



0.624 



! 50 




780 J 



8. The weight of sand decreases steadily by 72 lb over the 18 ft, at 4 lb/ft. So the weight of sand when the bag is x ft off the 



ground is F(x) = 144 - 4x. The work done is: W = f F(x) dx = J ' 8 (144 - 4x)dx = [144x - 2x 2 ] f = 1944 ft • 



lb 



The force required to lift the cable is equal to the weight of the cable paid out: F(x) = (4.5)(180 — x) where x 

r.180 nlSO 

is the position of the car off the first floor. The work done is: W = J o F(x) dx = 4.5 J o (180 — x) dx 



4.5 



180x 



180 




4.5 (l80 2 - 



4.5- ISO 2 



72,900 ft • lb 



10. Since the force is acting toward the origin, it acts opposite to the positive x-direction. Thus F(x) 



T . The 



work done is W=£-^dx = kX b -^dx = k[i]^ = k(i-i) = 



k(a - b) 
ab 



1 1 . The force against the piston is F = pA. If V = Ax, where x is the height of the cylinder, then dV = A dx 



Work = J F dx = J pA dx = J y ) p dV. 



12. pV 1 



c, a constant 

•>32 



cV" 



If Vi = 243 in 3 and pi = 50 lb/in 3 , then c = (50)(243) L4 = 109,350 lb. 



Thus W = J* 109,350V' 1 4 dV = [- 



32 
243 



109,350 



( 32° 4 243° 4 ) 



109.350 (1 
0.4 



(243 ' L U.4V-* J 243 0.4 

V 32 o.4 243°- 4 y ~~ 0.4 V 4 9) 

= — <1 ( ° 9 4 ) (36) 5 ' > = —37,968.75 in • lb. Note that when a system is compressed, the work done by the system is negative. 



13. Let r = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant rate, 
the amount of water in the bucket is proportional to (20 — x), the distance the bucket is being raised. The leakage rate of 
the water is 0.8 lb/ft raised and the weight of the water in the bucket is F = 0.8(20 — x). So: 

X20 r ,-1 20 

j 0.8(20 - x) dx = 0.8 20x - f = 160 ft • lb. 



14. Let r = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant rate, 
the amount of water in the bucket is proportional to (20 — x), the distance the bucket is being raised. The leakage rate of 
the water is 2 lb/ft raised and the weight of the water in the bucket is F = 2(20 — x). So: 



W 



J o 2(20 - x) dx = 2 



20x 



1 20 




400 ft • lb. 

Note that since the force in Exercise 14 is 2.5 times the force in Exercise 13 at each elevation, the total work is also 2.5 
times as great. 
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15. We will use the coordinate system given. 

(a) The typical slab between the planes at y and y + Ay has 
a volume of AV = (10)(12) Ay = 120 Ay ft 3 . The force 
F required to lift the slab is equal to its weight: 
F = 62.4 AV = 62.4 • 120 Ay lb. The distance through 
which F must act is about y ft, so the work done lifting 
the slab is about AW = force x distance 
= 62.4 • 120 • y • Ay ft • lb. The work it takes to lift all 

20 

the water is approximately Wk^] AW 



20 

= 62.4 • 120y • Ay ft • lb. This is a Riemann sum for 

o 

the function 62.4 • 120y over the interval < y < 20. The work of pumping the tank empty is the limit of these sums: 




i 20 



= (62.4)(120) (^) = (62.4)( 120)(200) = 1,497,600 ft - lb 



W = J o 62.4 - 120y dy = (62.4)(120) 

(b) The time t it takes to empty the full tank with (^y)-hp motor is t 

= 1.664 hr =!> t w 1 hr and 40 min 

(c) Following all the steps of part (a), we find that the work it takes to lower the water level 10 ft is 



w 

250 « 



1,497,600 ft-lb 
250 ^ 



5990.4 sec 



W 



/10 r 2 i 10 

j 62.4 - 120y dy = (62.4)(120) \ = (62.4)(120) (±f) = 374,400 ft • lb and the time is t 



250 



= 1497.6 sec = 0.416 hr » 25 min 



(d) In a location where water weighs 62.26 l| : 

a) W = (62.26)(24,000) = 1,494,240 ft • lb. 

b) t = M y = 5976.96 sec w 1.660 hr ^ 
In a location where water weighs 62.59 ft 

a) W = (62.59)(24,000) = 1,502,160 ft • lb 

b) t = '• 5 '^ 160 = 6008.64 sec « 1.669 hr =; 



1 hr and 40 min 



t « 1 hr and 40. 1 min 



16. We will use the coordinate system given. "nr~^ .Ground level 

(a) The typical slab between the planes at y and y + Ay has 
a volume of AV = (20)(12) Ay = 240 Ay ft 3 . The force 
F required to lift the slab is equal to its weight: 
F = 62.4 AV = 62.4 • 240 Ay lb. The distance through 
which F must act is about y ft, so the work done lifting 
the slab is about AW = force x distance 

20 

= 62.4 • 240 • y • Ay ft • lb. The work it takes to lift all the water is approximately W ~ 




= Y^, 62.4 • 240y • Ay ft • lb. This is a Riemann sum for the function 62.4 • 240y over the interval 

10 

r-20 

10 < y < 20. The work it takes to empty the cistern is the limit of these sums: W = J 62.4 • 240y dy 

r 2 i 20 

= (62.4)(240) \ = (62.4)(240)(200 - 50) = (62.4)(240)(150) = 2,246,400 ft • lb 

. J 10 

(b) t = =rm = 2 ' 246 275° ft "' b ~ 816 8.73 sec « 2.27 hours w 2 hr and 16.1 min 

sec 

(c) Following all the steps of part (a), we find that the work it takes to empty the tank halfway is 
W = J^62.4 • 240y dy = (62.4)(240) [£] 15 = (62.4)(240) - ™) = (62.4)(240) (±f ) = 936,000 ft. 



Then the time is t = 



w 



275 ! 



936,000 
275 



10 

3403.64 sec 



56.7 min 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



404 



Chapter 6 Applications of Definite Integrals 



(d) In a location where water weighs 62.26 ft : 

a) W = (62.26)(240)(150) = 2,241,360 ft • lb. 

b) t = 2 ' 24 2 )f° = 8150.40 sec = 2.264 hours w 2 hr and 15.8 min 

c) W = (62.26)(240) (±f ) = 933,900 ft • lb; t = = 3396 sec w 0.94 hours 56.6 min 
In a location where water weighs 62.59 p 

a) W = (62.59)(240)(150) = 2,253,240 ft • lb. 

b) t = 2 ' 2 g- 24 " = 8193.60 sec = 2.276 hours rs 2 hr and 16.56 min 



275 



c) W = (62.59)(240) ( 1 f)= 938,850 ft • lb; t - ^M^o 



275 



3414 sec w 0.95 hours 56.9 min 



17. The slab is a disk of area 7rx 2 = tt(|) 2 , thickness Ay, and height below the top of the tank (10 — y). So the work to pump 
the oil in this slab, AW, is 57(10 — y)^(V) 2 - The work to pump all the oil to the top of the tank is 



nlO 

W= J ^(10y 2 -y 3 )dy 



57- 
4 



Wf 
3 



1 10 





ll,8757rft-lb w 37,306 ft • lb. 



18. Each slab of oil is to be pumped to a height of 14 ft. So the work to pump a slab is (14 — y)(7r) (|) 2 and since the tank is 



half full and the volume of the original cone is V = ±7rr h = |7r(5 )(10) 



250tt f,3 



3 3 
250?r 



. ft\ half the volume = ^ ft\ and 

3 6 ' 

" 500 , 



with half the volume the cone is filled to a height y, ^ = ^vr^y =>- y = \/500 ft. So W = J* ^ (14y 2 - y 3 ) dy 



57;r 
4 



14y J 
3 



/r,on 



60,042 ft • lb. 



19. The typical slab between the planes at y and and y + Ay has a volume of AV = 7r(radius) 2 (thickness) = ir f^) Ay 
= 7T • 100 Ay ft 3 . The force F required to lift the slab is equal to its weight: F = 51.2 AV = 51.2 - 100tt Ay lb 
=>• F = 51207T Ay lb. The distance through which F must act is about (30 — y) ft. The work it takes to lift all the 

30 30 

kerosene is approximately W ~ ^ — Yl 51207r(30 — y) Ay ft • lb which is a Riemann sum. The work to pump the 



o 

■30 



n30 

tank dry is the limit of these sums: W = J o 5 1 207r(30 — y) dy = 5 1 207T 
w 7,238,229.48 ft • lb 



30y-^ 



1 30 




5120tt(^) = (5120)(4507t) 



20. (Alternate Solution) Each method must pump all of the water the 15 ft to the base of the tank. Pumping to the rim requires 
all the water to be pumped an additional 6 feet. Pumping into the bottom requires that the water be pumped an average of 3 
additional feet. Thus pumping through the valve requires v/3 ft(47r)6 ft 3 (62.4 lb/ft 3 ) w 14,1 15 ft • lb less work and thus 
less time. 



21. (a) Follow all the steps of Example 5 but make the substitution of 64.5 p for 57 fe. Then, 



X 



W = 

_ 64.5tt-8 3 
3 



o ^(10-y)y 2 dy=^ 



Wf 
3 



64.5 
4 



£ (^-i) = m (s 3 )( 



10 



-2 



21.5tt-8 3 w 34,582.65 ft • lb 



(b) Exactly as done in Example 5 but change the distance through which F acts to distance « (13 



57- 
4 



Then W = J ^ (13 - y)y 2 dy 
= (19tt) (8 2 ) (7)(2) « 53.482.5 ft • lb 



'l3y 3 


y 4 " 


8 57, ( 


3 


4 


o" 4 I 



r) = (t) (8 3 ) ( 



f-2) 



y)ft. 

_ 57tt-8 3 -7 
— 3-4 



22. The typical slab between the planes of y and y+Ay has a volume of about AV = 7r(radius) 2 (thickness) 
= 7r (y/y) 2 Ay = xy Ay m 3 . The force F(y) is equal to the slab's weight: F(y) = 10,000 ^ • AV 
= 7iT0,000y Ay N. The height of the tank is 4 2 = 16 m. The distance through which F(y) must act to lift 
the slab to the level of the top of the tank is about (16 — y) m, so the work done lifting the slab is about 
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AW = 10,0007ry(16 — y) Ay N • m. The work done lifting all the slabs from y = to y = 16 to the top is 

16 

approximately W w ^ 10,0007ry(16 — y)Ay. Taking the limit of these Riemann sums, we get 



16 r.16 



W = J o 10,0007ry(16 - y) dy = 10,000tt J q (16y - y 2 ) dy = 10,000tt [^f 1 - yj q = 10,000tt (If - If- J 



10 - 000 ;" 163 a 21,446,605.9 J 



23. The typical slab between the planes at y and y+Ay has a volume of about AV = 7r(radius) 2 (thickness) 

= 7r (\/25 — y 2 ) 2 Ay m 3 . The force F(y) required to lift this slab is equal to its weight: F(y) = 9800 • AV 

= 9800tt (^25 -y 2 ) 2 Ay = 9800?r (25 - y 2 ) Ay N. The distance through which F(y) must act to lift the 
slab to the level of 4 m above the top of the reservoir is about (4 — y) m, so the work done is approximately 
AW » 9800-7T (25 - y 2 ) (4 - y) Ay N • m. The work done lifting all the slabs from y = -5 m to y = m is 



approximately W«)] 98007T (25 — y 2 ) (4 — y) Ay N • m. Taking the limit of these Riemann sums, we get 



5 



W = J° 5 98007r (25 - y 2 ) (4 - y) dy = 9800tt J". (100 - 25y - 4y 2 + y 3 ) dy = 9800tt 



lOOy-f y 2 -^y 3 + £ 



o 

-5 



-9800tt (-500 - ^ + | - 125 + ^f) w 15,073,099.75 J 



24. The typical slab between the planes at y and y+Ay has a volume of about AV = 7r(radius) 2 (thickness) 

= 7T (,/100-y 2 ) 2 Ay = tt ( 100 - y 2 ) Ay ft 3 . The force is F(y) = 5|ib • AV = 56tt ( 100 - y 2 ) Ay lb. The 
distance through which F(y) must act to lift the slab to the level of 2 ft above the top of the tank is about 
(12 - y) ft, so the work done is AW « 56tt (100 - y 2 ) (12 - y) Ay lb • ft. The work done lifting all the slabs 

10 

from y = ft to y = 10 ft is approximately W » 567T ( 100 — y 2 ) (12 — y) Ay lb • ft. Taking the limit of these 



Riemann sums, we get W = J o 56tt (100 - y 2 ) (12 - y) dy = 56ttJ o (100 - y 2 ) (12 - y) dy 

= 56tt (1200 - lOOy - 12y 2 + y 3 ) dy = 56tt 1200y - ^ - + £ ^° 

= 56tt (12,000 - i5|Q9 - 4 • 1000 + = (56tt) (12 - 5 - 4 + §) (1000) « 967,611 ft • lb. 

It would cost (0.5X967,611) = 483,8050 = $4838.05. Yes, you can afford to hire the firm. 



25. F = m I = mv g by the chain rule => W = f* mv g dx = m £ % (v g) dx = m [\ v 2 (x)] ^ 

= I m [v 2 (x2) — v 2 (xi)] = \ mv| — \ mv 2 , as claimed. 

26. weight = 2 oz = ^ lb; mass = ^ff* = | = ^ slugs; W = (±) (^ slugs) (160 ft/sec) 2 « 50 ft- lb 

27. 90mph = *M . . ^ . ™ = 132 ft/sec; m = = 03T25 slugs; 

w = (I) (Mm£) ( 132 ft/sec ) 2 « 85 -! ft • lb 

28. weight = 1.6 oz = 0.1 lb m = = 3^ slugs; W = (|) (3^ slugs) (280 ft/sec) 2 = 122.5 ft • lb 

29. weight = 2 oz = ± lb =>- m = i slugs = ^ slu § s ; 124 m P h = ^eoxeoT ~ 18L87 ft/sec ; 
W = (|) (^ slugs) (181.87 ft/sec) 2 w 64.6 ft • lb 

30. weight = 14.5 oz = ^ lb m = slugs; W = (|) ((i^fi) slugs) (88 ft/sec) 2 « 109.7 ft • lb 

31. weight = 6.5 oz = lb ^ m = ^l^j slu § s ; W = (I) ((1H2) slu § s ) < 132 ft/sec ) 2 ~ H°- 6 ft " lb 
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32. F = (181b/ft)x => W = J o ' /6 18xdx = [9x 2 ]J 



/6 



\ ft • lb. Now W 



1 9 

| mv z 



32 



1 

256 



slugs and vi = ft/sec. Thus, \ ft - lb. = (V) (sjg slugs) v 



±mvf, where W = ^ ft • lb, 



8 J 2 ft/sec. Withv = 



at the top of the bearing's path and v = By/l — 32t =£> t = ^ sec when the bearing is at the top of its path. 



The height the bearing reaches is s = 8y2 1 — 16t 2 

2 



=>• att = 



Sv^) (#) -(16)(^) =2 ft 



the bearing reaches a height of 



33. (a) From the diagram, 

r(y) = 60 - x = 60 - y^O 2 - (y- 325) 2 

for 325 < y < 375 ft. 
(b) The volume of a horizontal slice of the funnel 

is AV w 7r[r(y)] 2 Ay 



60- v/50 2 - (y- 325)' 



Ay 



(c) The work required to lift the single slice of 
water is AW w 62.4AV(375 - y) 



62.4(375 - y)7r 



60 



50 2 - (y - 325) 5 



Ay. 



The total work to pump our the funnel is W 



/■375 
, 25 62.4(375 - y)n 



•"375 
'325 

6.3358 • 10 7 ft • lb. 



60 



50 2 - (y - 325) 5 



dy 




y-325 



34. (a) From the result in Example 6, the work to pump out the throat is 1,353,869,354 ft • lb. Therefor, the total work 
required to pump out the throat and the funnel is 1,353,869,354 + 63,358,000 = 1,417227,354 ft • lb. 

1 zl I T)07 'i^A — 

(b) In horsepower-hours, the work required to pump out the glory hole is - . J. , d — 715.8. Therefore, it would take 



7 |^ h £ h = 0.7158 hours « 43 minutes. 



1000 hp 



35. We imagine the milkshake divided into thin slabs by planes perpendicular to the y-axis at the points of a 
partition of the interval [0, 7]. The typical slab between the planes at y and y + Ay has a volume of about 

AV = 7r(radius) 2 (thickness) = n ( Y+ 1 1 4 7 ' 5 ) Ay in 3 . The force F(y) required to lift this slab is equal to its 

weight: F(y) = | AV = ^ ( y+ 1 ^ 7 ' 5 ) 2 Ay oz. The distance through which F(y) must act to lift this slab to 
the level of 1 inch above the top is about (8 — y) in. The work done lifting the slab is about 



_ f4w\ (y+17.5) 2 



AW= £ 



14- 



(8 — y) Ay in • oz. The work done lifting all the slabs from y = to y = 7 is 



approximately W = £ £fo (y + 17.5) 2 (8 - y) Ay in • oz which is a Riemann sum. The work is the limit of 



these sums as the norm of the partition goes to zero: W = J (y + 17.5) 2 (8 — y) dy 



4tt 
9-14 2 Jo 



/J (2450 - 26.25y - 27y 2 - y 3 ) dy 



4tt 
9.142 



^-9y 3 



26.25 2 

2 y 



2450y 



i 7 



Ait 
9.142 



- £ - 9 • 7 3 - 



26.25 



2450 • 7 



91.32 in -oz 



36. We fill the pipe and the tank. To find the work required to fill the tank follow Example 6 with radius = 10 ft. Then 

AV = 7T • 100 Ay ft 3 . The force required will be F = 62.4 • AV = 62.4 • IOOtt Ay = 6240tt Ay lb. The distance through 
which F must act is y so the work done lifting the slab is about AWi = 62407T • y • Ay lb • ft. The work it takes to 
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lift all the water into the tank is: Wi w J] AWi = 624U7T • y • Ay lb • ft. Taking the limit we end up with 



X385 
6o 624U7ry dy = 6240tt 



n 385 



:;r;i) 



[385 2 - 360 2 ] w 182,557,949 ft • lb 



To find the work required to fill the pipe, do as above, but take the radius to be | in = g ft. 

Then AV = n ■ ^ Ay ft 3 and F = 62.4 • AV = Ay. Also take different limits of summation and 



integration: W2 « Yl AW2 



W, 



f 



36 



7ry dy 



r 2l 360 

r 



36 



(^) (2f ) « 352,864 ft • lb. 



The total work is W = Wi + W 2 « 182,557,949 + 352,864 w 182,910,813 ft • lb. The time it takes to fill the 
tank and the pipe is Time = tSh « 182 f 6 ' 813 « 1 10,855 sec « 31 hr 



p 35, /«(),()()() f 

37. Work= ^omg dr= 1000MG 

J 6,370,000 r J 6 

= (1000) (5.975 • 10 24 ) (6.672 • lO" 11 ) f ^ 



000 35,780,000 



1 r.™ im[ 1 1 35,780,000 

1000 MG [- I] 6 370i000 
1 1 - 5.144 x 10 10 J 



( F(p) dp 



j: 



(23xlQ- 29 ) 
1 (P-1) 2 



dp 



23xlQ- 29 



n 



(23 x 10~ 29 ) (1 - 1) = 11.5 x 10 



29 



(b) W = Wi + W2 where Wi is the work done against the field of the first electron and W 2 is the work done 
against the field of the second electron. Let p be the x-coordinate of the third electron. Then r 2 = (p — l) 2 



and r 2 = (p + l) 2 W x = £^f^ dp = £ 2 f^ dp = -23 x 10" 



29 



P-1 



1 5 

3 



(-23 x 10- 29 ) (I - I) = f x 10 



1-29 



andW 2 = /;^dp = /;^dp 



-23 x 10 



-29 



P + l 



(-23 x 10- 29 ) (i - i) 



23 xur 29 

12 



(3-2) 



23 
12 



x 10~ 29 . Therefore 



W = Wi + W 2 = (f x 10~ 29 ) + (f| X 10" 29 ) = f X 10~ 29 w 7.67 x 10~ 29 J 
6.7 FLUID PRESSURES AND FORCES 

1 . To find the width of the plate at a typical depth y, we first find an equation for the line of the plate's 

right-hand edge: y = x — 5. If we let x denote the width of the right-hand half of the triangle at depth y, then 
x = 5 + y and the total width is L(y) = 2x = 2(5 + y). The depth of the strip is (— y). The force exerted by the 

water against one side of the plate is therefore F = J w(— y) • L(y) dy = J 62.4 • (— y) • 2(5 + y) dy 
= 124.8 / 5 V5y - y 2 ) dy = 124.8 [- § y 2 - | y 3 ] "J = 124.8 [(- § • 4+ | - 8) - (- § - 25 + | - 125)] 



= (124.8) (±f - if) = (124.8) ( 315 ~ 234 ) = 1684.8 lb 



2. An equation for the line of the plate's right-hand edge is y = x — 3 => x = y + 3. Thus the total width is 
L(y) = 2x = 2(y + 3). The depth of the strip is (2 — y). The force exerted by the water is 

F = £w(2 - y)L(y) dy = J°62.4 • (2 - y) • 2(3 + y) dy = 124.8 /° (6 - y - y 2 ) dy = 124.8 [6y - £ - £ 

= (-124.8) (-18 -| + 9) = (-124.8) (- f ) = 1684.8 lb 



3. Using the coordinate system of Exercise 4, we find the equation for the line of the plate's right-hand edge is 

y = x — 3 =>■ x = y + 3. Thus the total width is L(y) = 2x = 2(y + 3). The depth of the strip changes to (4 — y) 

=> F = £w(4 - y)L(y) dy = £62.4 • (4 - y) • 2(y + 3) dy = 124.8 £(12 + y - y 2 ) dy 



124.8 



[l2y+£ 



o 

-3 



(-124.8) (-36 +|+9) = (-124.8) (- f ) = 2808 lb 
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4. Using the coordinate system of Exercise 4, we see that the equation for the line of the plate's right-hand edge 
remains the same: y = x — 3 => x = 3 + y and L(y) — 2x — 2(y + 3). The depth of the strip changes to (— y) 

=> F = J°w(-y)L(y) dy = J" 62.4 ■ (-y) • 2(y + 3) dy = 124.8 J° 3 (-y 2 - 3y) dy = 124.8 



3 V 2 

2 y 





-3 



= (-124.8) (f - f) = 



(-124.8)(27)(2-3) 



= 561.61b 



5. Using the coordinate system of Exercise 4, we find the equation for the line of the plate's right-hand edge to be 
y = 2x - 4 => x = ^ and L(y) = 2x = y + 4. The depth of the strip is (1 - y). 



(a) F= /°w(l-y)L(y)dy= /_°62.4 - (1 - y)(y + 4) dy = 62.4 J°J4 - 3y - y 2 ) 



- 3y - y 2 ) dy = 62.4 



1 o 



= (-62.4) 
(b) F = (-64.0) 



( _ 4 )(4) - + 64 



= (-62.4) (-16 - 24+ f ) = ( - 62 - 4)( -' 20 + 64) = 1164.8 lb 



(-4)(4) 



(3X16) 



(-64.0X-120 + 64) 



1194.7 lb 



6. Using the coordinate system given, we find an equation for 
the line of the plate's right-hand edge to be y = — 2x + 4 
=^ x = ^2 and L(y) = 2x = 4 - y. The depth of the 

strip is (1 - y) F = J q w(l - y)(4 - y) dy 



62.4 J o '(y 2 - 5y + 4) dy = 62.4 



2 



i 1 



(62.4) (i-f +4) =(62.4) 



'2-15 + 24 



(62.4)(11) 



114.41b 



y(ft) 




7. Using the coordinate system given in the accompanying 
figure, we see that the total width is L(y) = 63 and the depth 

of the strip is (33.5 - y) =^ F = ^^(33.5 - y)L(y) dy 
= So\% ■ ( 33 - 5 - Y) • 63 dy = (§) (63) J fl 33 (33.5 - y) dy 

64 



(§)(63) 



33.5y 



(^P) [(33.5)(33) 



ML 

2 



(64)(63)(33)(67 - 33) 
(2) (123) 



1309 lb 



y(in) 
33.51 surface 
33^0 1 




x (in) 



-31.5 



31.5 



8. (a) Use the coordinate system given in the accompanying 
figure. The depth of the strip is ( -M- — y) ft 

=*" F= J " /6 w -y) (width) dy 



(62.4)(width)/ o U/6 (if-y) dy 

11/6 



(62.4)(width) 







y (ft) 



11/6 




surface 



x(ft) 



(62.4)(width) 



F end = (62.4)(2) ($) (|) w 209.73 lb andF side = (62.4)(4) (f ) (i) w 419.47 lb 



(b) Use the coordinate system given in the accompanying 
figure. Find Y from the condition that the entire volume 



of the water is conserved (no spilling): 



2-4 = 2-2- Y 



=> Y = " ft. The depth of a typical strip is (y - y) ft 
and the total width is L(y) = 2 ft. Thus, 

F = JT w (T-y) L (y) d y 




surface 



x(ft) 



/ (62.4) ( T -y) -2dy = (62.4)(2) 



^y 



11/3 




(62.4)(2) 



(62.4)(121) 



838.93 lb 



the fluid 



force doubles. 
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Using the coordinate system given in the accompanying 
figure, we see that the right-hand edge is x = y/l — y 2 
so the total width is L(y) = 2x = 2\J 1 — y 2 and the depth 
of the strip is (— y). The force exerted by the water is 

therefore F = J w - (— y) • 2y/ 1 — y 2 dy 



= 62.4 -y 2 d(l - y 2 ) = 62.4 



y(ft) 




f (i -y 2 ) 3/s 



(62.4) (|) (1-0) = 416 lb 



x(ft) 



10. Using the same coordinate system as in Exercise 15, the right-hand edge is x = \Jl 2 — y 2 and the total width is 
L(y) = 2x = 2^/9 — y 2 . The depth of the strip is (— y). The force exerted by the milk is therefore 



F = £ w • (-y) • 2^/9 - y 2 dy = 64.5 £ ^9 - y 2 d (9 - y 2 ) 
= (64.5)(18) = 1161 lb 



64.5 



(9-y 2 ) 3/2 l°_ 3 = (64.5)(f)(27-0) 



11. The coordinate system is given in the text. The right-hand edge is x = ^/y and the total width is L(y) = 2x = 2^yy. 

(a) The depth of the strip is (2 — y) so the force exerted by the liquid on the gate is F = w(2 — y)L(y) dy 

= / o 50(2 - y) • 20^ dy = 100 £(2 - y)^/y dy = 100 £ (2y J / 2 - y 3/ 2 ) dy = 100 [f y 3 / 2 - § y 5 / 2 ] J 
= 100 (| - f) = ( ™) (20 - 6) = 93.33 lb 

(b) We need to solve 160 = J 'w(H - y) • dy for h. 160 = 100 - § ) H = 3 ft. 

12. Use the coordinate system given in the accompanying figure. The total width is L(y) = 1. 

(a) The depth of the strip is (3 — 1) — y = (2 — y) ft. The force exerted by the fluid in the window is 



F = £ w(2 - y)L(y) dy = 62.4 £(2 - y) - 1 dy = (62.4) [2y - 

(b) Suppose that H is the maximum height to which the 
tank can be filled without exceeding its design 
limitation. This means that the depth of a typical 
strip is (H — 1) — y and the force is 

F = £ w[(H - 1) - y]L(y) dy = F max , where 
F max = 312 lb. Thus, F max = w £ [(H - 1) - y] - 1 dy = (62.4) 



= (62.4)(2-i) = (-4x3) =93.6 lb 



y (ft) 




(H - l)y 



2 1 1 



x(ft) 

bottom 

(62.4) (H - f ) 



= (^) (2H - 3) = -93.6 + 62.4H. Then F max = -93.6 + 62.4H 312 = -93.6 + 62.4H 



H 



405.6 
62.4 



6.5 ft 



13. Suppose that h is the maximum height. Using the coordinate system given in the text, we find an equation for 



4 y. The total width is L(y) = 2x = I y and the 



the line of the end plate's right-hand edge is y = | x : 
depth of the typical horizontal strip at level y is (h — y). Then the force is F = J o w(h — y)L(y) dy = F max , 

where F max = 6667 lb. Hence, F raax = w£ (h - y) - \ y dy = (62.4) (f ) / (hy - y 2 ) dy 



' = (62.4) (I) (f - f ) = (62.4) (I) (I) h 3 = (10.4) (f) h 3 h 



(62.4) (I) 



(4) ( 10*4) 



= y(|) (^|f) w 9.288 ft. The volume of water which the tank can hold is V = \ (Base)(Height) • 30, where 
Height = h and \ (Base) = | h V = (| h 2 ) (30) = 12h 2 « 12(9.288) 2 w 1035 ft 3 . 
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14. (a) After 9 hours of filling there are V = 1000 • 9 = 9000 cubic feet of water in the pool. The level of the water 
is h = aSI' where Area = 50 • 30 = 1500 h = f|| = 6 ft. The depth of the typical horizontal strip at 
level y is then (6 — y) for the coordinate system given in the text. An equation for the drain plate's 
right-hand edge is y = x =>■ total width is L(y) = 2x = 2y. Thus the force against the drain plate is 

F = £ w(6 - y)L(y) dy = 62.4 £ (6 - y) • 2y dy = (62.4)(2) £(6y - y 2 ) = (62.4)(2) 

= (124.8) (3 - |) = (124.8) (f) = 332.8 lb 
(b) Suppose that h is the maximum height. Then, the depth of a typical strip is (h — y) and the force 

F = J o w(h - y)L(y) dy = F max , where F max = 520 lb. Hence, F max = (62.4) J o '(h - y) - 2y dy 



124.8 J o '(hy - y 2 ) dy = (124.8) 



2 



(124.8) (| - |) = (20.8)(3h - 2) 



520 
20.8 



3h-2 



=>. h = f = 9 ft 



15. The pressure at level y is p(y) = w • y =>• the average 



nb nb 

pressure is p = ± J q p(y) dy = ± J q w • y dy 



w 



(f) ( T ) = IT ■ ^his * s ^ e P ressure at level | , which 



is the pressure at the middle of the plate. 




nb nb nb 

16. The force exerted by the fluid is F = | w(depth)(length) dy = I w • y • a dy = (w • a) | y dy = (w • a) 
;*)-(*) - P • Area, wLe p „ tte _ B e ^ Press » re (s ee Jl 



X0 
(62.4) (2y 4 — y 2 ) (— y) dy 

= (62.4) J° 2 (4 - y 2 ) 1/2 (-2y) dy = (62.4) § (4 - y 2 ) 3/2 ° = (62.4) (§) (4 3 / 2 ) = 332.8 ft • lb. The force 

compressing the spring is F = lOOx, so when the tank is full we have 332.8 = lOOx =>■ x w 3.33 ft. Therefore 
the movable end does not reach the required 5 ft to allow drainage => the tank will overflow. 



-1.5 



1.5 



18. (a) Using the given coordinate system we see that the total y(ft) 
width is L(y) = 3 and the depth of the strip is (3 — y). 

Thus,F= J o 3 w(3-y)L(y) dy = £(62.4)0 - y) - 3 dy 

= (62.4)(3) £ (3 - y) dy = (62.4)(3) [3y - £] ' 

= (62.4)(3) (9 - |) = (62.4)(3) (§) = 842.4 lb 
(b) Find a new water level Y such that F Y = (0.75)(842.4 lb) = 631.8 lb. The new depth of the strip is 

(Y — y) and Y is the new upper limit of integration. Thus, F Y = f Q w(Y — y)L(y) dy 
= 62.4 J o V - y) • 3 dy = (62.4)(3) £ (Y - y) dy = (62.4)0) [Yy - £ ] * = (62.4)(3) (y 2 - f ) 

= x/6J5 w 2.598 ft. So, AY = 3 - Y 



= (62.4)(3) (y) ■ Therefore, Y = 
« 3 - 2.598 0.402 ft w 4.8 in 



2F, 



(62.4)(3) 



1263.6 
187.2 



19. Use a coordinate system with y = at the bottom of the carton and with L(y) = 3.75 and the depth of a typical strip being 



(7.75 - y). Then F = X"w(7.75 - y)L(y) dy = (f^) (3.75) /" 5 (7.75 - y) dy = (ff) (3.75) 
= (^) (3 .75)2f£ « 4.2 lb 



7.75y - \ 



n 7.75 
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20. The force against the base is F base = pA = whA = w - h - (length)(width) = (^) (10)(5.75)(3.5) w 6.64 lb. 

To find the fluid force against each side, use a coordinate system with y = at the bottom of the can, so that the depth of a 



n 10 

typical strip is (10 — y): F = J o w(10 — y) ( 



width of \ 
the side / 



dy=(§)( 



width of "\ 
the side ) 



lOy- 



i 10 



= (§) ( tele ) (lP) => F ^ = (if) (50)(3.5) « 5.773 lb and F s , de = (§) (50)(5.75) w 9.484 lb 



21. (a) An equation of the right-hand edge is y = | x =4> x = 4 y and L(y) = 2x = -f . The depth of the strip 

is (3 - y) => F = J o w(3 - y)L(y) dy = J 3 (62.4)(3 - y) (f y) dy = (62.4) • (f) £ (3y - y 2 ) dy 

= (62.4) (|) [fy 2 -^ = (62.4) (|) [f - f ] = (62.4) (f ) (f ) = 374.4 lb 
(b) We want to find a new water level Y such that F Y = \ (374.4) = 187.2 lb. The new depth of the strip is 
(Y — y), and Y is the new upper limit of integration. Thus, Fy = f Q w(Y — y)L(y) dy 



62.4 J o Y (Y - y) (| y) dy = (62.4) (f ) £ (Yy - y 2 ) dy = (62.4) (f) 



3 



(62.4) (*) (* - *) 



(62 .4) (|) Y 3 . Therefore Y 



3 



9F V 



(9)(187.2) 



(9)(187.2) 



Vl3-5 « 2.3811 ft. So, 



2-(62.4) 124.8 ^ V 124 - 8 

AY = 3- Y«3 - 2.3811 w 0.6189 ft w 7.5 in. to the nearest half inch, 
(c) No, it does not matter how long the trough is. The fluid pressure and the resulting force depend only on depth of the 
water. 



22. The area of a strip of the face of height Ay and parallel to the base is 100 (||) • Ay, where the factor of if accounts for the 
inclination of the face of the dam. With the origin at the bottom of the dam, the force on the face is then: 



J. 24 
w(24-y)(100)(!)dy = 6760 



24y 



6760 24 



(24 2 - f ) 



1,946,880 lb. 



CHAPTER 6 PRACTICE EXERCISES 



1. A(x) = | (diameter) 2 = | (^/x - x 2 ) 2 
= f (x - 2^/x • x 2 + x 4 ) ; a = 0, b = 1 

=> V = £a(x) dx = f f (x - 2x 5 /' 2 + x 4 ) dx 

_ 7T W _ 4 7/2 , yf \ 1 - S fl 
4 [ 2 7 A 5 J o _ 4 ^ 2 



7 + ^; 



(35 - 40 + 14) 



4-70 



9- 
280 




2. A(x) = i (side) 2 (sin f ) = & (2^/x" - x) 



(4x - 4x0c + x 2 ) ; a = 0, b = 4 



V = /"a(x) dx = ^ J fl 4 (4 x _ 4 x 3/2 + x 2) dx 



= a£ [ 2x 2 - fx 5 / 2 + n = & (32 - 5f ^ « 



32 

4 



5 

(1-1+ t) 





^2(15-24+10) = 
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3. A(x) = | (diameter) 2 = | (2 sin x — 2 cos x) 2 
= | • 4 (sin 2 x — 2 sin x cos x + cos 2 x) 
= tt(1 - sin2x); a = f , b = ^ 

^ V= A(x)dx = 7r I (l-sin2x)dx 

J a </7r/4 

_ „ l"„ i cos 2x1 5?r / 4 




2 J jr/4 



(f + =5 i )-(f-T i ) 



4. A(x) = (edge) 2 



a = 0,b = 6 V = 



6- ,/x 



-Oj = (\/6- \/x) 4 = 36 - 24^6 Vx + 36x- 4^x3^ + x 2 
J a A(x) dx = (36 - 24 V* + 36x - 4V / 6x 3 / 2 + x 2 ) dx 



36x - 24^/6 • \ x 3 / 2 + 18x 2 - A\fl ■ | x 5 / 2 



216 - 16 • \/6 • 6 + 18 • 6 2 - f \/6 • 6 2 



= 216 - 576 + 648 - + 72 = 360 - , 



1728 _ 1800-1728 _ 72 



5. A(x) = I (diameter) 2 = f - f ) 2 = | (4x - x 5 / 2 + f±) ; a = 0, b = 4 V = J^x) dx 



|/ o 4 (4x-x5/ 2 + ^)dx=f 



2x 2 - f x 7 / 2 



5-16 



= f (32-32- f + |-32) 



32£ h _ 5 
4 V 1 7 



s i 2^ 



|f (35 - 40 + 14) - ^ 



35 



6. A(x) = i (edge) 2 sin (f ) = & [2y/x - (-2y/x)] 3 
= ^ (V*)* = 4 \/3x; a = 0, b = 1 
=> V = /Vx) dx = f^y/lx dx = [2V^x 2 
= 2V"3 



n 1 






y 2 = 4x 



7. (a) disk method: 

V = /Vr^x) dx = J 7r (3x 4 ) 2 dx = tt 9x 8 dx 

= 7T [X 9 ] _j = 27T 



(b) s/ie/Z method: 

V = /> ( r f d t) (£t) ^ = />x (3x 4 ) dx = 2n ■ 3 dx = 2tt - 3 

Note: The lower limit of integration is rather than —1. 

(c) shell method: 




3x 5 

5 2 



1 1 

-1 



M(! -£)-(- 



V = I 2tt ( ** ) ( **) dx = 2*/> - x) (3x 4 ) dx = 27T 
(d) washer method: 

R(x) = 3, r(x) = 3 - 3x 4 = 3 (1 - x 4 ) ^> V = f\ [R 2 (x) - r 2 (x)] dx = fit [9 - 9 (1 - x 4 ) 1 



3 _ 1 
5 2 



dx 



)] 



127T 

5 



9tt J\[l -(1 - 2x 4 + x 8 )] dx = 9tt / ( (2x 4 - x 8 ) dx = 9tt - = 18tt [| - |] 



\2 11 _ 2tt-13 _ 26tt 
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^) 2 



dx = 7T [- 16 



)] =7 r(-i-i + ^ + J) = &(-2- 10 + 64 + 5)=^ 
2 7 r[(-|-l)-(-4-i)]=2 7 r(|) = 



-4x" 



n 2 
1 



8. (a) washer method: 

R(x) = £ , r(x) = \ => V = £tt[R 2 (x) - r 2 (x)] dx = 
„. r/ -16 n /- 16 

(b) s/ie/Z method: 

(c) s/ieZZ method: 

v = 2^x b (^) ( - j) dx = 2 -j> - x > (? - \) dx - ^rt? - ? - 1 + 1 ) dx 

= 2tt [- | + f - x + £ ] * = 2tt [(-1 + 2 - 2 + 1) - (-4 + 4 - 1 + \)] 

(d) washer method: y ^ = 4 
V = J\[R 2 (x) - r 2 (x)] dx 



x~ J - 



x] 2 
A\ 1 



5tt 
2 



3_£ 

2 



"J/ [G) 2 -( 4 -^ 



dx 



_ 49tt 

~~ 4 

_ 49tt 
4 

_ 497T 

— 4 

_ 49tt 

" 4 



167rJ^'(l-2x- 3 + x- 6 )dx 

16tt[x + x- 2 -^ 2 

167T [(2+ i - - (1 + 1 - i)] 

16tt(± 



160 T 5^ 

^ - {§ (40 - 1 + 32) 



497T _ 7l7T 1037T 

4 10 20 




:J->< 



9. (a) cfofc method 



V = 7T J ] f VX- lV dx = 7T /^(X- l)dx = 7T 

= 7 r[(f-5)-(I-l)]= 7 r 1 (f-4)=8 7 r 



— x 



(b) washer method: 

R(Y) = 5, r(y) = y 2 + 1 => V = £ tt [R 2 (y) - r 2 (y)] dy = tt £ [25 - (y 2 + 1) 

= tt £(25 - y 4 - 2y 2 - 1) dy = tt fjlA - y 4 - 2y 2 ) dy = n [24y 



5 3 > 



: 32tt (3 - I - i) = ^ (45 - 6 - 5) 



1088t: 
15 



(c) disfc method: 

R(Y) = 5 - (y 2 + 1) = 4 - y 2 
=>. V = J c ttR 2 (y) dy = J n (4 - y 2 ) 2 dy 

= tt £(16 - 8y 2 + y 4 ) dy 



[l6y 



M 4. £. 

3 T 5 



:2tt (32- £ 



64 , 32N 
3^5/ 



= 64tt (l - | + A) = (15 - 10 + 3) = 



dy 



-2 



: 2tt (24 • 2 - f - | - 8) 



2- 






















5 


-2- 







10. (a) s/ieZZ method: 

V = £ 2. (** ) (**) dy = J>y (y - f ) dy 

= 2*JT (**-?) d y = 2.[^-^]^2.(f-f) 



— • 64 

12 u ^ 



327T 

3 
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(b) shell method: 



V = J> ( ** ) ( **) dx = J>x (2^x - x) dx = 2./; (2x3/2 _ ^ dx = 2?r 



5/2 _ r 



2^(1-32-^ = ^ 



(c) s/ieZZ method: 

V = J> ( ** ) (**) dx = J>(4 - x) (2^ - x) dx = 2.J>xi/ 2 -4x- 2x 3 / 2 + x») dx 



27r [| x 3 / 2 - 2x 2 - | x 5 / 2 + f ] * = 2tt (f - 8 - 32 - f - 32 + f ) = 64tt (f - 1 



= 647r(l-f)= 5 



64 - 



(d) shell method: 

V = £ 2n ( ) ( **) dy = J>(4 - y) (y - f ) dy = 2^ (4y - y 



2 -y 2 + ^ 



) dy 



2- X 4 ( 4 y - 2 y 2 + t) d y = 27r [ 2 y 2 - 1 y 3 + fs] = 27r ( 32 - 1 ■ 64 + 16 ) = 327r ( 2 - 1 + l ) 



32tt 



11. disk method: 

R(x) = tan x, a = 0, b = § V = tt J tan 2 x dx = tt J (sec 2 x - 1) dx = ?r[tan x - xf /d = '- 



12. disfc method: 

V = tt J q (2 - sin x) 2 dx = tt J q (4 - 4 sin x + sin 2 x) dx = tt J q (4-4 sin x + '- c ° s2 * ) dx 
= tt [4x + 4 cos x + f - * = tt [(4tt - 4 + \ - 0) - (0 + 4 + - 0)] = tt - 8) = § (9tt - 16) 



f - x 4 + I X 3 



n 2 



7T(f-16+f) 



J" 7r dx + J" tt (x — l) 4 dx = 2tt 



13. (a) disk method: 

V = tt J o 2 (x 2 - 2x) 2 dx = tt Jjx 4 - 4x 3 + 4x 2 ) dx == tt 

= ^ (6 - 15 + 10) = 3gE 

(b) washer method: 

V= J\[l 2 -(x 2 -2x + l) 

(c) s/ieZZ method: 

v = /> (^) (S) dx = ^J^ 2 - x ) t- ( x2 - 2x )l dx = 2 ^ 2 - x > ( 2x - x2 ) dx 

= 2?r J q 2 (4x - 2x 2 - 2x 2 + x 3 ) dx = 2tt jq 

= \ (36 - 32) = f 

(d) washer method: 

V = tt Jj2 - (x 2 - 2x)] 2 dx - tt £ 2 2 dx = tt £ [4 - 4 (x 2 - 2x) + (x 2 - 2x) 2 dx - 8tt 
= tt J (4 - 4x 2 + 8x + x 4 - 4x 3 + 4x 2 ) dx - 8tt = tt £(x 4 - 4x 3 + 8x + 4) dx - 8tt 



27T — TT 



2 _ 8tt 
5 — 5 



: - 2 J ' v J o 2 (x 3 - 4x 2 + 4x) dx = 2tt - § x 3 + 2x 2 ^ = 2tt (4 - f 



.[f-x 4 



4x 2 + 4x 



8tt = tt (f - 16 + 16 + 8) - 8tt = f (32 + 40) - 8tt = ^ - ^ = ^ 



14. disfc method: 

-•■kJA 



V = 2tt J" 4 tan 2 x dx = 8tt J" (sec 2 x - 1) dx = 87r[tan x - xfj 4 = 2tt(4 - tt) 
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15. The material removed from the sphere consists of a cylinder 
and two "caps." From the diagram, the height of the cylinder 

is 2h, where h 2 + Cs/z) 2 = 2 2 , i.e. h = 1. Thus 

V cy i = (2h)n(\/3\ = 6ir ft 3 . To get the volume of a cap, 



use the disk method and x 

•>2 



4(8- 



> 2 = 2 2 : V. 

2 
1 



f 7rx 2 dy 



— y 2 )dy = 7r 4y — y 
I) - ( 4 - j)] = T ft3 - Therefore, 

cyl 



V rem0 ved = V cyl + 2V cap = 6n + ^ = 281 ft 3 




3 



3 



16. We rotate the region enclosed by the curve y = J 12(1 - gj) and the x-axis around the x-axis. To find the 



121 . 

11/2 



volume we use the disk method: V = 7rR 2 (x) dx = J % (\J 12 (l 
= ^fZi 1 - M) dx = 12. [x - g\ U/ " = 24n [ T - (&) ( 



4x- 
121 



2 pll/2 
dx = 7T 12 1 

J -11/2 



(l-f)dx 



11 \ 3 

363^ V 2 J 



= 1327T 



1 - 



(363) (f ) 



= 132tt (1 - i) = ^ = 88tt « 276 in 



,3 



17- y = xV 2 -f => g = ix-V 2 -I x V2 ^ (g) 2 = I(^-2 + x) => L = / i 7l + i(i-2 + x)dx 

=> L = J | 4 v / i(i+2 + x) dx = XVH x " V2 + xl/2 ) 2dx = jTa ( x_1/2 + xV2 ) dx = 2 [ 2xV2 + f x3/2 ] I 
= I[(4+l"8)-(2+|)]=H2+f) = f 



18. x = y 2 / 3 => | = fx-V3 ^ (|) = ^ 

= J" V 3x 2 1 / / 3 3 +4 dx = | f'y/9xV 3 + 4 (x- 1 / 3 ) dx; [u = 9x 2 / 3 + 4 =► du = ey" 1 / 3 dy; x = 1 u = 13, 
:8=*.u = 40]-fL=i£° u 1 / 2 du = i [| u 3 / 2 ] J° = i [40 3 / 2 - 13 3 / 2 ] « 7.634 



x = 



19. y = H 



5_ 6/5 _ 5 „4/5 

■ A o A 



dy _ l „l/5 _ l „ 

dx — 2 A 2 A 



-2/5 



') 



1 (x 2 / 5 - 2 + x- 2 / 5 ) dx 



= /; 2 i( x v5 +x 

= ^(1260 + 450) = ^ = ^§5 



L = J 1 3 V3(x 2 / 5 +2 + x- 2 / 5 )dx = / Ji (xV5 +x -i/5) 2 dx 

i 

r^dx = i[!x 8/B + !^f = H(l-2 8 + f -2*) -(f + |)] = H¥ + ?) 

)1 — 1210 _ 285 



20- x = iy 3 + i => => (|) = £ 



v 4 - - + A 

16 * 2 T y 1 



r 



XV*y 4 + 5 + ?*=/,V(' ! ' 2 + ?) 2<1J ' = /.'(' y2 + ?) <l! ' = [A y *-' 



16 ' 2 ' y 4 

n 2 



(l2 2) (l2 l) 



1 + 1 
1J T 2 



13 
12 



1 



21. § = -5 sin t + 5 sin 5t and & = 5 cos t - 5 cos 5t : 



(—5 sin t + 5 sin 5t) 2 + (5 cos t — 5 cos 5t) 9 



, dt/ 



= 5y/ sin 2 5t — 2sin t sin 5t + sin 2 t + cos 2 1 — 2cos t cos 5t + cos 2 5t = 5^/2 — 2(sin tsin 5t + cos tcos 5 t) 
= 5^/2(1 - cos 4t) = 5 J 4(1) (1 - cos 4t) = 10\/sin 2 2t = 10|sin 2t| = lOsin 2t (since < t < | ) 
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Length = £ 2 lOsin 2tdt = [-5 cos 2t] q /2 = (-5)(-l) - (-5)(1) = 10 



22. g = 3t 2 - 12t and g = 3t 2 + 12t J (f ) 2 + )' = y^t 2 - 12t) 2 + (3t 2 + 12t) 2 = \/288t 2 



18t 4 



3V^ |t|v/l6 + t 2 =► Length = J 3y/l \t\y/l6 + t 2 dt = 3^ J" t Vl6 + t 2 dt; 



u = 16 + t 2 ^ du = 2t dt 



=>■ idu = t dt; t = => u = 16; t = 1 =>• u = 17 



2 J 16 



J 16 y ll du=^[|u-] 1 1 6 7 = ^(|(17) 3fl -|(16)-) 



^•|((17) 3/2 -64) 



2((17) 3/2 -64) 



8.617. 



23. % = -3 sin and | = 3cos 9 



(§) + 



dy ^ _ 



(-3 sin 0) 2 + (3 cos 0) 2 = ^3 (sin 2 + cos 2 0) = 3 



Length = *3d0 = 3 d0 = 3(f - 0) = f 



3?r/2 



, 

24. x = t 2 and y = f - t, -a/3 < t < \/3 =4> f = 2t and f = t 2 - 1 Length = J A y'(2t) 2 + (t 2 - l) 2 dt 



= J_^\/t 4 + 2t 2 + ldt 
= 4V^ 



/ ' ^ + 2t 2 + l dt = f' yV + I) 2 dt = (t 2 + 1) dt 



•V3 



V3 
V3 



1 

-V3 



25. Intersection points: 3 — x 2 = 2x 2 =>■ 3x 2 — 3 = 

=> 3(x - l)(x + 1) = =>■ x = -1 or x = 1. Symmetry 
suggests that x = 0. The typical vertical strip has 

center of mass: (x ,f ) = fx, 2x + ^ ~ x - ) = fx, 51 ^) , 

length: (3 - x 2 ) - 2x 2 = 3 (1 - x 2 ), width: dx, 
area: dA = 3(1— x 2 ) dx, and mass: dm = 6 ■ dA 
= 36 (1 — x 2 ) dx =>• the moment about the x-axis is 



= 36 



-f -f+3x 





|3|p 


=3-x2 

mm 

WW 






111 


Fy=2x2 




-1 




1 X 

1 




=> M x = Jy dm= 


-x 4 - 2x 2 4 


-3) dx 


10 + 45) = ; M = ^ 


f dm = 


= 36fjl 


- x 2 ) dx 



x — 



66 (1 - |) = 46 



v — Mi — 326 8 
J M 5-45 5 



Therefore, the centroid is (x, y) = (0, I) 



26. Symmetry suggests that x = 0. The typical vertical 

strip has center of mass: (x , y ) = fx, , length: x 2 , 

width: dx, area: dA = x 2 dx, mass: dm = 6 ■ dA = <5x 2 dx 
=> the moment about the x-axis is y dm = | x 2 • x 2 dx 



x 4 dx ^> M x = / y dm = f f\ x 4 dx = ^ [x 5 ] 2 2 



= T5 (2 5 ) = ^;M = /dm = 6 fx 2 dx = 6 
centroid is(x, y) = (0, |) . 




f (2 3 ) 



166 

3 



y = & = = I • Therefore, the 
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27. The typical vertical strip has: center of mass: (x , y 1 ) 

4 + ^ 



area: dA 
-«(4-S) 
y" dm = 5 • 



length: 4 - ^ , width: dx, 
^4 — dx, mass: dm = 6 • dA 



dx 

4 + 4) 



the moment about the x-axis is 



(4-f)dx=§ (l6 - dx; the 




y=(l/4) X 2 



moment about the y-axis is 3c dm = 6 ^4 — ^ • x dx = 6 ^4x — dx. Thus, M x = J y dm = | J g f 16 — dx 



16x- 



1285 



= |[64-fJ= , 



M y = / x dm = <5 j o (4x - ?f) dx =5 
= 5(32-16)=16 ( 5;M = /dm = 5/ o 4 (4-f)dx = ( 5[4x-f;]^6(l6-|; 



2x 2 - 

_ 326 
~~ 3 



16 



- — - ^ = | and y = ^ = ^§|f = f . Therefore, the centroid is (x, y) 



= (§.?) 



28. A typical horizontal strip has: 



center of mass: (3c , y" ) = ^ y | y . yj , length: 2y — y 2 , 

width: dy, area: dA = (2y — y 2 ) dy, mass: dm = 6 ■ dA 
= S (2y — y 2 ) dy; the moment about the x-axis is 
y dm — 6 ■ y ■ (2y — y 2 ) dy = 6 (2y 2 — y 3 ) ; the moment 

about the y-axis is jc dm = 6 ■ ^ y ^ 2y - ) • (2y — y 2 ) dy 
= f (4y 2 - y 4 ) dy => M x = / y dm = 6 Jj2y 2 - y 3 ) dy 




= 6 



fy 3 



= <5(|-8-f)=«5(f- 1 |)=^ = f ;M y = /xd m =fJ>y 2 -/)dy 



325 



M 



/dm=«/ o 2 (2y-y 2 )dy 



_ 6 (±& _ 32 \ 
~ 2 V 3 5 I 

y = M* = |£| = l. Therefore, the centroid is (x,y) = (§, l) 



y 2 - y i 



5(4- 



4^ 
3 



My 
M 



jy 3 - 

5-32-3 
15-5-4 



and 



29. A typical horizontal strip has: center of mass: (x ,y ) 
= (j*^, y) . length: 2y - y 2 , width: dy, 

area: dA = (2y — y 2 ) dy, mass: dm = 6 ■ dA 
= (1 + y) (2y — y 2 ) dy => the moment about the 

x-axis is y' dm = y(l + y) (2y — y 2 ) dy 
= (2y 2 + 2y 3 - y 3 - y 4 ) dy 

= (2y 2 + y 3 — y 4 ) dy; the moment about the y-axis is 




x dm = f 5 ^) (1 + y) (2y - y 2 ) dy = \ (4y 2 - y 4 ) (1 + y) dy = \ (4y 2 + 4y 3 - y 4 - y 5 ) dy 



M, 



Jydm= J 2 (2y 2 +y 3 -y 4 ) dy 



|y 3 



,1 2 



(16 -L 16 
V 3 T 4 



16Q 



= 1 |(20+15-24) = ^(ll)=g;M y = / x dm = f\ (4y 2 + 4y 3 - y 4 - y 5 ) dy = \ 



l 

4 

fy 3 - 



1 ( 4-2 3 
2^3 

X"(2y + y 2 -y 3 )dy 



)-«< 



9 _ 4 _ 8 
z 5 6 



) =4(2-f) = f ;M=/dm = £ (1 + y) (2y - y 2 ) dy 



= (4+|-f) = | =►!=£ = (!)(!) = § mdy^ 



(t)r 



44 
40 



. Therefore, the center of mass is (x, y) = ( |, |g) . 



30. A typical vertical strip has: center of mass: (x ,y )= (x, 2173) > length: -J75 , width: dx, 
area: dA = -J73 dx, mass: dm = <5 • dA = <5 • -4j dx =>• the moment about the x-axis is 
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y dm = ^Itj • S^ijz dx = ^ dx; the moment about the y-axis is 3c dm = x • 6^ dx = ^ dx 



2x :; 

(a) M I = 5/ i 9 i(|)dx=f 



206 
9 



; M y = «Jj x (Jj) dx = 36 [2X 1 / 2 ] J = 126; 
M = 5/;^dx = -6^x-V^ = 4^x=^ = ^ = 3aady=^ = M = | 

0») M- = JT I (?) = I h |] ! = 4; M y = /; x 2 (^) dx = [2x3/2] J = 52; M = £ x (^) dx 
= 6[xV 2] ; = l 2 ^x = ^ = fandy = ^ = | 



31. S = J>yJl 



dx; & = 1_ 

dx y dx ^/ 2 x + 1 



(I)' = 27TT => S = />^2xTT^l + ^ dx 



2tt J o V2x + 1 dx = 2^ f*^/x+ldx = 2^tt [f (x + l) 3 / 2 ] J = 2y^7r • | (8 - 1) = 



32. S = / a 2 7 ryJl+(|) dx; g = x 2 => (g) = x 4 =^ S = J o 2tt - f /T+4? dx = §/ o ^/T+x^ (4x 3 ) dx 



1 / o 'vT+^d(i + x 4 ) = i [| (i + x 4 ) 



,3/2' 



2^2- l] 



33. S = j 2r:x^ 1 + (|) dy; < 
=> S = J^tt ^/4y - y 



dy V4y - y 2 ^4y - y 2 



4y-r 



dy = 4ir J 



dx = 47T 



(I)" 



4y - y 2 + 4 - 4y + y 2 _. 4 

4y — y 2 4y — y 2 



34 - s = /> x \A+feT dy; $ = 277 1 + (af)' 



J_ _ 4y+ 1 
4y 4y 



7T J 2 6 V / 4yTTdy = f [f (4y + l) 3 / 2 ] J = § (125 - 27) = § (98) 



497T 

3 



35. x = | and y = 2t, < t < ^ f = t and ^ = 2 ^ Surface Area = J o 5 2 7 r(2t)v / t 2 + 4 dt = £ lim 1 ! 2 



du 



2^[?u 3 / 2 ] 



767T 

4 ~~ 3 



, where u = t 2 + 4 =>■ du = 2t dt; t = =>■ u = 4, t = V 5 u 



36. x = t 2 + i and y = 40, -4 < t < 1 =>• § = 2t - 4 and 



J_ ,r,H dy _ J_ 



Surface Area = f 2tt (t 2 + 1) J (2t - 4) 2 + (4 ;) dt = 2tt / (t 2 + ±) ^ (2t + 4) 



dl 



2 - IU t2 + 1) ( 2t + w) ^ = 2. r ( 2t 3 t - 3 ) dt = 2^ [| * + 1 1 - 1 r 2 ] ; 



2tt 2 



3^2 



37. The equipment alone: the force required to lift the equipment is equal to its weight =4> Fi(x) = 100 N. 

nb n40 

The work done is Wi = J Fi(x) dx = J o 100 dx = [100x]q° = 4000 J; the rope alone: the force required 
to lift the rope is equal to the weight of the rope paid out at elevation x =>• = 0.8(40 — x). The work 



J'b n40 r 

F 2 (x) dx = 0.8(40 - x) dx = 0.8 40x - 

the total work is W = Wi + W 2 = 4000 + 640 = 4640 J 



40 



= 0.8 



(40 2 - f ) 



_ (0.8)(1600) 



640 J: 



38. The force required to lift the water is equal to the water's weight, which varies steadily from 8 • 800 lb to 

8 • 400 lb over the 4750 ft elevation. When the truck is x ft off the base of Mt. Washington, the water weight is 

F(x) = 8 • 800 • ( 2 2 7 475o X ) = (6400) (l - ^) lb. The work done is W = f*F(x) dx 
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J 6400 (l-^)dx = 6400 
22,800,000 ft • lb 



x — 



2-9500 



4750 




6400 (4750 - = (|) (6400)(4750) 



39. Force constant: F = kx 



20 



W 



r 

Jo 



kx dx 



Jo 



dx 



20 



k- 1 

l 



W= J i J kxdx = k f\ dx = 20 



k = 20 lb/ft; the work to stretch the spring 1 ft is 
= 10 ft • lb; the work to stretch the spring an additional foot is 

= 20(| - 1) =20(|) =30 ft -lb 



40. Force constant: F = kx =>• 200 = k(0.8) =>• k = 250 N/m; the 300 N force stretches the spring x = | 

nl.2 nl.2 

1.2 m; the work required to stretch the spring that far is then W = J o F(x) dx = J o 250x dx 



300 _ 
250 

[125x 2 ]i- 2 = 125(1.2) 2 = 180 J 



41. We imagine the water divided into thin slabs by planes 
perpendicular to the y-axis at the points of a partition of the 
interval [0, 8]. The typical slab between the planes at y and 
y + Ay has a volume of about AV = 7r(radius) 2 (thickness) 

= 7r (| y) 2 Ay = ^ y 2 Ay ft 3 . The force F(y) required to 
lift this slab is equal to its weight: F(y) = 62.4 A V 

= (62 '^ (25) rry 2 Ay lb. The distance through which F(y) 
must act to lift this slab to the level 6 ft above the top is 
about (6 + 8 — y) ft, so the work done lifting the slab is about AW 



14 




8 













-y 

• X 



-10 10 
Reservoir's Cross Section 



(62.4X25) 
16 



7ry 2 (14 - y) Ay ft • lb. The work done 



lifting all the slabs from y = to y = 8 to the level 6 ft above the top is approximately 



W 



j2 (6Mp5j ^2 (!4 _ y ) Ay ft • lb so the work to pump the water is the limit of these Riemann sums as the norm of 



the partition goes to zero: W = f*^^ 1 ?ry 2 (14 - y) dy = (624 1 ) f 5)7r JjWy 3 - y 3 ) dy = (62.4) (^f) 



3 y 4 



(62.4) (^-8 3 -f) 



418,208.81 ft -lb 



42. The same as in Exercise 41, but change the distance through which F(y) must act to (8 — y) rather than 
(6 + 8 — y). Also change the upper limit of integration from 8 to 5. The integral is: 

w = y2(8 _ y) dy = (62 , 4) J o 5 ( 8 y 2 - y 3 ) dy = (62.4) (^ ) 



fy 3 



= (62.4) (?jf ) (§ • 5 3 - f ) ps 54,241.56 ft • lb 



43. The tank's cross section looks like the figure in Exercise 41 with right edge given by x = -4 y 



| . A typical 



horizontal slab has volume AV = 7r(radius) 2 (thickness) = n (|) 2 Ay = | y 2 Ay. The force required to lift this 
slab is its weight: F(y) = 60 • f y 2 Ay. The distance through which F(y) must act is (2 + 10 — y) ft, so the 



nlO 

work to pump the liquid is W = 60 J o 7r(12 — y) 
to empty the tank is 22 ' 5 °° f '; lb ps 257 sec 



) dy 



15tt 



Y2f_ 
3 



41 10 



22,5007r ft • lb; the time needed 



44. A typical horizontal slab has volume about AV = (20)(2x)Ay = (20) (2^/ 16 — y 2 ) Ay and the force required to 
lift this slab is its weight F(y) = (57)(20) (2y/ 16 — y 2 ) Ay. The distance through which F(y) must act is 
(6 + 4 — y) ft, so the work to pump the olive oil from the half-full tank is 

W = 57 J° 4 (10 - y)(20) (2^/16 - y 2 ) dy = 2880 J° 4 10^16 - y 2 dy + 1140 £"(16 - y 2 ) 1/2 (-2y) dy 
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= 22,800 • (area of a quarter circle having radius 4) + | (1 140) 
= 335,153.25 ft -lb 



(16-y 2 ) 3/2 



(22,800)(4tt) + 48,640 



45. F = £\V • • L(y) dy => F = 2 £(62A)(2 - y)(2y) dy = 249.6 £(2y - y 2 ) dy = 249.6 



(249.6) (4 



(249.6) (i 



332.8 lb 



46. 



F = f W • (r; p h ) • L(y) dy =► F = f*75 (f - y) (2y + 4) dy = 75/^ (§ y + f - 2y 2 - 4y) dy 

= 75 JT(t - I y " V) dy = 75 [f y - \ f 2 f] f = (75) [(§) - (|) (1) - (|) (1)] 
= (75)(f-l-^) = ( 5 f 5 )(25-216- 175-9-250-3) = M 



118.631b. 



47- F=J>- 



/ stri P ^ . L (y) dy ^ p = 6 2.4 J q (9 - y) (2 • ^) dy = 62.4 £ (9y 1/2 - 3y 3/2 ) dy 
= 62.4 [6y 3 / 2 - I f' 2 ] I = (62.4) (6 • 8 - § - 32) = (^) (48 • 5 - 64) = = 2196.48 lb 



48. 



Place the origin at the bottom of the tank. Then F = W • ( d s ^ t p h \ ■ L(y) dy, h = the height of the mercury column, 



strip depth = h - y, L(y) = 1 =► F = J h 849(h - y) 1 dy = (849) £(h - y) dy = 849 



hy 



849 



(h 2 - I) 



= ^fh 2 . Now solve ^h 2 = 40000 to get h » 9.707 ft. The volume of the mercury is s 2 h = l 2 • 9.707 = 9.707 ft 3 . 



49. F = wi £($ - y)(2)(6 - y) dy + w 2 JjB - y)(2)(y + 6) dy = 2 Wl / o '(48 - 14y + y 2 ) dy + 2w 2 J_° 6 (48 + 2y - y 2 ) dy 



= 2wi 



[48y - 7y : 



2 1 y 



+ 2w 2 [48y + y 2 - ^ 



= 216wi + 360w 2 



50. (a) F = 62.4/ o 6 (10-y)[(8-i)-(!)]dy 



62.4 



/ (240 - 34y + y 2 ) dy 



y m 6x 



62.4 

3 



240y - 17y 
= 18,7201b. 



2 _,_ r 

3 



6|4 (1440 -612 + 72) 



(1.6) 



(7/2,3) • 



(6.0) 




(8.0) 



(7.2) 



(b) The centroid {%, 3J of the parallelogram is located at the intersection of y = = x and y = — I x + y. The centroid of 



the triangle is located at (7, 2). Therefore, F = (62.4)(7)(36) + (62.4)(8)(6) = (300)(62.4) = 18,720 lb 
CHAPTER 6 ADDITIONAL AND ADVANCED EXERCISES 

1. V = 7T Jjf(x)] 2 dx = b 2 - ab tt f*[f(t)f dt = x 2 - ax for all x > a tt [f(x)] 2 = 2x - a =>■ f(x) = ± 



2. V = 7T Jjf(x)] 2 dx = a 2 + a => tt [f(t)] 2 dt = x 2 + x for all x > a =^ 7r[f(x)] 2 = 2x + 1 => f(x) = ± 



2x + 1 



3. s(x) = Cx =>- £ y/l + [f'(t)] 2 dt = Cx =» ^/l + [f'(x)] 2 = C f'(x) = VC 2 - 1 for C > 1 

f(x) = J* VC 2 - 1 dt + k. Then f(0) = a => a = + k => f (x) = J" \/C 2 - 1 dt + a ^> f(x) = x\/C 2 - 1 + : 



where C > 1 . 
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4. (a) The graph of f(x) = sin x traces out a path from (0, 0) to (a, sin a) whose length is L = / \J 1 + cos 2 9 d9. 

The line segment from (0, 0) to (a, sin a) has length y/(a — 0) 2 + (sin a — 0) 2 = \J a 2 + sin 2 a. Since the 
shortest distance between two points is the length of the straight line segment joining them, we have 

immediately that J \J 1 + cos 2 6 d9 > \/ a' 2 + sin 2 a if < a < | . 

(b) In general, if y = f(x) is continuously differentiable and f(0) = 0, then / \/ 1 + [f'(t)] 2 dt > \J a 2 + f 2 (a) 
for a > 0. 

5. From the symmetry of y = 1 — x", n even, about the y-axis for — 1 < x < 1, we have x = 0. To find y = ^,we 
use the vertical strips technique. The typical strip has center of mass: (%,¥)= (x, ^-jr^) , length: 1 — x°, 
width: dx, area: dA = (1 — x") dx, mass: dm = 1 • dA = (1 — x") dx. The moment of the strip about the 

x-axis is y dm = dx M x = = 2^1(1- 2x" + x 2 ") dx = [x - + J 

_ i 2 | 1 _ (n + l)(2n + 1) - 2(2n + 1) + (n + 1) _ 2rr + 3n + 1 - 4n - 2 + n+ 1 _ 2n 2 

n+1^2n+l (n+l)(2n+l) (n+l)(2n+l) (n + l)(2n + 1) • 

Also, M = /'dA = Jjl x") dx = 2 /'(l - x") dx = 2 [x - £i] J = 2 (l - ^ = g- v Therefore, 

y = m = ( n +!)(!+!) • ^ = STTT (°> 2HTl) is the location of the centroid. As n - oo, y - | so 
the limiting position of the centroid is (0, h) . 



6. Align the telephone pole along the x-axis as shown in the 
accompanying figure. The slope of the top length of pole is 

V Stt Xn) 1 ! 



40 



8vr 40 
11 



(14.5 - 9) 



5.5 

8tt-40 



8tt-80 



. Thus, 



y = h + x = ib ( 9 + §5 x ) is an e q uation of the 



line representing the top of the pole. Then, 

J»b n40 n 

a x.^y 2 dx = ^J o x [ g L(9+iix)] dx 

= <&/„ x (9 + ^ x) dx;M=/^y 2 dx 



X [8H9+8W] 2 dx=^Z (9- 



11 x) 2 dx. Thus, x 



\ 



80 



My 
M 



129,700 
5623.3 



A 



23.06 (using a calculator to compute 



the integrals). By symmetry about the x-axis, y = so the center of mass is about 23 ft from the top of the pole. 



7. (a) Consider a single vertical strip with center of mass (x , y 1 ). If the plate lies to the right of the line, then 
the moment of this strip about the line x = b is (x — b) dm = (x — b) 6 dA =>• the plate's first moment 
about x = b is the integral J (x — b)6 dA = J Sx dA — j Sb dA = M y — b<5 A. 
(b) If the plate lies to the left of the line, the moment of a vertical strip about the line x = b is 

(b — x ) dm = (b — x ) S dA =>■ the plate's first moment about x = b is J (b — x)S dA = J bS dA — J 5x dA 
= b<5A - M v . 



8. (a) By symmetry of the plate about the x-axis, y = 0. A typical vertical strip has center of mass: 

(x , y ) = (x, 0), length: 4y^ax, width: dx, area: 4^/ax dx, mass: dm = 6 dA = kx • 4^/ax dx, for some 

proportionality constant k. The moment of the strip about the y-axis is M y = J x dm = / 4kx 2 y^ax dx 
= 4k A /a /" x 5 / 2 dx = 4k^a [f x 7 / 2 ] * = 4ka 1 / 2 • § a 7 / 2 = ^ . Also, M = / dm = /* 4kx 1 /ax dx 
= 4k £ x 3 / 2 dx = 4k [f x 5 / 2 ] J = 4ka J / 2 . | a 5 / 2 = ^ . Thus, x = ^ = ^ • £ = § a 
=^ (x, y) = (y , 0) is the center of mass. 

(b) A typical horizontal strip has center of mass: (x ,y ) = ( 4 ' J £ - , y^ = ^ y ^ a 4d , y^ , length: a — <g , 
i: dy, area: ^a — ^ j dy, mass: dm = <5 dA = |y| ^a — ^\ dy. Thus, M x = Jy dm 



width: 
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£>|y| (a-£)dy = £ a - 



y a 



1 




+ 


'a v 3 _ iL" 


-2a 


3 y 20a 



3 d y+Ty 2 ( a -£) d y 

dy=[-fy : 

i = 0; M y = Jx dm = |y| (a - £) dy 

a / jYl (y 2 + 4a 2 ) (^) dy = ^ / |y| (16a 4 - y 4 ) dy 

V ' -2a 

h £ a (- 16a4 y + y 5 ) d y + w f ( 16a4 y - y 5 ) d y 



8a^ , 32a^ 
3 ' 20a 



32a° 
20a 



1 

32 a-' 



-8a 4 y : 



4„2 r 

6 





-2a 



1 

32a 2 



35? [ 8a4 



A a 2 _ 64a^ 
^ d 6 



M 



3^K-4a 2 -^ 

- / dm = I Jyl (^) d y = k £>l ( 4a2 - y 2 ) d y 
« £j- 4a2 y + y 3 ) d y + k JT ( 4a2 y y 3 ) d y = k 



£ (32a« - If 6 ) = £ • I (32a°) 



-2a 2 y 



2, ,2 



n 

-2a 



J_ 

4a 



2, ,2 



2a 2 y 



8a 4 y 2 - 



4 4. 

3 a , 



1 2a 





2a 2 • 4a 2 - = £ (8a 4 - 4a 4 ) = 2a 3 . Therefore, x = % = ( 4 a 4 ) (^) = f and 



= 2- -i- 

^ 4a 



y = ^ = is the center of mass. 



v/b 2 " 



2 ) 



9. (a) On [0, a] a typical vertical strip has center of mass: (x , y ) = (^x, 

length: \/b 2 — x 2 — \/a 2 — x 2 , width: dx, area: dA = ^\/b 2 — x 2 — \/a 2 — x 2 ^j dx, mass: dm = <5 dA 
= 6 ^\/b 2 — x 2 — \/a 2 — x 2 ^j dx. On [a, b] a typical vertical strip has center of mass: 
(x , y ) = (x, ^ 



mass 



length: \/b 2 — x 2 , width: dx, area: dA = \Jb 2 — x 2 dx, 
dm = 6 dA = S \/b 2 - x 2 dx. Thus, M x = / y dm 
£\ (y/b 2 -x 2 + Va 2 - x 2 ) 5 (^/b 2 - x 2 - \/a 2 - x 2 ) dx + £ \ ^/b 2 - x 2 6 v'b 2 - x 2 dx 

| Jj(b 2 - x 2 ) - (a 2 - x 2 )] dx + | £{b 2 - x 2 ) dx = \ f°(b 2 - a 2 ) dx + § /^(b 2 - x 2 ) dx 



[(b 2 -a 2 )x] a - 



b 2 x 



[(b 2 -a 2 )a] + § [(b 3 -^)-(b 2 a-f)] 



| (ab 2 - a 3 ) + I (f b 3 - ab 2 + f ) = f - f = 6 I M y = / x dm 



J o x<5 (Vb 2 - x 2 - \/a 2 - x 2 ) dx + x<5 \/b 2 - x 2 dx 

6 J\ (b 2 - x 2 ) 1/2 dx - 6 £ x (a 2 - x 2 ) 1/2 dx + sf\ (b 2 - x 2 ) 1/2 dx 



=6 
2 



2(b 2 -x 2 ) 3/2 
3 



2(a 2 -x 2 ) o/ - 



2(b 2 -x 2 )°' 



(b 2 - a 2 ) 



2N3/2 



(b 2 ) 



- (a 2 ) 3/2 



- (b 2 - a 2 ) 



2N3/2 



Stf _ _ £(b 3 -a 3 ) 
3 3 — 3 



M x ; 



We calculate the mass geometrically: M = 6A = S ( J - 6 (&f \ = 6 -f (b 2 - a 2 ) . Thus, x 



My 



■5(b 3 -a 3 ) 
3 



*7r(b 2 -a 2 ) ~~ 3?r 



4 (b-a)(a 2 + ab + b 2 ) _ 4(a 2 + ab + b 2 ) 



37T (b - a)(b + a) 



3?r(a + b) 



; likewise 



rr _ 4(a 2 +ab+b 2 ) 

y M 3vr(a+b) 



0>) 5^ ("^Tb^) = (£) = (£) (f ) =f (^y)= (V-V) is the limiting 

position of the centroid as b — > a. This is the centroid of a circle of radius a (and we note the two circles 
coincide when b = a). 
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10. Since the area of the traingle is 36, the diagram may be 
labeled as shown at the right. The centroid of the triangle is 
(f , y)- The shaded portion is 144 - 36 = 108. Write 
(x, y_) for the centroid of the remaining region. The centroid 
of the whole square is obviously (6, 6) . Think of the square 
as a sheet of uniform density, so that the centroid of the 
square is the average of the centroids of the two regions, 
weighted by area: 



6 = 



+ 108(x) 



144 



and 6 = 



36(^)+108(y) 



114 



i-D 



which we solve to get x = 8 — | and y = 
x = 7 in. (Given). It follows that a = 9, whence y_ 



Set 



64 
9 




= 7| in. The distances of the centroid (x, y) from the other sides are easily computed. (Note that if we set y = 7 in. 
above, we will find x = 7§.) 



11. y = 2,/i ds = WjTldx => A= J o 3 2v^v/iTTdx= | [(1 + x) 3 /2] 3 = 



2S 
3 



12. This surface is a triangle having a base of 27ra and a height of 27rak. Therefore the surface area is 
i (27ra)(27rak) = 27r 2 a 2 k. 



13. F = ma = t 2 ^ |f 



a = — => v = 

m 

x = when t = =>■ Ci = ^ x = 

(12mh)>/i 

„ _ F «^dt= Jo 
(12mh) 3 / 2 _ 12mhVl2mh 



W = /Fdx=/ o ( 



3m 



dt 



12m 

-.(12mh)'/ 



C; v = when t = C = 
Then x = h => t = (12mh) 1//4 . The work done is 

(12mh)' 



3 m 



2 



3r 



dt = 



i 



= (lim)( 12mh ) G/4 



18n 



18m 



f •2 v / 3mh : 



f \/3mh 



t* 

12m 



Ci 



14. Converting to pounds and feet, 2 lb/in = • = 24 lb/ft. Thus, F = 24x W = J o 24x dx 

= [12x 2 ] l /2 = 3 ft • lb. Since W = \ mvg - \ mv 2 , where W = 3 ft • lb, m = lb) ( 32ft ^ sec2 ) 

= A slugs, and Vi = ft/sec, we have 3 = \ V) (^q v 2 ) =>■ v 2 , = 3 • 640. For the projectile height, 

s = - 16t 2 + v t (since s = at t = 0) s = v = ~ 32t + v o At the to P of tne ball ' s P atn ' v = = 

and the height is s = -16 (^) 2 + v (||) = g = ^ = 30 ft. 



L ~~ 32 



15. The submerged triangular plate is depicted in the figure 
at the right. The hypotenuse of the triangle has slope — 1 
=> y — (—2) = — (x — 0) =>■ x = — (y + 2) is an equation 
of the hypotenuse. Using a typical horizontal strip, the fluid 

pressure is F = /(62.4).( ( gp).( 1 ^)dy 
= J/ 6 2 (62.4)(-y)[-(y + 2)] dy = 62.4 £.V + 2y) dy 
" = (62.4)[(-| + 4)-(-2ii + 36)] 



= 62.4 



(62.4) ( 208 



2 



-6 

32) 



(62.4X112) 



2329.6 lb 




x = -(y + 2) 



(4.-6) 
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16. Consider a rectangular plate of length I and width w. 
The length is parallel with the surface of the fluid of 
weight density to. The force on one side of the plate is 

F = W /° w (-y)(f)dy : 



2 



The 



average force on one side of the plate is F„ 



£ (-y) d y 



f- . Therefore the force ^f- 



J. 




one 




side 









(^) (£w) = (the average pressure up and down) • (the area of the plate). 



17. (a) We establish a coordinate system as shown. Atypical 
horizontal strip has: center of pressure: (x , y ) 
= ( | , y) , length: L(y) = b, width: dy, area: dA 
= b dy, pressure: dp = u> |y| dA = tub |y| dy 

F x = J y dp = j h y • ub |y| dy = -ub J h y 2 dy 



-tub 



F= Jdp= J* h w |y| L(y) dy = -wb J h y dy 




(b,-h) 



= — cab 



— —tJo 



0- 



^f - . Thus, y = & 



-2h 

3 



the distance below the surface is | h. 



(b) A typical horizontal strip has length L(y). By similar 
triangles from the figure at the right, -jp = ~ Y h ~ a 

=> L(y) = — ~ (y + a). Thus, a typical strip has center 
of pressure: (x ,y ) = (x , y), length: L(y) 
= -|(y + a), width: dy, area: dA = - £ (y + a) dy, 
pressure: dp = u> |y| dA = w{— y) (— |) (y + a) dy 



£ (y 2 + ay) dy =► F x = / y dp 

/,l,yt(y 2 + a y) d y 



flcL, (Y 3 + ay 2 )dy 



h [ 4 



ay_ 

3 



-(a+h) 



o-c 



a + h)" 



a(a + 



ujb 
h 



a 4 -(a + h) 4 




(b,-a-h) 



a 4 - a(a + h) 3 



h V 4 3 y V 4 3 ) ~ h 4 3 

f| [3 (a 4 - (a 4 + 4a 3 h + 6a 2 h 2 + 4ah 3 + h 4 )) - 4 (a 4 - a (a 3 + 3a 2 h + 3ah 2 + h 3 ))] 

f| (12a 3 h + 12a 2 h 2 + 4ah 3 - 12a 3 h - 18a 2 h 2 - 12ah 3 - 3h 4 ) = || (-6a 2 h 2 - 8ah 3 - 3h 4 ) 



! (6a 2 + 8ah + 3h 2 ) ; F = / dp = fu\y\ L(y) dy = f f^ +h) (y 2 + ay) dy 



(a + h) J - a J 



(a+h) 
a(a + h) 2 



yb 
h 



ay 

2 



-(a+h) 



a J + 3a 2 h + 3ah 2 +h 3 -a 3 



a 3 -(a 3 +2a 2 h + ah 2 ) 
2 



3^2 

= 'g [2 (3a 2 h + 3ah 2 + h 3 ) - 3 (2a 2 h + ah 2 )] 
^ (6a 2 h + 6ah 2 + 2h 3 - 6a 2 h - 3ah 2 ) = ^ (3ah 2 + 2h 3 ) = ^ (3a + 2h). Thus, y = | 

(^f)(6a 2 + 8ah + 3h 2 ) _ , ^ /g^+gah+Jh 2 



-2h 



the distance below the surface is 



6a 2 + 8ah + 3h 2 
6a + 4h 
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7.1 INVERSE FUNCTIONS AND THEIR DERIVATIVES 

1 . Yes one-to-one, the graph passes the horizontal test. 

2. Not one-to-one, the graph fails the horizontal test. 

3. Not one-to-one since (for example) the horizontal line y = 2 intersects the graph twice. 

4. Not one-to-one, the graph fails the horizontal test. 

5. Yes one-to-one, the graph passes the horizontal test 

6. Yes one-to-one, the graph passes the horizontal test 

7. Domain: < x < 1, Range: < y 8. Domain: x < 1, Range: y > 




9. Domain: —1 < x < 1, Range: — | < y < | 10. Domain: — oo < x < oo, Range: — | < y < | 




11. The graph is symmetric about y = x. 




(b) y = -x 2 => y 2 = 1 - x 2 => x 2 = 1 - y 2 x = y/l - y 2 => y = \/I - x 2 = f- : (x) 
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12. The graph is symmetric about y = x. 




13. Step 1: y = x 2 + 1 x 2 = y - 1 => x = y/y - 1 
Step 2: y= - 1 = f^x) 

14. Step 1: y = x 2 =>■ x = —\Jy, since x < 0. 
Step 2: y=- v ^ = f- 1 (x) 

15. Stepl: y = x 3 -l =>■ x 3 = y + 1 => x = (y + l) 1 / 3 
Step 2: y = V x + 1 = r V) 

16. Step 1: y = x 2 - 2x + 1 =>- y = (x - l) 2 => ^/y = x — 1, since x > 1 => x = 1 + ^/y 
Step 2: y = 1 + = f-!(x) 

17. Step 1: y = (x + l) 2 y/y = x + 1, since x > -1 x = yfy - 1 
Step 2: y= v ^-l = f- 1 (x) 

18. Stepl: y = x 2 / 3 x = y 3 / 2 
Step 2: y = x 3 / 2 = f-!(x) 

19. Stepl: y = x 5 =>• x = y 1/5 
Step 2: y = \/x = f-^x); 
Domain and Range of f _1 : all reals; 

f(f-!(x)) = (x 1 / 5 ) 5 =xandf- 1 (f(x)) = (x 5 ) 1/5 = x 

20. Step 1: y = x 4 =>- x = y 1 / 4 
Step 2: y = \/x = f-^x); 

Domain of f _1 : x > 0, Range of f _1 : y > 0; 

f (f-i(x)) = (x 1 / 4 ) 4 = x and f- J (f(x)) = (x 4 ) 1/4 = x 

21. Step 1: y = x 3 + 1 =>■ x 3 = y - 1 x = (y - 1) 1/3 
Step 2: y = Vx - 1 = f- : (x); 

Domain and Range of f . all reals; 

f (f-i(x)) = ((x - l) 1 / 3 ) 3 + 1 = (x - 1) + 1 = x and f- 4 (f(x)) = ((x 3 + 1) - 1) 1/3 = (x 3 ) 1/3 = x 
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22. Step 1: y=I x -|^±x = y+ |^x = 2y + 7 
Step 2: y = 2x + 7 = f _1 (x); 

Domain and Range of f _1 : all reals; 

f (f-i(x)) = 1 (2x + 7) - I = (x + |) - I = x and f _1 (f(x)) = 2(i X -|)+7 = (x-7) + 7 = x 

23. Stepl: y = ^ ^ x 2 = i ^ x = 77 
Step 2: y=-^=f-l(x) 

Domain of f . x > 0, Range of f~ . y > 0; 

f (f-^x)) = -f^ = vfr = x and f-^fCx)) = = A = x since x > 

24. Stepl: y = £ ^ x 3 = i ^ x = ^ 

Step 2: y =J /f = yi = f- 1 (x); 
Domain of f _1 : x^O, Range of f _1 : y ^ 0; 

frv)) = = £ =xandf-Hf(x)) = (i)- i/3 = ar 1 = x 



25. (a) y = 2x + 3 2x = y - 3 (b) 
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28. (a) y = 2x 2 



x 2 = \y 



x = 75 \/y rl(x) = 



1=50 2 v2 



dx 



20 



(b) 




0.5 1 



29. (a) f(g(x)) = (\/x") = x, g(f(x)) = Vx 3 = x 

(c) f'(x) = 3x 2 f'(l) = 3, f'(-l) = 3; 
g'(x)= ix- 2 / 3 g'(l)= I,g'(-l) = i 

(d) The line y = is tangent to f(x) = x 3 at (0, 0); 
the line x = is tangent to g(x) = 3 y / x at (0, 0) 



(b) 




30. (a) h(k(x))= \ ((4x)V3)' =X) 

/ 3\l/3 

k(h(x)) = (4 • = x 

(c) h'(x) = ^ ==!> h'(2) = 3, h'(-2) = 3; 
k'(x) = | (4x)- 2 / 3 k'(2) = |, k'(-2) = i 

(d) The line y = is tangent to h(x) = ~ at (0, 0); 
the line x = is tangent to k(x) = (4x) 1,/3 at 
(0,0) 



(b) 



3 

X J 



y = (4x) 



1/3 



31. 



33. 



df 



dr 



= 3x 2 - 6x 


^ dx 








X 


_ df- 1 




1 


x = 4 dx 


x = f(2) 


dl 

dx 


y = mx =^ 


m 


y 



- J- - 3 

~ (IT 



f-!(x) 



32. g=2x-4 



df- 1 

dx 



x = f(5) 



34. 



dg- 1 



_ dg- 1 


1 


x = dx 


— <ig 

x = f(0) 



(b) The graph of y = f 1 (x) is a line through the origin with slope i . 
36. y = mx + b => x = — — — =>■ f -1 00 = — x — -; the graph of f~ : ( x ) is a li ne with slope - and y-intercept — — . 



37. (a) y = x+l =>• x = y-l => f _1 (x) = x - 1 

(b) y = x + b => x = y-b =>• f _1 (x) = x-b 

(c) Their graphs will be parallel to one another and lie on 
opposite sides of the line y = x equidistant from that 
line. 



Sy = x 
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38. (a) y = -x + 1 x = -y + 1 f-^x) = 1 - x; 
the lines intersect at a right angle 

(b) y = -x + b =>• x = -y + b => f _1 ( x ) = b - x; 
the lines intersect at a right angle 

(c) Such a function is its own inverse. 




39. Let Xj ^ x 2 be two numbers in the domain of an increasing function f. Then, either Xj < x 2 or 
xi > X2 which implies f(xi) < f(x 2 ) or f(xi) > f(x 2 ), since f(x) is increasing. In either case, 
f( x i) 7^ f( x 2) and f is one-to-one. Similar arguments hold if f is decreasing. 

40. f(x) is increasing since x 2 > Xi => 5 x 2 + |>5 x i + |;£ = 5 => ^ix~ = (|y = 3 

41. f(x) is increasing since x 2 > x : =3- 21x 3 2 > 21x\; y = 27x 3 =4> x = 1 y 1 / 3 =>- f _1 ( x ) = \ x ^ 3 ; 

& — 81 y 2 df 1 — 1 I — 1 -1,-2/3 

dx ~~ ° 1A ^ dx — 81x 2 I ~~ 9l?73 — 9 A 



42. f(x) is decreasing since x 2 > Xi 



1 - 8x 3 < 1 



df 
dx 



-24\ 2 



df- 1 

dx 



-24x 2 I i(l-x)'/ 3 6(1 -x) 2 ' 



8x 3 ; y = 1 - 8x 3 

= -i(l- x )- 2/3 



sd-y) 



1/3 



f-!(x) = 1(1 -x) 1 / 3 ; 



43. f(x) is decreasing since x 2 > Xj =4> (1 — x 2 ) 3 < (1 — Xi) 3 ; y = (1 — x) 3 



A/3 



f-!(x) = 1 - x 1 / 3 ; 



df 
dx 



-3(1 -x) 2 



df- 1 

dx 



1 

-3(1 -x) 2 



-1 

3x 2/3 



1 -2/3 
3 x 



44. f(x) is increasing since x 2 > Xi 



xf > xf ; y = x 5 / 3 



= y 3/5 



f-!(x) = x 3 / 5 ; 



df _ 5 2/3 



df' 1 
dx 



3 

5x-' ■• 



_ 3 x -2/5 



45. The function g(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if xi ^ x 2 then 
f( x i) 7^ f( x 2)> so — f( x i) 7^ — f(x 2 ) and therefore g(xi) ^ g(x 2 ). Therefore g(x) is one-to-one as well. 

46. The function h(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if Xi ^ x 2 then 

f(xi) f(x 2 ), so gl-r ^ gl-r , and therefore h(xi) ^ h(x 2 ). 



47. The composite is one-to-one also. The reasoning: If Xj ^ x 2 then g(xi) ^ g(x 2 ) because g is one-to-one. Since 
g(xi) ^ gfe), we also have f(g(xi)) ^ f(g(x 2 )) because f is one-to-one. Thus, f o g is one-to-one because 

Xl ± X 2 => f(g( Xl )) f(g(x 2 )). 

48. Yes, g must be one-to-one. If g were not one-to-one, there would exist numbers Xi ^ x 2 in the domain of g 
with g(xi) = g(x 2 ). For these numbers we would also have f(g(xi)) = f(g(x 2 )), contradicting the assumption 
that f o g is one-to-one. 
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49. The first integral is the area between f(x) and the x-axis 
over a < x < b. The second integral is the area between 
f(x) and the y-axis for f(a) < y < f(b). The sum of the 
integrals is the area of the larger rectangle with corners 
at (0, 0), (b, 0), (b, f(b)) and (0, f(b)) minus the area of the 
smaller rectangle with vertices at (0, 0), (a, 0), (a, f(a)) and 
(0, f(a)). That is, the sum of the integrals is bf(b) — af(a). 



f(b) 




50. f'(x) = ( cx + | 1 )^j^ + b ) c — ad _ i jhus if ad — be ^ 0, f'(x) is either always positive or always negative. Hence f(x) is 
either always increasing or always decreasing. If follows that f(x) is one-to-one if ad — be ^ 0. 

51. (go f)(x) = x => g(f(x)) = x g'(f(x))f'(x) = 1 

. 7T (f -1 (y)) - a 2 dy = = J a 27rx[f(a) - f(x)] dx = S(a); W'(t) = tt (f~ 1 (f(t))) - a 2 f'(t) 

= 7T (t 2 - a 2 ) f'(t); also S(t) = 27rf(t) f x dx - 2tt£ xf(x) dx = [7rf(t)t 2 - 7rf(t)a 2 ] - 2n£ xf(x) dx 

S'(t) = 7rt 2 f'(t) + 27Ttf(t) - 7ra 2 f'(t) - 27rtf(t) = tt (t 2 - a 2 ) f'(t) =*> W'(t) = S'(t). Therefore, W(t) = S(t) 
for all t 6 [a,b]. 

53-60. Example CAS commands: 
Maple : 

with( plots );#53 
f := x -> sqrt(3*x-2); 
domain := 2/3 ..4; 
xO := 3; 

Df := D(f); # (a) 

plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[l,3], legend=["y=f(x)","y=f '(x)"], 

title="#53(a) (Section 7.1)" ); 
ql := solve( y=f(x), x ); # (b) 

g:=unapply(ql,y); 
ml := Df(x0); # (c) 

tl :=f(x0)+ml*(x-x0); 

y=tl; 

m2 := 1/Df(x0); # (d) 

t2 := g(f(x0)) + m2*(x-f(x0)); 
Y=t2; 

domaing := map(f, domain); # (e) 

pi := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[l,9], thickness=[3,0] ): 

p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ): 

p3 := plot( tl, x=x0-l..x0+l, color=red, linestyle=4, thickness=0 ): 

p4 := plot( t2, x=f(x0)-l..f(x0)+l, color=blue, linestyle=7, thickness=l ): 

p5 := plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ): 

display( [pl,p2,p3,p4,p5], scaling=constrained, title="#53(e) (Section 7.1)" ); 
Mathematica: (assigned function and values for a, b, and xO may vary) 

If a function requires the odd root of a negative number, begin by loading the RealOnly package that allows Mathematica 
to do this. See section 2.5 for details. 

«Miscellaneous "RealOnly" 

Clear[x, y] 
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{a,b} = {-2, 1};x0= 1/2; 
f[x_] = (3x + 2) / (2x - 11) 
Plot[{f[x],f[x]}, {x, a,b}] 
solx = Solve[y == f[x], x] 

g[yj = x/. solx[[l]] 
yO = f[xO] 

ftan[x_] = yO + f [xO] (x-xO) 

gtan[y_] = xO + 1/ f [xO] (y - yO) 

Plot[{f[x], ftan[x], g[x], gtan[x], Identity [x] },{x, a, b}, 

Epilog — > Line[{ {xO, yO},{yO, xO} }], PlotRange — > { {a,b},{a,b} }, AspectRatio — > Automatic] 

61-62. Example CAS commands: 
Maple : 

with( plots ); 
eq := cos(y) = x A (l/5); 
domain := .. 1; 
xO := 1/2; 

f := unapply( solve( eq, y ), x ); # (a) 
Df := D(f); 

plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[l,3], legend=["y=f(x)","y=f '(x)"], 

title="#62(a) (Section 7.1)" ); 
ql := solve( eq, x ); # (b) 

g:=unapply(ql,y); 
ml := Df(xO); # (c) 

tl :=f(xO)+ml*(x-xO); 
y=tl; 

m2 := 1/Df(x0); # (d) 

t2 := g(f(xO)) + m2*(x-f(x0)); 

y=t2; 

domaing := map(f, domain); # (e) 

pi := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[l,9], thickness=[3,0] ): 

p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ): 

p3 := plot( tl, x=xO-l..xO+l, color=red, linestyle=4, thickness=0 ): 

p4 := plot( t2, x=f(xO)-l..f(xO)+l, color=blue, linestyle=7, thickness=l ): 

p5 := plot( [ [xO,f(xO)], [f(xO),xO] ], color=green ): 

display( [pl,p2,p3,p4,p5], scaling=constrained, title="#62(e) (Section 7.1)" ); 
Mathematica: (assigned function and values for a, b, and xO may vary) 

For problems 61 and 62, the code is just slightly altered. At times, different "parts" of solutions need to be used, as in the 
definitions of f[x] and g[y] 
Clear[x, y] 

{a,b} = {0, 1};x0= 1/2 ; 
eqn = Cos[y] == x 1/5 
soly = Solve[eqn, y] 
f[xj=y/. soly[[2]] 
Plot[{f[x],f[x]}, {x, a,b}] 
solx = Solve[eqn, x] 

g[yj = x/. solx[[l]] 
yO = f[x0] 

ftan[x_] = yO + f [xO] (x - xO) 
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gtan[y_] = xO + 1/ f [xO] (y - yO) 

Plot[{f[x], ftan[x], g[x], gtan[x], Identity [x] },{x, a, b}, 

Epilog — > Line[{ {xO, yOJ,{yO, xOJ J], PlotRange — > {{a, b}, {a, b}}, AspectRatio — » Automatic] 
7.2 NATURAL LOGARITHMS 

1. (a) In 0.75 = In | = In 3 - In 4 = In 3 - In 2 2 = In 3 - 2 In 2 

(b) In | = In 4 - In 9 = In 2 2 - In 3 2 = 2 In 2 - 2 In 3 

(c) In \ = In 1 - In 2 = - In 2 (d) In \/9 = ± In 9 = f In 3 2 = § In 3 

(e) In 3 = In 3 + In 2 1 / 2 = In 3 + \ In 2 

(f) In \/l^5 = | In 13.5 = 1 In f = | (In 3 3 - In 2) = \ (3 In 3 - In 2) 

2. (a) In = In 1 - 3 In 5 = -3 In 5 (b) In 9.8 = In f = In 7 2 - In 5 = 2 In 7 - In 5 
(c) In 7 a/7 = In 7 3 / 2 = | In 7 (d) In 1225 = In 35 2 = 2 In 35 = 2 In 5 + 2 In 7 
(e) In 0.056 = In ^ = In 7 - In 5 3 = In 7 - 3 In 5 

In 35 + In | _ l n 5 + In 7 - In 7 _ 1 



(0 



ln25 2 1n5 



3. (a) In sin - ln {^f) = In (j^Tjj = ln 5 ( b ) ln ( 3x2 - 9x ) + ln (s) = ln ( 2 % J ^) = ln ( x 

(c) | ln (4t 4 ) - ln 2 = ln V^t 1 - ln 2 = ln 2t 2 - ln 2 = ln (?f) = ln (t 2 ) 



4. (a) ln sec 6 + ln cos 6 = ln [(sec 0)(cos 0)] = ln 1 = 

(b) ln (8x + 4) - ln 2 2 = ln(8x + 4) - ln4 = ln (^r 1 ) =ln(2x+l) 

(c) 3 ln Vt 2 - 1 - ln(t + 1) = 3 ln (t 2 - 1) 1/3 - ln(t + 1) = 3 Q) ln (t 2 - 1) - ln(t + 1) = In ( ''V*'" 1 * 
= ln(t-l) 

5. y = ln3x => y'= (£) (3) = 1 6. y = ln kx => y' = (i) (k) = x 

7. y = ln(t 2 ) =► | = (i) (2 t) = f 8. y = In (t 3 / 2 ) => | = (£) (ft^) = 1 

9. y = ]n | = i n3x -l | = (g^) (-3x-2) = - i 

10. y = In ^ = In 10x-i =► I = (^) (-lOx- 2 ) = - 1 

11. y = ln(0 + l) | = (^ T )(l) = ff i T 12. y = ln(2tf + 2) | = (^) (2) = ^ 
13. y = lnx 3 & = (i) (3x 2 ) = I 14. y = (ln x) 3 g = 3(ln x) 2 • A ( m x ) = ^ 

15. y = t(ln t) 2 I = (ln t) 2 + 2t(ln t) • | (ln t) = (ln t) 2 + ^ = (ln t) 2 + 2 ln t 

16. y = tVtat = tOn t) 1 / 2 => f = (In I) 1 /* + 1 t (ln t)" 1 / 2 • | (In t) = (ln t) 1 / 2 + 
= ( lnt ) 1/2 + 20nW 

17. y=^lnx-^ =» |=x 3 lnx+^-i-^=x 3 lnx 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 7.2 Natural Logarithms 433 



18. y = % In x - % => % = x 2 In x + 4 ■ r - ¥ = x' J In x 



dx 



3 x 9 



19. y 

20. y 

21. y 

22. y 



l„t . dy _ tQ)-(lnt)(l) _ j _ ln t 



1+lnt 



ln x 
1 +lnx 



dy _ t(l)-(l + lnt)(l) _ 



lnt 

f- 



(l+lnx)(i)-(lnx)(i) * + ^-^ 1 

(1+lnx) 2 (1+lnx) 2 x(l+lnx) 2 



_ xlnx . „/ _ (1+ln x) (lnx + x-^) - (x ln x) (|) _ (1 + jg x) 2 - ln x 



I - 



In x 



1+lnx J (1+lnx) 2 (1+lnx) 2 A (1+lnx) 2 

23. y = ln(lnx) y' = (£) (I) = ^ 

24. y = ln(ln(lnx)) y> = ^ - A Qn (In x)) = ^ • £ • & (ln x) 



1 



x (In x) ln (ln x) 



25. y = 0[sin (ln 9) + cos (ln 9)] => % = [sin (ln 9) + cos (ln 9)] + 9 [cos (ln 9)-\- sin (ln 9) ■ \] 
= sin (ln 9) + cos (ln 9) + cos (ln 9) - sin (ln 9) = 2 cos (ln 9) 



26. y = ln(sec 9 + tan 9) =4> ^ = sec g ta "f + se / fl = 

J v y nfl sec 8 + tan 



sec 0(tan 6 + sec (?) 

tan + sec 8 



27. y 



Xi/X+l 



lnx-iln(x+l) => y' = -i-HxTl) 



sec 



2(x+l) + x 
2x(x+ 1) 



3x + 2 
2x(x+l) 



28. y=ilnl±f = i[ln(l+x)-ln(l-x)] =* y' = * - (-1)] = ± 



1 -x+ 1 +x 



(l+x)(l-x) 



1 

1-x 2 



29 v - i+i^ - ('-'^(t) -d+int)(f) 

" 1-lnt ~^ dt (1-lnt) 2 



1\ 1 lnt | 1 | lnt 

t t ' t t 



(1-lnt) 2 t(l-lnt) 2 



30. y = 0n = (In tV») 1/2 =► f = \ (in tV>) " 1/2 • | (in t V 2 ) = \ (in t^) ^ - £ - | (t^) 
= I(lnt 1/2 )" /2 -^-|t-V 2 



4tv/ln yi 



31. y = ln(sec(ln6>)) 



£ = — ^ • 4 (sec (In 0)) = sec(ln9) n tan m (lng) • 4 (ln 9) = ^ 

dfc 1 sec (ln 8) 68 v v y/ sec(lnfl) d# v 7 8 



32. y = ln ^"^g" = \ ( ln sin # + In cos 6>) - In (1 + 2 ln 9) 



dy 1 I cos g sin \ _ g 

AB ~ 2 V sin 8 cos 9 J 1 + 2 ln 9 



cot 9 -tan 9- fl(1+ 4 21ne) 



33. y = ln 



(x 2 + l) 5 

%7i -x 



51n(x 2 + l)-i ln(l-x) => y' = Jfj - 1 (jij) (-1) - 



x 2 + l 1 2(1 -x) 



34. y = \ n */g±g s = i[51n(x+l)-201n(x + 2)] y' - 1 ' 5 



(x + 2) 2 ° 
3x + 2 



(-3 

Vx+1 x + 2/J 



(x + 2)-4(x + l) 
(x+l)(x + 2) 



(x+l)(x + 2) 



35. y = £ /2 In ^ dt =* g = (in ^) - A (x 2) _ ( ln ^ - ^ (f ) = 2x In |x| - x In 
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36. y = ff In tdt =► g = (in V*, • £ ( V*) - 0» V^) " £ (^) = (to 3 0D (I *- 2/3 ) - (in ^ Q x"^) 



In \/x In \/x 



3^2 2^ 

37. J""* i dx = [In |x|] Z 2 3 = In 2 - In 3 = In § 38. J ^ dx = [In |3x - 2|] ° j = In 2 - In 5 = In 

39 - Jj^ d y = ln ly 2 - 25 l+ c 40 - Jwh dr = ln|4r 2 -5|+C 

41. /"j^t dt = t ln I 2 - cos l l] o = ln 3 - ln 1 = ln 3 ; or let u = 2 - cos t =S> du = sin t dt with t = 
u = 1 and t = tt u = 3 =>• /"j^t dt = jC u du = I ln l u l] ?=ln3~lnl=ln3 



42 - X" l-tcle dd = I ln I 1 - 4 cos ^|]o /3 =ln|l -2| = - ln3 =ln i;orletu= 1 - 4cos6» du = 4 sin (9 d6» 
with = =>• u = -3 and 6> = § => u = -1 =>> /* ' rzj^b d6> = J"' 1 du = [ln |u|] I* = -ln 3 = ln f 



43. Let u = ln x =>- du = 1 dx; x = 1 u = and x = 2 =>• u = ln 2; 

-2 - . fin 2 

' 1 



jj 2 2Jp dx = £ 2 2u du = [u 2] M = (ln 2) 2 



44. Let u = ln x =>■ du = 1 dx; x = 2 =4> u = ln 2 and x = 4 =4> u = ln 4; 

JTiti = ITS du = t ln <t = In On 4) - In (In 2) = In (|f) = In = In (^) = In 2 

45. Let u = ln x =>■ du = 1 dx; x = 2 =4> u = ln 2 and x = 4 =>■ u = ln 4; 



J»4 pin 4 

* = f u- 2 du = [- 1 
2 x(ln x)- J i n 2 L u J 



ln4 1 I 1 1 I 1_ _ 1 _j 1 1 1 

In 2 — In 4 ln 2 ~ ln 2 2 " + " ln 2 ~ 2 ln 2 ^ ln 2 — 2 ln 2 — ln 4 



46. Let u = ln x =>■ du = 1 dx; x = 2 =4> u = In 2 and x = 16 =>• u = ln 16; 

P— ^— = i P'V 1 / 2 du = [u 1 / 2 ]'"' 6 = v/ln 16- V^n2 = v/4 ln 2 - V^n2 = 2v/ln2 - v/rn2 = 

J 2 2x%/lnx 2 J in 2 L J In 2 v v v v v v v 



47. Let u = 6 + 3 tan t =>■ du = 3 sec 2 1 dt; 
/.Mnl^^/'u'^lnlul+C^lnle + Stantl+C 

48. Let u = 2 + sec y =>■ du = sec y tan y dy; 
/W^ d y = J>= ln |u|+C = ln|2 + secy|+C 

49. Let u = cos £ du = — £ sin £ dx —2 du = sin J dx; x = => u = 1 and x = 5 => u = A= 

2 2 2 2 7 2 yj2 

r /2 tanfdx= r /2 ^ in 4dx=-2 f'' = [-2 ln lull = -2 ln 4- = 2 ln v/2 = ln 2 

Jo 2 Jo cos | J l u L I U 1 Ji v 



50. Let u = sin t => du = cos t dt; t = | =!> u = 4j and t = | u = 1 ; 
r /2 cot t dt = f" 72 dt = f ' - = [In lull J, R = - ln 4- = ln a/ 2 

Jx/4 Jtt/4 sint Jl/v/2 u L 1 IJ 1/V 2 v/2 



51. Let u = sin f => du = 1 cos f d0 =>• 6 du = 2 cos f d0; = § =4> u = \ and 6* = tt => u = ^ ; 
X>cot f d0 = X;^i d0 = 6 Jjf 2 f = 6[ln |u|]^ = 6 (ln f - ln |) = 6 ln ^ = ln 27 
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52. Let u = cos 3x => da — —3 sin 3x dx =>• —2 du = 6 sin 3x dx; x = =>- u = 1 and x = j= => u = -4= 



r /12 6 tan 3x dx = r /W i^i dx = -2 f' 7 = -2 [In lull ' /v/I = -2 In 4= - In 1 = 2 In Jl = In 2 

Jo Jo cos3x J i u L I IJ i / 2 v 



53 - /2^-/27rTfV7^ ;letu - 1 + ^^ du =^ dx; /; " 



2^ + 2x J 2^(1 + ^ 

= In 1 1 + y/x\ + C = In (1 + y/x) + C 



2^x J 2^(1 + ^) 



/f =ln H+C 



54. Let u = sec x + tan x ^> du = (sec x tan x + sec 2 x) dx = (sec x)(tan x + sec x) dx => sec x dx = — ; 
f /, ; ecxdx ; = f ^r= = f (In u)~ 1/2 ■ i du = 2(ln u) 1 / 2 + C = 2J\n (sec x + tan x) + C 

J ,/ln (sec x + tan x) J u-v/tau J v ' u V 7 i V \ / i 



55. y = v*(x + 1) = (x(x + l)) 1 / 2 =4- lny = \ ln(x(x +1)) 2 In y = ln(x) + ln(x + 1) 2/ _ i ^ j_ 



y x x+1 



56. y = ^(x 2 + 1) (x - D 2 => lny= i[ln(x 2 + l)+21n(x-l)] =}► 7 = 5 (?TT + x^l) 



y' = v/(x 2 +l) (x - l) 2 + ^) = ^(x 2 + 1) (x - l) 2 



X - x + x-* + 1 
(x 2 + l)(x-l) 



(2x 2 -x+l) |x-l| 
~~ v/x 2 + 1 (x - 1) 



57. y 



, : " (t++) => 1" y = \ Dn t - In(t + 1)] => \ % = \{\ ^ 



dy 1 
dt 2 



t+l Vt t + 



+ 1. 



1 / t 

2 V t+l 



1 



t(t+l) 



2v^(t+l) 3 /2 



58. y 



^ = [t(t+l)]- 1 /2 ^ lny= I [In t + In (t+l)] 



1 dy _ 1 /l , 1 \ 
y dt 2 U T t+J 



dy _ _ 1 
dt 2 V t(t+ 1) 



2t + 1 



t(t+l) 



2t+ 1 

2 (t 2 + 1) 3/2 



59. y = a/61 + 3 (sin 6) = (0 + 3) 1 / 2 sin 6» =!> In y = \ In (6» + 3) + In (sin 9) 



I dy — 1 1 cos_( 
y d9 — 2(9 + 3) "'" sinf 



dy 



= \J9 + 3 (sin 0) 



1 



2(9 + 3) 



COt# 



60. y = (tan 9) ^29+1 = (tan 9)(29 + l) 1 ^ =>. l n y = In (tan fl) + 1 In (20 + 1) =► ± % = + (*) (5^) 



(tan 0) ^ + T + = (sec 2 9) ^29+1 + 



^29+1 



61. y = t(t+l)(t + 2) lny = lnt + ln(t+ l) + ln(t + 2) 



dy 
dt 



t(t+l)(t+2)(i + ^ 



t 1 t+l 1 t+2> 



t(t+l)(t + 2) 



_, 1 dy 1 , 1 , 1 
y dt i ~*~ t+l ~*~ t+2 

(t+l)(t + 2) + t(t + 2) + t(t+l) 



t(t+l)(t + 2) 



3t 2 + 6t + 2 



62. y 



1 



t(t+l)(t + 2) 



lny = ln 1 - ln t- ln (t+l) - ln (t + 2) => If = -I-^-^ 



dy _ 



1 1 



dt t(t+l)(t + 2) L t t+l t + 2j t(t+l)(t + 2) 

3t 2 + 6t + 2 
(t3+3t 2 + 2t) 2 



(t+l)(t + 2) + t(t + 2) + t(t+l) 
t(t+l)(t + 2) 



63. y 



ln y = ln (6> + 5) - ln 9 - ln(cos 9) 



1 dy _ _J 1 . sin I 

y d6 ~ 9+5 9 ' cos< 
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64. y 



In y = In 6 + In (sin 6) - \ In (sec 0) =>• i | 



1 , cos (sec9)(tanff) 



dy _ flsinff 1 



cot 6 — ^ tan i 



sin 8 2 sec ( 



65 - y=tSS =* lny = lnx + iln(x 2 + l)-|ln(x+l) => 1 + ^ - ^ 



, _ xyg + 1 

J (x+1) 2 / 3 



x 1 x 2 + 1 3(x + 1) 



(x+1) 11 



lny= ±[101n(x + l)-5 1n(2x+ 1)] 



i _ s 



y V (2x+l) 5 "' -? 2 L iv '" 1 V 1 1 V 1 VJ y x+1 2x+l 



, _ / (x+1) 10 (_J 5_\ 

' V (2x+l) 5 Vx + 1 2x + W 



67. y 



3 /x(x-2) 



x 2 + l 



In y = I [In x + In (x - 2) - In (x 2 + 1)] 



i_ _ i n j_ _J ?x 

y ~ 3 



fi±J ?x\ 

lx^x-2 x 2 + 1 / 



r l _ 1 3 / x(x - 2) /l | 1 2x \ 

V x2 + 1 Vx + x-2 x 2 + l/ 



68. y 



_ 3 / x(x+l)(x-2) 



(x 2 + l)(2x + 3) 



In y = 1 [In x + In (x + 1) + In (x - 2) - In (x 2 + 1) - In (2x + 3)] 



./ _ 1 3 / x(x+l)(x-2) (1 , 1 . 1 2x 2_\ 

■> 3 Y (x 2 + l)(2x + 3) Vx ' x+1 ' x-2 x 2 + l 2x + 3 / 



69. (a) f(x) = In (cos x) f '(x) = -^ = -tanx = x = 0; f '(x) > for - f < x < and f '(x) < for 

< x < | =>■ there is a relative maximum at x = with f(0) = In (cos 0) = In 1 = 0; f (— |) = In (cos (— 5)) 
= m (^7|) = — | In 2 and f (f ) = In (cos (|)) = In \ — — In 2. Therefore, the absolute minimum occurs at 
x = ? with f(f) = — In 2 and the absolute maximum occurs at x = with f(0) = 0. 
(b) f(x) = cos (In x) f'(x) = ~ sin x (ln x) =0 x = 1; f'(x) > for \ < x < 1 and f'(x) < for 1 < x < 2 
=> there is a relative maximum at x = 1 with f(l) = cos (In 1) = cos = 1; f (V) — cos (in (A)) 
= cos (— In 2) = cos (In 2) and f(2) = cos (In 2). Therefore, the absolute minimum occurs at x = | and 
x = 2 with f (A) = f(2) = cos (In 2), and the absolute maximum occurs at x = 1 with f(l) = 1. 



70. (a) f(x) = x — In x f'(x) = 1 — A ; if x > 1, then f'(x) > which means that f(x) is increasing 
(b) f(l) = 1 — In 1 = 1 => f(x) = x - In x > 0, if x > 1 by part (a) => x > In x if x > 1 

71. Jj^ln 2x - In x) dx = f*(- In x + In 2 + In x) dx = (In 2) Jj dx = (In 2)(5 - 1) = In 2 4 = In 16 



72. A= f -tanxdx+ P "tan x dx = f° dx - P /3 ^»i* dx = [In |cos xll wU - [In |cos xll „ 

J_ Ir /4 Jo J-x/4 cosx Jo cosx LI IJ-tt/4 LI NO 



tt/3 



73. V 



= ( In 1 - In 4-) - (In \ - In 1) = In y/l + In 2 = § In 2 

n £ ( TyTT ) 2 d y = 4n £ y+T ^y = 4?r i ln ly + 1 1] o = 4 ^ ln 4 - ln : ) = ln 4 



74. V = 7T r^cot x dx = 7T f' 7 ' ^ dx = tt [In (sin x)l ^ = tt (ln 1 - ln \) = tt ln 2 

Jtt/6 J,/6 sinx L v 'J 7T/6 V 2/ 



75. V = 2nf^ x (i) dx = 2tt J^J dx = 2tt [ln |x|] J /2 = 2tt (ln 2 - ln ±) = 2tt(2 ln 2) = tt ln 2 4 = tt ln 16 
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76. V = 7T £ ( ^7==—) 2 dx = 27tt £ dx = 27tt [In (x 3 + 9)f = 21n(ln 36 - In 9) 
= 277r(ln 4 + In 9 - In 9) = 27tt In 4 = 54tt In 2 



77. (a) y = f-lnx => 1 + (y') 2 = 1 + (| - 1) = 1 



x'- 4 
4x 



lnlxl 



n 8 



) = (^r) L = / 4V /i + (y') 2 dx 

(8 + In 8) - (2 + In 4) = 6 + In 2 



(b) -2 In (J) 



dy 8 y 1 ' I ,i„ J 1 



(I) -i + (l -!) -» + 



y + 2 

8 + y 



dy 



21ny 



1 12 



(9 + 2 In 12) - (1 +2 In 4) 



8 + 2 In 3 = 8 + In 9 



78. L = J | 2 y / TTX dx =4- % = £ ^ y = In |x| + C = In x + C since x>0 = In 1 + C =^ C = =!> y = In x 

79. (a) M y = /; x (I) dx = 1, M x = (~) dx = 1 dx = [- i] J = I, M = Jj dx = [In |x|] 2 = In 2 

x = ^ = E^«l-44andy=f = g « 0.36 

(b) 



1 




.4 






• 1 






(1.44,0.36) | 





1 2 



80. (a) M y = f\ dx = dx = | [x 3/ 2] « = 42; M , = (^) dx = l j^i dx 

= 1 [In |x|] J 6 = In 4, M = /" ^ dx = [2x^] j 6 = 6 x = £ = 7 and y = $ = ^ 

w ^ = r * (£) (^) dx - 4 J> - «>. m > - r ( 2 ^) (^) (^) ^ = 2/; x-/ 2 dx 

= -4 [*- i/2 ] ; c = 3, m = /; (^) (^) dx = 4/; 6 i dx = [ 4 ta W ] j 6 = 4 m i 6 * = $ = ^ and 



81 - £ = 1 + x at Q-> 3 ) ^ y = x + In |x| + C; y = 3 at x = 1 C = 2 y = x + In |x| + 2 

82. § = sec 2 x & = tan x + C and 1 = tan + C & = tan x + 1 => y = J (tan x + 1) dx 
= In |sec x| + x + Ci and = In |sec 0| + + Ci Ci = ^ y = In |sec x| + x 

83. (a) L(x) = f(0) + f'(0) • x, and f(x) = In (1 + x) f'(x)| x=0 = ^ | ^ = 1 =!> L(x) = In 1 + 1 • x L(x) = x 
(b) Let f(x) = ln(x + 1). Since f"(x) = — 1 ? < on [0, 0.1], the graph of f is concave down on this interval and the 

(x+lj 

largest error in the linear approximation will occur when x = 0.1. This error is 0.1 — ln(l.l) « 0.00469 to five 
decimal places. 
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(c) The approximation y = x for In (1 + x) is best for smaller 
positive values of x; in particular for < x < 0.1 in the 
graph. As x increases, so does the error x — In (1 + x). 
From the graph an upper bound for the error is 
0.5 - In (1 +0.5) w 0.095; i.e., |E(x)| < 0.095 for 
< x < 0.5. Note from the graph that 0.1 - In (1 + 0.1) 
« 0.00469 estimates the error in replacing In (1 + x) by 
x over < x < 0. 1 . This is consistent with the estimate 
given in part (b) above. 




y = ln (x + 1) 



O.'l Oi 0l3 0.'4 0^5 x 



84. For all positive values ofx, g^[ m j] = t • — j> = — j and [ In a — In x ] = 0— £ = — j. Since In ^ and In a — In x have 
the same derivative, then In | = In a — In x + C for some constant C. Since this equation holds for all positve values of x, 
it must be true for x = 1 In - = In 1 — In x + C = — In x + C In ^ = —In x + C. By part 3 we know that 
In - = -In x =>- C = =>• In - = In a - In x. 



85. y = In kx =>■ y = In x + In k; thus the graph of 
y = In kx is the graph of y = In x shifted vertically 
by In k, k > 0. 




86. To turn the arches upside down we would use the 
formula y = — In Isin x| = In . 

J 1 1 sin x 



10 15 20 




y ■ In | sin x| 



87. (a) 




(b) y' 



Since Isin x| and Icos x| are less than 



a+sin x 

or equal to 1 , we have for a > 1 
< y' < A" for all x. 

a— 1 — -* — a— 1 

Thus, lim y' = for all x => the graph of y looks 

a^+oo 

more and more horizontal as a — > + oo. 
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(a) The graph of y = */x — In x appears to be concave 
upward for all x > 0. 



l 

4^371 



j_ _ j_ 

X 2 X 2 




(b) y = 7x - In x =>- y' = ^ - 1 =>• y" 

Thus, y" > if < x < 16 and y" < if x > 16 so a point of inflection exists at x = 16. The graph of 
y = -v/x — In x closely resembles a straight line for x > 10 and it is impossible to discuss the point of 
inflection visually from the graph. 



7.3 THE EXPONENTIAL FUNCTION 

1. (a) e ln72 = 7.2 

2. (a) e 1 "^ 2 ) = x 2 +y 2 



(b) e~ lnx2 = 
(b) e- ln0J 



1 _ 1 

„lnx 2 x : 



1 _ J_ 
e l»0.3 — 03 



3. (a) 21n v /e = 21ne 1 / 2 = (2)(i) lne = 1 
(c) lnef-" 2 -^ = (-x 2 - y 2 ) In e = -x 2 - y 2 

4. (a) In (e sec9 ) = (sec 0)(ln e) = sec 9 

(c) In (e 21nx ) = In (e lnx2 ) = In x 2 = 2 In x 



(c) e lnx_lny = e ln ' x / y ' = - 

V > y 
(C) gl n Ill 2 gln(7Tx/2) 7TX 

(b) In (In e e ) = ln(elne) = lne=l 

(b) In e< eX ) = (e x ) (In e) = e x 

6. In y = -t + 5 e lny = e-<+ 5 => y = e~ t+5 



5. In y = 2t + 4 ^> e lny = e 2t+4 y = e 2t+4 

7. ln(y - 40) = 5t e 1 "^ 40 * = e 5t => y - 40 = e 5t y = e 5t + 40 

8. ln(l -2y) = t =!> e^ 1- ^ = e l 1 - 2y = e< =>■ -2y = e l - 1 =*> y = - (^f 1 ) 

9. In(y-l)-ln2 = x + lnx =S> ln(y - 1) - In 2 - In x = x ln( z 5x I ) = x e 1 "^) = e x =!> ^ 

=>• y — 1 = 2xe x => y = 2xe x + 1 



10. ln(y 2 -l)-ln(y+l) = ln(sinx) In (y^r) = hi(sin x) ln(y - 1) = In (sin x) 
=>• y — 1 = sin x =>• y = sin x + 1 



^ln(y— 1) _ e ln (sin x) 



11. (a) e 2k = 4 =!> In e 2k = In 4 =S> 2k In e = In 2 2 2k = 2 In 2 =>> k = In 2 

(b) 100e 10k = 200 e 10k = 2 lne I0k = ln2 10k In e = In 2 10k = In 2 ^k- ln2 



10 



(c) e k / 1000 = a In e k / 1000 = In a 



TM) In e — hi a 



= i n a k = 1000 In a 



12. (a) e 5k = \ In e 5k = In 4- 1 => 5k In e = - In 4 => 5k = - In 4 k = - ^ 

(b) 80e k = 1 =>• e k = 80" 1 => In e k = In 80" 1 => k In e = - In 80 k = - In 80 

(c) e^ - 8 ^ = 0.8 (e ln0 - 8 ) k = 0.8 ^ (0.8) k = 0.8 k = 1 
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13. (a) e-°- 3t = 27 =>- In e" a3t = In 3 3 (-0.3t) In e = 3 In 3 => -0.3t = 3 In 3 t=-101n3 

(b) e kt = \ => In e kt = In 2" 1 = kt In e = - In 2 t = - ^ 

(c) e (in o.2)t = 4 _^ ( e to0.2y = 4 ^ o.2 l = 0.4 In 0.2' = In 0.4 t In 0.2 = In 0.4 t = ^| 

14. (a) e-° 01t = 1000 ^> In e-° 01t = In 1000 (-O.Olt) In e = In 1000 ^> -O.Olt = In 1000 => t = 100 In 1000 

(b) e kt = i In e kt = In 10" 1 = kt In e = -In 10 => kt = - In 10 t = - ^ 

(c) e ( ln2 )'=i =► (e ln2 ) t = 2- 1 =► 2* = 2"! => t=-l 

15. ev^^x 2 lnev^^lnx 2 y / t = 21nx =^ t = 4(lnx) 2 

16. e x2 e 2x+1 = e l =>• e x2+2x+1 = e l =>• In e x2+2x+1 = In e* =S> t = x 2 + 2x + 1 

17. y = e~ 5x => Y = e~ 5x ^ (-5x) =>- y 7 = -5e~ 5x 

18. y = e 2x / 3 y' = e 2x / 3 £ (f ) y' = §e 2x / 3 

19. y = e 5 - 7x y' = e 5 ~ 7x A (5 - 7x) y' = -7e 5 - 7x 

20. y = e( 4 v^+ x2 ) => y> = e ( 4 ^+ x2 ) £ (4^ + x 2 ) =► y' = + 2x) e ( 4 v^+ x2 ) 

21. y = xe x — e x =>■ y' = (e x + xe x ) — e x = xe x 

22. y = (1 + 2x)e- 2x y' = 2e~ 2x + (1 + 2x)e~ 2x £ (-2x) y' = 2e~ 2x - 2(1 + 2x)e~ 2x = -4xe~ 2x 

23. y = (x 2 - 2x + 2) e x y' = (2x - 2)e x + (x 2 - 2x + 2) e x = xV 

24. y = (9x 2 - 6x + 2) e 3x = (18x - 6)e 3x + (9x 2 - 6x + 2) e 3x £ (3x) =>• y' = (18x - 6)e 3x + 3 (9x 2 - 6x + 2) e : 

= 27x 2 e 3x 

25. y = e"(sin 9 + cos 9) => f = e e (sin 6 + cos 9) + e fl (cos (9 - sin 9) = 2e e cos 9 

26. y = In (39e~ e ) = In 3 + In 9 + In e" 9 = In 3 + In 9 - 9 ^ % = ± - 1 

27. y = cos (e- fl2 ) | = - sin (e" 02 ) £ (e^ 2 ) = (- sin (e^ 2 )) (e^ 2 ) & (-# 2 ) = 20 e - e2 sin ( e - ff2 ) 

28. y = 9' 3 e- w cos 50 % = (3<9 2 ) (e" 29 cos 59) + (9 3 cos 56») e" 29 | (-26*) - 5(sin 59) (9 3 e- 20 ) 

= 9 2 &- 20 (3 cos 56» - 26» cos 59 - 59 sin 59) 

29. y = In (3te-') = In 3 + In t + In e" 1 = In 3 + In t - t => ^ = 1 - 1 = i=« 

30. y = In (2e-< sin t) = In 2 + In e"' + In sin t = In 2 - t + In sin t f = -1 + ( J^) | (sin t) = -1 + 

cos t — sin t 

sin t 

31- y = ln I ^=lne^-ln(l+eO=^-ln(l + e«) =► % = 1 - (^) A (l + e») = 1 - ^ = ^ 
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1 + vV dfl 



VvW ^2v^y li + vW ^2,/?^ 20(1 + ^) 29(1 + ^) 2 »( 1+el/2 ) 

33. y = e ( cost+lnt > = e cost e lnt = te cost =>■ f t = e cost + te cost | (cos t) = (1 - t sin t)e cost 

34. y = e sint (In t 2 + 1) f = e sint (cos t) (In t 2 + 1) + f e sint = e sint [(In t 2 + 1) (cos t) + f] 

35. " sin e l dt y' = (sin e lnx ) - A (In x) = ^ 

2x 

36. y = In t dt => y' = (In e 2x ) • A (e 2x ) - (in e 4 v^) . £ ( e 4 v^) = (2x) (2e 2x ) - (4^x) (e 4 ^) • £ (4^) 

= 4xe 2x - 4-v/xeV* ( * ) = 4xe 2x - Se 4 ^ 

37. In y = e y sin x =>■ \ y' = (y'e y ) (sin x) + e y cos x =!> y' Q — e y sin xj = e y cos x 
=> y' ( 1 ~ ye y ysinx ) = e y cos x =► y' = ^ 



ir t ye y cos x 

- ye y sin x 



38. lnxy = e x+y => In x + In y = e x+y ± + (0 y' = (1 + y') e x+y => y' (j - e x+y ) 

. -J ( l-ye»+A _ xe^-l . v / _ y(xe* + >-l) 
^ J \ y ) — x =^ y — x (l-ye x +y) 

39. e 2x = sin(x + 3y) 2e 2x = (1 + 3y') cos(x + 3y) 1 + 3y' = 3y> = - 1 

/ 2e 2x - cos (x + 3y) 
^ y 3cos(x + 3y) 

40. tan y = e x + In x (sec 2 y) y' = e x + 1 y' = (xeX + g cos ' y 

41. J (e 3x + 5e~ x ) dx = ^ - 5e~ x + C 42. J (2e x - 3e~ 2x ) dx = 2e x + § e~ 2x + C 

J»ln 3 , pin 3 n 

e x dx = [e x ]J"2 = e ln3 - e ln2 = 3-2=1 44. J_ ln2 e~ x dx = [-e" x ] ln2 = -e° + e ln2 = -1+2=1 

45. /8e( x+I ) dx = 8e( x+1 > + C 46. J^e' 2 "-') dx = e^ 1 ' + C 

47. Jj^V 2 dx = t 2eX/2 ] £! = 2 [ e( " l9)/2 - e(ln4)/2 ] = 2 ( e ' n3 - e ' n2 ) = 2(3 - 2) = 2 

48. /* 16 e x / 4 dx = [4e x / 4 ] J 16 = 4 (e( ln 16 >/ 4 - e°) = 4 (e ln2 - l) = 4(2 - 1) = 4 



49. Let u = r 1 / 2 =>• du = | r" 1 / 2 dr ^ 2 du = r" 1 / 2 dr; 

J ^ dr = / e 1 " 1 ' 2 • r- 1 / 2 dr = 2 Je u du = 2e u + C = 2e? fl + C = 2eV^ + C 

50. Let u = -r 1 / 2 =S> du = - | r" 1 / 2 dr => -2 du = r" 1 / 2 dr; 

J ^ dr = JeT^ 1 • r- 1 / 2 dr = -2 J e u du = -2er tV * + C = -2eT^ + C 
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51. Let u = -t 2 =3> du = -2t dt ^> -du = 2t dt; 
J 2te~ t2 dt = - JV du = -e u + C = -e"' 2 + C 

52. Let u = t 4 du = 4t 3 dt 1 du = t 3 dt; 
J t 3 e r ' dt = \ Je u du = 1 e r ' + C 

53. Let u = 1 du = - ±, dx -du = 4 dx; 

dx = J-e u du = -e u + C = -e'/ x + C 

54. Let u = -x~ 2 =>- du = 2x~ 3 dx \ du = x~ 3 dx; 

J £^ dx = J e- x " • x- 3 dx = \ Je u du = \ e u + C = \ eT** + C = \ e" 1 /* 3 + C 

55. Let u = tan =>■ du = sec 2 6 d0; 6 = u = 0, 6 = f ^ u = 1; 

/^(l + e tanfl ) sec 2 9 d9 = J*'* sec? 9 d9 + J^e" du = [tan 9} n Q /4 + [e u ] J = [tan (f ) - tan (0)] + (e 1 - e°) 
= (1 - 0) + (e - 1) = e 

56. Let u = cot 9 du = - esc 2 d0; = f u = 1, 9 = f =>- u = 0; 

£^ 2 (1 + e«" fl ) esc 2 9 d6 = £'l esc 2 9 d9 - J° e u du = [- cot 9] *J* - [e»] ° = [- cot (f) + cot (f )] - (e° - e 1 ) 
= (0 + 1) - (1 - e) = e 

57. Let u = sec 7rt => du = n sec 7rt tan 7rt dt =>• — = sec nt tan 7rt dt; 

J e sec ( 7 rt) sec (7rt) tan (?rt) dt _ I J e U du = f + C = + C 

58. Let u = esc (tt -j- 1) => du = - esc (tt + t) cot (7r + t) dt; 

J e csc (7r+t) csc (7r + t) cot (tt + t ) dt = - Je u du = -e u + C = -e csc ( ?r+t ) + C 

59. Let u = e v du = e v dv =4> 2 du = 2e v dv; v = In § u = |, v = In f => u = §; 

J»ln (tt/2) r 7T /'2 in 

l„(,/6, ^ C ° S ^ dV = 2 1/6 C ° S U dU = P U l S = 2 (!) - Sin (1)] = 2 I 1 - I) = 1 

60. Let u = e" 2 =>• du = 2xe x2 dx; x = =>■ u = 1, x = a/Id tt => u = e ln7r = 7r; 

2xe x " cos (e x ) dx = cos u du = [sinu] \ — sin(7r) — sin(l) = — sin(l) w —0.84147 

61. Let u = 1 + e r du = e r dr; 

dr = /i du = In |u| + C = ln(l + e r ) + C 



du = e x dx; 

-ln(e- x + 1) +C 

63. f = e l sin (e< - 2) y = JV sin (e l - 2) dt; 

let u = e* — 2 => du = e' dt =>• y = I sin u du = — cos u + C = — cos (e' — 2) + C; y(ln 2) = 



62. J^dx^/^dx; 

let u = e~ x + 1 =>■ du = — e~ x dx => — 
J^ldx = - ridu=-ln|u|+C = 
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=>■ - cos (e ln2 - 2) + C = =>• - cos (2 - 2) + C = =>• C = cos = 1; thus, y = 1 - cos (e< - 2) 



64. ^ = e~ l sec 2 (7re~ l ) y = JV l sec 2 (7re _t ) dt; 



let u = 7re 



du 



-7re _t dt 



du = e _t dt 



i J sec 2 u 



du 



tan u + C 



= - i tan(7re-') + C; y(ln4) = f => - ± tan (™- |n4 ) + C = \ => - itan(7r-£)+C = f 
=> -I(l) + C = | => C = f ; thus, y = f - ± tan^e" 1 ) 



65. & = 2e- x => S 

ax 12 ax 



-2e" 



C; x = and ^ = = -2e u + C C = 2; thus <2 

' dx ' dx 



dy 



-2e" 



y = 2e~ x +2x + Ci; x = andy = 1 =!> 1 = 2e° + Ci C x = -1 ^ y = 2e~ x + 2x - 1 = 2 (e~ x + x) - 1 



66. y = 1 - e 2t ^ = t - ± e 2t + C; t = 1 and ^ = =^ = 1 - ± e 2 + C C = A e 2 - 1; thus 



dy - t _ I „2t 



dy _ 



^ = t - i e 2t + 1 e 2 - 

dt 1 2 C ' 2 C 

2 4 e 



Ci 



- 1 y = It 2 - ie 2t + (±e 2 - 1) t + Ci;t = 1 andy = -1 =► -1=1-1 
=► y=it 2 -Ie 2 '+(ie 2 -l)t-(i + ie 2 ) 



- e 2 + - e 2 

4 '2 



1 + Ci 



67. f(x) = e x - 2x => f'(x) = e x - 2; f'(x) = => e x = 2 x = In 2; f(0) = 1, the absolute maximum; 

f(ln 2) = 2 — 2 In 2 w 0.613706, the absolute minimum; f(l) = e — 2 re 0.71828, a relative or local maximum 
since f"(x) = e x is always positive. 

68. The function f(x) = 2e sln ^ x / 2 ' has a maximum whenever sin | = 1 and a minimum whenever sin | = — 1 . 
Therefore the maximums occur at x = tt + 2k(27r) and the minimums occur at x = 3n + 2k(27r), where k is any 
integer. The maximum is 2e re 5.43656 and the minimum is | re 0.73576. 

69. f(x) = x 2 In 1 => f'(x) = 2x In \ + x 2 (\\ (-x^ 2 ) = 2x In 1 - x = -x(2 In x + 1); f (x) = x = or 

In x = — I . Since x = is not in the domain of f, x = er 1 ! 2 = A= . Also, f'(x) > for < x < A- and 

* v e v e 

f'(x) < for x > \ . Therefore, f [\ ) = \ In yfl = \ In e 1 / 2 = ^ m e = ^ is the absolute i 



maximum value 



of f assumed at x 



70. f(x) = (x - 3) 2 e x f '(x) = 2(x - 3) e x + (x - 3) 2 e x 
= (x - 3) e x (2 + x - 3) = (x - l)(x - 3) e x ; thus 
f'(x) > for x < 1 or x > 3, and f'(x) < for 
1 < x < 3 =>• f(l) = 4e re 10.87 is a local maximum and 
f(3) = is a local minimum. Since f(x) > for all x, 
f(3) = is also an absolute minimum. 




f( x ) = (x-l)(x-3)e 



r>ln3 

11. I (e 2x -e x ) 



dx 



In 3 




(^-e* 3 )-(f-e°) = (§-3)-(I-l) 



2 = 2 



72. J o 21n2 (e x / 2 - e- x / 2 ) dx = [2e x / 2 + 2e- x / 2 ] 2l " 2 = (2e ln2 + 2e-' n2 ) - (2e° + 2e°) = (4 + 1) - (2 + 2) = 5 - 4 = 1 



73. L = J \/T+f dx ^ e = ^ ^y = e x / 2 + C; y(0) = 0=^0 = e° + C=^C=-l ^ y = e x/2 - 1 
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74. S = 2Trf o (£±£!) Vl + (^) 2 dy = 2./; (£±£I) ^1 + \ (e* 2 + e^) dy 

= 2 -X'" 2 (^) V(^) 2 d ? = 2 - /o 1 " 2 (^) 2 dy = ! £ 2 (e* + 2 + e-*)dy 
= f [| e* + 2y - 1 e-^] J a = § [(§ e»« + 2 In 2 — | e^) - (§ + - 1)] 
= f (i-4 + 21n2-i-i)=f (2-i+21n2)=7r(if +ln2) 

75. (a) -f (x In x - x + C) = x • 1 + In x - 1 + = In x 

», average va,ue - ^ j> Ifc - A [> ■„ x - 1; - A K e fa . - e, - (1 mi - I>J 

^^(e-e+l)^^ 

e— 1 v ' e— 1 

76. average value = jii J" |dx= [In |x|] j = In 2 — In 1 = In 2 



77. (a) f(x) = e x f'(x) = e x ; L(x) = f(0) + f (0)(x - 0) L(x) = 1 + x 

(b) f(0) = 1 and L(0) = 1 =>• error = 0; f(0.2) = e 2 w 1.22140 and L(0.2) = 1.2 error w 0.02140 

(c) Since y" = e x > 0, the tangent line 
approximation always lies below the curve y = e x . 
Thus L(x) = x + 1 never overestimates e x . 





6 


j/ = e 

/ 

/' 




4 






2 






r u 


"i— r 



78. (a) e x e~ x = e( x - x ' = e° = 1 =>- e" x = i for all x; g = e Xl (i) = e Xl e 



— X2 P X]-X2 



(b) y = (e Xl ) X2 => In y = x 2 In e Xl = x 2 Xi = XiX 2 =>• e 



In y — 0*1*2 



^ y = e X!X 2 ^ (gX^X 



79. f(x) = ln(x) - 1 f'(x) = i x n+1 = x n - => x n+1 = x n [2 - ln(x n )] . Then Xl = 2 

=> x 2 = 2.61370564, x 3 = 2.71624393 and x 5 = 2.71828183, where we have used Newton's method. 

80. e lnx = x and In (e x ) = x for all x > 

81. Note that y = In x and e y = x are the same curve; J* In x dx = area under the curve between 1 and a; 

pin a 

J q e y dy = area to the left of the curve between and In a. The sum of these areas is equal to the area of the rectangle 

r»a pin a 

=> J { In x dx + J o e y dy = a In a. 



82. (a) y = e x =>■ y" = e x > for all x => the graph of y = e x is always concave upward 

plnb 

(b) area of the trapezoid AB CD < J e x dx < area of the trapezoid AEFD => \ (AB + CD)(ln b - In a) 

< e x dx < ^ e '"" + e ' 1 "' ^ (In b - In a). Now \ (AB + CD) is the height of the midpoint 

M = e (lna+lnb)/2 since the curve containing the points B and C is linear =>• e (ina+inb)/2 (j n b — In a) 

< £* e x dx < (^1±^ ) (i n b - In a) 

f' nb lnb 

(c) J e x dx = [e x ] ,° a = e lnb — e lna = b — a, so part (b) implies that 
e (ina+i„b)/2 (i n b - In a)< b - a < (<tl±^ j (ln b - In a) 

_^ gin a/2 . glnb/2 < b - a 



„(lna+lnb)/2 ^ b-a , 
C v lnb -In a ^ 



^ u — a a + b 

^ lnb -In a ^ 2 



gin a Wglnb ^ b-a , a + b 
* In b — In a 2 



In b — In a 2 
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7.4 a" and log a x 

1. (a) 5 los -' 7 = 7 (b) B los> ^=\/2 (c) 1.3' 08 '-' 75 = 75 

(d) log 4 16 = log 4 4 2 = 2 log 4 4 = 2-1=2 (e) log 3 ^3 = log 3 3 1 ' 2 = \ log 3 3 = § • 1 = \ = 0.5 

(f) log 4 (i) = log 4 4- 1 = -1 log 4 4 = -1 - 1 = -1 

2. (a) 2 l0&3 = 3 (b) 10 log "' (l/2) = \ (c) 7r lt>&7 = 7 

(d) log,, 121 = log,, ll 2 = 2 log,, 11=2-1=2 

(e) log, 2 , 11 = log, 2 , 121 1 / 2 = (i) log l2 , 121 = (|) - 1 = | 

(f) log 3 (i) = log 3 3- 2 = -2 log 3 3 = -2 • 1 = -2 

3. (a) Let z = log 4 x 4 Z = x =^ 2 2z = x (2 Z ) 2 = x => 2 Z = ^/x 

(b) Let z = log 3 x =!> 3 Z = x =4> (3 Z ) 2 = x 2 =>■ 3 2z = x 2 =>• 9 Z = x 2 

(c) log, (e (ln2 ) sinx ) = log 2 2 sinx = sin x 

4. (a) Let z = log 5 (3x 2 ) ^ 5 Z = 3x 2 =» 25 z = 9x 4 

(b) log e (e x ) = x 

(c) log 4 (2 e>sinx ) = log 4 4( eXsinx '/ 2 = s=p 

c ( \ log2 x tax tax ln_x ta_3 ta_3 /u\ log2 x _ tax ^_ tax tax ln_8 3 In 2 _ t 

J - W log 3 x ~~ In 2 ■ In 3 — In 2 ' lnx ~~ In 2 W log 8 x — In 2 • In 8 ~~ In 2 " In x ~~ In 2 — J 

logx a In a . In a In a m In x" 2 In x ^ 

l°g x 2 a In x " In x 2 In x In a In x 



6. (a) 

(b) 



log9 x _ lnx lnx In x _ lg_3 _ 1 

log3 x In 9 " In 3 2 In 3 In x 2 

lo g/To x _ lnx ^ lnx _ lnx . (§) ln 2 _ _ta2_ 
log^x ln\/l0 ' ln \/2 (j) ln 10 ' lnx ln 10 

log a b _ ln b . ln a ln b ln b _ ( ln b \ 2 



( c \ loga b _ tab lnji tab _ tab _ /tabV 

v ^ logb a ln a ' ln b ln a ln a V ln a / 

7. 3 log1 (7) + 2 log2 ( 5 > = 5 log5 W 7 + 5 = x x = 12 

8. 8 logs (3) - e ln5 = x 2 - 7 log7 (3x) 3-5 = x 2 -3x = x 2 -3x + 2 = (x- l)(x -2) =!> x=lorx = 2 

9. 3 log1 < x2) = 5e lnx - 3 • 10 logl ° (2) x 2 = 5x - 6 x 2 - 5x + 6 = (x - 2)(x - 3) = => x = 2orx = 3 

10. ln e + 4- 21og4 W = I i ogl0 100 ^> 1 + 4 log ^ x ~ 2 > = ± log 10 10 2 => 1 + x~ 2 = (A) (2) => 1 + ^ - ? = 

x 2 - 2x + 1 = (x - l) 2 = x = 1 

11. y = 2 X y' = 2 X ln 2 12. y = 3~ x y' = 3"" (ln 3)(-l) = -3- x ln 3 

13. y = 5^ |=5^(ln5)(is- 1 / 2 ) = (^) 5^ 

14. y = 2 s2 f = 2 s2 (ln 2)2s = (ln 2 2 ) (s2 s2 ) = (ln 4)s2 s2 

15. y = x" =» y' = ttx''- 1 ' 16. y = t'- e =4> f = (1 - e)r e 
17. y = (cos0)^ S = — v/2 (cos ^(^"O (sin 0) 
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18. y = (In Of =► I = TrGn 6)^ (±) = 



19. y = 7 sec " In 7 % = (7 sec8 In 7) (In 7)(sec (9 tan 0) = 7 sec9 (ln 7) 2 (sec 6> tan 0) 



20. y = 3 ,an '' In 3 



(3 Une In 3)(ln 3) sec 2 9 = 3 iml >(\n 3) 2 sec 2 ' 



21. y = 2 sm3t =>■ & = (2 sin3t In 2)(cos 3t)(3) = (3 cos 3t) (2 sm3 <) (In 2) 

22. y = 5- cos2t % = (5- cos2 ' In 5) (sin 2t)(2) = (2 sin 2t) (5- cos2t ) (In 5) 

23. y = log 2 50=£f => % = (i) (i) (5) = ^ 

24. y = log 3 (l+0M3) = ln < 1 ±f^ ^ | = (i) (ln 3) = _i_ 



25. y 

26. y 



In x I In x In x i ry In x o In x 

In 4 ^ In 4 ~~ In 4 ' Z In 4 — J In 4 



x In e In x 



In x 



In 25 2 In 5 2 In 5 2 In 5 



3 

x In 4 



(21b) ( x - lnx > y' = (21b) (1 - D 



x- 1 
2x In 5 



27. y = log 2 r.log 4 r=(^)(^) 



lnr\ (]n_r\ = !sl 



(In 2)(ln 4) 



dy 
dr 



(In 2)(ln 4) 



(21nr)(i) 



21nr 
r(ln 2)(ln 4) 



28. y = log 3 r- log, r=(£§)(£§) = ^ 



dy _ 

dr ~~ 



(In 3)(ln 9) 



(21nr)(i) = r g^ 



29. y = lo; 



& ((x^i) 1 " 3 ) 



dy _ _L \_ 

dx x + 1 x — 1 



ln(S±i 

V x — 1 



_ (ln3)ln(|±j) 
In 3 " E3 



In (|±i) =ln(x+ l)-ln(x- 1) 



-2 



(x+l)(x-l) 



7x N(ln5)/2 _ In (3^) 



7x \(ta5)/2 



In 5 



(¥) 



2 m V 3x + 2 9 



= ±ln7x- i ln(3x + 2) 



dy _ _7 3 _ (3x + 2)-3x _ 1 

dx 2-7x 2-(3x + 2) 2x(3x + 2) x(3x + 2) 



31. y = sin (log, 6) = 6 sin = sin + [cos (M)] (_^_) = s i n (log 7 (?) + ^ cos(log v 0) 



32. y = log 7 (^|f^) 



In (sin 8) + In (cos 0) - In e" - In t _ In (sin 8) + In (cos 9) - 9 - 9 In 2 



In 7 

sin 6» 1 In 2 



In 7 



dy _ cos 8 

6.8 ~ (sin0)(ln7) (cos 6>)(ln 7) In 7 In 7 — V In 7 



= (j^) (cot 6 - tan 6 - 1 - In 2) 



33. y = log 5 e*=£f = ^ 



v' = — 

J In 5 



34. y = log 



V2yxTi; 



In x 2 + In e 2 - In 2 - In + 1 _ 2 In x + 2 - In 2 - 1 In (x + 1) 



In 2 

4(x+ l)-x 



In 2 



3x + 4 



^ y xln2 2(ln2)(x+l) 2x(x+l)(ln2) 2x(x + l)ln2 

35. y = 3'° S2 ' = 3^'^ =► | = [3( lnt '/( ta2 )(ln 3)] = 1 (log 2 3) 3 1 "*' 



36 v - 3 loo- floe- ft - 31n( '°S 2t) - 31n (rn) fir - "I [ i 1 ( 1 1 - 

y §8 U°§2 U ln8 - ln8 => dt — VlnsJ (lnt)/(ln2) V t In 2 1 ~ 



t(ln t)(ln 8) 



1 



t(ln t)(ln 2) 
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37. y = log 2 (8t'" 2 ) = ln8 + i | n 2 (t ' n2) = 31n2+ ,^ 2)(lnt) = 3+lnt - £ - 1 



In 2 



dt t 



38. y 



tin 



In 3 



U^ = t(smt)an3) =tsint ^ = ^ 

In 3 ^ ^ f 



In 3 



39. y = (x+l) x =» lny = ln(x+ l) x = xln(x+ 1) =» £ = ln(x + 1) + x • y' = (x + l) x + In (x + 1)] 

40. y = x (x+1 > =>• In y = In x (x+1 > = (x + 1) In x ^ = In x + (x + 1) (±) = In x + 1 + ± 

y' = X (x+I) (1 + i +lnx) 



41. y=(^)'=(t 1 /2)' = t '/ 2 lny = lnt'/ 2 =(i)lnt if = (I) (lnt) + (§) 



lnt I 1 
2^2 



42. y = = t('" 2 ) In y = In t('" 2 ) = (t 1 / 2 ) (In t) ^ 1 f = (I r 1 / 2 ) (j n t ) + t 1 / 2 ( 



1/2 /1\ _ In t+2 



dy _ / In 
dt — VI 



43. y = (sin x) x In y = In (sin x) x = x In (sin x) => - = In (sin x) + x (§^f ) y' — (sin x) x [In (sin x) + x cot x] 



44. y = x sinx ^> In y = In x sinx = (sin x)(ln x) ^> y - — (cos x)(ln x) + (sin x) Q 



\\ sin x + x (In x)(cos x) 



sin x + x(ln x)(cos x) 



45. y = x lnx , x > =>■ In y = (In x) 2 => 



2(lnx)(i) y' = (x'» x ) (^) 



46. y = (In x)'» x In y = (In x) In (In x) y j = Q) In (In x) + (In x) (i) £ (i n x ) = ^ + 1 
y'= ( ln(ln x x) + 1 ) (lnx)'" x 



— +C 

In 5 T *~ 



47. JVdx 
49 - / 1 2 H, «W=/. I (i)'«W 



48. J" (1.3) x dx 



(1-3)' 
In (1.3) 



+ c 



or 

-(0 



ln(i) In (I) In (|) 2(ln 1 - In 2) 2 In 2 



frr (1 - 25) 



-24 _ 24 



In 1 - In 5 — In 5 



51. Let u = x 2 =>■ du = 2x dx ~ du = x dx; x = 1 =>• u = 1, x = y2 =>• u = 2; 
J^rfW dx = £(i) 2" du = \ [ &] \ = (^,) (2 2 = £ 

52. Let u = x 1 / 2 =>• du = \ x" 1 / 2 dx 2 du = ^ ; x = 1 =>> u = 1, X = 4 u = 2; 



f 4 ^ dx = f 4 2 X ' 2 • x- 1 / 2 dx = 2 f 2 2 U du = 



2<m-i) 
In 2 



(mS)(2 3 - 2 2 ) 



4 
In 2 
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53. Let u = cos t =>• du = - sin t dt => - du = sin t dt; t = =>- u = 1, t = % => u = 0; 



6 

In 7 



JT 7COS ' sin 1 dt = -f 7 " du = [- Wl] 1 = (eV) ( 7 ° - 7 ) 
54. Let u = tan t =4> du = sec 2 1 dt; t = u = 0, t = ? =>■ u = 1 



/; /4 (I)-se C ndt = X I (|)' 1 du 



2 

3 In 3 



55. Let u = x 2x =>- In u = 2x In x =>- 1 | = 2 In x + (2x) (A) => g = 2u(ln x + 1) | du = x 2x (l + In x) dx; 
x = 2 u = 2 4 = 16, x = 4 => u = 4 8 = 65,536; 

£ x 2x (l + In x) dx = \ J^' 536 du = \ [u]^ 536 = \ (65,536 - 16) = ^|20 _ 32 76Q 



56. Let u = In x =>■ du = - dx; x = 1 => u = 0, x = 2 =>• u = In 2; 



X ? Fdx=X 2"du=[ 1 ^: 2 = ( 1 ^)(2--2°) 



In 2 o0\ _ 2 ln2 -l 



In 2 



/ 



57. 3x^ 3 dx 



73 Hy _ 3x(^0 



'3+1 



59. 



2 + l)x^dx 



x(^ +1 )l = 3 (^ +1 ) 



dx=^+C 



58. fxi* 

60. /> 2 ^dx=[^]; 



e'" 2 - l" 12 2-1 J_ 
In 2 In 2 In 2 



61. Jfe dx = / (tax) (I) dx; [ u = lnx ^ du= I dx ] 
- /(etb) (i) dx= in ^/udu=( i ^)(iu 2 ) + C 



_ (In x) 2 , r 
~ 21nl0 ^ 



62. Jj 4 ^dx = /j (H) (~)dx; [u = lnx du = 1 dx; x = 1 => u = 0, x = 4 => u = ln4] 



.f (l) ^ = u du = (£) [I u 2 ] I" 4 = (£) [I (in 4) 2 ] 



(In 4) 2 _ (In 4) 2 
2 In 2 ~~ In 4 



in 4 



63- dx = //(If) (Hf) dx = J> dx = [i (In x) 2 ] J = \ [(In 4) 2 - (In l) 2 ] = \ (In 4) 2 

= | (2 In 2) 2 = 2(ln 2) 2 



64 - r 



2 In lOGogio x) 



dx = (j) dx = t( ln x ) 2 n = ( in e ) 2 - (to d 2 = 1 



65- T 12 ^ dx = & £ [ln(x + 2)] (^) dx = (£) 



(in 2) 



4(ln 2) 2 (In 2) 2 _ 3 



In 2 



Qn(x + 2)) 2 
2 



~~ (in 2) 



(In 4) 2 _ (In 2) 2 

2 2 



/'10 n\0 
IStoSM dx = ^ / 1/10 [la(10x)] (£) dx = 



lln \0) 



4(ln 10) 2 



211 



2 In 10 



, 10 7 



(ln(10x)) 2 
20 



10 



1/10 



lln 10 J 



(In 100) 2 _ (In l) 2 
20 2 



67- /;^f^dx= i ^X 9 ln(x + l)(^ T )dx=( 



In 10/ 



(ln(x+l)) 2 
2 



(in lo) 



(In 10) 2 _ (In l) 2 
2 2 



= In 10 



68- JT^W 1 dx = & J 2 3 ln(x - 1) (£) dx = ( 



In 2 J 



(In(x-l)) 2 



(in 2) 



(In 2) 2 (In l) 2 



In 2 
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69 - / ^ = / (w) G) dx = ( ln 1Q ) / (e) (s) dx ; [ u = lnx =* du = i dx ] 

-» (In 10) j (i) (i) dx = (In 10) / i du = (In 10) In |u| + C = (In 10) In |lnx| +C 

70- J^ = /^ = (ta8) 2 /^dx = (ln8) 2 ^ + C = -^ + C 

71. J^i dt = [In \t\]^ x = In |lnx| - In 1 = ln(lnx),x > 1 

72. f° \ dt = [In |t|] i = In e x - In 1 = x In e = x 

/l/x 
\ dt = [In |t|]J /x = In |i| - In 1 = (In 1 - In |x|) - In 1 = -In x, x > 

74 - ik I 7 d t = [ In 1 1|] ; = j|i - ^ = log a x, x > 

75. A = f 2 dx = 2 f T^hr dx; [u = 1 + x 2 du = 2x dx; x = =*> u = 1, x = 2 =>• u = 51 

J _2 1 + X* Jo 1+1- ' 1 ' 1 

-> A = 2 J i du = 2 [In |u|] J = 2(ln 5 - In 1) = 2 In 5 

76. A= 2 (1 - x) dx = 2 J^(i) x dx = 2 

77. Let [H30 + ] = x and solve the equations 7.37 = — log 10 x and 7.44 = — log 10 x. The solutions of these equations 
are 10~ 7 - 37 and 10~ 7 44 . Consequently, the bounds for [H 3 0+] are [10~ 7 44 , 10~ 7 - 37 ] . 

78. pH = - log 10 (4.8 x 10~ 8 ) = - (log 10 4.8) + 8 = 7.32 

79. Let O = original sound level = 10 log 10 (I x 10 12 ) db from Equation (6) in the text. Solving 
O + 10 = 10 log 10 (kl x 10 12 ) for k => 10 log 10 (I x 10 12 ) + 10=10 log I0 (kl x 10 12 ) => log l0 (I x 10 12 ) + 1 

= log 10 (kl x 10 12 ) => log 10 (I x 10 12 ) + 1 = log 10 k + log 10 (I x 10 12 ) =► 1 = log 10 k =► 1 = ^ 
In k = In 10 =!> k = 10 

80. Sound level with 101 = 10 log 10 (101 x 10 12 ) = 10 [log 10 10 + log 10 (I x 10 12 )] = 10+10 log l0 (I x 10 12 ) 
= original sound level +10 =>• an increase of 10 db 

81. (a) If x = [H 3 0+] and S - x = [OH"] , then x(S -x) = 10~ 14 S = x + ^ i = 1 ~ T 

and ^§ = 2 ' 1 ° 3 - > =4* a minimum exists at x = 10~ 7 

(b) pH= -log l0 (10- 7 ) =7 

(c) S = 4 s = 1 : } = ^ => therati0 ^ 1 atx = 

82. Yes, it's true for all positive values of a and b: log a b = y-^ and log b a = pg j-L- = jjp = log a b 



(0' 



2 
In 2 



(|-2) = (-^) (-§) 



3 
In 2 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



450 Chapter 7 Transcendental Functions 



83. From zooming in on the graph at the right, we estimate 
the third root to be x ps —0.76666 




X-- 0.76666 



84. The functions f(x) = x'° 2 and g(x) = 2 lnx appear to 
have identical graphs for x > 0. This is no accident, 



because x 1 



In 2 _ _ln2-lnx _ / ln2\'n* _ olnx 



(e to2 ) a 




85. (a) f(x) = 2 X f'(x) = 2 X In 2; L(x) = (2° In 2) x + 2° = x In 2 + 1 ps 0.69x + 1 
(b) 



t/ = (ln2)x + l 




/ y = (ln2)i + l 



-s — a— ^! — o — i — i — r 




TSZ 1 X 



In 3 _ x 1 J- 1 



86. (a) f(x) = log 3 x f' (x ) = ^ I> andf(3)=^| => L(x) = ^ (x - 3) , ln3 - 31n3 ln3 
ps 0.30x + 0.09 

(b) 





r- x 



87. (a) log 3 8 = || ps 1.89279 

(c) log 20 17 = |17 ps 0.94575 

(e) In x = (log 10 x)(ln 10) = 2.3 In 10 ps 5.29595 

(g) In x = (log 2 x)(ln 2) = -1.5 In 2 w -1.03972 



(a) I e ) -log 10 x=^-^ 



In 10 ln_x_ In x 

10 — In 2 



log 2 X 



(b) log 7 0.5 = ^ ps -0.35621 

(d) log 05 7 = J£L « -2.80735 

(f) In x = (log 2 x)(ln 2) = 1.4 In 2 ps 0.97041 

(h) lnx= (log 10 x)(ln 10) = -0.7 In 10 ps -1.61181 



dx V 2 



-|x 2 +k) = -xand ^(lnx + c) = 1. 



Since — x • - = — 1 for any x ^ 0, these two curves will have perpendicular tangent lines. 
90. e ln x — x for x > and ln(e x ) = x for all x 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 7.5 Exponential Growth and Decay 451 

91. Using Newton's Method: f(x) = ln(x) - 1 f'(x) = i =>■ x n+ i = x n — ln ^~ 1 => Xn+1 = x n 2 - ln(x n ) 

Then, Xj = 2, X2 = 2.61370564, X3 = 2.71624393, and X5 = 2.71828183. Many other methods may be used. For example, 
graph y = In x — 1 and determine the zero of y. 

92. (a) The point of tangency is (p, In p) and m tang ent = ^ since ^ = K The tangent line passes through (0, 0) the 

equation of the tangent line isy = |x. The tangent line also passes through(p, In p) =>■ In p = ^p = 1 =>• p = e, and 
the tangent line equation is y = ~x. 

(b) = — 4 for x^0=^y = lnxis concave downward over its domain. Therefore, y = In x lies below the graph of 
y = ~tl for all x > 0, x 7^ e, and In x < - for x > 0, x ^ e. 

(c) Multiplying by e, e In x < x or In x e < x. 

(d) Exponentiating both sides of In x e < x, we have e ln x ' < e x , or x e < e x for all positive x ^ e. 

(e) Let x = 7r to see that ir e < e n . Therefore, e ff is bigger. 

7.5 EXPONENTIAL GROWTH AND DECAY 

1. (a) y = y e kl =^ 0.99y = y e 1000k => k = ps -0.00001 

(b) 0.9 = e ( -° 00001)1 => (-0.00001)t = ln(0.9) =4> t= pa 10,536 years 

(c) y = y oe ( 20 ' 000 ) k ps y e-°- 2 = y (0.82) =^ 82% 

2. (a) % = kp p = p e kh where p = 1013; 90 = 1013e 20k =► k = '"(90)-in ( ioi3) « -0.121 

(b) p = 1013e- 605 « 2.389 millibars 

(c) 900 = 1013e<- 012| ) h => -0.121h = In (^) ^ h= M™h£<m w Q.977 km 

3. & = -0.6y y = y e- 06t ; y = 100 y = 100e-° 61 =^ y = 100e-° 6 ps 54.88 grams when t = 1 hr 

4. A = A e kt 800 = 1000e 10k => k = =>• A = lOOOeC"' 8 '/ 10 '', where A represents the amount of 
sugar that remains after time t. Thus after another 14 hrs, A = 1000e (l " (08)/ 10)24 ps 585.35 kg 

5. L(x) = L e- kx => ^ = L e- |8k => In \ = -18k => k = ^ w 0.0385 => L(x) = Loe- 00385 "; when the intensity 



2 18 

Lo T a -0.0385x 

10 



is one-tenth of the surface value, ±£ = L e O385x In 10 = 0.0385x x pa 59.8 ft 



6. V(t) = V e- ,/4 ° 0.1V = V e- ,/4 ° when the voltage is 10% of its original value =>■ t= -40 In (0.1) 

pa 92.1 sec 

7. y = y e kl and y = 1 => y = e kt =>• at y = 2 and t = 0.5 we have 2 = e 5k =>- In 2 = 0.5k =!> k = £f = In 4. 
Therefore, y = e (ln4 »' => y = e 241 " 4 = 4 24 = 2.81474978 x 10 14 at the end of 24 hrs 

8. y = y e kl and y(3) = 10,000 10,000 = y e 3k ; also y(5) = 40,000 = y e 5k . Therefore y e 5k = 4y e 3k 

e 5k = 4e 3k =>• e 2k = 4 k = In 2. Thus, y = y e (ln2) ' => 10,000 = y e 31n2 = y e" 18 10,000 = 8y 
yo = = 1250 

9. (a) 10,000e k(l » = 7500 e k = 0.75 k = In 0.75 and y = 10,000e ( " ,075 >'. Now 1000 = 10,000e (ln075 »' 



In 0.1 = (In 0.75)t => t = ^± ~ 8.00 years (to the nearest hundredth of a year) 

1' 

year) 



In 0.75 

(b) 1 = lCOOOeC" 075 '' =!> In 0.0001 =(ln0.75)t t= « 32.02 years (to the nearest hundredth of a 
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10. (a) There are (60)(60)(24)(365) = 31,536,000 seconds in a year. Thus, assuming exponential growth, 

P = 257,313,431e kt and 257,313,432 = 257,313,431e( 14k / 31 ' 536 > 000 ) In ( fpfj|ff ) = aijfooo 
kw 0.0087542 

(b) P = 257,31 3,43 le (0 0087542) ( 15 ' w 293,420,847 (to the nearest integer). Answers will vary considerably 
with the number of decimal places retained. 

11. 0.9Po = Poe k =^ k = In 0.9; when the well's output falls to one-fifth of its present value P = 0.2P 

0.2P = P e (ln09)1 0.2 = e (ln09 )' In (0.2) = (In 0.9)t =>• t = « 15.28 yr 



r(x) 
2000 



12. (a) g^-^p^f^-^dx^lnp^-^x + C^p^ e<-° M *+ c > = e c e-°° lx = de-"*; 

p(100) = 20.09 => 20.09 = Cie ( - 001 > (l00 > => Ci = 20.09e « 54.61 ^ p(x) = 54.61e-° 0lx (in dollars) 

(b) p(10) = 54.61e ( - 001)(10) = $49.41, and p(90) = 54.61e ( -° 01)(90) = $22.20 

(c) r(x) = xp(x) =>■ r'(x) = p(x) + xp'(x); 
p'(x) = -.5461e- 001x r'(x) 

= (54.61 - .5461x)e- 001x . Thus, r'(x) = 

=► 54.61 = .5461x x = 100. Since r' > 1602 
for any x < 100 and r 1 < for x > 100, then 
r(x) must be a maximum at x = 100. 




50 Too Iso 2oT x 



13. (a) A e< 004 ) 5 = A e a2 

(b) 2A = A e (0 04)1 In 2 = (0.04)t 
=>. t = w 27.47 years 



=> t = 



In 2 
0.04 



17.33 years; 3A = Aoe* 04 ' 1 In 3 = (0.04)t 



14. (a) The amount of money invested A after t years is A(t) = A e' 

(b) If A(t) = 3A , then 3A = A e' In 3 = t or t rj 1.099 years 

(c) At the beginning of a year the account balance is Aoe 1 , while at the end of the year the balance is Aoe (t+1) . 
The amount earned is Aoe (1+1) — Aoe' = Aoe'(e — 1) « 1.7 times the beginning amount. 



15. A(100) = 90,000 90,000 = 1000e r(l00 > => 90 = e l00r =>- In 90 = lOOr => r = ^ « 0.0450 or 4.50% 



100 



16. A(100) = 131,000 131,000 = 1000e l00r In 131 = lOOr r 

17. y = yge -0 181 represents the decay equation; solving (0.9)yo = yoe~° 181 



^ « 0.04875 or 4.875% 



In (0.9) 
-0.18 



0.585 days 



18. A = A„e k ' and \ A = A e 139 
t - '"0 05 ~ 600 days 



1 _139k 

2 ~ 



In (0.5) 
139 



-0.00499; then 0.05A = Aoe- 000499 ' 



-0.00499 



19. y = yoe kl = yge (k)(3/k) = y e 3 = tt < ™ = (0.05)(yo) =>■ after three mean lifetimes less than 5% remains 



20. (a) A = A e- k ' 

(b) i w 3.816 years 



1 „-2.645k 

2 _ C 



k = 2^ ~ °" 262 



(c) (0.05)A = Aexp(- ^ t) -In 20 = (- ^) t =»- t = 264 ^ 20 » 11,431 years 



21. T - T s = (T - T„) e kl , T = 90°C, T s = 20°C, T = 60°C 60 - 20 = 70e~ 



Ml) 

10 



0.05596 
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(a) 35 - 20 = 70e~ a05596t =4> t w 27.5 min is the total time =>• it will take 27.5 - 10 = 17.5 minutes longer to reach 
35°C 

(b) T - T s = (T - T s )e- kl , T = 90°C, T s = -15°C ^ 35 + 15 = 105e-° 055961 => t « 13.26 min 



22. T-65° = (T -65°)e- kl =4> 35° - 65° = (T - 65°) e-' 0k and 50° - 65° = (T - 65°) e- 20k . Solving 

-30° = (T - 65°)e- 10k and -15° = (T - 65°)e- 20k simultaneously (T - 65°)e- 10k = 2(T - 65°)e- 20k 



e IOk = 2 => k = 



In 2 
10 



and -30 



o _ Tp -65° 



-30° [e 10 ^' ] = T - 65° =► T = 65° - 30° (e 1 " 2 ) = 65° - 60° = 5 C 



23. T - T s = (T - T„) e- kt 39 - T s = (46 - T„) e-' 0k and 33 - T s = (46 - T s ) e- 20k => j 



39-T s _ iok 
46-T, ~~ c 



and 



33-T, _ e -20k 



33-T. 



46-T, ~~ " — v c J —r 46-T. 

= 1521 - 78T S + T 2 -T, = 3 T s = -3°C 



\ _ ( 39-Ts y 
'. _ ^ 46-T, J 



(33 - T s )(46 - T.) = (39 - T s ) 2 => 1518-79T S +T 2 



24. Let x represent how far above room temperature the silver will be 15 min from now, y how far above room 
temperature the silver will be 120 min from now, and to the time the silver will be 10°C above room 
temperature. We then have the following time-temperature table: 



time in min. 





20 (Now) 


35 


140 


to 


temperature 


T s + 70° 


T s + 60° 


T s +x 


T s + y 


T s + 10° 



T-T s = (T -T s )e- kt 
w 0.00771 

(a) T-T s = (T -T s )e- 00077 " 

(b) T-T s = (T -T s )e- 0007711 

(c) T-T s = (T -T s )e- 00077 " 

=>► In (i) = -0.00771t : 



(60 + T.) - T. = [(70 + T.) - TJ e" 



60 = 70e- 



k=(-^) ln(f) 



> (T s + x) - T s = [(70 + T.) - TJ e-f 000771 )' 35 ) x = 70e-°- 26985 ra 53.44°C 

> (T, + y) - T s = [(70 + T„) - T s ] e -(° 00771 )( 140 ) y = 70e- 1 0794 w 23.79°C 

> (T s + 10) -T s = [(70 + T s )-T s ]e- (000771), ° =*> 10 = 70e-° 0077 "° 

t = (- oooVti) ln (7) = 252.39 => 252.39 - 20 w 232 minutes from now the 



silver will be 10°C above room temperature 



25. From Example 5, the half-life of carbon-14 is 5700 yr ^> \ c = c e- k(57OO » =>- k = ^ ~ 0.0001216 



c e 



(0.445)c = c e- 



ln (0-445) _ fifi _ q 
-0.0001216 ~ bb ^ y earS 



26. From Exercise 25, k « 0.0001216 for carbon-14. 



(a) c = c e 



(0.17)c = c e 



(b) (0.18)cq = coe- 00001216 ' 

(c) (0.16)c = coe- 00001216 ' 



14,101.41 years 
15,069.98 years 



14,571.44 years 
12,101 BC 
13,070 BC 



12,571 BC 



27. From Exercise 25, k « 0.0001216 for carbon-14. Thus, c = coe 



_ In (0.995) _ , H 
=^ 1 - -0.0001216 ~ 41 y earS 0ld 

7.6 RELATIVE RATES OF GROWTH 



(0.995)c = c e- 



1. (a) slower, lim 

X — > OO e 



x + 3 

x 3 + sin z x 



(b) slower, lim x ' + x = lim 

x — > 00 e x — > 00 



lim 4=0 

x — > 00 e 

3x 2 + 2 sin x cos x 



YtfQ 6x + 2 cos 2x 

X — > 00 eX 



lim 

X — > OO 



6 — 4 sin 2x 



by the 



Sandwich Theorem because 4 < - — 4 , sm 2x < for all reals and lim 4=0= lim ^ 

e x — e x — e* X — > OO e X — > OO e 



(c) slower, lim 

x — > 00 



lim = lim 



= lim —-r- 

X — » OO 2,/xe 



= 



(d) faster, lim 4 = hm f -) = 00 since - > 1 

w x ^ 00 e x ^ 00 v e y e 



(e) slower, lim = lim (4)" = since J- < 1 

w ' Y — > n<n e x y — 1 m (2e/ 2e ^ 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



454 Chapter 7 Transcendental Functions 

(f) slower, lim ^-=- = lim -i = 

X — > OO e X — > OO e x - 2 

(g) same, lim -^Ar- — lim h — I 

V&/ X — > OO e X — > OO 2 2 

(h) slower, lim = lim 7r %^ = lim 7V 4^ = l im a ,L » = 

v 7 X — > OO e X — > OO ( ln 10 ) e X — > OO n 10) e X — > OO ( ln 10)xe x 

2. (a) slower, lim 10x4 + = lim = lim ^ = lim ^5 = Hm 2^ = 

X — > OO e X — > OO e x — ► OO e X — > OO e x — > OO e 

(b) slower, lim = lim = Hm lnx -'+ x G) = i im l-x-i + i = Hm 

x ^ oo e x ^ oo e x ^ oo e x ^ oo e x — > OO 

(I) 

= lim ¥± = lim i = 

X — > OO e x — > OO xe 

. .. £±± = J lim i+^ = ./ Hm / lim ^ = . / lim ^ 

x — too e Vx^oo e V x — > oo 2e V x — > oo 4e Vx^oo 



(c) slower, lim = ./ lim = J lim = ./ lim ^ = J lim 

w X ^ OO e VX^OOe VX^OO 2e V X — > OO 4e y X — > OO 8e 

= a/0 = 

(d) slower, lim ^f- = lim = since f- < 1 

w X — > OO e X — > OO V2e '' 2e 

(e) slower, lim = lim 4j = 

' X — > OO e X — > oo e 

(f) faster, lim ^ = lim x = oo 

x ^ oo e x ^ oo 

(g) slower, since for all reals we have — 1 < cos x < 1 =4* e _1 < e cosx < e 1 =>■ ^- < < |j and also 





lim 

X — > oo 


£± _ 
e x 


= 

X 


lim ^r, so by the Sandwich Theorem we conclude that 

— > OO e *' •> x 


(h) 


same, 

X 


lim 

— ► oo 


e'-' _ 
e x 


: lim jz \ , n = lim ^ = - 

X — » OO e( x - x +') X — > OO e e 


(a) 


same, 

X 


lim 

— > oo 


x 2 +4x 

X 2 


= lim 2x + 4 = lim 2 = 1 

X ^ OO 2x X ^ OO 2 


(b) 


faster, 

X 


lim 

— ► oo 


x J — X" 
X 2 


= lim (x 3 — 1) = oo 

x — ► oo v y 


(c) 


same, 

X 


lim 

— > oo 


\A 4 + x 
x 2 


- = ./ lim x4 + x3 = ./ lim (1 + i) = y/l = 1 
Vx^oo x Vx^oo v x ' v 


(d) 


same, 

X 


lim 

— > oo 


(x + 3) 2 

X 2 


= lim 2(x + 3) = Hm | = 1 

X ^ OO 2x X — > oo 2 



x ln x 



(e) slower, lim 

X — > OO x X — > 

(f) faster, lim ^ = lim 

X — > OO x X — > oo 

3 —x 

(e) slower, lim 5-%— = lir 

v&/ X — > OO x X — > 

(h) same, lim = lim 8 = 

X^OO x " x^oo 



^ ln x 




= lim ^ = 


OO x 


x — * oo 1 


(ln 2) 2 X 
2x 


= lim (ln2 / 2X = 
X — > oo 2 


i 4 = 


= lim A = 


oo e 


X — > oo e 



4. (a) 


same, lim 

X — > oo 


(b) 


same, lim 

x — > oo 


(c) 


slower, lim 

X — > oo 


(d) 


slower, lim 

x — + oo 


(e) 


faster, lim 

x —* oo 


(0 


slower, lim 

X — > oo 


(g) 


faster, lim 

x — > oo 


(h) 


same, lim 

X — > oo 



10x 2 



= lim (1 + i ) = 1 

x — > oo v xJ/ - ; 

: lim 10 = 10 

x X — > oo 

^ = lim i = 

x x — > oo e 

'"gi" x2 = lim = -J- lim ^ = lim fil = _L_ li m i 

x2 x — > oo x2 ln 10 x — > oo x2 ln 10 x — > oo 2x ln 10 x — > oo x 

*-=r- — lim (x — 1) = oo 

x X — > oo v ' 

i^L= lim ^=0 

x X — > oo 10 x 

CU£ = Hm (taU)W = Hm On i.iy»(i.i)- _ 

x x^oo 2x x^oo 2 

x2 + iQQ x - i;™ (\ _l ioon 



lim (l + — ) = 1 

X — > oo v x > 
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5. (a) same, lim ^ = lim ^ = lim i = ^ 

W X^OQ lnx X^CXD lnx X^OQ ln3 ln 



(b) same, lim ^ = lim W = 1 

w X — > OO lnx X — > OO (i) 



(c) same, lim - T JL - = lim -V = lim £ = s 

w x — ► oo 111 x X — > OO lnx x ^ oo 2 2 

A 1/2 (l) x-va A 

(d) faster, lim ^- = lim f— = lim /, \ — = lim Tr 2 ^- = lim ^- = oo 
v/ x^oo lnx x^oo lnx X ^ OO (11 X — > oo 2 \A x — > OO 2 

(e) faster, lim ^A- — lim -^x = lim x = oo 

x ^ oc lnx x — > oo (i) x ^ oo 

(f) same, lim = lim 5 = 5 

w x^oo lnx x ^ oo 

(I) 

(g) slower, lim = lim — r— = 

V&/ ' X — > OO ln x X — » oo x ln x 

(h) faster, lim r 5 — = lim 4 = lim xe x = oo 

x ^ oo lnx x^oo(;j x ^ oo 

6. (a) same, lim ^ = lim = ^ lim ^ = ^ lim ^ = J= lim 2 = ^ 

W X ^ OO lnx X ^ OO lnx l n2 X^00 lnx ln 2 X^00 lnx ln2 X^OO ln2 

I In lOx ~\ / 10 \ 

(b) same, lim = lim ^+ = ^ lim ^ = ^ lim W = rAn lim 1 = r^o 

w X — > OO lnx X — > OO lnx I"' X^OO !" to 10 X — > OO (I) 'nlO x— >00 ln 10 

(■7*) 

(c) slower, lim / = lim , r } n — - = 

W X — > OO lnx x — > OO (v^)(lnx) 



(d) slower, lim -V^ — lim -*-r — 

w ' X ^ OO l nx X — * OO x 1" x 



(e) faster, lim = lim - 2) = ( lim - 2 = { lim | - 2 = ( lim - 2 = oo 

W X ^ OO ' nx X — > OO Unx I \X — ) OO lnx j I X — > OO ( 1 ) / \X ^ OO / 



(f) slower, lim f— = lim tt — = 

w x->oo X — > OO e 111 x 



(g) slower, lim = lim = lim ±- = 

V&/ X — > OO ' nx X — > OO [ 1 ] X ^ OO 1" x 



(h) same, lim 1 ^±51 = lim = lim 2x = Hm 2 Hm j = j 

v 7 X — > OO lnx x — > OO (1) X — » OO 2x+5 X — > OO 2 X — » OO 

7. lim -777= lim e x / 2 = oo =>• e x grows faster than e x / 2 ; since for x > e e we have ln x > e and lim (ln x) 

X — > OO e ' X ^ OO X^OOe" 

= lim Paa\ x — oo =£. (i n x ) x grows faster than e x ; since x > ln x for all x > and lim tt-t^ — lim (r^V 

X ^ OO V e ' V ' 6 X ^ OO n x) x X — > OO Unx '' 

— oo =^ x x grows faster than (ln x) x . Therefore, slowest to fastest are: e x / 2 , e x , (ln x) x , x x so the order is d, a, c, b 

8 . ]irn Sn2)! = j im (In(ln2))(ln2)> = ^ (In (In 2)f (In 2£ = (InOnj^ ^ ( m 2) x = 

x ^ oo x x^oo 2x x^oo 2 2 x^oo 

=> (ln 2) x grows slower than x 2 ; lim L= lim ,, 2 »i x = lim ,, .,,„, = ^> x 2 grows slower than 2 X ; 

\ J b X^00 2 X^OO 0n2)2 x x — > OO (In2)-2 X & 

lim K— lim ( 2 ) x = =>• 2 X grows slower than e x . Therefore, the slowest to the fastest is: (ln 2) x , x 2 , 2 X 

X— >OO e X^OO Ve '' & v/.. 

and e x so the order is c, b, a, d 

9. (a) false; lim 5 = 1 

v 7 X — > oo x 

(b) false; lim = \ = 1 

v ' x — > oo x + 5 i 

(c) true; x < x + 5 => ^ < 1 if x > 1 (or sufficiently large) 

(d) true; x < 2x =$> ^ < 1 if x > 1 (or sufficiently large) 

(e) true; lim -C = lim i = 

x — > oo e x — > 

(f) true; = l + !^<l + ^ = l + ^<2ifx>l(or sufficiently large) 
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(g) false; lim £f = lim }U- = lim 1 = 1 

V&/ X^OO ln2x X— > OO (I- I X — > oo 



(h) true; < v/(x x +5)2 < = 1 + | < 6 if x > 1 (or sufficiently large) 



vx+3; 



10. (a) true; ^ j — ^+3 < 1 if x > 1 (or sufficiently large) 

(i+i) 

(b) true; Kx n f J = 1 + 1 < 2 if x > 1 (or sufficiently large) 

(x) 

(c) false; lim = lim (l - 1) = 1 

W X — > OO f 1J X — > OO V x ' 

(d) true; 2 + cos x < 3 =>• 2 + ™ s x < | if x is sufficiently large 

(e) true; = 1 + 4 and § — > Oasx — ► 00 =>• l + ^<2ifxis sufficiently large 

(f) true; lim ^ = lim ^ = lim ^ = 

X ^ OO x " X ^ OO x X ^ OO 1 

(g) true; < |f = 1 if x is sufficiently large 

(h) false; lim . ,. = lim J|L = lim ^ = lim (5 + 5^) = 5 

v ' X — > OO ln + !) X — > OO ( . 2 2 » - j X — > OO 2x X — ► OO ^ 2 2x " ' 2 



11. If f(x) and g(x) grow at the same rate, then lim ^ = L^0 ^ lim = f 0. Then 

w 6W 6 ' x — > 00 s« ~ x — > 00 f W L ' 

< 1 if x is sufficiently large =^L-1<^<L+1 =4> ^ < |L| + 1 if x is sufficiently large 
=> f = O(g). Similarly, fg < |i| + 1 => g = 0(f). 

12. When the degree of f is less than the degree of g since in that case lim -Vr = 0. 

& & to X ^ OO SW 

13. When the degree of f is less than or equal to the degree of g since lim -V-r = when the degree of f is smaller 

b 1 to & X — > OO g( x ) 

than the degree of g, and lin^, ^ — 5 ( me rat i° °f me leading coefficients) when the degrees are the same. 

14. Polynomials of a greater degree grow at a greater rate than polynomials of a lesser degree. Polynomials of the 
same degree grow at the same rate. 



15. lim 

x — > 00 



ln(x+l) 
ln x 



lim 

x — > oc 



lim —7-7 

X — > OO x +! 



lim 

x — 00 



1 and lim 

x — * 00 



ln(x + 999) 
ln x 



lim 

x — > 00 



= lim , x nn » 
x — > 00 x + 999 



= 1 



16. lim ln ^ + a) = lim /I? = lim — lim 1 = 1. Therefore, the relative rates are the same. 

X ^ OO l nx X ^ OO (I) X — > OO x + a X — > 00 1 



17. lim v/10x - + ' = a / lim i^±i = ^10 and lim = . / lim ^±1 = .Vf = 1. Since me growt h rate 

X^OOV x V X — > OO x V X ^ OO \/ x V X ^ OO x v & 

is transitive, we conclude that \J lOx + 1 and yx-j-1 have the same growth rate (that of y^x) 



18. lim v/y ' 2 +x = \i lim = 1 and lim ^ x " = ,/ lim i 1 ^ 1 = 1 . Since the growth rate is 

x ^ 00 x V x ->oo x x ^ 00 x V x — > OO x & 

transitive, we conclude that \/x 4 + x and \/x 4 — x 3 have the same growth rate (that of x 2 ) . 

19. lim ~ = lim 5^^ = ... = lim ^ = x n = o (e x ) for any non-negative integer n 

x — ► 00 e x — ► 00 e X — > OO e y ' J ° 
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20. Ifp(x) = a n x n + a n _ix n 



aix + an, then lim ^ — a n lim ^ + a n _i lim 

u x — ► OO e X — > OO e X — ► oo 



ai lim 4 + an lim \ where each limit is zero (from Exercise 19). Therefore, lim 2^=0 
x^oo e U x^oo e x — * OO 



=> e x grows faster than any polynomial 
21. (a) lim ^ = lim 

x — > OO m x X 



OO inx x — > oo n(l) 

(b) l n (e 17 W° 00 ) = 17,000,000 < (e 17xl ° 6 

(c) x w 3.430631121 x 10 15 

(d) In the interval [3.41 x 10 15 ,3.45 x 10 15 ] we have 
In x = 10 In (In x). The graphs cross at about 
3.4306311 x 10 15 . 



(i) hm x 1,/n = oo =4> In x = o (x 1//n ) for any positive integer n 

1/10 6 



= e 17 w 24,154,952.75 




22. lim —j- z — — 

X — > OO a „x n + a„_ix n ] + ... + aix + ao 



lim 





[091 


lim 




X— >00 


nx n-l 



lim 

x^oc 



lim 



OO (nx°) 



=>■ In x grows slower than any non-constant polynomial (n > 1) 



23. (a) lim 



n I022 n 



lim 



n — > OO n (log 2 n) n — > OO io Si n 



n log2 n growjb) 



slower than n (log 2 n) 2 ; lim n '°A 2 " = lim 
n — > oo n ' n — > oo 



'lnn\ 
nV2 



r^TT lim nPi], 
ln 2 n — > oo (l)i-V' 



j^~t\ lim -i 

ln 2 n — > OO n 1 ' 2 







=>■ n log2 n grows slower than n 3 / 2 . Therefore, n log2 n 
grows at the slowest rate =>• the algorithm that takes 
0(n log2 n) steps is the most efficient in the long run. 




20 40 60 80 100 



24. (a) lim 

n — > oo 



(log2 n)- 



lim 

n — > oo 



Si 



(In n) 2 



lim , -, - 
n — > oo n (in 2 > 



(b) 



lim 



2 ('"")(h) 



lim 



n — > oo ( ln 2 ) ( ln 2 ) n — * oo n 



lim 



(In 2)2 n ^"oo i 



(log2 n) 2 grows slower 



than n; lim ^ 2nr = lim 

n — > oo v nl °g2n n — > oo v n 



lim 

n — > oo 



dun 
I In 2 



- h:- lim 



n — > OO n 



l n n 

1 2 



Vn log n 




20 40 60 80 100 



1*2 X ^OO TJJ^ 1 



ln 2 



lim -i 

n — > OO n ' 



=>• (log2 n) 2 grows slower than Wn log2 n. Therefore (log2 n) 2 grows 



at the slowest rate =>• the algorithm that takes O ((log2 n) 2 ) steps is the most efficient in the long run. 

25. It could take one million steps for a sequential search, but at most 20 steps for a binary search because 
2 19 = 524,288 < 1,000,000 < 1,048,576 = 2 20 . 



26. It could take 450,000 steps for a sequential search, but at most 19 steps for a binary search because 
2 18 = 262,144 < 450,000 < 524,288 = 2 19 . 
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1. (a) I 
3. (a) -1 
5- (a) f 



7. (a) 3 J 



9. (a) | 



11. (a) 



3tt 



(b) 



(b) f 



(b) £ 



(b) I 

(b) -f 

(b) 1 



(c) -f 
(c) 1 



(c) & 



(c) I 



2. (a) 



4. (a) | 



6. (a) £ 



(a) ^ 



(b) f 
(b) -\ 
(b) f 



(b) % 



10. (a) -f (b) \ 



(c) 



2tt 



12. (a) J 



(b) 



5- 



(c) f 
(c) f 
(c) f 



13. a — sin 1 (~) =4> cos a = j|, tan a = 4r, sec a = |f , esc a = -y, and cot 



14. a = tan 1 (4) sin a = |, cos a = |, sec a = |, esc a = 4, and cot a = 

15. a = sec -1 ( — \l 5 



sma= -7-, cos a 
v 5 



4j, tan a — —2, esc a — and col m 



16. a = sec" 1 (- ^) =4> 

17. sin (cos- 1 ^pj = sin (I 



sin a 



jjj, cos a = — tan a = — |, esc a = ^3—, and cot a = — j 



19. tan 

21. esc 

22. tan 

23. sin 

24. cot 



1 



18. sec (cos" 1 |) = sec (§) = 2 
20. cot (sin" 1 (~^f)) = cot(- f) 



1 



1 (-I))=tan(-1) 

sec -1 2) + cos (tan -1 (— s/^Y) — csc (cos -1 («)) + cos (— |) = esc (|) + cos (— |) 

sec" 1 1) + sin (csc" 1 (-2)) = tan (cos" 1 1) + sin (sin" 1 (-5)) = tan(0) + sin (- |) = 0+ (- \) 
sin- 1 (- I) + cos- 1 (- i)) = sin (- f + f ) = sin (f ) = 1 



2 , 1 4+ V3 



sin 



(- I) - sec- 1 2) = cot (- I - cos- 1 (|)) = cot (- f - f ) = cot (- f) = 



25. sec (tan- 1 1 + csc" 1 1) = sec (f + sin" 1 i) = sec (f + f) = sec (^) = — 

26. sec (cor 1 + csc" 1 (-1)) = sec (§ + sin" 1 (i)) = sec (f - f - f ) = sec (- f ) = 2 



U 2 



27. sec 1 (sec (— |)j = sec 



28. cor 1 (cot(-f)) =cor 1 (-l) 



1 I V3 



In 

4 
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29. a — tan 1 | indicates the diagram 




sec (tan" 1 §) = sec a = ^ +4 



30. a — tan 1 2x indicates the diagram 




=> sec (tan 1 2x) = sec a = y 4x 2 + 1 



31. a = sec 1 3y indicates the diagram 




y 9y 2 _ , =>■ tan (sec 1 3y) = tan a — \/9y 2 - 1 



32. a = sec 1 I indicates the diagram 




tan (sec 1 |) = tan a = ^ y 5 25 



33. a — sin 1 x indicates the diagram 




» => cos (sin 1 x) = cos a — \J 1 — 



34. a = cos 1 x indicates the diagram 



35. a — tan 1 \/ x 2 — 2x indicates the diagram 




yji-x 2 =>• tan (cos 1 x) = tan a 



X ^_2 X =>■ sin 



(tan" 1 Vx 2 -2x) 



sin a 



V x 2 — 2x 
x- 1 



36. a — tan 1 , * indicates the diagram 




sin ( tan 1 , | ) = sin < 



\/2x 2 + 1 



37. a — sin 1 y indicates the diagram 




=> cos (sin 1 y) = cos a 



38. a = sin 1 ? indicates the diagram 




cos (sin j J = cos a = 5 



39. a = sec 1 f indicates the diagram 




sin (sec" 1 |) = sin a = ^ ~ 16 
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40. a — sec 1 ^ x2+4 indicates the diagram 



41. lim sin 1 x = % 



43. lim tan" 1 x = f 

X — » OO 2 



45. lim sec 1 x = 5 

X — * OO 2 



47. lim esc 1 x = lim sin 1 (-) = 

X OO X — » CO v« 




sin I sec — J = sin . 



%/x 2 +4 



42. lim cos 1 x = ir 

x -> -1+ 



44. lim tan -1 x = - ? 



-1 (1\ 7T 

2 



49. y = cos- 1 (x 2 ) =>• | 



2x 



-2x 



^/l-fx 2 ) 2 V 7 1 - x' 1 



46. lim sec : x= lim cos 1 (-) 

X — > — OO x — > — OO «' 

48. lim esc -1 x = lim sin -1 (-) —0 

X — > — OO X — > — OO «' 

50. y = cos" 1 (i) = sec" 1 x & 



x| a/ x2 — 1 



51. y = sin 1 



1- V2t 



52. y = sin- 1 (1 - 1) =► g 



dt - (1 -t) 2 v/2t-t 



53. y = sec" 1 (2s + 1) 



|2s+l| V(2s+1) 2 -1 |2s+l| 74s 2 + 4s |2s+l| Vs 2 + s 



54. y = sec 1 5s => 



dy _ 



|5s| V(5s) 2 - 1 | s | V25s 2 - 1 



55. y = esc -1 (x 2 + 1) 



dv 
dx 



2x 



-2x 



dy 
dx 



56. y = esc 1 (|) 

57. y = sec -1 (lj = cos -1 1 



|x 2 + l| \/(x 2 + l) 2 -l (x 2 + l) Vx 4 + 2x 2 
ill 



-2 



IllVd) 3 " 1 M 



|x| Vx 2 -4 



58. y = sin 1 (p) = esc 



dy _ 
dt 



-1 f 



_ -6 

/ t4-9 t x/t 4 — 9 



59. y = cor 1 = cor 1 1 1 / 2 | = -^ 
J v dt i+ t 1 



+ (tV2) 2 2x/t(l+t) 



(^)(t-D-^ _ 



60. y = cor 1 v/t- 1 = cor 1 (t - l) 1 / 2 => t - - — - — 

3 v V / dt i + [( t -l)i/2] 2 20^1(1+1-1) 2t v / T : l 



61. y = In (tan 1 x) 



dy _ U- 



dx tan 1 x (tan 1 x)(l+x 2 ) 



62. y = tan" 1 (In x) 



dy = d) = l 

dx l+(lnx) 2 x[l+(lnx) 2 ] 



63. y^csc-^e 1 ) f 
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64. y = cos 1 (e l ) 



dy 
dt 



65. y = s y/l - s 2 + cos" 1 s = s (1 - s 2 ) 1/2 + cos" 1 s g = (1 - s 2 ) 1/2 + s (A) (1 - s 2 ) _1/2 (-2s) - 
= v 7 ! - s 2 - 



'1-s 2 



1 _ .A _ s 2 _ s 2 + l _ 1 - s 2 - s 2 - 1 _ -2s 2 

'l-s 2 v 7 ! -s 2 v 7 ! -s 2 



66. y = Vs 2 - 1 - sec- 1 s = (s 2 - 1) 1/2 - sec" 1 s % = (A) (s 2 - l)~ 1/2 (2s) - 1 - = - — ^ 



67. y = tan 1 \/x 2 — 1 + esc 1 x = tan 1 (x 2 — 1) 

= A ~ , h = 0, for x > 1 

x v x — 1 |x| v — 1 



1/2 , -1 
+ CSC X 



fr = (pc-D- 1 ^ i_ 

dx i + [(x^-i) 1 -' 2 ]" W v 7 ^! 



68. y = cor 1 (1) - tan" 1 x = § - tan" 1 (x" 1 ) - tan" 1 x g = 



-x - 1 _ 1 1 

l + ( x -i) 2 1+x 2 x 2 + l 1+x 2 



69. y = x sin" 1 x + y/l - x 2 = x sin" 1 x + (1 - x 2 ) 1/2 g = sin" 1 x + x (-7^) + (§) (1 - * 2 ) V2 (-2x) 



Vi-x 2 VT~ 



70. y = ln(x 2 +4) - x tan" 1 (|) 
= -tan- 1 (|) 

7L Jv5b dx = sin_1 (f)+c 



| = 5 * ? - tm -i(f)-x 



1+d) 2 



2x 

X 2 +<! 



-tan- 1 (I) -j 



2x 



72 - / yrb^ dx - 5 / vt^(2xF 



1 / du 



= \ sin" 1 u + C = \ sin" 1 (2x) + C 
73- /TT^dx=J 



where u = 2x and du = 2 dx 



\3 dx — 

(Vn) +x 2 %/ 17 



L tan" 1 + C 



74. fsnr^dx^Af^i dx = ^ , — 

J 9 + 3 *- 3 J (y3)"+x 2 3 x/3 Vv/5 



tan 



C = ^ tan- 



75. f , d * = f , d " , where u = 5x and du = 5 dx 

J xV25x 2 -2 J uVu 2 -2 



sec" 1 



C = 4- sec -1 

\/2 



76. f /* = f d " , where u = a/5x and du = v/5 dx 

J x\/5x 2 -4 J u\/u 2 -4 v v 



1 sec" 1 ||| + C= \ sec" 1 



11 ■ XtCT = C 4 sin_1 f ] = 4 ( sin_1 3 - sin_1 °) = 4 (I - °) 



1?E 
3 
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78 ' Jo V5^? = U„ y|^,whereu = 2sanddu = 2ds;s = u = 0, s = ^ 
= [1 sin- f] ^ = | (sin- f - sin- o) = \ (f - 0) = f 



79. r 

Jo 



dt 

8 + 2t 2 



1 f 2v/5 h 

7- I 0-7% , where u 

/2 Jo 8 + u- ' 



n 
i i 

.V2 ' 



tan 



2^2 




= \/2t and du = V2 dt; t = =>- u = 0, t = 2 ^> u = 2V2 
\ (tan- - tan- o) = \ (tan- 1 - tan- 0) = i (f - 0) 



80. 



r 2 - 

J 2 4- 



3t 2 



du 



where u = V^t and du = \/3 dt; t = -2 => u = -2a/3, t = 2 



l 

.V3 



2 tan ^ I 



J\/3 
-2v^3 



1 

2v^3 



tan 



1 V^-tan- 1 f— v/3 



l 

2v/3 



[f -(-!)] = 



3v^ 



81. 



X 



V2/2 



dy _ 

y\/4y 2 - 1 



J 2 , = = , where u = 2y and du = 2 dy; y = — 1 



-2,y = - 



1 |u|]I 



-2| 



82. 



X 



-72/3 
2/3 



dy 



= [sec— 



X 



du 



u\/ u 2 — 1 



, where u 



sec 



-V2 



— sec 



3y and du 

- i-2| = 



3dy;y 



-2,y 



3 



83. f 7 3 , dr 5 = I f -t^— , where u = 2(r - 1) and du = 2 dr 

= I sin" 1 u + C = § sin- 2(r - 1) + C 

84. f 6dr , = 6 f -4"— , where u = r + 1 and du = dr 

J v / 4-(r+ l) 2 J ^4 - u 2 

= 6 sin" 1 § + C = 6 sin" 1 (^) + C 

85. f dx n2 = f ^ , where u = x - 1 and du = dx 

J 2 + (x — l) 2 J 2 + u- ' 

= -4- tan" 1 -4= + C = 4= tan" 1 f + C 

86- J TTT frr rF = i/ T ^ I ,whereu = 3x+landdu = 3dx 
= i tan" 1 u + C = 1 tan" 1 (3x + 1) + C 

87. f - — - dx -s - = i f , d " , where u = 2x - 1 and du = 2 dx 

J (2x- l)v/(2x- l) 2 -4 2 J UV V _ 4 

= |-i sec- 1 |f| +C = \ sec- 1 |£f±| +C 



88. f , — - , dx ra - = f /" , where u = x + 3 and du = dx 

J (x + 3)V(x + 3) 2 -25 J u\/u 2 -25 

= i sec" 1 |f|+C= i sec" 1 |^| +C 



89. t¥t4^ =2 f rrN , where u = sin and du = cos d0; 6 = -| u = -1, $ = £ => u = 

J -ir/2 1 + ( sln 9r J -i 1+u- 2 '2 

= ptan-u]^ = 2 (tan- 1 1 -tan-(-l)) = 2 [f - (- f)] = vr 
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90. P /4 , c ^\ d % = - f ' J^, where u = cot x and du = - esc 2 x dx; x = £ =>■ u = J?> , x = f =>• u = 1 

Jtt/6 1 + (cot x) J J 1 + u- ' '6 V ' 4 

= [- tan" 1 u] J/3 = - tan" 1 1 + tarr 1 ^=-J + | = ^ 



9L JT 3 = / 1 TTF ' where u = e x and du = e x dx; x = =>■ u = 1, x = In y/i ^ u = y/3 
= [tan- 1 u] ^ = tan- 1 a/3 - tan" 1 1 = § - | = g 

92- J" /1 ^ T ^=4/; /4 T |i ? ,wh e reu = lntanddu=idt;t=l =* u = 0,t = e^ => u=f 
= [4 tan" 1 u] q /4 = 4 (tan" 1 | - tan" 1 0) = 4 tan" 1 | 

93. J" = i J , where u = y 2 and du = 2y dy 

= 1 sin -1 u + C = \ sin -1 y 2 + C 

94 - / yTltan^y = I 7^ ' Whel ' e U ~ tan Y and du = ^ Y d Y 

= sin -1 u + C = sin -1 (tan y) + C 



95 - /^fe = I vr- ( "-4x +4) - Ivt^W - ( * 2 > + c 

96 - Jyfe - / 7i - pfe i) = fvr^w - ^ < x - " + c 

97 - £ 7^=? - 6 r i v / 4 - (t " 2t+1 ) = 6 r.T^rw = 6 [sin- 1 p±i)] °_ 

= 6 [sin- 1 (|) - sin" 1 0] = 6 (f - 0) = tt 



qs f ' 6dt - if 1 m - if 1 ^ - 3 r s i n -i (ZtnJAl 1 

y0 - J i /2 /3 + 4t-4t 2 ~ J Jl/2y4-(4 t 2-4t+l) ~ J J 1/2 V2 2 -(2t-l)2 ~ J L Sm V 2 JJl 

= 3 [sin- 1 (i) - sin- 1 0] = 3(f-0) =f 

!00. J^rtno - J 1 + ^ d + y 6 y+ 9) - / tt(7W - 1^" 1 (y + 3) + c 

101- r^f+a = 8j, 2 1 + ( /- 2x+1) = *£t+£=t? = 8 [ tan_1 < x - Dl? 
= 8 (tan- 1 1 - tan" 1 0) = 8 (f - 0) = 2tt 



102- I ;^To = 2/ 2 4 = 2 I JT^W = 2 ^ < x - 3 >1 2 

= 2 [tan- 1 1 - tan- 1 (-1)] = 2 [f - (- f )] = tt 



i 03 f ^ = f ^ = f ^ 

' J (x+l)\/x 2 +2x J (x+l)\/x 2 +2x+l-l J (x+lJ^Ax+l) 2 -! 

= f — , d " , where u = x + 1 and du = dx 

J uVu 2 — 1 



-1 



II 
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io4 f _ r dx r dx 

J (x-2)Vx 2 -4x + 3 J (x - 2)vV - 4x + 4 - 1 J (x - 2)V'(x - 2) 2 - 1 

= I — , 1 du, where u = x — 2 and du = dx 

J uy u 2 — 1 

= sec" 1 |u| + C = sec" 1 |x - 2| + C 
105. J* x 2 dx = J e" du, where u = sin" 1 x and du 



VI -x 2 J \J\-y 

= e u + C = e sin_lx + C 



106. f e T \ dx = — f e u du, where u = cos 1 x and du = 

J vi -x 2 J VI- 

-e 11 + C = -e cos_lx +C 



1 V r^nA .-111 



107. J" ^ — 2iL d\ — J u 2 du, where u = sin 1 x and du 



dx 



/ U.A I U UU, WllV^lV^ LI 3111 TV til I LI L1LI ^= 

Vl -x 2 J vi- 



dx 

1 + x 2 



108. J" v/ 1 t ™^ x dx = JV/ 2 du, where u = tan" 1 x and du 

= | u 3 / 2 + C = | (tan" 1 x) 3/2 + C = | J (tan- 1 x) 3 + C 



/ (tan-'yjV+y 2 ) ^ = /fey d y = Ju du ' where u = tan 1 y and du = ^ 
= In |u| + C = In jtan- 1 y| + C 



no - / fsin-wi+y 3 dy = J S dy = /» du ' where u = sin 1 y and du 



dy 



(sin-iy) VT+7 J ~ J *r*y ^ ~ J » ' ~ ' v / ^7 

= In |u| + C = In |sin -1 y| +C 

111. f _ &ec ( st = c x ) dx = f sec 2 u du, where u = sec -1 x and du = — , dx ; x = \/2 =>■ u = ? , x = 2 =>• u = 5 

JV2 xVx 2 -l Jtt/4 xVx 2 -! V 4 3 



[tanu]^ = tan f- tan f = V3-l 



,t/4 

1 12. f n cos ^ — ^ dx = f cos u du, where u = sec -1 x and du = — M — ; x = -7- => u = f , x = 2 =£• u = ? 

J2//3 x\/x 2 - 1 Jrr/6 x\/x 2 - 1 \/3 6 3 

r * 1^/3 ■ 7T -7T 1/3 - 1 

= I Sln U l J/6 = Sm f - Sln I = 

113. lim Mciix = lim Oi-V^) = 5 

x -> x x -> 1 

114. lim ^P= lim ^ = lim (tigzg^ = Um xW = 1 

x^l+ sec x x^l+ sec x x^l+ f i 2 1 x->l + 

115. lim xtan- 1 (|)= lim tan ' 1( f = lim ^±fe^ = lim T1 h*=2 

X— >(X> \x/ X ^ CO X 1 x— > oo -x 2 X— > 00 l+4x 2 



116. lim 2ta "'' 3x2 = lim %sE^ = lim 



X T Vx 2 x ^" 14x x ^" 7(1 + 9x4) 7 
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117. Ify = lnx- \ ln(l +x 2 ) - + C, then dy 



1 _ x _ yi + x J 
x 1 +x 2 



dx 



x _ 1 I tan 1 x \ 

1 +x 2 x(l +x 2 ) T x 2 J 

which verifies the formula 



H Y — x(l+x 2 )-x 3 -x+(tan 'x)(l+x 2 ) ■ _ tan' 1 x j y 

ax— x 2 (i + x 2 ) ux — x 2 ux ' 



118. If y = $ cos- 5x + I dx, then dy = [x 3 cos- 5x + (*) (^) + f ( 7 ^) 



dx 



(x 3 cos 1 5x) dx, which verifies the formula 



119. If y = x (sin" 1 x) 2 - 2x + 2y/i - x 2 sin" 1 x + C, then 



dy 

the formula 



(sin' 1 x) 2 + 2x ^"" 1 „ x) - 2 - 



'1-x 2 



2x ^-Ivx 2 /T^ 



V 7 ! -x 2 



sin x 



1 -x 2 ) 



dx = (sin 1 x) 2 dx, which verifies 



120. Ify = xln(a 2 + x 2 ) -2x + 2atan- (|) + C, then dy = 



ln(a 2 + x 2 ) + ^-2 + 



1+5. 



dx 



In (a 2 + x 2 ) + 2 



* -2 



dx = In (a 2 + x 2 ) dx, which verifies the formula 



121. f = -o. 

dx ^jyz 



dy 



dx 



=>. y = sin 1 x + C; x = and y = = sin 1 + C =>- C = => y = sin 1 x 



122. 



g = ^ - 1 dy = - 1) dx y = tan" 1 (x) - x + C; x = and y = 1 1 = tan" 1 - + C 

=>■ C = 1 =4> y = tan— (x) - x + 1 



123. f = 

dx xVx 2 - 1 



dy = — nHf =^ y = sec_1 |x| + C; x = 2 and y = 7r =>■ 7r = sec— 2 + C C = 7r - sec— 2 



= 7T - f = f y = sec" 1 (x) + f , x > 1 



124. 



dy _ _J 2 

dx 1 + x 2 ^JT- 



dy 



l+x 2 



dx =>■ y = tan 1 x — 2 sin 1 x + C; x = and y = 2 



2 = tan" 1 0-2 sin" 1 + C => C = 2 =^ y = tan" 1 x - 2 sin" 1 x + 2 



125. The angle a is the large angle between the wall and the right end of the blackboard minus the small angle 
between the left end of the blackboard and the wall =>• a — cot" 1 — cot -1 (|) . 



126. V = 7T /J 3 [2 2 - (sec y) 2 ] dy = tt [4y - tan y] q /3 = tt ( % - 



127. V = (i)7rr 2 h= (|) tt(3 sin 0) 2 (3 cos 6») = 9?r (cos 6» - cos 3 6»), where < 6» < § ^ = -97r(sin 6) (1 - 3 cos 
= sin 6 — or cos 8 — ± 4j =4> the critical points are: 0, cos" 1 f > an d cos" 1 f— -4jJ ; but 

1 ^— is not in the domain. When 9 — 0, we have a minimum and when 6 — cos" 1 ~ 54.7°, we 



cos ^— 
have a maximum volume 



128. 65° + (90° -p) + (90° - a) = 180° a = 65° - (3 = 65° - tan" 1 (§) « 65° - 22.78° w 42.22° 



129. Take each square as a unit square. From the diagram we have the following: the smallest angle a has a 

tangent of 1 =>■ a = tan" 1 1; the middle angle (3 has a tangent of 2 => /3 = tan" 1 2; and the largest angle 7 
has a tangent of 3 => 7 = tan" 1 3. The sum of these three angles is7r =>• a + (3 + 7 = tt 
=>- tan" 1 1 + tan" 1 2 + tan" 1 3 = tt. 
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130. (a) From the symmetry of the diagram, we see that tt — sec -1 x is the vertical distance from the graph of 

y = sec -1 x to the line y = tt and this distance is the same as the height of y = sec -1 x above the x-axis at 
— x; i.e., tt — sec -1 x = sec -1 (— x). 
(b) cos -1 (— x) = tt — cos -1 x, where — 1 < x < 1 =4> cos -1 (— j) — tt — cos -1 Q), where x > 1 orx < — 1 
=>■ sec -1 (— x) = tt — sec -1 x 

131. sin" 1 (1) + cos" 1 (l)=f +0=f ; sin" 1 (0) + cos" 1 (0) = + § = § ; and sin" 1 (-1) + cos" 1 (-1) = - f + 
If x 6 (—1,0) and x = —a, then sin -1 (x) + cos -1 (x) = sin -1 (—a) + cos -1 (—a) = — sin -1 a + (tt — cos -1 a) 

= tt — (sin -1 a + cos -1 a) = tt — | = | from Equations (3) and (4) in the text. 




133. (a) Defined; there is an angle whose tangent is 2. 
(b) Not defined; there is no angle whose cosine is 2. 

134. (a) Not defined; there is no angle whose cosecant is \. 
(b) Defined; there is an angle whose cosecant is 2. 

135. (a) Not defined; there is no angle whose secant is 0. 
(b) Not defined; there is no angle whose sine is \J 2. 

136. (a) Defined; there is an angle whose cotangent is — |. 
(b) Not defined; there is no angle whose cosine is —5. 

137. a(x) = cor 1 (§) - cor 1 (§) , x > a'(x) = ^ + ^ = ; solving 

a'(x) = => -135 - 15x 2 + 675 + 3x 2 = x = 3^/5; a'(x) > when < x < 3V^ anda'(x) < for 
x > 3y5 =>• there is a maximum at 3y5 ft from the front of the room 



138. From the accompanying figure, a + (3 + 9 — tt, cot a — | 
and cot = ^ 9 = 7r - cot -1 x - cor 1 (2 - x) 




_J 1 _ l+(2-x) 2 -(l+x 2 ) 

dx — 1 + x 2 l + (2-x) 2 — (l+x 2 )[l + (2-x) 2 ] 



- (i + x 2 )V + 4 (2-x) 2 ] solving g=0 =* x=l;i > for < x < 1 and f <0forx>l 
=> at x = 1 there is a maximum 9 — tt — cor 1 1 — cor 1 (2— l) = 7r — f — f = § 



139. Yes, sin 1 x and —cos 1 x differ by the constant | 



140. Yes, the derivatives of y = — cos 1 x + C and y = cos 1 (— x) + C are both —A 



141. esc 1 u = | - sec 1 u ^ (esc 1 u) = ^ (| - sec 1 u) = 



du 
dx 



du 



|u| *j u 2 — i |u| *y u 2 — i 



. |U[ > 1 
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(sec 2 y) 



-l - 

2 „\ dy _ 



142. y = tan -1 x=>tany = x^>^ (tan y) = ^ (x) 



dx 

1 as indicated by the triangle 



dy _ 1 _ 
dx sec 2 y ^j- 



1 4-x 2 



14-x 2 




143. f(x) = sec x =4> f'(x) = sec x tan x 



df- 1 

dx 



dl' 1 




dx _ _ j 





1 1 

sec(sec- 1 bjtanfsec- 1 b) ~~ b^V&^l^ ' 



Since the slope of sec x is always positive, we the right sign by writing x-sec x 



|x|V>t 2 - 1 ' 



(111 GU 

144. cot" 1 u = f - tan" 1 u -f (cot" 1 u) = -f (f - tan" 1 u) = - t^S = - t-tS 

2 dx ^ ' dx V 2 / 1 + u- 1 + u" 

145. The functions f and g have the same derivative (for x > 0), namely r } . The functions therefore differ 

by a constant. To identify the constant we can set x equal to in the equation f(x) = g(x) + C, obtaining 

sin" 1 (-1) = 2 tan" 1 (0) + C - § = + C C = - f . For x > 0, we have sin" 1 (f^j) = 2 tan" 1 yfx-\ 



146. The functions f and g have the same derivative for x > 0, namely y+^_ ■ The functions therefore differ by a 
constant for x > 0. To identify the constant we can set x equal to 1 in the equation f(x) = g(x) + C, obtaining 



i 1 



tan" 1 1 + C 



£ = f + C =>- C = 0. For x > 0, we have sin -1 , 1 

44 V x 2 + 1 



tan 



-l l 



=^[f - (-f)] = ^ 



'V5 , . r ^ 



tan" 1 - tan" 1 (- ^) 



148. y= Vl-x 2 = (l-x 2 ) 1/2 => y'= (i)(l-x 2 )- 1/2 (-2x) 1 + (y') 2 = r^r ; L = yj I + (y') 2 dx 

-i v i '/ 2 



2 iT yrb dx = 2 t sin_1 x lo /2 = 2 (1 - °) = I 



149. (a) A(x) = | (diameter) 2 = f 



\/l+x 2 

^[tan^x]^ =(7r)(2)(|) = £ 



dx 

_l 1+x 2 



(b) A(x) = (edge) 2 



1 


( \/l+" 2 )_ 


2 

4 


. V 7 ! +x 2 




~~ 1+x 2 



(-7T^)] 2 -^ =* v =r A « dx =xu 



V = /;A(x ) dx=£ i ^ 



= 4 [tan- 1 x]ij =4[tan- 1 (l)-tan- 1 (-l)] = 4 [| - (- |)] = 2tt 
150. (a) A(x) = | (diameter) 2 = J - (,)' = J (^) = ^ = 

f\/2/2 

= | „ — r-2 — j dx = 7r sin x 

J-V2/2 \/l -x 2 L J 



V 



pA(x) dx 



(b ) A(x) = S^S^ = i (t/=j - 0)' 
= 2[sm- 1 x]^ 2 = 2(j-2)=7r 



^f)-- 1 (-f)] =*[}-(-})]=£ 

r b rv /2/2 

* V = / A(x) dx = f 



dx 



151. (a) sec" 1 1.5 = cos" 1 i re 0.84107 



(c) cot- 1 2 = f - tan" 1 2 re 0.46365 



1.5 

-1 • 



(b) esc 1 (—1.5) = sin 



1.5/ 



-0.72973 



152. (a) sec" 1 (-3) = cos" 1 (- ±) re 1.91063 
(c) cor 1 (-2) = f - tan" 1 (-2) re 2.67795 



(b) esc" 1 1.7 = sin" 1 (i) re 0.62887 
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153. (a) Domain: all real numbers except those having 
the form | + kn where k is an integer. 
Range: - § < y < | 



(b) Domain: — oo < x < oo; Range: — oo < y < oo 
The graph of y = tan -1 (tan x) is periodic, the 
graph of y = tan (tan -1 x) = x for — oo < x < oo. 




y y = tan~ 1 (tanx) 




3tc 



-3it -It, 



-3ji 



y = tan 



(tanA) 



ii 3n 



154. (a) Domain: — oo < x < oo; Range: — | < y < | 



(b) Domain: — 1 < x < 1; Range: — 1 < y < 1 
The graph of y = sin -1 (sin x) is periodic; the 
graph of y = sin (sin -1 x) = x for — 1 < x < 1. 





y = sin 1 (sin x) 


y\ it 


/\ 3it 


/ ( \ ~2 


/ \ 2 






-2n -— — it Ny^/ 


2 \/ 



-2 -1 



-2- 



y = sin 



(sm- 1 x) 



1 2 



155. (a) Domain: — oo < x < oo; Range: < y < n 



(b) Domain: —1 < x < 1; Range: — 1 < y < 1 
The graph of y = cos -1 (cos x) is periodic; the 
graph of y = cos (cos -1 x) = x for — 1 < x < 1. 



y = cos -1 (cos x ) 




y = cos 



(cos -1 x) 



1 2 
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156. Since the domain of sec -1 x is (— oo, — 1] U [1, oo), we 
have sec (sec -1 x) = x for |x| > 1. The graph of 
y = sec (sec -1 x) is the line y = x with the open 
line segment from (—1, —1) to (1. 1) removed. 



y = sec(sec~'x) 


/ 


l 






1 


/" 





157. The graphs are identical for y = 2 sin (2 tan 1 x) 

= 4 [sin (tan -1 x)] [cos (tan" 1 x)] = 4 (-^) (-^) 



jq^j- from the triangle 




s 

2 

y = 2sin(2tan~ 1 x) . 


f 


-5 


4 io 




4x 

V = x 2 + 1 



158. The graphs are identical for y = cos (2 sec 1 x) 

= cos 2 (sec -1 x) — sin 2 (sec -1 x) = 4- — 



2-x 



-jr- from the triangle 




vV-1 







f 




5C 






4C 






3C 




y = cos(2sec 1 x) 


2( 


2-x 2 
y " x 2 




H 


I 




/ 




=» =3 


5 » 



159. The values of f increase over the interval [—1, 1] because 
f ' > 0, and the graph of f steepens as the values of f ' 
increase towards the ends of the interval. The graph of f 
is concave down to the left of the origin where f " < 0, 
and concave up to the right of the origin where f " > 0. 
There is an inflection point at x = where f " = and 
f ' has a local minimum value. 




160. The values of f increase throughout the interval (— oo, oo) 
because f ' > 0, and they increase most rapidly near the 
origin where the values of f are relatively large. The 
graph of f is concave up to the left of the origin where 
f " > 0, and concave down to the right of the origin 
where f " < 0. There is an inflection point at x = 
where f " = and f ' has a local maximum value. 
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7.8 HYPERBOLIC FUNCTIONS 



1. sinhx=-| coshx= Vl + sinh 2 x= + = Jl + A = = f ) tanhx=^i= ( - 5 



cosh x f|) 



5 



coth x = -4— = — | , sech x — — \— — i , and csch x = -J— — — i 

tanh x 3 ' cosh x 5 ' sin x 3 



2. sinh x = i =» cosh x = ^/l + sinh 2 x = J \ + l 4 = \P£ = f , tanh x = ^ = Ifl = | , coth x = -±- = f 

3 v 1 y 9 y 9 3 ' cosh x (|j 5 ' tanh x 4 



sech x = — r— = | , and csch x = -^4— = \ 

cosh x 5 ' sinh x 4 



3. coshx={2 >X >0 ^ sinhx= Vcosh^x- 1 = ^(||) 2 - 1 = - 1 = = A, tanhx = = (|) 



= , coth x = -4— = V , sech x = — \— = || , and csch x = ^A— = ^ 

17 ' tanh x a cosnx 17 ' sinh x 8 



4. cosh x = y , x > =>- sinh x = \/ cosh 2 x - 1 = JW - 1 = \/W = ¥ , tanh x 



sinh x { 5 ) 12 

25 1 ~ V 25 ~ 5 ' ^ — coshx — — 13 ■ 



coth x = -4— = || , sech x = — \— — A , and csch x = -t4— = A 

tanh x 12 ' coshx 13 ' sinh x 12 

5. 2 COSh (In X) = 2 ^'" + e--^ = £ lnx + _i_ = x + l 



. 21nx_ .-2 lux lux 2 Inx 2 (^^i) x 4 - 1 

6. sinh (2 In x) = - f = f = A — ^ - x 1 



2x 2 



e+e i e — e 



7. cosh 5x + sinh 5x 



cosh 3x — sinh 3x = e ' x ^ e - — e ~" 2 e = e 



9. (sinh x + cosh x) 4 = (^^f 1 + '^f 1 ) 4 = (e x ) 4 = e 4x 

10. In (cosh x + sinh x) + In (cosh x — sinh x) = In (cosh 2 x — sinh 2 x) = In 1 = 

11. (a) sinh 2x = sinh (x + x) = sinh x cosh x + cosh x sinh x = 2 sinh x cosh x 
(b) cosh 2x = cosh (x + x) = cosh x cosh x + sinh x sin x = cosh 2 x + sinh 2 x 

12. cosh 2 x - sinh 2 x = ( i: ^f 1 ) 2 - i^^ 1 ) 2 = \ [(e x + e~ x ) + (e x - e~ x )] [(e x + e~ x ) - (e x - e~ x )] 

= 1 (2e x ) (2e- x ) = \ (4e°) = \ (4) = 1 

13. y = 6 sinh § g = 6 (cosh f ) (|) = 2 cosh f 

14. y = \ sinh(2x+ 1) =>• g = \ [cosh(2x+ 1)](2) = cosh(2x+ 1) 

15. y = 2 ^t tanh y/i = 21 1 / 2 tanh t 1 / 2 f = [sech 2 (t 1 / 2 )] (Ir 1 ^) (21 1 / 2 ) + (tanh t 1 / 2 ) (r 1 / 2 ) 

= sech 2 V / t+ 5 ^ 

16. y = t 2 tanh ± = t 2 tanh r 1 f = [sech 2 (r 1 )] (-r 2 ) (t 2 ) + (2t) (tanh r 1 ) = - sech 2 1 + 2t tanh 1 

17. y = In (sinh z) => ^ = ^ = coth z 18. y = In (cosh z) =*> ^ = ^ = tanh z 

J v J dz sinh z J v J dz cosh z 
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19. y = (sech 0)(1 - In sech 0) 



dy 



(- ~ se ^ C h7 hg ) ( sech 6 ) + (- sech 9 tanh 6I )( 1 - ln sech °) 

= sech tanh 9 - (sech 9 tanh 0)(1 - ln sech 0) = (sech tanh 0)[1 - (1 - ln sech 0)] 
= (sech tanh 0)(ln sech 0) 



20. y = (csch 0)(1 - ln csch 0) 



dy 



- csch S coth \ 



(1 - In csch 0)(- csch coth 0) 



( csch ) ( c^inr 

= csch coth - (1 - ln csch 0)(csch coth 0) = (csch coth 0)(1 - 1 + ln csch 0) = (csch coth 0)(ln csch 0) 



21. y = ln cosh v - \ tanh 2 v =>- ^ = - (\) (2 tanh v) (sech 2 v) = tanh v - (tanh v) (sech 2 v) 

= (tanh v) ( 1 — sech 2 v) = (tanh v) (tanh 2 v) = tanh 3 v 

22. y = ln sinh v - \ coth 2 v => % = - Q) (2 coth v) (- csch 2 v) = coth v + (coth v) (csch 2 v) 

= (coth v) ( 1 + csch 2 v) = (coth v) (coth 2 v) = coth 3 v 

23. y = (x 2 + 1) sech(lnx) = (x 2 + 1) {^-^) = (x 2 + 1) (^) = (x 2 + 1) (^) = 2x g = 2 

24. y = (4x 2 - 1) csch(ln2x) = (4x 2 - 1) ( e ,„ 2> + e -^ ) = (4x 2 - 1) (j^h^) = ^ ~ 1) (<£r) 

= 4x ^ = 4 

dx 



25. y = sinh" 1 y/x = sinh" 1 (x 1 / 2 ) 



dy _ (2)" 1,2 _ 1 _ 1 

dx J] + ( x i/2) 2 2^(1 +x) 



26. y = cosh" 1 = cosh- 1 (2(x + l) 1 / 2 ) £ = ^ ^ <X + — = , -U ■ = -^-i 

J V V V ' I dx J[2(x+l)V2f-l v / >^\/ 4x + 3 \/4x 2 +7x + 3 

27. y = (1 - 0) tanh" 1 =>- | = (1 - 0) (— y + (-1) tanh" 1 = ^ - tanh" 1 



28. y = (0 2 + 20) tanh" 1 (0 + 1) 



dy _ rn2 



20) 



1 - (9 + l) 2 



(20 + 2) tanh- J (0+ 1) 



= zwzj-e + (20 + 2) tanh" 1 (0 + 1) = (20 + 2) tanh" 1 (0 + 1) - 1 



29. y = (1 - Ocoth- 1 y/i = (1 - Ocoth- 1 (t 1 / 2 ) f = (1 - 1) 



1 - (i^f 



(-l)coth- 1 (t 1 / 2 ) 



-Jy - coth _1 < 



30. y = (1 - t 2 ) coth- 1 1 f = (1 - t 2 ) + (-2t) coth" 1 1 = 1 — 2t coth" 1 1 



31. y = cos 1 x — x sech 1 x => ^ = / 1 

dx ^/l -x 2 

= — sech -1 x 



(x7rb)+W sech - lx 



V 7 ! -x 2 v 7 ! -x 2 



sech 1 x 



32. y = ln x + \/l — x 2 sech 1 x = ln x + (1 — x 2 ) sech 1 x => 



dy 



i + (l-x 2 ) 1/2 



0/1 



^1 + (5) (1 - x 2 ) V2 (-2x) sech" 1 x = i - i - sech" 1 x = sech" 1 x 

— \~ J X Z / X X V 1 — X" vl — x- 



33. y = csch" 1 (|) ( 



dy 



[^(01 (0' 



ln(l)-ln(2) _ In 2 
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34. y = csch- 1 2 e % = - ^ = 

dt> 2« \/l + (2«) 2 \/l + 2 M 



35. y = sinh- 1 (tan x) => ^ = ,, se f x N2 

J v y dx x/l+Ctanx) 2 



_ sec 2 x _ sec x| |sec x| 



sec x 



36. y = cosh- 1 (sec x) % = <7 x f nx) = (secx)(tanx) = (se " X *T x) = sec x, < x < f 

ax Vsec-x— 1 vtairx \vanx\ z 



37. (a) If y = tan" 1 (sinh x) + C, then & = , ™ sh x = ^!*2L = sech x, which verifies the formula 

J v 7 dxl + sinh- 1 x cosh' 1 x ' 



(b) If y = sin -1 (tanh x) + C, then 



dy _ sech 2 x _ sech 2 ^ _ ^ which verifies the formula 

dx sf\ -tanh 2 x sechx 



38. If y = f sech- 1 x - \ y/l^ + C, then g = x sech" 1 x + f (^^j) + = x sech" 1 x, 



which verifies the formula 



39. If y = coth -1 x + \ + C, then g = x com -1 x 
the formula 



j-^-p ) + I = x coth 1 x, which verifies 



40. If y = x tanh -1 x + \ In (1 - x 2 ) + C, then g = tanh -1 x + x (prjr) + | (f^?) = tanh -1 x, which verifies 
the formula 



41. J sinh 2x dx = | f sinh u du, where u = 2x and du = 2 dx 



cosh u 

2 



c= c -^ + c 



42. J* sinh | dx = 5 f sinh u du, where u = | and du = | dx 



5 cosh u + C = 5 cosh | + C 



43. J 6 cosh (| — In 3) dx = 12 J cosh u du, where u = | — In 3 and du = | dx 



12 sinh u + C = 12 sinh (| - In 3) + C 



44. J 4 cosh (3x — In 2) dx = | J* cosh u du, where u = 3x — In 2 and du = 3 dx 



= \ sinh u + C = \ sinh (3x - In 2) + C 



45. J tanh | dx = 7 J gjj^ du, where u = 5 and du = 1 dx 
= 7 In |coshu| + Ci = 7 In |cosh || + Ci = 7 In 

= 7 In |e x/7 + e -x/7 | +C 



,x/7 , „-x/7 



Ci = 7 In |e x / 7 + e -x / 7 | - 7 In 2 + d 



46. f coth 4? d(9 = v/3 f ^ du, where u = 4? and du 

J x/3 v J smhu ' ,/3 



75 



= \/3 In |sinh u| + Ci = a/3 In sinh 4- + Ci = v^3 In 



•Ci 



V^In e^-e - ^ - % /31n2 + C 1 = y31n e 9 /^ - e - ^ +C 



47. J* sech 2 (x — |) dx = J" sech 2 u du, where u = (x — |) and du = dx 
= tanh u + C = tanh (x - \) + C 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 7.8 Hyperbolic Functions 473 

48. J csch 2 (5 — x) dx = — J csch 2 u du, where u = (5 — x) and du = — dx 

= -(- coth u) + C = coth u + C = coth (5 - x) + C 

49. / sech vAtenh dt = 2 / sech u tanh u du, where u = = t 1/2 and du = ^ 

= 2(- sech u) + C = -2 sech ^/t + C 

50. f csch(lr " ) t coth(lr " ) dt = J csch u coth u du, where u = In t and du = f 

= — csch u + C = — csch (In t) + C 

pln4 pln4 p!5/ 8 

51. I cothxdx= / £2^dx=| ± du = [In lull = In I % I - In I \ I = In I % • || = In f , 

J in 2 J in 2 sinh x J 3/4 u Li I J 3/4 181 141 18 31 2' 

In 2 — In 2 2 — ( ^ ) o 

where u = sinh x, du = cosh x dx, the lower limit is sinh (In 2) = - — — = — j- = 5 and the upper 
limit is sinh (In 4) = ^f^. = tlM = « 

pln2 pln2 f 17 / 8 1 - la 

52. I tanh2xdx = / o dx = \ J, i du = \ [In |u|] \ 11 8 = 1 [in (f) - In l] = \ In f , where 

u = cosh 2x, du = 2 sinh (2x) dx, the lower limit is cosh 0=1 and the upper limit is cosh (2 In 2) = cosh (In 4) 

_ e ln4 +e -ln4 _ 4+(j) _ yj 



-In 2 
-In 4 



r»— In 2 p-ln2 / g a \ n-\n2 , a 

53. / in4 2e« cosh dtf = J ^ 2e* (t±s_) dfl = J ^ (e» + 1) dtf = [f + *] 

= (1 - In 2) - (i - In 4) = ^ - In 2 + 2 In 2 = | + In 2 



/ In 2) ('•;, ; n4) 



2 



pin 2 pin 2 / fl _ fl \ pin 2 

54. J o 4e-" sinh 9 d(9 = J o 4e-" ( s ^ z! J d6> = 2 J q (1 - e" 2 ") d6 = 2 ^ 

= 2 [(in 2+ s^-) - (o + = 2 (In 2+ | - |) = 2 In 2 + \ - 1 = In 4 - 3 



hi 2 



55 . cosh (tan 9) sec 2 6> d9 = J ' cosh u du = [sinh u] [_ 1 = sinh ( 1 ) - sinh (-!)=( )~{ '^f^ ) 



e — e — e + e 



— = e — e , where u = tan 9, du = sec 9 d9, the lower limit is tan (— ^ J = — 1 and the upper 

limit is tan (f ) = 1 

56. £ 2 2 sinh (sin 9) cos 9 d9 = 2 //sinh u du = 2 [cosh u] J = 2(cosh 1 - cosh 0) = 2 - l) 

= e + e _1 — 2, where u = sin 9, du = cos 9 d9, the lower limit is sin = and the upper limit is sin (~\ — 1 

57. f* c -^f^ dt = 'cosh u du = [sinh u] „ 2 = sinh (In 2) - sinh (0) = - = ^ = f , where 
u = In t, du = 1 dt, the lower limit is In 1 = and the upper limit is In 2 



58. / 8co ^^ dx = 16 /"cosh u du = 16 [sinh u] I = 16(sinh 2 - sinh 1) = 16 

= 8 (e 2 — e~ 2 — e + e _1 ) , where u = ^Jx — x 1 / 2 , du = \ x~ 1//2 dx = , the lower limit is \f \ — 1 and the upper 
limit is y4 = 2 



59. / ^cosh 2 (|) dx = /_° ln2 cosh 2 x + 1 dx = \ J ta2 (cosh x + 1) dx = \ [sinh x + x] 





-In 2 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



474 Chapter 7 Transcendental Functions 



= \ [(sinh + 0) - (sinh (- In 2) - In 2)] = 
= I(l-I+ln2 



| + iln2=|+lny2 



(0 + 0)- (' 



-In 2 „ln2 



-In 2 



In 2 



nln 10 n\n 10 n\n 10 

60. J o 4 sinh 2 (|) dx = J g 4( cosh 2 x ~' ) dx = 2 J o (cosh x - 1) dx = 2 [sinh x - x}\ 

= 2[(sinh(ln 10) - In 10) - (sinh - 0)] = e lnl ° - e-' nl ° - 2 In 10 = 10 - ^ - 2 In 10 = 9.9 - 2 In 10 



l In 10 
I 



61. sinh- 1 = In (- £ + v^+l) = ln (I) 62 - cosh_1 (I) = ln (I + \f¥ Z ~ 1 



In 3 



63. tanh 



-U-l) = i hi ( LzM) 

I 2) 2 ln \ 1 +(1/2) y 



ln3 

2 



65. Se ch-(!)=ln(^4^)=ln3 



64. coth-i(|) = iln(^)=Iln9 = ln3 



66. csch 



67. (a 
(b 

68. (a 
(b 

69. (a 
(b 

70. (a 
(b 

71. (a 
(b 



72. (a 
(b 

73. (a 
(b 



3 ^rh? = [sinh" 1 |1 2 ^ = sinh" 1 Jl - sinh = sinh" 1 J% 

J \/4 + x 2 L 2Jo v v 

sinh" 1 \/3 = In (y?> + a/3 + l) = In (yfe + 2) 



f ; 6dx ■ = 2 f , dx 5 , where u = 3x, du = 3 dx, a = 1 

Jo Vl+9x 2 Jo Va 2 +u 2 

= [2 sinh" 1 u] I = 2 (sinh- 1 1 - sinh" 1 0) = 2 sinh" 1 1 
2 sinh" 1 1 = 2 ln (l + \/l 2 + l) = 2 ln (l + v 7 ^) 



-1 5 
4 



r 2 
J y^Uj dx = [coth- 1 x] 5/4 = coth- 1 2 - coth 

coth- 1 2 - coth- 1 I = \ [ln 3 - ln (f|)] = \ ln i 

J o 7 p^Ur dx = [tanh -1 x] J /2 = tanh -1 | - tanh -1 = tanh 
tan^ 1 \ = \ In = | In 3 



-1 1 
2 



3/13 pU/13 , 

, dx = I , du where u = 4x, du = 4 dx, a = 1 

/5 xVl-16x 2 J4/5 u\/a 2 -u 2 

= [— sech- 1 u] ^5 = — sech 



— sech 1 y| + sech 1 t — — ln 



- 1 ' sech- 1 4 

(12/13) 



13 1 uv ~" 5 

i+yi -(12/B) 2 



In 



+ ln(i±4g^) 
(^) + In ( W*r_M) = In (*±2) - In (^) 



ln 2 - ln § 



= ln (2 - 1) = ln I 



I = [- I csch_1 I f 1 = ~ 2 ( csch_1 1 - csch_1 2) = 5 ( csch_1 I - csch_1 1) 

I (csch- 1 I - csch- 1 1) = i [in (2 + >f ) - in (l + yfy] = \ In (f±$) 

/^tt nO q 

/ 7 cos x : dx = I 1 1 = du = [sinh- 1 ul n = sinh -1 — sinh -1 = 0, where u = sin x, du = cos x dx 

Jo Vl+sin 2 x Jo v^l+u 2 L J0 

sinh" 1 - sinh" 1 = ln ( + yj0+l) - ln f + \/0 + l) = 
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74. (a) J 



dx 



I xyl +(lnx) 2 Jo \f: 
1 




f 7 ? u ■ , where u = In x, du = 1 dx, a = 1 

Jo v a +u x 



[sinh 1 u] J = sinh 1 1 — sinh 1 = sinh 1 1 



(b) sinh" 1 1 - sinh" 1 = In (l + \/l 2 + l) - In (o + \/0 2 + 1 



= In 1 



75. (a) Let E(x) = f(x) + f( ~ x) and O(x) = f(x) - f( - x) . Then E(x) + O(x) = f(x) + f( - x) + f W~ f( ~ x) 
= m = f( x ). Also, E(-x) = f( - x)+ ^ ( - ( - x)) = f(x) + f( ~ x) = E(x) E(x) is even, and 



O(-x) 



f(-x)-f(-(-x)) 



f(x) - f(-x) 

2 



O(x) =>• O(x) is odd. Consequently, f(x) can be written as 



a sum of an even and an odd function, 
(b) f(x) = f(x) + f( - x) because = if f is even and f(x) = f(x) - f( - x) because f(x) + f( ~ x) = if f is odd. 



Thus, if f is even f(x) 



2 2 
2f(x) , 



and if f is odd, f(x) = 



2f(xl 



=> 2x = e y - \ =^ 2xe y = e 2y - 1 ^ e 2y - 2xe y -1=0 



76. y = sinh x => x = sinh y =>■ x = — — — 

^ gy = 2x±V4x'+4 ^ e y = x + Vx 2 + 1 sinh- 1 x = y = In (x + a/x 2 + l) 



Since e y > 0, we cannot 



choose e y = x — \/ x 2 + 1 because x — \/x 2 + 1 < 0. 



77. (a) v= Jftanhf t) 



dv 
dt 



2 . /gk 



Thus = mg sech 2 
when t = 0. 



sech - 



mg 1 — tanh 



(b) lim v = lim 4 / *P tanh (\/— t)^^/ 1 ? 5 lim tanh 
y t^oo t^oo V k V V m / V k t^oo 



CO A/ = V ^ = 75 = 80a/5 « 178.89 ft/sec 



g sech 2 



2 ( . / gk 



t . 



t I I = mg — kv 2 . Also, since tanh x = when x = 0, v = 



78. (a) s(t) = a cos kt + b sin kt 



ds 
dt 



-ak sin kt + bk cos kt =4> = — ak 2 cos kt — bk 2 sin kt 



-k 2 (a cos kt + b sin kt) = — k 2 s(t) => acceleration is proportional to s. The negative constant — k 2 



implies that the acceleration is directed toward the origin. 



(b) s(t) = a cosh kt + b sinh kt 



ds 



ak sinh kt + bk cosh kt 



d-s 



ak cosh kt + bk J sinh kt 



k 2 (a cosh kt + b sinh kt) = k 2 s(t) =>• acceleration is proportional to s. The positive constant k 2 implies 



that the acceleration is directed away from the origin. 



79. & = 



y/T- 



^ xy/ 1 — x 2 ^ 



dx 



= sech 1 (x) — \J 1 — x 2 + C; x = 1 and 



y = 0^C = 0^y = sech" 1 (x) - \fY^ 



nb . 

80. To find the length of the curve: y = 1 cosh ax =>• y' = sinh ax =>• L = J o \J 1 + (sinh ax) 2 dx 

nb . nb 

=> L = I cosh ax dx = \- sinh axl = 1 sinh ab. Then the area under the curve is A = | 1 cosh ax dx 

Jo LaJoa Jj a 

= sinh ax] b = 4j sinh ab = (j) Q sinh ab) which is the area of the rectangle of height j and length L 



as claimed. 



2 nl 

, ;„i,2 ^) dx = 7rJ o 



81. V = it I (cosh x — sinh x) dx = 7r I 1 dx = In 



82. V = 



V = 27T J o sech 2 x dx = 2tt [tanh x] Q n — 27r 



N/3-(l/V3) 
+ ( 1/73 ) 
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nln^/5 nln \/5 

83. y = \ cosh 2x =>• y' = sinh 2x => L = J a y 1 + (sinh 2x) 2 dx = J o cosh 2x dx = [| sinh 2x] 



In v/5 
2 S1Iln ZX J o 



84. (a) Let the point located at (cosh u, 0) be called T. Then A(u) = area of the triangle AOTP minus the area 

pcoshu . 

x 2 — 1 from A to T =>■ A(u) = \ cosh u sinh u J ^ y x 2 — 1 dx. 
(b) A(u) = \ cosh u sinh u — \/ x 2 — 1 dx ^ A'(u) = | (cosh 2 u + sinh 2 u) — Cs/ cosh 2 u — l^j (sinh u) 
= | cosh 2 u + | sinh 2 u — sinh 2 u = | (cosh 2 u — sinh 2 u) = (|) (1) = | 



(c) A'(u) 



A(u) = | + C, and from part (a) we have A(0) = =^ C = => A(u) 



u = 2A 



85. y = 4cosh5 => 1 + (ck) = 1 + sinh 2 (^) = cosh 2 (^) ; the surface area is S = /_ tal6 27ryJ 1 + ^) dx 

Xln 81 plnSl . „ 

cosh 2 (f 1 dx = 4tt / (1 + cosh | ) dx = 4tt [x + 2 sinh | 
- In 1 6 V4/ J-ln^ 2/ L 2 J - In 16 

= 4tt [(In 81 +2sinh( 1 2|i)) - (-In 16 + 2 sinh (= i f ii ))] = 47r[ln(81 • 16) + 2 sinh (In 9) + 2 sinh (In 4)] 
= 47r[ln(9-4) 2 + (e 1 " 9 - e -'" 9 ) + (e 1 " 4 - e -'" 4 )] = 4tt [2 In 36 + (9 - 1) + (4 - 1)] = 4tt (4 In 6 + f + f ) 



= 4tt (4 In 6 



222^135) = l 6 7rln6+^ 



86. (a) y = cosh x =>■ ds = y 7 (dx) 2 + (dy) 2 = y^dx) 2 + (sinh 2 x) (dx) 2 = cosh x dx; M x = J" | 2 y ds 

in2 COsh x ds = J cosh 2 x dx = J q (cosh 2x + 1) dx = [^p + x] fl = ± (e ln4 - e-'" 4 ) + In 2 

Xln2 , pin 2 

y 1 + sinh 2 x dx = 2 J q cosh x dx = 2 [sinh x] " ,2 = e 1 " 2 - e-'" 2 = 2 - \ = | 

5 I In 4 

8 3 



Therefore, y = ^ = ^ 16 ^3!" 2 ^ = | + , and by symmetry x = 0. 



(b) x = 0,y w 1.09 



(-In 2, 1 .25) < 



(In 2, 1 .25) 



y = cosh x 



> OS M O.'S — x 



87. (a) y = M cosh (s x ) ^ tan = g = (H) [g sinh (g x )] = sinh (g x ) 

(b) The tension at P is given by T cos <j> — H T = H sec <j> = Hy 7 1 + tan 2 i 
= Hcosh(gx) =w(M)cosh(gx) =wy 



= Hy / l + (sinhgx) 



\ 2 



s = i sinh ax =>• sinh ax = as =>■ ax = sinh 1 as =£> x = 1 sinh 1 as; y = \ cosh ax = \ \J cosh 2 ax 
= 1 y 7 sinh 2 ax + 1 = 1 yVs 2 + 1 = 



(a) Since the cable is 32 ft long, s = 16 and x = 15. From Exercise 88, x = - sinh 1 as =>■ 15a = sinh 1 16a 
=> sinh 15a = 16a. 
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(b) The intersection is near (0.042, 0.672). 



0.69 

0.6B 
0.67 
0.66 
0.65 



y = 16 a 



y » sinh 15 a 

0.641 0.042 oTSfc 



(c) Newton's method indicates that at a w 0.0417525 the curves y = 16a and y = sinh 15a intersect. 

(d) T = wy « (2 lb) (04^555) « 47.90 lb 

(e) The sag is icosh(15a) - A « 4.85 ft. 32Y 




-£5 =10 ^5 



y = (23.951 )cosh(0.4175 x) 



3 10 IS 



CHAPTER 7 PRACTICE EXERCISES 



1. y = 10e- x / 5 g = (10) (- 1) e-"/ 5 = -2e-"/ 5 



2. y = V^e^" =*• I = (v^) (\/2) e^ x = 2e^ 



3. y = 4 xe 

4. y = x 2 e 



1 -_„4x 1 „4x . dy _ 1 



[x (4e 4x ) + e 4x (l)] - A (4e 4x ) = xe 4x + i e 4x - \ e 4x = xe 4x 



dy 



x 2 [(2x~ 2 ) e- 2x "] + e- 2x "(2x) = (2 + 2x)e- 2x " = 2e- 2/x (l + x) 



5. y = In (sin 2 t 

6. y = In (sec 2 1 



dy _ 2(sin ff)(cos 8) _ 2 cos 8 — 9 COt 6* 
d8 sin 2 8 sin 8 



dy 2(sec (?)(sec # tan ( 

35 ~~ secTfl 



2 tan 9 



7- y = iog 2 (f) 



In 2 



dy _ 1 
dx In 2 



2 

(In 2)x 



y = log 5 (3x-7) = ^ | = (es) (3^7) = (E 



5)(3x-7) 



9. y 



& = 8-(ln 8)(-l) = -8-(ln 8) 



10. y = 9 2 



& = 9 2l (ln 9)(2) = 9 2l (2 In 9) 



11. y = 5x 36 => | = 5(3.6)x 26 = 18x 26 



12. y=V^x-^ |=(^) (-^2) X 



(-^-0 = -2x(-^') 
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13. y = (x + If ' 2 In y = ln(x + 2f +2 = (x + 2) In (x + 2) =► £ = (x + 2) (^) + (1) ln(x + 2) 



dy 



(x + 2)* +2 [ln(x + 2) + 1] 



14. y = 2(lnx)*' /2 In y = In [2(ln xf' 2 ] = In (2) + (f ) In (In x) |=0+(§) £± + (In (In x)) ( \ ) 

=> y' = [21b + (5) ln ( ln x )] 2 ( ln x ) x/2 = ( ln x ) x/2 t ln ( ln x ) + ik] 

2 U/2 dy _ |(l-u 2 )-' /2 (-2u) 



15. y = sin 1 \/ 1 - u 2 = sin 1 (1 - u 2 ) 1/2 => 
^,0 < u < 1 



du 



1- (1-u 2 ) 



1/2] 2 vi-uv^c-" 2 ) hiVi -u 2 



uV 1 — u 2 \/ 1 — u 



16. y = sin" 1 [ 4- ) = sin" 1 v" 1 / 2 g = 



dv 



^/l_( v -l/2) 2 2V3/V1-V- 1 2 ¥ 3/2 Jl^l 2v S / a \A^ r T 



2VVV-1 



17. y = ln(cos 1 x) =>• y' 



v / T^ 2 



18. y = z cos 1 z — \/ 1 — 2? — z cos 1 z — (1 — z 2 ) 1//2 =4> 



I = cos_1 z 



(I)(l-z 2 )- 1/2 (-2z) 



M-z 2 \/l-z 2 



19. y = ttan- 1 t-(l)lnt % = tan" 1 1 + t - {\) (A) = tan" 1 1 + ^ - 1 

20. y = (1 +t 2 ) cor^t f = 2tcor 1 2t+ (1 +t 2 ) (j^) 



21. y = z sec" 1 z - \/z 2 - 1 = z sec" 1 z - (z 2 - 1) 1/2 => | = z ( * _ J + (sec" 1 z) (1) - 1 (z 2 - l)~ 1/2 (2z) 



|z| V z 2 — 1 vz 2 — 1 



\/z 2 - 1 



sec 1 z, z > 1 



22. y = 2a/x- 1 sec" 1 ,/x = 2(x - 1) 1/2 sec" 1 (x 1 / 2 ) 



dy _ 9 

dx — z - 



(^(x-irVa sec-^x 1 / 2 ) +(x-l) 1 / 2 



/xVx- 1 



/ sec 1 ,/x j_\ _ sec 1 y/x ] 

V 2 v / x^T ^ 2xJ - 



23. y = esc" 1 (sec 6) % = =**ps£ = - ^ = -l, < (9 < | 

J V ' ie |sec 9| -/sec 2 - 1 l tan 9 I ' 2 



24. y = (1 +x 2 )e tan ~ lx 

25. y 



y' = 2xe tan_lx + (1 + x 2 ) (f^) = 2xe tan ~ lx + , 



2 (x 2 + 1) 
\/ cos 2x 



In y = ln ( 2( -f + l A = l n (2) + ln (x 2 + 1) - A ln(cos 2x) 

\ v cos 2x / 1 
>(x 2 + l) ( 2x 
V^cos 2x Vx 2 + 1 



2x /"1\ (-2sin2x) 



o + ^r- (I) 



;2x 



y' = (x^T + 2x) y = ^±2 + tan 2x 



26. y 



io/ 3x + 4 
2x-4 



In y = ln 



io/ 3x + 4 _ J_ 
2x-4 — 10 



[In (3x + 4) - ln (2x - 4)] 



£ — J_ 



_ _ M ) 

y 10 V3x + 4 2x-4/ 



. ./ _ J_ (_3 i_\ v _ 10/ 3x + 4 / 1 \ /_3 LI 

~^ y io v3x+4 x-2/ y y 2x ~ 4 ^ 10 ' v3x + 4 x ~ 2 ' 
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27. y 



(t+i)(t-i) 

(t-2)(t + 3) 



1 5 



lny = 5[ln(t+l) + ln(t-l)-ln(t-2)-ln(t+3)] =► (l) (^) 



J lt+l T t-l t-2 t + 3^ ^ dt J 



(t+l)(t-l) 
(t-2)(t + 3) 



Vt+ 1 ~ t- 1 t-2 t + 3^ 



28 ' =* Iny = ln2 + lnu + uln2-lln(u 2 + l) (j) (|) = i + In 2 - \ (^) 



V" 2 + l 

dy = 

du \/u a + l 



S -^-(1+^2--^) 

\ U IT + 1 / 



29. y = (sin0)^ In y = In (sin 0) (j) (|) = ^0 (^|) + i r 1 / 2 l n (sin0) 



dy 



(sin 



cot 



In (sin 9) 



) 



30. y = (lnx) 1 /^ =, Iny = (^) ln(ln x) = (£) Q) +ln(lnx)[^l (±) 



/ = (In x) 1 / 1 " 



1 - In (In x) 



x(ln x) 2 



31. J e x sin (e x ) dx = J" sin u du, where u = e x and du = e x dx 

= — cos u + C = — cos (e x ) + C 

32. J e' cos (3e l — 2) dt = I J cos u du, where u = 3e l — 2 and du = 3e' dt 

= i sin u + C = 1 sin (3e l - 2) + C 

33. J e x sec 2 (e x — 7) dx = J sec 2 u du, where u = e x — 7 and du = e x dx 

= tan u + C = tan (e x - 7) + C 

34. J e y esc (e y + 1) cot (e y + 1) dy = J esc u cot u du, where u — e y + 1 and du = e y dy 

= - esc u + C = - esc (e y + 1) + C 

35. J (sec 2 x) e tanx dx = J e u du, where u = tan x and du = sec 2 x dx 

= e u + C = e tanx + C 

36. J (esc 2 x) e cotx dx = — J e u du, where u = cot x and du = — esc 2 x dx 

= -e 11 + C = -e cotx + C 

37. f j 1 -. dx = 1 f - du, where u = 3x — 4, du = 3 dx; x = — 1 u = —7, x = 1 => u = — 1 

J_l 3x-4 3J_7u' ' 



= | [In |u|] Z\ = |[ln|-l| - In |-7|] = A [0 - In 7] = - 



In 7 



38. J dx = J u 1</2 du, where u = In x, du = 1 dx; x = 1 =4> u = 0, x = e =>■ u = 1 

= [^ 3/2 ]°;=[f i3/2 -3 3/2 ]-f 



39. 



J o tan (|) dx = J o ^||y dx = -3 Jj / - du, where u = cos (|) , du = - | sin (|) dx; x = =>■ u = 1, x = ir 



= -3 [In |u|]J /2 = -3 [In ||| - In |1|] = -3 In \ = In 2 3 = In 8 
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(• 1/4 /.1/4 pl/v^ 

40. I 2 cot 7rx dx = 2 I cos ™ dx = I - du, where u = sin 7rx, du = 7r cos 7rx dx; x = h =4> u 

J 1/6 J 1/6 simrx it J1/2 u ' ' '6 



'1/6 J 1/6 sinirx 7r J 1/2 

I VVl _ 2 



2 , X — 4 



= I [1- H] i;f = f [to ^ - In I i I j = I [In 1 - I to 2 - In 1 + In 2] = f [| k 2] = ^ 
41. f 4 dt = f 9 i du, where u = t 2 - 25, du = 2t dt; t = =>■ u = -25, t = 4 u = -9 

Jo f -25 J_25 u ' ' ' 

= [In |u|] =to|-9| -to|-25| = In 9 - In 25 = In ^ 

/x/6 nl/2 
, cos .' , dt = - I 1 du, where u = 1 - sin t, du = - cos t dt; t = - § =>- u = 2, t = J =>• u = 1 
-tt/2 1 - suit J 2 u ' * 2 '6 2 

= - [In |u|] 2 /2 = - [in 1 1 1 - In |2|] = - In 1 + In 2 + In 2 = 2 In 2 = In 4 

43. f ^ii^IlilZl dv = f tan u du = f ^ du, where u = In v and du = 1 dv 

J V J J COS U ' V 

= - to |cos u| + C = - to |cos (In v)| + C 

44. I dv — I - du, where u = In v and du = - dv 

J v In v J u ' v 

= In |u| + C = In I In v| + C 

45. I (lnx) 3 dx = f u" 3 du, where u = In x and du = - dx 

J X J ' X 

= s^ + C= -i(to x)- 2 + C 



46. 



J !n|L^_5) dx = J u dUj where u = in ( X _ 5) and du = ^ dx 



47. J* j esc 2 (1 + In r) dr = J esc 2 u du, where u = 1 + In r and du = ~ dr 

= - cot u + C = - cot(l + In r) + C 

48. J CQS(1 v ~' n v) dv = - / cos u du, where u = 1 - In v and du = - 1 dv 

= — sin u + C — — sin (1 — In v) + C 

49. J x3 x2 dx = I J 3 U du, where u = x 2 and du = 2x dx 

= 2lb(3 u )+C= 2l b(3-)+C 

50. / 2-» sec 2 x dx = / T du, where u = tan x and du = sec 2 x dx 

= ^( 2U )+C=^+C 

51. f t I dx = 3 J" i dx = 3 [In |x|] \ = 3 (to 7 - In 1) = 3 to7 

52. dx = 1 dx = \ [In |x|] f = \ (In 32 - to 1) = \ In 32 = In U/?0\ = to 2 
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53- j; 4 (f + i)d X =ij; 4 (ix + i)d X =i[h 2 +lnW]^i[^+ln4)-(|+lnl)] = {| + iln4 
= If +111^4= If +ln2 

54- T (I - Jf)dx= (i - dx = | [In |x| + 12*-l] * = | [(in 8 + f ) - (In 1 + 12)] 
= § (in 8 + § - 12) = § (in 8 - f) = § (In 8) - 7 = In (8 2 / 3 ) - 7 = In 4 - 7 

55. f 2 e~ (x+1) dx = — J e" du, where u = -(x + 1), du = - dx; x = -2 =!> u = 1, x = — 1 u = 
= -[e«]; = -(e -B 1 )=e-l 



e 2w dw = I I, e u du, where u = 2w, du = 2 dw; w = — In 2 =4> u = In w = =>• u = 

-ln2 2 Jln(l/4) 4' 



|[ei: (1/4) = H« o -^] = i(i-i) 



57. J "~ e' (3e r + 1) 3/2 dr = | J 4 u~ 3 / 2 du, where u = 3e r + 1, du = 3e'dr; r = u = 4, r = In 5 u = 16 

= - 1 [u- V2 ] J" = - t ( 16 " /2 - 4 " /2 ) = (- I) (?-§) = (- 1) (- i) = 5 



58. 



r ln9 i r 8 / 

J o e" (e 8 - 1) 1/2 d(9 = J q u 1 / 2 du, where u = e" - 1, du = e" d9; 9 = u = 0, (9 = In 9 u = 



I K 2 ] o = 1 ( §3/2 - ° 3/2 ) = f ( 29/2 - 0) = ^ = ^ 



59. J" 1 (1+7 In x)" 1 / 3 dx = u -1 / 3 du, where u = 1 + 7 In x, du = ^ dx, x = 1 => u = 1, x = e =^ u = 



= ^h 2/3 ]; = ^(8 2/3 -i 2/3 ) = (^)(4-D= 



60. f j dx = f (In x) J / 2 ~ dx = f u 1/2 du, where u = In x, du = - dx; x = e => u = 1, x = e 2 =£• u = 2 

< -'ex\/lnx *J e x x 



2 [uV 2 ] 2 



=2V^-2 



/3 2 pin 4 

[ln( v v + 1 1)] dv = J | [In (v + l)] 2 ^_ dv = J u 2 du, where u = In (v + 1), du = ^ dv; 

v = 1 =^ u = In 2, v = 3 =^ u = In 4; 

= i [u 3 ] ^ = I [(In 4) 3 - (In 2) 3 ] = | [(2 In 2) 3 - (In 2) 3 ] = <±f (8 - 1) = | (In 2) 3 



p4 r<4 r*41n4 

62. J 2 (1 + In t)(t In t) dt = J 2 (t In t)(l + In t) dt = J u du, where u = t In t, du = ((t) (±) + (In t)(l)) dt 

= (1 + In t) dt; t = 2 u = 2 In 2, t = 4 
=>- u = 4 In 4 

= \ [u 2 ] « = I 1(4 In 4) 2 - (2 In 2) 2 ] = 1 [(8 In 2) 2 - (2 In 2) 2 ] = (16 - 1) = 30 (In 2) 2 

r 8 r 8 r ln8 

63. J | ^ d(9 = ^ J i (In (9) (i) d6» = ^ J o u du, where u = In (9, du = \ d9, 6 = 1 u = 0, (9 = 8 u = In 8 

= ^[u 2 ]r-i^[an8) 2 -0 2 ] = ^ = ^ 

64- £ ™^ d0 = £«flggfi d0 = 8 /; (in 9) (I) dfl = 8Xu du, where u = In 0, du = J d0; 

0=1 =^ u = 0, = e u = 

= 4[u 2 ] ( ' ) = 4(l 2 -0 2 ) =4 
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f3/4 ^3/4 p3/2 

65. I , ; dx = 3 I 7=5 = == dx = 3 I , = = du, where u = 2x, du = 2 dx; 

J-l/4 VMi 1 J -3/4 ^3 2 - (2x) 2 J -3/2 V3 2 -u 2 



3 [-n- 1 (§)] % = 3 [sin-i (1) - sin^ (- §)] = 3 [f - (- f)] = 3 (f ) = n 



r 1/5 A r 1/s 

66. -7-- — j dx = | I 

J -1/5 \/4-25x 2 5 J- 



dx = | f -J — ? du, where u = 5x, du = 5 dx; 

5 J-l -u 2 

X = - i u 



= f [^ (I)] ' , = ! [-- 1 (|) - sin- (- §)] = f [f - (- f)] = f (f ) = f 



3 3 
— x — - 
2 ' 4 



l,x = I 



67- £ dt = ^3 £ dt = £^ ^ du, where u = ^t, du = ^3 dt; 



V^[|tan^(!)]^=f [tan-i(v^) 



t = -2 => u = -2a/3, t = 2 u 



tan 



\/3 [7T 

2 L3 



68. £ 1 ^ 1 



— j dt = (Vt — h — dt 



(-i)]=73 

* tan " (73)] = * K 1 ^ - tan " = * (f - a = 4 



3tt 



69 - Iv7w^ d y-I 



y^f^l " J J (2y)v/(2y) 2 - 1 J 

sec" 1 |u| + C = sec" 1 |2y| + C 



_ dy = J , \ ■ du, where u = 2y and du = 2 dy 



70 - / wf^ dy = 24 / dy = 24 (? 86(5-1 121) + c = 6 860-1 121 + c 



71. 



r 2/3 i • r 2/3 3 r 2 1 

J v^/3 |y| v^Y 2 - 1 dy ~~ J v^/3 |3y| V(3y) 2 - 1 dy ~~ Jv^|u| vV - 1 dU ' 



where u = 3y, du = 3 dy; 



Y=Y ^ u = ^2, y = § 



sec "u 



sec 1 2 — sec v2 



7T 7T 7T_ 

3 4 — 12 



72. 



J-2/,/5 |y| -/5y 2 -3 dy = J- 



-VW5 
2/\/5 



7L 



\/syJ(Vsy) -(Vs) 



dy = £ 



u^/u 2 -(v^)- 
2 



du, 



where u = \/5y, du = \/5 dy; y = — j- =4> u = —2, y — — 



--i-sec- 1 



75 



-l 



sec 1 v2 — sec 1 -4- 



- y5 U - ^ L 12 12 J - i 2v /3 



^ \/—2x — x 2 ^ 1 



74. 



V-2X-X 2 J x / I -(" 2 + 2x + 1 ) J 7 

= sin -1 u + C = sin -1 (x + 1) + C 

J^-x^x-l dX = f J3-J-4X + 4) dX = I 



dx = I , = g dx = | , 1 du, where u = x + 1 



and 



du = dx 



dx 



J 



(V^)"-(x-2) 2 J(y/3) -u 



du 



where u = x — 2 and du 



1 fe)+ c = sin " (vr)+ c 
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75. f ' 2 A dv = 2 f * tx7 2!, dv = 2 f~' 1 v , dv = 2 f'-r^ du, 

J_2 V + 4v + 5 J_2 1 + (v +4v + 4) l + (v + 2)' Jo '+» 

where u = v + 2, du = dv; v = —2 u = 0, v = — 1 =>• u = 
= 2 [tan" 1 u] J = 2 (tarr 1 1 - tarr 1 0) = 2 (j - 0) = § 

* r, ^ * h /: jrp^Tj * - j r, * - i Zjfr; * 

where u = v + | , du — dv; v — — 1 =>• u — — |, v = 1 => u = 

* tan " (*)] -1 = ^ K 1 ^ - tan " (- 73)] = f [f - (- 1)] = ^ + i) = ^ • f 



4 



7? ' / (1+1)^ + 21-8 dt / (t+l)V(t 2 +2t+l)-9 dt / (t+ l)V(t+ l) 2 -3 2 dt / uv 7 ^ 2 " dU 

where u = t + 1 and du = dt 

I lal _l_ C = i sec" 1 |J±i| +C 

jo / 1 dt = I 1 dt = I 1 dt = - / 1 a,* 

' J (3t+l)V9t 2 +6t J (3t+l)^(9t 2 + 6t+l)-l J (3t+l)V(3t+l) 2 -l 2 3 J ux / u 2 _ \ 

where u = 3t + 1 and du = 3 dt 

= | sec" 1 |u| + C= i sec" 1 |3t+ 1| +C 

79. 3 y = 2 y+1 In 3 y = In 2 y+1 ^ y(ln 3) = (y + 1) In 2 => (In 3 - In 2)y = In 2 (in §) y = In 2 y = ^2 

80. 4- y = 3 y+2 In4- y = ln3 y+2 -y In 4 = (y + 2) In 3 =S> -2 In 3 = (In 3 + In 4)y =>• (In 12)y = -2 In 3 

^ J In 12 



81. 9e 2y = x 2 =>■ e 2y = f =>• In e 2y = In Of) =*> 2y(ln e) = In (f ) =>■ y = | In hfj = 

82. 3 y = 31nx =► In 3 y = In (3 In x) =► y In 3 = In (3 In x) y - ln(31nx) - ln3 + ln < ln *> 



In Jf =ln |f | = In |x| 



In 3 In 3 



83. ln(y- 1) = x + lny e 1 "^- 1 ' = e ( x+lny > = e x e lny y - 1 = ye x => y - ye x = 1 =>• y (1 - e x ) = 1 



84. In (10 In y) = In 5x e ln ( 101ny ) = e ln5x 10 In y = 5x =S> lny=f => e lny = e x / 2 =4- y = e x / 2 



85. The limit leads to the indeterminate form S: lim = lim qnl ? )1 ° x = In 10 

°x^0 x x^O 

86. The limit leads to the indeterminate form § : lim ^irl = ij m (ln 3)3 — In 3 



87. The limit leads to the indeterminate form 2; lim ?^=± = lim 2sm>(ln2)(cosx) = In 2 

x -» e 1 x — > e 

88. The limit leads to the indeterminate form 2; lim ^Tt 1 = lim 2 " s "" (ln 2)( - cos x) = - In 2 

x -> e 1 x -> e 

89. The limit leads to the indeterminate form 2 : lim 5 x - 5cos , x = lim ^jiiL*. = lim = 5 

x^0 X ^ Q e*-l x ^0 e 
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90. The limit leads to the indeterminate form j{ : lim - — j^- = lim . . = —4 

x^O xe x -> e +xe 



91. The limit leads to the indeterminate form 8: lim - ln t'+ 2t > = n m Ix_L±A 



°" t^0+ t2 t^0+ 2t 

92. The limit leads to the indeterminate form S: lim Jf™ = lim MgLgXgos^ 

U x^4 e+Jx x ^ 4 e 

= lim "M?"*) = lim 2 ^( 2 "> = 2tt 2 
x^4 e 1 x^4 

93. The limit leads to the indeterminate form 8: lim 7-7 = lim ( ) = lim £ = 1 

t^0+ v V t^0+ v ' / t^0+ 1 

94. The limit leads to the indeterminate form — : lim e~ 1//y lny= lim = lim — ^rr^r 

00 y->0+ y^0+ ^ y^0+ -<= y (y ' 

= - lim -4r = 
y^0+ ey 

95. Let f(x) = (1 + W In f(x) = ln(1 + ? x ' 1) lim In f(x) = lim ln(1 + ? x ' 1) ; the limit leads to the 



indeterminate form 8: lim ^' + 3x _, ' — lim = 3 =>■ lim (l + -) x = lim e lnf(x) = e 3 

U X — > OO — X X — > 00 1 + - X — > OO ^ "/ X — > 00 

x 

96. Let f(x) = (1 + => In f(x) = x In ( 1 + 1) =^ lim In f(x) = lim ln(1 + ? x ' 1) ; the limit leads to the 

v x/ v x/ x^0 + x^0 + x 

( -3x- 2 \ 

indeterminate form ^: lim u+3 \' j = lim = lim (l + = lim e lnf « = e° = 1 

00 x->0 + ~ x x^0 + x + 3 x^0 + V x ^ x^0 + 

(Ux) 

97. (a) lim = lim 4^4 = lim H = H same rate 

w x — > 00 log3 x x — » oo ( !&i 1 x ^ oo In 2 In 2 

(b) lim — ^rrr = lim t^tt = lim I 5 = lim 1 = 1 => same rate 

x / X — > OO x+(i) X ^ 00 r + J X ^ OO 2x X ^ OC 

(c) lim = lim = lim ^=00^ faster 

v / x ^ oo xe x x ^ oo lOOx x — » 00 100 

(d) lim ; X i = 00 faster 

v ' X — » 00 tan 1 x 

(-- 2 ) . 

(e) lim = lim sin ~ 1 (f 1 1 = \[ m fl^l _ i im 1 = 1 sam e rate 

\ - - V I ! \ Y - \ X \" - \ — X " V ----- \ j / 1 \ 



x — 00 f ij x — » oo x 1 x — » oo —x- X — > OO 

(f) lim S5hx = Hm = lim 1=?^ = i =^ same rate 

s ' X — > 00 e X — > OO 2e x x — > 00 2 1 

98. (a) lim g = lim (|) x = ^ slower 

x / x -too 4 x ^ oc v J / 

(b) lim = lim ln2 + lnx = lim + |) = 1 same rate 

w x^x tar x ^ oo 2 (In x) x-too I2lii 2/ 2 

(c) lim 10x3 1 2x2 = lim 30x2 + 4x = lim ^±4 = lim 69 = Q ^ slower 

x — > oo e x — > oc e x x — > oo e" x — * oo e 

(d) lim ta ",i*) = lim tao '"'^' ) = lim + = lim -L,- = 1 ^ same rate 

x — > oo (11 x — > oo x 1 x — » oc -x- X — » OO 1-1— j 



(e) lim S '" W = lim ^"'jf 1 ) = lim = u m x - = oo =J> faster 

v/ x^oo x^oo x^ x^oo -2x X — > 00 2W1 - 

(f) lim = Hm (g+p) = Um 2 = Hm (— = 2 =J> same rate 

v/ x— » oo e x x— >oo e * x— »oo e x (e x + e x ) x-tcc ll+t 11 / 
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99. (a) 



1 + 3 < 2 for x sufficiently large => true 



(b) ^" 2 , - W = x 2 + 1 > M for any positive integer M whenever x > \/M false 
= lim — = 1 => the same growth rate =4* false 



(c) lim — , — 

v / x ^ oo x + lnx x ^ oo 1 



(d) lim 



ln(lnx) 



lim 



0) 



x —> oo In x x — > oo 



lim r^- 

x — > oo In x 



=>■ grows slower =4> true 



1:111 x < | for all x =>• true 

2 (1 + e- 2x ) < |(1 + 1) = 1 if x > true 



(e) , ^ 2 

(f) cos hx I I I l ,v -', , . 1 



100. (a) , ^\ , = -J-r < 1 if x > =» true 

(sr + ^J x+1 

iii^ = lim (-ji-r) = =>• true 

^ _L I x ^ oo Vx^ + l/ 



(b) lim 7- — — urn 

x ' X^OOI^ + Jj) X — > 00 

(c) lim = lim = true 

x / X — > oo x + 1 X — > oo 1 

(d) ! ^ = ^ + l<l + l=2ifx>2 = 
_W < k) = |ifx> 1 



(e) ^ = — 



true 



(f) 



^ = I (1 - e - 2x ) < \ if x > true 



101. f =e* + l 



_ l 



(*±\ = i 

V dx Vx = f(ln2) ( eX + 1 )x^m 2 



1 _ 1 

2+1 3 



102. y = f(x) =► y = 1 + \ 



V dx 7x = f(ln2 

\ => i=yl =* X =^T =* f- 1 (x)=^ T ;f- 1 (f(x))=-^|p T = -^=xand 



f (f-!(x)) = 1 + = 1 + (X - 1) = X; 



f(x) 



- (x-l)2 



f(x) 



f'(x) = - i 



df- 1 

dx 



f(x) 



_ _i_ 

- f'(x) 



103. y = x In 2x - x => y' = x (£) + ln(2x) - 1 = In 2x; 

solving y' = =4> x = \ ; y' > for x > I and y' < for 
x < \ relative minimum of — * at x — | ; f (^r) = — ~ 



andf(|) = ^> absolute minimum is 
the absolute maximum is at x = | 



5 at x = | and 



1 + : 




(0.5, -0.5) 
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104. y = 10x(2 - In x) y' = 10(2 - In x) - lOx (±) 
= 20 - 10 In x - 10 = 10(1 - In x); solving y' = 

x = e; y' < for x > e and y' > for x < e 
=>• relative maximum at x = e of lOe; y > on (0, e 2 ] and 
y (e 2 ) = 10e 2 (2 — 2 In e) = =>• absolute minimum is 
at x = e 2 and the absolute maximum is lOe at x = e 



(e, lOe) 



y = 10* (2- In x) 




(e 2 ,0) 



1 — x 



105. A = J" ^ dx = £ 2u du = [u 2 ] I = 1, where 

u = In x and du = - dx; x = 1 =>• u = 0, x = e => u = 1 



n20 

106. (a) Ai = J 1 dx = [In |x|] 2 ° = In 20 - In 10 = In ?jj = 



1 id 

•>kb 



(b) Ai = J i dx = [In |x|] £ = In kb - In ka = In = In !? = In b - 



10 

kb 
ka 



In 2, and A 2 = Jj A dx = [In |x|] 2 = In 2 - In 1 = In 2 
b - In a, and A 2 = J" 1 dx = [In |x|] a b 



108. y = 9e 



= In ta- 


- In a 


in x ^> 


dy _ 
dx — 


9e -x/3 = 


> 1 


dx 

dt lx=9 


(-0 

( 



dy 
dt 



_1 P -*/3. dx _ (dy/dt) 
JC ' dt (dy/dx) 



(x) 



1 



- m/sec 



-3e- 



x = 9 => y 



1 « 5 ft/sec 



109. A = xy = xe-" L =>- ^ = e~* + (x)(-2x)e- x = e~* (1 - 2x 2 ) . Solving ^ = => 1 - 2x 2 = 
=> x=^;^<0forx>4- and ^>0for0<x<4- absolute maximum of 4- e -1 / 2 = 

V2 dx ^5 dx .A 



x = -t= units long by y = e 1 ' 2 
v2 • 



-j- units high. 



'2e 



at 



110. A = xy = x(^#) = ^ f| = 4f - ^ = k£* , Solving ^ = 1 -lnx = x = e; 



dA 



< for x > e and ^ > for x < e =>■ absolute maximum of — = 1 at x = e units long and y = 4 units 



high. 



111. K = ln(5x) - ln(3x) = In 5 + In x - In 3 - In x = In 5 - In 3 = In f 



112. (a) No, there are two intersections: oneatx = 2 
and the other at x = 4 
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(b) Yes, because there is only one intersection 



In x 



6 8 10 

y = -2 In 2 



113. 



I0g4 X 

log, X 



In x 
In 4 



In 2 
In x 



In 2 
In 4 



In 2 _ 1 
2 In 2 2 



In 2 



g«=Ef 



114. (a) f(x)= lnx , evv - ln2 

(b) f is negative when g is negative, positive when g is 
positive, and undefined when g = 0; the values of f 
decrease as those of g increase 




In x 
*ln2 



115. (a) y 



x- 5 / 2 Qlnx-2) 



In x y J 1 In x 2 — In x 

75 ^ y ~~ x^/x" 2x 3 / 2 ~ 2x^5 

y" = - | x~ 5 / 2 (2 - In x) - \ x~ 5 / : 
solving y' = =>• In x = 2 =>• x = e 2 ; y' < for x > e 2 and 
and y' > for x < e 2 => a maximum of - ; y" = 
=>• In x = | =>■ x = e 8//3 ; the curve is concave down on 
(0, e 8 ' 3 ) and concave up on (e 8//3 , oo) ; so there is an 
inflection point at (e 8 / 3 , j^j). 
(b) y = e-" 2 =S-y' = -2xe~ x2 y" = -2e~ x2 + 4x 2 e~ x2 
= (4x 2 - 2)e _x2 ; solving y' = =>■ x = 0; y' < for 
x > and y' > for x < => a maximum at x = of 
e° = 1; there are points of inflection at x = ± A- ; the 



(c) 



curve is concave down for — 
up otherwise. 

y 



< x < 



V~2 



V~2 

and concave 



(1 + x) e~ x =>■ 5/ = e~ x - (1 + x) e~ x = -xe~ x 
=> y" = — e~ x + xe~ x = (x — 1) e~ x ; solving y' = 
-xe~ x = x = 0; y' < for x > and y' > 
for x < =>• a maximum at x = of ( 1 + 0) e° = 1 ; 
there is a point of inflection at x = 1 and the curve is 
concave up for x > 1 and concave down for x < 1 . 



0.5 



-0.5 

-l 

-1 . 5»' 



-2 



In x 
' Vx~ 



10 



15 



20 



1 2 

y - (1 + x)e~ 



25 
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116. y = x In x =>• y' = lnx + x (A) = In x + 1; solving y' = 
=>■ In x + 1 = => In x = — 1 x = e -1 ; y' > for 
x > e -1 and y' < for x < e -1 => a minimum of e -1 In e _1 
= — - at x = e -1 . This minimum is an absolute minimum 

e 

since y" = ~ is positive for all x > 0. 




1 17. Since the half life is 5700 years and A(t) = A e kl we have 4r 



In (0.5) 
5700 



1 _ „5700k 

2 ~ e 



In (0.1) 



. With 10% of the original carbon-14 remaining we have O.lAo = Aoe ™ 

18,935 years (rounded to the nearest year). 



In (0.5) = 5700k 
0. 1 = e s*» 



In (0.5) 
5700 



(5700) In (0.1) 
In (0.5) 



118. T - T s = (T - T„) e- kt ^ 180 - 40 = (220 - 40) e^ 4 , time in hours, k = -4 In (|) = 4 In (f ) ^70- 



(220 - 40) e 



-4 In (9/7) t 



In 6 
41n(5) 



1.78 hr w 107 min, the total time =4> the time it took to cool from 



180° F to 70° F was 107 - 15 = 92 min 



119. ^7r-cor 1 (^)-cot- 1 (f-| j ),0<x<50 => g = 



i + l 



= 30 



60 2 + x 2 30 2 + (50 - x) 2 



; solving f = => x 2 - 200x + 3200 = =>- x = 100 ± 20^17, but 



100 + 20\/ll is not in the domain; g > for x < 20 (5 - \/rf\ and ^ < for 20 (5 - \/rj\ < x < 50 
=>■ x = 20 ^5 - y/ll) « 17.54 m maximizes 6 



120. v = x 2 In (i) = x 2 (In 1 - In x) = -x 2 In x 



dv 
dx 



-2x In x - x 2 (1) = -x(2 In x + 1); solving g = 



=>■ 2 In x + 1 = =>■ In x = - \ x = e' 1 ' 2 ; & < for x > e^ 2 and & > for x < e^ 2 a relative 

2 7 dx dx 

maximum at x = e ~ 1/2 ; g = x and r = 1 =>• h = e' /2 = x/e ps 1.65 cm 
CHAPTER 7 ADDITIONAL AND ADVANCED EXERCISES 

1. lim I , 1 dx = lim |sin _1 xL = lim (sin -1 b — sin -1 0) = lim (sin -1 b — 0) = lim sin -1 b = 



2. lim 1 f tan -1 1 dt = lim 

X ^ OO X J o X — > cx 



J tan _1 tdt 



( 2e form) 

V 00 / 



tan x 7T 

X ^**oo 1 2 



lim 



3. y = (cos a/x) x In y = i In (cos x/x) and lim + 



In (cos y^x) 



lim ™ v x _ 1 jj m 

X -> 0+ V x cos V x 2 x -> 0+ 



3 lim 

2 x^0+ 



1 -1/2 2 

I x ' sec 



lim (cos \/x) x = e 1/2 = \ 



4. y = (x + e x ) 2/x =» In y 

lim (x + e x ) 2/x = lim e y = e 2 

X — > OO v ' X — > OO 



lim In y = lim 

x — > 00 J x^oo x + e A x^oc 



hm ^ = lim H- = 2 

^ OO 1 + e X — > oc e x 



5. lim M 

X — > 00 V n + 



+ 1 



1 

n + 2 



f ) = llm 

2n/ x — > OO vn/ 



(„) 



1+2 i 



+ . 



l+n i 
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which can be interpreted as a Riemann sum with partitioning Ax = 1 => x hrn o (j^-j + j^rj + ■ ■ ■ + 

6. x lim o 5 [e 1/n + e 2/n + ... + e] = x lipi c [Q) e (1/n) + Q) e 2(1/n) + . . . + (5) e n(1/n) ] which can be interpreted as a 
Riemann sum with partitioning Ax = i =>• x hjn^ 5 [e 1/n + e 2/n + . . . + e] = f g e x dx = [e x ] J = e — 1 



7. A(t) = £ e- dx = [-e-] ^ = 1 - e~\ V(t) = tt JV 2 * dx = [- f e- 2 *] ^ = f (1 - e" 2 ') 

(a) lim A(t) = lim (1 - e"') = 1 

t — » 00 t — > 00 



(b) lim ^ = lim — — ^- - 

w t -> 00 A « t -> 00 1 - e 2 



f (l-e- 21 ) _ ^ 
Jfl-e 



(c) i im v® = i im 

w t ^0+ A(t) t^0+ l ~ e 



lim 



f (l-e-')(l+e-') 



0+ O-^ 1 ) 



: lim f(l +e-') = tt 
t - 0+ 2 



. (a) lim log a 2 = lim 

a -> + „ ^ n+ 



a-> 1 



In 2 
In 2 



0; 



lim^ log, 2 = lim^ £f = 00; 



a^ 1+ 



lim log, 2 = lim &2 = 



(b) 



-10 

-20 
-30 



2 3 4 



9- A 1 = /;^dx=^/>d X = 
= [^ = 2^ =>A i: A 2 = 2:l 



(In x) 2 



In 2 



1 • A f e 2Jog4X j _ 2 

79 > A 2 - J, "^j— dX 



In 2 



In 4 



rinx dx 

J 1 x 



10. y = tan -1 x + tan -1 (A) 



1 +x 2 



1+i 



y = -n/2 



= j-^t — Y+1P — ^ tan -1 x + tan -1 (A) is a constant 
and the constant is | for x > 0; it is — | for x < since 
tan -1 x + tan -1 Q) is odd. Next the 

x lim + [tan- 1 x + tan" 1 (1)] = + f = § and ^m^ (tan" 1 x + tan" 1 (I)) = 0+ (- f ) 



y - tan x + tan 



11. In x' xX ' = x x In x and In (x x ) x = x In x x = x 2 In x; then, x x In x = x 2 In x =4> (x x — x 2 )ln x = =>■ x x = x 2 or In x = 0. 
In x = => x = 1; x x = x 2 =>• x In x = 2 In x =>• x = 2. Therefore, x( xX ' = (x x ) x when x = 2 or x = 1. 



12. In the interval tt < x < 2tt the function sin x < 
=> (sin x) slnx is not defined for all values in that 
interval or its translation by 2tt. 




f(x) - (sin *)''■ ' 




* 1ft x 



13. f(x) = e^W => f'(x) = es( x > g'(x), where g'(x) = 



1 +x 4 



f'(2) = e° 



1 + 167 17 
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14. (a) | = ^ • e x = 2x 

(b) f(0) = 1^4 = 

(c) | = 2x => f(x) = x 2 + C; f(0) = =>■ C = =>• f(x) = x 2 =>■ the graph of f(x) is a parabola 

15. Triangle ABD is an isosceles right triangle with its right angle at B and an angle of measure | at A. We 
therefore have f = ZDAB = ZDAE + ZCAB = tan" 1 ± + tan" 1 \ . 

16. (a) The figure shows that ^ > ^ tt In e > e In tt In > In n e => e 71 > ir e 

(b) y = 3a? y = (1) (I) - !|* l^!i? ; solving y' = =4- In x = 1 =!> x = e; y' < for x > e and 
y' > for < x < e => an absolute maximum occurs at x = e 

17. The area of the shaded region is J o sin -1 x dx = J g sin -1 y dy, which is the same as the area of the region to 
the left of the curve y = sin x (and part of the rectangle formed by the coordinate axes and dashed lines y = 1, 
x = |) . The area of the rectangle is | = J o shr 1 y dy + J o sin x dx, so we have 

5= f sin _1 xdx+ f sinxdx => f sin x dx = 5 — f sin -1 x dx. 
■s Jo Jo Jo * Jo 

18. (a) slope of L 3 < slope of L 2 < slope of L x => 1 < ln ^:| [ na < \ 

(b) area of small (shaded) rectangle < area under curve < area of large rectangle 

=> 5(b-a)<X b idx<i(b-a) => \< h ^ A <\ 

19. (a) g(x) + h(x) = =► g(x) = -h(x); also g(x) + h(x) = g(-x) + h(-x) = => g(x) - h(x) = 

=>. g(x) = h(x); therefore -h(x) = h(x) => h(x) = =4> g(x) = 

fo\ f(x) + f(-X> _ [f E (x) + f (x)]+[f E (-x) + f (-x)] _ f B (x) + f (x) + f E (x)-f (x) _ 

f(x) - f(-x) _ [f E (x) + f (x)[ - [f E (-x) + fo(-x)] _ f E (x) + f (x)-f E (x) + f (x) _ f , s 
2 — 2 — 2 — IoW 

(c) Part b =4> such a decomposition is unique. 

20. (a) g (0 + 0)= ^i±^| ^ [1 - g 2 (0)] g(0) = 2g(0) => g(0) - g 3 (0) = 2g(0) g 3 (0) + g(0) = 

=> g(0) [g 2 (0) + 1] = => g(0) = 

r E w+g(h) i , . 

(b) g'(x) = lim s(x + h h ) - g(x) = lim il^>m\ g(x) = Hm gW + g(h)-g(x) + g (x)g(h) 

wfew h->0 h h->0 h h->0 h[l-g(x)g(h)J 



lim 

h->0 



'g(h)" 




l+g 2 (x) 


h 




l-g(x)g(h) 



1 • [1 + g 2 (x)] = 1 + g 2 (x) = 1 + [g(x)] 2 



(c) 1 = 1 + y 2 =>• = dx =!> tan" 1 y = x + C =!> tan" 1 (g(x)) = x + C; g(0) = =► tan" 1 = + C 

=> C = => tan -1 (g(x)) = x =>■ g(x) = tan x 



21. M = f j-^t dx = 2 [tan" 1 x] \ = f and M y = f jf^ dx = [In (1 + x 2 )] J = In 2 x 
= = 3a4 ; y = o by symmetry 



_ My 

— M 



22. (a) V = tt /J 4 (^) dx = s J^i dx = f [In |x|] * /4 = f (in 4 - In I) = f In 16 = \ In (2 4 ) = n In 2 

<» M > = X> (*) dx - s .C xV2 dx = [5 * 3/2 ] V4 = (I - £) = ^ = i ; 

M » = /Jj (sjj) (afe) dx = I.C I = [l ln W] 1/4 = I In 16 = i In 2; 
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M = £ & dx = Tj x"^ dx = [xV*] * =2-| = l; therefore, x = £ = (1) (|) = | = J and 



v= M* 



Gln2)(fj /4 =¥ 



23. A(t) = A e"; A(t) = 2A 2A = A e" e" = 2 => rt = In 2 => t = ^ =^ t 



24. | = ks =j> f = k dt =>• In s = kt + C s = s e ki 



=>• the 14th century model of free fall was exponential; 
note that the motion starts too slowly at first and then 
becomes too fast after about 7 seconds 



70 



70 



lOOr (r%) 




25. (a) L = k( a -^f t9 + 



b esc 9 b esc 6 cot 



i) ; solving f g = 



R 4 r 4 

r 4 b esc 2 - bR 4 esc cot = =^ (b esc 0) (r 4 esc 6» — R 4 cot 0) = 0; but b esc ^ since 



^ | =>- r 4 esc - R 4 cot 6* = =>- cos i 



R 1 



"(£)■ 



the critical value of 6* 



(b) = cos" 1 (f) 4 « cos" 1 (0.48225) w 61° 
26. Two views of the graph of y = 1000 [l — (.99)" + j] are shown below. 



y 

220 
210 



"ZOOM" 



y = 1000[l - (.99) x +l] 




isoti — i — % — 8 mm \'i 




y = 1000[1 - (.99) x +l] 



100 260 360 400 JOO 600 x 



(a) At about x = 1 1 there is a minimum 

(b) There is no maximum; however, the curve is asymptotic to y = 1000. The curve is near 1000 when 
x > 643. 
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CHAPTER 8 TECHNIQUES OF INTEGRATION 



8.1 BASIC INTEGRATION FORMULAS 



>- / 



16x dx . 



u = 8x 2 + 1 
du = 16x dx 



=2^A + C = 2V8x 2 + l+C 



2 I 3 cos x dx . 

J \j 1 + 3 sin x ' 



u = 1 + 3 sin x 
du — 3 cos x dx 



J-^ = 2^/u + C = 2-v/l +3 sinx + C 



3. J* 3\/siiiv cos v dv; 



u = sin v 
du = cos v dv 



J 3 du = 3 • | u 3 / 2 + C = 2(sin v) 3 / 2 + C 



4. J cot 3 y esc 2 y dy; 



u = cot y 
du = — esc 2 y dy 



/ u 3 (-du) = -^+C=^+C 



5- f 

Jo 



16x dx 

8x 2 + 2 



u = 8x 2 + 2 
du = 16x dx 
x = 0^>u = 2, x = 1 ^ u = 10 



J 2 'V = [In |u|] 2° = In 10 - In 2 = In 5 



r x/3 
Jtt/4 



sec z dz . 
tan z 



u = tan z 
du = sec 2 z dz 
z=| =>• u = l,z = f = 



u = 



Jj 'l du = [In |u|] f = In V^3 - In 1 = In \/3 



7 f * 



u = ^/x + 1 

du = 27; dx 

2du = ^ 



J^ 1 = 2 In |u| + C = 2 In (^x + l) + C 



J x — A /x J 



dU = 2Vx dX 

2du = 



= 2 In |u| + C = 2 In | - l| + C 



9. Jcot(3 - 7x)dx; 



u = 3 — 7x 
du = —7 dx 



i Jcot u du = - i In I sin u| + C = - \ In |sin (3 - 7x)| + C 



10. J'csc (7rx — 1) dx; 



U = 7TX — 1 

du = 7r dx 



I csc u • — = — In Icsc u + cot u| + C 

J 7T 7T 1 1 



= - Mn |csc(ttx- l) + cot(7rx- 1)1 +C 



11. JV csc (e° + 1) d0; 



u = e" + 1 
du = e" d0 



I 



csc u du = - In |csc u + cot u| + C = - In |csc (e e + l) + cot (e e + l) | + C 



cot (3 + In x) 



dx; 



u = 3 + In x 
du = ^ 



J' 



cot u du = In I sin u| + C = In Isin (3 + In x)| + C 
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13. J sec | dt; 



du= f 



J 



3 sec u du = 3 In |sec u + tan u| + C = 3 In | sec I + tan 1 1 + C 



14. J x sec (x 2 - 5) dx. 



u = x 2 - 5 
du = 2x dx 



I 



i sec u du = | In |sec u + tan u| + C 



\ In |sec (x 2 -5) +tan(x 2 -5)| +C 



15. J esc (s — 7r) ds; 



U = S — 7T 

du = ds 



J esc u du = — In |csc u + cot u| + C = — In |csc (s — if) + cot(s — ir)\ + C 



16. Jp esc i d0; 



du = 



-an 



J esc u du = In |csc u + cot u| + C = In |csc | + cot 5 1 + C 



17. 2xe x " dx; 



u = x 
du = 2x dx 



x = =>- u = 0, x = V ln 2 =>■ u = In 2 



/ o '" 2 e u du = [e u ] J; 2 = e 1 " 2 - e° = 2 - 1 = 1 



18. f 2 sin(y)e cos y dy; 



u = cos y 
du = — sin y dy 
u = 0, y = 7r u = — 1 



J o '-e u du = J"°e u du = [e u ] ^ = 1 - e' 



1 _ e-l 



19. j e tanv sec 2 vdv; 



u = tan v 
du = sec 2 v dv 



I 



e u du = e u + C = e tanv + C 



20. J^f; 



u = -ft 

2-/t. 



J 2e u du = 2e u + C = 26^ + C 



21. J 3 X+1 dx; 



u = x + 1 
du = dx 



I 



3Mu=(J,)3" + C=S+C 



22. V dx 



u = In x 

du= # 



2 u du= — + C= — + C 



23. / 



2^ ' 



U = a/W 

dw 



du = 



2^w 



J 



2 u du= — + r= — + r 

^ UU In 2 ^ ln 2 ^ V - 



24. J I0 2e d(9; 



u = 26/ 
du = 2 d(9 



/| 10 u du 



10" 



r _ 1 fioM , r 

2 In 10 1 ^ ~~ 2 ^ln 10 y ' ^ 



25 - /t 



9du_ 

+ 9u 2 



x = 3u 
dx = 3 du 



= 3 tan" 1 x + C = 3 tan" 1 3u + C 



26. 



f 4d x 

J l + (2x 



u = 2x + 1 
du = 2 dx 



J Ad^ = 2 tan" 1 u + C = 2 tan" 1 (2x + 1) + C 



27. / , dx ; 

Jo v/l -9x 2 



u = 3x 
du = 3 dx 

x = =£- u = 0, x=g => u = 5 



L 



1/2 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 8.1 Basic Integration Formulas 495 



29. f 4^5- ; 

J VI -s 4 



u = s 
du — 2s ds 



f -7^2— = sin" 1 u + C = sin" 1 s 2 + C 

•J v 1 — u " 



30. f 2d * . 

J iVl- 41n 2 x 



u = 2 In x 
du = ^ 



f -^2= = sin" 1 u + C = sin" 1 (2 In x) + C 

J V 1 — u 2 



31. 



/ 



6dx 



x v / 25x 2 - 1 J 5x^/x 2 - J 



/ /f = f • 5 SeC_1 l 5x l + C = 6 SeC_1 l 5x l + C 



32- /-^Hsec-^fl+C 



/ dx _ / e x dx . 

J e<+e-» — J e 2 *+l ' 



U = e x 
du = e" dx 



J = tan" 1 u + C = tan" 1 e x + C 



34. f -M— = f f dy ; 



u = e J 
du = e y dy 



J 



du 



U\/ u 2 — 1 



sec" 1 lul + C = sec -1 e y + C 



35. 



r 



dx 



x cos (In x) 



u = In x 
du = ^ 

X 

x = 1 u = 0, x = e^ 3 =>• u = f 



X7T/3 C 1 *! 
= J sec u du = [In |sec u + tan u|] ' 



/3 



= In |sec f + tan f | - In |sec + tan 0| = In ^2 + V^) - Ml) = In (l + a/3 



o/r / In x dx _ / In x dx . 

JO - J x + 4xln 2 x — J x(l+41n 2 x) ' 



u = In - x 
du = - In x dx 



/ \ r+k = g In |1 + 4u| + C = g In (1 + 4 In 2 x) + C 



37 - /, 



8dx 



1 x 2 - 2x + 2 



s r dx . 

°Jl l+(x-l) 2 ' 



U = X — 1 

du = dx 

x = 1 =>. u = 0, x = 2 



u = 1 



, (tan" 1 1 - tan" 1 0) = 8 (f - 0) = 2tt 



38. 



f 4 2dx _ 2 r 

J 2 x 2 -6x+10 _i J 2 (: 



dx 



x - 3) 2 + 1 



u = x — 3 
du = dx 
x = 2 => u = -1, x = 4 



=>• u= 1 



s/o'tT^ 8 [tan-Hi 



2X^ = 2^-^]^ 



2 [tan" 1 1 - tan- 1 (-1)] = 2 [f - (- f )] = tt 



39 r dt _ r dt 



u = t - 2 
du = dt 



-J2— = sin" 1 u + C = sin" 1 (t - 2) + C 

V 1 — u 



40. 



f d» = f 

J \/20 - fl 2 J 



d0 



\/26l - « 2 J \/l-(0-l) 2 



U = - 1 

du = d6 



f -7^2= = sin" 1 u + C = sin" 1 (9 - 1) + C 

J V 1 — u 2 



41 j dx _ f dx 

J (x+l)vV+2x J (x + lhAx 



(x+l)Vx^ 
lul = |X+1| > 1 



dx 

)V(x+l) 2 -l 



u = X + 1 

du = dx 



f du 

J uVu 2 - 1 



= sec -1 lul + C = sec -1 |x + 1 1 + C, 
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42. f- 

J (X 



dx 



f, 



dx 



(x-2)x/x 2 -4x + 3 J (x-2)v/(x-2) 2 -l ' 

sec" 1 |x-2|+C, |u| = |x-2| >1 



u = x — 2 
du = dx 



f— = sec" 1 lul +C 



43. J (sec x + cot x) 2 dx — J (sec 2 x + 2 sec x cot x + cot 2 x) dx = J sec 2 x dx + J 2 esc x dx + J (esc 2 x — 1) dx 
= tan x — 2 In |csc x + cot x| — cot x — x + C 

44. J (esc x — tan x) 2 dx — J (esc 2 x — 2 esc x tan x + tan 2 x) dx = J esc 2 x dx — Jl sec x dx + J (sec 2 x — 1) dx 
= — cot x — 2 In | sec x + tan x| + tan x — x + C 

45. J esc x sin 3x dx = J (esc x)(sin 2x cos x + sin x cos 2x) dx — J (esc x) (2 sin x cos 2 x + sin x cos 2x) dx 
= J (2 cos 2 x + cos 2x) dx = J [(I + cos 2x) + cos 2x] dx = J(l + 2 cos 2x) dx = x + sin 2x + C 

46. J (sin 3x cos 2x — cos 3x sin 2x) dx = /sin (3x — 2x) dx = /sin x dx = — cos x + C 

47 - JrTTdx = /(l-^)dx = x-ln|x+l|+C 

48- J^dx=/(l-^)dx = x-tan- 1 x + C 

49. f J^j dx = fj2x + dx = [x 2 + In |x 2 - 1|] 3 ^ = (9 + In 8) - (2 + In 1) = 7 + In 8 



50. / 



' 4x 2 -7 
1 2x + 3 



dx = J\ [(2x - 3) + 2^3] dx = [x 2 - 3x + In |2x + 3|] 3 l = (9 - 9 + In 9) - (1 + 3 + In 1) = In 9 - 4 



51. 



t 2 + 16t 



2fl 3 -7g 2 +76> 
26-5 



dt = f [(4t - 1) + ^] dt = 2t 2 - t + 2 tan- 1 (|) + C 

de = f [(e 2 -9 + 1) + 5^5] de = f - f + e + § in 120 - 5| + c 



53 f ) - x dx — f — 



dx 



f^J2_ = sin" 1 x + v/l - x 2 + C 
J v 1 — x 



54 _ r x+2^1 dx = r d^ + r dx = (x _ jji/a + ln i x i + c 

•J 2xyx— 1 J 2yx— 1 J * 

55. J^" dx = /^(sec 2 x + sec x tan x) dx = [tan x + sec x] q /4 = (l + \ - (0 + 1) = \/2 



56 ' Jo T + 4? dx = Jo \TT~4v ~ r~T\~ 



8x ^ dx= [tan- 1 (2x)-ln|l+4x 2 |] ( ' ) /2 



(tan- 1 1 - ln 2) - (tan" 1 - ln 1) = f - ln 2 



57- f tt^ — = f /,'~ sm , x l dx 

J 1+sinx J ( 



(1 — sin 2 x) 



f JL^S dx = f (sec 2 x - sec x tan x) dx = tan x - sec x + C 

ij COS X fj 



58. l+cosx=l+cos(2.f)=2cos 2 f =* J ^ = J 



dx _ 1 
2WXfJ - 2 



J sec 2 (§) dx = tan | + C 



59. f 1 „ d6> = f d6>; 

J sec ty + tan u J ' 



u = 1 + sin 9 
du = cos 9 dO 



I 



du 



= ln|u|+C = ln|l + sin(9|+C 
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60- f^eh*eM = Jlf 



sin 6 



d6: 



u = 1 + cos 9 
du = — sin 9 dO 



= - In |u| +C = - In |1 + cos(9| +C 



61. f -r^— dx = f ^^S- dx = f (l + r ) dx = f(l - U^) dx = f (l - esc 2 x - ^) dx 

J 1 — sec x J cos x — 1 J V cos x — 1 / J V sin- x / J V sin- x / 

= J ( 1 — esc 2 x — csc x cot x) dx = x + cot X + CSC X + C 

62. f dx = f ^4 dx = f (l + r ) dx = f( 1 + .. sin * +1 dx 

J 1— csc x J sinx— 1 J V sin x — 1 / J V (sin x — 1) (sin x + 1) J 

= f (l — 1 +g^ x ) dx = f (l — sec 2 x - dx = f (1 — sec 2 x - sec x tan x) dx = x — tan x - sec x + C 



«■ X"v I ^ dx= X> in ii dx ; 

= (-2)(-2) = 4 



sin I > 
for < | < 2tt 



J o sin (|) dx = [—2 cos |] Q — — 2(cos 7r — cos 0) 



64. \J 1 — cos 2x dx = J o \pl |sin x| dx; 
= — \/2(cos 7r — cos 0) = 2y2 



sin x > 
for < x < 7r 



2 I sin x dx 

Jo 



2 cos x 



65. f \/l +cos 2t dt = f v/2|cost| 



= — v2 (sin 7r — sin 5 ) = v2 



dt; 



cos t < 
for | < t < 7T 



f — v/2 cos t dt = — \/2 sin t 

Ji/2 " v 



tt/2 



66. f \J 1 + cos t dt = /_ \/2 |cos || dt; 
= 2v / 2[sin0-sin (-|)] = 2^/2 



cos i > 
for -7T < t < 



c _ 

J y2 cos I dt 



2v 2 sin \ 



67. / -y/l -cos 2 (9 d(9 = J jsin 0| d(9; 
= !-(-!) = 2 



sin 6» < 

for -7T < 6» < 



f 
J — sin 9 dO = [cos 0] ^ = cos — cos (— n) 



68. X'V 1 ~ sin20 d0 = £ 2 ' cos 6 \ d6>; 



cos 6» < 
f or I < 6» < 7T 



r, 



cos (9 dO 



sin t/j ff « = — sin 7r + sin ^ 



69 ' J-W4 V tan ' 2 y + 1 dy = J |sec y| dy 



= In W2 + 1 - In U/2 - 1 



sec y > 
for - f < y < I 



J sec y dy = [In |sec y + tan y|] ^ 



/4 



70. f V sec 2 y - 1 dy = J \tm y| dy; 



In Jl 



tan y < 

for - f < y < 



r° 

J - tan y dy = [In [cos y|] _^ 



71. J (csc x — cot x) 2 dx = J (csc 2 x — 2 csc x cot x + cot 2 x) dx = J (2 csc 2 x — 1 — 2 csc x cot x) dx 
= [-2 cot x - x + 2 csc x] ^ 4 = (-2 cot ^ - ^ + 2 csc 2f ) - (-2 cot f - f + 2 csc |) 



-2(-l)-& + 2 



(V2)] 



-2(1)- f +2 



= 4- S 
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72. f (sec x + 4 cos x) 2 dx = f [sec 2 x + 8 + 16 ( 1 + c ° s2 * )] dx = [tan x + 16x - 4 sin 2x] p /4 
= (tan | + 4?r - 4 sin f ) - (tan + - 4 sin 0) = 5 + 4tt 



73. J cos esc (sin 0) d0; 

= - In | esc (sin 0) + cot (sin 6)\ + C 



u = sin 
du = cos d9 



J esc u du = — In |csc u + cot u| + C 



74. J(l + i) cot(x + lnx) dx; 



u = x + In x 
du = (1 + I) dx 



J cot u du = In | sin u| + C = In |sin(x + In x)| + C 



75. J (esc x — sec x)(sin x + cos x) dx = f (1 + cot x — tan x — 1) dx = J cot x dx — /tan x dx 
= In I sin x| + In Icos x| + C 



76. J 3sinh(f +ln5)dx 



u = | + In 5 
2 du — dx 



= 6 / sinh u du = 6 cosh u + C = 6 cosh(| + In 5) + C 



77 J i':- . 



u = y/y 
du = 277 d y 



J ^0 = 12 tan" 1 u + C = 12 tan" 1 y/y + C 



78. 



f dx = f 

J x\/4x 2 - 1 J 



2dx 



x\/4x 2 - 1 J 2x\/(2x)- - 1 



u = 2x 
du = 2 dx 



f M = sec" 1 lul + C = sec" 1 |2x| + C 

J uy u 2 — 1 



I 7 dx I 7 dx 

J (x- l)\/x 2 -2x-48 ~ J (x- l)x/(x- 



(x-l)\/x 2 -2x-48 J (x- l)V(x- I ) 2 - 49 
sec" 1 I Ml +C 



u = x — 1 
du = dx 



/ 



, 7 , du =7-i sec- 1 Hl+C 

u\/u 2 -49 7 171 



80. 



/ 



dx 



I <2x+ 1) 



dx 



(2x+l)V4x 2 + 4x J (2x+l) x /(2x+l) 2 -l 



u = 2x + 1 
du = 2 dx 



du _ 1 



2u\/ u 2 - 1 2 



= i sec" 1 u + C 



i sec" 1 |2x+ 1| +C 



81. J sec 2 1 tan (tan t) dt; 



u — tan t 
du = sec 2 1 dt 



J tan u du — — In |cos u| + C = In |sec u| + C = In |sec (tan t)| + C 



82. f , dx . = -lesch- 1 

J x\/3 + x 2 3 



83. (a) / cos 3 6 d6 = J (cos 9) (1 - sin 2 0) d0; 



u = sin V 
du = cos d0 

2 



J(l - u 2 ) du = u - ^ + C = sin - | sin 3 + C 



(b) / cos 5 d0 = f (cos 0) (1 - sin 2 0) 2 d0 = / (1 - u 2 ) 2 du = J(l - 2u 2 + u 4 ) du = u - § u 3 + f + C 



sin - | sin 3 + | sin + C 



| sin 3 + 1 

(c) / cos 9 d0 = / (cos 8 0) (cos 0) d0 = J(l - sin 2 0) 4 (cos 0) d0 



84. (a) /sin 3 d0 = /( 1 - cos 2 0) (sin 0) d0; 



u = cos w 
du = — sin d0 



J (I -u 2 )(-du) = f -u + C 



cos + j cos 3 + C 



(b) /sin 5 d0 = /(l - cos 2 0) 2 (sin 0) d0 = J (I- u 2 ) 2 (- du) = /(-l + 2u 2 - u 4 ) du 



= - cos + I cos 3 - i COS 5 + C 
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(c) /sin 7 0d0 = J (I -u 2 ) 3 (-du) = J(-l + 3u 2 - 3u 4 + u 6 ) du = - cos i 

(d) / sin 13 6 66 = J (sin 12 0) (sin 0) 66 = J {I- cos 2 6)° (sin 6) 66 



cos 3 — | cos 5 



cos 
7 



85. (a) / tan 3 6 6.6 = /(sec 2 6-1) (tan 6)d6= J sec 2 6 tan 6 d6 - /tan d0 = \ tan 2 d - / tan 6 6.6 
= 1 tan 2 + In |cos 6\ + C 

(b) / tan 5 6 66 = J (sec 2 0-1) (tan 3 0) d0 = / tan 3 sec 2 6 66 - J tan 3 d0 = ± tan 4 - / tan 3 d0 

(c) / tan 7 d0 = /(sec 2 0-1) (tan 5 0) d0 = / tan 5 sec 2 6 66 - f tan 5 d0 = \ tan 6 - /tan 5 d0 

(d) / tan 2k+l d0 = /(sec 2 0-1) (tan 2k -' 0) d0 = / tan 2 "-' sec 2 66 - f tan 2 "-' d0; 



u = tan 
du = sec 2 d0 



/u 2 "- 1 du - /tan 2k -'0d0 



— u 2k 

2k u 



/ tan 2 "- 1 d0 = ^ tan 2k - / tan 2 "-' d0 



86. (a) / cot 3 d0 = /(esc 2 0-1) (cot 0) d0 = / cot esc 2 d0 - /cot d0 = - \ cot 2 - /cot d0 



= - i cot 2 - In I sin 



(b) / cot 5 d0 = /(esc 2 0-1) (cot 3 0) d0 = / cot 3 esc 2 d0 - / cot 3 d0 = - \ cot 4 - / cot 3 d0 

(c) / cot 7 d0 = /(esc 2 0-1) (cot 5 0) d0 = / cot 5 esc 2 d0 - / cot 5 d0 = - \ cot 6 - / cot 5 d0 

(d) / cot 2k+l d0 = /(esc 2 0-1) (cot 2k -' 0) d0 = / cot 2k -' esc 2 d0 - / cot 2 "-' d0; 

U = COt " » -/ u 2k -' du - / cot 2 "- 1 d0 = - i u 2k - / cot 2k -' d0 



du = - esc 2 d0 



= -icot 2k 0-/cot 2k -'0d0 



87. A = J* (2 cos x — sec x) dx = [2 sin x — In |sec x + tan x|] ^ 4 



= \V2 - In 



-V2-ln( a/2 - 1 

' /2+1 



) 



2-1 



2a/2 - In (3 + 2V2) 



A = J /6 (esc x — sin x) dx = [— In |csc x + cot x| + cos x] 
-y/3\-4 =ln(2+^)-f 



mr/2 
tt/6 

-In |1 +0| +ln 



tt/2 
tt/6 




4c /2 -k/4 x/4 x/2 




ic /6 jc 12 



V = 



Xtt/4 /.tt/4 />tt/4 /.x/4 

7r(2 cos x) dx — I 7r sec x dx = 47r | cos x dx — it \ sec x dx 
-it/ A J -tt/4 J -ir/4 J -t/ 4 



= 2tt (1 + cos 2x) dx - 7T [tan x] ^ = 2tt [x + 1 sin 2x] ^ - tt[1 - (-1)] 
= 2tt [(? + !) -(-!-!)] -27r = 27r(f + l)-27r = 7r 2 



J.7r/2 P^/2 
7rcsc 2 xdx— I 7rsin 2 xdx = 7r | csc 2 xdx— 5/ (1 — cos 2x) dx 
tt/6 J tt/6 J tt/6 2JW6 v 7 



= 7r [- cot x] - I [x - | sin 2x 



:^-[o-(V3)]-f[(i-o)-(i-i.f) 

^-f(f + f)= 7 r( Z #-f) 
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91. y = In (cos x) =>- dx 

"/3 



dy sin x 

cos x 



(I) =tan^ = sec^-l;L=J a yi 
^/l + (sec 2 x — 1) dx = J o sec x dx = [In |sec x + tan x|] ^ 3 = In \l + y/3 



I) dx 



In II 



0| = In (2 



92. y = ln(sec x) => ^ = secxtanx 

v 7 dx sec x 



(f) =tan 2 x = sec 2 x-l;L = £yi+( 
f*'\ec x dx = [In |sec x + tan x|] q /4 = In a/2+1 ~ In |1 + 0| = In (\fl + 1 



I .) dx 



iftanx 1 " 74 



*/4 

tt/4 V 'i > *- ' ~"~ 'i J -ir/4" 

Hi- (-l)] = l; 



93. M — J" ^ (| sec x) (sec x) dx = i J* /4 sec 2 x dx 

■ tt/4 

I -tt/4 2 



M = J* /4 sec x dx = [In |sec x + tan x| 



In V 2 + 1 



In 



'2- 1 



In 



tt/4 
-tt/4 



H) 




-it/2 -it/4 



*/4 it/2 



„_ [ =ln(^3 + 2V2j ;x = 0by 
symmetry of the region, and y — — — 



M 



94. 



M * = Jw 6 U CSC X ) ( CSC X ) dX = 2 Jw6 CSC X 



■tin 1 6 

k/6 

COt X l tt/6 
•>5tt/6 



dx 



5tt/0 _ 1 



X 57r/6 
6 csc x dx = [— In |csc x + cot x|] ^ 

= - In |2- s/3 - (-In 



>/3|) 



= In 



2 + V3 
2 - 1/3 




ML 

4-3 



7t/6 ic/2 5i/6 it 



= In I v A ', ' I = 2 In ( 2 + y3 ) ; x = | by symmetry 



of the region, and y 



Mi 

M 



x/5 



2 In 2 - 



V3} 



95. f csc x dx = f (csc x)(l) dx = f (csc x) ( cscx + c0 ' x ) dx = f C5c2x + 1 f xcotx dx; 

J J / \ / j\ / \ csc x + co t x / J csc X + cot X 



U = CSC X + COt X 

du = (— csc x cot x — csc 2 x) dx 



= - In |u| + C = - In Icsc x + cot xl + C 



96. [(x 2 - 1) (x + l)y 2/3 = [(x - l)(x + 1) 2 ] _2/3 = (x - l)- 2 / 3 (x + I)- 4 / 3 = (x + l)- 2 [(x - l)- 2 / 3 (x + I) 2 / 3 ] 

= ( x +D- 2 (x^)" 2/3 = ( x +i)- 2 (i-xir)" 2/3 

(a) /[(x 2 -l)(x+l)r 2/3 dx = J(x+l)- 2 (l-^ T )- 2/3 dx; 

- /-(I - 2u)- 2 / 3 dn = § (1 - 2u)i/ 3 + C = § (1 - 1/3 + C = § (s=l) 1/3 + C 

(b) /[(x 2 -l)(x+l)r 2/3 dx = /(x+l)- 2 ( x T |)- 2/3 dx;u= ( x T |) k 



X + 1 

du = - (xTTF dx 



du = k (x_I) k -' K»+ ')-»,-')] dx = 2k £^ dx; dx = <*±j£ (±±}) k -> du 

Vx+l/ (x+1)" (x+l) k+1 ' 2k \x— 1/ 



*-±f du; then, J( x T |)- 2/3 i (f-f) ' k du = £ /(f^)^ du 

1 |(|^)^-) du = k / U 0/3 k -0 du = k (3k)u V3 k +c = | „v» + C = § (^) 1/3 + C 
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(0 



-2/3 



(c) / [(x 2 - 1) (x + 1)] 2/3 dx = J{x+ l)- 2 (f^jj dx: 

/ l I tan u - 1 \ ~ 2 /3 / dn *| C 1 I sin u — cos u \ 

(tanu+1) 2 V tan u + 1 / V cos 2 u / J (sin u + cos u) 2 V sin u + cos u / 



u = tan L x 
x = tan u 
dx = 



-2/3 



du; 



sin u + cos u = sin 
sin u — cos u = sin u — sin 



u + sin (| — u) —2 sin | cos (u — jj 
(f -u) = 2 cos | sin(u- I) 



2 cos 2 (u — |) 

= \ j tan- 2 /3 (u - £) sec 2 (u - }) du = § tan^ 3 (u - J) + C = § 

= Hlri) 1/3 + c 



sin ( u ~l) 
cos (u — 7 J 

1/3 



-2/3 



du 



(d) u = tan 



tan u = tan 2 u = x =^ dx = 2 tan u ( du = ^ du = - ; 

V V COS U / rn« J 11 rns° 11 



x — 1 = tan u — 1 = 



sin" u — cos u 



COS J u 

:-2cos 2 u + j =mn 2 u+ ! = cos 2 u + sin 2 u = _J_ 

cos z u COS u 



cos^ u 



-2d(cos u) 
cos 3 u 



/(x - i)- 2 /3 ( x + d-4/3 dx = / (i - 2c ° s ;t 23 • • 

*J *J (cos-* u) ' (cos J u) 1 

= f(l -2cos 2 u)~ 2/3 -(-2) • cos u • d(cos u) = ± J(l - 2 cos 2 u)~ 2/3 • d (1 - 2 cos 2 u) 



|(1 -2cos 2 u) 



■c = £ 



9 s -1 1/3 

1 - 2 cos u 1 ' 



(cos2 



c = |(^i) 1/3 + c 



(e) u = tan -1 (^) => ^ = tan u =>• x + 1 = 2(tan u + 1) dx = = 2d(tan u); 
/ (x - l)- 2 / 3 (x + I)- 4 / 3 dx = J (tan u)- 2 / 3 (tan u + l) -4 / 3 • 2~ 2 • 2 • d(tan u) 

2J \ tanu+1, 1 I tanu+W 2 I 1 tanu+1/ 1 T 2 I 1 x+lJ T ^ 



= f(i+4) 1/3 + c 

u = cos -1 X 
X = cos u 
dx = — sin u du 



/ 



I 



sin u du 



J 



du 



(cos 2 u — l) 2 (cos u + l) 2 

f du _ _ 1 f ( cos i \ 

J 2(sin?) 1/3 (co S a) 5/3 2 J {sinj) 



sin 4 / 3 u) (2 2 / 3 cos a) 

UN 1/3 



du 



(sinu)V3 (2 2 /3 cos a) 4/J 

Jtan-V3 (-) d (tan §) = - § tan 2 / 3 § + C = § (- tan 2 § ) 1/3 + C = § (gf^) 1/3 + C 



= l(^i) 1/3 + c 



(g) J[(x 2 -l)(x+l)]- 2/3 dx 

sinh u du / 

3 v /(sinh 4 u) (cosh u+1) 2 ~~ J 



u = cosh -1 x 
x = cosh u 
dx = sinh u 

du 



I 



sinh u du 



^(costfu-l) 2 (cosh u+1) 2 



) (cosh u+1) 2 J ^/(sinh u) (4 cosh 4 §) 



du 



^/sinh (") cosh 5 (") 



/(tanh l)- 1/3 d (tanh f) = § (tanh f) 2/3 + C = | (^j)^ + C = § (^) 1/3 + C 



8.2 INTEGRATION BY PARTS 



1 . u = x, du = dx; dv = sin | dx, v = —2 cos | ; 

J x sin | dx = ~2x cos | - J" (-2 cos |) dx = -2x cos (|) + 4 sin (§) + C 

2. u = 9, du = d0; dv = cos tt8 d6, v = 1 sin 7r#; 

f 6 cos Trfl d0 = 9 - sin tt6> - f ± sin yrfl d0 = ^ sin tt6» + 4, cos tt0 + C 

J TT J I IT 7T 2 
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(+) 



2t- 

2 




(-) 



(+) 



cos t 
sin t 
—cos t 
—sin t 



J t 2 cos t dt = t 2 sin t + 2t cos t - 2 sin t + C 



(+) 



2x- 

2 ■ 





(-) 



(+) 



sin x 



cos x 



J x 2 sin x dx = — x 2 cos x + 2x sin x + 2 cos x + C 



5. u = In x, du = ~; dv = x dx, 

x In x dx = y In x — Jj | 



to =2 ln2 

2 x 



21n2-| = ln4-| 



6. u = In x, du = — ; dv = x 3 dx, v = \ ; 



x 3 In x dx = 



In x 



e _ fV <fa 

Jl 4 x 



4 

dx _ e> 



16 



3e 4 + 1 
16 



7. u = tan 1 y, du = ; dv = dy, v = y; 



J tan" 1 y dy = y tan" 1 y - f = y tan" 1 y - \ In (1 + y 2 ) + C = y tan" 1 y - In y/i + y 2 + C 



u = sin 1 y, du 



-^L= ■ dv = dy, v = y; 



J* sin 1 y dy = y sin 1 y — J J i dy ^ 2 = y sin 1 y + y/l — y 2 + C 



9. u = x, du = dx; dv = sec 2 x dx, v = tan x; 

Jxsec 2 xdx = xtanx — J tan x dx = x tan x + In |cos x| + C 

10. J*4x sec 2 2x dx; [y = 2x] — > fy sec 2 y dy = y tan y — J tan y dy = y tan y — In |sec y| + C 
= 2x tan 2x — In |sec 2x| + C 



11. 



(+) 



3x 2 ( } . e x 

« (+) ■ . 
ox ► e 



(-) 



J x 3 e x dx = x 3 e x - 3x 2 e x + 6xe x - 6e x + C = (x 3 - 3x 2 + 6x - 6) e x + C 
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12. 

4 ( + ) 
P 

(-) 



4p 



(+) 



12p 2 ► -e~ p 

24p ■ ■ » e- p 

24 JlU-e- 



J pV p dp = -pV p - 4pV p - 12pV p - 24pe~ p - 24e~ 

= (-p 4 - 4p 3 - 12p 2 - 24p - 24) e- p + C 



13. 

x 2 — 5x 



(+) 



2x — 5 ► e 





14. e r 

r 2 +r+ i (+) , e' 



J (x 2 - 5x) e x dx = (x 2 - 5x) e x - (2x - 5)e x + 2e x + C = xV - 7xe x + 7e x + C 
= (x 2 - 7x + 7) e x + C 



2r+ 1 



2 



(-) 



(+) 



J(r 2 + r + 1) e r dr = (r 2 + r + 1) e r - (2r + 1) e r + 2e r + C 

= [(r 2 + r + 1) - (2r + 1) + 2] e r + C = (r 2 - r + 2) e r + C 



15. 

,5 



( + ) 



(-) 



( + ) 



X 

5x 4 
20x 3 
60x 2 — 
120x - 
120 - ^ > e x 



(-) 



(+) 



Jx 5 e x dx = x 5 e x - 5x 4 e x + 20x 3 e x - 60xV + 120xe x - 120e x + C 

= (x 5 - 5x 4 + 20x 3 - 60x 2 + 120x - 120) e x + C 
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16. 



2t 

2 




(+) 



(-) 



(+) 



i e 4t 

4 c 



J_ -41 

16 C 



J_ -4t 

64 C 



2t 41 
16 e 



JL p 4l 

64 e 



J-e 41 

32 c 



17. 



e 2 

20 

2 





(+) 



(-) 



(+) 



sin 29 



— j cos 28 
-\ sin 20 
| cos 2d 



Jo ' 



2 sin 20 d(9 



cos 29 



sin 26* 



cos 20 



= [-t ■(-!)+? -O+l-C-l)] - [0 



7I-/2 





1 i] _ tt: _ 1 _ ?r 2 -4 
4 ' i J — 8 2 — 8 



18. 



3x 2 
6x 
6 




(+) 



(+) 



(-) 



cos 2x 



5 sin 2x 



j cos 2x 



— | sin 2x 
jt cos 2x 



W2 „ 

I x J cos 2x dx 



^ sin 2x + cos 2x — ~ sin 2x — | cos 2x 



7T/2 





16 



•0+*£ -(-1)- f-0-f-C-l) -[0 + 0-0-|-l] 



3tH 
16 



19. u = sec 1 1, du 



; dv = t dt, v 



f 



t sec -1 1 dt = 



5k 
9 



2/V3 



2/V3 



5?r _ 1 
9 2 



3 



tVt 2 - 1 



= (2-|- 



2 

3 3 



1=£ 



dt 

2\A 2 - 1 



_ tt\ _ r 2 ^ 

3-f) 



5^7 

9 



/3 57r-3V3 



20. u = sin" 1 (x 2 ) , du 



^£^;dv = 2x dx, v = x 2 ; 

VI -x 4 



rVv 2 

J o 2x sin -1 (x 2 ) dx = [x 




Jo 



12 



= (Vsm-(x 2 )]^ 2 - J(( , - - T 

_ , _ 7T+6V3-12 



2x dx 



V2J t Jo 2 x /r^ J 



21.1 = / e" sin (9 d0; [u = sin 9, du = cos d0; dv = e" d0, v = e 9 ] =» I = e" sin - / e" cos d0; 

[u = cos 0, du = - sin d0; dv = e" d0, v = e 8 ] ^ I = e" sin - (e 8 cos + / e" sin d9^j 

= e" sin - e" cos - I + C 21 = (e 8 sin - e" cos 0) + C I = 5 (e 8 sin - e" 
another arbitrary constant 



cos 1 



C, where C 
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22. I = f e~ y cos y dy; [u = cos y, du = — sin y dy; dv = e~ y dy, v = — e~ y ] 

=> I = — e~ y cos y — J (— e~ y ) (—sin y) dy = — e~ y cos y — J e~ y sin y dy; [u = sin y, du = cos y dy; 
dv = e~ y dy, v = — e~ y ] => I = — e~ y cos y — y sin y — (— e y ) cos y dy^ = — e~ y cos y + e~ y sin y — I + C' 
21 = e~ y (sin y — cos y) + C =>• I = ~ (e~ y sin y — er y cos y) + C, where C = y is another arbitrary constant 

23. I = J e 2x cos 3x dx; [u = cos 3x; du = —3 sin 3x dx, dv = e 2x dx; v = \ e 2x ] 

=> I = | e 2x cos 3x + \ J e 2x sin 3x dx; [u = sin 3x, du = 3 cos 3x, dv = e 2x dx; v = | e 2x ] 

I = \ e 2x cos 3x + | (| e 2x sin 3x - | / e 2x cos 3x dx) = \ e 2x cos 3x + f e 2x sin 3x - \ I + C 
=> f I = | e 2x cos 3x + | e 2x sin 3x + C g (3 sin 3x + 2 cos 3x) + C, where C = ^ C 

24. ^ e~ 2x sin 2x dx; [y = 2x] — ► j ,/ e y sin y dy = I; [u = sin y, du = cos y dy; dv = e~ y dy, v = — e~ y ] 

=>■ I = J (~ e y si n y + J" e y cos y dy) [u = cos y, du = — sin y; dv = e~ y dy, v = — e~ y ] 

=> I = - | e~ y sin y + \ (-e~ y cos y - J (-e~ y ) (- sin y) dy) = - \ e" y (sin y + cos y) — I + C 

=> 21 = — I e~ y (sin y + cos y) + C' I = — \ e~ y (sin y + cos y) + C = — (sin 2x + cos 2x) + C, where 
C 



2 



25. /e 



ds; 



3s + 9 = x 2 
ds = I x dx 



f e x • | x dx = | J xe x dx; [u = x, du = dx; dv = e x dx, v = e x ] 



| / xe x dx = | (xe x - / e x dx) = § (xe x - e x ) + C = f (v^sT^e^ - e^) + C 



26. u = x, du = dx; dv = \J 1 — x dx, v = — § — x) 3 ; 

X'xyr^dx = [- 1 v^r^x] ; + § £^r^d, = |[-|d- x^ ; = a 

27. u = x, du = dx; dv = tan 2 x dx, v = f tan 2 x dx = f dx = f 1 ~ co / x dx = f f dx 

J J COS A X J cos A x J cos- X J 



tan 



x — x; J o x tan 2 x dx = [x(tan x — x)] ^ 3 — J o (tan x — x) dx = | (y/ 3 — | ) + |^ln |cos x 



3-f 



ln 5 + TS = T^- ln2 -TS 



1 t/3 




28. u = In (x + x 2 ), du = (2x x + ^ dx ; dv = dx, v = x; J In (x + x 2 ) dx = x In (x + x 2 ) - / ||±^ • x dx 
= xln(x + x 2 ) - f (2x + + ' 1 )dx =xln(x + x 2 ) - J ^j^ dx = x In (x + x 2 ) - 2x + In |x+ 1| +C 



29. J sin (In x) dx; 



u = In x 



du = - dx 

X 

dx = e u du 
I [—x cos (In x) + x sin (In x)] + C 



J" (sin u) e u du. From Exercise 21, /(sin u) e u du = e 1 ' ( sinu ~ cosu ) + C 
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30. J z(ln z) 2 dz; 

, (+) 



2u 

2 




(-) 



(+) 



u = In z 
du = i dz 

z 

dz = e u du 

,2o 



2 e 



4 e 



la, 
8 e 



Je u • u 2 • e u du = Je 2u • u 2 du; 



J- 



U _2u U ~2u i 1 „2u 



e 2u du = f e 2u - I e 
f [2(ln z) 2 - 2 In z + 1] + C 



C = £ [2u 2 - 2u + 1] + C 



31. (a) u = x, du = dx; dv = sin x dx, v = — cos x; 

Si = J o x sin x dx = [— x cos x]J + J o cos x dx = tt + [sin x]jj = tt 



= - [Sir + [sin x] 27r ] = 3?r 



p27r n2-K 

(b) S2 = — J x sin x dx = — [— x cos x]^ + J cos x dx 

(c) S3 = J 2 x sin x dx = [— x cos x]^ + J 2 cos x dx = 5tt + [sin x]^ = 57r 

X(n+l)?r 
x sin x dx = (- l) n+l [[-x cos x]^ 1 '* + [sin x]£ +1 >] 

= h(n+ l)7r(-l) n + n7r(-l) n+I ] +0 = (2n+ 1)tt 



32. (a) u = x, du = dx; dv = cos x dx, v = sin x; 

»ftr/2 
'vr/2 

"Sir/2 /»5vr/2 

x cos x dx = [x sin x]„ — | 

'3tt/2 L J37r / 2 J37T/S 



Si = — / x cos x dx = — [x sin x] L — \ sin x 

*J 7T/2 ' *) 7T/2 



dx 



(-T-f)-I' 



COS X]^{ 2 = 27T 



(b) S 2 = J x cos x dx = [x sin x]J /2 - J sin x dx = [f - (- f)\ - [cos x]J /2 = Air 



(c) S 3 

(d) S, 



nTr/2 

I x cos x dx = — 

J 57 - 



I 5tt/2 



p(2n+l)7r/2 

(-1)° I xcosxdx = (-1)° 

(2n~lW2 



[x sin x]^ - J W2 sin x dx 

r • n (2n+lW2 „ f {2 ' 



("T-f) -[cosx£; 2 = 6tt 

(2n+l)x/2 



sin x dx 



(-1)" [es±^ (-1)" - 2^ 



(2a~l>/2 



[cos x]p°^|j^2 — I (2htt + tt + 2n7r — 7f) = 2n7r 



Xln2 />ln2 pln2 

2?r(ln 2 - x) e x dx = 2n In 2 J o e x dx - 2n J q xe x dx 

= (2tt In 2) [e*]* 1 - 2tt f[xe*]* 2 - ^'"V dx) 

= 2tt In 2 - 2tt (2 In 2 - [e x ] J," 2 ) = -2tt In 2 + 2tt = 2tt(1 - In 2) 



2 


A-y =e x 






1 






1 



*2ln2 



34. (a) V = £2irxe- x dx = 2tt ( [-xe- x ] J + J q e" dx 



2tt 



= 2tt- 
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(b) V = J o 2n(l — x)e " dx; u = 1 — x, du = — dx; dv = e x dx, 



-e- x ; V = 2tt 



[(l-x)(-e-)]£- JV 



dx 



2tt 



[0-l(-l)] + [e-]J =27r(l + i-l 



2tt 




j>* x 



C" /2 ( tt/2 C 7 '! 2 

35. (a) V = J q 2irx cos x dx = 2n I [x sin x] — J g sin x 



dx 



2tt (§ + [cosx]^ 2 ) =2tt(| + 0-1) = 7r(7r - 2) 



y = cosx 




(b) V 
V 

36. (a) V 



J o 27r (| — xj cos x dx; u = | — x, du = — dx; dv = cos x dx, v = sin x; 
= 2tt[(!-x) sin x] ^ + 2tt J q ' sin x dx = + 2tt[- cos x] r Q /2 = 2tt(0 + 1) = 2tt 

f 27rx(x sin x) dx; 
sin x 



2x 



(-) 



2 


(b) V 



(+) 



cos x 



=>■ V = 2ttJ q x 2 sin x dx = 2n [— x 2 cos x + 2x sin x + 2 cos x] q = 2tt (tt 2 — 4) 
^ 27r(7T — x)x sin x dx = 27r 2 J q x sin x dx — 2n J q x 2 sin x dx = 27r 2 [— x cos x + sin x]g — (2n 3 — 87r) 



= 8tt 



37. av(y) = ^ f ~* 2e~' cos t dt 

= i [(r , ( *L a t )] * 

(see Exercise 22) =>• av(y) = ~ (1 — e~ 




av(y) - 



38. av(y) = i J o 4e~' (sin t - cos t) dt 
= ^ f sin t dt - - f e cos t dt 

T Jo ' Jo 
2 |~g-t ^ — sin t — cos t j g-t ^ sin t — cos t \ j 



2- 




2 r -t ■ ii 27r 

5 -e sin t n 



y= 4e '(sint - cost) 
7t/4/^~\5t/4 2x 




39. I = J x n cos x dx; [u = x", du = nx n 1 dx; dv = cos x dx, v = sin x] 
=> I = x n sin x f nx n_1 sin x dx 
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40. I = J x n sin x dx; [u = x n , du = nx n 1 dx; dv = sin x dx, v = —cos x] 

=> I = — x n cos x + J nx I1-1 cos x dx 

41. I = J x n e ax dx; [u = x n , du = nx n-1 dx; dv = e ax dx, v = ±e ax ] 

I = ^ e ax - n f x n-1 e ax dx, a ^ 

a a J ' ' 

42. I = f (In x) n dx; L = (In x) n , du = "fl"*)"" 1 dx; dv = 1 dx, v = x 

=> I = x(ln x) n — f n(ln x) n_1 dx 

43. / sin -1 x dx = x sin -1 x — /sin y dy = x sin -1 x + cos y + C = x sin -1 x + cos (sin -1 x) + C 

44. / tan -1 x dx = x tan -1 x J tan y dy = x tan -1 x + In |cos y | + C = x tan -1 x + In |cos (tan -1 x) | + C 

45. /sec -1 xdx.x sec" 1 x - /sec y dy = x sec" 1 x - In |sec y + tan y| + C 

= x sec -1 x — In |sec (sec -1 x) + tan (sec -1 x) | + C = x sec -1 x — In x + \/ x 2 — 1 + C 

46. / log 2 x dx = x log 2 x - /2 y dy = x log 2 x - ^ + C = x log 2 x - ^ + C 

47. Yes, cos -1 x is the angle whose cosine is x which implies sin (cos -1 x) = \J 1 — x 2 . 

48. Yes, tan -1 x is the angle whose tangent is x which implies sec (tan -1 x) = \J 1 + x 2 . 

49. (a) /sinh -1 x dx = x sinh -1 x — / sinh y dy = x sinh -1 x — cosh y + C = x sinh -1 x — cosh (sinh -1 x) + C; 



sinh 1 x 



- sinh (sinh -1 x)-^ 



check: d [x sinh : x — cosh (sinh 1 x) + C] 
= sinh -1 x dx 

(b) / sinh -1 x dx = x sinh -1 x — / x f / t ^_ 2 1 dx = x sinh -1 x — | /(l + x 2 ) 1,/2 2x dx 
= x sinh -1 x - ( 1 + x 2 ) 1/2 + C 



dx 



check: d 



xsinh -1 x- (1 +x 2 ) 1/2 +C 



sinh 1 x 



^1+X 2 sf\- 



dx = sinh 1 x dx 



tanVi- 1 y 4- x _ sinh (tanh x) 1 
Ldim X-|-,_ x 2 cosh (tanh- 1 x) 1 - x 2 



dx 



50. (a) / tanh 1 x dx = x tanh 1 x — / tanh y dy = x tanh 1 x — In |cosh y| + C 
= x tanh -1 x — In |cosh (tanh -1 x)| + C; 
check: d [x tanh -1 x — In |cosh (tanh -1 x) | + C] = 
= [tanh -1 x + - r^rl dx = tanh -1 x dx 

L 1 — x- 1 — x 2 J 

(b) / tanh -1 x dx = x tanh -1 x / dx = x tanh -1 x — \ / dx = x tanh -1 x + i In 1 1 - x 2 | + C 
check: d [x tanh -1 x + \ In 1 1 - x 2 1 + C] = [tanh -1 x + j-f^ - j-f^] dx = tanh -1 x dx 

8.3 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS 



(x- X 3Xx-2) - A + A 5x-13 = A(x-2) + B(x-3) = (A + B)x-(2A + 3B) 
=* 2A + 3B = 13} - B = d°- 13 ) => B = 3 => A ^2; thus, = + _i_ 
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5x - 7 5x - 7 A _._ B 

x 2 - 3x + 2 ~~ (x - 2)(x - 1) — x - 2 t x - 1 

A + B = 5 



5x - 7 = A(x - 1) + B(x - 2) = (A + B)x - (A + 2B) 



, ^B = 2^A = 3; thus, , 5x ~ 7 , = -K: + 

A + 2B = 7 f ' x- - 3x + 2 x-2'x-l 



"X x + 4 
3 - (x+1) 2 



A , B 

x + 1 + (x + l) 2 



4 = A(x + 1) + B = Ax + (A + B) 



A= 1 
A + B = 4 



thus x + 4 — — L 
tnus, (x + 1); 



x+l 1 (x+1) 2 



A = 1 and B = 3; 



4. 



2x + 2 _ 2x + 2 



B 



x 2 -2x+l (x-1) 2 x-1 1 (x-l) : 

=> A = 2 and B = 4; thus 2x + 2 - 



2x + 2 = A(x - 1) + B = Ax + (-A + B) 



x 2 - 2x + 1 x-1 1 (x - 1) : 



+ 



A = 2 
-A + B = 2 



5. 



^±A- = A + b + _c_ ^ z+ \= Az (z - 1) + B(z - 1) + Cz 2 =► z + 1 = (A + C)z 2 + (-A + B)z - B 
A + C = 1 

=> -A + B = l \ => B = -l A =-2 C = 2;thus,^ = f + ^ + ^ 
-B = l 



z 3 - z 2 - 6z z 2 - z - 6 (z - 3)(z + 2) z - 3 1 z + 2 



A + B = 
2A - 3B = 1 



1 = A(z + 2) + B(z - 3) = (A + B)z + (2A - 3B) 



-5B = 1 =>- B = - i 



A = i; thus, a — |— ^ = + — % 

5 * ' z J — z- — 6z z — 3 z + 2 



7 - F^T6 = 1 + rare ( after lon S division ); ^T6 = (^fe = + F^2 
=» 5t + 2 = A(t - 2) + B(t - 3) = (A+ B)t + (-2A - 3B) ^ _2A + - B 3B = 2 
=> B = -12 A=17;thus, t ^ r ^ = l + ^ + ++| 



-B = (10 + 2) = 12 



t 4 + 9 



1 



-9t 2 + 9 



1 + t 2 (ff+9) ( after lon § division); r$ 



' t 4 + 9t 2 x 1 t 4 + 9t 2 

«-2 I Q _ A f U2 



-9t 2 + 9 _ A , B , Ct+D 



9) t 1 t 2 1 t 2 + 9 

-9t 2 + 9 = At(t 2 + 9) + B (t 2 + 9) + (Ct + D)t 2 = (A + C)t 3 + (B + D)t 2 + 9At + 9B 
A + C = 



B + D = -9 
9A = 
9B = 9 



> ^A = 0^C = 0;B = 1 ^ D = -10; thus, £^ = 1 1 1 ~ ; ' ! 



t 2 1 t 2 + 9 



Y~j^ — y^x F+x => 1 =A(l+x) + B(l-x);x= 1 A = i;x=-l => B = \ 



/A = l/T^ + l/Tfi = H ln l 1 + x |- lll l 1 - x l]+ C 



10. 



x 2 + 2x x x + 2 



1 = A(x + 2) + Bx; x = =>• A = i 



/FTS = I Jt - l/iTS = S P° l x l - ln l x + 2 I] + C 



B 



11. 



x + 4 



x 2 + 5x — 6 x + 



^6 + ^ x + 4 = A(x - 1) + B(x + 6); x = 1 => B = f ; x = -6 A = 5§ = f ; 



/Fffe dx =7/x^ + f/x^T = Tln|^ + 6| + fln| X -l|+C=iln|(x + 6) 2 (x-l)5|+C 



19 2x + 1 
iZ " x 2 -7x+12 



A 
x-4 



B 

x - 3 



2 - 7x + 12 UX 



dx 
- 4 



2X+ 1 



dx 

- 3 



A(x - 3) + B(x - 4); x = 3 =>• B = 
= 9 ln |x - 4| - 7 ln |x - 3| + C = ln 



i_ 

-1 ~~ 

(x - 4)° 
(x - 3) 7 



-7;x 
+ C 
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13. 



y 2 - 2y -3 

>8 



A B 

y-3 + y+ 1 



y = A(y + 1) + B(y - 3); y = -1 => B = =1 = \ ; y = 3 A = f 



ydy —if dy 
y 2 -2y-3 4 J 4 y-3 
In 15 



ify?! = [? ta |y - 3| + i In |y + 1 1] « = (| In 5 + i In 9) - (| In 1 + I In 5) 



= iln5+iln3= 2 



14. 



y + 4 

y 2 +y 



B 

y + i 



=>. y + 4 = A(y+ 1) + By;y = A = 4;y=-1 =!> B 



-l 



-3; 



Lftj dy = 4 Lf -3 L ^T = [41n|y|-3Ii. |y + 1|] } /2 = (4 In 1 - 3 In 2) - (4 In I - 3 In §) 



1 1/2 r + y 
lnl-lni 



'i/2 y 
Inf 



'i/2 y 
ln(f -i-16) 



In 



27 



15. 



ifa + PI => 1 = A G + 2 X* - !) + Bt ( t - !) + Ct ( l + 2); t = A = - i; t = -2 



t 3 +t 2 -2t ~~ t 

=> B = i ; t = 1 =>• C = | ; Jp^fzs = ~ § J 7 + g Jt+5 + 3 Jt 
= - 1 In |t| + | In |t + 2| + 1 In |t - 1| +C 



dt 



16. 



x + 3 _ A 
2x 3 - 8x x 



B 

x + : 



c 

x - 2 



\ (x + 3) = A(x + 2)(x - 2) + Bx(x - 2) + Cx(x + 2); x = => A = ^_ ; x = 



-2 



16 ;x — 2=^>C — 16 



• f " + 3 dx--^r^ + J-f 

' J 2x 3 - 8x UA — 8 J x ^ 16 J 



= - | In |x| + i In |x + 2| + £ In |x - 2| + C = £ In 



dx 

x + 2 

(x - 2) 5 (x + 2) 



A I dx 

16 J x - 2 



c 



17. - 



^^x-^^tafterlongdiv™);^^^ ^ 3x + 2 = A(x + 1) + B 



Ax + (A + B) A = 3, A + B = 2 ^ A = 3, B = -1; f 3 
/>-2)dx + 3X 1 x f T -X 1 ^ F = 
(§ - 2 + 3 In 2 + |) - (1) = 3 ln2 - 2 



x 3 dx 



x 2 + 2x + 1 

f -2x + 31n|x+l| + ^ 



n 1 





18. 



(x + 2) + ( ^ x _ ^ (after long division); i 



x 2 - 2x + 1 



3x - 2 _ 

x-1) 2 x-1 1 (x-l) : 




2 3x - 2 = A(x - 1) + B 



Ax + (-A + B) => A = 3, -A + B = -2 A = 3, B = 1; J 



x 1 dx 



»-i(x- iy 



_ i x 2 - 2x + 1 

| +2x + 31n |x- 1| - jiy' ° 



(o + + 3 1nl-^) _(l-2 + 31n2-(4) 



= 2 - 3 In 2 



19. 



1 = A(x + l)(x - l) 2 + B(x - l)(x + l) 2 + C(x - l) 2 + D(x + l) 2 ; 



_ \ y x+1 1 x-1 1 (x+1) 2 1 (x-1) 2 

= -1 =>■ C = j ; x = 1 D = i ; coefficient of x 3 = A + B =^ A + B = 0; constant = A- B + C + D 
> A-B+C+D=l A — B = | ; thus, A = \ B = - \ ; 

1 f dx _ 1 P dx , 1 C dx , 1 P _dx_ 1 i I x + 1 I 
4 J x+1 4 J x-1 + 4 J (x+1) 2 + 4 J (x-1) 2 _ 1 111 



(x 2 - 1) 



I x — 1 I 2(x 2 -l) 



20. 



(x - 1) (x 2 + 2x + 1) x-1 1 x+1 1 (x+1) 2 



A(x+ l) 2 +B(x- l)(x+ 1) + C(x- l);x = -1 



C = - k ;x = 1 



A = | ; coefficient of x 2 = A + B 



A + B=l =* B = f;J\ 



x 2 dx 



x- l)(x 2 +2x+ 1) 



Jx^ + l/x^-5/(xTT7 = i ln |x-l| + |ln|x+l| 
C 



l 

4 

ln|(x- l)(x+ 1) 3 | 1 

4 ' 2(x + 1) 



1 



2(x + 1) 



21. 



TjWij = ^TT + !^+T 1 = A (x 2 + 1) + (Bx + C)(x + 1); x = -1 A = | ; coefficient of x 2 



A + B A + B = B = - | ; constant = A + C =» A + C = 1 C = | ; J 



dx 

l)(x 2 + l) 
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= U 1 xTT + lX 1 ^^=[3 1 H X +l|-^r 1 (x 2 + l) + i to n-ix]; 

= (| In 2 - i ln2 + \ tan" 1 l) - (I In 1 - A In 1 + \ tan" 1 0) = \ In 2 + § (f ) = ^f 1 ^ 



22. 



3t 2 + t + 4 _ A _i_ Bt + C 
t 3 + t — t t 2 + 1 



3t 2 + t + 4 = A (t 2 + 1) + (Bt + C)t; t = =>■ A = 4; coefficient of t 2 



A + B =^ A + B = 3 =^ B = -1; coefficient of t = C =^ C = 1; f 



3t 2 + t + 4 
t 3 + 1 



dt 



= 4 J/V / 1 V3 ^dt=[41n|t|-iln(t^ + l)+tan-it]f 



■V5 



41ha/3-^ In 4 + tan" 1 V^J - (4 In 1 - i In 2 + tan" 1 l)=21n3-ln2+| + |ln2-S 



= 21n3-§ln2+£=ln( ' , 



23- ^^ = f^ + ^ => y 2 + 2y+l = (Ay + B)(y 2 + l)+Cy + D 
= Ay 3 + By 2 + (A + C)y + (B + D) =» A = 0,B = 1;A + C = 2 C = 
I'i^r Sfh ^ + 2 / ^ dy = tan- y- ^ + C 



D = 0; 



9 4 8x 2 + 8x + 2 _ Ax + B , Cx + D 
(4x 2 + l) 2 4x 2 + 1 (4x 2 + l) 2 



/ 



8x 2 + 8x + 2 = (Ax + B) (4x 2 + 1) + Cx + D 
4Ax 3 + 4Bx 2 + (A + C)x + (B + D); A = 0, B = 2; A + C = 8 C = 8; B + D = 2 D = 0; 



8x 2 + 8x + 2 Hv — 9 f dx , o f 
(4x 2 + l) 2 dX " 2 J 4F + T + 8 J 



25. 



2s + 2 



As + B 



2s + 2 



(s 2 + 1) (s - l) 3 s 2 + 1 1 s - 1 1 (s - l) 2 1 (s - 1) 

= (As + B)(s - l) 3 + C (s 2 + 1) (s - l) 2 + D (s 2 + 1) (s - 1) + E (s 2 + 1) 

= [As 4 + (-3A + B)s 3 + (3A - 3B)s 2 + (-A + 3B)s - B] + C (s 4 - 2s 3 + 2s 2 - 2s + 1) + D (s 3 - s 2 + s - 1) 
+ E(s 2 + 1) 

= (A + C)s 4 + (-3A + B - 2C + D)s 3 + (3A - 3B + 2C - D + E)s 2 + (-A + 3B - 2C + D)s + (-B + C - D + E) 

A + C =0 
-3A +B-2C + D =0 
=> 3A - 3B + 2C - D + E = 
-A + 3B - 2C + D =2 
-B+ C-D + E = 2 



> summing all equations => 2E = 4 =>■ E = 2; 



summing eqs (2) and (3) => -2B + 2 = B = 1; summing eqs (3) and (4) => 2A + 2 = 2 =» A = 0; C = 
from eq (1); then -l+0-D + 2 = 2 from eq (5) D = 1; 



J(s 



2s + 2 



(s 2 + l)(s-l) 3 



ds = /^-/^+2/^ = -(s-ir 2 + (s-ir 1 +tan- 1 s + C 



26. 



^7^7% = 7 + ffff + (iw s 4 + 81=A(s 2 + 9) 2 + (Bs + C)s(s 2 + 9) + (Ds + E)s 
= A (s 4 + 18s 2 + 81) + (Bs 4 + Cs 3 + 9Bs 2 + 9Cs) + Ds 2 + Es 

= (A + B)s 4 + Cs 3 + (18A + 9B + D)s 2 + (9C + E)s + 81A =» 81A = 81 or A = 1; A + B = 1 B = 0; 
C = 0;9C + E = =>• E = 0; 18A + 9B + D = D = -18; f /t +8 ' 3 ds = f ^ - 18 f- sds 

s (s- + 9) J s J l 



(s 2 + 9)' 



= In Isl 



27. 



26» 3 + 5(9 2 



4 = (A0 + B) (9 2 + 28 + 2) + C9 + D 



29 J + 59 2 + 89 + 4 _ A9 + B i C9 + D 

(9 2 + 29 + 2) 2 « 2 + 29 + 2 + (fl2 + 2fl + 2) 2 

= A6> 3 + (2A + B)(9 2 + (2A + 2B + C)9 + (2B + D) =>- A = 2; 2A + B = 5 B = 1; 2A 



2B + C = 8 C = 2; 



2B + D = 4 D = 



I, 



29 - 



-20- 



D = 2; f 2fl3 f 5fl2 + 8g + 4 dfl = f 

' J (9 2 + 29 + 2) 2 J 



29 + 1 



d6 



dO- 



ie +2 



f d (9 2 + 29 + 2) _ f dj^ 
J (9 2 + 29 + 2) 2 ~ J « 2 



2 + 29 + 2) 

+ 29 + 2) 
2 + 29 + 2 



J (« 2 + 



29 + 2)' 



d0 



+ i) 2 + i 



9 2 + 29 + 2 
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-i 

e 2 + 26 



— 2 + In (0 2 + 29 + 2)- tan" 1 (0 + 1) + C 



2g S 4 - 48 3 + IB 2 - 38 + 1 _ A8 + B _,_ C8 + D _,_ Eg + F 



6/ 4 - 40 3 + 26» 2 — 30+1 



(8 2 + lf 8' 1 + 1 (9 2 + l) 2 (0 2 + l) 3 

= (A9 + B) (0 2 + l) 2 + (C0 + D) (0 2 + 1) + E0 + F = (A0 + B) (0 4 + 20 2 + 1) + (C0 3 + D0 2 + C0 + D) + E0 + F 
= (A0 5 + B0 4 + 2A0 3 + 2B0 2 + A0 + B) + (C0 3 + D0 2 + C0 + D) + E0 + F 

= A0 5 + B0 4 + (2A + C)0 3 + (2B + D)0 2 + (A + C + E)0 + (B + D + F) A = 0; B = 1; 2A+ C = -4 
C = -4; 2B + D = 2 D = 0;A + C + E=-3 ^ E=1;B+D + F=1 =>- F = 0; 

P g*_ 49 3 + 2fl 2 - 3g + 1 j/j _ f dfl A f fldg , C 8d8 _ tm -l n , oMi , ir 1 1 //}2 i ir 2 i r 



29. 2x3 n i 2x2 + 1 = 2x + = 2x -J- 1 



1 A j B 



1 => B = l;/ 



x(x — 1) ' x(x — 1) X 



=»> 1 = A(x- 1) + Bx;x = A=-l; 



2x 3 - 2x 2 + 1 



J*2x dx - J" f + J = x 2 - In |x| + In |x - 1 1 + C = x 2 + In | ^ | + C 



so. ^ = (x 2 + i) + ^ = (x 2 + i) + ^n^i) ; t^ij - rrr + x^r => i = A(x- i) + B(x + 1) ; 

x = -l A=-i;x=l ^ B=i;/^ T dx = /(x 2 + l)dx-i/^ + l/^ x T 
= ix 3 + x- iln|x+l| + iln|x-l|+C= x ^+x+iln|^ T ||+C 



31. 9x3 x 7_ 3x + 1 = 9 + 9x ^ 2(x 3x + 1 (after long division); 



. 9x 2 - 3x + 1 A , _B , C 

(x - 1) X ' X 2 + x - 1 



9x 2 - 3x+ 1 = Ax(x- 1) + B(x- 1) + Cx 2 ;x = 1 C = 7; x = B = —1; A + C = 9 => A = 2; 



9x 3 - 3x + 1 j Y _ 



dx = /9dx + 2/f-/f+7 / = 9x + 2 In |x| + ± + 7 In |x - 1| + C 



A = 6; -A + B = -4 => B = 2; J 



12x - 4 . 12x - 4 _ A 

2; 

16x :i 



32- 4x 2 _ 4 X + 1 (4X + 4) -r _ 4j( + j , (2x _ jj2 2 X _ i "T ( 2x _ 1)2 



D 12x - 4 = A(2x - 1) + B 

dx = 4 J(x+l)dx + 6 J + 2 J- dx 



4x 2 - 4x + 1 " A i j v ^ i M"" i "J 2i-I 1 " J (2x - l) 2 

= 2(x + l) 2 + 3 In |2x - 1| - y^—r + Ci = 2x 2 + 4x + 3 In |2x - 1| - (2x - l)" 1 + C, where C = 2+ d 



33. 



y 3 +y 



Y - wtViT ; wtViT = 7 + frf =* l=A(y 2 + l) + (By + C)y = (A + B)y 2 + Cy + A 



y(y 2 + 1) ' y(y 2 + 1) y 1 y 2 + 

A=1;A + B = =► B = -1;C = 0; / dy = fydy-ff + fj&L 
= £ -ln|y| + Iln(l+y 2 )+C 



34. 



2y" 



— A , By + C 



y 3 -y 2 + y-l ^ + 2 + y 3 - y 2 + y - 1 ' y 3 - y 2 + y - 1 (y 2 + l)(y-l) y - 1 ^ y 2 + 1 
=> 2 = A (y 2 + 1) + (By + C)(y - 1) = (Ay 2 + A) + (By 2 + Cy - By - C) = (A + B)y 2 + (-B + C)y + (A - C) 
=> A + B = 0, -B + C = 0orC = B,A-C = A-B = 2 A = 1, B = -1, C = -1; 

J y-^ y -. d y = 2 /(y + 1 ) d y + J^T-J^T d y-/?^i 

= (y + l) 2 + In |y - 1| - \ In (y 2 + 1) - tan" 1 y + d = y 2 + 2y + In |y - 1| - \ In (y 2 + 1) - tan" 1 y + C, 
where C = Ci + 1 



35- J?r^ = [e' = y]/ 



y 2 + 3y + 2 J y + 1 J y + 2 



dy 



y+i 

y + 2 



C = ln(^)+C 



36. ft - , * d, 



e JI + 2e' - 1 
e 21 + 1 



e'dt; 



y = e [ 
dy = e' dt 



J^d y =/(y + ^ r )dy=f + / yI Ld y -/ ? ^ 



f + \ ln (y 2 + 1) - tan" 1 y + C = \ e 2t + \ ln (e 2t + 1) - tan" 1 (e l ) + C 
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37 f cos y dy 



sin 2 y + sill y — 6 



[siny = t,cosydy = dt] -» = 5 / (t 



1 

t- 2 



t + 3 



dt = A In I — I 

5 I t + 3 I 



I In 



sin y — I 
sin y + 3 



38. f — 

J cos- 



sin 8 AO 

1 + cos e 



32 ; [ cos 6 = y] 



-J 



dy 

y-2 



J y+2 3j 



dy 

y- i 



In 



y + 2 
y- 1 



In 



I cos 9 + 2 I 
I cos 9 - 1 I 



= I In 1 2_ 

3 I 1 - 



cos 8 I 



C = - | In 



I cos 8 - 1 I 
I cos 8 + 2 I 



c 



M f (x - 2) 2 tan' 1 (2x) - 12x 3 - 3x , _ f tan' 1 (2x) . , f x Hy 
J (4x 2 + 1) (x - 2) 2 J 4x 2 + 1 J J (x - 2) 2 UX 

= 1 / tan" 1 (2x) d (tan- 1 (2x)) -3/^-6 / = ^^a, 4^ - 3 In |x - 2| + ^ + C 



40. 



(x + l) 2 tan~'(3x) + 9x 3 + x 



dx 



I 



tan' 1 (3x) 
9x 2 + 1 



dx 



J (x+l 



(9x 2 + l)(x+ l) 2 

Jtan-i(3x)d(tan-i(3x)) + - J ^ 



dx 

_ (tan' 1 3x) 2 



ln|x+ 1| 



1 

x+ 1 



41. (t 2 -3t + 2)^ = l;x = / ? 

=> i = C =>• = s e x 



/t^2 _ /^T =ln lF^Tl+ C; !^T = CeX; t = 3 and x = 
x = ln |2(^)| = In |t-2| - In |t - 1| + In 2 



dt 

2 - 3t + 2 



42. (3t 4 + 4t 2 + 1) I = 2^/3; x = 2^3 J 



dt 

3^ + 4t 2 + 1 



3 tan" 1 U/3t\ - y/3 tan" 1 1 + C; t = 1 and x 



x = 3 tan 



3t] - y/3 



—ity/i , -y/37T 



dt 
+ 1 

7T - Y 71 "' 



43. (t 2 + 2t)^=2x + 2;i/^ 7 = /^ => § In |x + 1| = \ J ? - i / £ In |x + 1| = In |^| + C; 
t = 1 andx = 1 => In 2 = In | + C C = In 2 + In 3 = In 6 In |x + 1| = In 6 | ~| => x + 1 = ^ 

=> x= f f 5 -l,t>0 

44. (t+ 1) f = x 2 + 1 JfTT = Jt+T tan^x = In |t + 1| + C; t = and x = f tan" 1 | = In |1| +C 

=> C = tan -1 | = 1=^ tan _1 x = In |t+ 1| + 1 => x = tan (In (t + 1) + 1), t > -1 

45 ' V = - £V dx = * IT 3^? dx = 3- (£ 5 (- ^3 + *)) ^ = [3- In I jfj |] j; = 3tt In 25 



46. V = 2^ J o 'xy dx = 2n£ (x + § _ x) dx = 4^/ o '(- Hjtt) + I (2^)) dx 
= [-f (In |x+l|+21n|2-x|)]J = f (In 2) 
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48. 



A = dx = 3 j> - j;^- 3 + 2j; 



dx 
x - 1 



i L X - 3x 9) ^ = i ( [4x] I + 3 J 3 ^ + 2 J 3 ^) = I (8 + 1 1 In 2 - 3 In 6) = 3 



[3 In |x| - In |x + 3| + 2 In |x - 1|]| = In if ; 

= 3.90 



49. (a) |=kx(N-x) =*/^ = /kdt 1/^ + 1/^ = ^(11 =* iln|^|=kt + C; 

k= 2 i g ,N= 1000,t = 0andx = 2 ^ l„ | ^ | = C t^HtootJ^I = 550 + mo ln (459) 



In I 499x I = 4t 

111 I 1000- x I ^ l 



Jjjj*- = e 4t => 499x = e 4t (1000 - x) (499 + e 4t ) x = 1000e 4t =» x = 
(b) x = 1 N = 500 ^ 500 = ^^ir 500 • 499 + 500e 4t = 1000e 4t =4> e 4t = 499 => t = 1 ln 499 « 1.55 days 



50. f = k(a _ X )( b - x) 



dx 



(a-xXb-x) 



= kdt 



(a) a = b: f = f k dt -J- = kt + C; t = and x = ^ 1 = C ^ 

u {a — x) j a — x a 



(a-x> 

1 _ akt+ 1 
1 — x a 

dx 



kt 



^ a X — akt+1 => X — a akt d +I — 



(b) a^b: f , = fkdt ^ A- f ^- - 1 f *l_ = f kdt ^ r1- In|^=*| = kt + C; 

v y ' J (a — x)( b — x) J b— a J a — x b — a J b — x J b— a I a — x I 



t = and x = ^ ^ ln \ = C ln | ^ | = (b - a)kt + In (|) 

abfl-e( b - a > k 'l 

y — L i 

a - be!"-"' 1 " 



b-x _ b (b-a)kt 
a — x a 



51. (a) f dx = f (x 6 - 4x 5 + 5x 4 - 4x 2 + 4 - dx = 2 4 - tt 

(b) ^ • 100% = 0.04% 

(c) The area is less than 0.003 

y v 



0.5 



0.4 



0.3 



0.2 



0.1 



**(* - 1) 4 

x 2 + l 



.004 



* 4 (* - l) 4 



o 1 ' b"!2 0.4 0:6 o!8 i x 




ffl 0.'4 0.6 O'.i r~ x 



52. P(x) = ax 2 + bx + c, P(0) = c = 1 and P'(0) = =>- b = =!> P(x) = ax 2 + 1. Next, 

xHx-i) 2 ~ x j? § iT^T + ( X E iy > f° r tne integral to be a rational function, we must have A = and 
D = 0. Thus, ax 2 + 1 = Bx(x - l) 2 + C(x - l) 2 + Ex 3 = (B + E)x 3 + (C - 2B)x 2 + (B - 2C)x + C 
B+E=0l 

C 2B = a I ^ E = -B; x = 1 ^> a + 1 = E; therefore, 1 - 2B = a 1 + 2E = a ^> 1 + 2(a + 1) = a 
C = lJ 

a = -3 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 8.4 Trigonometric Integrals 515 



8.4 TRIGONOMETRIC INTEGRALS 



nTT/z , nn/1 ( 2 ott/z 2 ott/z 

1. J o sin x dx = J o (sin 2 x) sin x dx = J g (1 — cos 2 x) sinxdx = J o (1 — 2cos 2 x + cos x)sin x dx 

nir/2 pTr/2 nTr/2 

= | sin x dx — / 2cos 2 x sin x dx + | cos 4 x sin x dx : 
Jo Jo Jo 

= (0) - (-1 + 1 - i) = ^ 



-cosx + 2^p - 



1 tt/2 




pTT nTT pTT pTT 

2. J o sin 5 (|) dx (using Exercise 1) = J q sin(|)dx - J o 2cos 2 (|)sin(|)dx + J Q cos 4 (|)sin(|)dx 



[-2cos(f) + |cos3(|)-|cos 5 (f)]: = (0)-(-2 + | 



2\ _ 16 
3 5) 15 



/TT/Z nm£ pTTU t pTTIZ pTT/Z 

cos 3 x dx = I (cos 2 x)cos x dx = | (1 — sin 2 x)cos x dx = / cos x dx — | sin 2 xcosxdx 
-tt/2 J -tt/2 k ' J -tt/2 y ' J -tt/2 J -tt/2 

= [sinx-^]^ =(l-I)-(-l + i)=| 



() 3cos 5 3x dx = J (cos 2 3x) cos 3x • 3dx — J (1 — sin 2 3x) cos 3x • 3dx — J (1 — 2sin 2 3x + sin 4 3x)cos 3x • 3dx 

nn/6 /»tt/6 _ />7r/6 

= / cos 3x • 3dx — 2 I sin 2 3x cos 3x • 3dx + / sin 4 3x cos 3x • 3dx 

= (i-l + l)-(o) = A 



•.tt/6 



sin 3x-2^ + ^ 



ir/6 




J»tt/2 /*7r/2 r*7r/2 ^ /*7r/2 p7r/2 

sin 7 y dy = j sin 6 y sin y dy = j (1 — cos 2 y) sin y dy = I sin y dy — 3 | cos 2 y sin y dy 
JO JO «0 " " JO . . . 



/»tt/2 r*7r/2 

3 J cos 4 y sin y dy — J Q cos 6 y sin y dy 



-cosy + 3^ -3 



cos y ocos y _j_ cos y 



tt/2 



= (0) - (-1 + i - f + i) = 



16 



6. | 7cos t dt (using Exercise 5) = 7 
j o 

tt/2 




7 [sin t -3^ + 3 5 



sin t I o sin t sin' t 



J cos t dt — 3 r sin 2 t cos t dt + 3 |_ sin 4 t cos t dt — / sin 6 t cos t dt 

J JO J () J 

= 7(l-l + |-i)-7(0) = f 



7. J^su^x dx = 8 ' ( 1 ~ c 2 os2,c ) 2 dx = 2 J o "(l - 2cos 2x + cos 2 2x)dx = 2 J "dx- 2 JJcos 2x • 2dx + 2 J q " 1 + c ° s 4x dx 
= [2x - 2sin 2x] * + j Q dx + J o cos 4x dx = 2-7T + [x + |sin 4x] r Q = 2tt + tt = 3it 

8. J o '8cos 4 27rxdx = 8 f ( 1 + c ° s47rx ) 2 dx = 2 J"(l + 2cos4ttx + cos 2 47rx)dx = 2 J 'dx + 4 J o 'cos47rxdx + 2 J o ' 1 + c ° s87rx dx 
= [2x + isin 4?rx] \ + J dx + J 'cos 8ttx dx = 2 + [x + ^sin 8ttx] ^=2+1=3 



/7T/4 nTT/4 nTT/4 pTTlH pTT/4 

rM 16 sin 2 xcos 2 x dx = 16 J ^ ( 1 - c ° s2x ) ( 1 + c ° s2x )dx = 4 J ^ (1 - cos 2 2x)dx = 4 J^dx - 4 \ _ m ( 1 + c ° s4x )dx 

= [4x] ^ /4 - 2 J^ 4 dx - 2 £^ cos 4x dx = tt + tt - [2x + ^=2^ - (f - (-|)) = tt 



10. 8 sin 4 ycos 2 y dy = 8 (Iz^i^) 2 (I±i^y) dy = J^ dy _ J^cx^ydy - J^cos^ydy + cos 3 2ydy 

= [y- isin 2y] * - £ (±±f^) d y + £ (1 - sin 2 2y)cos 2ydy = tt - |/" dy - i/\os4ydy + J%os2ydy 



J o sin 2 2y cos 2y dy = tt ■ 



-iy-isin4y+isin 2y-|.^ 
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p7r/2 nir/2 ( nir/2 nir/2 

11. J o 35 sin 4 xcos 3 x dx = J o 35 sin 4 x (1 — sin 2 x)cos x dx = 35 J o sin 4 xcos x dx — 35 J o sin 6 xcosxdx 



[35^ -35 ? 7 



,7/2 



(7 - 5) - (0) = 2 



1 cos J 2x 
'2 3 



12. f cos 2 2x sin 2x dx = 
Jo 

13. J^' 4 8cos 3 2(9 sin 2(9 d(9 = |~8(-±)^ 



1 + 1 

6 6 



-s-'2fl 



7/4 



= [-cos 4 20]: /4 = (O)-(-l) = l 



7T/2 n 7T/Z n 7T/Z /» 7T/Z 

14. J o sin 2 26»cos 3 26»d6l = J o sin 2 26»(l - sin 2 2(9)cos 29 d6 = J q sin 2 2(9cos2(9 d6 - J q sin 4 2(9cos2(9 d6 

= 



is- r 

Jo 



[l sin 3 29 _ 1 sin 5 2ff ] 
[2 ' 3 2 ' 5 J 

^dx=/ o 



-it 12 



i) 



2tti 

, sin I 

2 



dx=/ 2 %infdx= t- 2cos !]f = 2 + 2 = 4 



16. \f\ — cos 2x dx — J g \J~2 I sin 2x |dx = y^2 sin 2xdx = 



-V / 2cos2x = a/2 + \/2 = 2a/2 
J 

17. J" \/l - sin 2 t dt = £\ cos t |dt = /''"cos t dt - JJ 2 cos t dt = [sin t] f 2 - [sin t]^ /2 = 1- 0- + 1= 2 

18. £ \/l - cos 2 6 d6 = £ I sin \d6 = £sin 9 d6 = [-cos 9} „ = 1 + 1 = 2 



V 1 + tan 2 x dx = J | sec x |dx = J sec x dx = [ln| sec x + tan x 

=K?B)= 2 K 1 + ^) 



-7T/4 



In \/2 + l -lnU/2-1 



7/4 




V sec 2 x — 1 dx = J I tan x |dx = —J tan xdx + J Q tan xdx = [— ln| sec x |] _ /4 + [— ln| sec x 
= -ln(l) +lnv/2 + ln\/2 - Ml) = 21n\/2 = In 2 



21. £ 6y/i - cos 20 d6 = 0a/2 | sin | d6 = V^J" sin 9 d9 = \/2 [-6>cos 9 + sin 0]„ /2 = \/2(l) = a/2 

22. (1 - cos 2 t) 3/2 dt = £ (sin 2 t) 3/2 dt = £ | sin 3 t| dt = - f sin 3 t dt + £ sin 3 t dt = -£ (1 - cos 2 t)sint dt 
+ j Q (1 - cos 2 t)sintdt = -J ^ sintdt+ j ^ cos 2 tsint dt + j o sintdt- j o cos 2 tsintdt= fcost- 5 ^ 



—cos t 



= (i-i + i-!) + (i-i + i-i) = § 



23. 



2 sec 3 x dx; u = sec x, du = sec x tan x dx, dv = sec x dx, v = tan x; 



+ [ 

/:„ 

J 2 sec 3 x dx = [2 sec x tan x] -7I y a 2 J sec x tan x dx = 2-1-0 — 2 • 2 ■ y 3 — 2 J sec x (sec~x — 1) 
= 4 \/3 - 2 J" sec 3 x dx + 2 J sec x dx; 2 J* 2 sec 3 x dx = 4 \/3 + [21n | sec x + tan x|] °_ - 3 
2 J* ^ 2 sec 3 x dx = 4 a/3 + 21n 1 1 + 0| - 21n | 2 - I = 4\/3 - 2 In (2 - \/3~) 
J _ w/3 2 sec 3 x dx = 2 - In (2 - a/3 



dx 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 8.4 Trigonometric Integrals 517 



24. /eW(e^)dx;u = sec(e x ), du = sec(e x )tan(e x )e x dx, dv = secV)e*dx, v = tan(e*). 
J"e x sec 3 (e x ) dx = sec(e x )tan(e x ) — J sec(e x )tan 2 (e x )e x dx 

= sec(e x )tan(e x ) — J sec(e x )(sec 2 (e x ) — l)e x dx 
= sec(e x )tan(e x ) — J sec 3 (e x )e x dx + J sec(e x )e x dx 
2 J e x sec 3 (e x ) dx = sec(e x )tan(e x ) + ln|sec(e x ) + tan(e x )| + C 
J e x sec 3 (e x )dx = | (sec(e x )tan(e x ) +ln|sec(e x ) +tan(e x )|) +C 



nTr/4 nTr/4 nTr/4 nTr/4 

25. J sec 4 6»d6» = J (1 + tan 2 6l)sec 2 6l d(9 = J Q sec 2 (9 d6 + J tan 2 (9 sec 2 6> d8 
= (1 + I) - (0) = | 



tan (9 



tan 3 9 



tt/4 




<>7r/12 p7r/12 />7r/ nir/\2 

26. / 3sec 4 (3x) dx = I (1 + tan 2 (3x))sec 2 (3x)3dx = I sec 2 (3x)3dx+ / tan 2 (3x) sec 2 (3x)3dx 



[tan (3x) 



tan'(3x) 
3 



tt/12 



= (i + 1) - (o) = I 



J» 7T/2 n 7T/2 p 7r/2 f 7l72 

„ csc 4 0d(9 = ,, (1 + cot 2 (9)csc 2 (9 dd = „ csc 2 6» d(9 + / „ cot 2 6»csc 2 6» dl9 
7T/4 J7T/4 V ' J7T/4 J Til A 

= (0) - (-1 - i) = I 



7T-/2 
TT/4 



28 - X/2 3csc4 f d9 = 3 X/2 ( X + cot 2 f )csc 2 f d ^ = 3/J 2 csc 2 f d9 + 3£ 2 cot 2 f csc 2 f d0 = 
= (-6 • - 2 • 0) - (-6 • 1 - 2 • 1) = 8 

J •tt/4 />7r/4 r»7r/4 t nn/4 

() 4 tan 3 x dx = 4J Q (sec 2 x — l)tan x dx = 4 J Q sec 2 x tan x dx — 4 J Q tan x dx = 

= 2(1) - 41n y/2 - 2 • + 41n 1 = 2 - 21n 2 

,, 6 tan 4 x dx = 6 | „ (sec 2 x — l)tan 2 x dx = 6 | ,, sec 2 xtan 2 x dx — 6 | ,. tan 2 x 

-tt/4 J -it/4 v ' J -n/4 J -n/4 



— 6cot ! — 6^p- 



n/2 



4^ -41n|secx| 



dx 



it/4 




7T/4 />7T/4 

sec 2 x tan 2 xdx 6 J (sec 2 x — l)dx = < 



= 16^ 



tt/4 



-tt/4 



/tt/4 p7r/4 
,_ sec 2 x dx + 6 / , dx 
-tt/4 J -tt/4 



2(1 - (-1)) - [6tan x] ^ + [6x] = 4 - 6(1 - (-1)) 



tt/4 



(t/4 



/4 



37r I 3tt 



3tt 



„ cot 3 x dx = I „ (csc 2 x — 1 )cotx dx = \ „ csc 2 xcotxdx— / „ cotxdx 

7T/6 «/ 7T/6 V 7 J 7170 J 7T/6 

= -Hl-3) + (ln^-ln2) = f - V3 



+ln|cscx| 



tt/3 
tt/6 



32. ,„ 8 cot 4 t dt = 8 / (csc 2 t - 1 )cot 2 t dt = 8 ,„ csc 2 tcot 2 t dt 8 / ,„ cot 2 t dt 

J tt/4 J tt/4 k ' J tt/4 J tt/4 

8^(csc 2 t-l)dt=-f(0-l) + [8cott]^ + [8t]:f- - ■ •»--- "' 



cott 
3 



tt/4 



tt/4 ~~ 3 



- 1) + 4tt - 2tt = 2?r - 3 

_ sin 3x cos 2x dx = ^ J ^ (sin x + sin 5x) dx = | [—cos x — |cos 5x] ^ = ^( — 1 — ^ — 1 — = — g 
34. sin 2x cos 3x dx = i J^ /2 (sm(-x) + sin 5x) dx = i[cos(-x) - ±cos 5x] ^ = i(0) - |(l - ±) = -| 
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35. J* _ sin 3x sin 3x dx = | J (cos — cos 6x) dx = | J*_ dx — ^ cos 6x dx = | [x — ^sin 6x] 

36. J sin x cos x dx = \ J Q (sin + sin 2x) dx = \ J Q sin 2x dx = — | [cos 2x] q =— j(— 1 — 1) = 

37. J o cos 3x cos 4x dx = | J Q (cos(— x) + cos 7x) dx = ~ [— sin(— x) + lsin 7x] Q = i(0) = 



— — (— — — Q 
2 ' 2 



38. 



, 2 cos 7x cos x dx = i J ^ , 2 ( cos 6x + cos 8x) dx = 1 [gsin 6x+|sin 8x] _ , 2 = 



'-7T/2 



^/2 
'-tt/2 



39. x = t 2 / 3 ^t 2 =x 3 ;y=|^y=^;0<t<2^0<x< 2 2 / 3 ; 



A = T 2 -(y)V 1 + i x4dx; 

= §?[(l + 9(2»/»)) 1 



u=^x 4 
du = 9x 3 dx 



|J o ^/TTiIdu^ |-|(i + u) 



9(2 2 / ; 



,3/2 



40. y = ln(cos x); y' = ~"" x x = —tan x; (y') = tan 2 x; J o yl+tan 2 xdx = J |secx| dx = [In | sec x 

= In(2 + a/3) - Ml + 0) = In (2 + \ft\ 

41. y = ln(sec x); y' — sec s ^ nx = tan x;(y')~ = tan 2 x; J Q y 1 + tan 2 x dx = J Q |sec x| dx = [ln|sec x 



tt/3 



tan x 



1 tt/3 



tan x 



I 77/4 



= In V2 



+ l) -ln(0 + l) 



= In v/2 + 1 



42. M = J*'* sec x dx = [ln|sec x + tan x|] ^ /4 = ln( sjl + lj - In \y/2 - 1| = In ^|±1 



tt/4 



1 p 

\/2 + l J-7T 



-tt/4 2 flX 



1 [tanx 1 ^ 4 



-tt/4 



21n 



»/a — 1 



(^y) = (o,(iB^V 



43. V = 7T J \in 2 x dx = 7T J^^f^ dx = f J o "dx - f /"cos 2x dx = f [x] I - I [sin 2x] J = §(tt - 0) - f (0 - 0) = \ 



44. A — J o \ZT-j- cos 4x dx = / \Z2~|cos 2x|dx = f cos 2xdx — \/2~/ cos 2xdx + \/2~ / cos 2xdx 



~3tt/4 



# [sin 2x] f - f [sin 2x] ^ 4 + ^ [sin 2x] ^ /4 - - 



^(1 - 0) - ^(-1 - 1) + 3^(0 + 1) 



'2 = 2 



1 sin mx sin nx dx = | J k [cos(m — n)x — cos(m + n)x]dx 
= \ [^ sin ( m - n ) x - ^ sin ( m + n ) x ] " +2 " 

= \ (^ sin (( m - ")( k + 2tt)) - ^sin((m + n)( k + 2tt))) - \ (^sin((m - n)k) - ^sin((m + n)k)) 
= 2(^n) s M( m - n)k) - sin((m + n)k) - 5I ^sin((m - n)k) + 2 I ^sin((m + n)k) = 

=>• sin mx and sin nx are orthogonal. 

J.k+27r nk+2n 
cos dx = 7T. m 2 7^ n 2 =>• m + n ^ and m — n ^ ^> J k cos mx cos nx dx 

J, k+ 2, k+27r 
! [cos(m — n)x + cos(m + n)x]dx = 1 [^ 1 r ^sin(m — n)x + ^ 1 ^sin(m + n)x] 

= 2{^hn) sin((m-n)(k + 27r)) + 5 ( S 1 j ^jsin((m + n)(k+ 2tt)) - 5 (; S L r 5 ysin((m - n)k) - § ^ F5 jsin((m + n)k) 

= 215^) Sin (( m - n ) k ) + 2(STli) Sin (( m + n ) k ) - 2(^ sin (( m - n ) k ) - 2(ST^ Sin (( m + n ) k ) = 
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=> cos mx and cos nx are orthogonal. 

(c) Let m = n =>■ sin mx cos nx = ^(sin + sin((m + n)x)) and ^ J k sin dx = and ± J k sin((m + n)x) dx = 

=>• sin mx and cos nx are orthogonal if m = n. 
Let m / n. 

! sin mx cos nx dx = | J k [sin(m — n)x + sin(m + n)x]dx = | [ — J5~n cos ( m — n)x — ^ : -^cos(m + n)x] 
= -2(S L -S) cos (( m - n )( k + 27r )) - 2^TKS) C0S (( m + n )( k+27r )) + 2^) cos (( m_n ) k ) + 2(5r+^ cos (( m + n ) k ) 

= - 2(^) COS (( m - n ) k ) - 2(^) COS (( m + n ) k ) + 2(^) C0S (( m - n ) k ) + 2(^) C0S (( m + n ) k ) = 

=>- sin mx and cos nx are orthogonal. 

,r i r n s ■ r ■ ■ , «• l f T • • j fO form/n 

46. A / f x sin mx dx = > — / sin nx sin mx dx. Since - I sin nx sin mx dx = < . r , 

kJ-x ^ i ^"J-j *J-TT \l form = n' 

the sum on the right has only one nonzero term, namely ^ J* sin mx sin mx dx = a m . 
8.5 TRIGONOMETRIC SUBSTITUTIONS 



1. y = 3 tan 0, - § < < § , dy = ^ , 9 + y 2 = 9 (1 + tan 2 0) = 
(because cos > when — | < < |) ; 
f -7== = 3 f 2»J<w = f^fi = i n |sec + tan 01 + C = In 

J V 9 + y 2 J 3 cos- J cos 6 ' ' 



9 

cos 2 



yg+g , y 

3 "r" 3 



|cos g] _ cos 6 
3 — 3 



C' = ln| % /9 + y2+y| +C 



i . 

cos t ' 



2 - /vrw ;[3y = xl /7fe ;x = tant '-f < t <f' dx =Eoli'VTT^ 

[-£==3 = [ - d ; ; N = In |sec t + tan t| + C = In V* 2 + 1 + x + C = In I v/l + 9y 2 + 3y| + C 

V 1 + X J cos 2 t ( — — ) 



dx 
2 4 + x 2 



3- X 

4 f 2 dx 
^' Jo 8 + 2x 2 

.3/2 



= Li ^ §] 1 2 = s ^ 1 - 1 tan_1 (-D = (!) - (3) (-?) = ? 

3 = I [I ^ l]o=H5^- 1 l-3tan- 1 0) = (i)(i)(|)-0=^ 



5. 

Jo 



dx 



V9-x 2 



[sin- 1 |] 3 J 2 = sin" 1 I - sin- 1 







r 

6. 

Jo 



1/2V2 



2dx 
\/l-4x 2 



l/2v^ 



fsin-itir^sin- 1 -i 



sin" 1 



7. t = 5 sin 0, - § < < § , dt = 5 cos d0, y/25 - t 2 = 5 cos 0; 

/ \/25 -t 2 dt = / (5 cos 0)(5 cos 0) d0 = 25 / cos 2 d0 = 25 / 1+c ° s 29 AO = 25 (f 



sin 29 \ 
4 / 



25 

2 



25 



- i ( 5 ) + a)(^ 1 ) 



C=f sin- 1 (i) + ^ ; 



\/25 - 1 



t = 3 sin 



- § < < f , dt = I cos d0, \f\ - 9t 2 = cos 0; 
/ \/l - 9t 2 dt = i J (cos 0)(cos 0) d0 = § / cos 2 d0 = \ (0 + sin cos 0) + C = \ [sin" 1 (3t) + 3t-y/l - 9t 2 



C 



9. x = I sec 0, < < §, dx = | sec tan d0, V4x 2 - 49 = V '49 sec 2 -49 = 7 tan 
J^feg - J (? " " - U d0 ^ i In |sec + tan 0| + C = \ In 



2x . y^x 2 - 49 
7 ' 7 
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10. x = 1 sec 0, < < f , dx = 1 sec tan d0, a/25x 2 - 9 = y/9 sec 2 0-9 = 3 tan (9; 



f 5dx = f5(| 
J V25X 2 - 9 J 



% sec # tan c 



3 tan 8 



= /sec d0 = In |sec 9 + tan 0| + C = In 



5x , \/25x 2 -9 
3 T 3 



11. y = 7 sec 0, < 9 < § , dy = 7 sec 9 tan (9 d0, ^/y 2 - 49 = 7 tan 9; 

Jv5^49 dy = J (TtanWT^tan^ = 7 fa2 Q d 9 = 1 J (sOC 2 9 - 1) d9 = 7(taR 9 - 9) + C 



49 



12. y = 5 sec 9, < < § , dy = 5 sec 9 tan d0, ^/y 2 - 25 = 5 tan 0; 

Jv5EI! dy= J (5 tan gjW tan g)dg = 1 J tan2 g ^2 g d g = | J sin 2 d0 = ^ J(l - COS 20) d0 

-Ml) 



17) 



c = ± 

^ 10 



c 



(1) 



10 



2y 2 



13. x = sec 0, < < f , dx = sec tan d0, ^x 2 - 1 = tan 0; 



f ^ = r 



2 

sec f? tan 



dg 

sec 9 



sin i 



\/xj - 1 



14. x = sec 0, < < §, dx = sec tan d0, \/x 2 - 1 = tan 0; 
J^ = / 1 |^^=2/cos 2 0d0 = 2/(i±f^) d0 

= + tan0cos 2 + C = sec" 1 x + \/x 2 - 1 Q) 2 +C = sec" 1 2 



sin cos + C 
C 



\/x 2 -l 



15. x = 2tan0,-f <0< §, dx = , <y/rf+4 = 



r x 3 dx = r 

J ,/ x 2 +4 J 



x 3 dx _ f (8 tan 3 g) (cos 8) dB _ 



} 8d8 



cos 4 8 



f {cos 2 8- 1)(- sin 9) d8 
' J cos 4 8 



t = COS i 



yV+4 , (x 2 + 4) 
2 ~r 8-3 



J^i dt = 8 J(i_ 1) dt = 8(-i + £)+C = 8(-sec. 
- C = ± (x 2 + 4) 3/2 - 4 Vx 2 + 4 + C 



sec 
3 



c 



16. x = tan 0, - | < < |, dx = sec 2 d0, \/x 2 + 1 = sec 0; 



f dx _ P sec 2 g dfl _ r. 
J xVx 2 + 1 J tan 2 sec J 



osffdff 
sin 2 « 



sin 9 



/x 2 +l 



17. w = 2 sin 0, - f < < f , dw = 2 cos d0, \/4 - w 2 = 2 cos 0; 



r 8dw _ r 8- 

J w 2 y^-W 2 J 4si 



2 2 c °-/ dfl fl =2 f-^a = -2 cot + C 

sm- $-2 cos 8 J sin 2 a 



_ -2y/4~- 



c 



18. w = 3 sin 0, - | < < | , dw = 3 cos d0, \/9 - w 2 = 3 cos 0; 

dw = p«*?£" e <" a = /cot 2 d0 = J'(V.;V) d0 = /(esc 2 - 1) d0 



= -cot0-0 + C= - 



9 sin 2 8 

_ _ 



-sin" 1 (f) +C 



19. x = sin 0, < < f , dx = cos d0, (1 - x 2 ) 3/2 = cos 3 0; 



J a 



4x 2 dx 



r /3 4sin2 cos 3 °r dg = 4 /f (^) d0 = 4 /^(sec 2 - 1) d0 



= 4[tan0-0]g /3 =4^3- f 
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20. x = 2 sin 0, < < § , dx = 2 cos d<9, (4 - x 2 ) 3/2 = 8 cos 3 



f dx = r /6 

Jo (4_ x 2) 3 / 2 Jo 8cos 3 £ 



2 cos £ 



1 

4 Jo 



Jo cos- 4 1- J u 12 4^3 



21. x = sec 0, < < f , dx = sec tan 9 d0, (x 2 - 1) 3/2 = tan 3 0; 



P dx f sec g tan d8 _ [ 

J (x 2 -l) 3/2 ~ J tan^fl - J 



sectftanfldfi _ / cos d8 
sin 2 



sin 9 ^ ^ y^TT 



22. x = sec 0, < < |, dx = sec 9 tan d0, (x 2 - 1) 5/2 = tan 5 0; 



/ x 2 dx _ / sec 2 
(x 2 - 1) 5/2 ~~ J 



fl-sec tan 9 d» 



f ^ d0 

J sin 4 9 



3 sin 3 



3(x 2 -!) 3 ' 



23. x = sin 0, - | < < | , dx = cos d0, (1 - x 2 ) 3/2 = cos 3 0; 



JSL^ = /aqg^S = /cot* esc 2 d0 



COt ' 

5 



c = - 



24. x = sin 0, - f < < | , dx = cos d0, (1 - x 2 ) 1/2 = cos 0; 

cos 0-cos d0 / „„ t 2 n ^o^2 /) j/) cot 3 



J (l-x^dx = J goMWdg = J cot 2 g csc 2 ^ d0 = _ co^ + c = _ 1 f /iZZ \ ' 



c 



25. x = \ tan 0, - § < < f , dx = \ sec 2 d0, (4x 2 + l) 2 = sec 4 0; 



2 ' 2 

/ = I Hl : e S0 )d " = 4 J cos2 * de = W + sin ^ cos 0) + C = 2 tan- 1 2x + ^ 



26. t = 1 tan 0, - § < < §, dt = ± sec 2 d0, 9t 2 + 1 = sec 2 I 



f 6dt , = r 

J (9t 2 + l) 2 J 



_ f 6(| sec 2 0) dfl _ 



2 / cos 2 d0 = + sin cos + C = tan" 1 3t 



3t 



(9t 2 + l) 



27. v = sin 0, - § < < §, dv = cos d0, (1 - v 2 ) 5/2 = cos 5 0; 

f v 2 dv _ P sin 2 cos g dfl _ P 
J ( 1 - v 2 ) 5/2 J cos 5 J 



tan 2 sec 2 d0 = ^ + C = | , r 



28. r = sin0, -§ <0< |; 



J* (1 -r 2 ) J ' 2 dr _ J* cos 5 



0-cos 9 d0 



COt 6 CSC 2 d0 



cot' , p _ _ 1 
7 7 



29. Lete 1 = 3 tan 0, t = In (3 tan 0), tan" 1 (§) < < bur^f),* = ^| d0, ^/e 21 + 9 = ^9 tan 2 + 9 = 3 sec , 



e' dt = / 

\/e 21 + 9 Ju 



tan- 1 (4/3) 



-tan- 1 (4/3) 



o /it; 

_ 3 tan 9-sec 2 60 _ I 

,/e 21 + 9 Jian- 1 (l/3) tan 9-3 sec 9 J tan- 1 (1/3) 



sec d0 = [In | sec + tan 0|] ^ [^j 



In 



(! + f)-ln(4° + l) 



In 9 - In 1 



30. Let e' = tan 0, t = In (tan 0), tan" 1 (|) < < tan" 1 (|) , dt = ^| d0, 1 + e 21 = 1 + tan 2 = sec 2 0; 



j; 



In (4/3) 



In (3/4) (1- 



J .tan 
tan- 1 



tan- 1 (4/3) (tan 9) (^) d0 p>r' (*/3) 



tan- 1 (3/4) 



c ;1 9 



/»tan- (4/ j) 

I cos d0 = sin i 

J tan- 1 (3/4) L 



1 tan- 1 (4/3) _ 4 _ 3 1 
] tan- 1 (3/4) 5 5 5 



3L -C [u = 2^,du = ^ dt] ^/^^;u = tan0,§<0<^du = sec 2 0d0,l+u 2 = sec 2 

r ^ = r 

JuJl 1+U 2 J % l 



•"vr/4 

z set 
tt/6 sec 2 9 



2 — • = [20]^ = 2(f-|) =1 
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32. y = e tanfl , < 9 < \ , dy = e tanfl sec 2 9 d9, y) 2 = \f\ + tan 2 = sec (9; 



4 

r^TTW = dd = iT sec 6 de = t ln > sec + tan «H o /4 = m (l + n/2) 



33. x = sec 9, < 9 < §, dx = sec 9 tan d0, Vx 2 - 1 = \/ sec 2 - 1 = tan 9; 

r dx = r secitogdg = + c = -i + c 

J xVx 2 - 1 J sec tan fl 



34. x = tan 9, dx = sec 2 9 d9, 1 + x 2 = sec 2 0; 
/^ = /^ = + C = tan-lx + C 



35. x = sec 9, dx = sec 9 tan d9, \/ x 2 — 1 = \/ sec 2 0—1 = tan 0; 

J*-#L= = J secg - se t c al f fl tangde = /sec 2 d0 = tan + C = V^ 2 - 1 + C 



36. x = sin 0, dx = cos d0, - § < < f ; 

f = f £2^# = + C = sin" 1 x + C 

J y/l _ x 2 J COS 9 



37. x I = Vx 2 - 4; dy = Vx 2 - 4 f ; y = J dx; 



x = 2 sec 0, < < f 
dx = 2 sec tan d0 
Vx 2 -4 = 2 tan 



y = J (2tan9)(2s s e e c // ang)dg =2/ tan 2 d0 = 2 / (sec 2 - 1) d0 = 2(tan0 - 0) + C 



2 1^ -sec- 1 (I) 



C; x = 2 and y = => = + C =» C = y = 2 



38. \/x 2 - 9 I = l.dy 



dx 



Vx 2 -9 ' ' 



J \/x 2 -9 ' 



J 1 sec d0 = In | sec 
> y = In 



tan 1 



Vx 2 ^ 

C = ln 



x = 3 sec 0, < < f 
dx = 3 sec tan d0 
Vx 2 -9 = 3 tan 



3 sec 6 tan g dfl 
3tan0 



x , yV -9 
3 + 3 



C; x = 5 and y = In 3 In 3 = In 3 + C C = 



x 1 \/x 2 -9 
3 3 



39. (x 2 + 4) I = 3, dy = 4^ ; y = 3 J ^ = § tan" 1 § + C; x = 2 and y = = | tan" 1 1 + C 



C=-f => y = ltan- 1 (|)-f 



40. (x 2 + l) 2 I = x/x 2 + 1, dy = - dx m ; x = tan 0, dx = sec 2 d0, (x 2 + 1) 3/2 = sec 3 0; 

L ' x (x' +1) 



.. f sec 2 g dg 
J — J sec 3 6 



f cos d0 = sin + C = tan cos + C = ^ + C = + C; x = and y = 1 

j sec y y' yj. _)_ 1 



=> 1 = + C y 



\/x 2 + l 



41. A = /J ^3 dx; x = 3 sin 0, < < § , dx = 3 cos d0, \/9 - x 2 = V9-9sin 2 = 3 cos 0; 



A = 

Jo 



3 cos 0-3 t 



3 £ ' cos 2 d0 = I [0 + sin cos 0] £ 



/2 _ 3_7T 

4 
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42. V= r 1 7r( T ^ r ) 2 dx = 47T f 7^,; 
Jo \ i Jo (x 2 + iy ' 

x = tan 9, dx = sec 2 9 d9, x 2 + 1 = sec 2 0; 
V = 4tt P /45S ^# = 4tt f"' 4 cos 2 9 d6 

J o sec* D Jo 



2ir £ (1 + cos 26) d6 = 2ir [9 + ^] ^ = tt (f + l) 



— 1 




I i 


111 




i 1 



43. 



J l-sinx J i / gz~ A J 



(1-z) 2 1-z 







dx _ r 




1 + sin x + cos x J 









I 



c = 



2dz 



1 - tan (^) 



1 + z 2 + 2z + 1 - z 2 



J' 



1 +z 



= In 1 1 + z| + C 





' 2dz > 






\ 1 + Z 2 ) 




1 + 






vl + z 2 ) 



= ln|tan(|) + 1| +C 

Jo 1 + sin x Jo 

46. 

Jn/3 

47. 

Jo 



I 



2dz 
(1 + z) 2 



.1+zJ 



= -(1 - 2) = 1 



1 — COS X 





1 2dz ~\ 






u+z 2 ; 




1- 






J + z 2 ) 



r & = r 

Jo 2 +fi^4 N ) Jo 



2 + cos f 

7r -\/3?r 

3^/3 ~ 9 



48 J' J ' v.si.ji; 



2dz 



xj2 sin y cos p + sin t) J | 



1-z 2 
1+z 2 



_ 2dz _ _1_ 

2 + 2z 2 + l-z 2 Jo z 2 + 3 ^3 



tan 



7i 



= 2 tan- 1 4- 

\/3 



1 z 2 _\ ^ ^ 

-z 2 / 1 ll + z 2 ; 



(, + z 2 ) 2 



2 ( i-z 2 )dz _ 1-z 2 , 7 

J] 2z - 2z 3 + 2z + 2z 3 — Ji 2z Ui 



1 In z _ 21 

2 111 z, 4 



^3 



49. r . * . = r 

J sin t — cos t J 





' 2dz 1 
U + z 2 , 1 








W+z 2 1- 





I In ^3 - |) - (0 - |) = ^ - H 3 ( ln 3 - 2 ) = 5 ( ln ^ - 1 

P 2dz P 2dz 

J 2z-l + z 2 J (z + l) 2 -2 



-fin 



z+ 1 - 



z + 1 + v/2 



-fin 



tan (|) + 1-^2 



50. 



tan(|) + 1 + sjl 

m 



/ cos t dt _ f V1 + 
1 — cos t J j _ 

_ f (i-z 2 )dz _ r 

- J (l+z 2 )z 2 - J 



2 dz \ 



2(1 -z 2 ) dz 



(l+z 2 ) 2 -(l+z 2 )(l-z 2 ) 



2(1 -z 2 ) dz 



z 2 ) (1+z 2 -1+z 2 ) 



dz 



fiT? = /f - 2 /?TT = -i-2tan- 1 z + C = -cot(|)-t + C 



= In 1 1 + z| -ln|l-z| + C = ln 



2dz 



(l + z)(l-z) 



dz 

1 -z 



1 + tan | 



I -tan (|) 



c 



52. Jcsc 9 d6 = f£„ = J ml = Jf = In |z| + C = In |tan § 1 + C 
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1. f—p— = 4= tan" 1 x f±=Z + C 

J xv/x-3 V3 V 3 

(We used FORMULA 13(a) with a = 1, b = 3) 



/ 



v/x + 4- 




+ C = § In 


Vx+4-2 


V» + 4 + 


V4 


^x+4+2 



— t^= = 4- In 

x^x+4 J A 



(We used FORMULA 13(b) with a = 1, b = 4) 



+ C 



dx 



(?) 



/x-2j 
3 



2(f) 



/x-2l 

— i 



= a/x-2 



2(x-2) 



(We used FORMULA 11 with a = 1, b = -2, n = 1 and a = 1, b = -2, n = -1) 



4 f xdx 1 f (2x 

J (2x + 3) 3 / 2 2 J (2x 



+ 3) dx _ 3 / dx 

xTW 71 2 J (2x + 3) 3 ' 2 



dx 



2 J ,/2xT3 2 J (% /2xT3) 



dx 



I + dx - | /(^T3)- 3 dx = (I) (|) ^ - (|) (1) + , 



(2x + 3 + 3) + C 



_ (X4-3) 



c 



■ 2 y2xT3 v^xT3 

(We used FORMULA 1 1 with a = 2, b = 3, n 



1 and a = 2, b = 3, n = — 3) 
5. Jxa/2x - 3 dx = i J*(2x - 3)\/2x - 3 dx + § JV2x - 3 dx = § J* ^2x-3) 3 dx+ | J(V 



2x-3 dx 



(|)(|)^ + (!)(I)^- 



c 



(2x-3) 3 ' 2 [ 2x-3 
2 L 5 



1] 



(2x-3r i (x+l) 
5 



(We used FORMULA 1 1 with a = 2, b = -3, n = 3 and a = 2, b = -3, n = 1) 
6. Jx(7x + 5) 3 / 2 dx = \ J(7x + 5)(7x + 5) 3 / 2 dx - f J(7x + 5) 3 / 2 dx = 1 J(x/7x + 5) 5 dx - f J (a/7x + 5) 



dx 



(?) G) 1 ^-(f)(f)^¥^ + c=[^# 



2(7x + 5) 



-2 



(7x + 5) 5 / 2 



49 



(14x_4) +C 



7- 



(We used FORMULA 1 1 with a = 7, b = 5, n = 5 and a = 7, b = 5, n = 3) 

C 



dx 



V9-4x 



(-4) f 
2 J x x 



dx 



V9-4x 

(We used FORMULA 14 with a = -4, b = 9) 



_ _ x/9-4x 



y/9-4x- x/9 
\/9-4x+\/9 



(We used FORMULA 13(b) with a 

C 



c 

-4, b = 9) 



-\/9-4x 



| In 



V9-4x-3 I 



V9-4x + 3 | 



*J X 



dx 



V4x-9 
(-9)x 



dx 



a/4x-9 (-9)x 18 J x% /4x-9 

(We used FORMULA 15 with a = 4, b = -9) 

- ^ + (I) (£) / 



'4x-9 



9x 1 V9/ V. y/9 J V 9 

(We used FORMULA 13(a) with a = 4, b = 9) 

4 » -1 /4x-9 i r> 



x/4x-9 



9x 



27 



tan 
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9. J X^~7* dx = J • 2X - X 2 dx = (x + 2)(2x-3 6 2)V2-2.x-^ + | ^-1 (^_2) + C 



(x + 2)(2x-6)\/4x-x- 

6 1 V 2 

(We used FORMULA 51 with a = 2) 



4 sin" 1 (^) +C = 



(x + 2)(x- 3)\/4x-x 2 



4 sin" 1 (5=3) +C 



10. J^=^- dx = J ^'^ dx = ^2 • I x - x 2 + 1 sin" 1 (fi) + C = \/x - x 2 + \ sin" 1 (2x - 1) + C 



(We used FORMULA 52 with a = \) 



11- f = f 

J xV7 + x 2 J 



-fin 



x vV 7 J +r? 

We used FORMULA 26 with a = -v/7 ' 



-fin 



/7+\/7 + x 2 



12. 



r dx = r 

J x V7 - x 2 J 



dx 



-fin 



^(^ 

(we used FORMULA 34 with a = V^) 

13. f dx = J dx = V'Z 2 - x 2 - 2 In 

(We used FORMULA 31 with a = 2) 



-fin 



\/7+ V7-X 2 



2 + \/2 2 - x 2 



C = \]\ - x 2 - 2 In 



2 + \/4 - x 2 



+ c 



14. J dx = J dx = V'x 2 - 2 2 - 2 

(We used FORMULA 42 with a = 2) 



- I- - I sec" 'I - + C = \/x 2 - 4 - 2 sec" 1 | f | + C 



I 5 I 
I 2 I 



15. / ^25 - p 2 dp = Jv^P'dP^ \ \f$ rZ ¥+ f sin" 1 | + C = \ ^25 - p 2 + f sin" 1 §+C 



(We used FORMULA 29 with a = 5) 



16. / q 2 ^25 - q 2 dq = Jq 2 ^5^tf dq = f sin" 1 (f) 
= f sin" 1 (§) - i q V / 25^ (25 - 2q 2 ) + C 
(We used FORMULA 30 with a = 5) 



-|qV^ r ^(5 2 -2q 2 )+C 



17- f^=dr= f -yf— 

J ^4 -i 2 J V2 2 -r 2 

(We used FORMULA 33 with a = 2) 



7¥ = 7 _ dr = I sin- 1 (I) - 1 r^-r 2 + C = 2 sin" 1 (§) - i rV4^ + C 



18 - 1 7^ = 1 



cosh" 1 -4= + C = In 

V2 



s2 -(^) 

^We used FORMULA 36 with a = 



C = In 



\/s 2 -2 



>»■/ 



-2 



tan 



5 + 4 sin 20 2^/25-16 

(We used FORMULA 70 with b = 5, c = 4, a = 2) 



tan(| - f ) +C= -i tan- 1 [1 tan (f -6)]+C 



20. / 



In 



5 + 4 sin 26 + V25 - 16 cos 2fl 
4 + 5 sin 26» 



4 + 5 sin 2fl 2^25 - 16 

(We used FORMULA 71 with a = 2, b = 4, c = 5) 



p lil 5 + 4 sin 26> + 3 cos 26" I , p 

^ — 6 111 I 4 + 5sin2fl I ' *- 
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21. J e 21 cos 3t dt = (2 cos 3t + 3 sin 3t) + C = § (2 cos 3t + 3 sin 3t) + C 

(We used FORMULA 108 with a = 2, b = 3) 

22. Je 3 ' sin 4t dt = { _^ +42 (-3 sin 4t - 4 cos 4t) + C = ^ (-3 sin 4t - 4 cos 4t) + C 

(We used FORMULA 107 with a = -3, b = 4) 



23. J x cos 1 x dx = J x 1 cos 1 x dx = j-^j cos 1 x + J 
(We used FORMULA 100 with a = 1, n = 1) 

= f cos" 1 x + A (| sin" 1 x) - | (| x-s/l - x 2 ) + C 



dx 



1 x + \ sin" 1 x - \ xa/I - x 2 + C 



(We used FORMULA 33 with a = 1) 

24. Jx tan -1 x dx = J x 1 tan _1 (lx) dx = f^j- tan _1 (lx) - 
(We used FORMULA 101 with a = 1, n = 1) 
= y tan -1 x — | ^ (l — y^Lp)dx (after long division) 



x l+l dx 
1 + 1 J 1 + (1)V 



^ tan -1 x-|jdx+ij r+F dx = f tan 1 x - 5 X + 5 tan 1 x + C = |((x 2 + l^an -1 x - x) + C 



f ds _ f ds 

J (9-s 2 ) 2 J (3 3 -s 2 ) 2 



At In 



1 8 + 3 1 

(9-s 2 ) 2 J (33 -s 2 ) 2 ~ 2-3 2 -(3 2 -s 2 ) ~1~ 4-3-' 11 ' Is- 3 I 

(We used FORMULA 19 with a = 3) 

- § i L i n 1 , 8+3 ,1 i n 

' 18 (9-s 2 ) T 108 1X1 I s-3 I ^ 



26 - JrdW = / 



4(2-0 2 ) ^ 8v /2 



Vln 



' + V2 



' We used FORMULA 19 with a = y^) 



rln 



27. / ^±*dx 



y/4x + 9 



r dx 

J Xx/ix^ 



yMx + 9 

(We used FORMULA 14 with a = 4, b = 9) 

V4X + 9-V/9 \ , r _ _ 



V4x + 9 



\/4x + 9 + ^9 



\/4x + 9 



(We used FORMULA 13(b) with a = 4, b = 9) 



| In 



V~4x + 9 - 3 
^/4x + 9 + 3 



28. f^dx = -^^ 

J x- x 



/; 



4) 



\/9x-4 T 

(We used FORMULA 14 with a = 9, b 

-^P + l(7i t --V^) +c 

(We used FORMULA 13(a) with a = 9, b = 4) 



\/9x-4 



tan 



-1 y/9x-4 
2 



c 



dt 

/3t-4 



29. J v^4 dt _ 2 ^ 3t " 4 + ( _ 4) f _ 

(We used FORMULA 12 with a = 3, b = -4) 
= 2^31-4 - 4 (4j tan- 1 + C = 2^31-4 - 4 

(We used FORMULA 13(a) with a = 3, b = 4) 



tan 



-1 V3t-4 



c 
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^it 

tV3t + 9 



30. J^±i dt = 2 v / 3t + 9 + 9 f- 

(We used FORMULA 12 with a = 3, b = 9) 

/31 + 9-79 



:2y3T+9 + 9(j g ln| ^±|^ |)+C = 2V3tT9 + 31n 
(We used FORMULA 13(b) with a = 3, b = 9) 



/3t + 9-3 



/3t + 9 + 3 



31. Jx 2 



tan 1 x dx 



2 + 1 



tan 1 x 



1 J 1 + x 2 



dx = y tan 



X 3 J 1 + x 2 



dx 



(We used FORMULA 101 with a = 1, n = 2); 

/TTx-dx^/xdx-J^^f -iln(l+x 2 )+C ptan^xdx 



= y tan 1 x 6 , () 



-i + iln(l+x 2 )+C 



32. / ^ dx = / X" 



-1 i x(- 2 +l) x 

tan x dx = , % , ,, tan 



(-2+ 1) 

(We used FORMULA 101 with a = 1, n = -2); 
J^ = /xTT^ = /f-/lT7= ln W-5 ln (l+x 2 )+C 

/ ^ dx = - i tan_1 x + In |x| - i In (1 + x 2 ) + C 



1 x - F2TT) JlTF dx = ft tan_1 x + / (ifW dx 



33. ^ sin 3x cos 2x dx 



cos 5x cos x | /-i 

10 2 ' 



(We used FORMULA 62(a) with a = 3, b = 2) 



34. J sin 2x cos 3x dx 



cos 5x I cos x | /-i 
10 ~T 2 ' 



(We used FORMULA 62(a) with a = 2, b = 3) 



35. / 8 <in 4t sin § dx = § sin (f ) - § sin (f ) + C = 
(We used FORMULA 62(b) with a = 4, b = |) 



36. J sin | sin ± dt = 3 sin (|) - sin (|) + C 

(We used FORMULA 62(b) with a = f, b = ±) 

37. /cos § cos | d(9 = 6 sin (£) + f sin (f) + C 

(We used FORMULA 62(c) with a = ±, b = A) 



38. J cos f cos 7(9 d0 = ^ sin (A§«) + i sin (if) + C = 
(We used FORMULA 62(c) with a = \, b = 7) 



™ f x 3 + x + 1 j y _ f xdx , C dx _ 1 f d(x 2 + l) f 

J ( x 2 + i) 2 QX - J x 2 + 1 + J ( X 2 + n 2 - 2 J x 2 + 1 + J ( X : 



(x 2 + 1)< 

1 tan" 1 x + C 



(x 2 + if 



= 1 ln(x 2 + 1) + , 2 

(For the second integral we used FORMULA 17 with a = 1) 



40. 



/ x 2 + 6x j _ f dx , f 6xdx _ P 3 dx _ f 
(x 2 + 3)' J> ! + 3 + J (l ! + 3) 2 J (x 2 + 3) 2 - J 



dx 



x 2 + (v/3)" 



dx 



- + (v^) 2 
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tan 



For the first integral we used FORMULA 16 with a = y3; for the third integral we used FORMULA 17 
with a = x/3) 
tan - ' 



41. J sin 1 ^/x dx; 



u = V* 
x = u 2 
dx = 2u du 



2/u 



' sin- 1 u du = 2 f £ sin- 1 u - ^ / ^ du 



^1 - u 2 

(We used FORMULA 99 with a = 1, n = 1) 

: u 2 sin -1 u - f I sin -1 u - 1 ua/ 1 - u 2 ) + C = (u 2 - 1) sin -1 u + \ ua/ 1 - u 2 + C 
(We used FORMULA 33 with a = 1) 

: (x - |) sin" 1 \/x + | a/x - x 2 + C 



42. / dx; 



u = V x 
X = u 
dx = 2u du 



J«»_iu . 2u du = 2 J cos" 1 u du = 2 (u cos" 1 u - i \f\ - uA + C 



(We used FORMULA 97 with a = 1) 

: 2 (a/x cos -1 -y/x — a/ 1 — x) + C 



43. f dx; 



U = a/ X 
,2 



X = U 

dx = 2u du 
sin" 1 u - u\/l - u 2 + C 
(We used FORMULA 33 with a = 1) 

sin- 1 a/x — */x a/ 1 — x + C = sin- 1 a/x — a/x — x 2 + C 



44 



u = a/x 
X = u z 
dx = 2u du 



/v^. 2udu = 2 /J(A/2Y-u 2 du 



= 2 



I J (a/2) 2 - u 2 + sin- 1 (-^) + C = ua/2 - u 2 + 2 sin- 1 (^_) +C 



( We used FORMULA 29 with a = \/ 2 

a/2x - x 2 + 2 sin" 1 x/f + C 



45. J (cot t) a/ 1 - sin 2 t dt = J ^ - si ^' t (cos 8 dt ; 
= a/1 - u 2 - In 



u = sin t 
du = cos t dt 



I 



\/ 1 — u 2 du 



1 + \/j - u 2 



(We used FORMULA 31 with a = 1) 

1 + y 7 ! - sin 2 t . q 



— a/ 1 — sin 2 1 — In 
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46. f dt = f < 

J (tan t) \A - sin 2 t J (sin t) 



cos t dt 



u = sin t 
du = cos t dt 



/ 



du 



2 + 



(We used FORMULA 34 with a = 2) 



±ln 



2 + yj - sin 



47. 



/ 



dy . 

yv /3 + (ln y) 2 ' 



u = In y 

y = e u 
dy = e" du 



f e '' du = f = In u + J 3 +u 

J e u V3 + u 2 J ^3 +u 2 V 



In |lny+ A/3 + any) 2 ! +C 

^We used FORMULA 20 with a = V^) 



/ cos 8 dO . 

J J5 + sin 2 i ' 



u = sin W 
du = cos 9 d9 



S 



du 

\/5 + u 2 



In 



u + x/5 + u 2 



We used FORMULA 20 with a = J 5 



■C = ln 



. 6 + \/5 + sin 2 6 



49. / 



3dr 



V9r 2 - 1 ' 



u = 3r 
du = 3 dr 



f -42= = In u + ^/u 2 - 1 + C = In 3r + ^9r 2 - 1 

J V u- - 1 



(We used FORMULA 36 with a = 1) 



f 3d y ■ 



u = 3y 
du = 3 dy 



du 



\73 + u 2 



In 



u + a/1 +u 2 + C = In |3y + y/l +9y 2 | + C 



(We used FORMULA 20 with a = 1) 



51. J cos 1 ^/x dx; 



t= 

x = t 2 
dx = 2t dt 



2 J t cos" 1 1 dt = 2 ( | cos" 1 1 + | J -7=7 dt ) = t 2 cos_1 1 + / T/rh? 



dt 



(We used FORMULA 100 with a = 1, n = 1) 
t 2 cos" 1 1 + \ sin" 1 1 - \ t\J\ - t 2 + C 
(We used FORMULA 33 with a = 1) 



x cos 1 ypk + i sin 1 -y/x — | 1 — x + C = x cos 1 ^/x + | sin 1 ^/x — | yx — x 2 + C 



52. J tan" 1 ^/y dy; 



,2 



2 / 



ttan^tdt = 2 



tan" 1 1 



y = f 
dy = 2tdt. 

(We used FORMULA 101 with n = 1, a = 1) 

: t 2 tan" 1 1 - fp^\ dt + J = t 2 tan" 1 1 - t + tan" 1 1 + C = y tan" 1 y/y + tan" 1 ^/y - y/y + C 



53. J sin 5 2x dx 



sin 2x cos 2x i 5 — 
' 5 



- J sin 3 2x dx 



sin 2x cos 2x i 4 

~T 5 



5-2 ' 5 J 10 

(We used FORMULA 60 with a = 2, n = 5 and a = 2, n = 3) 

- sin " 2 ^ cos2x - ^ sin 2 2x cos 2x + § (- i) cos 2x + C = - 



" 2x cos 2x i 3 — 



3-2 



- f sin 2x dx 



n 4 2x cos 2x 2 sin 2 2x cos 2x 4 cos 2x 



10 



15 



15 



54. J sin 5 f d0 



- J sin 3 | d# = — | sin 4 | cos 



5-1 1 5 

(We used FORMULA 60 with a = \, n = 5 and a = \, n = 3 



« + 4 

2 ' 5 



sin 2 | cos | | 3 — 
34 h ~ 



i Jsinfdf? 



2 • 4 

5 Sln 2 



sm • - cos | — yj sin 2 | cos f + ^ (—2 cos |) + C — — § sin 4 | cos - - — sm ~ - cos '-, — tz cos 



— sin 2 - cos - — — 

2 15 sm 2 LU; ' 2 15 
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55. J 8cos 4 27rtdt = 8 ( 



cos 3 27Tt sin 27Tt 

4-2?r 



4 - 1 



COS 2nt dt 



(We used FORMULA 61 with a = 2ir, n = 4) 



cos 3 27rt sin 27rt 



t _l sin(2-27r-t) 

2 



4-27T 



(We used FORMULA 59 with a = 2n) 



cos 27rt sin 27rt 



3t + 



3 sin 47rt 



+ c = 



cos 3 2-Kl sin 2?rt . 3 cos 2nt sin 27rt 
Ti 2tt 



3t + C 



56. / 3 cos 5 3y dy = 3 (""' ; > + ^ /cos 3 3y dy) 

= cos^ysm3y + 12 ^ cos^fajy + 3_I J CQS 3y dy ^ 

(We used FORMULA 61 with a = 3, n = 5 and a = 3, n = 3) 

= ~ cos 4 3y sin 3y + ^ cos 2 3y sin 3y + sin 3y + C 



57. / sin 2 29 cos 3 29 d9 



sin 3 29 cos 2 29 _j_ 3 - 
3 + 2 



sin 2 26» cos 29 d9 



58. 



2(2+3) 

(We used FORMULA 69 with a = 2, m = 3, n = 2) 
| f sin 2 29 cos 2(9 d0 = si " 3 y 2g > 2 



sin 3 20 cos 2 2fl 
10 



/ 



9 sin 3 (9 cos 3 / 2 d0 = 9 - sin ! 9c ?£ + 



3 - 1 



[i/sin 2 26* d(sin 20) 
/ sin 6» cos 3 / 2 6/ d9 



sin 3 2fl cos- 26 , sin 3 20 
10 + 15 



3 + (!) ' 3 + (|). 

= -2 sin 2 6» cos 5 / 2 6» + 4 /cos 3 / 2 9 sin d(9 

(We used FORMULA 68 with a = 1, n = 3, m = §) 
= -2 sin 2 9 cos 5 / 2 6»-4 /cos 3 / 2 9 d(cos 9) = -2 sin 2 9 cos 5 / 2 6 1 - 4 (§ cos 5 / 2 0) 



,5/2. 



(- 



59. / 2 sin 2 t sec 4 1 dt = J 2 sin 2 t cos~ 4 1 dt = 2 



sin t cos 3 1 | 2—1 



2-4 



2-4 



/ cos -4 1 dt) 



(We used FORMULA 68 with a = 1, n = 2, m = -4) 



= sin t cos 3 t — / cos 4 1 dt = sin t cos 3 1 — / sec 4 1 dt = sin t cos 3 t — 



sec t tan t . 4 — 2 



/ sec 2 tdt) 



(We used FORMULA 92 with a = 1, n = 4) 



sin t cos J t 



= | tan 3 t + C 



sec" t tan t 



tant 



1 sec 2 1 tan t 



| tan t + C = | tan t (sec 2 1 - 1) + C 



An easy way to find the integral using substitution: 



I 2 



sin t cos t 



dt=/2, 



: dt = / 2 tan 2 1 d(tan t) = | tan 3 t + C 



60. / esc 2 y cos 5 y 



dy = / sin 2 y cos y dy 



— j cos y 

^2 



/sin 2 y cos 3 y dy 



3 



3-2 



3 - 
3-2 



| /sin 2 y cos y dy 



(We used FORMULA 69 with n = -2, m = 5, a = 1 and n = -2, m = 3, a = 1) 



_ (siny) 



cos y 



3 ^ sin y J 



cos 2 y + I /sin 2 y d(sin y) 



cos y | 4 cos y 



s 



3 sin y 3 sin y 3 sin y 



61. / 4 tan 3 2x dx = 4 (^j^ - / tan 2x dx) = tan 2 2x - 4 J tan 2x dx 

(We used FORMULA 86 with n = 3, a = 2) 
= tan 2 2x - £ In Isec 2x1 + C = tan 2 2x - 2 In Isec 2x1 + C 
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62. 



JW(f) dx=|^-JW(§) dx=fto«(|) 



- tan^ 



dx 



(We used FORMULA 86 with n = 4, a = |) 

| tan 3 |-2tan|+x + C 

(We used FORMULA 84 with a = \) 



63. J" 8 cot 4 1 dt = 8 (- &p - J cot 2 1 dt) 

(We used FORMULA 87 with a = 1, n = 4) 
= 8 (- \ cot 3 1 + cot t + t) + C 
(We used FORMULA 85 with a = 1) 



64. 



/ 



4 cot 3 2t dt = 4 



f^-/cot2tdt 



= - cor 2t - 4 cot 2t dt 



(We used FORMULA 87 with a = 2, n = 3) 

2 In | sin 2t| + C 



: - cot 2 2t - I In | sin 2t| + C = - cot 2 2t 
(We used FORMULA 83 with a = 2) 



65. 



66. 



/ 



2 sec 3 7rx dx = 2 



sec ;; x tan 
Jr(3-1) 



sec 7rx dx 



(We used FORMULA 92 with n = 3, a = tt) 
: ^ sec 7rx tan 7rx + Mn |sec 7rx + tan 7rx| + C 
(We used FORMULA 88 with a = tt) 



/ 



| esc 3 I dx = \ 



3-2 
3 - 1 



(We used FORMULA 93 with a = 

cot 



Jcsc I dx) 



in 



I — csc I cot I — In | esc | 



C = — j esc | cot | — | In |csc § 



cot 



(We used FORMULA 89 with a = i) 



67. 



/ 



3 sec 3x dx = 3 



sec" 3x tan 3x 



4-2 
4- 1 



sec 3x dx 



3(4-1) 

(We used FORMULA 92 with n = 4, a = 3) 
: sec23x 3 tan3x + f tan 3x + C 
(We used FORMULA 90 with a = 3) 



68. / 



csc- I d6 



CSC" s COt s 



4-2 
4 - 1 



I 



csc 2 f d6 



1 (4 - 1) 

(We used FORMULA 93 with n = 4, a = |) 
- csc 2 I cot I - § - 3 cot I + C = - csc" 
(We used FORMULA 91 with a = ±) 



I cot § - 2 cot § 



69. / 



csc 5 x dx = — 



csc x cot X 



5-2 
5 - 1 



csc 3 x dx = — 



csc x cot X 



5-1 5 — 1 J 4 

(We used FORMULA 93 with n = 5, a = 1 and n = 3, a = 1) 



3 - 1 



-J csc x dx) 



\ csc 3 x cot X 



3 



csc x cot X 



3 



(We used FORMULA 89 with a = 1) 



In Icsc x + cot x| 



70. 



/ 



sec 5 x dx = 



sec x tan x 



5-2 
5 - 1 



J 



sec 3 x dx = 



sec x tan x 



5-1 1 5 — 1 J 4 

(We used FORMULA 92 with a = 1, n = 5 and a = 1, n 



3 / sec x tan x 



3-1 
3) 



3-2 
3 - 1 



J sec x dx) 
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| sec x tan x + | 
(We used FORMULA 88 with a = 1) 



I sec 3 x tan x + I sec x tan x + | In |sec x + tan x| + C 



71. Jl6x 3 (lnx) 2 dx = 16 



x'(ln %y _ 2 
4 4 



J" x 3 In x 



dx 



16 



x 4 (ln x) 2 



x 4 (ln x) _ 1 
4 4 



Jx 3 



dx 



(We used FORMULA 1 10 with a = 1, n = 3, m = 2 and a = 1, n = 3, m = 1) 

= 16 - ^ + |) + C = 4x 4 (ln x) 2 - 2x 4 In x + £ + C 



x(ln x)" 



1 



72. J (In x) 3 dx = ^£ - f J (In x) 2 dx = x(ln x) 3 - 3 

= x(ln x) 3 - 3x(ln x) 2 + 6x In x - 6x + C 

(We used FORMULA 1 10 with n = 0, a = 1 and m = 3, 2, 1) 



f In x dx 



x(ln x) 3 - 3x(ln x) 2 + 6 



73. Jxe 3x dx = (3x - 1) + C = (3x - 1) + C 

(We used FORMULA 104 with a = 3) 

74. f xe- 2x dx = ^ (-2x - 1) + C = - ^ (2x + 1) + C 

(We used FORMULA 104 with a = -2) 



75. f x 3 e x / 2 dx = 2x 3 e"/ 2 - 3 • 2 f x 2 e x ^ 2 dx = 2x 3 e x / 2 - 6 (lx 2 e' 2 - 2 • 2 f xe x ^ 2 dx) 

= 2x 3 e x / 2 - 12x 2 e x / 2 + 24 • 4e x ^ 2 (| - l) + C = 2x 3 e x ^ 2 - 12x 2 e x / 2 + 96e x ^ 2 (§ - l) 
(We used FORMULA 105 with a = \ twice and FORMULA 104 with a = \) 



76. fx 



2„JTX 



dx 



1/ 



xe™ dx 



(We used FORMULA 105 with n = 2, a = tt) 

: i x 2 e ra - • e nx (TTX - 1) + C = I x 2 e 7rx - (^) (7 
(We used FORMULA 104 with a = tt) 



1) + C 



77. J x 2 2 x dx = |H 



2 

In 2 



(We used FORMULA 106 with a = 1, b = 2, n = 2, n = 1) 



2 

in 2 



x-2-- 
In 2 



2 
In 2 



x2 x _ 2 X 
In 2 (In 2) 2 



78. / 



x 2 2- x dx = 



-In 2 



2 
In 2 



J x2 x dx 



-x 2 2~ x 
In 2 



2 
In 2 



x2~ x 
In 2 



oj^dx) 



x 2 2~ x 
In 2 



2 
In 2 



x2' x 
-In 2 



2- x 
(In 2) 2 



c 



(We used FORMULA 106 with a = -1, b = 2, n = 2, n = 1) 

79. f X7T X dx = - rf- f 7T X dx = ^ - r^- + C = f^- - jr^r + C 

J In tt In 7r J In tt In 7r V In tt / Imr (In ttY 

(We used FORMULA 106 with n = 1, b = tt, a = 1) 



80. f x2 v/2x dx 



x2 x/2x 



x2 xx/2 



2 xx/ 2 



1512 J y21n2 2(ln2) 2 

(We used FORMULA 106 with a = y/2, b = 2, n = 1) 



" x = e 1 - 1 
dx = e< dt 

(We used FORMULA 92 with a = 1, n = 3) 



81. JV sec 3 (e' - 1) dt; 



J 



sec x dx = 



sec x tan x , 3—2 



3-1 



3-1 



I 



sec x dx 



sec x tan x 

2 



| In |secx + tanx| + C= \ [sec (e< - 1) tan(e' - 1) + In |sec(e l - 1) +tan(e< - 1)|] +C 
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82. /i 



d9: 



t= ^9 
d9 = 2t dt 



2 J csc 3 1 dt = 2 



; t cot t , 3-2 



3-1 1 3-1 



I 



csc t dt 



(We used FORMULA 93 with a = 1, n = 3) 

: 2 [- csct 2 cott - i In |csc t + cot t|] + C = - csc ^fo cot ^ - In csc ^fo + cot 



83. fl\/x 2 + 1 dx; [x = tan t] -» 2 JJ /4 sec t • sec 2 1 dt = 2 J** 74 sec 3 t dt = 2 



t/4 , 3-2 rx/4 



3-1 J 1 3- 



2 r 

1 Jo 



sec t dt 



(We used FORMULA 92 with n = 3, a = 1) 
: [sec t • tan t + In |sec t + tan t|] q /4 = \[2 + In ( v'2 + 1 



84. f 

Jo 



d \ m ; [y = sin x] -> / 

o (1 -y 2 ) ' Jo cos x 

(We used FORMULA 92 with a = 1, n = 4) 



Jo 



sec x tan x 



4- 1 



7t/3 




4-2 
4-1 



f sec 2 x dx 
Jo 



sec x tan x , 2 



tan x 



7t/3 



il)y/3 + (1)^ = 2^/3 



85. 



J i (r ~ u dr; [r = sec 0] -> J o ^| (sec tan 9) d9 = J q tan 4 (9d6> 

.[ 



tan 3 



4-1 



7T/3 





P~tm 2 9d9 

Jo 



tan 3 g 
3 



— tan i 



= ^ - ^3 + f = f 



(We used FORMULA 86 with a = 1, n = 4 and FORMULA 84 with a = 1) 



86. I 

Jo 



(t 2 + l) 



72 



t = tan i 



J.tt/6 




see 7 8 



cos 6» d9 





cos p sin t 



tt/6 




(^1 "^ :! '" 



[ cos"' 1 ( 
■ 



cos (/ sin i 



1 t/ 6 


^B 



cos" t/ sin i 



?r/6 



••tt/6 



B sin(? 



W)! «>^ w 

7t/6 



(We used FORMULA 61 with a = 1, n = 5 and a = 1, n = 3) 



= ^ + (b) (f) 2 Q) + (b)(1) 



_9_ , J_ , _4_ _ 3-9 + 48 + 32-4 _ 203 
160 ' 10 ' 15 



480 



480 



87. J 1 sinh 5 3x dx = ± ( 



sinh 4 3x cosh 3x 5 — 1 

5-3 5 



J sinh 3 3x dx^j 
J sinh 3x dx 



sinh 4 3x cosh 3x 1 / sinh 3x cosh 3x 3 — 1 

120 10 ^ 3-3 3 

(We used FORMULA 1 17 with a = 3, n = 5 and a = 3, n = 3) 

sniir 3x cosh 3x sinh 3x cosh 3x ^ _2_ ^1_ cosh 3x) C 

tL. sinh 4 3x cosh 3x — ^ sinh 3x cosh 3x + -k cosh 3x + C 



120 



90 



90 



f cosh 4 

J 7 



dx; 



dx 

cosh 3 u sinh u , 3 / sinh 2u 



U 

till = 



2 J cosh 4 u du = 2 ( cosh3u 4 sinhu + ^ /cosh 2 u du 



I 3 ( sinh 2u I 
+ 2 V 4 T 



2 1 2 V 4 1 2/ ' ~ 

(We used FORMULA 118 with a = 1, n = 4 and FORMULA 1 16 with a = 1) 
= \ cosh 3 -^/x sinh ^/x + I sinh 2^/x + | ^/x + C 



J x 2 cosh 3x dx = y sinh 3x — | J*x sinh 3x dx = y sinh 3x — | f | cosh 3x — ~ J* cosh 3x dx^j 
(We used FORMULA 122 with a = 3, n = 2 and FORMULA 121 with a = 3, n = 1) 
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= y sinh 3x — y cosh 3x + = sinh 3x + C 

90. J x sinh 5x dx = | cosh 5x — ^ sinh 5x + C 

(We used FORMULA 1 19 with a = 5) 

91. J sech 7 x tanh x dx = - '^f^ + C 

(We used FORMULA 135 with a = 1, n = 7) 

92. J csch 3 2x coth 2x dx = - s^f^ + C = - c -^^ + C 

(We used FORMULA 136 with a = 2, n = 3) 

93. u = ax + b =>• x = dx = f ; 

J(sHV = /^f = ^/a-|)du=^[ln|u| + ^+C=^[ln|ax + b| + 5 ^]+C 

94. x = a tan => a 2 + x 2 = a 2 sec 2 =>■ 2x dx = 2a 2 sec 2 tan dx = a sec 2 d0; 
Sj^f = Ij^W ™=hS3e = ^ /(l +cos20)d0 = £ (0+ I sin 20) +C 



(a 2 sec 2 9) 

IP ' 



1 » < sin cos 0) + C = £ [0 + ( £f ) cos 2 0] + C = £ (0 + ^ ) + C 



l 

2a 3 



C - 2a 2 (a 2t +x 2 ) + 2? taI1 1 a + C 



95. x = a sin a 2 — x 2 = a 2 cos 2 => 

J Va 2 - x 2 dx = J a cos 0(a cos 0) d0 = a 2 /cos 2 d0 = f J (1 + cos 20) d0 = f (0 + ^) + C 



cos sin 0) + C = § 



\/l - sin 2 • sin 0^ + C = § (sin" 1 | + - A 



sm 1 5 + f \/a 2 - x 2 + C 



-1 

2 a 1 2 



96. x = a sec =>- x 2 - a 2 = a 2 tan 2 =>• 2x dx = 2a 2 tan sec 2 d0 =>- dx = a sec tan d0; 
J^yfz? = f (fi%™™9 = Jra = ? J™ d0 = ^ sin + C = ^ Vl - cos* + C 

97. J x" sin ax dx = - JV (i) d(cos ax) = (cos ax) x° (—;)+; /cos ax • nx- 1 dx 
= — — cos ax + - I x 11-1 cos ax dx 

a a J 

^We used integration by parts J u dv = uv — fv du with u = x% v = — j cos ax J 

98. / x n (ln ax) ra dx = / (In ax) m d fe) = xn+ ^«>° - J ^) m(ln ax) 1 "-' (I) dx 
= - sfr / x n (ln ax)- 1 dx, n ? -1 

^We used integration by parts J u dv = uv — J v du with u = (In ax) m , v = ^pyl 



99. I x° sin 1 ax dx = / sin 1 ax d ( ] = sin 1 ax - / ( ) , a , _ dx 

J J \^n+iyn+l J \n+\ J ^/l - (ax) 2 



v n ■ I 



— r sin" 1 ax - f f + ' ^ , n ^ -1 

n+ 1 n+1 J Vl -a 2 x 2 ^ 
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^We used integration by parts J u dv = uv — J v du with u = sin -1 ax, v = ^-j^j 

100. /x»ta n - 1 axdx=/tan- 1 axd(^) = ^ tan" 1 ax - / TT ^ dx 

= ^tan-iax-^ T /f^,n^-l 

^We used integration by parts J u dv = uv — J v du with u = tan -1 ax, v = g^py^ 



535 



101. S= J q 2 27ryi/l + (y') 2 dx 



27T J o ^T^JiT^dx 



J 

V^tt [53^+1 + I In |x + a/x^TT 
(We used FORMULA 21 with a = 1) 
= y/lw a/6 + In (a/2+ a/3) = 2tta/3 + tta/2 ln 



dx 



= 2 



n/2 




>) 



102. L = J o 3/2 a/1 + (2x) 2 dx = 2 J/ ^/i + \- dx = 2 
(We used FORMULA 2 with a = 1 



f V 3 



+ x2 + (I)(i)ln(x+^iT^) 



t yTT^+iin( x + iyTT^)]f 2 = f ^1 + 4(1) + iln(f + ^1 + 4(|)) 

(2) + 1 In + l) + I In 2 = ^ + \ l n (a/3 + 2) 



- v{3 
~~ 4 



a/3/2 



1 In ± 
4 111 2 



103. A 



J 3 
J i) 



dx 



V x +! 



2a/xTT1^2;x=i/; 



x dx 

J\ + 1 



+ 1 



I.|[(x + l)3/^-l = |; 



(We used FORMULA 1 1 with a = 1, b = 1, n = 1 and 

a = l,b = l,n = -1) 

y = k JT^TT = \ M*+m\ = \ In 4 = \ ln2 = In a/2 




104. M y = /; x (^3) dx = 18 J o 3 |±| dx - 54/ o 3 ^ = [18x - 27 In |2x + 3|] jj 
= 18 • 3 - 27 ln 9 - (-27 ln 3) = 54 - 27 • 2 ln 3 + 27 ln 3 = 54 - 27 ln 3 



105. S = 2tt f\ x 2 a/1 +4x 2 dx; 

> f J% 2 a/1+u 2 du 

|(1+ 2u 2 )a/1+u 2 - i ln f u + a/1 +u 2 



u = 2x 
du — 2 dx 



(We used FORMULA 22 with a = 1) 



(1 + 2 • 4)a/1 + 4 - i ln (2 + a/1 +4 



(1 + 2 • 4)a/1 +4 + 1 ln (-2 + a/1+4~) 



7.62 
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106. (a) The volume of the filled part equals the length of the 
tank times the area of the shaded region shown in the 
accompanying figure. Consider a layer of gasoline 
of thickness dy located at height y where 
— r < y < — r + d. The width of this layer is 



2^~f-. Therefore, A = 2 J ' ^ff 
and V = L • A = 2L J"~' + ,/r 2 - y 2 dy 



y 2 dy 



(b) 2L J r ' +J v'r 2 - y 2 dy = 2L 



/\A 2 -3 



% sin" 1 l 



(We used FORMULA 29 with a = r) 



= 2L 



\/2rd - d 2 



sin 




= 2L 



(f ) \/2rd - d 2 + (£) (sin- 1 + 



107. The integrand f(x) = \/x — x 2 is nonnegative, so the integral is maximized by integrating over the function's 
entire domain, which runs from x = to x = 1 

_ , r. .. , . .. n 1 

=> J o v x — x 2 dx — 



J 

Jo 



x — x 2 dx = 



(*-i) 

2 



2-Ix-x 2 



sin 



(We used FORMULA 48 with a = \ 

Vx - x 2 + | sin" 1 (2x - 1) 



8 " 2 8 I 2> 



108. The integrand is maximized by integrating g(x) = x a/2x - x 2 over the largest domain on which g is 
nonnegative, namely [0, 2] 

xV 2x — x 2 dx = 



(x + i)(2x- 3) y2^ + j sin _ 1 (x _ l} 



n 2 



(We used FORMULA 51 with a = 1) 

1 7T 1 ( TT\ 7T 

' 2 ' 2 2 V 2 2 



CAS EXPLORATIONS 



109. Example CAS commands: 



Maple: 






qi 


:= Int( x*ln(x), x ); 


#(a) 


qi 


= value( ql ); 




q2 


:= Int( x A 2*ln(x), x ); 


#(b) 


q2 


= value( q2 ); 




q3 


:= Int( x A 3*ln(x), x ); 


#(c) 


q3 


= value( q3 ); 




q4 


:= Int( x A 4*ln(x), x ); 


#(d) 


q4 


= value( q4 ); 




q5 


:= Int( x A n*ln(x), x ); 


#(e) 


q6 


:= value( q5 ); 




q7 


:= simplify(q6) assuming n::integer; 




q5 


= collect( factor(q7), ln(x) ); 
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1 10. Example CAS commands: 
Maple : 

ql := Int( ln(x)/x, x ); 
ql = value( ql ); 
q2 := Int( ln(x)/x A 2, x ); 
q2 = value( q2 ); 
q3 := Int( ln(x)/x A 3, x ); 
q3 = value( q3 ); 
q4 := Int( ln(x)/x A 4, x ); 
q4 = value( q4 ); 
q5 := Int( ln(x)/x A n, x ); 
q6 := value( q5 ); 

q7 := simplify(q6) assuming n::integer; 
q5 = collect( factor(q7), ln(x) ); 

111. Example CAS commands: 
Maple : 

q := Int( sin(x) A n/(sin(x) A n+cos(x) A n), x=0..Pi/2 ); # (a) 
q = value( q ); 

ql :=eval(q,n=l ): # (b) 

ql = value( ql ); 
for N in [1,2,3,5,7] do 

ql := eval( q, n=N ); 

print( ql = evalf(ql) ); 
end do: 

qql := PDEtools[dchange]( x=Pi/2-u, q, [u] ); # (c) 

qq2 := subs( u=x, qql ); 
qq3 := q + q = q + qq2; 
qq4 := combine( qq3 ); 
qq5 := value( qq4 ); 
simplify ( qq5/2 ); 

109-1 1 1. Example CAS commands: 
Mathematica : (functions may vary) 

In Mathematica, the natural log is denoted by Log rather than Ln, Log base 10 is Log[x,10] 
Mathematica does not include an arbitrary constant when computing an indefinite integral, 

Clear[x, f, n] 

f[x_]:=Log[x]/x n 

Integrate [f[x], x] 

For exercise 111, Mathematica cannot evaluate the integral with arbitrary n. It does evaluate the integral (value is 7r/4 in 
each case) for small values of n, but for large values of n, it identifies this integral as Indeterminate 

109. (e) Jx n ln x dx = - ^ Jx n dx, n ^ -1 

(We used FORMULA 1 10 with a = 1, m = 1) 

- * n+1 * _ + c - ^ fin x M + C 

1 10. (e) f x- n ln x dx = x '° + ''" x - r A- T fx" dx, n ^ 1 

'J -n + l (— n)+l J I 

(We used FORMULA 1 10 with a = 1, m = 1, n = -n) 



#(a) 
#(b) 
#(c) 
#(d) 
#(e) 
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n In x 



1 -n 



1 

1-n 



(In x 

1 — n V 



111. (a) Neither MAPLE nor MATHEMATIC A can find this integral for arbitrary n. 

(b) MAPLE and MATHEMATIC A get stuck at about n = 5. 

(c) Let x = | - u =» dx = - du; x = =>■ u = | , x = | u = 0; 

j _ p /2 sin- x dx _ f ° - sin" (f - u) du _ f^ 2 cos " u du _ P 

Jo sin n x+cos"x Jv/2 sin" (5 — u) +cos° ff -u) Jo cos n u + sin n u Jo 



-x/2 



1 + 1 = 



J"/ 2 / ■ n 
/ sm x 
I sin" x 



tt/2 sin" (| - u) +cos" (| — u) 

±™^) dx = dx = f => 1=5 

+ cos n x/ Jo 2 4 



cos" x dx 
cos 11 x + sin" x 



8.7 NUMERICAL INTEGRATION 



Jj'xdx 

I. (a) For n = 4, Ax = ^ 
^ mf(x,) = 12 



2-1 
4 



(b) Jjxdx = 



Ax 

2 



T=|(12) = |; 
f(x) = x =>- f'(x) = l^f" = 0^M = 
=> |E T | = 

r . n 9 

1 _ 3 



(C) 



|e t | 



2 

x 100 



= 2 - i = 

^ 2 2 



=• |E,| = / \ dx - T = 





x, 


f(x.) 


m 


mf(x,) 


x 


1 


1 


1 


1 


Xl 


5/4 


5/4 


2 


5/2 


x 2 


3/2 


3/2 


2 


3 


x 3 


7/4 


7/4 


2 


7/2 


x 4 


2 


2 


1 


2 



= 0% 

b-a 



2-1 
4 



True Value 

II. (a) For n = 4, Ax 

£mf( Xi ) = 18 => S = i(18) = 
f(%) = =» M = =4> |E S | = 



(b) J, 2 xdx=| 

(c) L 



1 . Ax 
4^3 
3 . 

2 ' 



True Value 



x 100 = 0% 



j_ 

12 



=4> IE, I = I xdx-S=^-|=0 





x, 


f(x.) 


m 


mf(x,) 


Xo 


1 


1 


1 


1 


Xl 


5/4 


5/4 


4 


5 


x 2 


3/2 


3/2 


2 


3 


x 3 


7/4 


7/4 


4 


7 


x 4 


2 


2 


1 


2 



3-1 
4 



Ax 

2 



2. J | 3 (2x - 1) dx 

I. (a) For n = 4, Ax = !== = 

£mf( Xi ) = 24 ^ T = 1(24) = 6; 
f(x) = 2x - 1 =^ f'(x) = 2^f" = 0^M = 
=> |E T | = 

(b) Jj 3 (2x - 1) dx = [x 2 - x] I = (9 - 3) - (1 - 1) = 6 



(c) 



True Value 



x 100 = 0% 



3-1 
4 



Ax _ 1 . 
3 6 ' 



II. (a) For n = 4, Ax = ^ = 

V / ' n 

Y: mf(xO = 36 S = i (36) = 6 ; 
f( 4 )(x) = M = |E S | = 

(b) f*(2x - 1) dx = 6 |E,| = J] (2x - 1) dx - S 



(c) 



6 = 

- x 100 = 0% 





Xj 


f(x.) 


m 


mf(x,) 


Xo 


1 


1 


1 


1 


Xl 


3/2 


2 


2 


4 


x 2 


2 


3 


2 


6 


x 3 


5/2 


4 


2 


8 


X4 


3 


5 


1 


5 



i T | = Jj 3 (2x- l)dx-T = 6 





Xj 


f(x.) 


m 


mf(Xi) 


x 


1 


1 


1 


1 


Xl 


3/2 


2 


4 


8 


x 2 


2 


3 


2 


6 


x 3 


5/2 


4 


4 


16 


x 4 


3 


5 


1 


5 



J^(x 2 + 1) dx 

I. (a) For n = 4, Ax = =^ = = £ = 

£mf(x,) = 11 T= i (11) = 2.75; 
f(x) = x 2 + 1 =4> f'(x) = 2x f"(x) 
=> |E l <- 



il < (I) (2) = h or 0.08333 



Ax 
2 



M 





Xj 


f(x.) 


m 


mf(x,) 


x 


-1 


2 


1 


2 


Xl 


-1/2 


5/4 


2 


5/2 


x 2 





1 


2 


2 


x 3 


1/2 


5/4 


2 


5/2 


x 4 


1 


2 


1 


2 
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11. 



(b) £(x a + l)dx 



= (l + l)-(-|-l) = 5 E I = Jjx 3 + l)dx-T 



11 

4 



J_ I 
12 I 



|Et| 



x 100 



w 0.08333 

(?) X 100: 



l-(-l) _ 
4 

g(16) = 

= =>- M 
l 



3% 

_ 2 



(^*' True Value 

(a) For n = 4, Ax = !== 
E mf( Xi ) = 16 => S 

f (3)( X ) = f W(X) 

(b) £ i (x 2 + l)dx= [f 
=► |Es| = £ i (x 2 + l)dx-S = §-§=0 



Ax 1 . 

3 6' 



= 2.66667 ; 
|E S | =0 



-i 



3 



(C) 



True Value 



x 100 = o% 





Xj 


f(x.) 


m 


mf(x,) 


x 


-1 


2 


1 


2 


Xl 


-1/2 


5/4 


4 


5 


x 2 





1 


2 


2 


x 3 


1/2 


5/4 


4 


5 


x 4 


1 


2 


1 


2 



12 



4. f (x 2 - 1) dx 

I. (a) For n = 4, Ax 



II. 



b- £ 



0-(-2) 



Ax 

2 



E mf(x,) = 3 => T = \ (3) = 
f(x) = x 2 - 1 



M = 2 E T < 



f'(x) = 2x=> f"(x) = 2 

0-(-2) / l \ 2 



(b) £ 2 (x 2 -l)dx 



■ 2 {\) (2) = ^ = 0.08333 
°_ =0-(-|+2)=l = 



j_ 
12 



(c) 



E-rl 



x 100 = 



(!) 



X 100 R 

- (-2) 



True Value 

(a) For n = 4, Ax- p 4 

=> f = § ; E mf(x,) = 4 
f ( 3 )(x) = f (4) (x) = = 

(b) £ 2 (x 2 -l)dx= I => |E S | 



13% 

2 _ 



g(4) 



M = 

> 2 



• |Es| 
1) dx 




S 



= 2 - 2 =0 
3 3 u 



(c) 



E s 



True Value 



x 100 = 0% 





Xi 


f(x.) 


m 


mf(Xi) 


x 


-2 


3 


1 


3 


Xl 


-3/2 


5/4 


2 


5/2 


x 2 


-1 





2 





x 3 


- 1/2 


-3/4 


2 


-3/2 


x 4 





-1 


1 


-1 



J_° 2 (x 2 - 1) dx - T 





x, 


f(x,) 


m 


mf(x,) 


x 


-2 


3 


1 


3 


Xl 


-3/2 


5/4 


4 


5 


x 2 


-1 





2 





x 3 


- 1/2 


-3/4 


4 


-3 


x 4 





-1 


1 


-1 



12 



J> +t ) dt 

I. (a) For n = 4, Ax = ^ 



2-0 
4 



Ax 
2 



= i;Emf(t i ) = 25 => T = \ (25) = 4 



25 



f(t) = t 3 + t =!> f'(t) = 3t 2 + 

M = 12 = f"(2) |E T | 
(b) J Q 2 (t 3 +t) dt = 



2 




► f"(t) = 6t 
^G) 2 (12) = 

= 6 



(l + f) 



(c) 



x 100 = 



x 100 w 4% 





t, 


f(t,) 


m 


mf(t.) 


to 








1 





tl 


1/2 


5/8 


2 


5/4 


t 2 


1 


2 


2 


4 


ta 


3/2 


39/8 


2 


39/4 


U 


2 


10 


1 


10 



J o 2 (t 3 + t)dt-T = 6 



25 
4 



|E T | 



11. 



2-0 
4 



(a) For n = 4, Ax = = 

V / ' n 

E mf(t,) = 36 =!> S = 1 (36) = 6 ; 
f( 3 )(t) = 6 => f< 4 '(t) = => M = 

(b) J o 2 (t 3 +t)dt = 6 |E S | 
=6-6=0 

(c) t^MwX 100 = 0% 



Ax 
3 



£(t?+t) dt 



Es| =0 

- S 





ti 


m 


m 


mf(t,) 


to 








1 





tl 


1/2 


5/8 


4 


5/2 


t 2 


1 


2 


2 


4 


ta 


3/2 


39/8 


4 


39/2 


t 4 


2 


10 


1 


10 
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6. 



fjt 3 + l)dt 
I. (a) For n = 4, Ax = 

.Ax 1 o 



II. 



b-a 



4 



f(t) = 



ji 1 . 

2 — 4 ' 



t 3 



if v ' 

f'(t) = 3t 2 f"(t) = 6t 
f'd) |E T |<-^>(i) 2 (6)= 4 



2 _ 1 

n 4 4 2 

Emf(ti) = 8 =► T= |(8) = 2; 

1 

M = 6 = r " 

(b) £ i (t 3 + i)dt = 

(a) Forn = 4, Ax = ^ = ±^ = |= | 

=> x = S ; Emf(t,)= 12 S = |(12) =2; 
f( 3 )(t) = 6 => f< 4 '(t) = M = 

(b) £ i (t 3 + l)dt = 2 
=2-2=0 





ti 


f(t.) 


m 


mf(t,) 


to 


-1 





1 





tl 


-1/2 


7/8 


2 


7/4 


t 2 





1 


2 


2 


ta 


1/2 


9/8 


2 


9/4 


t 4 


1 


2 


1 


2 



-(-1)) = 2 |E T | = J^(t 3 + l)dt-T = 2-2 = 



|E S | = 
1) dt- S 





ti 


f(t,) 


m 


mf(t,) 


to 


-1 





1 





tl 


-1/2 


7/8 


4 


7/2 


t 2 





1 


2 


2 


ta 


1/2 


9/8 


4 


9/2 


t 4 


1 


2 


1 


2 



ds 



11. 



4, Ax = = 

n 4 



179,573 



(a) For n 

Ec/ \ 179 
mf(s.) = - 

w 0.50899; f(s) = 4 



i 

4 

T _ 1 I 179,573 \ 
1 — 8 I 44,100 J 

f '00 = - I 



2 



1 . 

8 ' 

179,573 
352,800 



=> f"( S ) = | =»► M = 6 = f"(l) 

|E T |<2_i(I) 2 (6)=i =0.03125 



r?ds = /V 2 ds=[-i] 



32 
11 2 



|E T | = 0.00899 



(c) ^Lxl00=^xl00«2% 



True Value 

(a) For n = 4, Ax = 



b-i 
n 



2-1 
4 



Ax 
3 



V mffs -1 - 264 - 821 =»► S - -A- ( 264 - 821 ^ 
2_> nm>j — 44J()0 => o - 12 ^ 4410Q y 

w 0.50042; f( 3 >(s) = - f f( 4 )(s) = ^ 

|E s |<|^|(i) 4 (120) 



_ ■ 

~~ 12 ' 

_ 264,821 
529,200 



1 
384 



M = 120 ^> 
0.00260 



ds 



_ i 





Si 


f(s.) 


m 


mf(Si) 


so 


1 


1 


1 


1 


Si 


5/4 


16/25 


2 


32/25 


S2 


3/2 


4/9 


2 


8/9 


S3 


7/4 


16/49 


2 


32/49 


S 4 


2 


1/4 


1 


1/4 



E T = /;ids-T 



0.50899 



(c) 



True Value 



E s = f*±! ds - S = \ - 0.50042 = -0.00042 
0.08% 



IBs I = 0.00042 



x 100 = ^f 4 x 100 



-0.00899 





Si 


m 


m 


mf(s,) 


so 


1 


i 


1 


1 


Si 


5/4 


16/25 


4 


64/25 


S2 


3/2 


4/9 


2 


8/9 


S3 


7/4 


16/49 


4 


64/49 


S4 


2 


1/4 


1 


1/4 



J, 
ds 
2 (s- iy 

I. (a) For n = 4, Ax = 

1269 
450 



b-a _ 4-2 
n 4 



E mf(s.) - ^ 

, T i / 1269N 1269 q 705 QQ. 

^ 1 4 V 450 ^ 1800 U -'" JW ' 

f(s) = (S - I)" 2 f'(s) 



2 

(s-l) 3 



f"(s) 



M = 6 



(s-l) 4 

=► |E T |< 4 T ^(I) 2 (6)=i=0.25 



-l 



(s-l) 

E T | w 0.03833 



Ax _ 1 . 

2 4 ' 



(^r)-(^) 





S; 


f(s.) 


m 


mf(s,) 


so 


2 


1 


1 


1 


Si 


5/2 


4/9 


2 


8/9 


S2 


3 


1/4 


2 


1/2 


S3 


7/2 


4/25 


2 


8/25 


S4 


4 


1/9 


1 


1/9 



E T = pj-l ds-T 

1 J 2 (s- 1)- 



0.705 



-0.03833 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 8.7 Numerical Integration 



11. 



(c) 



|Et| 



x 100 



0.03833 



x 100 « 6% 



4-2 
4 



True Value ( |"j 

(a) For n = 4, Ax = ^ : 
E mf(s.) 

:lfl§« 0.67148 
f (4) (s)= 120 



Ax 
3 



f (3) (s) = j 



1813 
450 
1813 \ 
450 J 

- 24 
-l) 5 " 

4-2 
180 



(s-iy 

,E s |<^(r(i) 4 (120)=i« 0.08333 

<•>> r^ ds -i E ^r^rF ds -s 

(c) f7^lwxl00 = 



M = 120 



0.00481 

(1) 



x 100 « 1% 





Si 


f(s.) 


m 


mf(s.) 


so 


2 


1 


1 


1 


Si 


5/2 


4/9 


4 


16/9 


S2 


3 


1/4 


2 


1/2 


S3 


7/2 


4/25 


4 


16/25 


s 4 


4 


1/9 


1 


1/9 



0.67148 



-0.00481 



0.00481 



9. \ sintdt 

Jo 

I. (a) For n = 4, Ax = ^ 

v / ' n 

£ mf(t,) = 2 + 2V^2 « 4.8284 

2V^) « 1.89612; 



II. 



r-0 
4 



2 



=> T= f (2 



f(t) 



sin t 



f'(t) 



cos t 



f"(t) 



-sin t 



M=l |E T |<^(l) 2 (D=f4 
w 0.16149 

(b) J o sin t dt = [-cos t] J = (-cos 7r) - (-cos 0) 

( c ) issues >< 100 = ^ x 100 « 5% 
(a) For n = 4, Ax = ^ = ^ = J = 

v / ' n 4 4 

£ mf(t,) = 2 + 4V^ « 7.6569 
=> S = ^ (^2 + 4V^) « 2.00456; 
f (3)( t ) = -cos t f ( 4 >(t) = sin t 



Ax 
3 



=> M = 1 
(b) f sin t dt = 2 



=► |E S | < ^(|) 4 (1)« 0.00664 



r 





t, 


f(t,) 


m 


mf(t,) 


to 








1 





tl 


tt/4 


^2/2 


2 


V~2 


t 2 


tt/2 


1 


2 


2 


ta 


3tt/4 


V^/2 


2 


\/2 


t 4 


7T 





1 






Jo 



sin t dt - T w 2 - 1.89612 = 0.10388 





t, 


f(t,) 


m 


mf(t,) 


to 








1 





tl 


tt/4 


^2/2 


4 


2^2 


t 2 


tt/2 


1 


2 


2 


ta 


3tt/4 


\fll2 


4 


2^2 


t 4 


7T 





1 






E s = sin t dt - S « 2 - 2.00456 = -0.00456 



(O 



True Value 



X 100 = 



0.00456 



X 100 « 0% 



0.00456 



10. f sin7rtdt 
Jo 

I. (a) For n = 4, Ax = ^ 

J2 mf(t,) = 2 + 2-sfl « 4.828 



1-0 
4 



Ax 

2 



=► T = I (2 + 2V2 

f'(t) = 
=> f"(t) 



0.60355; f(t) = sin 7rt 



7T COS 7Tt 

= — 7r 2 sin Trt 



M = 7T 

=* lErl < -4^ « 0.05140 

(b) sin 7rt dt = [— i cos 7rt]J = (— ^ cos tt) 





ti 


f(t,) 


m 


mf(t.) 


to 








1 





tl 


1/4 


s/212 


2 


\fl 


t 2 


1/2 


1 


2 


2 


ta 


3/4 


^2/2 


2 




k 


1 





1 






0) 



0.63662 



(c) 



, 2 

7T 

|E T | 



True Value 



0.60355 = 0.03307 

x 100 = ^^W 1 x 100 



5% 



|E T | 



f sin 7rt dt 

Jo 
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1-0 _ i 
4 ~ 4 



Ax 
3 



12 



II. (a) For n = 4, Ax = ^ 

Y: mf(t.) = 2 + 4V^ « 7.65685 
=► S = i (^2 + 4V^) w 0.63807; 

f ( 3 )(t) = -7T 3 COS 7Tt f (4) (t) = 7T 4 sin 7lt 

=>. M = ^ 4 |E S | < y (i) 4 (^ 4 ) w 0.00211 
(b) J o sin 7rt dt = I w 0.63662 =>■ E s = J q sin 7rt dt - S 
W T^xl00=^xl00«0% 





ti 


m 


m 


mf(t.) 


to 








1 





tl 


1/4 


V2/2 


4 


2^2 


ta 


1/2 


1 


2 


2 


ta 


3/4 


v/2/2 


4 


2^2 


t4 


1 





1 






0.63807 



-0.00145 



0.00145 



11. (a) n = 8 => Ax=i f = i; 

D mf(Xi) = 1(0.0) + 2(0.12402) + 2(0.24206) + 2(0.34763) + 2(0.43301) + 2(0.48789) + 2(0.49608) 
+ 2(0.42361) + 1(0) = 5.1086 =>- T = i (5.1086) = 0.31929 
(b) n = 8 Ax = 1 => f = i ; 

J] mf(x ; ) = 1(0.0) + 4(0.12402) + 2(0.24206) + 4(0.34763) + 2(0.43301) + 4(0.48789) + 2(0.49608) 



4(0.42361) + 1(0) = 7.8749 =>• S = ^ (7.8749) = 0.32812 



(c) Let u = 1 — x 
■ 1 



du 



-2x dx 



du = x dx; x = => u = 1, x = 1 =>• u = 



/; x yr^ dx = x> (- \ du) = \ /; u 4 ^ du = [1 (x)lo = [5 u3/2 ] = K^ 1 ) 3 - K^ ) 3 = 5 ; 

J" x-s/l -x 2 dx - T « i - 0.31929 = 0.01404; E s = J' xa/i - x 2 dx - S « f - 0.32812 = 0.00521 



Et = 



12. (a) n = 8 => Ax = | 4f = ^ ; 

£ mf(6»,) = 1(0) + 2(0.09334) + 2(0.18429) + 2(0.27075) + 2(0.35112) + 2(0.42443) + 2(0.49026) 
+ 2(0.58466) + 1(0.6) = 5.3977 =>- T = ^ (5.3977) = 1.01207 

(b) n = 8 =>• Ax = § ^ = i ; 

£ mf(6>0 = 1(0) + 4(0.09334) + 2(0.18429) + 4(0.27075) + 2(0.35112) + 4(0.42443) + 2(0.49026) 
+ 4(0.58466) + 1(0.6) = 8.14406 S = 1 (8.14406) = 1.01801 

(c) Let u = 16 + 9 2 =$> du = 29 &6 => \ du = 9 Ad; 9 = u = 16, = 3 =>- u = 16 + 3 2 = 25 



r 

Jo 



\/l6 + 2 



d(9 



£ £ (i du ) - \ J> 1/a du - [5 (f )] * = V25 - = 1; 



T = f , 9 ; d(9 - T « 1 - 1.01207 = -0.01207; E s = f , g , d0 - S w 1 - 1.01801 



\/l6 + 2 

Ax 



-0.01801 



Ax 

2 



13. (a) n = 8 ^ - 5 -r x - re 

£ mf(t,) = 1(0.0) + 2(0.99138) + 2(1.26906) + 2(1.05961) + 2(0.75) + 2(0.48821) + 2(0.28946) + 2(0.13429) 



1(0) = 9.96402 T = ^ (9.96402) w 1.95643 



A? 
3 



24 



(b) n = 8 =>• Ax 

Y, mf(t,) = 1(0.0) + 4(0.99138) + 2(1.26906) + 4(1.05961) + 2(0.75) + 4(0.48821) + 2(0.28946) + 4(0.13429) 
+ 1(0) = 15.311 =>• S w ^ (15.311) w 2.00421 

(c) Let u = 2 + sin t =!> du = cos t dt; t = - | u = 2 + sin (- |) = 1, t = f =!> u = 2 + sin § = 3 



X 



, 9 3 u cos ', dt = f A du = 3 f u- 2 du 

T /2 (2 + sin t)- J 1 u" J 1 

t/2 

T / 2 (2+sint) 2 

2 - 2.00421 = -0.00421 



(^)] 1 =3(-I)-3(- 1 ) 



2; 



E t = /^(SV dt - T « 2 - 1.95643 = 0.04357; E s = f ',_ dt - S 



-,r/2 
j/2 (2 + sint) 2 
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14. (a) n = 8 Ax = f 2 f = £ ; 

£ mf(y,) = 1(2.0) + 2(1.51606) + 2(1.18237) + 2(0.93998) + 2(0.75402) + 2(0.60145) + 2(0.46364) 
+ 2(0.31688) + 1(0) = 13.5488 => T w ^ (13.5488) = 0.66508 

(b) n = 8 =* Ax = f 2 => f = £ ; 

J2 mf(y,) = 1(2.0) + 4(1.51606) + 2(1.18237) + 4(0.93988) + 2(0.75402) + 4(0.60145) + 2(0.46364) 
+ 4(0.31688) + 1(0) = 20.29734 S « § (20.29734) = 0.66423 

(c) Let u = cot y =>• du = —esc 2 y dy; y = | =>■ u = 1, y = | =>• u = 



w | - 0.66423 = 0.00244 

15. (a) M = (see Exercise 1): Then n = 1 Ax = 1 =>- |E T | = ^ (1) 2 (0) = < 10~ 4 

(b) M = (see Exercise 1): Then n = 2 (n must be even) =>■ Ax = 1 =>• |E S | = (|) 4 (0) = < 10~ 4 

16. (a) M = (see Exercise 2): Then n = 1 Ax = 2 ^ |E T | = ^ (2) 2 (0) = < 10~ 4 

(b) M = (see Exercise 2): Then n = 2 (n must be even) =jc Ax = 1 =>■ |E S | = jfg (1) 4 (0) = < 10~ 4 

17. (a) M = 2 (see Exercise 3): Then Ax = \ =>- |E T | < ^ (j=) 2 (2) = ^ < 10~ 4 =!> n 2 > \ (10 4 ) ^ n > (10 4 ) 

=> n > 1 15.4, so let n = 1 16 
(b) M = (see Exercise 3): Then n = 2 (n must be even) =» Ax = 1 |E S | = ^ (1) 4 (0) = < 10" 4 

18. (a) M = 2 (see Exercise 4): Then Ax = \ =>- |E T | < ^ ( \) 2 (2) = ^ < 10~ 4 =!> n 2 > | (10 4 ) ^ n > J\ (10 4 ) 

n > 1 15.4, so let n = 1 16 

(b) M = (see Exercise 4): Then n = 2 (n must be even) => Ax = 1 |E S | = — (1) 4 (0) = < 10~ 4 

19. (a) M = 12 (see Exercise 5): Then Ax = \ =» |E T | < ^ (~) 2 (L2) = Jr < 10~ 4 ^> n 2 > 8 (10 4 ) ^> n > ^/8(10 4 ) 

=>• n > 282.8, so let n = 283 
(b) M = (see Exercise 5): Then n = 2 (n must be even) Ax = 1 =>■ |E S | = jfg (1) 4 (0) = < 10~ 4 

20. (a) M = 6 (see Exercise 6): Then Ax = \ |E T | < -| (^) 2 (6) = £ < 10~ 4 ^ n 2 > 4 (10 4 ) ^ n > ^(lO 4 ) 

= 200, so let n = 201 

(b) M = (see Exercise 6): Then n = 2 (n must be even) Ax = 1 ^> |E S | = jfg (1) 4 (0) = < 10" 4 

21. (a) M = 6 (see Exercise 7): Then Ax = \ |E T | < ± (;) 2 (6) = ^ < 10~ 4 n 2 > \ (10 4 ) => n > J\ (10 4 ) 

n > 70.7, so let n = 71 

(b) M = 120 (see Exercise 7): Then Ax = ± |E S | = ^ (~) 4 (120) = ^ < 10~ 4 n 4 > | (10 4 ) 



22. (a) M = 6 (see Exercise 8): Then Ax = \ =>- |E T | < ^ (|) (6) = 4, < 10~ 4 ^ n 2 > 4 (10 4 ) => n > ^(lO 4 ) 
^ n > 200, so let n = 201 
(b) M = 120 (see Exercise 8): Then Ax = \ => |E S | < ^ (^) 4 (120) = < 10~ 4 ^ n 4 > f (10 4 ) 



£'l (esc 2 y) ^ dy = fiyfi (- du) = £ u 1 / 2 du = [f ] ^ = f (/l) 3 - f (v'o) 3 = f ; 



E T = P 2 (esc 2 y) Vcoty dy - T » § - 0.66508 = 0.00159; E s = £* * (esc 2 y) ^coty dy - S 



=>• n > y | (10 4 ) n > 9.04, so let n = 10 (n must be even) 





(10 4 ) ^> n > 21.5, so let n = 22 (n must be even) 
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23. (a) f(x) = v'xTT =► f'(x) = i (x + ir 1/2 

Then Ax =1 => |E T | < 3 Q) 2 (i) = < 10 -i 

so let n = 76 

(b) f < 3 >(x) = | (x + I)" 5 / 2 



f"( X ) = - 1 ( X + l)-3/2 = 



n 2 > ^ (10 4 ) n 



— -j M = —J— 7 

4 (.ATT)' 4 (yr)' 



& (10 4 ) n > 75, 



f (4)( X ) = - 1| ( X + l)-7/2 



=> |Es| < xfo = 
n = 12 (n must be even) 

24. (a) f(x) = 



3 

4 • 



, T sr =► M = , 15 nT = II . Then Ax = j| 

16(V^+T) 16 (xA) 

3 5 (15) < 1Q -4 , n 4 > 3 5 (15)(10') 4 w / 3 5 (15)(10') 1Q g w 

I6(i80)ni ^ iu ^ n > 16(lgQ) ^ n > y 16(180) =?- n > iu.o, so lei 

= => f'(x) = - i (x + I)- 3 / 2 f"(x) = I (x + I)- 5 / 2 = 3 ^ M = 

ThenAx=f |E T | < £ Q) 2 (|) = < 1(T 4 =► n 2 > ^ => n > =► n > 129.9, so let 

n = 130 

(b) f < 3 >(x) = - f (x + I)- 7 / 2 f < 4 >(x) = 3f (x + I)- 9 / 2 = i6( ^ 5 _ )9 =► M = — ^ 

^ l^-sl ^ 180 (,J { l6 ) - 16(180)11'' 

let n = 18 (n must be even) 



= f . Then Ax = 3 - 

■"105, . , n _4 , n 4 3 5 (105>(l(y) 4 / 35(105) (1Q4) 

16(180)n-i < iU 11 > 16(180) 11 > V 16(180) =^ 11 > 1 LZ ^^ SO 



25. (a) f(x) = sin(x+ 1) f'(x) = cos(x+ 1) f"(x) = -sin(x+ 1) M = 1. Then Ax = ? =4- |E T | < || (£) (1) 

n > 81.6, so letn = 82 



8 < 10 -4 ^ n 2 > iM 
12n 2 < iu n > 12 



n > 



8(10 4 ) 
12 



(b) f( 3 >(x) = -cos(x+l) => f( 4 )(x) = sin(x+l) =► M=l. Then Ax = ? |E S | < ^ (^) 4 (1) = ^ < 1(T 4 



n 4 > 

^ 11 ^ 180 



n > 



* / 32(10 4 ) 
180 



n > 6.49, so let n = 8 (n must be even) 



26. (a) f(x) = cos (x + tt) =>■ f (x) = -sin(x + 7r) =>• f"(x) = -cos (x + tt) =S> M=l. Then Ax = \ 

n > 



E T |<fKD 2 (D=Tl ? <10-^n 2 > 



2 . 8 (10") 



8(10') 
12 



n > 81.6, so letn = 82 



(b) f( 3 )(x) = sin(x + 7r) => f( 4 )(x) = cos(x + ^) => M=l. Then Ax = \ => |E S | < ^ (f) 4 (l) = ^ < 10~ 4 



4 32(10*) 
^ " ^ 180 



n > 



180 



n > 6.49, so let n = 8 (n must be even) 



27. f(6.0 + 2(8.2) + 2(9.1). . . + 2(12.7) + 13.0)(30) = 15,990 ft 3 . 



28. (a) Using Trapezoid Rule, Ax = 200 ^ = ^° = 100; 
J2 mf(x;) = 13,180 => Area w 100(13,180) 
= 1,318,000 ft 2 . Since the average depth = 20 ft 
we obtain Volume w 20 (Area) w 26,360,000 ft 3 , 
(b) Now, Number offish = = 26,360 (to the nearest 

fish) =>• Maximum to be caught = 75% of 26,360 
= 19,770 =S> Number of licenses = = 988 





X 


f(x,) 


m 


mf(x,) 


x 








1 





Xl 


200 


520 


2 


1040 


X2 


400 


800 


2 


1600 


x 3 


600 


1000 


2 


2000 


x 4 


800 


1140 


2 


2280 


X5 


1000 


1160 


2 


2320 


x 6 


1200 


1110 


2 


2220 


x 7 


1400 


860 


2 


1720 


x 8 


1600 





1 
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29. Use the conversion 30 mph = 44 fps (ft per 
sec) since time is measured in seconds. The 
distance traveled as the car accelerates from, 
say, 40 mph = 58.67 fps to 50 mph = 73.33 fps 
in (4.5 — 3.2) = 1.3 sec is the area of the 
trapezoid (see figure) associated with that time 
interval: \ (58.67 + 73.33)(1.3) = 85.8 ft. The 
total distance traveled by the Ford Mustang 
Cobra is the sum of all these eleven trapezoids 
(using y an d the table below): 

s = (44)(1.1) + (102.67)(0.5) + (132)(0.65) + (161.33)(0.7) + (190.67)(0.95) + (220)(1.2) + (249.33)(1.25) 
+ (278.67)(1.65) + (308X2.3) + (337.33)(2.8) + (366.67)(5.45) = 5166.346 ft w 0.9785 mi 




t (sec) 



v (mph) 





30 


40 


50 


60 


70 


80 


90 


100 


110 


120 


130 


v (fps) 





44 


58.67 


73.33 


88 


102.67 


117.33 


132 


146.67 


161.33 


176 


190.67 


t (sec) 





2.2 


3.2 


4.5 


5.9 


7.8 


10.2 


12.7 


16 


20.6 


26.2 


37.1 


At/2 





1.1 


0.5 


0.65 


0.7 


0.95 


1.2 


1.25 


1.65 


2.3 


2.8 


5.45 



30. Using Simpson's Rule, Ax = 



J2 m y. = 350 



(350) 



24-0 



f = 4; 



1400 
3 



466.7 in. 





Xi 


Yi 


m 


my, 


x 








1 





Xl 


4 


18.75 


4 


75 


x 2 


8 


24 


2 


48 


x 3 


12 


26 


4 


104 


x 4 


16 


24 


2 


48 


x 5 


20 


18.75 


4 


75 


x G 


24 





1 






An. 

3 



3 1 . Using Simpson's Rule, Ax = 1 

rnyj = 33.6 Cross Section Area « | (33.6) 
= 1 1.2 ft 2 . Let x be the length of the tank. Then the 
Volume V = (Cross Sectional Area) x = 1 1.2x. 
Now 5000 lb of gasoline at 42 lb/ft 3 
^ y= sooo _ 119 5f t 3 

119.05 = 11.2x => x « 10.63 ft 





Xj 


y. 


m 


rnyj 


x 





1.5 


1 


1.5 


Xl 


1 


1.6 


4 


6.4 


X2 


2 


1.8 


2 


3.6 


X3 


3 


1.9 


4 


7.6 


x 4 


4 


2.0 


2 


4.0 


X5 


5 


2.1 


4 


8.4 


x G 


6 


2.1 


1 


2.1 



32. 2 4\ 



0.019 + 2(0.020) +2(0.021) 



2(0.031) +0.035] =4.2L 



^ b — a 
"Si ^ 180 



(Ax 4 ) M; n = 4 => Ax 



33. (a) |E S 
(b) Ax=§ 

Y, mf(x,) = 10.47208705 



Ax 
3 



7T . 

24 ' 



(C) 



-0 



fj (10.47208705) « 1.37079 



(S) x 100 « 0.015% 



| ; |f(4)| < 1 =>. M = 1 |E S | < 



(l-o) 

180 



(|) 4 (1) w 0.00021 





Xj 


f(x,) 


m 


mf(xii) 


x 





1 


1 


1 


Xl 


tt/8 


0.974495358 


4 


3.897981432 


X2 


tt/4 


0.900316316 


2 


1.800632632 


x 3 


3tt/8 


0.784213303 


4 


3.136853212 


x 4 


tt/2 


0.636619772 


1 


0.636619772 



4e 



-0.09 



34. (a) Ax = ^ = L_o 
^( e o+4e--- 
|Es|<y!(0.1) 4 (12)«6.7xlO- 6 



= 0.1 

2e -0.04 



'f(l) = (V) (yo + 4 yi + 2y 2 + 4y 3 + . . . + 4y 9 + yio) 



4e 



-0.81 



e- 1 ) w 0.843 



(b) 
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7T-0 _ JT_ 

10 — 10 



Ax x_ 
2 20 



35. (a) n = 10 =>• Ax 

J2 mf(x,) = 1(0) + 2(0.09708) + 2(0.36932) + 2(0.76248) + 2(1.19513) + 2(1.57080) + 2(1.79270) 
+ 2(1.77912) + 2(1.47727) + 2(0.87372) + 1(0) = 19.83524 T = fj (19.83524) = 3.11571 

(b) 7T — 3.11571 0.02588 

(c) WithM = 3.11, we get |E T | < § (f^) 2 (3.11) = ^ (3.11) < 0.08036 



36. (a) f"(x) = 2 cos x — x sin x =>• f * 3 '(x) = — 3 sin x — x cos x 
shown below, 1—4 cos x + x sin x| < 4.8 for < x < n. 



fW(x) = -4 cos x + x sin x. From the graphs 




f v ' (x) = -4 cos x + x sin x 




2 2.2 2.4 2.6 2 



(b) n = 10 Ax = i |Es| < n„- (ts) 4 (4.8) « 0.00082 

(c) mfOO = 1(0) + 4(0.09708) + 2(0.36932) + 4(0.76248) + 2(1.19513) + 4(1.57080) + 2(1.79270) 

+ 4(1.77912) + 2(1.47727) + 4(0.87372) + 1(0) = 30.0016 => S = § (30.0016) = 3.14176 

(d) |tt- 3.141761 « 0.00017 



37. T 



Ax 



2-(y + 2yi + 2y 2 + 2y 3 + . . . + 2y n _i + y n ) where Ax 



b-a (yo + yi +yi +y2 + y2 + - ■ - + yn-i + y n -i + y„) 



b-a ( 
11 V 



f(x„)+f(x,) 



^-g- 3 and f is continuous on [a, b]. So 

f(x,) + f(x 2 ) + + f(x,-,Kf(x„) j 



Since f is continuous on each interval [x k _i, x k ], and f ( Xk iH f ( x t) j s a j wa y S between f(x k _i) and f(xk), there is a point c k in 



[x k -i,Xk] with f(c k ) 



f(x t _!)+f(x k ) 



; this is a consequence of the Intermediate Value Theorem. Thus our sum is 



£ (^)f(c k ) which has the form £ Ax k f(c k ) with Ax k = ^ for all k. This is a Riemann Sum for f on [a, b]. 

k=l " k=l " 



38. S = (y + 4y, + 2y 2 + 4y 3 + . . . + 2y n _ 2 + 4y n _i + y„) where n is even, Ax 

c _ b-a (' yo+4y 1 + y 2 . y2 + 4y 3 + y 4 , y 4 + 4y 5 + y 6 
^ - n V 3 + 3 + 



and f is continuous on [a, b]. So 



3 



y--2 + 4y„-i +y„ N 



i-a / f(x )+4f(xi) + 
l \ 6 



f(x 2 ) , f(x 2 )+4f(x 3 )+f(x 4 ) , f(x 4 ) + 4f(x 5 )+f(x 6 ) 



f(x„- 2 ) + 4f(x ; 

6 



-l)+f(*n) ^ 



f(x 2 k) +4f(x 2 t+i) + f(x 2k+2 ) ^ s average of the six values of the continuous function on the interval [x2k, x 2k+2 ], so it is between 
the minimum and maximum of f on this interval. By the Extreme Value Theorem for continuous functions, f takes on its 
maximum and minimum in this interval, so there are x a and Xb with x 2 k < x a , Xb < x 2k+2 and 
f(x a ) < S?jtl±jfea0±fe±a) < f ( Xb )_ By the intermediate Value Theorem, there is c k in [x 2k , x 2k+2 ] with 



n/2 
k=l 



f(c k ) = f (^)+4f(x2 k+ i)+f(x2 k+2 ) Sq Qur sum has thg form Ax k f(ck) with Ax k = ^ , a Riemann sum for f on [a, b]. 



Exercises 39-42 were done using a graphing calculator with n = 50 
39. 1.08943 40. 1.37076 41. 0.82812 



42. 51.05400 
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(a) 


Tio w 1.983523538 


44. (a) 


S10 « 2.000109517 




Tioo ~ 


1.999835504 




S100 ~ 


2.0000000 ll 


Tiooo ~ 


i 999998355 

1 . y y .y .y y u ^ t ^7 




S1000 ~ 


2 000000000 


(b) 


n 


| E T | = 2 - T n 


(b) 


n 


I E s I = 2 - S n 




10 


0.016476462 = 1.6476462 x 10~ 2 




10 


l .095 17 x 10- 4 




100 


1.64496 x 10~ 4 




100 


1.1 x 10~ 8 




1000 


1.646 x 10~ 6 




1000 





(c) 


Et 10 „ 1 


» 10- 2 |E Tn | 


(c) 


Es IOl , | 


« 10- 4 |E Sn | 


(d) 


b-a = 


it, (Ax) 2 = p,M=l 


(d) 


b-a = 


tt, (Ax) 4 = 



I Br J 
I Et 10 „ 



12n 2 



< / , < 10- 2 |E T 

- 12(10n) 1 ln 



|E Sn 

|E Sl( 



< 



< 



1 

11 ' 

7T [ K_ \ 7T 5 

80 ^n 4 ^ ~~ 180n 4 

5 i<10- 4 |E Sn | 



180(10n) 4 



45. (a) f'(x) = 2x cos(x 2 ), f"(x) = 2x • (-2x)sin(x 2 ) + 2cos(x 2 ) = -4x 2 sin(x 2 ) + 2cos(x 2 ) 



(b) 



y = -Ax 2 sin(jc 2 ) + 2 cos(jc 2 ) 

y 




(c) The graph shows that 3 < f"(x) < 2 so | f"(x)| < 3 for -1 < x < 1. 



(d) |E T |<l=til(Axr(3) 



(Ax)' 
2 



(e) ForO < Ax < 0.1, |E T | < ^f- < = 0.005 • 0.01 



(f) 



> 



o.i 



= 20 



46. (a) f"'(x) = -4x 2 • 2x cos(x 2 ) - 8x sin(x 2 ) - 4xsin(x 2 ) = -8x 3 cos(x 2 ) - 12x sin(x 2 ) 

f( 4 )(x) = -8x 3 • 2xsin(x 2 ) - 24x 2 cos(x 2 ) - 12x • 2x cos(x 2 ) - 12 sin(x 2 ) = (16x 4 - 12)sin(x 2 ) - 48 x 2 cos(x 2 ) 

(b) 



10 




■1 








/ -10 ■ 






' -20 






-30 





(c) The graph shows that -30 < f< 4) (x) < so | f (4) (x)| < 30 for -1 < x < 1. 



i-(-i) 

180 



(Ax) 4 (30) = 



(d) | E s | < 

(e) For < Ax < 0.4, | E s | < ^ < 

(f) n>^>^=5 



0.00853 < 0.01 



Ax 



0.4 



47. (a) Using d = -, and A = 7r(j) 2 = ?- yields the following areas (in square inches, rounded to the nearest tenth): 
2.3, 1.6, 1.5, 2.1, 3.2, 4.8, 7.0, 9.3, 10.7, 10.7, 9.3, 6.4, 3.2 
(b) If C(y) is the circumference as a function of y, then the area of a cross section is 

A(y) = n^^y = and the volume is i C 2 (y) dy. 
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(c) / o A(y)dy=i/V(y)dy 

: (^) [5.4 2 + 2(4.5 2 + 4.4 2 + 5.1 2 + 6.3 2 + 7.8 2 + 9.4 2 + 10.8 2 + 1 1.6 2 + 11.6 2 + 10.8 2 + 9.0 2 ) + 6.3 2 ] 



X ( 6 - \ 

34.7 in 3 



(d) V = 3 L/ o 6 C 2 (y)dy 



-f— ) 

4ttV 36 ) 



5.4 2 + 4(4.5 2 ) + 2(4.4 2 ) + 4(5. 1 2 ) + 2(6.3 2 ) + 4(7.8 2 ) + 2(9.4 2 ) + 4(10.8 2 ) 



2(11.6 2 ) +4(11.6 2 ) +2(10.8 2 ) +4(9.0 2 ) +6.3 2 



34.792 in 3 



by Simpson's Rule. The Simpson's Rule estimate should be more accurate than the trapezoid estimate. The error in the 
Simpson's estimate is proportional to (Ay) 4 = 0.0625 whereas the error in the trapezoid estimate is proportional to 
(Ay) 2 = 0.25, a larger number when Ay = 0.5 in. 



48. (a) Displacement Volume V 



Ax 
3 



(yo + 4yi + 2y 2 + 4y 3 



2y n _2 + 4y n _j + y n ), x = 0, x n = 10 - Ax, 



Ax = 2.54, n = 10 



dx : 



2.54 

3 



+ 4(1.07) + 2(3.84) + 4(7.82) + 2(12.20) + 4(15.18) + 2(16.14) 



4(14.00) + 2(9.21) + 4(3.24) + 



2.54 



(248.02) = 209.99 « 210 ft 3 . 



(b) The weigth of water displaced is approximately 64 • 120 = 13,440 lb. 

(c) The volume of a prism = (2.54)(16.14) = 409.96 w 410 ft 3 . Thus, the prismatic coefficient is 



2 10 ff' 
410 ft 3 



0.51. 



49. (a) a=l, e=i =4> Length = 4 j o - \ cos 2 t dt 
= 2 J o ' \/4- cos 2 t dt = j o ' f(t) dt; use the 
Trapezoid Rule with n = 10 ^ At = ^ = 

§. £' Z ^A - cos 2 1 dt « £ mf(x») = 37.3686183 



=> T = f (37.3686183) = ^ (37.3686183) 
= 2.934924419 =>• Length = 2(2.934924419) 
« 5.870 
(b) |f"(t)| < 1 => M = 1 



|E T | < ^ (At 2 M) < 



(i)~o 



12 



{^f\ < 0.0032 





x, 


f(Xi) 


m 


mf(Xi) 







1.732050808 


1 


1.732050808 


Xf 


7T/20 


1.739100843 


2 


3.478201686 


X2 


tt/10 


1.759400893 


2 


3.518801786 


X3 


3tt/20 


1.790560631 


2 


3.581121262 


X 4 


7T/5 


1.82906848 


1 


3.658136959 


X5 


7T/4 


1.870828693 


1 


3.741657387 


x 6 


37T/10 


1.911676881 


2 


3.823353762 


X? 


7tt/20 


1.947791731 


2 


3.895583461 


x 8 


2tt/5 


1.975982919 


2 


3.951965839 


x 9 


9tt/20 


1.993872679 


2 


3.987745357 


Xio 


tt/2 


2 


1 


2 



50. Ax = 

S = 



- - 5 ^ = ^; J2 mf(x,) = 29.184807792 
^(29.18480779) w 3.82028 





x, 


f(x,) 


m 


mf(Xi) 


x 





1.414213562 


1 


1.414213562 


Xl 


7T/8 


1.361452677 


4 


5.445810706 


X2 


tt/4 


1.224744871 


2 


2.449489743 


x 3 


3tt/8 


1.070722471 


4 


4.282889883 


x 4 


tt/2 


1 


2 


2 


X5 


5tt/8 


1.070722471 


4 


4.282889883 


x 6 


3tt/4 


1.224744871 


2 


2.449489743 


X7 


7tt/8 


1.361452677 


4 


5.445810706 


x 8 


7T 


1.414213562 


1 


1.414213562 



51. The length of the curve y = sin (§§x) from to 20 is: L = J q J 1 + (&\ dx; 



| = |cos,- 



_ 9^ 

~ 400 



cos 2 (|g x) =>■ L = v/ 1 + 555 cos 2 (|| x) dx. Using numerical integration we find L « 21.07 in 



52. First, we'll find the length of the cosine curve: L = y 1 + (g) dx; g = - ^ sin (f§) 

= ^ sin 2 (||) L = J 1 2 s \A 7 s ^ n2 (ifj) Using a numerical integrator we find 



. dx , 
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L « 73.1848 ft. Surface area is: A = length • width (73.1848)(300) = 21,955.44 ft. 

Cost = 1.75A = (1.75)(21,955.44) = $38,422.02. Answers may vary slightly, depending on the numerical 

integration used. 

53. y = sin x = cos x => id*) =cos2x ^ S = J o 27r(sin x) \/ 1 + cos 2 x dx; a numerical integration gives 
S w 14.4 

54. y = f g = | (^) 2 = f S = / o 2 2tt (f ) ^ 1 + f dx; a numerical integration gives S « 5.28 

55. y = x + sin 2x =£- ^ = 1 + 2 cos 2x => = (1 + 2 cos 2x) 2 ; by symmetry of the graph we have that 

nlw/3 

S = 2J q 2n(x + sin 2x) sj 1 + (1 + 2 cos 2x) 2 dx; a numerical integration gives S « 54.9 

56. y = i ^^6^ = V^Z + x . I = _ x^ = i (36-x 2 -x 2 ) 
J 12 v dx 12 12 2 ^/36 - x 2 12 12^36 -x 2 12 ^36 - x 2 



i (36-2^ = /dyy = =, s = r^v^r^yi 

12 ^36-x 2 6^36 -x 2 \ dx / 36 (36 -x 2 ) Jo 12 v V 



^^dx 



36(36-x 2 ) 

= X T \/ — x 2 ) + ( 18 g X ) dx; using numerical integration we get S ~ 41.8 

57. A calculator or computer numerical integrator yields sin -1 0.6 rj 0.643501 109. 

58. A calculator or computer numerical integrator yields ir R 3.1415929. 
8.8 IMPROPER INTEGRALS 

1. -txt = lim = lim [tan^xl^ lim (tan" 1 b - tan" 1 0) = £ - = | 

Jo x- + l b^oc J » x " + l b->oo L Jo b->oo V ; 2 2 

/>oo r<b 
= lim / ^ = lim [-1000x- 000l ]J = lim + 1000) = 1000 

3. r^-= lim f'x- 1 / 2 dx= lim [2x'/ 2 l' = lim (l - 2Jb) = 2 - = 2 
Jo v / x b^0+ Jb b^0+ b b^0+ V v / 

4 - rvfc = b^r( 4 - x )" i/2dx = b ^ [-2V4^b-(-2^) 



5. f 1 * = f° * + f 1 ^= lim [3 X V3] b + lim T3X1/31 1 

J-i x- J J_i x-/ J Jo x i J > q L J -1 c _j g+ L Jc 

= b lim [3b 1 / 3 - 3C-1) 1 / 3 ] + lim + [3C1) 1 / 3 - 3c 1 / 3 ] = (0 + 3) + (3 - 0) = 6 

6- /> = /> + rir= b lixn r [ix 2 / 3 ]> c lim + [fx 2 /^ 

= b hm_ [ib 2 / 3 -l(-8) 2 / 3 ]+ c lim + [| (1)V3 _ 3 c2/3] = [0 - § (4)] + (| - ) = - | 



f , = lim [sin^xl^ lim (sin" 1 b - sin" 1 0) = f - 

Jo Jl-i 2 h — ► 1 ~ J0 1- V 7 2 



2 



/ 1X111 Jill A n 11111 

vi -x 2 b^ 1- 1 J0 b-»r 

8. f A = lim [1000r 0001 ]! = lim (1000 - 1000b 0001 ) = 1000 - = 1000 

Jo r b^0+ b b^0 + 
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, -^j = lim [In |x 



lim _ [ln|x+l|]- 2 



t/ — OO *■ 1 «/ — oo A 1 »_/ — oo 

= lim fin |4I -Inlir^jl) =hi3-\n( lim = In 3 - In 1 = In 3 

b->-oo v Ib + lU Vb^-oc b+1 7 



b — > — oo 



lim [In I ^ 1 

b^-oo L lx + 



1 IJ b 



10. f 2 = lim [tan" 1 |1 2 = lim (tan" 1 1 - tan" 1 %) = £ - (- |) = 2? 

J -oo* +4 b ^ -oo L 2J b b — > V 2/ 4 V 2/ 4 



b — > —oo 



11. 



j; 



2dv 



2 v- - v b ^ oo 



12- f ^ 



lim [21n|^|] 2 = lim (2 In - 2 In | ^fl|) = 2 ln(l) - 2 In (A) = + 2 ln2 = In 4 
b 'i m „ Ir^rll" = b 'i m „ (1- Iml -'nlml) =ln(l)-ln(i) = + In 3 = In 3 



2x dx 

_ J' 2.\ . | 2x dx 



oc (x 2 + 1) 



-oo (x 2 + \y Jo (x 2 + iy ' 



r 



u = X 2 + 1 

du = 2x dx 



f ^ + = lim [- 11 

J^u- u 2 b^ 00 L uJ 



, lim - A 

b c— » OO L uJ l 



= b'i m » t-' + sl+c 1 -!! 1 !. [-»-(-!)] =(-l+0) + (0+l) = 



oo (x 2 +4) J ' 

lim 

b — > oo 



r° x d x , p xdx 

J oo (x 2 + 4) 3/2 Jo (x 2 +4) 3/ 



(x 2 + 4) 

lim 



u = x 2 + 4 
du = 2x dx 



du 

2u :i ■- 



[ 7=] 4 



lim 

b — » oo 



Joo 2 U V 2 + .;. 

(^ + 7b)+c li ?oo (-^ + 0-(^ +O ) + (° + ^=° 



f 

Jo 



d0: 



V» 2 + 29 

^3-0= x/3 



u = 2 + 26* 
du = 2(0 + 1) d0 



f 3 -d" = lim f 3 ^M= = lim [^ul 
Jo 2 x /u b^0 + Jb 2 ^ u h-^n+ LV J 



b -> 0+ 



= lim 

b b^0+ 



3- Vb 



16. 



f 2 s+i ds = i r 2 2s ds , r 2 

Jo i/4 — s 2 2 Jo ^4 - s 2 Jo 



u = 4 - s 2 
du = —2s ds 



J>0 
du 
4 ^/u 

lim T^r+ lim f^ 5 -? = lim f«/ul * + lim [sin" 1 §1 ! 



lim P 

c -> 2- J o 



ds 



b ^0+ ( 2 - ^) + c 1 i m 2- ( Sin_1 2 ~ Sin_1 0) = (2 - 0) + (f - 0) = ^ 



17. 



Jo 



dx 



(1 + xk/x 



u = V x 
du = 5* 

2^/x _ 



r°° 44^ = lim P-!xt= lim [2 tan -1 ul 

Jo U- + 1 b^OoJ° U+1 h^on L J 



b — > oo 



lim (2 tan" 1 b - 2 tan" 1 0) = 2 (|) - 2(0) = tt 



18. 



I, 



<J-\ i i: - dx 



dx _ p 2 dx I r x dx _ jj m r 2 i ^ 

x\/x 2 - 1 Jl x\/x 2 - 1 J2 x\/x 2 - 1 b — > 1 + ^ b x\/x 2 - 1 ^ c^l'oo J2 xt/x 2 - 1 

lim [sec -1 |x|l 2 + lim [sec -1 IxllI; — lim (sec -1 2 — sec -1 b) + lim (sec -1 c — sec -1 2) 

b __> 1+ L 1 IJb C — > OO L 1 U2 b — > 1+ C — > OO V ' 

(f-o) + (!-!) = ! 



19. 



r 

Jo 



dv 



15FTTT = lim [In |1 +tan -1 v|]J = lim [In 1 1 + tan -1 b|] - In 1 1 + tan -1 0| 



ln(l + f) -ln(l+0) = ln(l + f) 



20. 



f°° 16 tan' 1 ; 
Jo 1+x 2 



dx = lim 

b — * 00 



8 (tan -1 x)' 



= lim 

b — ► 00 



(tan -1 b) 2 - 8 (tan -1 0) 2 = 8 (f ) 2 - 8(0) = 2tt 2 
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21. f°6e e d6= lim \9e e - e"l ° = (0 • e° - e°) - lim [be b - e b l 



b — > — oo 



-1- lim (±=£) 
b -> -oo V e ' 



-1 — lim (zj=e) (l'Hopital's rule for ^ form) 
10=1 



22. r °2e- 9 sin (9 69 = lim f 2e-<? sin d# 

Jo b -> oc J o 

1 b 



lim 2 

b — » oo 

lim 

b — » oo 



1 + 1 



(— sin 9 — cos 9) 







(FORMULA 107 with a = -1, b = 1) 



-2(sin b + cos b) . 2(sin + cos 0) 



2e» 



2e» 







2(0 + 1) 



1 



23. f e W dx = f° e* dx = lim [e+° = lim (1 - e b ) = (1 - 0) = 1 

J-~ J~°c b^-oc L Jb b^-oo v ; 

24. I 2xe~ x2 dx = | 2xe~ x2 dx + | 2xe~ x2 dx = lim [— e~ x2 l , + lim [— e^'l 

J - oc J -oc JO U , L b C — > OO J 



b — > — oc 

lim [-1 - (-e- b2 )] + lim [-e^ - (-1)] = (-1 - 0) + (0 + 1) = 

b — > — oo L 00 



2^ c 




25 . f x In x dx = lim 

Jo b^0 + 



f lnx-^ 



- - I - lim w - - i 

" 4 bT 0+ r-4)- 



Kft* (t)=-i + o = -1 



= -*- lim 

b -> + 



lnb 



26. f (-lnx)dx = lim [x - xlnxL 1 = [1 - 1 In 11 - lim [b - b In bl = 1 - + lim = 1 + lim 



b^0 

= 1 - lim b = 1 - = 1 

b -> 0+ 



+ (0 



b^0+ 



27. f 2 -A_ = lim [sin- 1 f 1 b = lim (sin" 1 %) - sin" 1 = ? - = ? 

Jo v/4- s 2 b -> 2- L 2Jo b^2~ v 2/ 2 2 

28. f = Um r 2 sm -l / r 2xn b _ |j m r 2 j n -l ( b 2\l _ 2 j n -l = 2- f- = 7T 
Jo Vl-i 4 b->l b-»l" 2 

29. f 2 v# = lim [sec" 1 si' = sec" 1 2 - lim sec" 1 b = f - = f 

J I s\/s 2 - 1 b-»l + b^l + 3 3 

3 °- Ext* = h i %ti sec " 5] ; = ^ [(5 sec " t) - 1 sec " (i)] = hi ) - 1 - ° = t 



b-^2" 1 



31. f 4 -# T = lim f 45= + lim f-^ = lim [~2a/ = x1 " + lim [2,/xl 4 



lim 

b->o- 



(-2v/-b) - (-2v'-(-l)) + 2V^ - lim 2 ^/c = + 2 + 2- 2- = 6 



32. 



Jo \/|x - 11 Jo 



dx 



f 2 -^ = lim 
Ji Vx- 1 b -> r 



+ lim 

c -> 1+ 



2a/x- 1 



Vl x - 1 Jo v'l - * 

= b lim (-2 V'^b) - (-2a/ 1 - 0) + 2^2- 1 - lim + - l) = + 2 + 2- = 4 



33. 



I 



_i fl 2 + 5e + 6 b 



= lim [ln|f±| M - 

L I0 + 3IJ-1 b^oc 



= I"" Mbr!!] -H-^|=0-ln(I)=ln2 
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34- I V ifc + i) = h !»n [iln|x+l|-iln(x 2 + l) + itan- 1 x] 



lim 

b — > oo 



2 V Vb 2 + 1 / 2 



| In -4 + i tan- 1 



= lim 

b -> oo 



ilnl + i- f- ilnl-i-0=f 



35. I tan0d6> = lim^ [-In |cos 6\] = lim _ [- In |cos b|] + In 1 = lim _ [- In |cos b|] = + oo, 



the integral diverges 



36. P /2 cot d6 = lim [In Isin dlV' 2 = In 1 - lim [In Isin bll = - lim [In Isin bll = + oo 



b->0 H 
the integral diverges 



b^0+ 



3? r™a ; L fl = x l ^ _ [°m*fo _ rstaxdx^ Since 0< ^ < 4 for all < x < tt and f* ^- 

Jo sf-x-0 1 1 J it \J1L Jo v x — v x — v x — — Jo \/x 

converges, then J o dx converges by the Direct Comparison Test. 



38. 



/tt/2 
' cos g dfl 
-jt/2 (ir-20) 1 / 3 



X = 7T-26»' 



d<9 



7T X 

2 2 
_ dx 

2 



X^^.SinceO^^forall 



converges, then J o ' 2 J /3 converges by the Direct Comparison Test. 



39 . / o to2 x -VV*dx;[i=y] ^ £ 



1 /In 2 



y"e y dy 

-y 2 J 1/1: 



f°° e y dy 

Jl/ln2 ^ 



lim 

b — > oo 



I l/ln2 b 



lim 



= + e 



-l/ln2 _-l/ln2 



e ' , so the integral converges. 



-I/Ml 



40. f o ^2 dx; [y = ^/x] — > 2 e y dy = 2 — ~, so the integral converges. 

41. I — 4^ — . Since for < t < n, < —r^ — < 4 and I 4 converges, then the original integral 

Jo i/t + sint _ _ > _ ^ t + slnt — Jo yt ° ° ° 

converges as well by the Direct Comparison Test. 



= lim 

t -> 



42. f -A- ; let f(t) = -4- and g(t) = i , then lim 2g = lim — t- = lim r - 

J o t - sm t w t - sin t ov 7 t J ' t — > g< - ' t — » - sln t — » 1 " 

= lim = 6. Now, f # = lim |~ 41 ! = - I - lim [- 41 = +oo, which diverges f ^A- 

t _> cost 1 b — » + 2t-Jb 2 (, ^ + '~ slnt 

diverges by the Limit Comparison Test. 



43. = fr^bf + f 2 -r^ and f = lim [iln|4^|l b = lim [A In I A+£|l - = oo, which 

Jol-x- Jo 1-x' Ji 1-x- Jol-x- ^ j L 2 I 1 — x I J o b^] -1 - 2 I 1 - b I J 

diverges =>■ J o j-jj^j diverges as well. 



• rT^ = I 1 T^ + rr^andI^= b Um r [- In (1 - X )] b = fc Mm_ [- In (1 - b)] - = oo, which 
diverges -4^ diverges as well. 



45. /'in |x| dx = J In (-x) dx + J q In x dx; J q In x dx = lim + [x In x - x] £ = [1 - - 1] - lim H [b In b - b] 
= — 1 — = — 1; J ln(— x) dx = — 1 => J In |x| dx = —2 converges. 
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46. 



XI pO n 1 

^-xln |x| ) dx = J _ t [-x In (-x)] dx + J o (-x In x) dx = lim 



b -» + 



In x — 



— lim 

b c -> 0+ 



7 ln x - T 



lnb-^| - [|lnl-i- 



= i In 1 - A - lim 
converges (see Exercise 25 for the limit calculations). 



lim 

c^0 + 



^Inc-^ 



=-i-o+±+o=o 



the integral 



rxH ; < htVt < 4 for 1 < x < oo and I § converges =>- / converges by the Direct 

Comparison Test. 



48. f 00 -^- 

J4 v/X:- 



lim 



lim 



lim 



x — » oo \7x— 1 x — > oo 1 — ^- 1—0 



and X 



% = lim [2x/xl = oo, 

4 V x b — > oo 



which diverges =>• j*_ t diverges by the Limit Comparison Test. 



49. 



r dv 

J2 i/v- 



lim 



= lim 



= lim 



V — > OO \/v— 1 V — > OO — i 



J= = 1 and P = lim [2x/vl " = oo, 
<TX) Ji \/V b — oo L v j2 



which diverges =>■ ^ dv | diverges by the Limit Comparison Test. 
50 - /TtS; < ^ < 1 for < < oo and Pf = Mm [-e^ = Mm (-e- b + 1) = 1 

00 1TC 1TC c Ju c b^oo b ^ oo 

4 J o " converges converges by the Direct Comparison Test. 



51 f X dx _ f ' dx i r X dx ^ r' _dx_ i f * dx an( j f X dx _ jj m r 1_"| b 

Jo x/x 6 + l Jo x/x 6 + 1 J I x/x 6 + 1 Jo \/x 6 + 1 J I x 3 J i x 3 u L 2x 2 Jl 



(-» + 3) = 3 =>J" 



b — > oo 



-/x 6 + 1 



converges by the Direct Comparison Test. 



dx 



lim 



2 V^ 2 - 1 ' X -» CO 

which diverges =>■ 



lim 



= lim , 1 , = 1 ; f i dx = lim [ln bl ? = oo 

x^oc .ATX J2 x b^oc L 12 



Vj X — » OO i/x 2 - 1 x — > oo 0" 

diverges by the Limit Comparison Test. 



2 \/x 2 -l 



53. P^Pdx; lim -J^ 

J 1 x 2 ' x — > 00 / Jx 



lim 



lim [-at-Vai^ lim 

b^oo L J 1 b^oo Vx/b ) 



,£- = lim -0— = 1; f ^dx= f - 



= 2 



J — dx converges by the Limit Comparison Test. 



54. P^T^; lim 

J 2 x/x 4 - 1 X — > 00 



, y* 4 - 1 / 



lim 



lim 



1=1; Sdi = | dx _ |j m [ lnx ]* = 00 

1-4 J 2 J2 X b^OC 1 J2 



which diverges =>■ f , x dx diverges by the Limit Comparison Test. 

J 2 \/x 4 — 1 



55. P dx; < 1 < ^2ix for x > 7T and P^ 

=> J 1 2 + x° S X dx diverges by the Direct Comparison Test. 



= lim [In x] b = 00, which diverges 

b — > 00 * 



56. Pi+f^ dx; < i±|M < 4 for x > 7T and P 4 dx = lim [- 21 b = lim (_£+*) = 2 

J,r x 2 '— x 2 — x 2 — J, r i,^^ I 1J1 b^oc n 

=4jr converges / 1 + s 2 m x dx converges by the Direct Comparison Test. 

7T A t/ 7T A 
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57. r#r; lim c^r = 1 and PH = l im h 4t ~ 1/2 l ! = lim (^k+ 2 )= 2 ^ Pit converges 
=> jpqrf converges by the Limit Comparison Test. 



58. 



f*°° j poo /»oo 

J 2 inx ' ^ < x < inx ^ or x > 2 ^ J, diverges =^ J 2 jf^ diverges by the Direct Comparison Test. 



/>oo poc r»oo 

- dx; < - < - for x > 1 and I — diverges =>- / — diverges by the Direct Comparison Test. 
|X XX t/ \ X t/jX 

poo poo poo 

60. J In (In x) dx; [x = e y ] — > J (In y) e y dy; < In y < (In y) e y for y > e and J In y dy = lim [y In y — y] b 

poo poo 

= oo, which diverges =>■ J In e y dy diverges =>• J c In (In x) dx diverges by the Direct Comparison Test. 



61. 

J I \/e* — x 



lim =p— 

x — > oc ( L_ 



^ = lim 



lim 



x — > oo \/e x — x x — > oo 



poo 1 P 00 

X- = l; = e^dx 

1-0 Ji x/e" J l 



= lim [-2e~^ 2 ]? = lim (-2e- b / 2 + 2e-'/ 2 ) = 4= => f" e x/2 dx converges 

b ^ oo b ^ oo V eJ i 

by the Limit Comparison Test. 



f, 



1 \ e x — x 



converges 



62. f A; 

J 1 e x - 2 X ' x 



lim 



Mil 



lim = lim — h 

X — > 00 e*-2 x x — > OO 



, „ - 1 and f° f = lim [-e"T 
'-° Ji eX b^oo 1 Jl 



lim (-e~ b + e _1 ) = 1 =>• 

b — > oo e 



|j converges =>■ converges by the Limit Comparison Test. 



63 f x dx _ 2 f ^ dx . r 30 dx _ r dx , r x dx , r dx i r dx an( j 

J -oo ^/x 4 + 1 Jo %/x 4 + 1 ' J \/x 4 + 1 Jo \/x 4 + 1 Jl \/x 4 + 1 Jo x/x 4 + 1 Jl 

C°° A b poo 

Jj ff = b ^ m [ — x] i = h^ m ( — E ^ = ^ ^ J 7 4 + 1 conver 8 es me Direct Comparison Test. 



b — > oo 



Xoo poo poo poo 

dx i = 2 / x = ; < x 1 ; < i for x > 0; | ^ converges =>- 2 I „, = converges by the 
-coC +e J e x + e x ' e x + e x e x Joe ° J o e x + e x ° ^ 



/ e x + e 

Direct Comparison Test. 



65- (a) r^;[t = lnx] -> J^f 



I = lim 

b -> 0+ 



1 t i-P 



-p + 1 



b^0 + 



=> the integral converges for p < 1 and diverges for p > 1 
(b) J 2 xOnxy ' I 1 = m x l — * J|„ 2 § an ^ tn i s integral is essentially the same as in Exercise 65(a): it converges 
for p > 1 and diverges for p < 1 



p x 

66. 1 

Jo 



2x dx 

x2 + 1 b -> 00 



b C° 

lim [In (x 2 + 1)1 = lim [In (b 2 + 1)] - = lim In (b 2 + 1) = oo the integral I 



diverges. But lim f 

b — > oo J - : 

= lim (In 1) = 

b — > oo 



2x dx 



2x 

b — > oc L v ■ / j b ^ oo v ' " J -oo t a + 1 

2^lM b — lirv, Mr, fU2 I 1\ _ 1„ (U.2 



dx 



, , - lim [In (x 2 + 1)] I, = lim [In (b 2 + 1) - In (b 2 + 1)] = lim In (#±\) 
AT1 b^oo b^oo b— >oo\ T / 



r 

Jo 

=0+1=1 



67. A= | e- x dx= lim [-e" x ]^ = lim (-e- b ) - (-e" ) 

' b — > oo b — > oo 
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68. x = i xe- x dx = lim [-xe- x - e~*l* = lim (-be- b - e- b ) - (-0 • e" - e" ) =0+1 = 1; 

A J h — ^ r*n b — > OO 



2A 



/;(e-) 2 dx=i 



b — ► oo 
1 

2 



P e~ 2x dx = lim I \- I e- 2x l * = lim U-i e - 2b ) - i (- I - 

JO u , „ 2 L 2 Jo u.„_2V2 ; 2V , 



b — > oo 



b — » oo 



e- 20 = 



i i 

4 4 



69. V = / 2?rxe- x dx = 2tt I xe x dx = 2tt lim [-xe- x - e- x l „ = 2tt lim (-be- b - e- b ) - 1 

Jo JO b-» 00 h -> nn 



b — > oo 



= 2tt 



70. V = 



V= I 7T (e- x ) 2 dx = tt / e- 2x dx = 7r lim - ± e- 2x = tt lim (-ie- 2b +±) = ? 

Jo V ; Jo b _> oo L 2 J h-+nn V 2 



b — > oc 



(sec x - tan x) dx = lim [In |sec x + tan x| - In |sec x|] „ = lim (in 1 1 + ^ | - In 1 1 + 0|) 



= lim In 1 1 + sin b| = In 2 

b — » I 



72. (a) V = 7r sec 2 xdx — J q tt tan 2 x dx = 7r (sec 2 x — tan 2 x) dx = J o tt [sec 2 x — (sec 2 x — 1)] dx 

(b) S outer = J o 2tt sec x y 1 + sec 2 x tan 2 x dx > J o 27r sec x(sec x tan x) dx = tt lim [tan 2 x] 

tt lim (tan 2 b) = oo =>• S ouler diverges; S inner = 27r tan x\/ 1 + sec 4 x dx 



lim [tan 2 bl - 

b^ s~ L J 



f' b 

■ > I 27r tan x sec 2 x dx = tt lim [tan 2 xl „ = tt 

— Jo b — > -~ 

=>• S inner diverges 



lim [tan 2 bl - 



7r lim (tan 2 b) = oo 



■ e- 9 = | e- 9 



73. (a) /; e- x dx = ^ [- | e- x ] | = ^ (- | e -») - (- | e^) = Q + i 

« 0.0000411 < 0.000042. Since e " 2 < e 3x for x > 3, then /"V* 1 dx < 0.000042 and therefore 
J o e~* 2 dx can be replaced by e~* 2 dx without introducing an error greater than 0.000042. 
(b) £ e- x2 dx= 0.88621 



74. (a) V = f~ tt l 1 -) 2 dx = tt lim [- il b = tt \ lim (- ±) - (- \) 
v ' Ji ^ b^oc L xJ 1 Lb^oo v bJ y lJ 



= 7T(0 + 1) = TT 



(b) When you take the limit to oo, you are no longer modeling the real world which is finite. The comparison 
step in the modeling process discussed in Section 4.2 relating the mathematical world to the real world 
fails to hold. 



75. (a) 



1.8 






1.6 






1.4 






1.2 


/ sm^r^dt 




1 


1 Jo ' 




0.8 






0.6 






0.4 






0.2 









5 10 15 20 


25 
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(b) > int((sin(t))/t, t=0..infinity); (answer is |) 



76. (a) 



i 

0.8 
0.6 
0.4 
0.2 



erf(z) = JS *%-dt 



o i ltt 15 2b 1 ' x 

(b) > f:= 2*exp(-t A 2)/sqrt(Pi); 

> int(f, t=0. .infinity); (answer is 1) 

77. (a) f(x) = 4je-* 2/2 




OA 






/)3 






1 0.2 






/ 0.1 
— i—^i i 




— * 


-3 -2 -1 


1 2 3 



f is increasing on (— oo, 0]. f is decreasing on [0, oo). f has a local maximum at (0, f(0)) = ^0, 775-) 

(b) Maple commands: 

>f: = exp(-x A 2/2)(sqrt(2*pi); 

>int(f, x = -1..1); « 0.683 

>int(f, x = -2..2); « 0.954 

>int(f, x = -3..3); « 0.997 

(c) Part (b) suggests that as n increases, the integral approaches 1 . We can take f f(x) dx as close to 1 as we want by 

u — n 

f(x) dx and I f(x) dx as small as we want by choosing n large 

n *J — oo 

enough. This is because < f(x) < e _x/2 for x > 1. (Likewise, < f(x) < e x/2 for x < —1.) 
Thus, f n * f(x) dx < e~ x/2 dx. 

f°° e-^dx = lim f e~ x/2 dx = lim [ -2e~ x/2 f = lim [ -2e~ c/2 + 2e~ n/2 ] = 2e~ n/2 

As n — > 00, 2e~ n/2 — > 0, for large enough n, J f(x) dx is as small as we want. Likewise for large enough n, 
f f(x) dx is as small as we want. 

•J — oo 



78. J ~ x) ^ x ^ J, x^2 J, x ' smce me ^ e ft hand integral converges but both of the right hand 

integrals diverge. 
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/b pa pb poc poc pb 

f(x) dx = I f(x) dx + / f(x) dx, I f(x) dx = / f(x) dx — I f(x) dx 
-oo d — oc da J b J a *Ja 

and f f(x) dx exists since f(x) is integrable on every interval [a, b]. 

d a 

Xa poc pa pb pb poc 

f(x)dx+ f(x)dx = f(x)dx+ f(x)dx- f(x) dx + f(x) dx 
-oc <J a d —oc da da da 

= C f(x) dx + P f(x) dx + f°°f(x) dx = C f(x) dx + f °°f(x) dx 

d — oc d b da d — OC d b 

Xoc pO poc pO poo 

f(x) dx = f(x) dx + / f(x) dx = - / f(-u) du + f(x) dx 
-OO d — OC dO d OC dO 

poc poc poc 

= J o f(— u) du + J q f(x) dx = 2 J o f(x) dx, where u = — x 

>) p f(x) dx = r f(x) dx + p dx = - r f(-u) du + r°°f(x) dx 

d —OC d — OC dO d OC d 

= /°°-f(u) du + /°°f(x) dx = - P f(x) dx + J** f(x) dx = 0, where u = -x 



80. (a 
(b) 



x 2 + 1 J 



TP^Y diverges 



81. r -t=t= = f -7== + P-nr— 5 P ^== diverges because lim 

J -oc \/x 2 + 1 J -oc \/x 2 + 1 J I \/x 2 + 1 J 1 \/x 2 + 1 b X — » OC 

= lim v x2 + 1 = lim . /i + \ = 1 and f ^ diverges; therefore, f 

x ^ oo x x^ocy x J i x J-c 

Xoo poo poc 

, 1 i dx converges, since | , 1 . dx = 2 | , 1 . dx which was shown to converge in 

Exercise 5 1 

83. P '^rxhr = P 4rr ; tttt = sn^r < i and P^ = lim [-e" x l° = lim (-e- c + 1) = 1 

J -oc e x + e-" J -oc e 2x +1 ' e 2x + 1 e x + e~ x ^ e x J e x c _> oc L J c — » oo v ' 

=> I = 2 1 t dx . converges 

J -oc e- x + 1 Jo e x + e~ x & 

84. P ^ = f ' + pC£ ; P' = Pfx^r, where u = -x, and since ^ > i (u > 1) and 

J _oc X* + 1 J _oc X 2 + 1 ' J _ | X' + 1 ' J _oc . X" + 1 J 1 1 + U- ' ' 1 + U 2 U x ' 

J Y diverges, the integral J" diverges =>■ J* jq^f diverges 



85. f e |x| dx = 2 f e x dx = 2 lim f e x dx = —2 lim [e x l b „ — 2, so the integral converges. 

Joe Jo b^oc J o b^oc LJo & & 



86. 



X dx C dx I C dx I C dx i C 

-oc,(x+l) 2 _ J oc (X+1) 2 ~T J 2 (X+1) 2 "^J-1(X+1) 2 J 2 



dx 



(X+1) 2 

-.b 



f* b poo 

lim I , dx ., 2 = — lim [ — ^-rl = oo, which diverges =>• | , dx ,, 2 diverge 

J-2(X+1) 2 b — > — 1^ L "+U-2 b J-oc(x+l) 2 & 



p |.smx| + |co S x| ^ = 2 p isinxl + lcosxl fe > 2 f °° sin 2 x + cos 2 x dx = 2 y f ^ dx 

J-oc l x l + ! Jo x+1 — Jo x+1 b — >oo "0 + 

= 2 lim [In I x + 111 „ = oo, which diverges f — ^ i^'i ^' x ^ dx diverges 

b -> OC J-oc |X| + 1 

88. J* (x 2 + i) X (x 2 + 2) dx = by Exercise 80(b) because the integrand is odd and the integral 

I \ 2 + i) d (x 2 + 2) ^ JTf converges 

89. Example CAS commands: 
Maple : 

f := (x,p) -> x A p*ln(x); 

domain := 0..exp(l); 

fn_list := [seq( f(x,p), p=-2..2 )]; 
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plot( fn_list, x=domain, y=-50..10, color=[red,blue,green,cyan,pink], linestyle=[l, 3,4,7,9], thickness=[3,4,l,2,0], 

legend=["p= -2","p = -l","p = 0","p = l","p = 2"], title="#89 (Section 8.8)" ); 
ql := Int( f(x,p), x=domain ); 
q2 := value( ql ); 

q3 := simplify( q2 ) assuming p>-l; 
q4 := simplify( q2 ) assuming p<-l; 
q5 := value( eval( ql, p=-l ) ); 

11 := ql = piecewise( p<-l, q4, p=-l, q5, p>-l, q3 ); 

90. Example CAS commands: 
Maple : 

f := (x,p) -> x A p*ln(x); 
domain := exp(l).. infinity; 
fn_list := [seq( f(x,p), p=-2..2 )]; 

plot( fn_list, x=exp(l)..10, y=0..100, color=[red,blue,green,cyan,pink], linestyle=[l, 3,4,7,9], thickness=[3,4,l,2,0], 

legend=["p = -2","p = -l","p = 0","p = l","p = 2"], title="#90 (Section 8.8)" ); 
q6 := Int( f(x,p), x=domain ); 
q7 := value( q6 ); 

q8 := simplify( q7 ) assuming p>-l; 
q9 := simplify( q7 ) assuming p<-l; 
qlO := value( eval( q6, p=-l ) ); 

12 := q6 = piecewise( p<-l, q9, p=-l, qlO, p>-l, q8 ); 

91. Example CAS commands: 
Maple : 

f := (x,p) -> x A p*ln(x); 

domain := 0. .infinity; 

fn_list := [seq( f(x,p), p=-2..2 )]; 

plot( fn_list, x=0..10, y=-50..50, color=[red,blue,green,cyan,pink], linestyle=[l, 3,4,7,9], thickness=[3,4,l,2,0], 

legend=["p = -2","p = -l","p = 0","p = l","p = 2"], title="#91 (Section 8.8)" ); 
qll := Int( f(x,p), x=domain ): 
qll =lhs(il+i2); 
" = rhs(il+i2); 

" = piecewise( p<-l, q4+q9, p=-l, q5+ql0, p>-l, q3+q8 ); 

v " = piece wise( p<-l, -infinity, p=-l, undefined, p>-l, infinity ); 

92. Example CAS commands: 
Maple : 

f := (x,p) -> x A p*ln(abs(x)); 
domain := -infinity. .infinity; 
fn_list := [seq( f(x,p), p=-2..2 )]; 

plot( fn_list, x=-4..4, y=-20..10, color=[red,blue,green,cyan,pink], linestyle=[ 1,3,4,7, 9], 

legend=["p = -2","p = -l","p = 0","p = l","p = 2"], title="#92 (Section 8.8)" ); 
ql2 := Int( f(x,p), x=domain ); 
ql2p := Int( f(x,p), x=0. .infinity ); 
ql2n := Int( f(x,p), x=-infinity..O ); 
ql2 = ql2p + ql2n; 
" = simplify( ql2p+ql2n ); 
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89-92. Example CAS commands: 

Mathematica l (functions and domains may vary) 
Clear[x, f, p] 
f[x_]:= x p Log[Abs[x]] 
int = Integrate[f[x], {x, e, 100)] 
int /. p — > 2.5 

In order to plot the function, a value for p must be selected. 
P = 3; 

Plot[f[x], {x, 2.72, 10}] 
CHAPTER 8 PRACTICE EXERCISES 



1. JxV^x 2 -9dx; 



u = 4x 2 - 9 
du = 8x dx 



i / > du = i ■ | u 3 / 2 + C = i (4x 2 - 9) 3/2 + C 



2. / 6x^3x2 +5 dx; 



u = 3x 2 + 5 
du = 6x dx 



/ ^u" du = | u 3 / 2 + C = | (3x 2 + 5) 3/2 + C 



3. Jx(2x+ l) 1 / 2 dx; 



u = 2x + 1 
du = 2 dx 



(2x + l) 5 / 2 (2x + l) 3 ' 



10 



1 - x 



dx; 



u = 1 — X 
du = — dx 



1 J (u_l) ^u" du = 1 (/ u 3 / 2 du - / u 1 / 2 du) = 1 (I u 5 / 2 - § u 3 / 2 ) + C 



• / V du = / (> - v= ) du - § u3/2 - 2ul/2 + c 



(1 -x) 3 / 2 -2(1 -x)V 2 + C 



/ x dx 
^8x 2 +1 



u = 8x 2 + 1 
du = 16x dx 



_ \/8x 2 + 1 



c 



6. / 



x dx 



^9 - 4x 2 



u = 9 - 4x 2 
du = — 8x dx 



/^ = _I. 2u i/2 + c = -^ + c 



7 f ydy 

'■ J 25 + y 2 



u = 25 + y 2 
du = 2y dy 



I It = 5 ln M+C = iln(25 + y 2 )+C 



y 3 dy . 
4 + y 4 ' 



u = 4 + y 4 
du = 4y 3 dy 



i/^ = Iln|u|+C=iln(4 + y 4 )+C 



J \/9 



u = 9-4t 4 
du = -16t 3 dt 



u = f 

du = 2t dt 



du 

u 2 +l 



tan" 1 u + C = tan -1 t 2 + C 



11. / z 2 / 3 (z 5 / 3 + l) 2/3 dz 



u = z 5 / 3 + 1 
du = f z 2 / 3 dz 



Ju 2 / 3 du=§ • |u 5 / 3 +C= I (z 5 / 3 + l) 5/3 +C 
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12. JV 1 / 5 (1 +z 



4/5\ _1 /2 



dz; 



u = 1 + z 4 / 5 
du = fz- 1 / 5 dz 



JV 1 / 2 du = 5. 2v ^ + C= | (1 +z 4 / 5 ) 1/2 +C 



sin 2ff dfl . 
(1 -cos2fl) 2 ' 



u = 1 — cos 20 
du = 2 sin 20 d0 



1 r du 

2 J u 2 



2u T ^ 2(1 -cos 20) 



14. 



/ 



(1 + sin ( 



sin t dt . 
3 + 4 cos t ' 



16. 



/ cos 2t dt . 
1 + sin 2t ' 



u = 1 + sin 
du = cos AO 

u = 3 + 4 cos t 
du = —4 sin t dt 



u = 1 + sin 2t 
du = 2 cos 2t dt 



f$a = 2u J / 2 + C = 2-y/l + sin0 + C 



= - i In |u| + C = - \ In |3 + 4 cos t| + C 



1 / du 



\ I >T = \ ln l u l + C = 2 ln I 1 + sin 2t l + C 



17. J(sin2x)e cos2x dx; 



u = cos 2x 
du = —2 sin 2x dx 



-i/e u du=-ie u + C= -i e cos2x + C 



18. J (sec x tan x) e secx dx; 



u = sec x 
du = sec x tan x dx 



19. / e 9 sin(e") cos 2 (e e ) d6>; 



u = cos (e e ) 
du = -sin(e 9 ) • e" d0 



J e 11 du = e u +C = e secx + C 



f-u 2 du=-iu 3 +C = -i cos 3 (e e ) + C 



20. JV sec 2 (e e ) d(9; 



u = e" 
du = e" d0 



f sec 2 u du = tan u + C = tan (e e ) + C 



21- J 2X " dx =K+C 



22. f5 x ^dx = 



1 fW3 



2 V In 5 



23. f ; 

J v ln v ' 



24- * 



u = ln v 
du = - dv 



(2 + In v) 



u = 2 + ln v 
du — - dv 



25. 



I (x 



dx 



(x 2 + l)(2+tan- 1 x) 



du = 



J f = In |u| + C = ln |lnv| +C 

= ln |u| + C = ln |2 + ln v| + C 
-> = In |u| +C = ln |2 + tan- 1 x| +C 



u = 2 + tan 1 x 



dx 

x 2 + l 



26. f 

J \/l-x 2 



27. 



28. 



/ 



2dx 

V 7 ! -4x 2 



u = sin x 

dx 



du 



\/l-x 2 



/ 



udu=iu 2 + C= i (sin" 1 x) 2 + C 



u = 2x 
du — 2 dx 



f = sin" 1 u + C = sin" 1 (2x) + C 

J V 1 — u* 



f dx = I f 

J a/49-x 2 7J 



dx 



du = 1 dx 



du 



\/l -u 2 



= sin u + C = sin 



-L, f) 
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29. 



f a = i f 

J Vl6-9t 2 4 J 



30. r *_ = i r 

J V9-4t 2 3 J 

32. / 

33. / 



du = | dt 



u = ft 
du = f dt 



du _ 1 „;„-! 



\/\ -u 2 3 



sin 



u + C = | sin" 1 (f) +C 



/7fe = 5 sin_lu + C =2 sin_1 (T)+C 



1 + 25t 2 



l + ( 



u = 5t 
du = 5 dt 



u=±t 
du = i dt 



^ s/TW = l^ 1 u + C=|tan- 1 (|)+C 
JlTT? = 3 tan_1 u + C = 3 tan_1 ( 5t ) + C 



4dx 



dx 



5xV25x 2 - 16 25 J x^/x^ 
J x\/4x 2 -9 ~~ ^ 



= = I S ec-i|f|+C 



"S^_ = 3 ; dx = 2 sec" 1 I ^ I + C 

\/4x 2 -9 J x^/x^l 1 3 1 



35. / 

36. / 

37. / 

38. / 

39. f ^hr— = f 7- 

J (x-l)Vx 2 -2x J (x 



dx _ 1 


d(x-2) _ 


^4x - x 2 J 


\/4-(x-2) 2 


dx 


f d(x-2) 


V^4x— x 2 -3 


J x /l-(x-2) 2 


dy _ 


f d(y-2) _ 


y 2 - 4y + 8 


J (y-2) 2 + 4 




f d(t + 2) t 


t 2 +4t + 5 J 


(t + 2) 2 + l — 1 



- 1 (^)+c 



tan -i(y^) +c 



d(x-l) 



(x-l)\/x 2 -2x J (x-l)V(x- 1) 2 -1 

4 f dv = f d(v+l) 

J (v+ 1)\A 2 +2v J (v+ l) x /(v+ l) 2 - 1 



1| + C 



+ c 



41. J sin 2 x dx = J '- c ° s2x dx = f - ^ + C 



42. J cos 2 3x dx = f 1 + c ° s6x dx = § + ^ + C 

43. J* sin 3 § d0 = /(l - cos 2 |) (sin §) d<9 



u = cos 



du = - 1 sin | d0 



= f cos 3 f - 2 cos f + C 



-2 J(l - u 2 ) du 



= ^ - 2u + C 



44. J sin 3 cos 2 d(9 = J (I- cos 2 0) (sin 0) (cos 2 0) d0; 



u = cos 
du = — sin d0 



f{l - u 2 ) u 2 du = J (u 4 - u 2 ) du 



U U 



/-* COS V COS V I /-< 

5 3 1 ^ — 5 3 ^ 
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45. J tan 3 2t dt = J (tan 2t) (sec 2 2t - 1) dt = J tan 2t sec 2 2t dt - J tan 2t dt; 

—> | J tan u sec 2 u du - \ f tan u du = \ tan 2 u + \ In |cos u| + C = \ tan 2 2t + \ In |cos 2t| + C 



u = 2t 
du = 2 dt 



i tan 2 2t- \ In |sec 2t| +C 



46. J 6 sec 4 1 dt = 6 J (tan 2 1 + 1) (sec 2 t) dt; 
= 2 tan 3 t + 6 tan t + C 



u = tan t 
du = sec 2 1 dt 



6 J(u 2 + 1) du = 2u 3 + 6u + C 



47. f = f = f esc 2x dx = — 4 In Icsc 2x + cot 2x1 + C 

J 2 sin x cos x J sin 2x J 2 1 1 



48. r , 2dx ., = r 

J cos~ x— sin" x J ' 



2dx 



cos 2x 

In |sec 2x + tan 2x| + C 



u = 2x 
du = 2 dx 



J ccbu = J sec u du = In |sec u + tan u| + C 



49. /J 4 Vcsc 2 y - 1 dy = J^cot y dy = [In |sin y|] $ = In 1 - In ^ = In 



50. J 4 a/ cot 2 t+T dt = f csctdt = [-In |csc t + cot t|]^ 4 = -In |csc ^ + cot ^| + In |csc | + cot || 



In 


x/2-1 


+ In + 1 


= In 


\/2 + l 


= In 










y/i-l 





1 h/2+l 



2-1 



In (3 + 2V^) 



51. J o Vl -cos 2 2x dx = Jjsin 2x| dx = JJ sin 2x dx - f sm 2x dx = - [^] + [^] ; 

--(-i-l) + [J-(-i)]-2 

52. J y/l - sin 2 | dx = |cos || dx = J cos | dx — J cos | dx = [2 sin |] * — [2 sin |] ^ 
= (2 - 0) - (0 - 2) = 4 



53. - cos 2t dt = /_^J sin l l dt = 2 \/2 J^sin t dt = -2a/2 cos t " /2 = 2^ [0 - (-1)] = 2V^ 



3x/2 



54. f a/ 1 + cos 2t dt = J 2 f |cos t| dt = — v/2 I costdt+\/2 | cos t dt 

U TV V J It J 7Y <J 37f/2 



= -v^ [sint]^ /2 + y/l [sint]£ /2 = -v/2(-l - 0)+ y/l[0 - (-1)] = 2^2 

55- J^=x-/^=x-2tan- 1 (|)+C 

56- fm = I[^^] dx=/(x-^)dx=f-|ln(9 + x 2 ) + C 

57. J^fdx= J [(2x + 1) + dx = x + x 2 + 21n|2x- 1|+C 

58. J"fz| = / (2 + ^) dx = 2x + 8 In |x - 4| + C 



59- JfeW 



- '"^-/^4=ln(y 2 + 4)-itan-i(|)+C 
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60 - /^ d y=/^T+ 4 /^T = |ln(y 2 + l)+4tan-iy + C 

61. f <+i= dt = f + 2 f -At = -\/4 - t 2 + 2 sin" 1 (|) + C 

62. f dt = f + f £ = -2/1^2 + In |t| + C 
J ty i - t 2 J v i - 1 J 

f tan x dx _ P sin x dx _ P (sin x)(l - sin x) . I' sin x - 1 + cos 2 x ^ 

J tan x + sec x Jsinx-M J 1— sin 2 x J cos 2 x 

= - f d(cosx) _ f ^ix_ + fdx = ^- - tan x + x + C = x - tan x + sec x + C 

J COS" X J COS X J COS X 



£4 f cot x dx _ P cos x dx _ P (cos x)(l - cos x) i P cos x - 1 + sin 2 x ^ 

J cot x 4- esc x J cos x + 1 J 1 — cos" x J sin 2 x v 



rdfsinx) _ f dx + r dx 

J sin' 1 x J sm A x J 



COt X+X+C=X+ COt X — CSC X + C 



65. J* sec (5 — 3x) dx 



y = 5 — 3x 
dy = —3 dx 

| In |sec (5 - 3x) + tan (5 - 3x)| + C 



J 



S ecy|-f =-1 



J sec y dy = — | In |sec y + tan y| + C 



66. fx esc (x 2 + 3) dx = \ f esc (x 2 + 3) d (x 2 + 3) = - \ In |csc (x 2 + 3) + cot (x 2 + 3)| + C 

67. /cot (|) dx = 4 J cot (|) d (|) = 4 In | sin (|)| +C 

68. f tan (2x - 7) dx = \ f tan (2x - 7) d(2x - 7) = - ± In |cos (2x - 7)| + C = ± In |sec (2x - 7)| + C 



69. 



J x\/ 1 — x dx: 



u = 1 — x 
du — — dx 



/(l - u)v^ du = / (u 3 / 2 - u 1 / 2 ) du = | u 5 / 2 - | u 3 / 2 + C 



= | (1 - x) 5 / 2 - I (1 - x) 3 / 2 + C = -2 



M-xj 
3 



M-xj 
5 



70. ^3x7: 



2x + 1 dx; 



u = 2x + 1 
du — 2 dx 



/ 3 ^5- | du = |/ (u 3 / 2 - u 1 / 2 ) du = | • §u 5 / 2 - f • ?u 3 / 2 + C 



= ^ (2x + l) 5 / 2 - i (2x + 1) 3/2 + C 



_ 3 (y/^ + T) 5 _ (y/2^ + T) 3 



10 



71. f a/z 2 + 1 dz; 



z = tan 
dz = sec 2 9 d<9 



* tan 9 i 3-2 



> J* ^/tan 2 6> + 1 • sec 2 6 d6 = f sec 3 9 d6 
\ /sec 9 d9 (FORMULA 92) 



3-1 1 3- 

^ + iln|sec0 + tan0|+C = *^ + \ In 



72. / (16 + z 2 r 3/2 

z 

16(16 + z 2 ) 



dz; 

1/2 C 



z = 4 tan 9 
dz = 4 sec 2 61 d0 



/ 



4 sec 2 g dff _ J_ 
64sec 3 0d# ~~ 16 



/cos d0 = i sin + C 



i6x/T<r 
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i-x f d y — i f d y - f du r u — zi 

/J - J ,/25T7 - 5 J y^xj^ ~~ J y/T+tf ' L u - 5J 

= In |sec + tan 0| + Ci = In \/l + u 2 + u 
= ln|y+^/25 + y 2 |+C 



u = tan 
du = sec 2 6» d0 



f se£ug = r sec d6 , 

J VI + tan 2 9 J 



Ci = In 



1 + +1 



. Cl=ln |v^+Z±y 



Ci 



74 f , dy 1 f 

J v/25 + 9y 2 5 J 



1 + 



Ci from Exercise 73 



| In 1^/25 +9y 2 + 3y| + C 



75. f ; 7 d , x , ; 



x = sin 
dx = cos dd 



f^cosfldfl = f csc 2 ,9 d0 = - cot + C 

J sin" 9 cos 9 J 



76. r ■ 

J VI -x 2 



x = sin 8 
dx = cos d9 



I 



sin 3 9 cos 9 d9 



J sin 3 6d9 = f(l~ cos 2 0) (sin 0) d0; 



[u = cos 9} -» - J (1 - u 2 ) du = -u + \ + C = - cos 9 + | cos 
Note : Ans = -*Vi-* 2 - 2 ^/ j _ x 2 + c by another method 



Vi-x 2 + Hi-xf 2 + c 



77. f -pi2= ; 



x = sin 8 
dx = cos 8 d9 



I 



sin 2 9 cos 9 d9 



J sin 2 9 d9 = J '- c ° s29 d0 = 1 - \ sin 20 + C 



sin 1 x xV 1 — x 2 

2 2 



78. J" A/4-x 2 dx; 



x = 2 sin 
dx = 2 cos d0 



fl cos • 2 cos 8 d9 = 2 f(l + cos 20) d0 = 2 (0 + ± sin 20) + C 

C 



20 + 2sin0cos0 + C = 2sin- 1 (|) + xJl- (f ) 2 + C = 2 sin" 1 (| ) + 



79. / dx 



x = 3 sec 
dx = 3 sec tan d0 



Vx 2 -9 

= In |sec + tan 01 + Ci = In 



/ 3 sec 9 tan 9 Ad _ f 3 sec 9 tan f 
V 7 ? sec 2 9-9 J 



3 tan 6 



+ V(f) 1 



. Ci = In I x + ^~^ I 



J sec0d0 



+ Ci = In 



+ ^x^ 



C 



80. 



12 dx 



(x 2 - If" 



x = sec f 
dx = sec tan d0 

sm 9 



f 12 sec 9 tan 9 d9 _ f 12 
J tan 3 9 - J 



cos g d9 . 
sin 2 ' 



u = sin tt 
du = cos d0 



12 du 



Vx 2 - 1 



«'■/ 



\/w 2 — 1 



dw; 



w = sec 9 
dw = sec tan d0 



/(g|f) • sec tan d0 = J tan 2 d0 = /(sec 2 - 1) d0 



tan - + C = \/w 2 - 1 - sec -1 w + C 



82. J dz 

= \Jt? - 16 - 4 sec -1 ( 



z = 4 sec 
dz = 4 sec tan d0 



4 tan 9-4 sec 9 tan 9 d9 
4sec 9 



: 4 J tan 2 d0 = 4(tan - 0) + C 



-"S +c 



83. u = ln(x + 1), du = ^ ; dv = dx, v = x; 



J*ln(x + l)dx = xln(x+ 1) - J ^ dx = x In (x + 1) - Jdx + J ^ = x In (x + 1) - x + In (x + 1) + Ci 
= (x+ 1) ln(x+ 1) - x + Ci = (x+ l)ln(x+ 1) - (x + 1) + C, where C = Ci + 1 
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84. u = In x, du = — ; dv = x 2 dx, v = \ x 3 ; 



fx 2 In x dx = 5 x 3 In x - f ± x 3 (1) dx = j In x - f + C 



85. u = tan 1 3x, du = . 3 d „ x , ; dv = dx, v = x; 



tan 1 3x dx = x tan 



3x-J 



3x dx 
1 +9x 2 



y = 1 + 9x 2 
dy = 1 8x dx 



xtair^x) - I ln(l +9x 2 ) +C 



x tan 



86. u = cos 1 (|) , du = -yj 



dx 



dv = dx, v = x 
/cos- 1 (|) dx = xcos- 1 (l)+/^ J 



y = 4 - x 2 
dy = — 2x dx 



(f ) - \/4^ + C = x cos- 1 (f ) - 2 J\ (| ) 2 + C 



X cos 



87. 



(x+ l) 2 • 

2(x + 1) ■ 

2 




(+) 



(-) 



(+) 



J(x + l) 2 e x dx = [(x + l) 2 - 2(x + 1) + 2] e x + C 



2x. 

2 ■ 





(+) 



(-) 



(+) 



sin(l — x) 
cos (1 — x) 

— sin ( 1 — x) 

— cos (1 — x) 

=> Jx 2 sin (1 — x) dx = x 2 cos (1 — x) + 2x sin (1 — x) — 2 cos (1 — x) + C 



u = cos 2x, du = —2 sin 2x dx; dv = e x dx, v = e x ; 
I = Je x cos 2x dx = e x cos 2x + 2 JV sin 2x dx; 
u = sin 2x, du = 2 cos 2x dx; dv = e x dx, v = e"; 



I = e" cos 2x + 2 



e x sin 2x — 2 I e x cos 2x dx 



e x cos 2x + 2e x sin 2x — 41 



i 2x i 2e* sin 2x 



1 _-2i. 

2 e ' 



90. u = sin 3x, du = 3 cos 3x dx; dv = e 2x dx, v 

I = J e 2x sin 3x dx = — \ e 2x sin 3x + | f e 2 " cos 3x dx; 
u = cos 3x, du = —3 sin 3x dx; dv = e~ 2 * dx, v 



1 -2x. 

2 C ' 



| e 2x sin 3x + | 



e 2x cos 3x — | J*e 2x sin 3x dx 



1 a -2x 
2 



1 e 2x sin 3x — | e 2x cos 3x 



=» I = ^ (- \ e- 2x sin 3x - | e- 2x cos 3x) + C = - ^ e- 2x sin 3x - ^ e- 2x cos 3x + C 
91- Jra+I = /^|-/^T=21n|x-2|-l n |x-l|+C 

/xT3-5/jTT = l ln |x + 3|-iln|x+l|+C 



on / x dx _ 3 J dx 1^ 

J x 2 +4x+3 " 2 J x+3 2 



Si 
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93. 



94. 



J x(x+l) 2 J X 



TT + (xTTF ) dx = ln Ixl - 111 l-\ 



— + c 

x+1 T *- 



/^I)d*=/(i^r-E-F) dx = 2 In | ^1 1 + i + C = -2 In |x| + I + 2 In |x - 1 1 + C 



95. f ^ , ; [cos = y] -> - (V 

J cos^ & + cos — 2 ' L J J y- 



)4-cos0-2 ' L~"° " 3\ J y 2 +y-2 3 J y-1^3jy + 2 3 



dy_ 



y±2 
y-i 



1 In \ c - 3 ^m 

3 I COS 8—l\ 



1 i„ I cos 0—1 I 
3 111 I cos 9 + 2 I 



96- f ■■^■ d * g ; fsin 9 = x] -> f -y^-g - I f - i f-£* - * In |%fff| 

J sin J -f sin 8 — 6 ' L J J X- + x — 6 5 J x — 2 5 J x + 3 5 I sin # + 31 

97 - / 3x2 x tfx +4 dx = / ; dx - J^TT dx = 4 ln l x l - 5 In (x 2 + 1) + 4 tan" 1 x + C 

98- J^ = /^=2tan- 1 (|)+C 



99. 



r (v+3)dv _ i r ( 

J 2v 3 - 8v 2 J \ 



3 I 5 



2v 3 - Sv 2j I 4v 1 8(v - 2) 1 8( 



dv = - § ln Ivl 



16 



In |v-2| + i ln |v + 2| +C 



(3v - 7) dv 



l)(v-2)(v-3) 



In 



(v - 2)(v - 3) 



(v-1) 2 



# tan- 1 4. 

6 v/3 



102. 



J^ = l/^-|/^ = |ln|t 2 -2|-iln(t 2 + l)+C 



103. / x #^ dx = /( x + x ^ I ) d x=/xdx+|/^ + |/^ 



^ + f ln |x + 2| + § ln |x - 1 1 + C 



104. J^±l d x = /(l + ^)dx=/[l+^ 1 j] dx=/dx + /^-/£ =x + ln|x-l|-ln|x|+C 



105- Jx#™ dx = /( x -x T ^T3) dx = / xdx +5/xTT-l/r 



! +4x+3 UA ~ J \ A x 2 +4x + 3/ 

f - I In |x + 3| + § ln |x+ 1| +C 



dx_ 

+3 



106- J 2x3 t42x 2 i X B +24 dx - I [(2 X - 3) + g+fa] dx = J (2x - 3) dx + * + f 



x 2 - 3x + § ln |x + 4| + I ln |x - 2| + C 



107. f 75 ^ x ,, ; 



u = ^/x+ 1 
du 



2Vx+ 1 

dx = 2u du 



/(^ = 3/^T-i/sTT = 3ln |u - 1| - | In |u + 1| + C 



= 1 In 



/x+1 + 1 
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108 - h 



(l+^x) ' 



LI 

du 

dx = 3u 2 du 



dx 

3x- 



f 3m!^ = 3 [ = 3i n |^| +C = 31n 

J u J (l+u) J u(l+u) lu+ll 



109. J'/V 



u = e s - 1 
du — e s ds 



ds 



du 
u + 1 



f^Xn = -f J rr + = ln|-^r| +C = ln 1^1 + C = ln|l -e- s | + C 

J u(u + 1) J u+1 J u lu+ll I e s I I I 1 



110. f^=; 



u = v/e s + 1 



du = 

2\/e s +l 



ds = 4 



2u du 



/ 2u du ^ / 

u(u 2 - 1) — L J (u 



du 



+ l)(u- 1) 



f -Jh f _*!_ = in I ±=1 1 + C 

Ju-1 Ju+1 1U I u + 1 M *- 



In 



y/e» + 1 - 1 
\/e s + 1 + 1 



111. (a; 
(b 

112. (a; 
(b 

113. (a 
(b 

114. (a 
(b 



f ydy if d(16-y 2 ) _ _ /i 6 _ 2 , r 

f .y/y ; [y = 4 sin x] -> 4 f sinxcosxdx = -4 COS X + C 

J \/l6 - y 2 L J J cos x 



x dx 



4y/l6-y 2 
4 



C= -V^-y^C 



V4 + x 2 



/7lf? ; [ x = 2tan y] J 2 ta " 2 Lcf y dy = 2 / sec y tan y dy = 2 sec y + C = v"4+^ + C 



fe = -|/ d fe? = -|m|4- X 2 |+C 

; [x = 2sin0] -> J 2sin we 9dg = J tan 61 dd = ~ ln l cos e \ + C = ~ ln {^Y^) + C 
= - \ In |4-x 2 | +C 



tan I p 
4 ~T l - 



V4t 2 - 1 



115. 



u = 9 - x 2 
du = — 2x dx 



1 r du 

2 J u 



ilnlul+C^ln-^+C^ln-^ 



ii6 r d " n = i r ^ + i r 

J x(9-x 2 ) 9 J x + 18 J 

= | In |x| -i ln |9-x 2 | +C 



dx 

3 - x 18 



1 Jsfi = | In |x| - i In |3 - x| - i In |3 + x| + C 



117- J^ = /3^ + o/5Tx=-5ln|3-x| + iln|3 + x|+C=Iln|^||+C 



118. 



dx 



x = 3 sin 9 
dx = 3 cos d0 



f d0 = f dfl = 6» + C = sin" 1 | + C 

J 3 cos 8 J 3 



1 19. J"sin 3 x cos 4 x dx — J cos 4 x(l — cos 2 x)sin x dx = J cos 4 x sin x dx — J cos 6 x sin x dx = — eept _|_ cos^x _|_ q 



120. ^ cos 5 x sin 5 x dx — J sin 5 x cos 4 x cos x dx = f sin 5 x (1 — sin 2 x) 2 cos x dx 
= ^ sin 5 x cos x dx — 2 J sin 7 x cos x dx + J sin 9 x cos x dx 



sin 6 x 2sin 8 x i sin 10 x 

6 8+10 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



568 Chapter 8 Techniques of Integration 



121. J\an 4 x sec 2 x dx = ^ + C 

122. J tan 3 x sec 3 x dx = f (sec 2 x — l) sec 2 x • sec x • tanx dx = J sec 4 x • sec x • tanx dx — Jsec 2 x. sec x- tanx dx 



sec 5 x sec 3 x 



123. J sin 56* cos 69 dd = \ J (sin(-(9) + sin(l 19)) AB=\J sin(-(9) dO + \ J sin(l Iff) AO = |cos(-0) - ^cos 1 1(9 + C 
= ±cos6>- icos 11(9 + C 

124. /cos 36» cos 39 d9 = ij" (cos + cos 69) d9 = |J d(9 + | /cos 66* d(9 = \9 + ^sin 66* + C 



125. / yT+cos(|) dt= Jv^|cos || dt = 4A/2|sin || + C 

126. J eVtan 2 e l + 1 dt = J | sec e l | e' dt = ln| sec e' + tan e l | + C 



127. |E S | < l=± (Ax) 4 M where Ax = ^ = \ ; f(x) = 1 = x" 1 ^> f'(x) = -x~ 2 => f"(x) = 2x~ 3 f"(x) = -6x 



\ = x- 1 ^ f'(x) = -x- 2 => f"(x) = 2x~ 3 =$> f "(x) = -6x~ 4 

=>■ f( 4 >( x ) = 24x~ 5 which is decreasing on [1,3] maximum of fW(x) on [1, 3] is f (4 )(l) = 24 M = 24. Then 

E s | < 0.0001 (^) (^) 4 (24) < 0.0001 (M) (£) < 0.0001 =► £ < (0.0001) n 4 > 10,000 (fg) 
=>■ n > 14.37 =>• n > 16 (n must be even) 



128. |E T | < (Ax) 2 M where Ax = ^ = 1 ; < f"(x) < 8 => M = 8. Then |E T | < 10~ 3 ^ (ii)^ 8 ) ^ 10 ~ 3 



< !0- 3 



3 n : 



,2 \ 2000 



- > 1000 =>• n 2 > — 



n > 25.82 n > 26 



129. Ax = 



b — a it — 71 

n — 6 — e 

E mf( Xi ) = 12 



Ax 
2 



(f0(12) = 7 r; 



£ mf(x,) = 18 and 4f 

i=0 

S=(£)(18) = 7T. 





X; 


f(Xi) 


m 


mf(x;) 










1 





Xl 


7T/6 


1/2 


2 


1 


x 2 


7T/3 


3/2 


2 


3 


X3 


7T/2 


2 


2 


4 


X 4 


27T/3 


3/2 


2 


3 


X5 


57T/6 


1/2 


2 


1 


x 6 


7T 





1 







X; 


f(Xi) 


m 


mf(Xi) 


x 








1 





Xl 


7T/6 


1/2 


4 


2 


x 2 


7T/3 


3/2 


2 


3 


X3 


7T/2 


2 


4 


8 


x 4 


27T/3 


3/2 


2 


3 


x 5 


57T/6 


1/2 


4 


2 


x 6 


7T 





1 






130. |f (4) (x)| < 3 => M = 3; Ax = A^ = ± . Hence |E S | < 10~ 5 ( 2 M f) Q) 4 (3) < 10~ 5 g^j < 10~ 5 ^> n 4 > 
n > 6.38 => n > 8 (n must be even) 



60 



365 




nibs 

131- Yav = 36T^ J [37 sin (x - 101)) + 25] dx = ^ [-37 (f cos (|§ (x - 101)) + 25x)] 
= 555 [(-37 (^) cos [|l (365 - 101)] + 25(365)) - (-37 (f ) cos [^ (0 _ 10 i)] + 25(0))] 
= - I cos (Is ( 264 » + 25 + i cos (Is (-10D) = - I (cos (H (264)) - cos (-101))) + 25 
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rs - g (0.16705 - 0.16705) + 25 = 25° F 

132. av(C v ) = 5^ /J 5 ! 8 - 27 + 10_5 ( 26T - L87T2 )] dT = S3 [ 8 - 27T + W T * ~ T T 3 ] m 

« ^ [(5582.25 + 59.23125 - 1917.03194) - (165.4 + 0.052 - 0.04987)] w 5.434; 
8.27 + 10~ 5 (26T - 1.87T 2 ) = 5.434 1.87T 2 - 26T - 283,600 = 4 T« 26 +% /676 + 4(Lg7)(283,600) 
w 396.45° C 

133. (a) Each interval is 5 min = A hour. 

i [ 2.5 + 2(2.4) + 2(2.3) + . . . + 2(2.4) + 2.3 ] = f§ rj 2.42 gal 
(b) (60 mph) hours/gal) w 24.83 mi/gal 



134. Using the Simpson's rule, Ax = 15 => ^ = 5; 

J2 mf(Xi) = 1211.8 =>- Area w (1211. 8)(5) = 6059 ft 2 ; 
The cost is Area • ($2.10/ft 2 ) « (6059 ft 2 ) ($2. 10/ft 2 ) 
= $12,723.90 =!> the job cannot be done for $11,000. 



135. = lim P^rS = Um [sin" 1 (f)l b = lim sin" 1 (|) - sin" 1 (|) = | - = f 

136. flnxdx= lim [x In x - xlj = (1 • In 1 - 1) - lim [blnb-bl = -l- lim ^ = -1 - lim 

Jo b-»0+ 1 Jb b^0+ 1 J b^0 + (I) b^0+ 

= -1 + = -1 

137. f l % = f° %+ f 1 %=2 T % = 2-3 lim fyi/ai * = 6 fl - lim b 1 /^ = 6 

J-i y--° J-i r" Jo y 2 ' 3 Jo y<° b ^ + b V b -> + / 

138 - 1 2 (flTW = 1-2 WTW + L («fiF + L («TP converges if each integral converges, but 

e^oo = 1 and ■£ ^ diverges ^ Iiisfw^ 8 

139- X™ s^l; = ^5 - £ T = ^ [I" I ^ |] 3 = b t ln I ^ |] - 1" I ^ I = - In (|) = In 3 

140- Jf ^ dv = J7 (i + 4, - ^) dv = ^ [In v - i - ln(4v - 1)] \ 
= b Bm [In (j^) -i]-(lnl-l-ln3) = lni + l+ ln3 = l+ln| 

141. r xV x dx = lim [-x 2 e- x - 2xe- x - 2e- x ] b „ = lim (-b 2 e- b - 2be- b - 2e- b ) - (-2) = + 2 = 2 

142. £ 3c xe-dx = b hm oc [| e 3x - \ e 3x ] [ = - \ ^ lim^ (| e* - 1 e 3b ) = - \ = - 1 

143- £5^9 = 2 Jo™4F+9 = I r^TT = 3 b^oc [5 tan_1 (t)] = \ b 1 ^ [1 tan_1 (f )] - \ t^" 1 (0) 





x, 


f(x.) 


m 


mf(x,) 










1 





Xl 


15 


36 


4 


144 


X2 


30 


54 


2 


108 


X3 


45 


51 


4 


204 


x 4 


60 


49.5 


2 


99 


X5 


75 


54 


4 


216 


x 6 


90 


64.4 


2 


128.8 


X7 


105 


67.5 


4 


270 


x 8 


120 


42 


1 


42 
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= Hl-!)-o=f 

144- /I^=2/f i ^=2 b lim o [tan- 1 (f)]^ 2^111^ [tan" 1 (|)] - tan" 1 (0)) = 2 (f ) - = tt 

145 - 0-Poc 7PTT = land r f Merges diverges 

146. I=| e~ u cos u du = lim [— e~ u cos ul„ — f e~ u sin u du = 1 + lim [e~ u sin ul„ — \ (e~ u ) cos u du 

Jo b -> oo L Jo Jo b -> oo L Jo ^ 

=>■ 1=1+0-1 =>■ 21 =1 =3> 1=5 converges 



147. f°°^dz = r^dz+ P^dz: 

J I z J I z J e z 

= oo diverges 



(In z) 2 



+ lim 

i b — > ex) 



(In z) 2 



lim 

b — > oo 



(In by _ l 

2 2 



148. < ^ < e~' for t > 1 and J ] e -1 dt converges J { 77J dt converges 



149. r°° = 2 f 

J_i e +e Jo 



e x + e Jo e 



2 d h: < J converges ^ J ^ converges 



150. 



X dx f dx I f dx I r dx t C 

^ x 2 (l+e-) _ J-oc x 2 (l+e«) J~l x 2 (1 +e x ) + Jo x 2 (l+e-) Ji 

x 2 (l+e») 



dx 



lim r v * 

x^o r — l 



1 x 2 (l+e») 



z (l + e*)J 



lim ^— — - = lim n (1 + e x ) = 2 and J ^ diverges 



x -> 



x^O 



I ■>/?*, n diverges 

J-oc x- (1 +e«) & 



xMTT^) diverges 



151. / 



x dx 



J = J (2u 2 - 2u + 2 - ^ du = f u 3 - u 2 + 2u - 2 In |1 + u| + C 



2x- 



x + - 2 In (l + y/x) + C 



152. j£±-fdx = -/(x+f 



4x + 2> 



dx 



/^dx-|/^-5j_^_ 



In |x + 2| - § In |x - 2| + C 



153. f - 2 dx -3 ; 

J x x 2 + l) 



x = tan 
dx = sec 2 d0 



f ^flds = f = f C kr^i^) d (sin0) 

J tan 9 sec 4 J sm 9 J V sin 9 I v ' 



= In |sin0| - 1 sin 2 + C = In 



Vx 2 + 1 



2 (v^+l) 



154. 



dx; 



Ll = 

du 



dx 



/ cosu u 2udu = 2 /cos u du = 2 sin u + C = 2 sin ^/x + C 



155. / 



dx 



\/-2x-x 2 



/7SxTTF = sin " (x + 1) + C 



156. ffi^M' 

J \/t 2 - 2t 



u = t 2 - 2t 
du = (2t - 2) dt = 2(t - 1) dt 



J^L = ^u + C = xjt 2 - 2t + C 



157. J -t^j ; [u = tan 0] -» J "^f 1 = In |sec + tan 0| + C = In ^/TTu 2 + u 
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158. J e' cos e 1 dt = sin e' + C 

159 _ f l-cosx + sinx dx = r 2csc 2 xdx _ fco^xdx + f dx 
J sin 2 x J J sin 2 x J 

= —2 cot x + esc x — In Icsc x + cot x| + C 



-2 cot x 



In Icsc x + cot x| + C 



160- J^d0 = /i^d0 = /sec 2 0d0- Jd0 = tan0-0. 



161 r 9dv -if + i r + i r - ^ in 

IOi - J 81 -v 4 — 2 J v 2 + 9 ^ 12 J 3-v ^ 12 J 3 + v 12 111 

162. ff^dx = r d(sinx)_ = tan -l ( sin X ) + C 
J 1 + sin 2 x J 1 + sin 2 x v ' 



3 + v I 
3-v I 



i tan" 1 |+C 



163. 



(+) 



1 




(-) 



cos (26 + 1) 
\ sin (2(9 + 1) 
-| cos (26* + 1) 



J cos (2(9 + 1) 69 = f sin (26* + 1) + A cos (29 + 1) + C 



164. f°° lim M-]^ lim [^-(-1)1=0+1 = 1 

Ji (x-l) 2 Ll-xJ 2 h^^, Ll-b v >\ 



b — » oo 



165- J^TT = J(* + 2+z 



3x-2 



x 2 -2x+ 1 

2x + 31n|x- II - J-r +C 



dx 



/(x + 2)dx + 3/ 5 ^ T + /^ 



dx 



— 1) 



166- / 



= 1(1 



x = 1 + 1 

dx=^ -> f 

2^9 J 

d(9 = 2(x- l)dx_ 

3/2 / _n 1/2 



2(x - 1) dx 



-4 1 + V0 + C = 4 



-2/ v ^dx-2/^ = | x 3 / 2 - 4x!/2 + C 



167. f 2 ^ 

J x/x sec v x 



y = 

dy 



dx 



2 sin y-2y dy 

y sec y 



J 2 sin 2y dy = — cos (2y) + C = — cos (2^/x) + C 



168- f£% = f(x- 



16x 



_2x Hx — — + In 

2 -4 x 2 + 4j aX — 2 + ln 



169. f 

J sin y c 

170. / 



= J 2 csc (2y) dy = - In |csc (2y) + cot(2y)| + C 



fl 2 -26» + 4 J (6»-l) 2 +3 



171. J dx = J tan x sec 2 x dx = / tan x • d(tan x) = \ tan 2 x + C 

i72 - i^^=s , + s^ = aec ~ l ' r+i ' +c 
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(r+2)dr 
V / 4-(r + 2) 2 



u = 4-(r + 2) 2 
du = -2(r + 2) dr 



/27n = -^ + C = -V4-(r + 2)2 + C 



174 f ydy —if d (y 2 ) _ 

U ^ J 4+7 - 2 J 4 + {y 2f ~ 



I tan- (£) 



175. 



sin 29 dfl 
(1 +cos 2fl) 2 



1 f d(l +cos 20) _ 1 

2 J (l+cos20) 2 ~~ 2(l+cos20) 



dx 



• C = \ sec 2 (9 + C 



(1 _ x2)3 - ^ + i ln||±l| +C (FORMULA 19) 



177. f 2 \A +cos 4x dx 

<J tt/4 v 



I " /2 

2 I cos 2x dx 

V/4 



sin 2x 



x/2 
ir/4 



2 



178. / (15) 2x+1 dx = \ J (15) 2x+1 d(2x + 1) = \ {^) + C 



179. 



/ x dx 



y = 2 — x 
dy = — dx 



_ J i?_^dy = 2 y 3/2 _ 4y l/2 +C= | (2 _ x) 3/2 _ 4(2 _ x) l/2 + c 



= 2 



/2-x 



^-2^2^: 



180. J i/iZZ dv; [ v _ sin Q] -> f cos9 s g s / dg = / 



(l-sin 2 g)< 



Jcsc 2 6> d6> — J*d0 cot 



-sin" 1 v - + C 



18L JWl+2 = 



J(^T=tan-H y -l) + C 



182. Jin a/x - 1 dx; 



\/x- 1 



dy 



dx 



2VX-1 



J* In y • 2y dy; u = In y, du = y ; dv = 2y dy, v = y 2 



J2y In y dy = y 2 In y - fy dy = y 2 In y - \ y 2 + C = (x - 1) In y/x - 1 - \ (x - 1) + Q 
= \ [(x - 1) In |x - 1| -x] + (Ci + i) = i [xln |x - 1| - x- In |x- 1|] + C 

183. J 6 2 tan(<9 3 ) d0 = |J tan (6> 3 ) d (6> 3 ) = | In |sec (9 3 | +C 



184. 



x dx 



I. 



N 2 2 



sin 



3 



185- J,^dz=i/(i + 4 ? -|iL)dz=Iln|z|-i-iln(z 2 +4)-Itan- 1 f + C 
186. JxV dx = § / xV 2 d (x 2 ) = \ (xV 2 - e" 2 ) + C = + C 

187- / 7 &--5/ < ^f --i^t^ + C 



188. J;'" vTTo^ dtf = ^2 ,f ° cos (f ) dfl = ^ [sin (f )] 



t/10 _ 2^/2 
5 



sinf-0) = f 
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i on P cot 8 d8 P_ 

LOy - J l+sin 2 <9 — J (si 



cos 8 A8 



l + sin 2 J (sin 8) (1 + sin 2 8) 

In |sin0| - |ln(l + sin 2 i 



x = sm 
dx = cos 9 &6 



f dx _ f dx f 
J x(l+x 2 ) — J X J 



x dx 

x 2 + l 



190. u = tan" 1 x, du = ^zhr ; dv = ^ , v = - i ; 

i 1 + X" ' X' 1 ' X ' 



Jt^ = _i to - lx+ J_d^ = _i tan -i x+ J|_J_^ 
= - i tan^x + ln |x| - ± In (1 + x 2 ) + C = - + In |x| -lny/l + x 2 + C 



191. J ' an 2 ^ dy ; [ v /y = x] -> J tan x-2* dx = i n | sec x| + C = In | sec ^/y\ + C 



= ln lxT^I+C = ln(^)+C 

193. /|^ = /(-l + ^ F )d0 = -/d0-/ 5 ^ + / 5 f 5 = -0-l n |0-2|+ln|0 + 2|+C 
= -0 + ln ||±| | +C 



194. 



2 X dx = J tan2 x dx = / ( sec2 x - 1) dx = tan x - x + C 



r cos (sin 1 x) dx 



u = sin A x 

dx 



du = 



\/l-x 2 



J" cos u du = sin u + C = sin (sin 1 x) + C = x + C 



196. J 



siir x — sin x 



I 



(sin x) (1 — sin 2 x) 



/ 



(sin x) (cos 2 x) 



fid* _ _ 2 r csc 2x dx 

J sm 2x J 



= In | csc (2x) + cot (2x)| + C 



197. J sin | cos \ dx = f | sin (| + |) dx = ~ Jsin x dx = - \ cos x + C 



198 - / dx = Ijifw = 7i tan " fe) + ^ x2 + 2) " + c 



= -A- tan" 



1 LP 

2 (x 2 + 2) ^ ^ 



-(*) 

199. J f^r = ln(l +e') +C 

200. /tan 3 t dt = J (tan t) (sec 2 t - 1) dt 



%p - /tan t dt = S^S - In |sec t| + C 



201. 



j; 



In y dy 



x = In y 

dx = & 

y 

dy = e x dx 



f dx = f xe~ 2x dx = lim 

Jo e 3 « Jo b^<x> L 



_ X _~2x _ 1 ,,-2x1 b 
2 e 4 e Jo 



202 _ j 3 + sec 2 x + sinx dx = 3 J cot x dx + J 5?|a^ + J C os x dx = 3 In | sin x| + In I tan x| + sin x + C 



2Q3 j cot v dv / CO 

J In (sin v) J (sin v 



c os v dv 
) In (sin v) 



u = In (sin v) 

cos v dv 



J^=ln|u|+C = ln |ln(sinv)| +C 
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204. / 



dx 



/ 



2dx 



I (2x- 



2dx 



(2x- l)\/x 2 -x J (2x- l)\/4x 2 -4x J (2x - l)x/(2x - l) 2 - 1 

seer 1 |u| + C = sec" 1 |2x - 1| + C 



u = 2x — 1 
du — 2 dx 



f du 

" ux/u 2 



\/ll 2 - 1 



205. Je ln ^dx = Jx/xdx = f x 3 / 2 + C 



206. / eV3 +4e« d(9; 



u = 4e e 
du = 4e ff d(9 



1 / x/3+^du= i-|(3 + u) 3 / 2 + C= i(3+4e s ) 3/2 + C 



207. J 



1 + (cos 5t) 2 ' 



u = cos 5t 
du = —5 sin 5t dt 



I J ^ = _ l tan" 1 u + C = - | tan" 1 (cos 5t) + C 



208 - Jtp 



\/e 2v - 1 ' 



x = e v 
dx = e v dv 



xx/ X 2 — 1 



sec" 1 x + C = sec" 1 (e v ) + C 



209. / (27) 39+1 d9 = 1 J (27) 39+1 d(39 + 1) = ^ (27) 3S+1 + C = § (f^) + C 



210. 



sin x 



(+) 



5x 



4 -I! 

( + ) 



(-) 



60x 2 

120x ► — cos x 

120 ► — sin x 



J x 5 sin x dx = — x 5 cos x + 5x 4 sin x + 20x 3 cos x — 60x 2 sin x — 120x cos x 
+ 120 sin x + C 



211. 



f dr 

J 1 + \A ' 



U = V r 

2 \A 



Ptp^ =I( 2 -ih) du = 2u-21n|l+u|+C = 2v^-21n(l + V^) +C 



213. / 



8dy _ f dy _ P 2dy , P 4dy _ f 
y 3 (y + 2) "J y Jy 2+ Jy 3 J 



d y = in 
(y + 2) 111 



y + 2 



2 - 4 +C 
y y- 



214. 



I ( t : 



(t+l)dt 



(t 2 +2t) 2 / 3 ' 



u = t 2 + 2t 
du = 2(t+l)dt 



1 r _du 

2 J u 2 / 



2/3 — 2 



(t 2 +2t) 1/J + C 



215. f / dm 9 = | f 

J mx/49m 2 -4 7 J 



dm - 4 sec" 1 | Tf | + C 



216. / 



u = In t 

du = ? 



t( 1 + In t)\/(lnt)(2 + lnt) ' 

= sec -1 |u + 1 1 + C = sec -1 |ln t 



J (l + u),/u(2+u) J (u 



du 



+ l) x /(u+l) 2 -l 



1| +C 
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217. If u = JJV 1 + (t - !) 4 dt and dv = 3 ( x - !) 2 dx > then du = V 1 + ( x _ !) 4 dx > and v = (x - l) 3 so integration 
by parts =► J o '3(x - l) 2 [ fiy/l + (t - l) 4 dtl dx = f(x - l) 3 JJ^TFlj* dt 



/ o '(x-l) 3 Vl+( x -D 4 



dx 



I(1 + ( X -D 4 ) 3/2 



n 1 



■/I-l 
6 



218. 



C i Dv + E 



4v 3 + V - 1 



v 2 (v-l)(v 2 + l) v'v 2 'v-l'v 2 + l 

= Av(v - 1) (v 2 + 1) + B(v - 1) (v 2 + 1) + Cv 2 (v 2 + 1) + (Dv + E) (v 2 ) (v - 1) 
v = 0: -1 = -B B = 1; 
v = 1: 4 = 2C C = 2; 



coefficient of v 4 
coefficient of v 3 
coefficient of v 2 



: = A + C + D A + D = -2; 
: 4=-A+B+E-D 

: = A — B + C — E =4> C — D = 4 =>• D = —2 (summing with previous equation); 
coefficient of v: 1 = -A + B A = 0; 
in summary: A = 0, B = 1, C = 2, D = —2 and E = 1 



J 2 V 3 (- 



4v3 +T^' , dv = lim f( 

v-l)(v- + l) b->oo j2 y 



lim [in (v - l) 2 - i + tan -1 v - In (1 + v 2 

b — > oo v 



_J_ I v ~ 2 -I i ^ 

v - 1 ' ' 1 + v 2 l+v ; 

2\1 b 



- dv 



= lim 

b — > oo 



In 



f (b-if \ _ l 

V l+b 2 J b 



tan -1 b 



- (In 1 - \ + tan" 1 2 - In 5) = (0 - + § ) - (0 - \ + tan" 1 2 - In 5) 



ln(5) + i - tan" 1 2 



219. u = f(x), du = f'(x) dx; dv = dx, v = x; 

V2 f(x)dx=[xf(x)]:;f-X /2 xf'(x)dx=[f f(f)-ff(|)]-X /2 cosxdx 

= (¥-?)" t sin <t = K 3b - a ) - [C-D - !] = I ( 3b - a ) + 2 



220- ri^ = [tan- 1 x]; = tan- 1 a;/; 



= lim [tan 1 xl = lim (tan 1 b - tan 1 a) 

1+x b -> oo 



'o 1+x JU J> 1+x " b^oo L Ja b^oo 

therefore, tan -1 a = | — tan -1 a =4> tan -1 a = | a = 1 since a > 0. 



tan 1 a; 



CHAPTER 8 ADDITIONAL AND ADVANCED EXERCISES 



1. u = (sin 1 x) 2 , du = 2sl ," ' xdx ; dv = dx, v = x 



J isin : xi ' dx \isin x i ' J 2xM ' r ' xJx • 



u = sin x, du = 



dx 



VT- 



dv = - 



VT- 

2x dx 



v = 2\/r^" 



2. 



2x sin 1 x dx 
V 7 ! -x 2 



2 (sin 1 x) \/l — x 2 ^ 2 dx = 2 (sin 1 x) \/l — x 2 — 2x + C; therefore 



J* (sin 1 x) 2 dx = x(sin 1 x) 2 +2(sin 1 x) \/l — x 2 — 2x + C 



l _ l 

X X 

1 

x(x+ 1) 

1 



1 1_ 

X x+ 1 

_ 1 



x(x+l)(x + 2) 2x x+1 1 2(x + 2) ' 

1 J 1 , __L 1 

x(x+ l)(x + 2)(x + 3) 6x 2(x+ 1) ' 2(x + 2) 6(x + 3)' 

1 .1 1,1 1 



1 



x(x+ l)(x + 2)(x + 3)(x + 4) 24x 6(x+l) 1 4(x + 2) 6(x + 3) 1 24(x + 4) 



the following pattern: 



l 



(-D k 



x(x+l)(x + 2)---(x + m) ^ (k!)(m-k)!(x + k) 
k=0 



therefore 



dx 



x(x+ l)(x + 2)---(x + m) 
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(-if 



(k!)(m-k)! 



T In |x + k| 



3. u = sin 1 x, du 



dx 



%/l -x ; 

J x sin -1 x dx = j sin -1 x — 
J sin 2 (9 d0 



- ; dv = x dx, v 



x 2 dx 



x = sin f 
dx = cos d0 



f x sin" 1 x dx = 4 sin" 1 x - f ™ 2 ? '<>*<■ 

J 2 J 2 cos 



y sin x - ± 



sin x 



_ 1 /<? _ sii 
2 \2 



. C = f sin" 1 x + 



x — sin x 



4. J sin 1 y/y dy 

z 2 sin -1 z I z V 1 — z 2 — 



= y sin 1 yy 

5 - / 1 - mn 2 = / 



2 1 4 

Vy-y 2 _ s'"' 1 



— > J 2z sin 1 z dz; from Exercise 3, Jz sin 1 z dz 

C => J sin -1 y^y dy = y sin -1 ^/y 
+ C 



cos 2 e 

tan 2 ~~ J cos 2 0- sin 2 6 



sec 2fl + tan 2g| + 2fl 



6. u = In (\/x + x/TTx) , du = ( r dx , 1 f -V + -t^— 1 = ; dv = dx, v = x; 

V V V / + V 2 V^ 2^1 +x/ 2 v /J x /l+x ' 



/ta(^+vT + i) dx^xln^+yi+x)-!/^^; | Jj^ 

* 3 / (SeCg 7lmngV angdg = if ( Sec2 5 - SeC °) d9 



1 1 

2 2 



dx = i sec tan d0 

_ tanfl-ln|secg + tanfl| + £ _ 2 ^ x * + " ~ '" | 2x + ' + + X | + q 



Jin (y'x + y/l + xj dx = x In (^/x + y 7 1 + xj 



2Vx 2 +x-ln 2x+ 1 +2-yx 2 +x 



J t - V l - 1 2 



t = sin 
dt = cos 8 d9 



f cos S dB _ f 
J sin 9 — cos B J 



d6 
tan B - 1 



1 P du _ 1 f du _ 1 P udu 1 i 

2 J u - 1 2 J u 2 + 1 2 J u 2 + 1 2 

| In U - y/\ -t 2 ) - i sin" 1 1 + C 



u = tan 
du = sec 2 d<9 

u- + 1 



I (n 



du 

-l)(u 2 + l) 



-3=±~\ - | tan^u + C = 1 In I'-^^-l - ±0 + C 

,/ u 2 _|_ J 2 2 I sec 8 I 2 



8- / 



(2e 2 * — e*) dx 
V 3e 2 * _ 6e" - 1 ' 



u = e 
du = e x dx 



P (2u~ l)du 1 P (2u- 1) du 

J \/3u 2 - 6u - 1 ~~ v?3 J y/ (u _ 1)2 _ 4 



u - 1 = -4- sec 6* 

du = 4= sec tan d0 

</3 



V3u 2 - 6u - 1 

X JY4j sec + l) (sec 0) d0 = | /sec 2 d0 + Jsec d0 



\ tan + 4- In |sec + tan 0| + Q 



r\/i 



1 (u - l) 2 - 1 + i In I & (u - 1) + J I (u - l) 2 - 1 



§ V3u 2 - 6u - 1 + 4j In 



u-l + ,/(u-l) 



\2 4 



Q + ^lnf) 



i 

n/3 



2 A /e 2x - 2e x - 1 + In e x - 1 + Je 2x - 2e x - 1 



Ci 



9- /x^dx=J— L_dx=| 



(x 2 + 2) 2 -/ 
2x + 2 i 2 



(x 2 + 2x + 2) (x 2 -2x + 2) 



dx 



2x-2 



16 J x 2 + 2x + 2 ~ (x+l) 2 + l i ! -2i+2 T + l 



dx 
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x 2 + 2x + 2 i 1 



x 2 - 2x + 2 



i [tan- 1 (x + 1) + tan" 1 (x - 1)] + C 



10. f -yi-r dx = \ f ( -X, - -h- + - 2 x + l, ) dx 

J x b — 1 6J V x — 1 x+1 x 2 — x + 1 x 2 + x + 1 / 



1 In I — , 

6 I x + 1 I 1 12 



12 / 



2x- 1 

x 2 - X + 1 



2x+ 1 
x 2 +x+ 1 



dx 



= > Ixrll + h h 2 V / ^tan- 1 (^i) - 2 v ^tan- 1 
11. lim I sin t dt = lim [— costl* = lim [— cos x + cos (— x)l = lim (— cos x + cos x) = lim = 

X — > OO J -x X — > 00 L J ~ x X — > 00 1 v/J X^OO v ' X — > oo 



12. lim f^dt; lim 

x -> 0+ J x l ' ' n 



t^0+ 



lim — L = 1 =>■ lim f ^f- 5 dt diverges since f if diverges; thus 

_^ n+ cos ' x ^ + x Jot- <= ' 



t-s-0 



lim + x ^ £^ dt is an indeterminate • oo form and we apply l'Hopital's rule: 



x -> 0+ 

J.. - r dt 

t dt = lim 1 !*' — = lim 
x t 



-o- 



• o- 



x -> + 



= lim cos x = 1 

x -> 0+ 



13. ^jm, E In "^TTi = ^ E In (1 + k (I)) (i) = J\n(l + x) dx 

k=l v k=l 

-> In u du = [u In u - u] I = (2 In 2 - 2) - (In 1 - 1) = 2 In 2 - 1 = In 4 - 1 



u = 1 + x, du = dx 
x = =>• u = 1, x = 1 => u = 2 



14. lim V ^r=7 = lim E f^—Af 1 ) = lim E ( 1 | (±) 

n-oo^y^ n^oc £j {^^J Kn) n ^ oo ^ Ul-[ k (l)] 3 I Kn) 

= X'7Tb dx =[ sin_lx ]o = f 



15. & = Vcos2x 1 + f g ) 2 = 1 + cos 2x = 2 cos 2 x; L = £'* J 1 + ( Vcos2t) 2 dt = \fl \/cos 2 1 dt 



2 [sint]o /4 = 1 



16. 



dy _ -2x 
dx 1 — x 2 



/dy\ 2 _ (l-x 2 ) 2 +4x 2 _ l+2x 
(1-x 2 ) 2 



1/2 



^) ! ; l=x"V 1+ (£) 



= jT(t£) * = /„"*(-! + Ti)* = X"'( 
= (- | + In 3) - (0 + In 1) = In 3 - \ 

11 ■ V = J> {St) ^ = j>xy dx 

= 6tt J x 2 \/l - x dx; 



1 +x 1 1 - X 



dx = [— x + In 



dx 

1 + x I] 1/2 
1 -x IJ 



u = 1 — X 
du = — dx 
x 2 = (1 -u) 2 



-> -6tt (1 -u) 2 ^du 

= -6tt ^°(u 1 / 2 -2u 3 / 2 +u 5 / 2 ) du 

= -6tt [|u 3 / 2 - f u 5 / 2 + | u 7 / 2 ] J = 6tt (| - I + f) 




^ /" 70 - 84 + 30 \ z' 16 \ 32tt 



35 
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25 dx 



18. V=l^dx = nJ iW ^ 
= ^(7 + 7 + 5^) 



= ^ |^| - f] t = ^(ln4- |) -^(In i -5) 
= ^ + 2tt In 4 



2.5 
2 

1.5 
1 



y = 5/CxV3-*) 



= 2n [xe x — e x ] J = 2-7T 




pin 2 

20. V = J o 27r(ln 2 - x) (e x - 1) dx 

= 2?r [(In 2) e x - In 2 - xe x + x] dx 
= 2tt [(In 2) e x - (In 2)x - xe x + e x + f 



2tt 



2 In 2 - (In 2) 2 - 2 In 2 + 2 



(In 2) 2 



2n(\n 2+1) 



21. (a) V= f\[l - (lnx) 2 ] dx 

= 7r [x — x(ln x) 2 ] ° + In x dx 

(FORMULA 110) 
= 7T [x - x(ln x) 2 + 2(x In x - x)] ° 
= 7r [—x — x(ln x) 2 + 2x In x] \ 
— 7r [— e — e + 2e — (—1)] = 7r 

(b) V = f° tt(1 - In x) 2 dx = tt J]" [1 - 2 In x + (In x) 2 ] dx 

= 7r [x — 2(x In x — x) + x(ln x) 2 ] ° — 27r J" In x dx 
= 7r [x — 2(x In x — x) + x(ln x) 2 — 2(x In x — x)] ' 
= 7T [5x - 4x In x + x(ln x) 2 ] ° 
= 7T [(5e - 4e + e) - (5)] = 7r(2e - 5) 




y=i 



y=lnx- 



mm 







y=1 

















22. (a) V = tt J '[(e0 2 -1] dy = 7r/ V - 1) dy = tt [f - y] \ = tt [f - 1 - (1) 
(b) V = tt J o '(e y - l) 2 dy = 7r J o '(e 2y - 2e y + 1) dy = tt [f - 2e y + y] J = tt 



tt (e 2 - 3) 
2 



-2e+l -d-2) 



|-2e+f 



tt (e 2 - 4e + 5) 



23. (a) lim x In x = => lim f(x) = = f(0) =4> f is continuous 

x -» 0+ x -> 0+ 
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(b) V = / 2 7rx 2 (ln x) 2 dx; 



u = (In x) 2 
du = (2 In x) f 
dv = x 2 dx 

V : 



7r ( lim 

,b -> H 



(In x) 2 



;f)(ln2) 2 -(f) b lim + 



3 



y Inx- \ 



24. V = f\(-lnx) 2 dx 

= 7r|^lim + [x(ln x) 2 ] \ — 2 J o In x dx 



= — 2n lim [x In x — xl ! = 2tt 

b^0 + L Jb 



;-X(f)( 2inx )f 



8(ln 2) 2 _ 16(ln 2) , 16 
3 9 + 27 




25. M = £ In x dx = [x In x - x] \ = (e - e) - (0 - 1) = 1; 
M x = f° (In x) (^) dx = \ f° (In x) 2 dx 
= \ ([x(ln x) 2 ] \ - 2 Jj'ln x dx) = \ (e - 2); 
M y = J\lnxdx = ° - \£ xdx 



x 2 ~ 


e 

1 


[(' 


2 -f) 




2 


1 2 









H e2 + !); 



therefore, x 



My 

M 



4 



26. M = f = 2 [sin" 1 xl i = tt; 



therefore, x 



My 

M 



| and y = by symmetry 





— 






27.L=/;yrr^dx=/;^idx; 

(sec 9) (tan 2 fl+l) Hfl _ 

il) 



sec fl-sec~ 9 d9 
1 n u tan t 



p"-' e ( S ecg)(tan 2 fl+1) dg ^ f ta "~ 
J,r/4 tan 6» J„/4 



x = tan 9 ^ r an " e 

dx = sec 2 6 d9 ~^ ~ •>*/* 

(tan 9 sec 9 + esc 6>) d0 = [sec 9 — In |csc 9 + cot i 



l tan e 

Jtt/4 



1 + e 2 - In 



x 2 - In 1 







0" 



In 



\/j +e 2 



;) — V2 + ln(l + V 7 ^") 



2 

2 



28. y = In x =► 1 + = 1 + x 2 = S = 2;t 

-> S = 2tt J* \f\ +u 2 du 



J xy 7 ! + x 2 dy S = 2tt J Q e y v / TTe i >'dy; 



du = e y dy 



u = tan 
du = sec 2 6» d6> 



J' lan 
it A 



sec • sec 2 9 d9 



2tt (I) [sec 9 tan + In |sec + tan 0|]™;' e = tt (y/l +e 2 ) e + In 



\/2-l+In(v/2+l) 



In 



1 + e 2 + e \ 

72TT) V2 . 



29. L = 



L = 4 J o W 1 + (g) dx; x 2 / 3 + y 2 / 3 = 1 y = (l - x 2 / 3 ) 



3/2 => l = -l(l-x 2/3 ) 1/2 (^ 1/3 )(l) 
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(£) - L = 4X v /l + (l^)dx = 4/ o ^ = 6^/^ = 6 



30. S = 2tt / f(x) y 1 + [f'(x)] 2 dx; f(x) = (l - x 2 / 3 ) 3/2 => [f'(x)] 2 + 1 = ^ S = 2tt / ^ (l - x 2 / 3 ) 3/2 • 



= 4 7 rX 1 (l-xV3) 3 / 2 (^) dx; 
= -6 7 r-l[(l-u)^]; = 



u = x 2 / 3 



4 • § 7T J (1 - u) 3 / 2 du = -6tt J" (1 - u) 3 / 2 d(l - u) 



12vr 
5 



31 ( ^ , 

J1 - 1 dx y 4x 



Fx" ^ 1 = ^ => y=^°ry = -^,0<x<4 



32. The integral J* ( \/l — x 2 dx is the area enclosed by the x-axis and the semicircle y = y/l — x 2 . This area is half 
the circle's area, or | and multiplying by 2 gives 7r. The length of the circular arc y = y/l — x 2 from x = —1 to 



x = 1 is L = L V 1 + (I) ^ = L V 1 + dx = I. vfe = i ^) = * since L is half the 

circle's circumference. In conclusion, 2 f v/l — x 2 dx = f , dx . 



33. (b) f °° e (x - eI) dx = f°° e ( - e> > e x dx 

e (-s") e » dx _)_ ij m J e (-s") e » (jx; 

a h — > +oc J 



(a) 



= lim 

a — * — oc 

u = e x 
du = e x dx 
. i 



lim f e u du + lim f e 11 du 

a — > — OO Je» J, _> -^qo J 1 

= lim [-e- u l + lim [-e~ D l f 
"^-^ 1 Je b--oo 1 - 



fix) = ««*-•) 


e" 1 




/ 

/ 


1111, 










-5 


3 



a — > — oc 



lim [- 1 + e- (ell) l + lim |"-e-( e ") + 1] 
L e J 1 b _ ++oc L eJ 



a — > — oc 



= (-i + e°) + (0+i)=l 



34. u = ^ , du = - yr^r ; dv = ny"- 1 dy, v = y"; 



i+y 



(i + y) 2 



lim f dy = lim f [^-1 1 + f'-r^ dy ] = \ + lim f ' dy. Now, < < y n 

r 1 n r 1 r n+i i i p 1 n-i 

< lim dy < lim y" dy = lim = lim 4r = =>• lim 2^- dy 

-mooJo 1+y 2 ^ — n — > oc Jo J ^ n — > oc n+1 „ n — > oo "+1 in oo Jo 1+y 3 



1 +0= 1 

2 ' u 2 



35. u = x 2 — a 2 =>■ du = 2x dx; 

/ x (Vx^^) ' dx = i j (yfi) " du = \ J u»/ 2 du = \ (^t) + C, n ^ -2 



n + 2 ' n + 2 ' ^ n + 2 



36. 1 = sin- l = [sin- |] J = £ * < £ < £ 



dx 



j_ du 

\73 Jo 



sin 



\/4-x 2 Jo \A-x 2 -x 3 Jo ^4-2x2 \/2 Jo V4-u 2 

sm-' - (?) 



-lnl0_ 1 • -1 v^2 _ J_ _ ttv/2 

2J0 - ^2 Sm 2 - 72 U 
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37 r(**.-X) 
J J 1 V x 2 + 1 2x) 



ffe - k) dx = ^ [5 ln ( x2 + !) - 5 lnx ]' 



lim 



In 



b — > 00 

integral diverges if a > ~ ; for a 



dx = lim 

b — > 00 

fl^-ln^l; lim (5!+lI> lim £ 

b ^ oo b ^ oc b — > 00 



lim 

b — > 00 



1 ln M±ir 

2 U1 X 



lim b 2(a -2) = 00 if a > \ => the 



improper 



lim = lim 



b — > 00 



b — > oc 



l+i=l^ lim 

b b -> 00 



In - In 2V2 



1 (in 1 - |ln2) = - !^;if a < \ : < lim < lim ^£ = lim (b + l) 2a -' = 

2 y 2 ' 4 2 ~b^oo b b^oo b+1 b-»oo 



(b 2 + 1)* 



lim In 

b^oo b 



-00 => the improper integral diverges if a < \ ; in summary, the improper integral 



1 V x 2 + 1 2x 



s) dx 

converges only when a = I and has the value 



In 2 
4 



38. G(x) = lim f V" dt = lim 

b — > 00 J b —> oc 

= 1 ifx > 



i e-»l b 

X Jo 



lim ' 1 

b — > 00 



1-0 



iifx>0 xG(x) = x(i) 



™ converges if p > 1 and diverges if p < 1. Thus, p < 1 for infinite area. The volume of the solid of revolution 

about the x-axis is V = 7r(^) 2 dx = 7r J" ^ which converges if 2p > 1 and diverges if 2p < 1. Thus we want 
p > 5 for finite volume. In conclusion, the curve y = x~ p gives infinite area and finite volume for values of p satisfying 
i<p<l. 

40. The area is given by the integral A = J g ^ ; 

p = 1: A= lim flnxl? = — lim In b = 00, diverges; 
F b^0+ b b^O 4 

p > 1: A = lim [x 1_p l! = 1 — lim b'~ p = —00, diverges; 
F b^0+ L Jb b^0+ 

p < 1: A = lim [x l_p l! = 1 — lim b'~ p = 1—0, converges; thus, p > 1 for infinite area. 

F b^0 +LJb b ^ 0+ 

The volume of the solid of revolution about the x-axis is V x = it f a ^ which converges if 2p < 1 or 

p < \ , and diverges if p > ~ . Thus, V x is infinite whenever the area is infinite (p > 1). 

The volume of the solid of revolution about the y-axis is V y = 7r [R(y)] 2 dy = it J t ^ which 

converges if - > 1 <^> p < 2 (see Exercise 39). In conclusion, the curve y = x~ p gives infinite area and finite 

volume for values of p satisfying 1 < p < 2, as described above. 



cos 3x 




ijcos 3x 



I = ^ sin 3x + ^ cos 3x - \ I ^ I = ^ (3 sin 3x + 2 cos 3x) =>■ I = § (3 sin 3x + 2 cos 3x) + C 



42. e 3x (+) sin4x 



- 1 cos 4x 




— -j^ sin 4x 



I = - ^ cos 4x + ^ sin 4x - ^ I =*> f| I = f£ (3 sin 4x - 4 cos 4x) =>- I = £ (3 sin 4x - 4 cos 4x) + C 



25 



16 



16 - 



16 



16 



25 
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sin x 



I = sin 3x cos x + 3 cos 3x sin x + 91 

^ j sin 3x cos x— 3 cos 3x sin x | ^ 



-81 



sin 3x cos x + 3 cos 3x sin x 



44. cos 5x (+) sin 4x 




I = — ^ cos 5x cos 4x — j=g sin 5x sin 4x + || I =>■ — I — — | cos 5x cos 4x — sin 5x sin 4x 
=> I = | (4 cos 5x cos 4x + 5 sin 5x sin 4x) + C 



45. e ax (+) sinbx 




I = — Y cos bx + sin bx — I => (n^r-J I = fjir (a sin bx - b cos bx) 
=> I = jjqrgi (a sin bx — b cos bx) + C 



46. e ax (+) cosbx 




I = ^ sin bx + ^ cos bx - ^ I =!> (njr^J I = ^ (a cos bx + b sin bx) 
=> I = b2 (a cos bx + b sin bx) + C 




I = x In (ax) J (i) x dx = x In (ax) - x + C 



48. In (ax) 




I=IxMn(ax)-/(i; 



dx = | x 3 In (ax) — | x 3 



49. (a) r(l)= / e*dt= lim I e [ dt = lim f-e^l* = lim f— i — (—1)1 =0+1 = 1 
(b) u = t x , du = xt x dt; dv = e _t dt, v = — e _t ; x = fixed positive real 

T(x + 1) = f °Ve ' dt = lim [-t x e-'l „ + x H t*"V dt = lim (-K + x e°) + xT(x) = xr(x) 

Jo b — > oo Jo b — » oo v e ' 
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(c) r(n+ 1) = nr(n) = n!: 

n = 0: r(0+ 1) = T(l) = 0!; 
n = k: Assume T(k + 1) = k! 
n = k+l: r(k+l + l) = (k- 



l)T(k+l) 



= (k+ l)k! 
= (k+l)! 

Thus, r(n + 1) = nr(n) = n! for every positive integer n. 



for some k > 0; 
from part (b) 
induction hypothesis 
definition of factorial 



and nT(n) = i.! n! « n (| = (f)"^ 


17T 


n 


(a) n v / 2ii7r 


calculator 


10 


3598695.619 


3628800 


20 


2.4227868 x 10 18 


2.432902 x 10 18 


30 


2.6451710 x 10 32 


2.652528 x 10 32 


40 


8.1421726 x 10 47 


8.1591528 x 10 47 


50 


3.0363446 x 10 64 


3.0414093 x 10 64 


60 


8.3094383 x 10 81 


8.3209871 x 10 81 


n 


(f)" v / 2n^ 


(f)"v / 2n^e 1 / 12 " 


calculator 


10 


3598695.619 


3628810.051 


3628800 
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CHAPTER 9 FURTHER APPLICATIONS OF INTEGRATION 



9.1 SLOPE FIELDS AND SEPARABLE DIFFERENTIAL EQUATIONS 

1. (a) y = e~ x =>• y' = -e^ x => 2y' + 3y = 2 (-e- x ) + 3e~ x = e~ x 

(b) y = e~ x + e- 1x/2 y' = -e~ x - | e- 3x/2 2y' + 3y = 2 (-e- x - | e- 3x/2 ) + 3 (e~ x + e- 3x/2 ) = e~ x 

(c) y = e~ x + Ce- 3x/2 y' = -e x - § Ce- 3x/2 => 2y' + 3y = 2 (-e- x - | Ce- 3x/2 ) + 3 (e- x + Ce- 3x/2 ) = e" 



2. (a) y: 

(b) y 

(c) y 



1 => y' = A 



(- X )W 



— v' = 1 , 

x + 3 ^ J (x + 3) 2 



(x + 3) 



1 

x + C 



1 



(x + C) 2 



x + CJ 



3 - y = xJTi dt 



? JTt dt + (i) (?) =* x V = -JTt dt + e * = x (x JTt dt ) + eX = - x y + e * 



x 2 y' + xy = e x 



4- y^^^V^dt^y 



r _ _ 1 
2 



P y/l +t 4 dt + 



1+X' 



y' = (fr?) (7TT7/i^ r + TIdt ) + 1 * y' = (ff?)y+ 1 * y' + xf^-y^ 1 



5. y = e- x tan" 1 (2e x ) =>- y' = -e" x tan" 1 (2e x ) + e" 



1 + (2e*r 



(2e x ) = -e- x tan" 1 (2e x ) + 



=> y' = -y + irb y' + y = r+V > y(- ln 2 ) = e ~ ( ~ ln2) tan_1 ( 2e ~ ln2 ) = 2 tan_1 1 = 2 (?) = f 

6. y = (x - 2) e- x2 y' = e^ + (-2xe- x2 ) (x - 2) y ' = e~ x2 - 2xy; y(2) = (2 - 2) e" 2 ' = 



7- y 



, / —x sin x — cos x 



=>• xy +y 



x;y(|) 



;in x It cos x \ 

X X \ x / 



3|2 — | xy' = - sin x - y 



COS (7T/2) 

(t/2) 







8. y 



— (e) 

(In x) 2 



1 
ln x 



(ln x) 2 



x 2 y' 



=> x 2 y' = xy — y 2 ; y(e) 



2. 



ln x (ln x) 2 



9. 2^/xy" | = 1 2x 1 / 2 y 1 / 2 dy = dx 2y J / 2 dy = x" 1 / 2 dx / 2yV 2 dy = J x^ 2 dx => 2 (f y 3 / 2 ) 
= 2X 1 / 2 + Ci =>> | y 3 / 2 - x 1 / 2 = C, where C = 1 Ci 

10 - % = x2 y/y d y = x2 y 1/2 dx y~ 1/2 d y = x2 dx => I y~ 1/2 d y = J x2 dx =>■ 2 y 1/2 = f + c 

2yV 2 - | x 3 = C 

11. g = e x - y => dy = e x e- y dx e y dy = e x dx Je y dy = JV dx e y = e x + C => e y - e x = C 



12. 



= 3x 2 e" y dy = 3x 2 e~ y dx e y dy = 3x 2 dx Je y dy = J 3x 2 dx => e y = x 3 + C e y - x 3 = C 
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13. ^ = cos 2 dy = (0 cos 2 0) dx ^-^ dy = dx => J" se< y^ dy = J* dx. In the integral on the left-hand 

side, substitute u = 0^ =>■ du = j^^y =>■ 2 du = ^dy, and we have J* sec 2 u du = fdx^>2 tan u = x + C 
=> -x + 2 tan = C 

14. 0>xy jj* = 1 => dy = dx 00dy = ^ dx ^ ^ y " 2 dy = dx ^ / y" 2 d Y = f x ~ m dx 
^ ^ dy = 4^ + Q =>- 0y 3/2 = 30 + |Cj =!> (00 3 - 3 \/x = c ' where C = |Q 

15. g = e y+ V* | = dy = ^dx => e- y dy = ^ dx J e~ y dy = J dx. In the integral on the 

right-hand side, substitute u = 0c =>• du = dx => 2 du = -4j dx, and we have Je y dy = 2 J* e u du 

=> -e- y = 2e u + Ci -e- y = 26^ + C, where C = -Q 

16. (sec x) g = e y+sinx =>■ g = e y+sinx cos x dy = (e y e sinx cos x)dx =>■ e~ y dy = e sinx cos x dx 

JV y dy = J e sinx cos x dx =>• -e~ y = e sinx + Ci => e- y + e sinx = C, where C = -C, 

17. | = 2x0 - y 2 =!> dy = 2x0 _r y 2 dx ^Jv^f- = 2xdx ^ J ^Jv^f- = J 2xdx sin_1 y = x2 + C since l y l < 1 
=> y = sin(x 2 + C) 

18. g = m => dy = <^dx dy = ^dx = ^dx e 2 ? dy = e x dx J e 2 * dy = JV dx = e x + Q 
=► e 2 >" - 2e x = C where C = 2Q 

19. y' = x + y slope of for the line y = — x. Y 
For x, y>0, y' = x + y^> slope > in Quadrant I, 
For x, y<0, y' = x + y^> slope < in Quadrant III. 
For |y| > |x|, y>0, x<0, y' = x + y=> slope > Oin 
Quadrant II above y = — x. 

For |y| < |x|, y>0, x<0, y' = x + y=> slope < in 
Quadrant II below y = — x. 

For |y| < |x|, x>0, y<0, y' = x + y=> slope > Oin 
Quadrant IV above y = — x. 

For |y| > |x|, x>0, y<0, y' = x + y=> slope < in 
Quadrant IV below y = — x. 
All of the conditions are seen in slope field (d). 

20. y' = y + 1 =>• slope is constant for a given value of y, slope 
is for y = — 1 , slope is positive for y > 1 and negative for 
y < — 1. These characteristics are evident in slope field (c). 



— jr * * * * ti 

■». jt- * y * * * 

X x- X * * 

' X » • » .« « * 

X X X -». -m- X X2i : 

\ \ X X x" 

* > x x x -~ .»- 

H X X X -•- -•- 



-A 

k 



* X 
y X X 



» *2'i x x 



* * 

X -•- x- X 



+ 4 



• « • ■ * 

X *r X X 

X X -»--»- ^- X 

\ X X ^ 

X X X X — 



K2f 



******* 
******** 
******** 



* * * * * 



x x x x x x x » 2 ^xxxxxxxx 



X X X X X X X 
XXXXXXXX 

* * n n * x x *4 i 



xxxxxxxx 
xxxxxxxx 

******** 
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21. y' = — ^ =>• slope — 1 on y = — x and — 1 on y = x. 

y' = — - slope = on the y-axis, excluding (0, 0), 

and is undefined on the x-axis. Slopes are positive for 
x > 0, y < and x < 0, y > (Quadrants II and IV), 
otherwise negative. Field (a) is consistent with these 
conditions. 



■ • 

X M x- 
X X X 
t * X X 

it** 



-x 



-3 * n x 

XXX-*- 



X X X X X 



X X X X X 



x x x x 

-- X X X » « 



X * f 
» x y 



t t * * 
* * t i 
x x * * 



22. y' = y 2 — x 2 =4> slope is for y = x and for y = — x. 
For |y| > |x| slope is positive and for |y| < |x| slope is 
negative. Field (b) has these characteristics. 



-A 

♦ 
♦ 

* • 

— t 



t i i i- 

* * * * 

* * * * 
- t i i * 

— » * K 

X -»■ X X 

X X jr 

\ X -x 



♦ * ♦ ♦ 

♦ ♦ ♦ * 
i i i * 

* t i * - 

* * X —- 
x X — X 
r-x * 
-•- x. X » 



i • 

-*- X 



X X -- X 

x -»- x- y 
-»■ x y )i2 
- t i i i 
it** 
t t t t 
* * + +4 



-x -»- X * 
X X -•- X 



X • 

I" * - 



— * 
i — 



23. 



24. 



mil' 


[iiiiiiii 




m 


lit 


II 


wwm 


if 




25-36. Example CAS commands: 
Maple : 

ode := diff( y(x), x ) = y(x); 
icA := [0,1]; 
icB := [0, 2]; 
icC := [0,-1]; 

DEplot( ode, y(x), x=0..2, [icA,icB,icC], arrows=slim, linecolor=blue, title="#25 (Section 9.1)" ); 
Mathematica : 

To plot vector fields, you must begin by loading a graphics package. 
«Graphics"PlotField" 

To control lengths and appearance of vectors, select the Help browser, type PlotVectorField and select Go. 
Clear[x, y, f] 
yprime = y (2 — y); 

pv = PlotVectorField [{ 1, yprime}, {x, —5, 5}, [y, —4, 6}, Axes — » True, AxesLabel — > {x, y}]; 
To draw solution curves with Mathematica, you must first solve the differential equation. This will be done with 
the DSolve command. The y[x] and x at the end of the command specify the dependent and independent variables. 
The command will not work unless the y in the differential equation is referenced as y[x]. 

equation = y'[x] == y[x] (2 — y[x]) ; 

initcond = y[a] == b; 

sols = DSolve[{equation, initcond}, y[x], x] 
vals= {{0, 1/2}, {0,3/2}, {0,2}, {0, 3}} 
f[{a_,b_}] = sols[[l, 1,2]]; 
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solnset = Map[f, vals] 

ps = Plot[Evaluate[solnset, {x, —5, 5}]; 

Show[pv, ps, PlotRange — > {—4,6}]; 
The code for problems such as 33 & 34 is similar for the direction field, but the analytical solutions involve 
complicated inverse functions, so the numerical solver NDSolve is used. Note that a domain interval is 
specified. 

equation = y'[x] == Cos[2x — y[x]] ; 

initcond = y[0] == 2; 

sol = NDSolve[{ equation, initcond}, y[x], {x, 0, 5}] 

ps = Plot[Evaluate[y[x]/.sol, {x, 0, 5}]; 

N[y[x] /. sol/.x -> 2] 

Show[pv, ps, PlotRange — > {0,5}]; 
Solutions for 35 can be found one at a time and plots named and shown together. No direction fields here. 
For 36, the direction field code is similar, but the solution is found implicitly using integrations. The plot 
requires loading another special graphics package. 

«Graphics v ImplicitPlot" 

Clear[x,y] 

solution[c_] = Integrate[2 (y — 1), y] == Integrate[3x 2 + 4x + 2, x] + c 

values = {-6, -4, -2, 0, 2, 4, 6}; 

solns = Map[solution, values]; 

ps = ImplicitPlot[solns, {x, —3, 3}, {y, —3, 3}] 

Show[pv, ps] 



25. 26. 




27. 



28. 




Y(b) (a) 
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29. 30. 




9.2 FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS 

1. x | +y = e^|+(I)y=f,P(x) = i,Q( X ) = f 

Jp(x) dx = Ji dx = In |x| = In x, x > =► v(x) = e i' p(x)dx = e lnx = x 
y=^/v(x)Q(x)dx=I/x(f)dx=I(e x + C) = ^,x>0 

2. e x | + 2e x y = 1 => g + 2y = e" x , P(x) = 2, Q(x) = e"* 
J*P(x) dx = J 2 dx = 2x =>- v(x) = e/ p < x) dx = e 2x 

y = pi Je 2x • e- x dx = ^ JV dx = ^ (e x + C) = e- x + Ce" 2 " 

3. xy' + 3y = ^ , x > => g + (f ) y = ^* , P( x ) = | , Q( x ) = a™ 
J 5 dx = 3 In |x| = In x 3 , x > => v(x) = e lnx ' = x 3 

y = ? J* 3 Csr) dx = ? / sin x dx = ^ (- cos x + o = , x > o 

4. y' + (tan x) y = cos 2 x, — |< x <f=^g| + (tan x) y = cos 2 x, P(x) = tan x, Q(x) = cos 2 x 
/tan x dx = J^f dx = - In |cos x| = In (cos x) -1 , - § < X < § v(x) = e ln(cosxrI = (cos x)" 1 
y = (cos 1 x) _ 1 J (cos x) _1 • cos 2 x dx = (cos x) J cos x dx = (cos x)(sin x + C) = sin x cos x + C cos x 

5- x| + 2y=l-i,x>0^g + (f)y=i-4,P(x)=f,Q(x)=i-4 r 
J I dx = 2 In |x| = In x 2 , x > => v(x) = e lnx2 = x 2 

y=Fp(;-^)dx=^/(x-l)dx= i(f -x + c) =i-I + §,x>0 

6. (l+x)y' + y= v ^^| + ( T ^)y= T 4,P(x)= T ^,Q(x)= 1 ^ 
J^L- dx = In (1 + x), since x > v(x) = e' n(1+x) = 1 

y=rkja+*>(l£) dx= T ^/v /x dx=( T ^)(lx 3 / 2 + C) = 3^ + T ^ 

7. | - \ y = i e>- => P(x) = - i , Q(x) = 1 e x / 2 Jp(x) dx = - \ x v(x) = e- x/2 

y = -J^ JV^ 2 (i e"/ 2 ) dx = e x / 2 / 1 dx = e"' 2 (| x + C) = \ xe x / 2 + Ce*' 2 

8. | + 2y = 2xe- 2x ^> P(x) = 2, Q(x) = 2xe- 2x => / P(x) dx = J" 2 dx = 2x v(x) = e 2x 

y = -ij J e 2x (2xe- 2x ) dx = ^ J*2x dx = e - 2x (x 2 + C) = xV 2x + Ce~ 2x 
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9. | - (i) y = 2 In x =>• P(x) = - A , Q(x) = 2 In x J P(x) dx = - J" A dx = - In x, x > 

v(x) = e- |nx = i y = xj*(i) (2 In x) dx = x [(In x) 2 + C] = x(ln x) 2 + Cx 

10. g + (I) y = ^ , x > P(x) = \ , Q(x) = Jp(x) dx = J| dx = 2 In |x| = In x 2 , x > 

v(x) = e 1,,x2 = x 2 y = X fx 2 (^) dx = 4r /cos x dx = jr (sin x + C) = 

U - ft + (frr) s = (T^TF => p (t) = F^T • QW = (^T? => J P W dt = / dt = 4 In |t 1 1 = In (t l) 4 
=> v(t) = «*•<->>* = (t- 1)4 => s = ^ f(t- D 4 [^] dt = ^ /(t 2 - 1) dt 

- i ft _ t + C \ - 1 I- c 

(t-l) 4 \3 J 3(t-l) 4 (t— I) 4 (t— l) 4 

12. ( t +l)* + 28 = 3(1+1) + ^ => % + (ttt) s = 3 + ww P(0= r|r,Q(t) = 3 + (t+ir 3 

/P(t) dt = dt = 2 In |t + 1| = ln(t + l) 2 =4- v(t) = e ln < ,+1 ) 2 = (t + l) 2 

s= (fW |(t+l) 2 [3 + (t+ir 3 ]dt=^/[3(t+l) 2 + (t+l)- 1 ]dt 
= [(t + l) 3 + In |t + 1| + C] = (t + 1) + (t + I)" 2 ln(t+l) + ^,t> -1 

13. | + (cot 0)r = sec ^ P(0) = cot 0, Q(0) = sec 9 =$> J P(6») d9 = f cot d0 = In |sin 9\ => v(0) = e^™" 1 

= sin 9 because 0<6»<|^r= si 1 ^ J( sln 0)(sec 9) A9 = J tan d0 = ^ (In |sec 9\ + C) 
= (esc 9) (In |sec0| + C) 

14. tan | + r = sin 2 0^§ + 5re = §ff=^;§ + (cot 0)r = sin cos P(0) = cot 0, Q(0) = sin cos 

J* P(0) d0 = / cot d0 = In | sin 9\ = In (sin 0) since < < § v(0) = e ln(sin9 > = sin 
^ ' = ak/C™ *) (sin * cos 0) d0 = ^ /sin 2 cos d0 = (^) + c) = ^ + ^ 

15. % + 2y = 3 P(t) = 2, Q(t) = 3 =>• J*P(t) dt = J" 2 dt = 2t => v(t) = e 21 y = ^ J3e 2 ' dt 
= ;k(le 2l + C);y(0)=l ^f+C=l^C = -A^ y = § - \ e~* 

16. | + S! = t 2 P(t) = | , Q(t) = t 2 =*• J P(t) dt = 2 In |t| v(t) = e ln * 2 = t 2 ^ y = i, / (t 2 ) (t 2 ) dt 
= ^JVdt=^ + c)=f + g ;y (2) = l => f + f = 1 => C = -f =► y = §-§ 

11 ■ % + (?) y = ^ =* p w = I . 00) = ^ =*• / p ( ) d0 = ln \«\ V W = e '" 181 = \®\ 

y = ^ J|0| (™») d0 = i/fl (5^) d0 for ^ => y = \ /sin d0 = \ (- cos + C) 
= -Icos0+§;y(f) = 1 => C=f => y = - A cos + ^ 

18. | - (§) y = 2 sec tan P(0) = - § , Q(0) = 2 sec tan J P(0) d0 = -2 ln |0| v(0) = e- 21n l"l 
= 0- 2 =;> y = g|j J (0- 2 ) (0 2 sec tan 0) d0 = 2 J sec tan d0 = 2 (sec + C) = 2 sec + C0 2 ; 
y (f ) = 2 2 = (^) (2) + C [f ) C = if - 2 =► y = 2 sec + - 2) 2 
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19. (x+l)g-2( X 2+x)y=^ => |-2 



x(x + 1) 
x+ 1 



y=(^W^S-2xy=^^ P(x)=-2x, 



Q(x) = =!> Jp(x) dx = J-2x dx = -x 2 v(x) = e"" 2 y = ^ JV* 2 



(x+l) 2 



dx 



= eX 7uW dx = eX2 P^F+C] =-^ T + Ce" 2 ;y(0) = 5 => -^+0 = 5 => -1 + C = 5 
=> C = 6 y = 6e* 2 - 

^ X+l 

20. | + xy = x P(x) = x, Q(x) = x =>• J P(x) dx = Jx dx = f v(x) = e* 2 / 2 =>- y = JV/ 2 • x dx 
= e^(e xV2 + c) =l + ^;y(0) = -6 ^1 + C = -6^0^-7^=1-^ 

21. | - ky = => P(t) = -k, Q(t) = =4> / P(t) dt = J-k dt = -kt => v(t) = e~ kt 

y = JV*) (0) dt = e kt (0 + C) = Ce kt ; y(0) = y ^C = y ^y = y e kt 

22. (a) g + | v = P(t) = | , Q(t) = =► / P(t) dt = J*£ dt = £ t = £ v (t) = e k '/ m 

Y = / e kt/m • Odt = ^ ; v(0) ^vo^^^Vq^C^Vq^v^ v e-( k / m )' 
(b) ^ = -i v ^^ = -^dt^lnv=-^t + C^v = e -( k / m > t+c v = e -( k /m)t . e c . Let e c = C x . 
Then v = ^ • C, and v(0) = v = ^ • d = Q. So V = v e^/ 1 "" 

23. x J i dx = x (In |x| + C) = x In |x| + Cx =>• (b) is correct 

24. — — I cos x dx = — — (sin x + C) = tan x H — — => (b) is correct 

COS X J COS X v ' COS X v ' 

25. Let y(t) = the amount of salt in the container and V(t) = the total volume of liquid in the tank at time t. 
Then, the departure rate is ^ (the outflow rate). 

(a) Rate entering = ^ - ^ = 10 lb/min 

v ; & gal min 

(b) Volume = V(t) = 100 gal + (5t gal - 4t gal) = (100 + t) gal 

(c) The volume at time t is (100 + t) gal. The amount of salt in the tank at time t is y lbs. So the 
concentration at any time t is yjo+t lbs/gal. Then, the rate leaving = 1Q J +t (lbs/gal) • 4 (gal/min) 

= m+i lbs/min 

(d) t = 10-10^ l + (wn)y = 10 => P « = To^>Q(t) = 10 =* /P(t)dt = / 15 ^dt 
= 41n(100 + t) => v(t) = e 41n(100+1 > = (100 + t) 4 y = nooW /(100 + t) 4 (10 dt) 

|„ /'Mun.n , c \ = ^ + f) + <: . y(Q) = 5Q ^ ^jqq + Q) + C. = 5Q 



(100 + t) 4 ^ 5 1 ^ ) ^ iuu 1 v 1 (100 + t) 4 ' ~^ v w 1 ' (100 + 0) 4 

=> C = -(150)(100) 4 =► y = 2(100 + 1) - M =► y = 2(100 + 1) - 

I 1 + 100 J 

(e) y(25) = 2(100 + 25) - ™g « 188.56 lbs =► concentration = ^ w ^ « 1.5 lb/gal 

26. (a) ^ = (5 - 3) = 2 V = 100 + 2t 

The tank is full when V = 200 = 100 + 2t t = 50 min 
(b) Let y(t) be the amount of concentrate in the tank at time t. 

& — (l JLV sM^l _ ( y lb ^ fl,2d\ . dy _ 5 _ 3 I y \ . dy , 3 _ 5 
dt — ^ 2 gal y \ J min J \ 100 + 2t gal ^ ^ J min ^ ~^ dt — 2 2 I 50 + J ~^ dt ' 2(t + 50) J ~ 2 

Q(t) = §; P(t) = | (jgL) =>■ / P(t) dt = dt = fin (t + 50) since t + 50 > 

v(t) = ei' p « dt = ei ln < t+50 » = (t + 50) 3/2 
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yW = (vrioF 1 /i (t + 50)3/2 dt = (t + 5or3/2 [ ( l + 5 °) 5/2 + c ] y(t) = 1 + 50 



_c 

-50) J,Z J 2\- ' — v- ' --i LV 1 ' ' -J " - . . ( t + 50) M 

Apply the initial condition (i.e., distilled water in the tank at t = 0): 

y (0) = = 50+5§i^C = -50 5/2 =>• y(t) = t + 50 - When the tank is full at t = 50, 



y(50) = 100 — ~ 83.22 pounds of concentrate. 
27. Let y be the amount of fertilizer in the tank at time t. Then rate entering = 1^-1-^ = 1^ and the 

J ° gal min nun 

volume in the tank at time t is V(t) = 100 (gal) + [1 (gal/min) — 3 (gal/min)]t min = (100 — 2t) gal. Hence 
rate out = (_J_) 3 = _3y_ i bs/min ^ f = (l - lbs/min % + {j^) y = 1 

=» p « = rah . QW = 1 I p « dt = /rah; dt = 3 '" (1Q 2 °' 2t) => v(t) = e<- 3l "<"»- 2 '» 2 



(100 - 2t)- 3 / 2 y = (1Q0 _ 1 2tr3/2 / (100 - 2t)- 3 / 2 dt = (100 - 2t)" 



3/2 



-2(100 -2t)~ 



= (100 - 2t) + C(100 - 2t) 3 / 2 ; y(0) = => [100 - 2(0)] + C[100 - 2(0)] 3 / 2 C(100) 3 / 2 = -100 
=> C = -(lOO)- 1 ^ = - i y = (100 - 2t) - . Let f = => f = -2 - (l)£g?zjfeg> 

= -2 + Vioo-a = =^ 20 = 3-^/100 -2t 400 = 9(100 - 2t) 400 = 900 - 18t -500 = -18t 
=> t« 27.8 min, the time to reach the maximum. The maximum amount is then 
y(27.8) = [100 - 2(27.8)] - ['oo-2(27.8)] 3 -' 2 _ u g lfe 

28. Let y = y(t) be the amount of carbon monoxide (CO) in the room at time t. The amount of CO entering the 
room is (ygg x jq) = iggg ft 3 /min, and the amount of CO leaving the room is (gigg) ( jq) = 15 000 ft 3 /min. 

Thus & = y — => — H L_ y = =i> P(t) = 1 Oft) = — =*> vft) = e t/15 < 000 

1 " us ' dt 1000 15,000 ^ dt T 15,000 " 1000 ^ rw 15,000 ' vw 1000 ^ vw c 

=> y = Jioso et/15,00 ° dt y = e " /15 -° 00 1 12 !^ et/15,00 ° + C ) = e ~ t/15,00 ° (iSOe*/ 15 - 000 + C) ; 
y (0) = 0^0 = 1(180 + C) C = -180 => y = 180 - 180e-'/ |5 > 000 . When the concentration of CO is 0.01% 
in the room, the amount of CO satisfies — ^ => y = 0.45 ft 3 . When the room contains this amount we 
have 0.45 = 180 - lSOe-'/ 15 ' 000 => = e^ 15 * 000 t = -15,000 In « 37.55 min. 

29. Steady State = X and we want i = | (Y) =► | (|) = Y (1 - e - R1 / L ) => I = 1 - e - Rt / L => - § = - e - Rt / L 

In | = — ^ =!> - | In | = t t=ti n 2sec 

30. (a) f + £i = i di = - £ dt In i = - £* + d =^ i = e c 'e- Rl / L = Ce- Rt / L ; i(0) = 1 =>- I = C 

=>• i = Ie~ Rt/L amp 

(b) |I = Ie~ Rt/L =>• e- Rt/L = i =>• - K= ln| = -ln2 =4- t = | In 2 sec 

(c) t = | i = I e (- Rt / L )< L / R ) = I e-' amp 

31. (a) t=f i = |(1 - e^ 1 -)' 31 -/ 11 !) = Y (i - e~ 3 ) « 0.9502 Y amp, or about 95% ofthe steady state value 
(b) t = f => i = X (1 _ e (-M0(2L/R)) = X (1 _ e -2) ~ 0.8647 Y amp, or about 86% ofthe steady state value 

32. (a) | + £ i = X =-> P( t ) = i , Q(t) = X ^ J p( t ) dt = Jl dt = f => vft) = e R, / L 

=► 1 = & J>A (?) dt = ^ [i (?) + C] = I + CerW* 

(b) i(0) = 0^ |+C = 0^C = -| =► i = X - Y e - R '/ L 

(c) i = Y =■> | = => | + = 0+ (g) (Y) = Y i = v is a solution of Eg, i = Ce-^'' 

33. y'-y= -y 2 ; we haven = 2, so let u = y 1 " 2 = y-'.Theny = u~' and g = -ly~ 2 ^ ^ | = -y 2 gj 

=> — u _2 jj — u~' = — u -2 ^> ^ + u = 1. With e^ dx = e x as the integrating factor, we have 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 9.3 Euler's Method 593 

eX (s + u ) = s( eXu ) = e "- Integrating, we get e x u = e x + C ^> u = 1 + § = 1 y = = 

34. y'-y= xy 2 ; we have n = 2, so let u = y^.Theny = ir 1 and g = -y~ 2 |jf | = -y 2 gj = -u~ 2 |£. 
Substituting:— u -2 ^ — u _1 = xu~ 2 =>■ ^ + u = — x. Using ei dx = e x as an integrating factor: 
e "(l + u ) = tM u ) = -x e x => e x u = e x (l - x) + C u = eX(1 ~ e * ) + C y = ir 1 = e ,_^, + c 



35. xy' + y = y~ 2 ^ y' + Q)y = ( ^)y~ 2 . Let u = yM -2 ) = y 3 y = u I/3 and y~ 2 = u~ 2/3 . 

£ = => y' = I = (I) (I) (y^ 2 ) = (5) (s) (»- M ) ■ Thus we have 

(3) (I) 0*~ M ) + O 1 ' 3 = (i) n_2 ° =► I + (f) u = (I) L The integrating factor, v(x), is 
e J'; dx = e 31nx = e lnx3 = x 3 . Thus ^(x 3 u) = (f)x 3 = 3x 2 x 3 u = x 3 + C u = 1 + § = y : 



36. x 2 y' + 2xy = y 3 ^ y' + (|)y = (4)y 3 . P(x) = (f),Q(x) = (£), n = 3. Let u = y 1 " 3 = y~ 2 . 

Substituting gives ^ + (-2)(|)u = -2(^) => ^ + (^)u = Let the integrating factor, v(x), be 
e J'(T) d " = e lnx ~ 4 = x- 4 . Thus ^(x~ 4 u) = -2x~ 6 x~ 4 u = fx" 5 + C =4> u = |^+Cx 4 = y~ 2 



9.3 EULER'S METHOD 



1. yi = y + (l - |) dx = -1 + (1 - ^) (.5) = -0.25, 
y a = yi + (l - |) dx = -0.25 + (1 - =%f) (.5) = 0.3, 
y 3 = y 2 + (l - |) dx = 0.3 + (1 - f ) (.5) = 0.75; 

| + (I) y = 1 ^ P( X ) = 1 , Q(x) = 1 J* P(x) dx = Ji dx = In |x| = In x, x > ^ v(x) = e lnx = x 
y = I Jx . 1 dx = ± + c) ; x = 2, y = -1 =► -1 = 1 + § C = -4 =>• y = | - \ 
y(3.5) = ^ - ^ = w 0.6071 



2. yi = y + x (1 - y ) dx = + 1(1 - 0)(.2) = .2, 
y-2 = yi + X! (1 - yi) dx = .2 + 1.2(1 - .2)(.2) = .392, 
y 3 = y 2 + x 2 (1 - y 2 ) dx = .392 + 1.4(1 - .392)(.2) = .5622; 

J^. = xdx =>> — In |1 -y| = ^+C;x= l,y = -lnl = i + C =>• C= -\ => In |1 -y| = - § + ± 
y = 1 - eC-^ 2 =>- y(1.6) « .5416 



3. yi = y + (2x y + 2y ) dx = 3 + [2(0)(3) + 2(3)](.2) = 4.2, 

y 2 = yi + (2x iyi + 2yi) dx = 4.2 + [2(.2)(4.2) + 2(4.2)](.2) = 6.216, 

y 3 = y 2 + (2x 2 y 2 + 2y 2 ) dx = 6.216 + [2(.4)(6.216) + 2(6.216)](.2) = 9.6969; 

| = 2y(x +1) f = 2(x + 1) dx In |y| = (x + l) 2 + C; x = 0, y = 3 In 3 = 1 + C C = In 3 - 1 
=> In y = (x + l) 2 + In 3 - 1 => y = e (x+, ' 2+ln3 - 1 = e ln3 e x2+2x = 3e x ( x+2) y(.6) « 14.2765 



yi = Yo + Yo(l + 2x ) dx = 1 + 1 2 [1 + 2(-l)](.5) = .5, 
y 2 = yi + y?(l + 2 Xl ) dx = .5 + (.5) 2 [1 + 2(-.5)](.5) = .5, 
y 3 = y 2 + y|(l + 2x 2 ) dx = .5 + (.5) 2 [1 + 2(0)](.5) = .625; 



^=(l+2x)dx - I= x + x 2 + C;x = -l,y=l =!> -1 = -1 + (-1) 2 + C^C=-l^i 

-y(-5) = T^CT = 4 



1-x-x 2 ~^ J^' I — .5 — (.5) 2 
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5. yi = yo + 2x e x °dx = 2 + 2(0)(.l) = 2, 

y 2 = yi +2x!e x > dx = 2 + 2(.l)e' 2 (.l) = 2.0202, 

y 3 = y 2 + 2x 2 e x ^ dx = 2.0202 + 2(.2) e 22 (.l) = 2.0618, 

dy = 2xe" 2 dx y = e" 2 + C; y(0) = 2^2=1+C^C=1 ^y = e x2 + l y(.3) = e j2 + 1 w 2.0942 



6. yi = y + (y + e x ° - 2) dx = 2 + (2 + e° - 2) (.5) = 2.5, 

y 2 = yi + ( yi + e x ' - 2) dx = 2.5 + (2.5 + e 5 - 2) (.5) = 3.5744, 

Ys = Y2 + (y 2 + e X2 - 2) dx = 3.5744 + (3.5744 + e 1 - 2) (.5) = 5.7207; 

g - y = e x - 2 ^ P(x) = -1, Q(x) = e x - 2 =>- J P(x) dx = -x v(x) = e~ x => y = ^ JV X (e x - 2) dx 
= e x (x + 2e- x + C) ; y(0) = 2 2 = 2 + C => C = y = xe x + 2 y(1.5) = 1.5e' 5 + 2 « 8.7225 



7- yi 

Y2 

Y3 

Y4 

Y5 
dy 

y 



1 + 1(2) = 1.2, 

1.2 + (1.2)(.2) = 1.44, 

1.44 + (1.44)(.2) = 1.728, 

1.728 + (1.728)(.2) = 2.0736, 

2.0736 + (2.0736)(.2) = 2.48832; 

dx =4> lny = x + Ci =>• y = Ce x ;y(0) 



1 1 = Ce° => C 



y(l) =e « 2.7183 



yi=2+(f)(.2) = 2.4, 
y 2 =2.4+(f|)(.2) = 2.8, 
y3 =2.8+(f|)(.2) = 3.2, 
y4 = 3.2+(f|)(.2) = 3.6, 
y 5 =3.6+(f|)(.2) = 4; 
^ = ^ lny = lnx + C 



=> y = kx; y(l) = 2^2 = k^y = 2x^ y(2) = 4 



yi = -i- 

y 2 = -.5 



(— i) 



(-■5) : 



Y3 



-.39794 



y 4 = -.34195 



(.5) = -.5, 
(.5) = -.39794, 

(.5) = -.34195, 
(.5) = -.30497, 



(-J9794) 2 



(-.34195) : 
13 



Y5 
dy 

y 3 



-.27812, y 6 = -.25745, y 7 = -.24088, y 8 = -.2272; 
~y =2v / x + C;y(l) = -1 1=2 + C = 



C 



•1 => y 



i_ 

1-2, 



y(5) 



.2880 



10. yi = l + (l-e°)(i) = 1, 

y 2 = 1 + (1 - e 2 / 3 ) (1) = 0.68408, 
y 3 = 0.68408 + (0.68408 - e 4 / 3 ) (i) = -0.35245, 
y 4 = -0.35245 + (-0.35245 - e G / 3 ) (±) = -2.93295, 
y 5 = -2.93295 + (-2.93295 - e 8 / 3 ) (A) = -8.70790, 
y 6 = -8.7079 + (-8.7079 - e 10 / 3 ) (§) = -20.95441; 

y' - y = -e 2x P(x) = -1, Q(x) = -e 2x => J P(x) dx = -x v(x) = e" x =^ y = JV X (-e 2x ) dx 
= e x (-e x + C) ; y(0) =1 => l = -l+C^C = 2^> y = -e 2x + 2e x =► y(2) = -e 4 + 2e 2 « -39.8200 

11. Let z n = y „_i + 2y n _i(x n _i + l)dx and y n = y n _j + (y n -i(x n -i + 1) + z n (x n + l))dx with x = 0, yo = 3, and dx = 0.2. 
The exact solution is y — 3e x ( x+2 ' . Using a programmable calculator or a spreadsheet (I used a spreadsheet) gives the 
values in the following table. 
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X 


z 


y-approx 


y-exact 


Error 







3 


3 





0.2 


4.2 


4.608 


4.658122 


0.050122 


0.4 


6.81984 


7.623475 


7.835089 


0.211614 


0.6 


11.89262 


13.56369 


14.27646 


0.712777 



12. Let z n = y n _! + x n _i(l — y n _!)dx and y n = y n _! + ^ ^n_jJJ — y« + * n (i — 5n) j^x w ith x = 1, yo = 0, and dx = 0.2. 

The exact solution is y = 1 — e' 1_x " 2 . Using a programmable calculator or a spreadsheet (I used a spreadsheet) gives the 
values in the following table. 



X 


z 


y-approx 


y-exact 


Error 


1 













1.2 


0.2 


1.196 


0.197481 


0.001481 


1.4 


0.38896 


0.378026 


0.381217 


0.003191 


1.6 


0.552178 


0.536753 


0.541594 


0.004841 



13. g = 2xe x \y(0) = 2 => y n+I = y n + 2x n e x »dx = y„ + 2x n e x »(0.1) = y n + 0.2x n e x » 
On a TI-92 Plus calculator home screen, type the following commands: 

2 STO > y: STO > x: y (enter) 

y + 0.2*x*e A (x A 2) STO > y: x + 0.1 STO > x: y (enter, 10 times) 
The last value displayed gives yEuier(l) ~ 3.45835 

The exact solution: dy = 2xe" 2 dx =>- y = e" 2 + C; y(0) = 2 = e° + C^>C=l^y=l+e x2 
^yexact(l) = 1+ew 3.71828 

14. % = y + e x - 2, y(0) = 2 => y n+1 = y n + (y n + e x » - 2)dx = y n + 0.5(y n + e x » - 2) 
On a TI-92 Plus calculator home screen, type the following commands: 

2 STO > y: STO > x: y (enter) 

y + 0.5*(y + e x - 2) STO > y: x + 0.5 STO > x: y (enter, 4 times) 
The last value displayed gives yE U ier(2) ~ 9.82187 

The exact solution: <j|-y = e x -2^ P(x) = 1, Q(x) = e x - 2 =>- J P(x) dx = -x => v(x) = e~ x 

=>. y = i JV x (e x - 2)dx = e x (x + 2 e - x + C);y(0) =2^2=2+C^C=0 
y = xe x + 2 y e xact(2) = 2e 2 + 2 w 16.7781 

15. | = f,y > 0, y(0) = 1 => y n+1 = y n + ^dx = y n + ^(0.1) = y n + 0.1^ 
On a TI-92 Plus calculator home screen, type the following commands: 

1 STO > y: STO > x: y (enter) 

y + 0.1*( v /x/y) STO > y: x + 0.1 STO > x: y (enter, 10 times) 
The last value displayed gives yEuier(l) ~ 1.5000 

The exact solution: dy = ^dx y dy = y/x dx % = |x 3/2 + C;^^ = f = \ = ?(0) 3/2 + C C = \ 
^ £ = fx 3 ' 2 + \ => y = yj^+l => yexact(l) = ^f(l) 3/2 + l « 1.5275 

16. g = 1 + y 2 , y(0) = ^ y n+1 =y n + (l+y 2 )dx = y n + (l+y 2 )(0.1) = y n + 0.1(1 + y 2 ) 
On a TI-92 Plus calculator home screen, type the following commands: 

STO > y: STO > x: y (enter) 

y + 0.1*(1 + y 2 ) STO > y: x + 0.1 STO > x: y (enter, 10 times) 
The last value displayed gives yEuier(l) ~ 1-3964 

The exact solution: dy = (1 + y 2 )dx = dx tair'y = x + C; tan _1 y(0) = tan _1 =0=0+C^C=0 
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=> tan 'y = x =>■ y = tan x =>■ y eX act(l) = tan 1 « 1.5574 



17. (a) | = 2y 2 (x - 1) ^ = 2(x - l)dx JV 2 dy = J(2x - 2)dx =S> -y" 1 = x 2 - 2x + C 

Initial value: y(2) = -i^2 = 2 2 - 2(2) + C =► C = 2 
Solution: — y _1 = x 2 — 2x + 2 or y = — x2 _ ^ 2 

y(3) = -3^^4+2 = -H -o.2 

(b) To find the approximation, set yi = 2y 2 (x — 1) and use EULERT with initial values x = 2 and y = — \ and step size 
0.2 for 5 Points. This gives y(3) pa -0.1851; error pa 0.0149. 

(c) Use step size 0.1 for 10 points. This gives y(3) « —0.1929; error pa 0.0071. 

(d) Use step size 0.05 for 20 points. This gives y(3) pa —0.1965; error ?a 0.0035. 

18. (a) g =y - 1 =>■ J" A = /dx =>• In |y- 1| = x + C =>- |y - 1| = e x+c =^y- 1 = ± e c e x =>- y = Ae x + 1 

Initial value: y(0) = 3^3=Ae° + l^>A = 2 
Solution: y = 2e x + 1 
y(l) =2e+l w 6.4366 

(b) To find the approximation, set yi = y — 1 and use a graphing calculator or CAS with initial values x = and y = 3 
and step size 0.2 for 5 Points. This gives y(l) pa 5.9766; error « 0.4599 

(c) Use step size 0.1 for 10 points. This gives y(l) ?a 6.1875; error w 0.2491. 

(d) Use step size 0.05 for 20 points. This gives y(l) w 6.3066; error ?a 0.1300. 

19. The exact solution is y = x2 _~ x 2 , so y(3) = —0.2. To find the approximation, let z n = y n _i + 2y 2 _j (x n -i — l)dx and 
Yn = Yn- 1 + (y„- 1 ( x n- 1 — 1 ) + z 2 (x 2 — 1 ) )dx with initial values xo = 2 and yo = —\. Use a spreadsheet, graphing 
calculator, or CAS as indicated in parts (a) through (d). 

(a) Use dx = 0.2 with 5 steps to obtain y(3) pa -0.2024 =>• error pa 0.0024. 

(b) Use dx = 0.1 with 10 steps to obtain y(3) pa -0.2005 error pa 0.0005. 

(c) Use dx = 0.05 with 20 steps to obtain y(3) pa -0.2001 error pa 0.0001. 

(d) Each time the step size is cut in half, the error is reduced to approximately one-fourth of what it was for the larger step 
size. 



20. The exact solution is y = 2e x + 1, so y(l) = 2e + 1 ?a 6.4366. To find the approximation, let z n = y n _i + (y n -i — l)dx 
and y n = y n _i + ( y °~* ^ z "~ 2 )dx with initial value y n = 3. Use a spreadsheet, graphing calculator, or CAS as indicated in 
parts (a) through (d). 

(a) Use dx = 0.2 with 5 steps to obtain y(l) pa 6.4054 => error pa 0.031 1. 

(b) Use dx = 0.1 with 10 steps to obtain y(l) pa 6.4282 error pa 0.0084 

(c) Use dx = 0.05 with 20 steps to obtain y(l) pa 6.4344 error pa 0.0022 

(d) Each time the step size is cut in half, the error is reduced to approximately one-fourth of what it was for the larger step 
size. 



13-16. Example CAS commands: 
Maple : 

ode := diff( y(x), x ) = 2*x*exp(x A 2);ic := y(0)=2; 
xstar := 1; 
dx :=0.1; 

approx := dsolve( {ode,ic}, y(x), numeric, method=classical[foreuler], stepsize=dx ): 
approx(xstar); 

exact := dsolve( {ode,ic}, y(x) ); 
eval( exact, x=xstar ); 
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evalf( % ); 

17. Example CAS commands: 
Maple : 

ode := diff( y(x), x ) = 2*y(x)*(x-l);ic := y(2)=-l/2; 
xstar := 3; 

exact := dsolve( {ode,ic}, y(x) ); # (a) 

eval( exact, x=xstar ); 
evalf( % ); 

approxl := dsolve( {ode,ic}, y(x), # (b) 

numeric, method=classical[foreuler], stepsize=0.2 ): 
approxl (xstar); 

approx2 := dsolve( {ode,ic}, y(x), # (c) 

numeric, method=classical[foreuler], stepsize=0.1 ): 
approx2(xstar); 

approx3 := dsolve( {ode,ic}, y(x), # (d) 

numeric, method=classical[foreuler], stepsize=0.05 ): 
approx3 (xstar); 

19. Example CAS commands: 
Maple : 

ode := diff( y(x), x ) = 2*y(x)*(x-l);ic := y(2)=-l/2; 
xstar := 3; 

approxl := dsolve( {ode,ic}, y(x), # (a) 

numeric, method=classical[heunform], stepsize=0.2 ): 
approxl (xstar); 

approx2 := dsolve( {ode,ic}, y(x), # (b) 

numeric, method=classical[heunform], stepsize=0.1 ): 
approx2(xstar); 

approx3 := dsolve( {ode,ic}, y(x), # (c) 

numeric, method=classical[heunform], stepsize=0.05 ): 
approx3 (xstar); 

21. Example CAS commands: 
Maple : 

ode := diff( y(x), x ) = x + y(x);ic := y(0)=-7/10; 
xO := -4;xl := 4;y0 := -4; yl := 4; 
b := 1; 

PI := DEplot( ode, y(x), x=x0..xl, y=y0..yl, arrows=thin, title="#21(a) (Section 9.3)" ): 
PI; 

Ygen := unapply( rhs(dsolve( ode, y(x) )), x,_Cl ); # (b) 

P2 := seq( plot( Ygen(x,c), x=x0..xl, y=y0..yl, color=blue ), c=-2..2 ): # (c) 

display( [P1,P2], title="#21(c) (Section 9.3)" ); 

CC := solve( Ygen(0,C)=rhs(ic), C ); # (d) 

Ypart := Ygen(x,CC); 

P3 := plot( Ypart, x=0..b, title="#21(d) (Section 9.3)" ): 
P3; 

euler4 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(xl-x0)/4 ): # (e) 
P4 := odeplot( euler4, [x,y(x)], x=0..b, numpoints=4, color=blue ): 
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display( [P3,P4], title="#21(e) (Section 9.3)" ); 

euler8 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(xl-x0)/8 ): # (f) 

P5 := odeplot( euler8, [x,y(x)], x=0..b, numpoints=8, color=green ): 

eulerl6 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(xl-x0)/16 ): 

P6 := odeplot( eulerl6, [x,y(x)], x=0..b, numpoints=16, color=pink ): 

euler32 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(xl-x0)/32 ): 

P7 := odeplot( euler32, [x,y(x)], x=0..b, numpoints=32, color=cyan ): 

display( [P3,P4,P5,P6,P7], title="#21(f) (Section 9.3)" ); 

< < N | h | "percent error" >, # (g) 

< 4 | (xl-xO)/ 4 | evalf[5]( abs(l-eval(y(x),euler4(b))/eval(Ypart,x=b))*100 ) >, 

< 8 | (xl-xO)/ 8 | evalf[5]( abs(l-eval(y(x),euler8(b))/eval(Ypart,x=b))*100 ) >, 

< 16 | (xl-x0)/16 | evalf[5]( abs(l-eval(y(x),eulerl6(b))/eval(Ypart,x=b))*100 ) >, 

< 32 | (xl-x0)/32 | evalf[5]( abs(l-eval(y(x),euler32(b))/eval(Ypart,x=b))*100 ) > >; 

13-24. Example CAS commands: 

Mathematica l (assigned functions, step sizes, and values for initial conditions may vary) 
For exercises 13 - 20, find the exact solution as follows. Set up two error lists. 

Clear[x, y, f] 

f[x_,y_]:=2y 2 (x - 1) 

a = 2;b = -l/2; 

xstar = 3; 

desol=DSolve[{y'[x] == f[x, y[x]], y[a] == b}, y[x], x] //Simplify 
actual [x_] = desol[[l, 1,2]]; 
{xstar, actual[xstar] } 
errorlisteuler = { } ; 
errorlisteulerimp = { }; 
pa = Plot[actual[x], {x, a, xstar}] 
Euler's method with error at x*. The Do command is used with a sequence of commands that are repeated n times. 
a = 2;b = -l/2; 
dx = 0.2; 

xstar = 3; n = (xstar — a) /dx; 
solnslist = { {a,b} }; 

Do[ { new = b + f [a,b] dx, a = a + dx, b = new, AppendTo[solnslist, { a,b } ] } , { n } ] 
solnslist 

error= actual [xstar] — solnslist[[n, 2]] 
relativeerror= error / actual [xstar] 
AppendTo [errorlisteuler, error] 

pe = ListPlotfsolnslist, PlotStyle {Hue[.4], PointSize[0.02]}] 
Showfpa, pe] 

Rerun with different values for dx, starting from largest to smallest. After doing this, observe what happens to the 
error as the step size decreases by entering the input command: errorlisteuler 
Improved Euler's method, with error at x* 

a = 2;b = -l/2; 

dx = 0.2; 

xstar = 3; n = (xstar — a) /dx; 
solnslist = { {a,b}}; 

Do[{newl = b + f[a,b] dx, new2 = b + (f[a, b] + f[a+dx, newl])/2 dx, a = a + dx, b = new2, 
AppendTo[solnslist, {a,b}]},{n}] 

solnslist 

error= actual[xstar] — solnslist[[n, 2] 
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relativeerror= error / actual [xstar] 
AppendTo [errorlisteulerimp, error] 

peimp = ListPlotfsolnslist, PlotStyle -> {Hue[.8], PointSize[0.02] }] 
Show[pa, peimp] 

Rerun with different values for dx, starting from largest to smallest. After doing this, observe what happens to the 
error as the step size decreases by entering the input command: errorlisteulerimp 

You can also type Showfpa, pe, peimp]. This would be appropriate for a fixed value of dx with each method. 
You can also make a list of relative errors. 



Problems 21-24 involve use of code from section 9.1 together with the above code for Euler's method. 



9.4 GRAPHICAL SOUTIONS OF AUTONOMOUS DIFFERENTIAL EQUATIONS 



1. y ' = (y + 2)(y-3) 

(a) y = — 2 is a stable equilibrium value and y = 3 is an unstable equilibrium. 

(b) y" = (2y - l)y ' = 2(y + 2) (y - \) (y - 3) 





y'<0 


. y>o 


^ ► 

y"<0 


^ * o ; 2 
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1 y">o 
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1 1.5 
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2. y' = (y + 2)(y-2) 

(a) y = — 2 is a stable equilibrium value and y = 2 is an unstable equilibrium. 

(b) y" = 2yy' = 2(y + 2)y(y-2) 
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y'<0 
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3. y , = y 3 -y = (y + l)y(y-l) 

(a) y = — 1 and y = 1 is an unstable equilibrium and y = is a stable equilibrium value. 

(b) y" = (3y 2 - l)y' = 3(y + 1) (y + ^)y(y - ^) (y - 1) 
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(c) 



1 

V3 



1 



1.5 


y'>0,y">0 




^^-^^ /<0,y'<0 


0.5 


— y'<0,y">0 


-0.5 

-05. 


J. — y"> 0, y'< 
- — y>o,y'>o 


-1.5 


?<0,f<0 



4. y' = y(y-2) 

(a) y = is a stable equilibrium value and y = 2 is an unstable equilibrium. 

(b) y" = (2y-2)y' = 2y(y-l)(y-2) 



y'>0 


y'<0 


y'>0 


-l 4 | 


5 ' i 




i 3 


y"<0 
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(c) 
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5. y' = yy,y>o 

(a) There are no equilibrium values. 



/>0 
I 



2 

y'>0 
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y' = (y-i)(y-2)(y-3) 

(a) y = 1 and y = 3 is an unstable equilibrium and y = 2 is a stable equilibrium value. 

(b) y" = (3y 2 - 12y + ll)(y - l)(y - 2)(y - 3) = 3(y - 1) (y - ^) (y - 2) (y - «±^) (y - 3) 
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(C) 
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y' = y 3 -y 2 = y 2 (y- i) 

(a) y = and y = 1 is an unstable equilibrium. 

(b) y" = (3y 2 - 2y)(y 3 - y 2 ) = y 3 (3y - 2)(y - 1) 
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dP 



1 — 2P has a stable equilibrium at P 

P' > P' < 

P" < P" > ' 



-1 



-0.5 



1.5 




-2f = -2(l-2P) 



10. ^ = P(l — 2P) has an unstable equilibrium at P = and a stable equilibrium at P = |. 
g = (l-4P)f =P(1-4P)(1-2P) 



P'<0 


P'>0 


P'<0 


■0.5 ( " ( 







5 


1 


P"<0 


P">0 


P" < 




P">0 



0.25 
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-0.2 



P'<0, P"<0 



11. f = 2P(P — 3) has a stable equilibrium at P = and an unstable equilibrium at P = 3. 
2(2P - 3) f t = 4P(2P - 3)(P - 3) 



dt 2 



P'>0 . P'<0 i P'>0 

' _> i — 1 — *J — J- — I — I 
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12. ^ = 3P(1 - P) (P - I) has a stable equilibria at P = and P = 1 an unstable equilibrium at P = \. 



dt 2 
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13. 



Before Catastrophe 



After Catastrophe 




'catastrophe 



Before the catastrophe, the population exhibits logistic growth and P(t) —* Mo, the stable equilibrium. After the 
catastrophe, the population declines logistically and P(t) — > Mi, the new stable equilibrium. 



14. 



= rP(M - P)(P - m), r, M, m > 



P">Q 



\P"<0 

i 

1 



P">Q ! P'<0 



P">0 



P'<0 



F>0 



P 



m 



?'<0 



M 



The model has 3 equilibrium points. The rest point P = 0, P = M are asymptotically stable while P = m is unstable. For 
initial populations greater than m, the model predicts P approaches M for large t. For initial populations less than m, the 
model predicts extinction. Points of inflection occur at P = a and P = b where a = I [ M + m — ^M 2 — mM + m 2 ] and 
b = j[M + m+ ^M 2 -rriM + m 2 ]- 

(a) The model is reasonable in the sense that if P < m, then P — » as t — > oo; if m < P < M, then P — > M as t — > oo; if 
P > M, then P — > M as t — > oo. 

(b) It is different if the population falls below m, for then P — > as t — > oo (extinction). If is probably a more realistic 
model for that reason because we know some populations have become extinct after the population level became too 
low. 

(c) For P > M we see that ^ = rP(M — P) (P — m) is negative. Thus the curve is everywhere decreasing. Moreover, 

P = M is a solution to the differential equation. Since the equation satisfies the existence and uniqueness conditions, 
solution trajectories cannot cross. Thus, P — > M as t — > oo. 

(d) See the initial discussion above. 

(e) See the initial discussion above. 



15. f t = g - ^v 2 , g, k, m > and v(t) > 
Equilibrium: 4^ — g — —v 2 — ^> v — 



Concavity: 
(a) 



dt 2 



-2(^ 

V m 



k y 2) 



♦ < 



A 2 



(b) 




(c) Vterminal 



160 
0.005 



178.9 5 = 122 mph 
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16. F = F p - F r 

ma = mg — k^/v 



f =g-^v(0)=v 



Thus, ^ = implies v = (^) 2 , the terminal velocity. If vo < (-jf ) 2 , the object will fall faster and faster, approaching the 
terminal velocity; if vq > (^) 2 , the object will slow down to the terminal velocity. 



17. F = F p - F r 

ma — 50 — 5 1 v | 
f = i(50-5|v|) 

The maximum velocity occurs when 4r = or v = 10 — . 

J at sec 



18. (a) The model seems reasonable because the rate of spread of a piece of information, an innovation, or a cultural fad is 
proportional to the product of the number of individuals who have it (X) and those who do not (N — X). When X is 
small, there are only a few individuals to spread the item so the rate of spread is slow. On the other hand, when 
(N — X) is small the rate of spread will be slow because there are only a few indiciduals who can receive it during the 
interval of time. The rate of spread will be fastest when both X and (N — X) are large because then there are a lot of 
individuals to spread the item and a lot of individuals to receive it. 
(b) There is a stable equilibrium at X = N and an unstable equilibrium at X = 0. 

|X = k<jX(N - X) - kX^ = k 2 X(N - X)(N - 2X) =► inflection points at X = 0, X = | , and X = N. 





X' 


>0 

l> « 


X'<0 


X" >0 


X"<0 


X" > 



N/2 N 




(d) The spread rate is most rapid when x = j . Eventually all of the people will receive the item. 



19. L|+Ri = V^f = £-£i=£(!-i),V,L,R>0 
Equilibrium: | = £(¥-i)=0=M=¥ 

Concavity: *=-(£) f = - (£) 2 (g - i) 



Phase Line: 



dt ! dt 

dt 1 i dt 1 
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If the switch is closed at t = 0, then i(0) = 0, and the graph of the solution looks like this: 




As t — > oo, it — > i ste ady state = g • (hi the steady state condition, the self-inductance acts like a simple wire connector and, as 
a result, the current throught the resistor can be calculated using the familiar version of Ohm's Law.) 

20. (a) Free body diagram of he pearl: 




W = mg 



(b) Use Newton's Second Law, summing forces in the direction of the acceleration: 




(e) The terminal velocity of the pearl is * — . 
9.5 APPLICATIONS OF FIRST ORDER DIFFERENTIAL EQUATIONS 

1. Note that the total mass is 66 + 7 = 73 kg, therefore, v = v e~ (k/m)t =>• v = 9e~ 3 - 9t/73 

(a) s(t) = / 9e- 3 - 9t / 73 dt = -21f!e- 3 - 9t/73 + C 

Since s(0) = we have C = m and lims(t) = lim = 2WQ ~ 1685 

The cyclist will coast about 168.5 meters. 

(b) 1 = 9e- 3 9t / 73 => = In 9 =>- 1 = w 41.13 sec 
It will take about 41.13 seconds. 
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V = v e~ (k/m)t V = 9 e - (59,000/5 1,000,000)1 _^ v _ 9e -59t/51,000 

(a) s(t) = / 9e- 59t / 51 - 000 dt = e- 59 '/ 51 ' 000 + C 

Since 8 (0) = we have C = ^2 and lims(t) = lim 159^00 (l _ e -59«/5i,ooo) = 45j^oopo w 77gQ m 

The ship will coast about 7780 m, or 7.78 km. 

(b) 1 = 9e- 59t / 51 - 000 => = In 9 => t = ^f 1 ^ » 1899.3 sec 
It will take about 31.65 minutes. 

The total distance traveled = ^ =>■ ( 2 - 75 X 39 - 92 ) — 4 91 k = 22.36. Therefore, the distance traveled is given by the 
function s(t) = 4.91 (l — e ~( 22 - 36/39 - 92 )') . The graph shows s(t) and the data points. 




*f = coasting distance => (a80) < 49 - 90) = 1.32 k = f 
We know that 2f = 1.32 and £ = = |. 

Using Equation 3, we have: s(t) = ^ (l - e - {k/m )<) = 1.32(1 - e - 20t/33 ) « 1.32(1 - e -°- 606t ) 

(a) f = 0.0015P(150 - P) = i^P(150 - P) = ^P(M - P) 
Thus, k = 0.255 and M = 150, and P = M - 150 

150 

1 +Ae° 



l+Ae- kt l+Ae-°- 255 ' 

Initial condition: P(0) = 6^6 = ^1+A = 25^A = 24 



Formula: P = 



150 



1 + 24e-°- 255 ' 

(b) 100 = 1+2 l, 5 e „. 255 , => 1 + 24e-°- 255t = § =>• 24e- 255t = \ e -°- 255t = ^ =!> -0.255t = -In 48 
t = ^| w 17.21 weeks 

125 = 1+2 ^ e „. 255 , 1 + 24e- 255t = f 24e- 255t = A =» e -°- 255t = -0.255t = -In 120 



In 120 
0.255 

It will take about 17.21 weeks to reach 100 guppies, and about 21.28 weeks to reach 125 guppies. 



t=^« 21.28 



(a) f = 0.0004P(250 - P) = ^P(150 - P) = ^P(M - P) 



M 250 



Thus, k = 0.1 and M = 250, and P = 1+Ae _ k , - 1 + Ae - .u 
Initial condition: P(0) = 28, where t = represents the year 1970 
28 = y^jo =► 28(1 +A) = 250 ^A=^-1 = ^« 7.9286 
Formula: P = fn _ 011 or approximately P 



1+lH.e-O.ll ui oppiUAiuiaiu; i — j + 7 9 286e -0.h 

. 1AQ H — . 



(b) The population P(t) will round to 250 when P(t) > 249.5 => 249.5 = 2 J\°_ 0Al 249.5(1 + jrer°- u ) = 250 



^ (249.5) (nie-°") = Q 5 ^ e _ .it = _u_ ^ _ Q lt = ln _i4_ ^ t = 10 (i n 55,389 - In 14) « 82.8. 
It will take about 83 years. 



7. (a) Using the general solution form Example 2, part (c), 

% = (0.08875 x 10- 7 )(8 x 10 7 - y)y =» y(t) = TT ^ m = = TTS^ 
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Apply the initial condition: 

y(0) = 1.6 x 10 7 = 8x107 - 

(b) y(t) = 4 x 10 7 



1 +A 
8xl0 7 



1 +4e- 



JL - 1 = 4 y(l) 
. 4e-°- 71t = 1 =► t = 



8x10' 
" l+4e-°- 

Mi) ~ 

0.71 ~ 



77 « 2.69671 x 10 7 kg. 
1.95253 years. 



(a) 



(b) 



If a part of the population leaves or is removed from the environment (e.g., a preserve or a region) each year, then c 
would represent the rate of reduction of the population due to this removal and/or migration. When grizzly bears 
become a nuisance (e.g., feeding on livestock) or threaten human safety, they are often relocated to other areas or even 
eliminated, but only after relocation efforts fail. In addition, bears are killed, sometimes accidently and sometimes 
maliciously. For an environment that has a capacity of about 100 bears, a realistic value for c would probably be 
between and 4. 

dP 



(c) 



— = 0.001(100-P)P-1 
dt v ; 



120 

iod: 



80 ~ 



10 20 30 40 50 

Equilibrium solutions: f = = 0.001(100 - P)P 
P eq « 88.73 (stable) 



— = 0.001(100-P)P-1 
p dt y ' 



100P + 1000 = 



eq 



1 1 .27 (unstable) and 




10 20 30 40 "5*5 

For < P(0) < 11, the bear population will eventually disappear, for 12 < P(0) < 88, the population will grow to 
about 89, the population will remain at about 89, and for P(0) > 89, the population will decrease to about 89 bears. 



(a) 



(b) 



1 



y ^dy= (l+y)dt=J> =dt=»ln|l+y| = t+d ^e^+yl = e t+Cl =Hl + y| = e'e ' 
1 + y = ± de 1 y = Ce l — 1, where C 2 = e Cl and C = ± C 2 . Apply the initial condition: y(0) = 1 = Ce° - 1 
=> C = 2 y = 2e l - 1. 

^ = 0.5(400 — y)y =>■ dy = 0.5(400 — y)y dt =£■ (4oo, d - y ) y = 0-5 dt. Using the partial fraction decomposition in 

' )dy = 0.5dt => (i + 5 ^)dy = 200dt 

' = 200t + Ci 



Example 2, part (c), we obtain 



400 \ y 



y-400 



400 Ce 



y — c-m - 1 

40j 
+ Ae' 



400 -y 

Ce 200t (where C 

y 



y-400 



400-yy"-' —r \j i 400-y, 

dy = J200dt ln|y| - ln|y - 400| = 200t + C, ^> In 

= C 2 e 200t (where C 2 = e c ')^ y _ ,,,„ - 

200t„ _ A nn r e 2m ^ (i _ Ce 200t )y = -400 Ce 200t 

" l0 " , where A = — g . Apply the initial condition: 



y-400 

± C 2 ) y = Ce 2UUt y - 400 Co 2 



- — - ±C 2 e 200t 



y(0) = 2= T 400 



1 - ie- 2 «" 

A = 199 => 



1 + Ae- 200 ' ' 



y(t) 



400 

1 + 199e- 2001 
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10. f = r(M - P)P =>- dP = r(M - P)Pdt 



dP 



m_pTp = r{ lt. Using the partial fraction decomposition in Example 6, part (c), 
we obtain £(± + ^)dP = rdt^(± + ^)dP = rMdt=}> / '(A - p^dP = JrM dt 



ln|P| - ln|P - M| = (rM) t + d ^ 
C 2 el rM >' (where C 2 = e Cl ) 



I p I = r\ P ( rM )' 
Ip-mI 



(rM) t + Ci 



>(rM)t+Ci 



a (rM)t p C, 



P = Ce (rM)t (where Q = ± Cz) 



p = Ce (rM ) l P -MCeW (l - Ce( rM )')P = -MCet'")' P : 
P= 1 _^- llM)1 ,whereA= -1 



MCe' rM " 
Ce (rM)i Z i 



e -(rM)l 



11. (a) f = kP 2 ^ JV 2 dP = Jkdt^-P- 1 
Initial condition: P(0) = P => Po = - { 
Solution: P 



kt + C 

»C = 



i 



kt-(l/P ) 



1 - kP t 



(b) There is a vertical asymptote at t 



l 

kpo 



-1 
kt + C 



12. (a) f = r(M - P)(P - m) => f = r(1200 - P)(P - 100) 



dP 



(P- 100) + (1200-P) dP 



HOOr: 



. 1200 -P 



P- 100/ dt 



(1200 -P)(P- 100) dt 
( ' 



= r => 



1100 



dP 



(1200 -P)(P- 100) dt 



= HOOr 



HOOr 



l 



1200-P 



P- 100. 



(1200 -P)(P- 100) dt 

/(l205=p + p=Too) dP = / HOOrdt -ln(1200-P)+]n(P- 100) = 1100rt + Ci 
lnl&^l = llOOrt + Q =5-ln|£^_| = HOOrt + C, =► = ± e c 'e 1100rt 

P - 100 = 



dP = 1100 rdt 



P- 100 



1200-P I 

where C = ± e C| 

^HOOrl 



1200-P I 

1200Ce 1100rt 



1 ^ 1200-P -r 12 00-P 

CPe iioort ^ P (i + ce 1100rt ) = 1200Ce I100rt + 100 



Ce 



1100 rt 



1200Ce' 



100 



1200- 



10Q„-1100r 



1200+ lOOAe" 1100 ' 



Ce 1100r '+ 1 

(b) Apply the initial condition: 300 = 
(Note that P -> 1200 as t -> oo.) 

(c) f =r(M-P)(P-m) 



l + ie-' 1 ™" ~^ 
1200+ 100A 



where A = h . 



l+A 



1+Ae -noo 

300 + 300A = 1200 + 100A 



A: 



2400 + 900Ae~' 100 rl 



2 + 9e- 



M — m 



dP 



1 dP 

P-m/ dt 



~^ (M-P)(P-m) dt " 

r(M - m) =► J{- { 



r(M - m) 



(M-P)(P-m) dt 

; )dP = J" r(M - m)dt 



(P-m) + (M-P) dP 
(M-P)(P-m) dt 



r(M - m) 



P-m/ 



-In (M - P) + In (P - m) = (M - m) r t + C 



In 



P-m I 
M-P I 



(M-m)rt + d =!> &E§ = ±e Cl e( M - m ) rt 



^ = Ce( M - m ) rt where C = ± e c ' P - m = MCe( M - m ) rt - CPe< M - m ) rt 



=» P(l + Ce( M - m > rt ) = MCe( M - m > rt 

A _ I 
C ' 

Apply the initial condition P(0) = Po 
P = ^±s^ P + P A = M + mA : 



m : 



_ MCe (M-m) + m 
- Ce< M -™) » + 1 



_ M+ ge~ 



l + ie-( M - m )' 



_ M + mAe~' M ~ m ' rl 
1 +Ae-< M - m )" 



A _ M-Pp 
Po - m 



_ M(P - m) + m(M - P )e-< M - m > " 
~~ (Po - m) + (M - P )e-< M - m ) cl 



(Note that P — > M as t — > oo provided P > m.) 

13. y = mx =>• - = m =>• 



orthogonals: % - 

x 2 + y 2 = Ci 



^ =0^y' = {. So for 
y dy = -x dx => \ + y — C 
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14. y = cx 2 



— . So for the orthogonals: p- 

x & dx 



2xy 



2y 



=>• 2ydy = -xdx =^ y 2 = -y + C => y = ±\/y 
C > 




15. kx 2 + y 2 = 1 => 1 - y 

_^ x 2 (2y)y'-(l-y 2 )2x 



dy 
dx 



i-y 2 



(i-y 2 )(2x) 

-2xy 2 

C-r) 
y 



2 - kx 2 

x z 

= -2yx 2 y' : 

. (i-y 2 ) 



-xy 

dy = x dx 



= k 

(l-y 2 )(2x) 
So for the orthogonals: 



In y 



+ C 



16. 2x 2 + y 2 = c 2 =>■ 4x + 2yy' = 



4x 

2y 



In y 



dx 

In x 1/2 



InCi 



Ci |x 



1/2 



— . For 

y 



orthogonals: g = i=^1 = g=»]ny=ilnx + C 




17. y = ce~ x 4i 



(e-") z 







e x y' = —ye x =>■ y' = — y. So for the orthogonals: 



dy 
dx 



y dy = dx 



y 2 = 2x + Ci =^ y = ± x/2x + Ci 




18. y = e kx =>- In y = kx =$ 

=* (|)y , -iny = o = 

& — -=?- y In y dy 



In y 



x( y )y'-iny 







/ _ yln y 



So for the orthogonals: 



—X 

ylny 



-x dx 



-Ix 2 



iy 2 lny-i(y 2 ) ; 
y 2 ln y - £ = -x 2 + Q 
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19. 2x 2 + 3y 2 = 5 and y 2 = x 3 intersect at (1, l).Also, 2x 2 + 3y 2 = 5 => 4x + 6yy' = =!> y' = y'(l, 1) = -| 

=>■ 2y i y [ = 3x 2 =>• y[ — |^ => y{(l, 1) = |. Since y' • y{ = (— |) (|) = — 1, the curves are orthogonal. 



yi 



20. (a) xdx + ydy = 



C is the general equation 



of the family with slope y' = — -. For the orthogonals: 



In y = In x + C or y = Qx 



yi _ y _^ dy _ dx 

* x y x 

(where Q = e c ) is the general equation of the 
orthogonals. 



(b) x dy - 2y dx = => 2y dx = x dy =» | = f 

=>. I ^ j = ^ ±ln y = In x + C ^ y = Cix 2 is 
the equation for the solution family. 



iln y — In x = C 



it- i=o 

2 y x 



slope of orthogonals is ^ 



2y 



=> 2y dy = — x dx => y = — y + C is the general 
equation of the orthogonals. 




21. y 2 = 4a 2 - 4ax and y 2 = 4b 2 + 4bx =>- (at intersection) 4a 2 - 4ax = 4b 2 + 4bx 



b 2 = x(a + b) 



=> (a + b) (a - b) = (a + b)x x = a - b. Now, y 2 = 4a 2 - 4a(a - b) = 4a 2 - 4a 2 + 4ab = 4ab y = ± 2 V ab 



Thus the intersections are at a — b, ±2 



> V^) ■ So, 



y 2 = 4a 2 — 4ax =>• y [ = — ^ which are equal to — 



4a 



and 



2(2\/abJ 

- , 4a _ N = — s /\ and s f\ at the intersections. Also, y 2 = 4b 2 + 4bx y, = ^ which are equal to , 4b ,— N and 

2(-2Vabl V b V b " 2y 2(2^) 

4,1 — ' - and J~ at the intersections. (y[) • (y' 2 ) — —1. Thus the curves are orthogonal. 
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CHAPTER 9 PRACTICE EXERCISES 



dy 



0Tcos 2 ^ =► = dx =» 2tan \/y = x + c =» y : 



tan 



-1 /x + C 



)) : 



2 v ' = 3y(x+l) 2 _^ (y-l) 



fc^dy = 3(x + l) 2 dx y - In y = (x + l) 3 + C 



3. yy' = sec(y 2 )sec 2 x =4> = sec 2 x dx ""^ = tan x + C =>■ sin(y 2 ) = 2tan x + Ci 



4. y cos 2 (x) dy + sin x dx = =>• y dy = — ^ttt) dx 



y 1 _ _ i 



cos(x) 



C^>y = ± 



cos(x) 



5. y' = xey^/^2 => e^dy = Xv ^2dx -e"» = 2 i^S 3 ^} + C e"* = z^&±ll _ c 



-y = In 



-2(x-2) 3/2 (3x + 4) 
15 



=> y = -In 



-2(x-2) 3/2 (3x + 4) 
15 



6. y' = xye" 2 y = e x2 xdx In y = ±e" 2 + C 

7. sec x dy + x cos 2 y dx — =>• = — =>• tan y = —cos x — x sin x + C 

J J cos 2 y sec x ■> 

8. 2x 2 dx - 3 Jy esc x dy = 3^y dy = |^dx =>• 2y 3/2 = 2(2 - x 2 )cos x + 4x sin x + C 

_v, y3/2 _ ^ — x 2 )cos x + 2x sin x + Ci 



9. y' = £ ye^dy = f => (y + l)e-* = -In |x| + C 

10. y' = xe x ~ y csc y => y' = ^csc y =4> 37^— dy = xe x dx => y (sin y — cos y) = (x — l)e x + C 



11. x(x- l)dy-y dx = x(x - l)dy = y dx =>- f = In y = ln(x - 1) - ln(x) + C 



lny = ln(x - 1) - ln(x) + In d In y = ln( C ' (x x ~ 1] ) ^ y 



Ci(x-l) 



12. y' = (y 2 - l)(x-') 4^ = f = In x + C =► ln(^f) = 21n x + In C, => = C lX 2 

13. 2y' - y = xe x/2 y' - |y = fe x/2 . 
p(x) = -i, v(x) = e.fH) dx = e^ 2 . 

e -x/2 y ; _ l e -x/2 y = ( g -x/2) (x) ( e x/2) _ x ^ _d_ ( g -x/2 y) = 5 ^ e^ 2 y=^+C^y = e x/2 + c) 



14. y + y = e x sin x =!> y' + 2y = 2e x sin x. 
p(x) = 2, v(x) = e/ 2dx = e 2x . 

e 2x y' + 2e 2x y = 2e 2x e~ x sin x = 2e x sin x => j-(e 2x y) = 2e x sin x => e 2x y = e x (sin x — cos x) + C 



-2x 



=> y = e "(sin x — cos x) + Ce 

15. xy' + 2y = 1 - x" 1 y' + (|)y = \-^. 
v(x) = e 2 /* = e 21nx = e lnx2 = x 2 . 

x 2 y' + 2xy = x - 1 gj(x 2 y) = x- l^x 2 y=f-x + C^y=±-i + § 
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16. xy' — y = 2xln x =>• y' — (~)y = 21n x. 

v(x)=e-/f =e- ta * = i. (I)y'-(I) 2 y=flnx 
d ; (I . y ) = |lnx i -y = [lnx] 2 + C^y = x[lnx] 2 + Cx 



dx ' 



17. (1 + e x )dy + (ye x + e-")dx = =► (1 + e x )y' + e x y = -e"* =>y'= jf^y = jf^-y 
v(x) = Ji^> = e ln (e x +i) _ e x + L 

(e x + l)y' + (e x + l)( T ^ 5 r)y = (T^y(e x + 1) £[ (e x + l)y] = -e"* (e x + l)y = e"* + C 

, v _ e~ x + C _ e~ x +C 
^ J e x + 1 1 + e x 

18. I + x - 4ye y = x' + x = 4ye y . Let v(y) = e/* = e y . Then e y x' + xe y = 4ye 2y |;(xe y ) = 4ye 2y 
=> xe y = (2y - l)e 2y + C =!> x = (2y - l)e y + Ce~ y 

19. (x + 3y 2 ) dy + y dx = x dy + y dx = -3y 2 dy £ (xy) = -3y 2 dy => xy = -y 3 + C 

20. ydx+ (3x - y~ 2 cos y) dx = =>■ x' + \x = y~ 3 cos y. Let v(y) = J'^ = e 31ny = e lny3 = y 3 . 
Then y 3 x' + 3y 2 x = cos y and y 3 x = J cos y dy = sin y + C. So x = y~ 3 (sin y + C) 

21. g = e- x - y ~ 2 =» e y dy = e~ (x + 2 )dx e y = - e -( x+2 ) + C. We have y(0) = -2, so e~ 2 = -e~ 2 + C C = 2e~ 2 and 
e y = -e- (x+2) + 2e~ 2 => y = ln(- e -( x+2 ) + 2e~ 2 ) 

22 - E=if^^ = TTi^ ln ( ln y) = tan ~'« + C =* y = e e ' a "" W+c . We have y(0) = e 2 => e 2 = e e '" n " (0)+c 



e tair '( ) +c = 2 tan" 1 (0)+C = ln2^0 + C = ln2^C = ln2^y 



e tan- 1 (x)+ta2 



23. (x + 1)| + 2y = x =► y' + (jfj)y = Let v(x) = eJ^"* = e 21n - x+1 ) = e ln ( x+1 ) 2 = (x + l) 2 . 

So y'(x + l) 2 + (^ry (x + l) 2 y = ^(x + l) 2 => A [ y ( x + l) 2 ] = x(x + 1) y(x + l) 2 = Jx(x + l)dx 
=> y (x + l) 2 = f + f + C =>- y = (x + 1)~ 2 f f + f + c) . We have y(0) = 1 => 1 = C. So 
y = (x+l)- 2 (^ + f + l) 

24. xg +2y = x 2 + 1 => y'+ (|)y = x+ ±.Letv(x) = e i'(x) dx = e lnx2 = x 2 . Sox 2 y' + 2xy = x 3 + x 

=> A( x 2 y ) =x 3 + X ^ x 2 y = ?^ + | + C ^ y= | + c + i. W ehavey(l) = l^l = i+ C+i^C=±. 

Snv-^ + J- + i- x4 + 2x2 + 1 
a ° y _ 4 + 4x 2 + 2 - 4x 2 

25. | + 3x 2 y = x 2 . Let v(x) = e/ 3x2dx = e x \ So e x V + 3x 2 e x 'y = xV' => £ fe* 3 y) = xV' => e x V = ±e x3 + Q 
We have y(0) = -1 e° 3 (-l) = i e ° 3 + C^-l = i+ C^C = -^and e x3 y = |e x3 - § y = | - ^e^ 3 

26. xdy + (y - cos x)dx = xy ' + y - cos x = =>• y ' + Q)y = Let v(x) = d * dx = e lnx = x. 

Soxy' + x(i)y = cosx=> 3x ( x y ) = cos x =^ X Y = J cos x dx xy = sin x + C. We have y (§) = ( f ) = 1 + C 
=> C = -1. Soxy = -1 + sinx y = ' 1+ x sinx 

27. xdy - (y + ^/y)dx = = f ^ 21n(yy+ l) = In x + C. We have y(l) = 1 ^ 2\n(^/l + l) = In 1 + C 
^ 21n2 = C = ln2 2 = In 4. So21n(0F+ l) =lnx + ln4 = ln(4x) ^ ln(^+ l) = |ln(4x) = ln(4x) I/2 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



614 Chapter 9 Further Applications of Integration 



=> e ln (^ +1 ) = e 1 '^*)" 2 ^^+1 = 2^/x" ^ y = (2^- l) 2 

28. y" 2 | = js^j ^^-dx = ^ £ = e x - e~ x + C. We have y(0) = l^^=e°-e° + C^C=i. 
So £ = e x - e- x + i =>■ y 3 = 3(e x - e - x ) + 1 =>• y = [3(e x - e - x ) + 1 ]' 

29. xy' + (x - 2)y = 3x 3 e~ x =>- y' + (^)y = 3x 2 e~ x . Let v(x) = e/(^) dx 

$y' + ? (^)y = 3 ^E(y?) = 3 ^y? = 3x + c - We have yU) 

^ y .s;=3x-3^y = x 2 e- x (3x - 3) 

30. y dx + (3x - xy + 2)dy = => g + ^f^ 2 = ^| + f- x= -|=>|+(f-l)x=-|. 
P( y ) = 1 - 1 J P(y)dy = 31n y - y =j- v(y) = e 3iny ~ y = yV* 

yW + yV* (j - l)x = -2y 2 e^ => yVx = J-2y 2 e-^dy = ^(jr 2 + 2y + 2) + C 

^ y3 = 2(r + 2y + 2) + Ce^ ^ ^ y(2) = ^ ^ ^ = 2( l- 2 + 2) + Ce- ^ c = _ 4e ^ 

3 = 2(y 2 + 2y + 2)~4ey+' 
* x 

31. To find the approximate values let y n = y n _i + (y„-i + cos x n _i)(0.1) with xo = 0, yo = 0, and 20 steps. Use a 
spreadsheet, graphing calculator, or CAS to obtain the values in the following table. 



X 


y 


X 


y 








1.1 


1.6241 


0.1 


0.1000 


1.2 


1.8319 


0.2 


0.2095 


1.3 


2.0513 


0.3 


0.3285 


1.4 


2.2832 


0.4 


0.4568 


1.5 


2.5285 


0.5 


0.5946 


1.6 


2.7884 


0.6 


0.7418 


1.7 


3.0643 


0.7 


0.8986 


1.8 


3.3579 


0.8 


1.0649 


1.9 


3.6709 


0.9 


1.2411 


2.0 


4.0057 


1.0 


1.4273 







32. To find the approximate values let z n = y n _i + ((2 — y n _i)(2 X n -i + 3))(0.1) and 

Yn = y„-i + ( (2 ~ Y -' )(2x °' 1+3 2 ) + (2 ~ z " )(2x ° + 3) ) (0.1) with initial values x = -3, y = 1, and 20 steps. Use a 
spreadsheet, graphing calculator, or CAS to obtain the values in the following table. 



X 


y 


X 


y 


-3 


l 


-1.9 


-5.9686 


-2.9 


0.6680 


-1.8 


-6.5456 


-2.8 


0.2599 


-1.7 


-6.9831 


-2.7 


-0.2294 


-1.6 


-7.2562 


-2.6 


-0.8011 


-1.5 


-7.3488 


-2.5 


-1.4509 


-1.4 


-7.2553 


-2.4 


-2.1687 


-1.3 


-6.9813 


-2.3 


-2.9374 


-1.2 


-6.5430 


-2.2 


-3.7333 


-1.1 


-5.9655 


-2.1 


-4.5268 


-1.0 


-5.2805 



-2.0 -5.2840 



_ £ x-21nx = g. So 

= 0^0 = 3(1) + C^C= -3 
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33. To estimate y(3), let z„ = y n _! + (^^fy 11 J (0.05) and y n = y n _! + \ {^f^f 1 + (0-05) with initial values 
xo = 0, yo = 1, and 60 steps. Use a spreadsheet, graphing calculator, or CAS to obtain y(3) w 0.9063. 

34. To estimate y(4), let z n = y n _i + ^ x "~' x 2y °~' + 1 ^ (0.05) with initial values xo = 1, yo = 1, and 60 steps. Use a 
spreadsheet, graphing calculator, or CAS to obtain y(4) sj 4.4974. 

35. Let y n = y n _! + ( eXn l+yn l+2 ) (dx) with starting values Xo = and yo = 2, and steps of 0.1 and —0.1. Use a spreadsheet, 
programmable calculator, or CAS to generate the following graphs. 

(a) , , 



[-0.2, 4.5] by [-2.5, 0.5] 

(b) Note that we choose a small interval of x-values because the y-values decrease very rapidly and our calculator cannot 
handle the calculations for x < — 1. (This occurs because the analytic solution is y = —2 + ln(2 — e~ x ), which has an 
asymptote at x = —In 2 ss 0.69. Obviously, the Euler approximations are misleading for x < —0.7.) 

I l_l I I I I 1 I I 



[-1,0.2] by [-10, 2] 



36. Let z n = y n _i - ( ^I'+^l', J (dx) and y n = y n _i + | [ IVi^+Z-x + ) ( dx ) with startin S values x = and y = 0, 
and steps of 0.1 and —0.1. Use a spreadsheet, programmable calculator, or CAS to generate the following graphs. 



(a) 



(b) 





37. 



dy 
dx 



1 



1.2 



1.4 



1.6 



1.8 2.0 



-1 = 1 



1 -0.8 -0.56 
=>■ dy = x dx y 
C 



C = -2 

^ 2 



-0.28 0.04 0.4 
y + C; x = 1 and y 
=>■ y (exact) = y — 



y(2) = \ — | = i is the exact value. 
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38. 



1 



1.2 



1.4 



1.6 



1. 



2.0 



y -1 -0.8 -0.6333 -0.4904 -0.3654 -0.2544 
|f = j =>- dy = -dx =>- y = ln|x| + C; x — 1 and y = — 1 
^>-l=lnl+C^>C=-l^ y(exact) = ln|x| - 1 
=> y(2) = In 2 - 1 « -0.3069 is the exact value. 




39. 



1 



y -i 

= xy : 



1.2 



1.4 



1.6 



1. 



eT+ c = e y • e c = C 



2.0 



-l=de 1/2 
= _ e (^-i)« => 
exact value. 



1.2 -0.488 -1.9046 -2.5141 - 
= xdx =>• ln|y| = f + C 

ie 2"; x = 1 and y = — 1 
=>• Cj = -e 1/2 y(exact) = -e 1/2 • e¥ 
y(2) = -e 3/2 



3.4192 



-4.4817 is the 



y \ - - jr * t i f i 
\ X » - - jr f f t 



\ X XX-*.-- 



-3 ^ ^-4- 



ft** 



MX** 




40. 



1 



1.2 



1.4 



1.6 



1. 



•1 



1.2 -1.3667 



dy _ 1 
dx y 

1 = 1- 



2.0 



1.5130 -1.6452 -1.7688 

^> y dy = dx => ?_ = x + C; x = 1 and y = — 1 
C =» C = -\ ^y 2 = 2x- 1 
=> y(exact) = \/2x - 1 =^ y(2) = - rj -1.7321 is the 
exact value. 



• ( * t t f t * 



-3 y y-^ y *ly y 

*.xxxxxxx. 



t t * t t t * l 



\ iy y y2 y I I' 

. X X X x x ■■ 



41. g = y 2 - 1 y' = (y + l)(y- 1). We have y' = =>• (y + 1) = 0, (y - 1) = => y = -1, 1. 



(a) Equilibrium points are — 1 (stable) and 1 (unstable) 



(b) y' 



1 



2yy' 



2y(y 2 -l)=2y(y+l)(y-l). Soy" = 



0,y 



-l,y=l. 



(c) 



y=-i 



>o 



v=l 



#<o '> d i<o 

^ ^ ax ^ i ax 

y = 



<i>- 2 ' 




42. & 

dx 



y - y 2 y' = y(l - y). We have y' = => y(l - y) = y = 0, 1 - y = 

(a) The equilibrium points are and 1. So, is unstable and 1 is stable. 

(b) Let — ► = increasing, < — = decreasing. 

, y' < y' > t j'<0 



0, 1. 



y-y 



o 

y" = y' 



i 



2yy' 



(y - y 2 ) - 2y(y - y 2 ) = y - y 2 - 2y 2 + 2y 3 



2y 3 - 3y 2 



y(2y 2 - 3y + 1) =>- y" = y(2y - l)(y - 1). So, y" = => y = 0, 2y - 1 = 0, y - 1 = =>• y = 0, y 



y 

. i 

2' 
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43. (a) Force = Mass times Acceleration (Newton's Second Law) or F = ma. Let a = ^ = ^ • ^ = v^. Then 

-gR 2 s~ 2 =4> v dv = -gR 2 s~ 2 ds =!> Jv dv = J-gR 2 s~ 2 ds 
2gR2 1 C. When t = 0, v = v and s = R => v 2 = ^ + C 



-mgR 2 s 2 = 



gR 2 s 

. 2gR 2 



-2 ^ y dv 
ds 



-2C, 



=> C = v§ 



2gR 



2 S R 2 



2gR 



(b) If v = V / 2gR' then v2 = ^^ v =\/^' since v > if v > ^/2gR. Then 



y/s ds = ^2gR 2 dt 



JV /2 ds = / v/2gR 2 dt §s 3/2 = v'2gR 2 t + Ci s 3/2 = (|y / 2^)t + C; t = and s = R 
R 3/2 = (ly/igR?) (0) + C => C = R 3/2 =► s 3/2 = (|v / 2gR 2 lt + R 3/2 = (fRy^gJt + R 3/2 



R 3/2 [(|R- 1/2 V2i)t+l] =R 3/2 [(^F)t+l] =R 3/2 [(!f)t+l] ^s = R[l + (?^)tl 2/3 



44. 



^ = coasting distance 



(0.86)(30.84) _ 



0.97 



k « 27.343. s(t) = 2*5(1 - e-^™) 1 ) =► s(t) = 0.97(1 - e-f 27 - 343 ' 30 - 84 ) 1 ) 



s(t) = 0.97(1 -e" 



-0.8866t 



). A graph of the model is shown superimposed on a graph of the data. 




CHAPTER 9 ADDITIONAL AND ADVANCED EXERCISES 

1. (a) f = k£(c - y) => dy = -k0(y - c)dt => ^ = -kf dt => / ^ = - / k£dt => ln|y - c| = ~k£t + C, 

=> y — c = ± e Cl e _k ^ t . Apply the initial condition, y(0) = yo=>yo = c + C=>C = yo — c 
=>- y = c + (y - c)e~ k v'. 
(b) Steady state solution: y^ = limy(t) = lim [c + (yn — c)e _k v t l = c + (y — c)(0) = c 

t^oo t^oo 

2. Measure the amounts of oxygen involved in mL. Then the inflow of oxygen is 1000 mL/min (Assumed: it will take 5 
minutes to deliver the 5L = 5000mL); the amount of oxygen at t = is 210 mL; letting A = the amount of oxygen in the 
flask, the concentration at time t is A mL/L; the outflow rate of oxygen is A mL/L (lb/sec). The rate of change in A, 
equals the rate of gain (1000 mL/min) minus rate of loss (A mL/min). Thus: 

M = 1000 - A =>- j^r^ = dt =!> ln(A - 1000) = -t + C A - 1000 = Ce" 1 . At t = 0, A = 210, so C = -790 and 
A = 1000 - 790e _t . Thus, A(5) = 1000 - 790e~ 5 rj 994.7 mL. The concentration is 9 ^ 4 7 ^ = 99.47%. 
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Chapter 9 Further Applications of Integration 



The amount of CO2 in the room at time t is A(t). The rate of change in the amount of CO2, ^jr is the rate of internal 
production (R t ) plus the inflow rate (R2) minus the outflow rate (R3). 
Ri = (20 t— * ) (30 students) ft3)(o.04«^) « 1.39 ^ 

R2 - (lOOO * ) (0.0004 ^) = 0.4 ^ 

R 3 = ( TnTinn) !000 = 0.1A 

J \ 10,000 J min 

^ = 1.39 + 0.4 -0.1A= 1.79-0.1A=> A' + 0.1A = 1.79. Let v(t) = e/ 01dt . We have ±(aJ 0M A = 1.79e/ 01dt 

=> Ae 01t = / 1.79e 01t dt = 17.9e 01t + C. Att = 0,A= (10,000) (0.0004) = 4ft 3 C0 2 => C = -13.9 

A = 17.9 - 13.9e" u So A(60) = 17.9 - 13.9e" 1(60) « 17.87 ft 3 of C0 2 in the 10,000 ft 3 room. The percent of 



C0 2 is ^ x 100 = 0.18% 



d ( mv > = F+fv + u s l— F = d(mv) - fv + u)— F = m— + v— - v— - u— =>• F = m— - u— 

dt r T ^ v T ") dt ^ r dt V v T" dt =? r m dt TVj, V d( u d{ =? r ill d( u d[ . 

^ = — b => m = -|b|t + C. At t = 0, m = m , so C = m and m = mo - |b|t. 

Thus, F = (mo - |b|t)| - u|b| = -(mo - |b|t)|g| => f = -g+ ^ v = -gt - uln(^) + C, 



v = att = 0=»C 1 =0. Sov = -gt-uln(a^) = g => y = / 



— gt — uln 



mo - |b|t 
m 



dt and u = c, y = at 



t = 0^y = -igt 2 



(^)ln(^) 



(a) Let y be any function such that v(x)y = Jv(x)Q(x) dx + C, v(x) = e i p(x)dx . Then 

A(v(x) • y) = v(x) • y' + y • v'(x) = v(x)Q(x). We have v(x) = e / p(x)dx v'(x) = = e/ p(x)dx P(x) = v(x)P(x). 
Thus v(x) • y' + y • v(x) P(x) = v(x)Q(x) =>• y' + y P(x) = Q(x) => the given y is a solution. 

(b) If v and Q are continuous on [ a, b ] and x G (a, b), then ^ ^ J v(t)Q(t) dt = v(x)Q(x) 

=>• f X v(t)Q(t) dt = f v(x)Q(x) dx. So C = y v(x ) - f v(x)Q(x) dx. From part (a), v(x)y = f v(x)Q(x) dx + C. 
Substituting for C: v(x)y = J v(x)Q(x) dx + yov(x ) — fv(x)Q(x) dx =>■ v(x)y = yov(xo) when x = Xo. 

(a) y' + P(x)y = 0, y(x ) = 0. Use v(x) = ei p(x) dx as an integrating factor. Then j|(v(x)y) = =>- v(x)y = C 

=>. y = Ce-/ p W dx and y, = Cie-i' p M dx , y 2 = C 2 e-J" p « dx , y, (x ) = y 2 (x ) = 0, yi - y 2 = (Q - C 2 )e-i' p W dx 
= C 3 e"/ P(x) dx and yi - y 2 = - = 0. So yi - y 2 is a solution to y ' + P(x)y = with y(x ) = 0. 

(b) &(v(x)[yi(x)-y 2 (x)]) = A (e/ p W dx [ e -i p W dx (Q - C 2 ) ]) = &(Ci -C 2 ) = ^(C 3 ) = 0. 
/ e (v(x) [ Y 1 (x) - y 2 (x) ] )dx = (v(x) [ yi (x) - y 2 (x) ]) = Jo dx = C 

(c) yi = Cie-i' p W dx , y 2 = C 2 e-J' p W dx , y = yi - y 2 . So y(x ) = Cie-/ p W dx - C 2 e-i' p W dx = 

=>- Ci - C 2 = =>■ Ci = C 2 => yi(x) = y 2 (x) for a < x < b. 
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CHAPTER 10 CONIC SECTIONS AND POLAR COORDINATES 



10.1 CONIC SECTIONS AND QUADRATIC EQUATIONS 



1. x=y=>4p = 8=^p = 2; focus is (2, 0), directrix is x — —2 



2. x 

3. y 

4. y 



S si _ r 

' 4 9 



4p = 4 p = 1; focus is (—1, 0), directrix is x = 1 



4p = 6 => p = | ; focus is (0, — |) , directrix is y = 



6 - + y - 



j =>- 4p = 2 =>• p = ^ ; focus is (0, |) , directrix is y = — | 

= 1 =>• c = \/4 + 9 = \/l3 foci are ( ± \/l3, 0^ ; vertices are ( ± 2, 0) ; asymptotes are y = ± | x 
= 1 => c = a/9-4 = a/5 foci are (o, ± V^) ; vertices ai-e (0, ± 3) 



7. ^ + y 2 = 1 =>■ c = a/2 - 1 = 1 ^ foci are ( ± 1, 0) ; vertices are f ± a/2, o) 

8. ^- — x 2 = 1 c = a/4+1 = a/5 =>■ foci are ^0, ± a/^) > vertices are (0, ± 2) ; asymptotes are y = ± 2x 

P = 3; 



9. y 2 = 12x x - ^ 



12 - 4 P = 12 
focus is (3, 0), directrix is x = — 3 



10. x 2 = 6y =>• y = ^ =>- 4p = 6 =>- p = § 



focus is (0, |) , directrix is y 









x = -3 


3 


t »■ 


-3 








\ 2 
F' 


x 2 = 6y / 

' 3/2 y/ 


-4 


-2 


-1 


2 


4 


-2 


y = -3/2 



11. x 2 = -8y y = 4p = 8 

focus is (0, —2), directrix is y = 2 



=>■ P = 2; 



12. y 2 = -2x x = ^ 4p = 2 =>• p = \ 
focus is (— |, 0) , directrix is x = | 



2 


y = 2 




2 

i > 


/x 1 = -%y 


' F(0, -2) >. 
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15. x = -3y 2 =>- x = -Xr =>• 4p=i 

d) 

focus is (— X, 0) , directrix is x = 



j_ 

12 



16. x = 2y 2 



(I) 



4p 



focus is (|, 0) , directrix is x = — | 





= 12 




17. 16x 2 + 25y 2 = 400 



21 + 2- = 1 

25 T 16 1 



18. 7x 2 + 16y 2 = 112 



251 _|_ TL 
16 ~ 1 



c = \/a 2 - b 2 = ^25 - 16 = 3 



4 


x 2 y 

— + — = 1 

25 16 


/ ^1 
f i 


F 2 \ 
1 1 >x 


-5l -3 


3 15 


-4 




2x 2 + y 2 = 2 


X 2 + £ = 1 


=> c = \/a 2 


- b 2 = ^2 - 1 



=> c = \/ a 2 - 


b 2 = 


a/16- 


2 2 
16 + 7^" 1 


y 














3 /4 


-■rr 







20. 2x 2 + y 2 = 4 | + l = 1 

c = \/a 2 - b 2 = ^4-2 = 



V2 


_ .2 » 


2 

_ - 1 




S. 2 


/ 1 


-*■] \ 




1 




ll 


\ 1 


F2 y 





2 2 




2+4-1 


2 








-2 
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Section 10.1 Conic Sections and Quadratic Equations 621 



21. 3x 2 + If = 6 =► f + £ = 1 22. 9x 2 + 10y 2 = 90 £ + £ = 1 

c = \/a 2 - b 2 = ^3 - 2 = 1 => c = \/a 2 - b 2 = y'lO -9=1 




25. Foci: ( ± a/2, o) , Vertices: ( ± 2, 0) ^ a = 2, c = =^ b 2 = a 2 - c 2 = 4 - (y^) = 2 =>• £ + £ = 1 

26. Foci: (0, ± 4) , Vertices: (0, ± 5) => a = 5, c = 4 => b 2 = 25 - 16 = 9 f + g = 1 

27. x 2 - y 2 = 1 =>• c = Va^Tb 2 = y/l + 1 = -y/2 ; 28. 9x 2 - 16y 2 = 144 ^ - £ = 1 
asymptotes are y = ± x => c = \/a 2 + b 2 = ^16 + 9 = 5; 

asymptotes are y = ± | x 
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29. y 2 - x 2 



r _ jr 
8 8 



Va 2 +b 2 



y8-j-8 = 4; asymptotes are y = ± x 



30. y 2 - x 2 = 4 ^ \ - % = 1 => c = x/a 2 + b 2 
= \J A + 4 = 2 1/2; asymptotes are y = ± x 





^ -z! - 1 c= Va 2 + b 2 



31. 8x 2 -2y 2 = 16 2 

= \fl. + 8 = ylO ; asymptotes are y = ± 2x 



32. y 2 - 3x 2 = 3 => 



\/a 2 + b 2 



= \/3 + 1 = 2; asymptotes are y = ± \/3x 





33. 8y 2 - 2x 2 = 16 => £ - £ = 1 c = y'a 2 + b 2 34. 64x 2 - 36y 2 = 2304 => 



2 8 

10 ; asymptotes are y = ± | 



51 _ II - 
36 64 



1 =>■ C = 



= v^36 + 64 =10; asymptotes are y = ± 



VIo 



10 -F 2 




ft— x 



35. Foci: ^0, ± V 2 J » Asymptotes: y = ± x =^> c = \J2 and \ = 1 
=> a = 1 ^b=l => y 2 - x 2 = 1 



= 1 a = b c 2 = a 2 + b 2 = 2a 2 2 = 2a 



36. Foci: ( ± 2, 0) , Asymptotes: y = ± -4^ x =>• c = 2 and j = -4^ 



4=^^a 2 = 3^a=V^ 



=»► b = 1 y-y 2 = l 



b = =>. c 2 = a 2 + b 2 = a 2 + f = ^ 



37. Vertices: (±3,0), Asymptotes: y = ± | x =>• a = 3 and 



b = | (3) = 4 



*i _ n — 1 

9 16 — 1 



38. Vertices: (0, ± 2) , Asymptotes: y = ±±x =>- a = 2 and a - 1 



b 2 



b = 2(2) = 4 



y! _ si - 1 

4 16 1 
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Section 10.1 Conic Sections and Quadratic Equations 623 

39. (a) y 2 = 8x => 4p = 8 p = 2 directrix is x = -2, J 



focus is (2, 0), and vertex is (0, 0); therefore the new 
directrix is x = — 1, the new focus is (3, —2), and the 
new vertex is (1, —2) 




40. (a) x 2 = -4y ^4p = 4=>p=l^ directrix is y = 1, 
focus is (0, —1), and vertex is (0, 0); therefore the new 
directrix is y = 4, the new focus is (—1,2), and the 
new vertex is (— 1 , 3) 



5 

4 


f 


/ F (-1,2)1 


y-4 

\ 2 
%(x + 1) "-4{y 


-6 /-4 -2 -1 

/ -2 
' -3 


— V 



41. (a) |g + L = 1 => center is (0, 0), vertices are (-4, 0) 
and (4, 0); c = \/ a 2 - b 2 = a/7 =>■ foci are (a/7, o) 

and (--y/7, 0) ; therefore the new center is (4, 3), the 
new vertices are (0, 3) and (8, 3), and the new foci are 
U ± yfi, 3) 



(0,3) 




(8,3) 



42. (a) 



center is (0, 0), vertices are (0, 5) 



*~ + £ = 1 

9 T 25 1 

and (0, —5); c = \/a 2 — b 2 = \/l6 = 4 =4> foci are 
(0, 4) and (0, —4) ; therefore the new center is (—3, —2), 
the new vertices are (—3, 3) and (—3, —7), and the new 
foci are (—3, 2) and (—3, —6) 



(-3.3) V, 




9 + 25 



43. (a) 



«* _ r _ 1 

16 9 — 1 



center is (0, 0), vertices are (—4, 0) 
and (4, 0), and the asymptotes are | — ^ 



± I or 



y = ± I ; c = a/ a 2 + b 2 = \/25 = 5 => foci are 
(—5, 0) and (5, 0) ; therefore the new center is (2, 0), the 
new vertices are (—2, 0) and (6, 0), the new foci 
are (—3, 0) and (7, 0), and the new asymptotes are 

y= ±^ 
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2 2 

44. (a) \ — |- = 1 =>■ center is (0, 0), vertices are (0, -2) 

and (0, 2), and the asymptotes are | = ± or 

y = ± % ; c = ^a 2 +b 2 = \/9 = 3 foci are 

(0, 3) and (0, —3) ; therefore the new center is (0, —2), 
the new vertices are (0, —4) and (0, 0), the new foci 
are (0, 1) and (0, —5), and the new asymptotes are 

y + 2=±- 

45. y 2 = 4x =>■ 4p = 4 =>• p=l => focus is (1, 0), directrix is x = — 1, and vertex is (0, 0); therefore the new 
vertex is (—2, —3), the new focus is (—1, —3), and the new directrix is x = —3; the new equation is 

(y + 3) 2 = 4(x + 2) 

46. y 2 = — 12x =^4p=12=^p = 3 => focus is (—3, 0), directrix is x = 3, and vertex is (0, 0); therefore the new 
vertex is (4, 3), the new focus is (1, 3), and the new directrix is x = 7; the new equation is (y — 3) 2 = — 12(x — 4) 

47. x 2 = 8y =>■ 4p = 8 p = 2 => focus is (0, 2), directrix is y = —2, and vertex is (0, 0); therefore the new 
vertex is (1, —7), the new focus is (1, —5), and the new directrix is y = —9; the new equation is 

(x- l) 2 = 8(y + 7) 

48. x 2 =6y=^4p = 6=^p=| =>• focus is (0, |) , directrix is y = — | , and vertex is (0, 0); therefore the new 
vertex is (—3, —2), the new focus is (—3, — j) , and the new directrix is y = — ~ ; the new equation is 

(x + 3) 2 = 6(y + 2) 

49. f + £ = 1 center is (0, 0), vertices are (0, 3) and (0, -3); c = \/a 2 - b 2 = a/9-6 = \fi foci are f 0, 
and (o, —\/3\; therefore the new center is (—2, —1), the new vertices are (—2. 2) and (—2, —4), and the new foci 
are (-2,-1 ± \/3~) ; the new equation is + = i 

50. y + y 2 = 1 center is (0, 0), vertices are (*/2, o\ and (—^/l, O^j ; c = \J a 2 - b 2 = \/2-l = 1 =^ foci are 
(—1,0) and (1, 0); therefore the new center is (3, 4), the new vertices are ^3 ± \/2, , and the new foci 

are (2, 4) and (4, 4); the new equation is (x 2 3)2 + (y - 4) 2 = 1 

51. y + £ = 1 center is (0, 0), vertices are ( V% °) and (~ V^> o) ; c = Va 2 - b 2 = y/3-2 = 1 => foci are 
(—1,0) and (1, 0); therefore the new center is (2, 3), the new vertices are ^2 ± \/3, , and the new foci 

are (1,3) and (3, 3); the new equation is + = 1 

52. fg + £ = 1 => center is (0, 0), vertices are (0, 5) and (0, -5); c = \/a 2 - b 2 = ^/25 - 16 = 3 =>■ foci are 
(0, 3) and (0, —3); therefore the new center is (—4, —5), the new vertices are (—4, 0) and (—4, —10), and the new 
foci are (-4, -2) and (-4, -8); the new equation is '-^^ + = 1 

53. f - £ = 1 => center is (0, 0), vertices are (2, 0) and (-2, 0); c = s/ a 2 + b 2 = ^4 + 5 = 3 =^ foci are (3, 0) and 
(—3, 0); the asymptotes are ± | = -X^ y — ± ; therefore the new center is (2, 2), the new vertices are 

(4, 2) and (0, 2), and the new foci are (5, 2) and (—1, 2); the new asymptotes are y — 2 = ± v 7 ^*- 2 ) ; the new 
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Section 10.1 Conic Sections and Quadratic Equations 625 



equation is ^ - ^ 



54. fg - £ = 1 =>• center is (0, 0), vertices are (4, 0) and (-4, 0); c = x/a 2 + b 2 = a/16 + 9 = 5 => foci are (-5, 0) 
and (5,0); the asymptotes are ± | = | =>■ y = ± ^ ; therefore the new center is (—5, —1), the new vertices are 
(—1, —1) and (—9, —1), and the new foci are (—10, —1) and (0, —1); the new asymptotes are y + 1 = ± 3(x 4 f 5) ; 
the new equation is (x } 6 5) " - (y + 1)2 = 1 



55. y 2 - x 2 = 1 =3> center is (0, 0), vertices are (0, 1) and (0, — 1); c = \J a 2 + b 2 = \/l + 1 = y2 => foci are 
^0, ± 5 m e asymptotes are y = ± x; therefore the new center is (—1, —1), the new vertices are (—1,0) and 

(—1, —2), and the new foci are (— 1, — 1 ± \ ; the new asymptotes are y + 1 = ± (x + 1); the new equation is 



(y+ l) 2 -(x+ l) 2 = 1 



56. £ - x 2 = 1 center is (0, 0), vertices are (0, a/3 ) and ( 0, ; c = x/a 2 + b 2 = a/ 3 + 1 = 2 =>- foci are (0, 2) 



and (0,-2); the asymptotes are ± x = =4> y = ± a/3x; therefore the new center is (1 , 3), the new vertices 

v 3 

are f 1, 3 ± •\/3j , and the new foci are (1, 5) and (1, 1); the new asymptotes are y — 3 = ± \/3(x — 1); the new 
equation is (y ~ 3) — (x — l) 2 = 1 

57. x 2 + 4x + y 2 = 12 x 2 + 4x + 4 + y 2 = 12 + 4 (x + 2) 2 + y 2 = 16; this is a circle: center at 
C(-2,0),a = 4 

58. 2x 2 + 2y 2 - 28x + 12y + 114 = x 2 - 14x + 49 + y 2 + 6y + 9 = -57 + 49 + 9 (x - 7) 2 + (y + 3) 2 = 1; 
this is a circle: center at C(7, —3), a = 1 

59. x 2 + 2x + 4y - 3 = => x 2 + 2x + 1 = -4y + 3+1 =^ (x + l) 2 = -4(y - 1); this is a parabola: 
V(-l,l), F(-1,0) 

60. y 2 - 4y - 8x - 12 = =>■ y 2 - 4y + 4 = 8x + 12 + 4 =>■ (y - 2) 2 = 8(x + 2); this is a parabola: 
V(-2,2), F(0,2) 

61. x 2 + 5y 2 + 4x = 1 =!> x 2 + 4x + 4 + 5y 2 = 5 (x + 2) 2 + 5y 2 = 5 + y 2 = 1; this is an ellipse: the 
center is (-2, 0), the vertices are (-2 ± y/5, o) ; c = \J a 2 - b 2 = a/5 - 1 = 2 the foci are (-4, 0) and (0, 0) 

62. 9x 2 + 6y 2 + 36y = 9x 2 + 6 (y 2 + 6y + 9) = 54 9x 2 + 6(y + 3) 2 = 54 ^ f + ^±3f = 1; this is an ellipse: 
the center is (0, —3), the vertices are (0, 0) and (0, —6); c = \/ a 2 — b 2 = y/9 — 6 = \f?> => the foci are 

0,-3 + a/3 



63. x 2 + 2y 2 - 2x - 4y = -1 x 2 - 2x + 1 + 2 (y 2 - 2y + 1) = 2 (x - l) 2 + 2(y - l) 2 = 2 
=> (x ~ 1) + (y — l) 2 = 1; this is an ellipse: the center is (1, 1), the vertices are ^1 ± \/2, l^j ; 

c = yj a 2 - b 2 = a/2 - 1 = 1 ^ the foci are (2, 1) and (0, 1) 



64. 4x 2 + y 2 + 8x - 2y = -1 => 4 (x 2 + 2x + 1) + y 2 - 2y + 1 = 4 =^> 4(x + l) 2 + (y - l) 2 = 4 

r-V 
4 



(x + l) 2 + (y = 1; this is an ellipse: the center is (—1, 1), the vertices are (—1,3) and 
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(-1,-1); c= V* 2 ~ b 2 = \/4- 1 = \/3 the foci are (-1,1 ±^3 



65. x 2 - y 2 - 2x + 4y = 4 =>■ x 2 - 2x + 1 - (y 2 - 4y + 4) = 1 (x - l) 2 - (y - 2) 2 = 1; this is a hyperbola: 
the center is (1, 2), the vertices are (2, 2) and (0, 2); c = \/a 2 + b 2 = y/l + 1 = =£- the foci are ^1 i y^2, 2 
the asymptotes are y — 2 — ± (x — 1) 



66. x 2 - y 2 + 4x - 6y = 6 =3> x 2 + 4x + 4 - (y 2 + 6y + 9) = 1 => (x + 2) 2 - (y + 3) 2 = 1; this is a hyperbola: 
the center is (—2, —3), the vertices are (—1, —3) and (—3, —3); c = \/ a 2 + b 2 = \J 1 + 1 = a/2 =>• the foci are 
-2 ± \/2, — 3^ ; the asymptotes are y + 3 = ± (x + 2) 



67. 2x 2 - y 2 + 6y = 3 2x 2 - (y 2 - 6y + 9) = -6 => - y = 1; this is a hyperbola: the center is (0, 3), 



the 

y=3 



vertices are ^0, 3 ± \f&j ; c = \/ a 2 + b 2 = \/ 6 + 3 = 3 =>• the foci are (0, 6) and (0, 0); the asymptotes ; 



„ ±75^y=±V2x + 3 



68. y 2 - 4x 2 + 16x = 24 y 2 - 4 (x 2 - 4x + 4) = 8 =^ £ - ^-y^ = 1; this is a hyperbola: the center is (2, 0), 
the vertices are (2, ± y/ffy ; c = \/a 2 + b 2 = ^8 + 2 = ^/l0 the foci are ^2, ± \J 10^ ; the asymptotes are 

x - 2 y = ±2(x-2) 



\/8 v/2 



69. 



70. 



71. 



4 


9x 2 + 16y 2 s 1 


2 

/ 1 
fiii 


1 1 1 I > 


V-3 -2 -1 
\ _1 
N. -2 


1 2 3 / 


-4 




y 





X 2 + Ay L 2: 4 



-3 - 
-4 - 



and 4i 2 + 9y 2 s 36 



72. 



x 2 + y*> ijand4x 2 + y 2 £4 




(x^y 2 -^* 9^-9)^0 




i — x 
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74. |x 2 - y 2 | < 1 => -1 < x 2 - y 2 < 1 =^ -1 < x 2 - y 2 and 
x 2 — y 2 < 1 => 1 > y 2 — x 2 and x 2 — y 2 < 1 





75. Volume of the Parabolic Solid: Vi = J Q ~2irx (h - f x 2 ) dx = 2nh J o (x- ^f) dx = 2nh 
= ^ ; Volume of the Cone: V 2 = 1 tt (^)\ = 1 tt f ^ h = ^ ; therefore Vj = | V 2 



2 b 2 



b/2 

n 



76. y = J"g x dx = g f f ) + C = + C; y = when x = = ^ + C =^ C = 0; therefore y = ^ is the 



equation of the cable's curve 

77. A general equation of the circle is x 2 + y 2 + ax + by + c = 0, so we will substitute the three given points into 



this equation and solve the resulting system: 



a + c = -1 

b + c = — 1 >=^c=j and a = b = — | ; therefore 
2a + 2b + c = -t 



3x 2 + 3y 2 — 7x — 7y + 4 = represents the circle 

78. A general equation of the circle is x 2 + y 2 + ax + by + c = 0, so we will substitute each of the three given points 

2a + 3b + c = -13 "I 

into this equation and solve the resulting system: 3a + 2b + c = — 13 > =4> a = 2, b = 2, and c = —23; 

-4a + 3b + c = -25 J 

therefore x 2 + y 2 + 2x + 2y — 23 = represents the circle 

79. r 2 = (-2 - l) 2 + (1 - 3) 2 = 13 => (x + 2) 2 + (y - l) 2 = 13 is an equation of the circle; the distance from the 
center to (1.1, 2.8) is ^/(-2 - l.l) 2 + (1 - 2.8) 2 = \J 12.85 < \J Yb , the radius the point is inside the circle 



80. (x - 2) 2 + (y - l) 2 = 5 =► 2(x - 2) + 2(y - 1) % = 



dy 
dx 



5=2 . y = o (x - 2) 2 + (0 - l) 2 = 5 



dx dx y— 1 

=> (x — 2) 2 = 4 => x = 4orx = => the circle crosses the x-axis at (4. 0) and (0, 0); x = 

=> (0 - 2) 2 + (y - l) 2 = 5 ^> (y - l) 2 = 1 ^> y = 2 or y = the circle crosses the y-axis at (0, 2) and (0, 0). 



At (4,0): 



dy 
dx 



4-2 
0-1 



2 the tangent line is y = 2(x — 4) or y = 2x — 8 



At (0, 0): £ = - §Ef = -2 => the tangent line is y = -2x 



At (0,2): g=- 



d y — _ 9=2 _ 



2-1 



2 the tangent line is y — 2 = 2x or y = 2x + 2 
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81. (a) y 2 = kx => x = y ; the volume of the solid formed by 
revolving Ri about the y-axis is Vi = f o ^ ( k~) 

= g J y 4 dy = 2^ ; the volume of the right 
circular cylinder formed by revolving PQ about the 
y-axis is V2 = 7rx 2 y/kx the volume of the solid 
formed by revolving R2 about the y-axis is 
V 3 = V 2 - Vi = jg^/jg , Therefore we can see the 
ratio of V 3 to Vj is 4:1. 

(b) The volume of the solid formed by revolving R2 about the x-axis is Vi = f Q it (\/kt\ dt = TrkJ^ t dt 



s 


P(x,Vkx 








V Q 



- X 



. The volume of the right circular cylinder formed by revolving PS about the x-axis is 



V 2 = 



7r (^/kx\ 



x = 7rkx =4> the volume of the solid formed by revolving Ri about the x-axis is 

kx 2 



V 3 = V 2 - Vi = Trkx 2 - ^ = Sf^ . Therefore the ratio of V 3 to Vi is 1:1 



82. Let 

,,2 . 



Pi(— p, yi) be any point on x = — p, and let P(x, y) be a point where a tangent intersects y 2 = 4px. Now 
= 4px 2y g = 4p I = ^ ; then the slope of a tangent line from Pj is -±^L- - & - ?E 



yyi 



2px + 2p 2 . Since x = |- , we have y 2 — yyi = 2p ' ^~ 



x-(-p) 
,,2 



1 y 2 + 2p 2 



I y 2 - yyi - 2p 2 = 

tangents from Pj are mi 



yi + x/yf+V 
the lines are perpendicular 



_ 2yi± V4y? + 16p? 
■> 2 
2p 



and m 2 



dx y 

2p 2 y 2 - yyi - 2 

yi ± \Jyl + 4p 2 . Therefore the slopes of the two 
^ ^ mi m 2 = „, , 4 f. ^ = -1 



yi-\/yf +V 



y?-(y? + V. 



83. Let y = W 1 — \ on the interval < x < 2. The area of the inscribed rectangle is given by 



A(x) = 2x [2^\ 
=> A'(x) = 4J1 



4x\/ 1 — ^- (since the length is 2x and the height is 2y) 
Thus A'(x) = =^ 4*/l 







4 — "W 4 

=>• x = \/l (only the positive square root lies in the interval). Since A(0) = A(2) = 0we have that A — 4 

is the maximum area when the length is 2y2 and the height is yz. 



84. (a) Around the x-axis: 9x 2 + 4y 2 = 36 =4> y 2 = 9 — | x 2 => y = ±^9— |x 2 and we use the positive root 



2 P 2 

dx = 2/ o .(c 



- ? x 2 ) dx = 2ix [9x - \ x 3 l 2 = 24^ 



4 J 



(b) Around the y-axis: 9x 2 + 4y 2 = 36 =4> x 2 = 4 — | y 2 => x = ± y' 4 — | y 2 and we use the positive root 
V = 2 JT * ( \/ 4 -^ 2 ) 2 ^ = 2 X' ^ (4 - ^ y 2 ) dy = 2^ [4y - A y 3] J = 16n 



85. 9x 2 - 4y 2 = 36 y 



2 _ 9x 2 - 36 



4 J> 2 -4)dx= 4 



9- 



9n 



-4x 



y = ± I V* 2 - 4 on the interval 2 < x < 4 =$> V = J 2 7r (J V* 2 - 4^ 
= T [(f - 16 ) - (I - «)] = T (f - 8 ) = f (56-24) = 24tt 



dx 



86. x 2 - y 2 = 1 =>• x = ± y/i +y 2 on the interval -3 < y < 3 V = J% ( vTTy 2 ) 2 dy = 2 tt (0 +y 2 ) 2 dy 



2^/ o 3 (l+y 2 )dy = 2^ 



24tt 
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87. Let y = \j 16 — y x 2 on the interval — 3 < x < 3. Since the plate is symmetric about the y-axis, x = 0. For a 



vertical strip: ( x , y 1 ) = I x. 



length = J 16 - f x 2 , width = dx =>- area = dA = J 16 - ^ x 2 dx 



=> mass = dm = 6 dA = 6^Jl6 — y x 2 dx. Moment of the strip about the x-axis: 
y" dm = — ~ 9 16 — y x 2 ) dx = 6 (8 — | x 2 ) dx so the moment of the plate about the x-axis is 



M x = J y dm = f 6 (8 - | x 2 ) dx = 5 [8x - A x 3 ] ^ 3 = 32<5; also the mass of the plate is 

x 2 dx = f_*$Jl - (|x) 2 dx = 4.5 /^-/l - u 2 du where u = § => 3 



du = dx; x = — 3 



u = -1 andx = 3 =!> u = 1. Hence, 46 J 3y/ 1 - u 2 du = 126 f \J 1 - u 2 du 



126 



1 (W 1 - u 2 + sin" 1 u) i = 6tt<5 =!> y = ^ = |§ = |f . Therefore the center of mass is (0, jj ) 



= a/x 2 + 1 



g = 1 (x 2 + l)- 1/2 (2x) = 



2x 2 + l 
x 2 + l 



S = W 1+ (^) 2 dx = L^V^+l dx = //W^ + l dx ; 



Ll 

du = 



/2x 
^dx 



2^ 



J o Vu 2 + 1 du = [i (u y/tf + l + in (u + V" 2 + l) )] 2 = ^ [2^/5 + ^(2+^/5) 



dr A drB 

dt ~~ dt 

andB 



4 (r A — r B ) = => r A — r B = C, a constant => the points P(t) lie on a hyperbola with foci at A 



90. (a) tan (3 = m L =>• tan /? = f '(x ) where f(x) = 
f'(x) = 1 (4px)- 1 / 2 (4p) = -J- f'(x ) 



?p ==> tan /? = * . 

yo r yo 

yo-o _ yo 
x - p x - p 



(b) tan </> = m FP 

(c) tan a 



tan <^ — tan ,fl \ »o - P yp ,/ 



yo(xo -p + 2p) 



yo(xo + p) 



4px; 

2P_ 



/4px 



l+tan0tan/3 , , ( _>o_\ ( ?p\ 
\ x o-vJ \yo) 

yj - 2p(x - p) _ 4px - 2px + 2p 2 _ 2p(x + p) _ 2p 



yo(x + p) yo 




91. PF will always equal PB because the string has constant length AB = FP + PA = AP + PB. 



92. (a) In the labeling of the accompanying figure we have 
j = tan t so the coordinates of A are (1, tan t). The 
coordinates of P are therefore (1 + r, tan t). Since 
l 2 + y 2 = (OA) 2 , we have l 2 + tan 2 1 = (1 + r) 2 
=>• 1 + r = \J 1 + tan 2 1 = sec t r = sec t - 1. 
The coordinates of P are therefore (x, y) = (sec t, tan t) 
=>• x 2 — y 2 = sec 2 1 — tan 2 1 = 1 




0(1.0) 
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(b) In the labeling of the accompany figure the coordinates 
of A are (cos t, sin t), the coordinates of C are (1 , tan t), 
and the coordinates of P are (1 + d, tan t). By similar 

trinnalps d _ OC , d _ y/ 1 + tan 2 1 

triangles, m - m =>• - ; 

=> d = (1 — cos t)(sec t) = sec t — 1. The coordinates 
of P are therefore (sec t, tan t) and P moves on the 
hyperbola x 2 — y 2 = 1 as in part (a). 




0(1.0) 



93. x 2 = 4py and y = p =>• x 2 = 4p 2 =>• x = ± 2p. Therefore the line y = p cuts the parabola at points (— 2p, p) 



(2p, p), and these points are \/[2p — (— 2p)] 2 + (p — p) 2 = 4p units apart. 

(^x-^a/x 2 -a 2 ) =^ lim fx - \/x 2 - a 

\ a a v J a x ^oo\ v 



94. lim 

X — » <x> 



2 1 - b 



lim 

a x — » OO 



5 lim 

a x — > 00 



x — (x — a 



x + \fy? — a? 



^ lim 

a x — > OC 



x + \/x- — a 2 



= 



10.2 CLASSIFYING CONIC SECTIONS BY ECCENTRICITY 

I + T5 = 1 c = 



1. 16x 2 + 25y 2 = 400 



b 2 



= a/25 - 16 = 3 e=f = |;F(±3,0); 



directrices are x = ± 



± 



25 



^x — \/x 2 — a 2 ^ ^x + \/x 2 — a 2 
x + i/x 2 - a 2 



4 


16 . 


f \ 


F 2 \ | 


1 h-rl 1 1 1 — # — 1 1 


— 1 — 1 m 1 — — 1 — 1 — hH — H~ 

3 / 


1 -4 





2. 7x 2 + 16y 2 = 112^fg + ^ = l^c = Va 2 - b 2 



= a/16-7 = 3 



_ c _ 3 . 



F(±3,0); 



directrices are x = ± f = ± 



(!) 



± 



16 



3. 2x 2 + y 2 = 2 x 2 + £ = 1 c = a/ a 2 - b 2 
= V / 2^I=1 =* e=£ = 4-;F(0,±l); 



directrices are y = ± - = ± 



±2 
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2x 2 +y 2 =4^>f + £ = l^c = x/a 2 - b 2 Y 



= \/4-2= x/2 e = 
directrices are y = ± | = 




-2 



3x 2 + 2y 2 = 6 = 
= y/3-2 = 1 



* + r 

2 ' 3 



^;F(0,±1); 



directrices are y = ± - = ± -r^K — ± 3 



VS. 


— \ 2 3 
il \ 


1 -W I 1 


' hit " 




i-l / 


-V3 





9x z 4 10y 2 = 90 fg 
= ^10-9= 1 e= £ = 



L = 1 
9 1 



directrices are x = ± 



± 



'10 

Ao 



4> c = \/ a 2 — b 2 
F(± 1,0) ; 

= ± 10 




6x 2 + 9y 2 = 54 \ 4 
= ^9-6= x/3 e 



directrices are x = ± - = ± 



c = \J a 2 — b 2 
^;F(±V^,0); 



i vn 


5 ^--X l 
9 6 i 




F 2 \ 1 

E— «H L— 1 lU- 


; '-U' : 




! -v« 
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169x 2 + 25y 2 = 4225 ^g + ^ = l^>c = ^/a 2 - b 2 
= ^169 - 25 = 12 e = § = {§ ; F (0, ± 12) ; 
directrices are y = ± - = ± 



13 

m 



± 



169 
12 




9. Foci: (0, ± 3) , e = 0.5 =>• c = 3 and a 



=► b 2 = 36-9 = 27 £ + £ = 1 



10. Foci: ( ± 8, 0) , e = 0.2 c = 8 and a = | = ^ = 40 b 2 = 1600 - 64 = 1536 =S> jfgg + ^ = 1 



11. Vertices: (0, ± 70) , e = 0.1 a = 70 and c = ae = 70(0.1) = 7 =^ b 2 = 4900 - 49 = 4851 ^ + 7^ = 1 



4851 1 4900 



12. Vertices: ( ± 10, 0) , e = 0.24 =^ a = 10 and c = ae = 10(0.24) = 2.4 => b 2 = 100 - 5.76 = 94.24 



100 ' 94.24 1 



13. Focus: 



(75,0), 



Directrix: x = -7= =>• c = ae = v/5 and 

v 5 



Then PF = ^ PD ^ \/ x - V 5 + (y - 0> 





9 


^ \/5 _ 9 . 2 _ 5 
















=> 


(x-\/5) 2 + y 2 = |(x 



x 2 -2V5x + 5 + y 2 



■- - - 5 'x 2 -^x+^] => |x 2 + y 2 =4 =► £ + £ = 



14. Focus: (4. 0), Directrix: x = -y =4> c = ae = 4 and 
PF = ^ PD ^/( X - 4) 2 + (y - 0) 2 — — ' v — — 



16 
3 



16 
3 



e 2 — 3 e — 4 



2 ' 



J ^ l x - f I (x - 4) 2 + y 2 = |(x - f ) x 2 - 8x + 16 + y 2 



3 /V2 32 v , 256\ . 1 „2 , ,,2 _ 16 



(x 2 - 



i * + y 



3 ^ (fj + (f) - 1 



\ (x 2 + 32x + 256) =► | x 2 + y 2 = 48 =► h + h = 1 



15. Focus: (-4,0), Directrix: x = -16 =>• c = ae = 4 and * = 16 =>- j§ = 16 4 = 16 e 2 = \ =>• e = A . Then 
PF = \ PD ^/(x + 4) 2 + (y - 0) 2 = \ |x + 16| (x + 4) 2 + y 2 = \ (x + 16) 2 =!> x 2 + 8x + 16 + y 2 

X" 

64 



16. Focus: (-a/2, OJ , Directrix: x = -2\/2 c = ae = and | = 2^ f = 2 a/2 =■ 

x + 2\/2 



^ e= ^.ThenPF=^PD ^ W(x+V2j + (y - 0) 
= 1 (x + 2V^) 2 =!> x 2 +2V^x + 2 + y 2 = \ (x 2 +4\/2x 



^ix 2 +y 2 = 2^^ + t = i 
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17. 



4 

5 " 

16 



take c = 
25 -b 2 



4 and a 

=> b 2 = 



5;c 2 



a 2 -b 2 
= 3; therefore 



- + £ = 1 

25 ' 9 1 





x 2 y 5 

25 + 9 

3 




> 







18. The eccentricity e for Pluto is 0.25 ^ e = £ = 0.25 = £ 



=>• take c = 1 and a : 
b 2 = 15 =» b = 
model of Pluto's orbit. 



4; c 2 = a 2 - b 
15 ; therefore, 



16 



4 
b 2 



16 



fj = 1 is a 




Plilo 



19. One axis is from A(l, 1) to B(l, 7) and is 6 units long; the 
other axis is from C(3, 4) to D(— 1 , 4) and is 4 units long. 
Therefore a = 3, b = 2 and the major axis is vertical. The 
center is the point C(l, 4) and the ellipse is given by 

(x_I)! + (y_4£ = j. c 2 = a 2 _ b 2 = 32 _ 2 2 = 5 

=>• c = yfs ; therefore the foci are F M , 4 ± y/^j , the 



eccentricity is e = 
y =4± 2 =4± 



, and the directrices are 



3 



= 4± 



9v/5 



(x-1) 2 , (y-4) 2 
4 9 




20. Using PF = e • PD, we have ^/(x - 4) 2 + y 2 = § |x - 9| (x - 4) 2 + y 2 = \ (x - 9) 2 => x 2 - 8x + 16 + y 2 

= I (x 2 - 18x + 81) | x 2 + y 2 = 20 5x 2 + 9y 2 = 180 or §g + ^ = 1. 

21. The ellipse must pass through (0, 0) =>• c = 0; the point (— 1, 2) lies on the ellipse => — a + 2b = — 8. The ellipse 
is tangent to the x-axis =>• its center is on the y-axis, so a = and b = —4 =4> the equation is 4x 2 + y 2 — 4y = 0. 
Next, 4x 2 + y 2 - 4y + 4 = 4 => 4x 2 + (y - 24) 2 =4 =!> x 2 + = 1 a = 2 and b = 1 (now using the 
standard symbols) =>■ c 2 = a 2 - b 2 = 4 - 1 = 3 =>■ c = y/3 e = £ = ^ . 



22. We first prove a result which we will use: let mj, and 
m2 be two nonparallel, nonperpendicular lines. Let a be 
the acute angle between the lines. Then tan a = f, 1 - m2 . 

c l+mini2 

To see this result, let 6\ be the angle of inclination of the 
line with slope mi , and 82 be the angle of inclination of the 
line with slope m 2 . Assume mj > m 2 . Then 8\ > 8 2 and we 
have a — 9i — 6%. Then tan a — tan(#i — 82) 
= ~„T B l = f^ 3 - , since mi = tan 9 1 and and 

1+ tan 0i tan #2 l+mim2 ' 1 1 

iri2 = tan 82. 
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Now we prove the reflective property of ellipses (see the 
accompanying figure): If 3 + £ = 1, then 



b 2 x 2 + a 2 y 2 = a 2 b 2 and y = - \J a 2 — x 2 
Let P(xq, yo) be any point on the ellipse 



-bx 



y'(x ) 



-b 2 x 



a^/a^ -xj 



. Let Fi(c,0) andF 2 (-c,0) 



be the foci. Then mppj = ^zr^ ar| d m PF 2 = j^jtj ■ Let ol and 
/3 be the angles between the tangent line and PFi and PF 2 , 
respectively. Then 



tan a 



a% x o-' 



— b 2 x§ + b 2 x c - a 2 y;j 



b 2 x c-(b 2 x 2 +a 2 y 2 ) 



a 1 










V a \. » 
— ' ' * )h ' 


■ b \F 2 (-c,0) . 


. f 1 (c,oy b 


-a 





b 2 x c - a 2 b 2 



a 2 y (x -c)y 
_bj_ 

cyo 



b^ 

cyo 



a 2 y x - a 2 y c -b 2 x yo -a 2 y c + (a 2 - b 2 ) x yo -a 2 y c + c 2 x yo 

Similarly, tan /3 = . Since tan a = tan (3, and a and /3 are both less than 90°, we have a — /?. 



23. x 2 - y 2 = 1 =>• c = V^Tb 2 = a/TTT = \/2 =>• e = 



1 



^2 ; asymptotes are y = ± x; F ( ± \[7. , 0^ ; 



directrices are x = ± ~ = ± 



sft 




24. 9x 2 - 16y 2 
= \/i6T 



144 



16 



1 



y/a 2 + b 2 



9 = 5 => e = ? = 



| ; asymptotes are 



y = ± I x; F ( ± 5, 0) ; directrices are x = ± 



± 




25. y 2 - x 2 = 8 => f - f = 1 => c = A/a 2 + b 2 

= 1/8 + 8 = 4 => e = | = 4| = \J2 ; asymptotes are 
y = ± x; F (0, ± 4) ; directrices are y = ± - 

= ± £ = ±2 

\/2 
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26. y 2 - x 2 = 4 £ - f = 1 => c = ^/a 2 + b 2 

= \/4 + 4 = 2^/2 e= | = ^ = \fl ; asymptotes 
are y = ± x; F ^0, ± 1\pl \ ; directrices are y = ± * 

= ± 4= = ± \fi 




27. 8x 2 - 2y 2 



16 



2 8 

= aA0 => e = c - = 



1 c = yV + b 2 

5 ; asymptotes 



y5 



are y = ± 2x; F I ± y 10, ) ; directrices are x = ± 



\/To 




28. y 2 - 3x 2 = 3 £ - x 2 = 1 => c = yV + b 2 
= y3~+l = 2 => e=j = - 2 ^; asymptotes are 

y = ± y3 x; F (0, ± 2) ; directrices are y = ± | 

_ ± V? _ , 3 




29. 8y 2 - 2x 2 = 16 => £ - £ = 1 c = V^Tb 2 

= y^ + 8 = y'lO => e = e = ^ = y^ ; asymptotes 
are y = ± |; F ^0, ± \/loj ; directrices are y = ± | 



± 



± 



30. 64x 2 - 36y 2 = 2304 
= ^36 + 64 = 10 

y = 



36 



64 



1 =>. c = y / a 2 ~+b 2 " 

_ 5 



; asymptotes are 



± | x; F ( ± 10, 0) ; directrices are x = ± 



- ± (f) - ± 5 



2 8 1 J 


>VTo 


1 




-4- ~-2- 


^••- - - -2 4- 


2 2 

JL _ X .) 

v '•••..36 64 p 

\\ 1 10 

p 2 \ K 

• . 1 1 — ;\ 


>- VTo 


-10 ./-5 i/ 

7 s " 5 

// -io 

1 


V 5\, 10 
> ... \6 



31. Vertices (0, ± 1) and e = 3 ^> a = 1 and e = c - = 3 =!> c = 3a = 3 =4> b 2 = c 2 - a 2 = 9 - 1 
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= § => y 2 - i 
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32. Vertices ( ± 2, 0) and e = 2 => a = 2 and e = ^ = 2 => c = 2a = 4 b 2 = c 2 - a 2 = 16 - 4 = 12 £ - ^ = 1 

33. Foci ( ± 3, 0) and e = 3 => c = 3 and e = £ = 3 c = 3a => a = 1 b 2 = c 2 - a 2 = 9 - 1 = 8 => x 2 - £ = 1 

34. Foci (0, ± 5) and e = 1.25 => c = 5 and e = £ = 1.25 = | ^c=5 a ^5 = | a ^ a = 4^b 2 = c 2 -a 2 

= 25-16 = 9=>£-£ = l 

35. Focus (4, 0) and Directrix x = 2 => c = ae = 4 and f = 2 =» p = 2 ^> £ = 2 =>■ e 2 = 2 =^ e = ■ Tnen 
PF = V^PD =>• V( x - 4 ) 2 + (y - °) 2 = \/2 |x - 2| (x - 4) 2 + y 2 = 2(x - 2) 2 x 2 - 8x + 16 + y 2 

= 2 (x 2 - 4x + 4) -x 2 + y 2 = -8 =!> f - £ = 1 

36. Focus (a/T0, o) and Directrix x = a/2 c = ae = x/lO and f = a/2 ^ f = = \/2 ^ e 2 = a/5 

(x-^/Io) 2 + y 2 

= \/5 fx - V / 2) J ^ x 2 -2a/10x+ 10 + y 2 = a/5 (x 2 -2a/2x + 2) => (l - y^) x 2 + y 2 = 2x/5 - 10 

(1-/5) x 2 * = = 1 

2^-10 2^/5-10 2^/5 10-2-/5 

37. Focus (-2, 0) and Directrix x = - 1 c = ae = 2 and | = | f = | =^ = 5 => e 2 = 4 e = 2. Then 
PF = 2PD a/(x + 2) 2 + (y - 0) 2 =2 |x+|| ^> (x + 2) 2 + y 2 = 4 (x + ±) 2 =^ x 2 + 4x + 4 + y 2 

= 4 (x 2 + x + i) -3x 2 + y 2 = -3 x 2 - f = 1 

38. Focus (-6, 0) and Directrix x = - 2 => c = ae = 6 and f = 2 p = 2 => f = 2 => e 2 = 3 e = \/3- Then 
PF = V^PD =^ \/( x + 6) 2 + (y - 0) 2 = \/3 |x + 2| (x + 6) 2 + y 2 = 3(x + 2) 2 => x 2 + 12x + 36 + y 2 

= 3 (x 2 + 4x + 4) -2x 2 + y 2 = -24 f| = 1 

39. a/(x - l) 2 + (y + 3) 2 = § |y - 2| ^ x 2 - 2x + 1 + y 2 + 6y + 9 = \ (y 2 - 4y + 4) =>- 4x 2 - 5y 2 - 8x + 60y + 4 = 

=> 4 (x 2 - 2x + 1) - 5 (y 2 - 12y + 36) = -4 + 4 - 180 => &=f - = 1 

40. c 2 = a 2 + b 2 => b 2 = c 2 - a 2 ; e = - d c = ea =^ c 2 = e 2 a 2 =>- b 2 = e 2 a 2 - a 2 = a 2 (e 2 - 1) ; thus, 

— ^j- = 1 =>■ y — a2 (g2_n = 1; the asymptotes of this hyperbola are y = ± (e 2 — l)x =>■ as e increases, the 
absolute values of the slopes of the asymptotes increase and the hyperbola approaches a straight line. 

41 . To prove the reflective property for hyperbolas: 

4 - & = 1 => a 2 y 2 = b 2 x 2 - a 2 b 2 and f = g . 

a- b- J dx ya 2 

Let P(xo, yo) be a point of tangency (see the accompanying 
figure). The slope from P to F(— c, 0) is r^r c and from 
P to F2(c, 0) it is -^z~ z ■ L et m e tangent through P meet 
the x-axis in point A, and define the angles ZFiPA = a 
and ZF2PA = f3. We will show that tan a = tan 0. From 
the preliminary result in Exercise 22, 



e=S/5. Then PF = S/s PD 



\fin) +(y-o) 2 = 4 v / 5 
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.'n 



tan a = 7" n = ^^'V^ = * 2 b 2 +*^ = ^ . In a similar manner, 

1 I I x ° 1 f Y0 1 xoyoa^ + yoa^c + xoyob^ x yoc^ + y a^c y c 



tan /3 = — —, ,T { 2 , — — . Since tan a = tan 3, and a and /? are acute angles, we have a — 3. 



42. From the accompanying figure, a ray of light emanating from 
the focus A that met the parabola at P would be reflected 
from the hyperbola as if it came directly from B 
(Exercise 41). The same light ray would be reflected off the 
ellipse to pass through B. Thus BPC is a straight line. 
Let 8 be the angle of incidence of the light ray on the 
hyperbola. Let a be the angle of incidence of the light ray 
on the ellipse. Note that a + is the angle between the 
tangent lines to the ellipse and hyperbola at P. Since BPC is 
a straight line, 2a + 20 = 180°. Thus a + Q = 90°. 

10.3 QUADRATIC EQUATIONS AND ROTATIONS 

1. x 2 - 3xy + y 2 - x = ^ B 2 - 4AC = (-3) 2 - 4(1)(1) = 5 > =>- Hyperbola 

2. 3x 2 - 18xy + 27y 2 - 5x + 7y = -4 => B 2 - 4AC = (-18) 2 - 4(3)(27) = =>- Parabola 

3. 3x 2 - 7xy + \/V7y 2 = 1 B 2 - 4AC = (-7) 2 - 4(3) y/VJ w -0.477 < ^> Ellipse 

4. 2x 2 - yilxy + 2y 2 + x + y = B 2 - 4AC = (-V^Y - 4(2)(2) = -1 < =► Ellipse 

5. x 2 + 2xy + y 2 + 2x - y + 2 = =$> B 2 - 4AC = 2 2 - 4(1)(1) = => Parabola 

6. 2x 2 - y 2 + 4xy - 2x + 3y = 6 =>- B 2 - 4AC = 4 2 - 4(2)(-l) = 24 > => Hyperbola 

7. x 2 + 4xy + 4y 2 - 3x = 6 B 2 - 4AC = 4 2 - 4(1)(4) = Parabola 

8. x 2 + y 2 + 3x - 2y = 10 B 2 4AC = 2 - 4(1)(1) = -4 < Ellipse (circle) 

9. xy + y 2 - 3x = 5 B 2 - 4AC = l 2 - 4(0)(1) = 1 > => Hyperbola 

10. 3x 2 + 6xy + 3y 2 - 4x + 5y = 12 =S> B 2 4AC = 6 2 - 4(3)(3) = Parabola 

11. 3x 2 - 5xy + 2y 2 - 7x - 14y = -1 ^ B 2 - 4AC = (-5) 2 - 4(3)(2) = 1 > => Hyperbola 

12. 2x 2 - 4.9xy + 3y 2 - 4x = 7 =» B 2 4AC = (-4.9) 2 - 4(2)(3) = 0.01 > Hyperbola 

13. x 2 - 3xy + 3y 2 + 6y = 7 B 2 4AC = (-3) 2 - 4(1)(3) = -3 < Ellipse 

14. 25x 2 + 21xy + 4y 2 - 350x = => B 2 - 4AC = 21 2 - 4(25)(4) = 41 > Hyperbola 

15. 6x 2 + 3xy + 2y 2 + 17y + 2 = =► B 2 - 4AC = 3 2 - 4(6)(2) = -39 < Ellipse 
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16. 3x 2 + 12xy + 12y 2 + 435x - 9y + 72 = B 2 4AC = 12 2 - 4(3)(12) = Parabola 

17. cot 2a — = y= =>• 2a = | =>■ a = | ; therefore x = x' cos a — y' sin a, 
y = x' sin a + y' cos a =4> x = x' ^ - y' ^ , y = x' & + y' ^ 

(fx'-f y') x' + ^ y') = 2 => 1 x' 2 - i y' 2 = 2 =*> x' 2 - y' 2 = 4 =► Hyperbola 

18. cot 2a — = ^-p- = => 2a = | =>■ a = | ; therefore x = x' cos a — y' sin a, 
y = x sin a + y cos a =>■ x = x ^ y ^- , y = x ^-+y V 

=► (f x'-f y') 2 +(f x' + f y')(f x'-f y') + (f x' + f = 1 

=> i x' 2 - x'y' + \ y' 2 + 1 x' 2 - \ y' 2 + i x' 2 + x'y' + \ y' 2 = 1 => | x' 2 + \ y' 2 = 1 =► 3x' 2 + y' 2 = 2 Ellipse 

19. cot 2a = = 3 - z 7 i = A- =>■ 2a = 5 =4> a = 5 ; therefore x = x' cos a — y' sin a, 

B 2^3 V3 3 6 ' 

y = x' sin a + y' cos a =>■ x = ^ x' — g y', y = \ x' + ^ y' 
^ 3 (f x'-Iy') 2 + 2 V / 3(f x'+iy')(lx' + f y') + (lx' + f y') 2 -8(f x'-iy') 
+ 8a/3 U x' + ^ y') = 4x' 2 + 16y' = =!> Parabola 

20. cot 2a = ^rr^ = = -k= =>■ 2a = f =>• a = ? ; therefore x = x' cos a — y' sin a, 

B -V3 V3 3 6 ■> 

y = x' sin a + y' cos a =!> x = ^ x' — | y', y = | x' + ^ y' 
=> (f x'-iy') 2 -V^(f x'-Iy') (Ix'+f y')+2(lx' + f y') 2 = l 1 x' 2 + § y' 2 = 1 
x' 2 + 5y' 2 = 2 Ellipse 

21. cot 2a = = = => 2a = | =>■ a = | ; therefore x = x' cos a — y' sin a, 
y = x' sin a + y' cos a x = ^ x' - ^ y', y = & x' + ^ y' 

=> (f x'-f y') 2 -2(f x'-#y') (f x' + f y') + x' + f y') 2 = 2 y' 2 = 1 
=>• Parallel horizontal lines 

22. cot 2a = = 3 ~ i- = 7- => 2a = => a = f ; therefore x = x' cos a — y' sin a, 

B -2\/3 \/3 3 3 ' 

y = x' sin a + y' cos a =!> x = | x' — y', y = ^ x' + \ y' 

=> 3(ix'-f y') 2 -2V^(h'-f Y') (f x' + Iy') + (f x' + Iy') 2 = l ^4y' 2 = l 
=>• Parallel horizontal lines 

23. cot 2a = = ^-/Z 2 = 2a = f =^ a = f ; therefore x = x' cos a - y' sin a, 

B 2V2 2 4 ' 

y = x' sin a + y' cos a x = & x' - ^ y', y = ^ x' + & y' 
=* ^(f x'-f yf + 2V^(#x'-f y')(f x' + f y')+^2(f x' + f yf 
- 8 x' - ^ y') + 8 x' + & y') = 2a/2x' 2 + 8^y' = Parabola 

24. cot 2a = ^-=^ = ^ = => 2a = | a = f ; therefore x = x' cos a - y' sin a, 
y = x' sin a + y' cos a ^ x = ^ x' - ^ y', y = & x' + & y' 
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x ' - ^ y') x ' + ^ y') - x ' + ^ y') - x ' - ^ y') + 1 = x ' 2 - y' 2 - + 2 

= =>• Hyperbola 

25. cot 2a — ^=-^ = = => 2a = | =>■ a = J ; therefore x = x' cos a — y' sin a, 
y = x' sin a + y' cos a x = ^ x' - ^ y', y = ^ x' + ^ y' 

=» 3 (^x'- ^y') 2 + 2(^x'- ^y') x'+^ y') + 3 x' + ^ y') * = 19 => 4x' 2 + 2y' 2 = 19 
=> Ellipse 

26. cot 2a = f ^ r ^ = 3 ~ ( 7- 1) = -7- 2a = f =4> a = 5 ; therefore x = x' cos a — y' sin a, 

B 4-y/3 V3 3 6 ' 

y = x' sin a + y' cos a =!> x = ^ x' — j y', y = | x' + ^ y' 



3 



(f x '-Iy') 2 + 4 y3(f x'-Iy') (l x' + f y') - (l x' + f y') 2 = 7 => 5x' 2 - 3y' 2 = 7 



Hyperbola 



27. cot 2a = = I cos 2a = I (if we choose 2a in Quadrant I); thus sin a = J 1 '™* 2a = \] = 4j 



and cos a = <\J 1 + c ° s 2a = y = (or sin a — and cos a = -7=) 
28. cot 2a = ^-=^ = if^l = -| =>• cos 2a = - 1 (if we choose 2a in Quadrant II); thus sin a - ; " s : ' 



Lil = A and cos a = J 1+C ° s2a = J ^Lil = 1 ( or s i n a = 1 an d C0S a = •=§) 



. 5 x V5 y 

29. tan 2a = ^3 = \ => 2a w 26.57° =4> a « 13.28° =>- sin a w 0.23, cos a w 0.97; then A' w 0.9, B' w 0.0, 
C w 3.1, D' w 0.7, E' w -1.2, and F' = —3 0.9x' 2 + 3.1 y' 2 + 0.7x' - 1.2y' - 3 = 0, an ellipse 

30. tan 2a = ^7=5) = f 2a « 11.31° ^> a w 5.65° ^> sin a 0.10, cos a rj 1.00; then A' « 2.1, B' « 0.0, 
C w -3.1, D' « 3.0, E' w -0.3, and F' = -7 => 2.1 x' 2 - 3.1 y' 2 + 3. Ox' - 0.3y' - 7 = 0, a hyperbola 

31. tan 2a = = \ =>• 2a w 53.13° => aw 26.57° =>• sin a w 0.45, cos a rj 0.89; then A w 0.0, B' w 0.0, 
C w 5.0, D' « 0, E' w 0, and F' = —5 5.0y' 2 - 5 = or y' = ± 1.0, parallel lines 

32. tan 2a = = \ 4 2a« 36.87° =>■ a « 18.43° =>• sin a « 0.32, cos a rj 0.95; then A' w 0.0, B' w 0.0, 
C w 20.1, D' Ri 0, E' Ri 0, and F' = -49 20.1 y' 2 - 49 = 0, parallel lines 

33. tan 2a = ^ = 5 2a « 78.69° => a w 39.35° sin a w 0.63, cos a w 0.77; then A' w 5.0, B' w 0.0, 
C w -0.05, D' Ri -5.0, E' w -6.2, and F' = - 1 =s> 5.0 x' 2 - 0.05 y' 2 - 5 .Ox' - 6.2y' - 1 = 0, a hyperbola 

34. tan 2a = ^ = -1 => 2a w -45.00° ^> a « -22.5° sin a « -0.38, cos a w 0.92; then A rj 0.5, B' « 0.0, 
C w 10.4, D' w 18.4, E' Ri 7.6, and F' = -86 ^> 0.5 x' 2 + 10.4(y') 2 + 18.4x' + 7.6y' - 86 = 0, an ellipse 

35. a = 90° => x = x' cos 90° - y' sin 90° = -y' and y = x' sin 90° + y' cos 90° = x' 

(a) £ + £ = 1 (b) £-£ = 1 (c) x' 2 +y' 2 =a 2 

(d) y = mx =>• y - mx = =4> D = -m and E = 1; a = 90° =>• D' = 1 and E' = m => my' + x' = =>■ y' = - J 

(e) y = mx + b => y - mx - b = D = -m and E = 1; a = 90° D' = 1, E' = m and F' = -b 

=>■ my' + x' - b = =>• y' = - i x' + ^ 

^ m m 
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36. a = 180° x = x' cos 180° - y' sin 180° = -x' and y = x' sin 180° + y' cos 180° = -y' 

(a) £ + £ = 1 (b) ^-^ = 1 (c) x' 2 +y' 2 =a 2 

(d) y = mx y - mx = => D = -m and E = 1; a = 180° =$> D' = m and E' = -1 =^ -y' + mx' = =^ 
y' = mx' 

(e) y = mx + b y - mx - b = D = -m and E = 1; a = 180° D' = m, E' = -1 and F' = -b 

=> -y' + mx' - b = =>• y' = mx' - b 

37. (a) A' = cos 45° sin 45° = (^j (^f \ = \ , B' = 0, C = - cos 45° sin 45° = - ± , F = -1 

\ x ' 2 - \ y' 2 = 1 x' 2 - y' 2 = 2 

(b) A' = 1 , C = - i (see part (a) above), D' = E' = B' = 0, F = -a \ x' 2 - 1 y' 2 = a =!> x' 2 - y' 2 = 2a 

38. xy = 2 x' 2 - y' 2 = 4 ^ - £ = 1 (see Exercise 37(b)) a = 2 and b = 2 c = ^ 4 + 4 = 2l /2 

^ e — a - 2 - V z 

39. Yes, the graph is a hyperbola: with AC < we have -4AC > and B 2 - 4AC > 0. 

40. The one curve that meets all three of the stated criteria is the ellipse x 2 + 4xy + 5y 2 — 1=0. The reasoning: 
The symmetry about the origin means that (— x, — y) lies on the graph whenever (x, y) does. Adding 

Ax 2 + Bxy + Cy 2 + Dx + Ey + F = and A(-x) 2 + B(-x)(-y) + C(-y) 2 + D(-x) + E(-y) + F = and dividing 
the result by 2 produces the equivalent equation Ax 2 + Bxy + Cy 2 + F = 0. Substituting x = 1, y = (because 
the point (1,0) lies on the curve) shows further that A = F. Then —Fx 2 + Bxy + Cy 2 + F = 0. By implicit 
differentiation, — 2Fx + By + Bxy' + 2Cyy' = 0, so substituting x = —2, y = 1, and y' = (from Property 3) 
gives 4F + B = =>• B = — 4F => the conic is —Fx 2 — 4Fxy + Cy 2 + F = 0. Now substituting x = —2 and y = 1 
again gives — 4F + 8F + C + F = =>• C = — 5F =^ the equation is now —Fx 2 — 4Fxy — 5Fy 2 + F — 0. Finally, 
dividing through by — F gives the equation x 2 + 4xy + 5y 2 — 1=0. 

41. Let a be any angle. Then A = cos 2 a + sin 2 a = 1, B' = 0, C = sin 2 a + cos 2 a = 1, D' = E' = and F = -a 2 

=> x' 2 +y' 2 = a 2 . 

42. If A = C, then B' = B cos 2a + (C - A) sin 2a = B cos 2a. Then a = \ 2a = | B' = B cos | = so the 
xy-term is eliminated. 

43. (a) B 2 — 4AC = 4 2 — 4(1)(4) = 0, so the discriminant indicates this conic is a parabola 

(b) The left-hand side of x 2 + 4xy + 4y 2 + 6x + 12y + 9 = factors as a perfect square: (x + 2y + 3) 2 = 
=>• x + 2y + 3 = 2y= — x — 3; thus the curve is a degenerate parabola (i.e., a straight line). 

44. (a) B 2 — 4AC = 6 2 — 4(9)(1) = 0, so the discriminant indicates this conic is a parabola 

(b) The left-hand side of 9x 2 + 6xy + y 2 — 12x — 4y + 4 = factors as a perfect square: (3x + y — 2) 2 = 
=>• 3x + y — 2 = => y — — 3x + 2; thus the curve is a degenerate parabola (i.e., a straight line). 
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45. (a) 
(b) 



B 2 - 4AC = 1 - 4(0)(0) = 1 hyperbola 

xy + 2x — y = =4> y(x — 1) = — 2x =^ y 



-2x 
x- 1 




y = -2x + 3 ; 



y 



(C) 



y = — = , 2 , and we want y^K- 

J x — 1 dx (x— ly I dy\ 



2, 



the slope of y = -2x -2 = - ^2^- 
^ (x-l) 2 =4=> x = 3 orx = -1; x = 3 
=>• y = — 3 => (3, —3) is a point on the hyperbola 
where the line with slope m = —2 is normal 
=>■ the line is y + 3 = — 2(x — 3) or y = — 2x + 3; 



X 



x = — 1 => y = — 1 =>■ (— 1, —1) is a point on the 
hyperbola where the line with slope m = —2 is 
normal => the line is y + 1 = — 2(x + 1) or 

y = -2x - 3 

46. (a) False: let A = C = 1, B = 2 B 2 - 4AC = =>■ parabola 

(b) False: see part (a) above 

(c) True: AC < =>- -4AC > B 2 - 4AC > =^ hyperbola 

47. Assume the ellipse has been rotated to eliminate the xy-term the new equation is A'x' 2 + C'y' 2 = 1 => the 
semi-axes are \ h and »/ A => the area is 7r { * / 4? ) (•v/pv) = 7= , = , l7T , , . Since B 2 — 4AC 

V V VV /VV / V AC v 4A C 

= B' 2 - 4A'C = -4A'C (because B' = 0) we find that the area is — ? as claimed. 



48. (a) A' + C — (A cos 2 a + B cos a sin a + C sin 2 a) + (A sin 2 a — B cos a sin a + C sin 2 a) 

= A (cos 2 a + sin 2 a) + C (sin 2 a + cos 2 a) — A + C 
(b) D' 2 + E' 2 = (D cos a + E sin a) 2 + (— D sin a + E cos a) 2 — D 2 cos 2 a + 2DE cos a sin a + E 2 sin 2 a 
+ D 2 sin 2 a — 2DE sin a cos a + E 2 cos 2 a — D 2 (cos 2 a + sin 2 a) + E 2 (sin 2 a + cos 2 a) — D 2 + E 2 

49. B' 2 - 4A'C 

= (B cos 2a + (C — A) sin 2a) 2 — 4 (A cos 2 a + B cos a sin a + C sin 2 a) (A sin 2 a — B cos a sin a + C cos 2 a) 
= B 2 cos 2 2a + 2B(C - A) sin 2a cos 2a + (C - A) 2 sin 2 2a - 4A 2 cos 2 a sin 2 a + 4AB cos 3 a sin a 

— 4AC cos 4 a — 4AB cos a sin 3 a + 4B 2 cos 2 a sin 2 a — 4BC cos 3 a sin a — 4AC sin 4 a + 4BC cos a sin 3 a 

— 4C 2 cos 2 a sin 2 a 

= B 2 cos 2 2a + 2BC sin 2a cos 2a - 2AB sin 2a cos 2a + C 2 sin 2 2a - 2AC sin 2 2a + A 2 sin 2 2a 

— 4A 2 cos 2 a sin 2 a + 4AB cos 3 a sin a — 4AC cos 4 a — 4AB cos a sin 3 a + B 2 sin 2 2a — 4BC cos 3 a sin a 

— 4AC sin 4 a + 4BC cos a sin 3 a - 4C 2 cos 2 a sin 2 a 

= B 2 + 2BC(2 sin a cos a) (cos 2 a — sin 2 a) — 2AB(2 sin a cos a) (cos 2 a — sin 2 a) + C 2 (4 sin 2 a cos 2 a) 

— 2AC (4 sin 2 a cos 2 a) + A 2 (4 sin 2 a cos 2 a) - 4A 2 cos 2 a sin 2 a + 4AB cos 3 a sin a — 4AC cos 4 a 

— 4AB cos a sin 3 a — 4BC cos 3 a sin a — 4AC sin 4 a + 4BC cos a sin 3 a — 4C 2 cos 2 a sin 2 a 
= B 2 - 8AC sin 2 a cos 2 a - 4AC cos 4 a - 4AC sin 4 a 

= B 2 - 4AC (cos 4 a + 2 sin 2 a cos 2 a + sin 4 a) 
= B 2 - 4AC (cos 2 a + sin 2 af 
= B 2 - 4AC 
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10.4 CONICS AND PARAMETRIC EQUATIONS; THE CYCLOID 



1 . x = cos t, y = sin t, < t < tt 

v 2 , ,,2 



9 

cos t -\ 


- sin t = 1 




> 




x 2 +y 2 = l 


t = wl 








\ 




\ 


1 


\ 


/ 


N 





2. x = sin (2tt(1 - t)), y = cos (2tt(1 - t)), < t < 1 
^ sin 2 (2tt(1 - t)) + cos 2 (2tt(1 - t)) = 1 
=> x 2 + y 2 = 1 



t-1 x 2 + y^.1 

Mr. 



x = 4 cos t, y = 5 sin t, < t < tt 

. 1 6 cos 2 t | 25 sin 2 t 



4. 



4 sin t, y = 5 cos t, < t < 2tt 



16 



25 



= 1 => 



16 



21 = 1 
25 1 



16 sin 2 t I 25 cos 2 t 



16 



25 



= 1 



16 



11 = 1 
25 1 





-W2 <t<0 
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9. x = t, y = \J\ - t 2 , < t < 2 

=>• y = a/4 - x 2 



y = V4 - * 2 



2 ; = 




10. X = t 2 , y = Vt 4 + 1, t > 
y = ^/x 2 + 1, X > 

y 




11. x = — cosh t, y = sinh t, — oo < 1 < oo 
=>■ cosh 2 1 — sinh 2 1 = 1 =>■ x 2 — y 2 = 1 



12. x = 2 sinh t, y = 2 cosh t, — oo < t < oo 

=> 4 cosh 2 t - 4 sinh 2 1 = 4 =>■ y 2 - x 2 = 4 



\ x 2 -y 2 = 1 






/ 


71 


\ 
\ 

% 

s 

\ 



y y 2 - x 2 -4 











* 


* t>0 


-?' 





13. Arc PF = Arc AF since each is the distance rolled and 
= ZFCP Arc PF = b(ZFCP); = 
Arc AF = a0 a0 = b(ZFCP) ZFCP = § 
ZOCG = f - 0; ZOCG = ZOCP + ZPCE 
= ZOCP + (f - a) . Now ZOCP = tt - ZFCP 
= 7T - 16. Thus ZOCG = 7r-£0+!-a 



a =4> a — n 



2 




Then x = OG - BG = OG - PE = (a - b) cos 6 - b cos a = (a - b) cos 6 - b cos (tt - ^ 0) 
= (a - b) cos + b cos , Also y = EG = CG - CE = (a - b) sin - b sin a 

= (a - b) sin - b sin (tt - 9) = (a - b) sin 9 - b sin 0) . Therefore 

x = (a - b) cos + b cos 0) and y = (a - b) sin - b sin 0) . 

If b = |, then x = (a - f ) cos + § cos #) 
= ^ cos + I cos 30 = f cos + | (cos cos 20 - sin sin 20) 



^ cos + | ((cos 0) (cos 2 - sin 2 I 



(sin 0)(2 sin cos 0)) 



COS I 
COS I 



j sin 2 cos i 



cos 3 - x ( cos #) (1 - cos 2 0) = a cos 3 0; 



y = ( a - I) sin0 - f sin ( L r^ 0) = f sin - § sin 30 = f sin - § (sin cos 20 + cos sin 20) 



3 a 



sin — | ((sin 0) (cos 2 — sin 2 



(cos 0)(2 sin cos 0)) 



^ sin 9 - I sin cos 2 1 



| sin 3 - f cos 2 sin i 



= ^ sin - ^ sin cos 2 + \ sin 3 
sin0- f (sin 0)(1 - sin 2 



§ sin 3 = a sin 3 0. 
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14. P traces a hypocycloid where the larger radius is 2a and the smaller is a =>• x = (2a — a) cos 9 + a cos ? 



= 2a cos 6, < 9 < 2tt, and y = (2a - a) sin - a sin 
diameter of the circle back and forth as 9 goes from to 2n. 



= a sin 9 — a sin = 0. Therefore P traces the 



15. Draw line AM in the fig ure and note that ZAMO is a right 
angle since it is an inscribed angle which spans the diameter 
of a circle. Then AN 2 = MN 2 + AM 2 . Now, OA = a, 
^ = tan t, and ^ = sin t. Next MN = OP 

a a 

=4> OP 2 = AN 2 - AM 2 = a 2 tan 2 1 - a 2 sin 2 1 
OP = \J a 2 tan 2 1 - a 2 sin 2 1 

In triangle BPO, 

a sin J t 



= (a sin t^sec 2 !- 1 = ^ 
x = OP sin t = s^r 1 = a sin 2 1 tan t and 



A(0,a) 


N 






\ B 


1 /P(x^/ 



y = OP cos t = a sin 2 1 =4> x = a sin 2 1 tan t and y = a sin 2 1. 

16. Let the x-axis be the line the wheel rolls along with the y-axis through a low point of the trochoid 
(see the accompanying figure). 



r 



h = a( 



N 




c 

k = a 



M 





p 











Let 9 denote the angle through which the wheel turns. Then h = a6 and k = a. Next introduce x'y'-axes 
parallel to the xy-axes and having their origin at the center C of the wheel. Then x' = b cos a and 
y' = b sin a, where a = ~ - 6. It follows that x' = b cos (~ - 9) — -b sin 9 and y' = b sin - 9) 
= — b cos 9 =4> x = h + x' = 2l9 — b sin 9 and y = k + y' = a — b cos 9 are parametric equations of the trochoid. 



17. D = \/(x-2) 2 

4t 3 



i 2 



d 2 = (x - 2) 2 + (y - \y = (t - iy 

The second derivative is always positive for t ^ 



t 2 -!) 2 D 2 = t 4 -4t+^ 



y- 2 

=> ^df^ = 4t 3 — 4 = t = 1. The second derivative is always positive for t ^ ^> t 
minimum for D 2 (and hence D) which is an absolute minimum since it is the only extremum 
point on the parabola is (1, 1). 



1 gives a local 
the closest 



18. D = J[2 cost - |) 2 + (sint-0) 2 D 2 = (2 cos t - \ f + sin 2 t 

= 2 (2 cos t - |) (-2 sin t) + 2 sin t cos t = (-2 sin t) (3 cos t - |) = => -2 sin t = or 3 cos t - | = 
=>■ t = 0, 7T or t = f , . Now = -6 cos 2 1 + 3 cos t + 6 sin 2 1 so that (0) = -3 => relative 

maximum, d ^ - 1 (7r) = — 9 =>• relative maximum, d L ^ (f ) — | =^ relative minimum, and 
d S (tt ) = § =** relative minimum. Therefore both t = | and t = ^ give points on the ellipse closest to 
the point (|, 0) =!> (l, ^) and are the desired points. 
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19. (a) y (b) y (c) 



20. (a) 




21. 

y 









x - 2t + 3, y - 1 






\ 








— 1 — 1 — 1 — 1 — 
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24. (a) 



25. (a) 
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10.5 POLAR COORDINATES 



1. a, e; b, g; c, h; d, f 



2. a, f; b, h; c, g; d, e 



3. (a) (2, f + 2n?r) and (-2, | + (2n + 1)tt) , n an integer 

(b) (2, 2n7r) and (—2, (2n + n an integer 

(c) (2, 2s + 2n7r) and (-2, T + (2n + 1)tt) , n an integer 

(d) (2, (2n + l)7r) and (—2, 2n7r), n an integer 



(-2, 0) 



(2,0) 



4. (a) (3, | + 2n?r) and (-3, ^ + 2n?r) , n an integer 



(b) 




+ 2n7r) and (3, ^ + 


2n7r) , n an integer 




• 


(c) 


(3,-5 


+ 2rm) and (-3, f 


+ 2n7r) , n an integer 


(-3.-11/4) 


(3,11/4) 


(d) 




f +2n7r) and (3, f 


+ 2n7r) , n an integer 














(-3.11/4)) 


(3,-11/4) 










• 


• 



5. (a) x = r cos 9 

(b) x = r cos 9 

(c) x = r cos 9 

(d) x = r cos 9 

(e) x = r cos 9 

(f) x = r cos 9 

(g) x = r cos 9 

(h) x = r cos 9 



— 3 cos = 3, y = r sin 9 — 3 sin = =>• Cartesian coordinates are (3, 0) 
= —3 cos = —3, y — r sin 9 — — 3 sin = =>• Cartesian coordinates are (—3, 0) 

= 2 cos y = — 1, y = r sin 9 — 2 sin y — \/3 => Cartesian coordinates are ^— 1, \f?^j 

— 2 cos y = 1, y = r sin 6 = 2 sin y = \/3 =4> Cartesian coordinates are ^1, y/3\ 

— —3 cos 7r = 3, y = r sin 9 — — 3 sin n — Cartesian coordinates are (3, 0) 
= 2 cos | = 1, y = r sin 6> = 2 sin | = \/3 =>■ Cartesian coordinates are ^1, y/3\ 

— —3 cos 27r = —3, y = r sin 9 — — 3 sin 2n — =>• Cartesian coordinates are (—3, 0) 
= —2 cos (— f) = — 1 , y = r sin # = —2 sin (— f ) = \/3 =>■ Cartesian coordinates are ( — 1, V3 



1 cos 



Ocos f 



Osin f 



o,y 

2 cos (J) = -l,y 

3 #.y = 



sin 



1 sin = 



6. (a) x = \[2 cos | = 1, y = \J~2~ 

(b) x 

(c) x 

(d) x 

(e) x 

(f) x = 5 cos (tan -1 |) = 3, y = 5 sin (tan 

(g) x 

(h) x 



-3 cos ~ 



1 =>• Cartesian coordinates are (1, 1) 
Cartesian coordinates are (1,0) 
=>■ Cartesian coordinates are (0, 0) 

v2sin(|) =—1 => Cartesian coordinates are (—1, —1) 
- | => Cartesian coordinates are (^^, — | J 



-3 sin ^ 



-1 4 



— 1 cos In — 1, y = —1 sin In — 
2^3. 



, j — 4 =>■ Cartesian coordinates are (3, 4) 
>■ Cartesian coordinates are (1,0) 



"l-n 



\f?>, y = 2\fh sin ?f — 3 =>■ Cartesian coordinates are f— -y/3, 3^ 
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22. 



y 



2- 



osesii/2 

1S|r|S2 



h — ^ 




H h+ X 



23. r cos = 2 => x = 2, vertical line through (2, 0) 



24. r sin = -1 =>- y 



1, horizontal line through (0,-1) 



25. r sin — =>■ y = 0, the x-axis 



26. r cos = => x = 0, the y-axis 



27. r = 4 esc =>• r = -4-3 =>■ r sin = 4 =>• y = 4, a horizontal line through (0, 4) 

28. r = — 3 sec => r = =4> r cos = — 3 => x = —3, a vertical line through (—3, 0) 

29. r cos + r sin = 1 =>■ x + y = 1, line with slope m = — 1 and intercept b = 1 

30. r sin = r cos =>■ y = x, line with slope m = 1 and intercept b = 

31. r 2 = 1 =4> x 2 + y 2 = 1, circle with center C = (0, 0) and radius 1 

32. r 2 = 4r sin =>■ x 2 + y 2 = 4y =» x 2 + y 2 - 4y + 4 = 4 x 2 + (y - 2) 2 = 4, circle with center C = (0, 2) and radius 2 

33. r = sin g_2 ~ g r sin — 2r cos = 5 =>• y — 2x = 5, line with slope m = 2 and intercept b = 5 

34. r 2 sin 20 = 2 =>• 2r 2 sin cos = 2 => (r sin 0)(r cos 0) = 1 =>■ xy = 1, hyperbola with focal axis y = x 

35. r = cot esc = f^|) (ijf ) =>■ r sin 2 # = cos r 2 sin 2 = r cos => y 2 = x, parabola with vertex (0, 0) 
which opens to the right 

36. r = 4 tan sec =£> r = 4 (§jjgrg) r cos 2 = 4 sin =>- r 2 cos 2 = 4r sin =£> x 2 = 4y, parabola with 
vertex = (0,0) which opens upward 

37. r = (esc 0) e rcos9 =4> r sin = e rcos9 => y = e x , graph of the natural exponential function 

38. r sin = In r + In cos = In (r cos 0) y = In x, graph of the natural logarithm function 

39. r 2 + 2r 2 cos sin = 1 =!> x 2 + y 2 + 2xy = 1 =>• x 2 + 2xy + y 2 = 1 =>■ (x + y) 2 = 1 =>■ x + y = ± 1, two parallel 
straight lines of slope — 1 and y-intercepts b = ± 1 

40. cos 2 = sin 2 ^> r 2 cos 2 = r 2 sin 2 =>■ x 2 = y 2 |x| = |y| =4> ± x = y, two perpendicular 
lines through the origin with slopes 1 and — 1, respectively. 

41. r 2 = -4r cos =>■ x 2 + y 2 = -4x => x 2 + 4x + y 2 = => x 2 + 4x + 4 + y 2 = 4 (x + 2) 2 + y 2 = 4, a circle with 
center C(— 2, 0) and radius 2 
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42. r 2 = -6r sin 9 x 2 + y 2 = -6y => x 2 + y 2 + 6y = x 2 + y 2 + 6y + 9 = 9 x 2 + (y + 3) 2 = 9, a circle with 
center C(0, —3) and radius 3 

43. r = 8 sin 9 => r 2 = 8r sin 9 => x 2 + y 2 = 8y ^> x 2 + y 2 - 8y = => x 2 + y 2 - 8y + 16 = 16 

=> x 2 + (y — 4) 2 = 16, a circle with center C(0, 4) and radius 4 

44. r = 3 cos 9 =» r 2 = 3r cos 9 => x 2 + y 2 = 3x =>• x 2 + y 2 - 3x = =>• x 2 - 3x + \ + y 2 = \ 

=> (x— |)+y 2 = |,a circle with center C (| , 0) and radius | 

45. r = 2 cos 9 + 2 sin 9 => r 2 = 2r cos 6> + 2r sin 6> x 2 + y 2 = 2x + 2y x 2 - 2x + y 2 - 2y = 

=> (x — l) 2 + (y — l) 2 = 2, a circle with center C(l, 1) and radius \J~2~ 

46. r = 2 cos 9 - sin 9 => r 2 = 2r cos - r sin 9 => x 2 + y 2 = 2x - y => x 2 - 2x + y 2 + y = 

=>■ (x— l) 2 + (y + j) 2 = f , a circle with center C (l, — |) and radius ^ 

47. r sin (9 + f ) = 2 r (sin cos | + cos 9 sin f ) = 2 ^ r sin (9 + | r cos (9 = 2 ^ y + \ x = 2 

v/3 y + x = 4, line with slope m = K= and intercept b = -4= 

48. r sin - (9) = 5 =>• r (sin ^ cos (9 - cos ?f sin 0) = 5 ^ r cos + | r sin 9 = 5 =>• ^ x + ± y = 5 

=> y3 x + y = 10, line with slope m = — \f% and intercept b = 10 

49. x = 7 =>■ r cos 9 = 7 50. y = 1 r sin = 1 

51. x = y =4> r cos = r sin =>■ = | 52. x — y = 3 =>■ r cos 6* — r sin 6* = 3 

53. x 2 + y 2 = 4 =>• r 2 = 4 =>- r = 2 or r = -2 

54. x 2 - y 2 = 1 r 2 cos 2 (9 - r 2 sin 2 0=1 r 2 (cos 2 (9 - sin 2 (9) = 1 r 2 cos 2(9 = 1 

55. f + £ = 1 ^ 4x 2 + 9y 2 = 36 4r 2 cos 2 9 + 9r 2 sin 2 9 = 36 

56. xy = 2 =>• (r cos 0)(r sin 6) = 2 r 2 cos 6* sin 6* = 2 2r 2 cos 6* sin 9 = 4 =>■ r 2 sin 29 = 4 

57. y 2 = 4x =>- r 2 sin 2 9 = 4r cos 9 => r sin 2 9 = 4 cos 

58. x 2 + xy + y 2 = 1 => x 2 + y 2 + xy = 1 => r 2 + r 2 sin 9 cos 9 = 1 => r 2 (1 + sin cos (9) = 1 

59. x 2 + (y - 2) 2 = 4 => x 2 + y 2 - 4y + 4 = 4 =!> x 2 + y 2 = 4y =>• r 2 = 4r sin 6* r = 4 sin 

60. (x - 5) 2 + y 2 = 25 =» x 2 - lOx + 25 + y 2 = 25 x 2 + y 2 = lOx =>- r 2 = lOr cos r = 10 cos 

61. (x - 3) 2 + (y + l) 2 = 4 =>■ x 2 - 6x + 9 + y 2 + 2y + 1 = 4 x 2 + y 2 = 6x - 2y - 6 r 2 = 6r cos - 2r sin 9 - 6 

62. (x + 2) 2 + (y - 5) 2 = 16 x 2 + 4x + 4 + y 2 - lOy + 25 = 16 x 2 + y 2 = -4x + lOy - 13 r 2 
= -4rcos0 + lOr sin 0- 13 

63. (0, 9) where 9 is any angle 
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64. (a) x = a =>■ r cos 9 — a r = — ^ =4> r = a sec 

v 7 cos y 

(b) y = b =4> r sin 6* = b => r = -4^ =>- r = b esc 6> 

v 7 ^ sin p 

10.6 GRAPHING IN POLAR COORDINATES 



1. 1 + cos (—6) = 1 + cos 9 — r =>■ symmetric about the 
x-axis; 1 + cos (—6) ^ — r and 1 + cos (7r — 9) 
= 1 — cos 9 5^ r =£• not symmetric about the y-axis; 
therefore not symmetric about the origin 



2. 2 — 2 cos (—6*) = 2 — 2 cos 9 — r =4> symmetric about the 
x-axis; 2 — 2 cos (—8) ^ — r and 2 — 2 cos (it — 9) 
— 2 + 2 cos 9 ^ r =>■ not symmetric about the y-axis; 
therefore not symmetric about the origin 



3. 1 - sin (-9) = 1 + sin 9 ^ r and 1 - sin (tt - 9) 

= 1 — sin 6 ^ — r not symmetric about the x-axis; 
1 — sin (tt — 9) — 1 — sin 9 — r => symmetric about 
the y-axis; therefore not symmetric about the origin 



4. 1 + sin (-9) = 1 - sin 9 ^ r and 1 + sin (tt - 9) 

— 1 + sin 9 ^ — r =>• not symmetric about the x-axis; 
1 + sin (tt — 9) — 1 + sin 9 — r =>■ symmetric about the 
y-axis; therefore not symmetric about the origin 



5.2 + sin (-6>) = 2 - sin 9 ^ r and 2 + sin (tt - 9) 

= 2 + sin 6 ^ — r not symmetric about the x-axis; 
2 + sin (7r — 9) — 2 + sin 9 — r =>■ symmetric about the 
y-axis; therefore not symmetric about the origin 
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6. 1+2 sin (-6>) = 1 - 2 sin ^ r and 1 + 2 sin (tt - 9) 



— 1 + 2 sin 7^ — r =>• not symmetric about the x-axis; 
1 + 2 sin (-7T — 0) = 1 + 2 sin = r =>• symmetric about the 
y-axis; therefore not symmetric about the origin 




H)=- sin (§) = -r 



symmetric about the y-axis; 



sin 

sin (^y^) = sin (|) , so the graph is symmetric about the 



x-axis, and hence the origin. 




(-§)= cos (|) 



symmetric about the x-axis; 



cos (^) 



cos ( I ) , so the graph is symmetric about the 



y-axis, and hence the origin. 



' r - eos(9/2) 




9. cos (—0) = cos = r 2 => (r, —0) and (— r, —0) are on the 
graph when (r, 0) is on the graph => symmetric about the 
x-axis and the y-axis; therefore symmetric about the origin 




10. sin (?r — 0) = sin = r 2 =>• (r, 7r — 0) and (— r, 7r — 0) are on 
the graph when (r, 0) is on the graph =>• symmetric about 
the y-axis and the x-axis; therefore symmetric about the 
origin 
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11. - sin (tt - 9) = - sin 9 = r 2 (r, w - 9) and (-r, tt - 0) 
are on the graph when (r, 9) is on the graph =>■ symmetric 
about the y-axis and the x-axis; therefore symmetric about 
the origin 




12. — cos (—9) = — cos 9 — r 2 =>■ (r. — 0) and (— r, —6*) are on 
the graph when (r, 0) is on the graph => symmetric about 
the x-axis and the y-axis; therefore symmetric about the 
origin 




13. Since ( ± r, — 0) are on the graph when (r, 9) is on the graph 
(( ± r) 2 = 4 cos 2(- 9) r 2 = 4 cos 20) , the graph is 
symmetric about the x-axis and the y-axis =>• the graph is 
symmetric about the origin 





■ r 2 - 4 cos 26 




e 











14. Since (r, 9) on the graph (— r, 0) is on the graph 
(( ± r) 2 = 4 sin 29 r 2 = 4 sin 20) , the graph is 
symmetric about the origin. But 4 sin 2(— 0) = —4 sin 29 
+ r 2 and 4 sin 2(tt - 0) = 4 sin (2tt - 2(9) = 4 sin (-20) 
= —4 sin 20 ^ r 2 =>• the graph is not symmetric about 
the x-axis; therefore the graph is not symmetric about 
the y-axis 



r 2 . 4 sin 26 
-1 




15. Since (r, 9) on the graph =>• (— r, 0) is on the graph 
(( ± r) 2 = - sin 29 r 2 = - sin 26») , the graph is 
symmetric about the origin. But — sin 2(— S) — — (— sin 20) 
sin 29 7^ r 2 and — sin 2(7r — 0) = — sin (2-rr — 29) 
= - sin (-29) = -(- sin 29) = sin 29 ^ r 2 ^ the graph 
is not symmetric about the x-axis; therefore the graph is 
not symmetric about the y-axis 



r --sin 26 




16. Since( ± r, —9) are on the graph when (r, 9) is on the 
graph (( ± r) 2 = - cos 2(-6) =>■ r 2 = - cos 20), the 
graph is symmetric about the x-axis and the y-axis the 
graph is symmetric about the origin. 




r --cos 29 
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17. 



•1 



•l,f), and 6 



=> (-1,- f) [i 1 = % = - sin 0; Slope = sin fl „ +r cos ' 

V ' 2 / ' av " r cos 6— r sin £ 

_ -sin^+rcose Slope at (- 1, §) is 

= -1; Slope at (-1, - f) is 
1 



— sin v cos v— r sm 6 
— sin 2 (| )+(— 1) cos | 



- sin 2 cos g — (— 1) sin 

-sin 2 (- !)+(-!) C o S (- I) 



-sin(- |) cos (- |)-(-l) sin (- §) 



18. = =>- r = -1 (-1,0), and 6 
=> (-l,7r);i' = g= cosfl; 



Slope 



r" sin fl+r cos fj 



cos 9— r sin (? 
> sin f?+r cos . 



cos fj sin fl+r cos 8 
cos (? cos 8— r sin f? 



cos 2 6— r sin (9 

= — 1; Slope at (—1, it) is 



Slope at (—1, 0) is 



cos sin 0+(— 1) cos 



cos 2 0-(-l)sin0 

COS 7T Sin 7T+(— 1)C0S 7T j 

cos 2 7T— (— l)sin 7T 



(-1.0) 



'<-).*) 



19, 0= I r = 1 



3tt 



r' = 



(-!>-!)^= . 

-|=>r=U(l, 
% = 2 cos 261; 
Slope = ^ sir "l +rcos 

r r cos u—t sin 

=> Slope at 

at (-1,-f) is ^ 

V 7 4 / 2 cos 



TT 

4 



r=-l 

3tt\ . 
4 J ' 



=> r = -1 



r cos (? 2 cos 20 sin 0+r cos 6 

-r sin 2 cos 20 cos 0— r sin 6 

2 cos (?) — - 

■(i)-(D» 



Slope 
Slope 

Slope 



20 cos 8— r sin 
/ tt\ • 2cos(f) sin (|) +(1) cos (|) _ 
V 1 ' 4^ 1S 2cos(f) cos(|)-(l)sin(J) ~~ 

;\ j s 2cos(-|) sin(-^)+(-l)cos(-|) 
•/ 2cos(-f) cos(- f )-(-!) sin (-|) 



-1; 



= 1; 



at(-l,f) is 



at(l,- 



■f) is 



2 cos I 


'37T 




+-(-1)008 


'3^ 

v 4 / 




1; 


2 cos | 


3tt 


)cos(f) 


-(-l)sin 


(* 






2 cos 


(" 




sin(- 


t)+(D cos ( 


-*) 




2 cos 


(" 




cos ^- 


-=£)-(l)sin( 

















sin 26 









20. = => r=l (1,0); (9= f r = -1 => (-1,|) 
= -| => r= -1 =► (-1, -§);<? = 7T r = 1 
(l,7r);r' = § = -2 sin 2(9; 



Slope 



sin 0+r cos 



—2 sin 20 sin g+r cos 8 



cos 0— r sin 8 —2 sin 20 cos 8— r sin 

Slope at (1 , 0) is sin ° sin " +cos ° , which is undefined; 

r \ i / —2 sin cos 0— sin ' ' 



Slope at (—1, |) is — 



2 sin 2 (f) sin(f)+(-l)cos(f) _ 



2sin2(?) cos (§)-(-!) sin (§) 



Slope at (— 1) — 
Slope at (l,7r) is 



7T \ • -2 sin 2 (-^) sin(-|)+(-l)cos(-|) _ 
2 J i!> -2 sin 2 (- f) cos (- §)-(-l)sin(- f) ~~ U ' 
—2 sin 27T sin 7r+cos tt 



-2 sin 2tt cos tt— sin 7r 



, which is undefined 




(1.0) 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 10.6 Graphing in Polar Coordinates 655 




Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



656 Chapter 10 Conic Sections and Polar Coordinates 

26. r = 2 sec 8 



r = => r cos 8 = 2 =>■ x = 2 

cos f 




(2/2", -it/4) 



27. 



28. 



0srs2-2cosS 





=> (2, ^) is on the graph 



29. (2, ^) is the same point as (-2, - f ) ; r = 2 sin 2 (- |) = 2 sin (- f ) = -2 => (-2, - |) is on the graph 

(-1, |) is on the graph =► (I , f ) 



30. (| , ^) is the same point as (- \ , § ) ; r = - sin (^f\ 
is on the graph 



31. 1 + cos 8 = 1 - cos 8 cos = = § , ^ 
=> r = 1; points of intersection are (l, | ) and (l, ^) 
The point of intersection (0, 0) is found by graphing. 



r - 1 - cos y I - 1 + cos 




32. 1 + sin 8 = 1 - sin =>■ sin 8 = =>• 8 = 0, tt =>■ r = 1; 
points of intersection are (1,0) and (l,7r). The point of 
intersection (0, 0) is found by graphing. 



+ sin 8 


2 










fi* — y 


v — T\ 


- 1 ■ sin 8 


-2 
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33. 2 sin 9 — 2 sin 20 =4> sin 9 — sin 29 =>• sin 9 
= 2 sin 9 cos 9 =>• sin 9 — 2 sin 9 cos 9 — 

(sin 9)(l - 2 cos 9) = sin = or cos 9 = \ 
=> 9 = 0, 7r, f , or - f ; = or tt r = 0, 
= f ^> r = y^, and = - § ^ r = -V^; points of 
intersection are (0, 0), (yfe , f \ and (- y/i, - f ) 




r = 2 sin 2 9 



34. cos 0=1— cos 



-r " — 3 . 

(i,f)and 
graphing. 



• 2 cos = 1 =>• cos 0=5 
| =>■ r = \ ; points of intersection are 
, — |) . The point (0, 0) is found by 







. r = cos 8 


1-2 


-1 


k — n* 






' r=1-cos8 




37. 1=2 sin 20 



5?r 
12 

571 

12 



sin 20 = \ 

13tt 
12 



20 = 



5tt 
6 



13?r 
6 



177T 

6 



; points of intersection are 



(1,&), (1, ff ) , (1, and (1,^). No other 
points are found by graphing. 











1 


f 2 - 2 sin 29^ 


f- 1 / 

V./ 






»^-7 


I — ^jr x 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



658 Chapter 10 Conic Sections and Polar Coordinates 



38. \fl cos 20 = \/2 sin 26 =!> cos 29 = sin 29 

v 7r 5tt 9jt 137T 

=^ zp — 4 ' 4 ' 4 ' 4 " 

= f , f r 2 = 1 ^ r= ±l;i 

r 2 = — 1 => no solution for r; points of intersection are 
(l, | ) and (l, y) ■ The point of intersection (0, 0) is found 
by graphing. 



7T 57T 97T \3?T . 

— 8 ' 8 ' 8 ' 8 ' 

57T 137T 

8 ' 8 




39. r 2 = sin 29 and r 2 = cos 29 are generated completely for 
< < | . Then sin 29 = cos 29 29 = \ is the only 



solution on that interval 



4 

sin 



2(f) 



=>• r = ± -jj^ ; points of intersection are ^ ± -Aj , | 
The point of intersection (0, 0) is found by graphing. 



l 

75 



r 2 - sin 2 8 




V 1 f~ s 


\ 1 J 

^r 2 .cos 29 



40. 1 



3_7T 77T 

2 ' 2 



7tt 
2 



r= 1 
intersection are ( 1 



= f r = 
cos ^ = 1 



2^2 
- COS ^ = 1 



3j7T 77T 

4 ' 4 
/2. 



tt- ; points of 
(l-f ,f)and(l + f ,Tf). The 
three points of intersection (0, 0) and ( 1 ± ^ , f 1 are 
found by graphing and symmetry. 




r = 1 - sin 



41. 



1 = 2 sin 29 sin 20 = ± 20 = f , ^ , ^ . 



177T 

6 



7T 57T 

12 ' 12 



13- 
12 



; points of intersection are 



(1, §) , (1, ff ) , (1, ) , and (1, . The points 
of intersection (l, , (l, i i y) , (l, ^) and 
(l, 2 ^y) are found by graphing and symmetry. 




42. r 2 = 2 sin 20 is completely generated on < < | so 
that 1 = 2 sin 20 sin 20 = \ 20 = £ , f =4> = 
|f ; points of intersection are (1, th) and (l, If ) • The 
points of intersection (—1, fx) and (—1, l|) are found 
by graphing. 



12 




43. Note that (r, 0) and (— r, + tt) describe the same point in the plane. Then r — 1 — cos <^> — 1 — cos (0 + 7t) 
= — 1 — (cos cos 7r — sin sin 7r) = — 1 + cos — —(1 — cos 0) = — r; therefore (r, 0) is on the graph of 
r = 1 — cos <^> (— r, + 7r) is on the graph of r = — 1 — cos => the answer is (a). 
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x 



r = 1 - cos e r = -1 - cos 6 r = 1+cose 



44. Note that (r, 9) and (— r, 9 + n) describe the same point in the plane. Then r = cos 29 ^ — sin (2(8 + n)) + f ) 
= - sin (20 + 4f) = - sin (29) cos (f ) - cos (29) sin (f ) = - cos 29 = -r; therefore (r, 9) is on the graph of 
r = — sin (29 + |) =>■ the answer is (a). 



y y 

y 
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48. (a) 




(b) 



(d) 



/ 2 


r -8/9 
















(c) 



(e) 




r = ± 10/^/e 


1 


-4 













49. (a) r 2 = -4 cos => cos = - \ ; r = 1 - cos 9 => r = 1 - ( - £j => = r 2 - 4r + 4 => (r - 2) 2 = 

=>- r = 2; therefore cos = — ^ = — 1 => 9 — tt =>• (2,7r)isa point of intersection 
(b) r = => 2 = 4 cos => cos 9 = => = § , f => (0, f ) or (0, ^) is on the graph; r = => = 1 - cos < 
^> cos 9—1 => 9 — =^ (0, 0) is on the graph. Since (0, 0) = (0, |) for polar coordinates, the graphs 
intersect at the origin. 



50. (a) Let r = f(9) be symmetric about the x-axis and the y-axis. Then (r, 9) on the graph =>• (r, —9) is on the 
graph because of symmetry about the x-axis. Then (— r, —(—6)) — (— r, 9) is on the graph because of 
symmetry about the y-axis. Therefore r = f(9) is symmetric about the origin. 

(b) Let r = f(9) be symmetric about the x-axis and the origin. Then (r, 9) on the graph =>• (r, —9) is on the 
graph because of symmetry about the x-axis. Then (— r, —6) is on the graph because of symmetry about 
the origin. Therefore r = f(0) is symmetric about the y-axis. 

(c) Let r = f(0) be symmetric about the y-axis and the origin. Then (r. 9) on the graph =>• (— r, —9) is on the 
graph because of symmetry about the y-axis. Then (— (— r), —&) — (r, —9) is on the graph because of 
symmetry about the origin. Therefore r = f(9) is symmetric about the x-axis. 



51. The maximum width of the petal of the rose which lies along the x-axis is twice the largest y value of the curve 
on the interval < 9 < | . So we wish to maximize 2y = 2r sin 9 — 2 cos 29 sin 9 on < 9 < | . Let 
f(<9) = 2 cos 26» sin 9 = 2 ( 1 - 2 sin 2 9) (sin 9) = 2 sin 9 - 4 sin 3 9 => f '(0) = 2 cos 9 - 12 sin 2 9 cos 9. Then 
f (0) = 2 cos - 12 sin 2 cos = =!> (cos 0) (1 - 6 sin 2 0) = cos = or 1 - 6 sin 2 = 0^ 

we choose = sin -1 

2 (7i)- 4 ' 



sin = ^Tj. Since we want < < \ 

V 6 

2\/6 
9 



1 

6x/6 



f(0) = 2 sin - 4 sin 3 
We can see from the graph of r = cos 20 that a maximum does occur in the 

and the maximum width 



interval < < | . Therefore the maximum width occurs at = sin 1 ^ 



is 



2\/6 
9 ' 



52. We wish to maximize y = r sin = 2(1 + cos 0)(sin 0) = 2 sin + 2 sin cos 0. Then 
^ - 2 cos + 2(sin 0)(- sin 0) + 2 cos cos = 2 cos - 2 sin 2 + 2 cos 2 = 2 cos 



d9 — 

^ = 

AO " 



4 cos 2 

Ul/ 

or cos = — 1 ( 
we choose = | . Then y = 2 sin | 



4 cos 2 0-2; thus 

2 cos 0-2 = => 2 cos 2 + cos - 1 = => (2 cos - l)(cos + 1) = => cos 6 
; | , y , 7T. From the graph, we can see that the maximum occurs in the first quadrant so 



, i 2 sin | cos | = . The x-coordinate of this point is x = r cos | 



2(l+ cos I ) (cos J ) = I . Thus the maximum height is h 



_ 3y^ 



occurring at x 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 10.7 Area and Lengths in Polar Coordinates 
10.7 AREA AND LENGTHS IN POLAR COORDINATES 



1. A = f"±(4 + 2ca&ff) 2 d0 = / * \ (16 + 16 cos 6 + 4 cos 2 6) d9 = f Q * [8 + 8 cos + 2 ( 1 +c ° s 20 )] d9 

= (9 + 8 cos 9 + cos 29) d9 = [99 + 8 sin 9 + \ sin 29] f = 18tt 

2. A = [a(l + cos 0)] 2 d9 = f " \ a 2 (1 + 2 cos 9 + cos 2 9) d9 = \ a 2 (l + 2 cos 9 + 1 + c ° s 28 ) d9 

= \ a 2 + 2 cos 9 + \ cos 20) d6> = \ a 2 [| + 2 sin + | sin 29] ^ = § ?ra 2 

3. A = 2 I"' \ cos 2 20 d0 = /; /4 ™ d0 = i [0 + f = i 

4. A = 2 I (2a 2 cos 20) d0 = 2a 2 cos 20 d0 = 2a 2 [^] = 2a 2 

5. A = JJ * | (4 sin 20) d0 = J* * 2 sin 20 d0 = [- cos 20] l' 2 = 2 

6. A = (6)(2) 6 | (2 sin 30) d0 = 12 JJ^sin 30 d0 = 12 [- p /0 = 4 



7. r = 2 cos and r = 2 sin =>• 2 cos = 2 sin 
=>• cos = sin =>■ = | ; therefore 

A = 2 J* *| (2 sin 0) 2 d0 = 4 sin 2 d0 

= 4 ( 1 - c 2 os29 ) d0 = " (2-2 cos 20) d0 



[20 - sin 20] [J 



ir/4 



r = 2 sin fl 




r = 2 cos 9 



r = 1 and r = 2 sin =>■ 2 sin = 1 =4> sin = | 

=> = | or ^ ; 

->5tt/6 



A = tt(1) 2 - J 6 \ [(2 sin 0) 2 - l 2 ] d0 

("Si/6 , 

= 7r -X /6 (2sin 2 0-i)d0 

J>5x/6 
r/6 (l-cos20-I)d0 

J>5tt/6 
(i-cos20)d0 = 7 r-[^ 



( 



'jr/6 
5?T 



1 sin f ) + (£ - § sin 



sin 29 ] W 6 

2 J tt/6 

4^-3^3 
6 




r =2sin9 



r = 1 
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9. r = 2 and r = 2(1 - cos 0) 2 = 2(1 - cos 0) 
=>■ cos = 0^ 6 — ± | ; therefore 

A = 2 J" 2 \ [2(1 - cos 0)] 2 d0 + |area of the circle 
= J" 2 4 (1 - 2 cos + cos 2 0) d0 + (1 tt) (2) 2 
= (1 - 2 cos + 1+c ° s2fl ) d0 + 2tt 

= £'~ (4 - 8 cos + 2 + 2 cos 20) d0 + 2tt 
= [60 - 8 sin + sin 20] g /2 + 2tt = 5tt - 8 



r = 2(1 - cos 0) 




10. r = 2(1 - cos 0) and r = 2(1 + cos 0) =>- 1 - cos i 



1 + cos i 



cos = 



or ^ ; the graph also 



gives the point of intersection (0, 0); therefore 



A = 2 



P 1 [2(1 - cos 0)] 2 d0 + 2 f | [2(1 + cos 0)] 2 d0 

t-» * */ 7r/2 « 

J*^ 4 ( 1 - 2 cos + cos 2 0) d0 
+ f" 4(1 +2 cos + cos 2 0) d0 

J 7r/2 



/o 4 ( 



1 - 2 cos 



1 + cos 28 \ 



d6 + JJ 2 4(l + 2cos0 



r = 2(1 - cos fl) 



1 + cos 2ff t 



d0 



r " (6 - 8 cos + 2 cos 20) d0 + P (6 + 8 cos + 2 cos 20) d0 

w t/ 7r/2 

[60 - 8 sin + sin 20] q /2 + [60 + 8 sin + sin 20] £ /2 = 6tt - 16 



r = 2(l + cos9) 




11. r = y^3 and r 2 = 6 cos 20 => 3 = 6 cos 20 =!> cos 20 = 
=> = | (in the 1st quadrant); we use symmetry of the 
graph to find the area, so 

A = 4 £' 6 \ (6 cos 20) - \ ( V^) 2 d0 

= 2 J* *(6 cos 20 - 3) d0 = 2 [3 sin 20 - 30] q /6 
= 3V^ -7T 




r 2 = 6 cos IB 



12. r = 3a cos and r = a(l + cos 0) =>■ 3a cos = a(l + cos 0) 



3 cos 0=1+ cos i 



cos 



r »» <j(l + cos fi) 



the graph also gives the point of intersection (0, 0); therefore 

A = 2 J* 3 1 [(3a cos 0) 2 - a 2 (l + cos 0) 2 ] d0 
= f Q 3 (9a 2 cos 2 - a 2 - 2a 2 cos - a 2 cos 2 0) d0 
= f ft (8a 2 cos 2 - 2a 2 cos - a 2 ) d0 
= _p /3 [4a 2 (l + cos 20) - 2a 2 cos - a 2 ] d0 
= J**' 3 (3a 2 + 4a 2 cos 20 - 2a 2 cos 0) d0 

= [3a 2 + 2a 2 sin 20 - 2a 2 sin 0] = na 2 + 2a 2 (§) - 2a 2 (&\ = a 2 (n + 1 - y^) 



r» 3o cos 
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13. r = 1 and r = —2 cos =>• 1 — —2 cos =>• cos = — | 
=> 9 — y in quadrant II; therefore 

A = 2 JZ/j 2 [ ( ^ 2 cos 0)2 - l2 l d0 = £/ 3 ( 4 cos2 - !) d0 
= r [2(1 + cos 2(9) - 1] d0 = r (1+2 cos 29) d9 

d 27r/3 fJ 2ty/3 

= [0 + s in20]^ /3 = f + f 



r = -2 cos 




| (2 cos (9 + l) 2 d(9 = J o (4 cos 2 9 + 4 cos 9 + 1) d9 = J q [2(1 + cos 29) + 4 cos 9 + 1] d0 

= J Q W3 (3 + 2 cos 20 + 4 cos 0) d0 = [30 + sin 20 + 4 sin 0] f /3 = 2tt - ^ + ^- = 2ir + ^_ 



(b) A = ^27r + ^) - (tt - ^) = * + 3\/3 (from 14(a) above and Example 2 in the text) 



15. r = 6 and r = 3 esc =>• 6 sin = 3 =>• sin = | 

=> = f or f ; therefore A = J^" | (6 2 - 9 esc 2 0) d0 

(18 | csc 2 0)d0= [180 + f cot 0]^' 



15tt 



5vr/6 
/6 

3) - (3tt + § V^) = 12tt - 9^3 




16. r 2 = 6 cos 20 and r = § sec =>• f sec 2 = 6 cos 20 =>■ |j = cos 2 cos 20 ^ | = (cos 2 0) (2 cos 2 0-1) 
=>• I = 2 cos 4 - cos 2 0^2 cos 4 - cos 2 - | = =>• 16 cos 4 0-8 cos 2 0-3 = 

(4 cos 2 + 1)(4 cos 2 - 3) = =>- cos 2 = f or cos 2 = - £ 

roots) =4> = I (in the first quadrant); thus A = 2 J o | (6 cos 20 



/3 

± ^- (the second equation has no real 



sec 2 0) d0 = £' 6 (6 cos 20 - f sec 2 1 



d0 



3 sin 20 



tan0] 



tt/6 





(#) 



9 

4\/3 



3y/3 _ V3 _ V3 
2 4 4 



17. (a) r = tan and r = 

=>■ sin 2 = 
=> cos 2 - 



CSC 1 



=> tan = 



CSC I 



(>/2/2) csc 8 



r = tan9 



~ COS 1 - COS 2 = [ ^ ) COS 



cos 0—1=0 => COS 



2 or 




7T . 

8 • 



(use the quadratic formula) => = | (the solution 
in the first quadrant); therefore the area of Ri is 

Ax = JJ /4 1 tan 2 d0 = \ fj* (sec 2 - 1) d0 = ± [tan - 0] n fi = \ (tan f - f ) 

AO=(f) cscf = f andOB=(f) esc | = 1 AB = ^ l 2 - (f ) * = f 

the area of R2 is A2 = | ("^) ("^) = i ' therefore the area of the region shaded in the text is 
2(| — f + j) = | — ?. Note: The area must be found this way since no common interval generates the region. For 
example, the interval < < | generates the arc OB of r = tan but does not generate the segment AB of the line 

t = 2 csc 0' Instead me interval generates the half-line from B to +00 on the line r = ^- esc 0. 
(b) lim tan = 00 and the line x = 1 is r = sec in polar coordinates; then lim (tan — sec 0) 



= lim 

Vcos < 



1 

cos t 



lim f^"^ 1 ) = lim 



-sin 9/ 



=> r = tan approaches 



r = sec (or x = 1) is a vertical asymptote of r = tan 0. Similarly, r = — sec 1 
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(or x = —1) is a vertical asymptote of r = tan 0. 

18. It is not because the circle is generated twice from 9 — to 2-k. The area of the cardioid is 
A = 2 £ \ (cos 9 + l) 2 69 = £ (cos 2 9 + 2 cos 9 + 1) A9 = £ ( ' + c ° s 28 + 2 cos 9 + l) d0 
= [y + + 2 sin 6*] p = y . The area of the circle isA = 7r(i) 2 = | the area requested is actually 

3_7T TT 5?T 

2 4 ~~ 4 



19. r = 9 2 , < (9 < y/5 => % = 2#; therefore Length = f <J (0 2 ) 2 + (20) 2 d6 = f V^ 4 + 40 2 d0 

= / Vl V^ 2 +4 d(9 = (since > 0) J* * 0y / T +4 d0; [u = 2 + 4 \ du = d0; = u = 4, 



'5 u = 9 



X 9 ^du=i[Iu 3/2 ]! = f 



20. r=^,O<0<. =► % ^therefore Length = £ J (£) + (^) d0 = £ J 2 



d0 



/Vd0 = kHI = e - I 



I o 



21. r = 1 + cos =^ % = - sin 0; therefore Length = £"y/(l + cos 0) 2 + (- sin 0) 2 d0 

= 2 /; ^2T^0 d0 = 2£ J^p* d9 = 4 £ fH^A de = 4 j; cos (I) d = 4[2sin|]; = 8 



22. r = a sin 2 § , < < tt, a > |§ = a sin f cos § ; therefore Length = JJ y (a sin 2 | ) 2 + (a sin § cos |) 2 d0 



JJ Ja 2 sin 4 f + a 2 sin 2 § cos 2 § d0 = a | sin || J sin 2 § + cos 2 § d0 = (since < < tt) a / sin (|) d0 

o 

[-2a cos |]„=2a 



23. r= TT |^,O<0<| =► | = _ T ^; ther eforeLength=/; / y(^) 2 +( (T ^ T ) 2 d0 

— / 36 I 36sin 2 ff~ H /i _ f. f" /2 I 1 I A , sin 2 g H a 

-Jo y (l+cos8) 2 + (l+cos9) 4U<7_0 Jo I 1+cosfll Y 1 "T (1 + cosS) 2 W 

= (^ce TT k,>OonO<0<|) 6 /^(t^) V ^ +2 ^ + + ^ + ,tffl d9 

= 6 Tdr^) V / lSSf d0 = 6^2" /; /2 = 6V~2 /f^J^ = |sec 3 §| d0 

^ X /2 „ „ f"/ 4 n /r . it/A T"/ 4 



3 JJ "sec 3 f d0 = 6 J Q " sec 3 u du = (use tables) 6 ( [ sec u 2 ' anu ] ^ + \ £ sec u du 
6 (72+ [jlnlsecu + tanul]^ 4 ) = 3 [a/2 + In (l + V^) 



24 - r = . ! < < - =* al = u^w : therefore Len § th = SI J (ra) 2 + (o^If) 2 ^ 



(1 - cos 6Q 2 +sin 2 fl ./i 
(1 — cos 0) 2 



(since 1 - cos > on | < < tt) 2 P ( / 1 -2cos fl + cos 2 g + sin 2 fl dQ 

\ — 2 — — / Jty/2 V 1 — cos 6 ) y (I— cos 6y 



2 r ) ./^n^ d = 2^ r „ dfl fl ^ = 2^/2 r dg fl m = r 

Jtt/2 \ 1 -cos fly V(l-cosfl) 2 V J x / 2 (l-cosfl) 3 ' 2 v Jw2 Co ,; n 2 l\ 3 ' 2 J it 2 



V 1 -cos fly Y (1 -cosfl) 2 "V ^ ^^2(1 -cosfl) 3 / 2 ^ V (2 sin 2 I) 3 '' 2 Jtt/2 l^^"" 2l 

J 2 esc 3 (|) d0 = (since esc | > on | < < 7r) 2 J ^ esc 3 u du = (use tables) 
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CSC u 



— 1 1/4 + 5 XX 



-lnfl - 



udu^j = 2 (- 
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-^-[iln|cscu + cotu|] ^[^Iln^l); 



665 



25. 



: cos 3 f 



rth 



Jo 
Jo 



,7r / 4 1+cos 



^ = — sin | cos 2 | ; therefore Lengl 

(!) cos4(d d£»=/; /4 (< 

Ml "/* _ j , 3 
— 8 ' 8 



sin 2 



" /4 'cos 2 § 



™ 2 « ^cos 2 (f)+sin 2 (f) «W = f 



sin § cos 2 f ) 2 d0 



d(9 



26. 



r = y/i +sin 26», < < tt^/2 =*> % = \ (1 + sin 20)~ 1 / 2 (2 cos 2(9) = (cos 20)(1 + sin 20)- 1 / 2 ; therefore 

l 29 + sin 2 29 + cos 2 29 



'(1 + Sin 20)+ n T 22 9m = r V i+llML Zg + ^ Zg + cos^ 
v 7 (1+ sin 20) Jo V l-fsinzf? 



Length = £ 



'Vie] 



7Ty l 

= 2tt 

o 



27. r = yi + cos 20 



dr _ 1 
d9 ~ 2 



(1 + cos 26»)- 1 / 2 (-2 sin Iff); therefore Length = £^ J (I + cos 29) + 



n 2 29 



- cos 29) 



r 

Jo 



1 + 2 cos 29 + cos 2 20 + sin 2 29 



1 +cos 29 



dff 



r 

Jo 



2 + 2 cos 29 
1 + cos 29 



dff 



jy^/2dff= [x/2 9 



rrV2 



2tt 



28. (a) r = a ^> * = 0; Length = f*\f& 2 + 2 d(9 = /%! d0 = [afl] 2 ,* = 2?ra 

(b) r = acos0 => % = -a sin 0; Length = J V( a cos ^ + (~ a sin e ) 2 de = J V a2 ( cos2 + sin2 d61 

= Jja| d0=HJ = 7ra 

(c) r = a sin => ^ = a cos 0; Length = J g \J (a cos 0) 2 + (a sin 0) 2 dff = J o ^/a 2 (cos 2 + sin 2 0) d0 

= jja| d0 : 



29. r = v/cos 26* , < ff< 5 % = \ (cos 26») 2 / 2 ( sin 20)(2) = ; therefore Surface Area 



j; /4 (27rr cos 9) ^ (^itf + (^|§) d0 = ^cos 2?) (cos 0)^ C os20+f£ 
J^ 4 (2tt^/cos 26») (cos ff)J~^g dff = J" " 2tt cos d0 = [2tt sin (9] q /4 = tta/2 



f d0 



30. r = y/ie"' 2 , < < § § = (I) e " /2 = ^ ^ therefore Surface Area 



£ ' (2-K\/2d>^ (sin 9) J ( V^e e/2 ) + e<>/ 2 ) d6» = ' (liry/ld" 2 ^ (sin 0) ^e 9 + \ e? dff 
£' 2 (iTVy/ie 6 ' 2 ) (sin 9) ^JJe 6 dff = £ ' (^V^e"/ 2 ) (sin 0) f ^ e e / 2 ) d0 = 2^^ £ V sin 6» d6» 



27ta/5 (sin — cos 0)] ^ 2 = tv\/5 (e" /2 + 1) where we integrated by parts 



31. r 2 = cos 29 ^> r = ± v'cos 20 ; use r = ^cos 20 on [0, f ] => % = \ (cos 20)" 1 / 2 (- sin 20)(2) = 



- sin 29 . 
cos 29 ' 



therefore Surface Area = 2 (2n a/cos 20 j (sin 0) ^cos 20 + ^§ d0 = 4tt ' V'cos 20 (sin 0) d ^ 



4tt J" "sin d0 = 4vr [- cos 0] [| /4 = 4tt 



f -(-1) 



2tt 2 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



666 Chapter 10 Conic Sections and Polar Coordinates 

32. r = 2a cos % = -2a sin 0; therefore Surface Area = J>(2a cos 0)(cos 0) ^ (2a cos 0? + (-2a sin 0) 2 d0 

= 4ayr JJ(cos 2 0) ^/4a 2 (cos 2 (9 + sin 2 0) d0 = 8ayr /^(cos 2 0) |a| d0 = 8a 2 tt JJcos 2 d9 
= 8a 2 7r J o ' r ( 1+C 2 os2fl ) d9 = 4a 2 7r JJ(1 + cos 29) d9 = 4a 2 ir [6+\ sin 20] * = 4a 2 7r 2 

33. Let r = f(0). Then x = f(0) cos 9 =>• § = f'(0) cos (9 - f(0) sin 9 =>> (§) 2 = [f (0) cos (9 - f(0) sin 9} 2 

= [f'(9)} 2 cos 2 9 - 2f'(0) f((9) sin cos (9 + [f(0)] 2 sin 2 0; y = f(0) sin ^ | = f'(0) sin + f(0) cos 

= [f'(0) sin + f(0) cos 0] 2 = [f'(0)] 2 sin 2 + 2f'(0)f(0) sin cos + [f(0)] 2 cos 2 0. Therefore 
(I)" + (I)' = [ f 'W] 2 ( cos2 + sin2 °) + [ f ^] 2 ( cos2 6 + sin2 ) = [ f 'W] 2 + [ f W] 2 = r2 + (I)'- 



Thus ' l - r v ^ 2 + (^) 2 de = r ^ 2 + ^ 2 ^ 

34. (a) r av = ^ a(l - cos 0) d0 = A [0 - sin 0] f = a 
(b) ^ = 5 ^o/ o 2 "ad0= 5 L[a0]f = a 



(c) r av = \ ^ P a cos d0 = i [a sin 01 ' r/2 / , = ^ 

35. r = 2f(0), a<0</?^^ = 2f'(0) ^> r 2 + (|) 2 = [2f(0)] 2 + [2f(0)] 2 Length = £Y4[f(0)] 2 + 4 [f'(0)] 2 d0 

= 2 f a \IW)] 2 + [i'(6)} 2 d0 which is twice the length of the curve r = f(0) for a < 9 < 13. 

36. Again r = 2f(0) r 2 + (^) 2 = [2f(0)] 2 + [2f'(0)] 2 ^ Surface Area = f^2%[2f(9) sin 0] y / 4[f(0)] 2 + 4 [f'(0)] 2 d0 

= 4 27r[f(0) sin 0] ^ [f(0)] 2 + [f'($)] 2 d0 which is four times the area of the surface generated by revolving 
r = f(0) about the x-axis for a < 9 < (3. 

^ _ | J^" r 3 cos 9 d9 | f () ~" [a(l+cos9)] 3 (cos9)d9 | a 3 £' (1 + 3 cos 9 + 3 cos 2 9 + cos 3 9) (cos 9) d9 
J o 2 "r 2 dfl J^" [a(l+cos9)] 2 d9 a 2 J* ( 1 + 2 cos 9 + cos 2 8) d9 

fa f' [cos 9 + 3 ( 1 + f 28 ) + 3 ( 1 - sin 2 8) (cos 9) + ( 1 + f 26 ) 2 ] d9 

= — wa — = (After considerable algebra using 

f;[l + 2cos0+(i±f^)]d9 
2 A 1 + cos 2A \ a Jo (jf + § cos 9 + | cos 29 - 2 cos 9 sin 2 9 + i cos 49) d9 



the identity cos A — , , 

i ' J (| +2 cos 9+1 cos 29) d9 

_ a [If 9+ | sin 9 + § sin 29- = sin 3 9 + i sin 49] ^ _ a (fir) _ 5 
~~ [f 9 + 2sin9+l sin 29] ^ ~~ 2lT ~6 ' 

\ f~r 3 sin9d9 | f * [a(l + cos 9)] 3 (sin 9) d9 r „ N , , 

y = = ^— — — ; u = a(l + cos 0) - 1 du = sin d0; = u = 2a; 

Jo r2d9 3 

= 27r =4> u = 2a] — ► - ^ J - = — 0. Therefore the centroid is (x, y) — (| a, 0) 

' _ ,2^. ^ _ irr 3 cos9d9 _ j £ a 3 cos 9 d9 _ fa 3 [sin9]g _ 



38. J o "r 2 d0 = JJa 2 d0 = [a 2 0] J = a 2 7r; x 



r r 2 d9 
Jo 



= i = 0; 



y = l -^; n J d9 = ! ^"lC 9d9 = |a3[ :r C = 1? = Therefore the centroid is (x,y) = (0, £) . 
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10.8 CONIC SECTIONS IN POLAR COORDINATES 

1. r cos (0 - |) = 5 =^ r (cos cos § + sin sin §) = 5 ^> ^ r cos + \ r sin = 5 =^ ^ x + ± y = 5 ^> \/3 x + y 

= 10 y = -\/3x+ 10 

2. r cos (0 - = 2 r (cos cos ^ + sin sin ^) = 2 - ^ r cos + ^ r sin = 2 

=► -^x+^y = 2 -A/2x+A/2y = 4 =4> y = x + 2V^ 

3. r cos (0 - ^) = 3 => r (cos cos If + sin 9 sin ^) = 3 - \ r cos 9 - ^ r sin 9 = 3 

- 5 x -iry = 3 x + \/3y = -6 =► y = ~^x-2^3 



4. r cos (0 - (- |) ) = 4 => r cos (0 + |) = 4 =>- r (cos cos | - sin sin |) = 4 

cos 0-^r sin = 4 ^?x-^y = 4 V^x-a/2y = 8 y = x - 4 a/2 
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8. r cos (6 + f ) = 2 =>■ r (cos 9 cos f - sin 9 sin f ) = 2 
i r cos - ^ r sin = 2 ^ i x - ^ y = 2 



9. V^ x + \/2y = 6 =» \/ 2rcos + \/ 2r sin = 6 ^ r cos + ^ sin $) = 3 => r (cos f cos + sin | sin 
= 3 r cos (6>- |) = 3 

10. V^x-y^l =^ V^rcos 61 - r sin = 1 
= i =► rcos(0+§) =i 

11. y=— 5 => rsin0 = -5 =>- -r sin = 5 



12. x = — 4 => rcos0 = -4 =>- -rcos0 = 4 =^ rcos(0-7r) = 4 

13. r = 2(4) cos = 8 cos 14. r = -2(1) sin = -2 sin 





=>• r f ^ cos - | sin J = | r (cos | cos - sin | sin 0) 



rsin(-0) = 5 rcos(|-(-0)) =5 =!> rcos(0+|) =5 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 10.8 Conic Sections in Polar Coordinates 669 



21. (x - 6) 2 + y 2 = 36 => C = (6, 0), a = 6 
=>■ r = 12 cos 6* is the polar equation 



22. (x + 2) 2 + y 2 = 4 C = (-2, 0), a = 2 
=> r = —4 cos is the polar equation 



(x-6)*+y 2 -36 
r- 12 cose 




(6,0) 





r - -4 cos 6 




(x + 2) 2 + y 2 -4 







23. x 2 + (y - 5) 2 = 25 => C = (0, 5), a = 5 
=> r = 10 sin 6 is the polar equation 



24. x 2 + (y + If = 49 C = (0, -7), a = 7 
=>• r = — 14 sin is the polar equation 





(x + 1) 2 +y 2 -1 




r « -2 cos 8 


I (-1.0) J 




27. x 2 + y 2 + y = 


=> x 2 + (y -+ 



=> c=(o,-i) 

polar equation 



1\ 2 _ 1 
2> ~ 4 



a = ^ => r = —sin is the 



d 


r- 10 sin© 

\ x 2 + (y-5) 2 -25 
(0.5) J 


x 2 +(y + 7) 2 «49 
r- -14 sin© 








J" 


x 2 + 2x + y 2 = => (x + l) 2 + y 2 = 1 


26. x 2 - 16x + y 2 


= (x - 8) 2 + y 2 


=> C = (- 


-1,0), a = 1 =^ r= -2 cos 6» is 


C = (8,0), 


a = 8 => r = 16 cos 


the polar equation 


polar equation 






y 


y 







(x-8) 2 +y 2 «64 




r- 16 cos 8 










x 2 + y 2 - 


| y = x 2 + (y 


C = 


(0,1), a=| r = 



2\ 2 _ 4 
3^ 9 

sin is the 



polar equation 





2 

x 2 + (y + (1/2)) 




r«-sin8 




• (0,-1/2)] 



(0,2/3) 



x 2 +( y-(2/3)) -4/9 



r- (4/3) sin9 
x 
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29. e = 1, x = 2 k = 2 r = — - — 



30. e=l,y = 2 k = 2 =!> r = T 



+ (l)cos0 l+cos< 
2(1) _ 2 



+ (l)sin£> l+sin( 



31. e = 5, y = — 6 =>- k = 6 => r= T 



6(5) 



30 



- 5 sin 8 1—5 sin £ 



32. e = 2, x = 4 =>• k = 4 =!> r 



4(2) 



1+2 cos £> 1+2 cos £ 



33. e = i x = 1 ^ k = 1 ^> r = 



34. e = I, x = -2 =>- k = 2 r 



(*)('> = i 

l + (l)cos£) 2+cos0 

= (M> = 2 
l-(±)cosfl 4-cos£> 



35. e=i x=-10 =► k=10 =► r =r 4^L = ^ 



!-(§) sine 5- 



e- 3 ,y-0 ^> K-0 => r - I + ( i )sinfl - 3+sin6 



37. r 



1 + COS t 



e = 1, k= 1 ^> x = 1 



"S. 2 




x= 1 

1 

r = 

1 + cos 9 








-2 -1 
-\ 




> X 

1 


-2 







38. r = 



2 + cos 9 1 + (J). 



=> e = ± k = 6 =>- x = 6; 



a ( 1 — e 2 ) = ke =4* a 
=> a = 4 => ea = 2 



= 3 2a = 3 



6 



2 + cos9 



(6.x)' 




(2.0) 



x-6 



39. r 



25 



(1) 



(I) 



10 -5 cos B ~^ 1 - ( jL) cos 9 cosS 

e=i,k = 5 => x = -5;a(l - e 2 ) = ke 



i-(i) s 



10 

3 




40. r: 



2-2 ( 



=>. e = 1, k = 2 =>- x = -2 



x--2 



(1.*) 



2-2 cosO 
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41. r = 



400 



m 



25 



16 + 8sin<? l + (^)sinfl l + (|)sin( 

e = \ , k = 50 y = 50; a (1 - e 2 ) = ke 



a 

ea 



= 25 ^ 4 a = 25 a = 



100 

3 



50 
3 





y = 50 


(-50 ir\ 


400 
r 16 + 8 sin 


i 




( 5 o,|)> 





42. r = ^— 

3 + 3 sin 




=> e=l, 



43. r — 2 - 2 sinfl ^ r— l-sin( 

k = 4 =>• y = -4 



=> e=l, 





1 / 8 

1 2 - 2 sin 




7 * 







44. r = 



l-(i 2 ) sinfl ^ e - 2 ' k - 4 



2 - sin 6 ~^ 

=> y = -4; a (1 - e 2 ) — ke => a 
=>■ |a = 2^a=§ ^ ea = | 




45. 



46. 





47. 



48. 



r = 3 sec(0 - jt/3) 






r = 4 sec (5 + 

7^ X 






-8 




/ 
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49. 50. 



4 


r = 4 sin 9 


q 










r = —2 cos 9 



51. 



52. 



r = 8/(4 + cos 9) 




r = 8/(4 + sin 9) 



53. 



-1 



1 



r = 1/(1 - sin B) 



54. 













& x 




'1/2 




r - 1/(1 + cos 9) 



55. 



56. 




r - 1/(1 + 2 sin 0) 











7 








r = 1/(1 +2 cos5) 



57. (a) Perihelion = a — ae = a(l — e), Aphelion = ea + a = a(l + e) 
(b) ' ' 



Planet 


Perihelion 


Aphelion 


Mercury 


0.3075 AU 


0.4667 AU 


Venus 


0.7184 AU 


0.7282 AU 


Earth 


0.9833 AU 


1.0167 AU 


Mars 


1.3817 AU 


1.6663 AU 


Jupiter 


4.9512 AU 


5.4548 AU 


Saturn 


9.0210 AU 


10.0570 AU 


Uranus 


18.2977 AU 


20.0623 AU 
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58. Mercury: 
Venus: r = 
Earth: r = 
Mars: r = 
Jupiter: r 
Saturn: r = 
Uranus: r 
Neptune: 



_ (0.3871) (1 -0.2056 2 ) _ 0.3707 

1 + 0.2056 cos 8 1 + 0.2056 cos t 

. (0.7233) (1 -0.0068 2 ) _ 0.7233 

1 + 0.0068 cos 8 1 + 0.0068 cos 8 
1 (1 -0.0167 2 ) 
1+0.0167 cos 8 



0.9997 
1 +0.0617 cos 8 



(1.524) (1 -0.0934 2 ) _ 1.51 1 

1 + 0.0934 cos 8 ~ 1 + 0.0934 cos 8 
_ (5.203) (1 -0.0484 2 ) _ 



5.191 



1 + 0.0484 cos 8 
(9.539) (1 -0.0543 2 



1+0.0484 cosfl 
9.511 

1 + 0.0543 cos 8 ~ 1 + 0.0543 cos 8 
_ (19.18) (1 -0.0460 2 ) _ 19.14 
— 1 + 0.0460 cos 8 ~ 1 + 0.0460 cos 8 
_ (30.06) (1 -0.0082 2 ) _ 30.06 



1 + 0.0082 cos 8 



1 + 0.0082 cos 8 



59. (a) r = 4sin(9 
r = v^3 sec 



= 4r sin 9 

= -vl = 

cos 8 



x 2 + y — 4y; 
=4> r cos 9 = \f?> 

x = ^3 (v^+y 2 = 4y 

y 2 _ 4 y + 3 = o (y - 3)(y - 1) = => y = 3 
or y = 1. Therefore in Cartesian coordinates, the points 
of intersection are (s/3, 3^ and ^\/3, . In polar 
coordinates, 4 sin 9 — y3 sec 9 => 4 sin 9 cos 9 — y\3 



2 sin 9 cos 9 



2 



sin 20 



26» = f or 



r = 2, and i 



=>- r = 2^/3 => (2, |) and (l v^3, f ) are the points 
of intersection in polar coordinates. 



(b) 



r = 4 sin 6 










(2V3, jt/3) 






1 (V3, 3) 


c 




/(2, ir/6) 






(V3, 1) 













r = V3 sec 



60. (a) r = 8 cos 9 => r 2 

=>- x 2 - 8x + y 2 
r = 2 sec 9 =>• r = 
=>• x = 2; x = 2 
- 2 - 12 



8r cos 9 => x 2 + y 
(x - 4) 2 + y 2 
> r cos 9 — 2 



= 8x 
16; 



2 

cos 



2 2 







8(2) + : 

jr = iz y = ± 2V^. Therefore (2, ± 2^) 

are the points of intersection in Cartesian coordinates. 
In polar coordinates, 8 cos 9 — 2 sec # =^ 8 cos 2 9 — 2 



5_7T 

3 



27T 47T 
3 

4?r 



= | and y => r = 4, and 9 = y and 3 
= -4 =>- (4, |) and (4, ~) are the points of 

2ir 



(b) 




r«8cos8 



intersection in polar coordinates. The points (—4, y ) and (—4, y) are the same points. 



61. r cos = 4 => x = 4 =>• k = 4: parabola =>• e = 1 



1 + cos ( 



62. r cos [9 — |) = 2 =4> r (cos cos | + sin 6* sin |) = 2 =4> r sin = 2 y = 2 =>■ k = 2: parabola =4> e = 1 

_i , _ 2 



1 + sin 8 
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63. (a) Let the ellipse be the orbit, with the Sun at one focus. 
Then r max = a + c and r min = a - c rZ + w 

_ (a + c)-(a-c) _ 2c _ c _ 
(a + c) + (a — c) 2a a 

(b) Let Fi, F 2 be the foci. Then PFj + PF 2 = 10 where 
P is any point on the ellipse. If P is a vertex, then 
PFi = a + c and PF 2 = a — c 
=>• (a + c) + (a - c) = 10 

=>• 2a = 10 => a = 5. Since e = - we have 0.2 = 

a 

=>■ c = 1 .0 =>• the pins should be 2 inches apart. 









F 




€ 


' a 


a- 



64. e = 0.97, Major axis = 36.18 AU 

ke 



(n\ r = Ke = a ('- e2 ) = (18-09) [l-(0-97) 2 ] 
W l+ecosfl 1+e cos 9 1+0.97 cos 1+0.97 cos 9 



a = 18.09, Minor axis = 9.12 AU 

1.07 AU 



(b) 9 = =>• r = 

(c) 6> = tt r = 



1.07 

1+0.97 

1.07 
1-0.97 



0.5431 AU ps 8.09 x 10 7 km 
i 35.7 AU f« 5.32 x 10 9 km 



b = 4.56 (1 AU ps 1.49 x 10 8 km) 



65. 



f y 2 - 2ay = 
r 2 cos 2 6* + r 2 s: 
r = 2a sin 9 



(r cos 9f + (r sin (9) 2 - 2ar sin 9 = 



! 6> - 2ar sin 6 = 



2ar sin 6 





r = 2a sin d 




■K)) 


o 





66. y 2 = 4ax + 4a 2 =$> (r sin 9) z = 4ar cos 6 + 4a 2 



= 4ar cos 9 + Ad? 
=> r 2 — r 2 cos 2 9 — ™ „ UI 
= r 2 cos 2 9 + 4ar cos 9 + Ad? 
=> r = ± (r cos 9 + 2a) =4> r — r cos 
r + r cos = —2a =>• r = , 2a fl or r 

1— cos f? 

the equations have the same graph, which is a parabola 
opening to the right 



* r 2 (1 -cos 2 6») 
4ar cos 9 + 4a 2 

J2 



= 4ar cos 9 + 4a 

> r 2 

(r cos 9 + 2a) 2 
2a or 

-2a . 
1+cosfl ' 



2 




67. x cos a + ysina = p =>■ r cos cos a + r sin 6* sin a = p 
=> r(cos cos a + sin 9 sin a) = p ^> r cos — a) = p 



cos (e - a) = p 




68. (x 2 + y 2 ) 2 + 2ax (x 2 + y 

(r 2 ) 2 + 2a(r cos 9) (r 2 ) 



2ar cos 9 



2 2 

ay 







a 2 (r sin 9) 2 
i 2 = 



r 2 [r 2 + 2ar cos 9 — a 2 (1 — cos 2 6>)] = (assume r ^ 0) 



2ar cos 9 - a 2 + a 2 cos 2 = 



(r 2 + 2ar cos 9 + 2? cos 2 9) 







(r + a cos 9) 2 = a? 



r + a cos 9 = ± a 



r = a(l — cos 9) or r = — a(l + cos 0); 




r ■ a(±l - cos 6) 
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the equations have the same graph, which is a cardioid 

69 - 70. Example CAS commands: 
Maple : 

with( plots );#69 

f := (r,k,e) -> k*e/(l+e*cos(theta)); 

elist := [3/4,1,5/4]; # (a) 

PI := seq( plot( f(r,-2,e), theta=-Pi..Pi, coords=polar ), e=elist ): 

display( [PI], insequence=trae, view=[-20..20,-20..20], title="#69(a) (Section 10.8)\nk=-2" ); 
P2 := seq( plot( f(r,2,e), theta=-Pi..Pi, coords=polar ), e=elist ): 

display( [P2], insequence=true, view=[-20..20,-20..20], title="#69(a) (Section 10.8)\nk=2" ); 

elist2 := [7/6,5/4,4/3,3/2,2,3,5,10,20]; # (b) 

P3 := seq( plot( f(r,-l,e), theta=-Pi..Pi, coords=polar ), e=elist2 ): 

display( [P3], insequence=true, view=[-20..20,-20..20], title="#69(b) (Section 10.8)\nk=-l, e>l" ); 
elist3 := [1/2,1/3,1/4,1/10,1/20]; 

P4 := seq( plot( f(r,-l,e), theta=-Pi..Pi, coords=polar ), e=elist3 ): 

display( [P4], insequence=true, title="#69(b) (Section 10.8)\nk=-l, e<l" ); 

klist := -5..-1; #(c) 

P5 := seq( plot( f(r,k,l/2), theta=-Pi..Pi, coords=polar ), k=klist ): 

display( [P5], insequence=true, title="#69(c) (Section 10.8)\ne=l/2, k<0" ); 

P6 := seq( plot( f(r,k,l), theta=-Pi..Pi, coords=polar ), k=klist ): 

display( [P6], insequence=true, view=[-4..50,-50..50], title="#69(c) (Section 10.8)\ne=l, k<0" ); 

P7 := seq( plot( f(r,k,2), theta=-Pi..Pi, coords=polar ), k=klist ): 

display( [P5], insequence=true, title="#69(c) (Section 10.8)\ne=2, k<0" ); 
Mathematica : (assigned function and values for parameters and bounds may vary): 
To do polar plots in Mathematica, it is necessary to first load a graphics package 
In the PolarPlot command, it is assumed that the variable r is given as a function of the variable 9. 

«Graphics" Graphics" 

i[0_, k_,ec_]:= (k ec) / (1 + ec Cos[0]) 

PolarPlot[{ f[6, -2, 3/4], f[8, -2, 1], f[0, -2, 5/4]}, {6, 0, 2tt}, PlotRange {-20, 20}, 



PlotStyle {RGBColor[l, 0, 0], RGBColor[0, 1, 0], RGBColor[0, 0, 1]}]; 
PolarPlot[{ f[0, -1, 1], f[9, -2, 1], f[6>, -3, 1], f[(9, -4, 1], f[6, -5, 1]}, {0, 0, 2tt}, PlotRange {-20, 20}, 



{RGBColor[l, 0, 0], RGBColor[0, 1,0], RGBColor[0, 0, 1„ RGBColor[.5, .5, 0], RGBColor[0, .5, .5] }]; 
The limitation on the range is primarily needed when plotting hyperbolas. 
Problem 70 can be done in a similar fashion. 

CHAPTER 10 PRACTICE EXERCISES 



PlotStyle 



1 . x 2 = — 4y =>- y = — j =>■ 4p = 4 =>- p = 1 ; 
therefore Focus is (0, —1), Directrix is y = 1 



2. x 2 = 2y => \ = y 4p = 2 p 
therefore Focus is (0, |); Directrix is y 



1 . 

2 ' 



y 



y 




y = l 




X 



-3 —3 =J 1 2 3 

y.-1« 
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3. y 2 = 3x =>• x = \ =>■ 4p = 3 

therefore Focus is ( |, 0) , Directrix is x 



p = ! 



4. y 2 



4 P : 



therefore Focus is (— | ,0) , Directrix is x 





2 


1 = 3* 


3 

* = "4 















-2 







5. 16x 2 +7y 2 = 112 f + £ = 1 

c 2 = 16 - 7 = 9 c = 3; e = £ = | 



6. x 2 + 2y 2 = 4 ; 
=> c = v2 ; e = 



y - = 1 

2 



4-2 = 2 




/2 




/ (-V?.o) 


W2.0)\ 


V 









7. 3x 2 - y 2 = 3 =>• x 2 - 
c = 2;e = £ = ?- 

' a 1 



l 



1+3 = 4 



2; the asymptotes are 



± V / 3> 



5y 2 - 4x 2 = 20 ^ 
c = 3, e = 



4 + 5 = 9 

2 



| ; the asymptotes are y = ± x 





9. x 2 = — 12y =>■ — j2 — y ^ 4p=12 =>• P = 3 =>■ focus is (0, —3), directrix is y = 3, vertex is (0, 0); therefore new 
vertex is (2, 3), new focus is (2, 0), new directrix is y = 6, and the new equation is (x — 2) 2 = — 12(y — 3) 



10. y 2 = lOx =>• jy=x=>4p=10=>p=f =4> focus is (| , 0) , directrix is x = — | , vertex is (0, 0); therefore new 
vertex is f — | , — l) , new focus is (2, —1), new directrix is x = —3, and the new equation is (y + l) 2 = 10 (x + |) 



11, tt + 55 = 1 =>• a = 5 and b = 3 => c = ^25-9 = 4 foci are (0, ± 4) , vertices are (0, ± 5) , center is 
(0, 0); therefore the new center is (—3, —5), new foci are (—3, —1) and (—3, —9), new vertices are (—3, —10) and 
(-3, 0), and the new equation is + Q±sf = j 

12. ^ + ^ = 1 ^ a = 13 and b = 12 c = ^169 - 144 = 5 => foci are (±5,0), vertices are ( ± 13, 0) , center 
is (0, 0); therefore the new center is (5, 12), new foci are (10, 12) and (0, 12), new vertices are (18, 12) and 
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(-8, 12), and the new equation is (JL ^- + (y 14 ' 4 2)2 



13. £ - f = 1 => a = 2^/2 and b = => c = ^8 + 2 = \/l0 foci are (o, ± \Ao) . vertices are 

^0, ± 2\fl \ , center is (0, 0), and the asymptotes are y = ± 2x; therefore the new center is ^2, 1\pL\ , new foci are 
^2, 2\/2 ± \/l0j , new vertices are ^2, 4\/2^ and (2, 0), the new asymptotes are y = 2x — 4 + 2-\/2~ and 



y = -2x + 4 + 2^; the new equation is ^ ^-^ - = 1 

14. fg - fj = 1 => a = 6 and b = 8 => c = \/36 + 64 = 10 =4> foci are ( ± 10, 0) , vertices are ( ± 6, 0) , the center 
is (0, 0) and the asymptotes are | = ± | or y = ± | x; therefore the new center is (—10, —3), the new foci are 
(—20, —3) and (0, —3), the new vertices are (—16, —3) and (—4, —3), the new asymptotes are y = | x + =y and 

y = - | X - f ; the new equation is ^£ - = 1 

15. x 2 - 4x - 4y 2 = x 2 - 4x + 4 - 4y 2 = 4 =>■ (x - 2) 2 - 4y 2 = 4 =>■ - y 2 = 1, a hyperbola; a = 2 and 
b = 1 =3> c = \/l +4 = \/5 ; the center is (2, 0), the vertices are (0, 0) and (4, 0); the foci are ^2 ± \/5 , and 
the asymptotes are y = ± ^p 2 - 

16. 4x 2 - y 2 + 4y = 8 4x 2 - y 2 + 4y - 4 = 4 => 4x 2 - (y - 2) 2 = 4 x 2 - = 1, a hyperbola; a = 1 and 
b = 2 =4> c — y/l+4 — y/S ; the center is (0, 2), the vertices are (1,2) and (—1, 2), the foci are ( ± \J~5, 2j and 
the asymptotes are y = ± 2x + 2 

17. y 2 - 2y + 16x = -49 =» y 2 - 2y + 1 = -16x - 48 => (y - l) 2 = -16(x + 3), a parabola; the vertex is (-3, 1); 
4p = 16 =>■ p = 4 =>• the focus is (—7, 1) and the directrix is x = 1 

18. x 2 - 2x + 8y = -17 => x 2 - 2x + 1 = -8y - 16 (x - l) 2 = -8(y + 2), a parabola; the vertex is (1, -2); 
4p = 8 =>■ P = 2 =>• the focus is (1, —4) and the directrix is y = 



19. 9x 2 + 16y 2 + 54x - 64y = -1 => 9 (x 2 + 6x) + 16 (y 2 - 4y) = -1 9 (x 2 + 6x + 9) + 16 (y 2 - 4y + 4) = 144 

9(x + 3) 2 + 16(y - 2) 2 = 144 => ^±r" + = *» an elli P se ; the center is (-3, 2); a = 4 and b = 3 

=> c = \/l6 — 9 — \fl ; the foci are ^—3 ± \Jl , 2^ ; the vertices are (1,2) and (—7, 2) 

20. 25x 2 + 9y 2 - lOOx + 54y = 44 => 25 (x 2 - 4x) + 9 (y 2 + 6y) = 44 25 (x 2 - 4x + 4) + 9 (y 2 + 6y + 9) = 225 
=>■ (J ^^- + (JL ^- = 1, an ellipse; the center is (2, -3); a = 5 and b = 3 c = \/25 - 9 = 4; the foci are 

(2, 1) and (2, —7); the vertices are (2, 2) and (2, —8) 

21. x 2 + y 2 - 2x - 2y = =>■ x 2 - 2x + 1 + y 2 - 2y + 1 = 2 (x - l) 2 + (y - l) 2 = 2, a circle with center (1, 1) and 
radius = y2 

22. x 2 + y 2 + 4x + 2y = 1 =4> x 2 + 4x + 4 + y 2 + 2y + 1 = 6 => (x + 2) 2 + (y + l) 2 = 6, a circle with center (-2, - 1) 
and radius = 

23. B 2 - 4AC = 1 - 4(1)(1) = -3 < ellipse 24. B 2 - 4AC = 4 2 - 4(1)(4) = =>- parabola 

25. B 2 - 4AC = 3 2 - 4(1)(2) = 1 > hyperbola 26. B 2 - 4AC = 2 2 - 4(l)(-2) = 12 > =>> hyperbola 
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27. x 2 — 2xy + y 2 = =>• (x — y) 2 = x — y = 0ory = x, a straight line 

28. B 2 - 4AC = (-3) 2 - 4(1)(4) = -7 < =>- ellipse 

29. B 2 - 4AC = l 2 - 4(2)(2) = -15 < => ellipse; cot 2a = ±j£ = 2a = | =► a=f;x=^x'-^y / and 
y=^x' + ^y' =}► 2(^x'- #y') 2 + (#x'- ^y') x' + & y') + 2 x' + ^ y')' - 15 = 

5x' 2 + 3y' 2 = 30 

30. B 2 - 4AC = 2 2 - 4(3)(3) = -32 < =!> ellipse; cot 2a = ^ = 2a = § => a=f;x=^x'-^y / and 
y^^x' + ^y' 3(^x'-^y') 2 + 2 (^x'-^y') x' + ^ y') + 3 x' + & /)* = 19 

4x' 2 + 2y' 2 = 19 

31. B 2 - 4AC = (2\/3) 2 - 4(1)(-1) = 16 => hyperbola; cot 2a = ^ = X 2a = f => a = f;x=^x'-iy' 

andy= ix'+^y' => x' - | j/)* + 2^ x' - | y*) (|x' + ^/) - (jx' + ^y') 2 =4 
=► 2x' 2 - 2y' 2 = -4 => y' 2 - x' 2 = 2 

32. B 2 - 4AC = (-3) 2 - 4(1)(1) = 5 > =>• hyperbola; cot 2a = ^ = 2a = § => a=|;x=^x'-^y / 

andy= ^ X ' + ^I y ' ^ ^ X '_^I y ') 2 _3 ^ X '_^y/) X ' + ^ y') + ^ X ' + ^ y') ' = 5 

| y ' 2 - 1 x ' 2 = 5 or 5y' 2 - x' 2 = 10 

33. x = \ tan t and y = \ sec t =4> x 2 = \ tan 2 t 34. x = —2 cos t and y = 2 sin t =>■ x 2 = 4 cos 2 1 and 
and y 2 = \ sec 2 1 => 4x 2 = tan 2 1 and y 2 = 4 sin 2 1 =>- x 2 + y 2 = 4 

4y 2 = sec 2 1 4x 2 + 1 = 4y 2 =!> 4y 2 - 4x 2 = 1 




= 16 cos 2 1 and 
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37. 



38. 



s r s 6 COS 




-4 sin S r S 




39. d 



43. k 



40. 



44. 



41. 1 



45. i 



42. f 
46. j 



47. r = sin 9 and r = 1 + sin 9 =>• sin 61 = 1 + sin 9 0=1 
so no solutions exist. There are no points of intersection 
found by solving the system. The point of intersection 
(0, 0) is found by graphing. 




cos 9 — 1 — cos 



48. r = cos 9 and r = 1 — cos 9 

cos 6> = ± =!> 0=§,-f;0=f 
=>■ r = \ . The points of intersection are (| , | 
(i , — | ) . The point of intersection (0, 0) is found 
by graphing. 



and 



r = 1 — cos 6 




49. r = 1 + cos 9 and r = 1 — cos 9 =^ 1 + cos 9 — 1 

2cos6» = =» cos6» = ^ 6»=|,f;6»=fc 
=> r = 1 . The points of intersection are ( 1 , | ) and ( 1 . 
The point of intersection (0, 0) is found by graphing. 



cos 9 



r = 1 — cos 9 




r = 1 + cos 9 
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50. r = 1 + sin 9 and r = 1 — sin 9 =4> 1 + sin 9 — 1 — sin 9 
=> 2 sin 9 = sin = 6> = 0, tt; = or tt 
=>• r = 1. The points of intersection are (1,0) and (1, if). 
The point of intersection (0, 0) is found by graphing. 




r = 1 - sin 9 



51. r = 1 + sin and r = — 1 + sin 9 intersect at all points of 
r = 1 + sin 9 because the graphs coincide. This can be 
seen by graphing them. 



52. r = 1 + cos 9 and r — — 1 + cos 9 intersect at all points of 
r = 1 + cos 9 because the graphs coincide. This can be 
seen by graphing them. 



53. r = sec 9 and r = 2 sin 9 =>■ sec 6 — 2 sin 9 
1 = 2 sin 9 cos 9 =>- 1 = sin 29 29 - 



r = 2 sin | 



\/2 =4> the point of intersection is 
2, | J . No other points of intersection exist. 







/ 1 









r = 1 + sin 0, r = -1 + sin 

y 







1 




1 • -7 


r ■ i -j 







r = 1+ cos 9, r = -1 + cos 9 

y 



= 2 sin , 














\ 




-l^u 


J 














r = 


-l 







54. r = —2 esc 9 and r = —4 cos 9 =>• —2 esc 9 — —4 cos 
1 = 2 sin 6> cos (9 1 = sin 2(9 => 20 = § , f 

=► = f,f ;0 = f r=-4 cos | = -2^2; 

= ^ => r = -4 cos = 2^ . The point of 

intersection is ^2a/2, =^ and the point ^— 2\/2, | j is the 

same point. 



r = -4 cos 9 



-3 s — tr 



- m ^ — 



y 

2 



r = -2 esc 9 
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55. rcos(6>+ f) r| 

= 2 \ r cos 9 - & r sin = 2 

rcosfl- V / 3rsin6» = 4 v / 3 ^> x - V^y = 4\/3 



y= ^ X -4 



x - VaTy - 4"/3~ 




3tt\ _ s/i 
4 / 2 



56. r cos (0 — 

= V2 _ v§ 

2 2 

=» y = x + 1 



r (cos 9 cos ^ + sin 9 sin 



3tt \ 
4 J 



Y r sin = Y =*> -x + y = 1 




57. r = 2 sec i 



=> r cos 9 — 2 =>■ x = 2 



x-2 



58. r= — v2sec0 =4> r cos i 



-vs 



59. r = — 4 esc 9 =>■ r sin 9 







-3/2 






y = -3/2 


60. r^V^csctf 


rsin^^SV^ => y = 3a/3 


y 






3V3" y. 3^3 






X 
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61. r = -4 sin 9 =4> r 2 = -4r sin 9 => x 2 + y 2 + 4y = 
=>■ x 2 + (y + 2) 2 = 4; circle with center (0, -2) and 
radius 2. 



62. r = 3a/3 sin => r 2 = 3\/3r sin 

3^y = 0=> x 2 + (y- 

(»■¥) 



x 2 + y 2 



circle with center 



and radius 



3V3 



63. r = 2\fl cos 6* =>• r 2 = 2\fli cos 

=>■ x 2 +y 2 - 2V^x = =*> (x-y^) 
circle with center (\/2, 0^ and radius \fl 



r--4sin8 


2 2 
x +(y+2) -4 












j 

2; 


■*•(<- ¥)'-? 

r - 2V2 cos 6 




MV3.o)\ 




* 7 x 

(x- VI) *y*.2 



64. r = -6 cos 9 =4> r 2 = -6r cos 9 => x 2 + y 2 + 6x = 
=>■ (x + 3) 2 + y 2 = 9; circle with center (—3, 0) and 
radius 3 



r. -6 cos6 




V (-3.0) J 




2 2 




(x+3) + y .9 





65. x 2 + y 2 + 5y = x 2 + (y - 



5\ 2 _ 25 



C = (0, - 



and a = | ; r 2 + 5r sin = =>■ r = — 5 sin 1 





r - -5 sin 8 








■■•(.- f)'- 


(1 


K0.-5/2)J 



66. x 2 + y 2 - 2y = x 2 + (y - l) 2 = 1 C = (0, 1) and 
a = 1 ; r 2 — 2r sin = r = 2 sin 




(0.1) 



r - 2 sin 8 



2 2 

x *(y-1) -1 
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67. x 2 + y 2 - 3x = 



and a = ~ ; r 2 



(^-r+y 2 = I^c=(i !0 ) 

3r cos = => r = 3 cos 



(»- 1) ♦>*-! 




68. x 2 + y 2 + 4x = (x + 2) 2 + y 2 = 4 C = (-2, 0) 



and a = 2; r 2 + 4r cos 6* = 



-4 cos 



r--4eos6 




v (-2.0) y 




2 2 

(x + 2) +y .4 





69. r = 



1 + COS t 



e = 1 ^> parabola with vertex at (1 , 0) 



N 


Sk 1 + cos 6 




J 0,0) 







70. r = 



2 + COS t 

ke = 4 ^> 



ik = 4 



1 + (J) COS0 

^k = 8;k 



e = J ellipse; 

a - ea =>- r 



a 



16 
3 



7r) ; vertices are (8, 7r) and (1,0) 



| ; therefore the center is 



(8.*) 



8 




2 + cos 8 












'(8/3,0) 







71. r = j _ ? a =4> e = 2 =>• hyperbola; ke = 6 => 2k = 6 
=> k = 3 =4> vertices are (2. 7r) and (6, 7r) 




72. r 



e = 1 ; ke = 4 



3 + sin 6 ~^ l + (i)sinfl 

ik = 4 => k = 12; a (1 - e 2 ) =4 => a 

= 4 => a = \ => ea = (|) (|) = | ; therefore the 
center is (| , =y) ; vertices are (3, §) and (6, =y) 




73. e = 2 and r cos ( 

^ 1 1 + 2 cos ( 



x = 2 is directrix 



(6,3it/2) 

k = 2; the conic is a hyperbola; r 



1 + e cos t 



(2)(2) 
l+2cos0 
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74. e = 1 and r cos = —4 => x — —4 is directrix =>- k = 4; the conic is a parabola; r = l _ ^— g = 

=► r= 4 

^ 1 l-cos9 

75. e = | and r sin = 2 =4> y = 2 is directrix =4> k = 2; the conic is an ellipse; r = t + g e sin s =>• r : 

=> r= 2 

^ 1 2 + sin 9 



(4)(1) 



(2) (5) 
1 + (5) sin 9 



76. e = J and r sin — —6 => y = —6 is directrix =>■ k = 6; the conic is an ellipse; r 



ke 



1 — e sin ( 



3 — sin t 



(6> (I) 
1 - (!) sin 6» 



77. A = 2 r | r 2 d9 

Jo 2 



^(2 - cos Of dd = £{4 - 4 cos + cos 2 9) d6 = £ (4 - 4 cos 9 + 1 +c 2 os2fl ) d0 



4 cos 1 



1 29 



) d0 = [§ - 4 sin 1 



in 29 ] 71 9 
4 J 2 



78. A = /; 3 I(sin 2 30)d^/ o 



! 'i-f^)d^i[^-ssin60] f = * 



79. r = 1 + cos 29 and r = 1 1 = 1 + cos 29 = cos 29 =>■ 20 = | = f ; therefore 
A = 4 J^ 4 I [(1 + cos 20) 2 - l 2 ] dO = 2 £ \l + 2 cos 29 + cos 2 29 - 1) d6 
= 2 £"{2 cos 29 + \ + ^t) d0 = 2 [sin 29 + \ 9 + ^] = 2 (l + f + 0) = 2 + f 



80. The circle lies interior to the cardioid (see the graphs in Exercises 61 and 63). Thus, 



A = 2 J ^ A [2(1 + sin 0)] d0 — 7r (the integral is the area of the cardioid minus the area of the circle) 

= £\ (1 + 2 sin + sin 2 9) d0 - it = £^J6 + 8 sin 9 - 2 cos 29) d9 - n = [69 - 8 cos 9 - sin 29} n J* /2 - ir 
= [3tt — (— 3?r)] — 7r = 5ir 



51. r=-l+cos0 =!> ^ =- sin 0; Length = J* 1 + cos 0) 2 + (- sin 0) 2 d0 = J* ^2 - 2 cos d0 
Jo 



4(1 - cos 9) 



d0 



/ '2 sin f d0 = [-4 cos f] J* = (-4)(-l) - (-4)(1) = 8 



82. r = 2 sin 9 + 2 cos 9, < < 



2 cos - 2 sin 0; r 2 + (^) 2 = (2 sin + 2 cos 0) 2 + (2 cos - 2 sin 0) 2 



8 (sin 2 + cos 2 0) = 8 L = £'~s/%dO = [2^0] " 2 = 2\/2 (f ) = i"\/2 



83. r=8sin 3 (f),O<0< I g = 8 sin 2 (f ) cos (f ) ; r 2 + (g) = [8 sin 3 (f )] + [8 sin 2 (f ) cos (f )] ' 

r~. : . .. c/ 4 _ . „ /«v r'/ 4 _ ri-™J5i ,„ 

d0 



2 



64 sin 4 (f) L=/; ^64 sin 4 (f) d0 = £ 8 sin 2 (f ) d0 = £ 8 
ST t 4 - 4 cos (f )] d * = ^ - 6 sin (f )] f =4(f) - 6an (f) - = tt-3 



84. r = Jl +cos 20 => ^ = 1 (1 + cos 20)- 1 / 2 (-2 sin 20) = r sin 2fl 



=* r 2 +(|) 2 = 1+cos 20 , I+cos2fl 

k/2 



I dry _ _s 
ld9j 1+ cos 29 

sin 2 29 _ (1+cos 29) 2 + sin 2 29 _ 1+2 cos 29 + cos 2 29 + sin 2 29 



- 2 s in 2 29 

- COS t 



1 + cos 29 



1+cos 29 



T^=2 L= r^d0=^ [f -(-§)] =>/2 ff 
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85. r = Vcos 20 



di 



- sin 20 



ro-T^Te' Surface Area = r 2 ^ sin ) V r2 + (i) 2 d0 

J o 2-k\J cos 20 (sin 0) 



cos 26* (sin 0) a /cos 20 + §^ d(9 



, 2H 




IT 



20 



d6 



27r sin d0 



86. 



= [2tt(- cos 0)] q /4 = 2tt (l - 3^) = (2 - yjl 

2r ^ = 2 cos 20 =>• r g| — cos 20; Surface Area = 2 J q 2n(r cos 0) y^r 



sin 20 

™/2 



•2 

r/2 



d0 



2 2 2?r(cos 0) \/r 4 + (r |) 2 d0 = 2 2tt(cos 0) ^(sin 20) 2 + (cos 20) 2 d0 = 2 £'~2ir cos d0 



= 2 [2tt sin 0] f 2 = 4tt 



87. (a) Around the x-axis: 9x 2 + 4y 2 = 36 



— I x 2 => y = ± W9 — I x 2 and we use the positive root: 



V = 2 I-(V 9 -H dx = 2/ o .(9-2x 2 )dx = 2.[9x-|x3] 2 



| X "j = 247r 



(b) Around the y-axis: 9x + 4y J = 36 =>• x - = 4 — | y- => x = ± y 4 — ^ y 2 and we use the positive root: 
V = 2 JT* (V 4 -^ 2 ) 2 dy = 2/> (4 - I y 2 ) dy = 2, [4y - A y 3 ] J = 16tt 



9x 2 - 4y 2 = 36, x = 4 => y 
4 



2 _ 9x J -36 



y = I Vx 2 - 4 ; V = J\ (§ \/x 2 -4) 2 dx = ^ Jjx 2 - 4) dx 



9k 
4 



f -4x 



= 2f [(f - 16) - (f - 8)] = f (f - f ) = f (32) = 247T 



Each portion of the wave front reflects to the other focus, and since the wave front travels at a constant speed 
as it expands, the different portions of the wave arrive at the second focus simultaneously, from all directions, 
causing a spurt at the second focus. 



90. The velocity of the signals is v = 980 ft/ms. Let ti be the 
time it takes for the signal to go from A to S. Then 
di = 980t ia nd d 2 = 980(ti + 1400) 
=>. d 2 - di = 980(1400) = 1.372 x 10° ft or 259.8 miles. 
The ship is 259.8 miles closer to A than to B. 
The difference of the distances is always constant (259.8 
miles) so the ship is traveling along a branch of a hyperbola 
with foci at the two towers. The branch is the one having 
tower A as its focus. 




91. The time for the bullet to hit the target remains constant, say t = to. Let the time it takes for sound to 

travel from the target to the listener be t 2 . Since the listener hears the sounds simultaneously, ti = to + t 2 
where tj is the time for the sound to travel from the rifle to the listener. If v is the velocity of sound, then 
vti = vto + vt 2 or vti — vt2 = vto. Now vti is the distance from the rifle to the listener and vt 2 is the distance 
from the target to the listener. Therefore the difference of the distances is constant since vto is constant so 
the listener is on a branch of a hyperbola with foci at the rifle and the target. The branch is the one with the 
target as focus. 



92. Let (ri, 0i) be a point on the graph where ri = a0i. Let (r 2 , 2 ) be on the graph where r 2 = a0 2 and 

2 = 0i + 2tt. Then ri and r 2 lie on the same ray on consecutive turns of the spiral and the distance between 
the two points is r 2 — rj = a0 2 — a#i = a(0 2 — 0\) = 2na, which is constant. 
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93. (a) r = 1+e k cos)9 =>■ r + er cos 9 = k =>- y^t 2 + y 2 + ex = k =>- ^x 2 + y 2 = k - ex =>- x 2 + y 2 
= k 2 - 2kex + e 2 x 2 =*> x 2 - e 2 x 2 + y 2 + 2kex - k 2 = (1 - e 2 ) x 2 + y 2 + 2kex - k 2 = 
(b) e = =>■ x 2 + y 2 - k 2 = => x 2 + y 2 = k 2 => circle; 

0<e<l ^ e 2 < 1 ^ e 2 - 1 < ^ B 2 - 4AC = 2 - 4 (1 - e 2 ) (1) = 4 (e 2 - 1) < ellipse; 
e = 1 B 2 - 4AC = 2 - 4(0)(1) = parabola; 

e > 1 ^> e 2 > 1 ^ B 2 - 4AC = 2 - 4 (1 - e 2 ) (1) = 4e 2 - 4 > hyperbola 



94. (a) The length of the major axis is 300 miles + 8000 miles + 1000 miles = 2a =>- a = 4650 miles. If the 
center of the earth is one focus and the distance from the center of the earth to the satellite's low point is 
4300 miles (half the diameter plus the distance above the North Pole), then the distance from the center 
of the ellipse to the focus (center of the earth) is 4650 miles — 4300 miles = 350 miles = c. Therefore 



350 miles _ 7 



4650 miles 93 ' 



4650 [l -(&)'] 43Q 



fy.\ a[i — e-; »)' J 4JU.000 — J1- 

W I_ 1+ecosfl r ~ (1 + ^ cos 6) ~ 93+7 cos 6 mle 



CHAPTER 10 ADDITIONAL AND ADVANCED EXERCISES 



1. Directrix x = 3 and focus (4, 0) => vertex is (| , 0) 
=> p = | the equation is x — = = £ 







7 





1 1 


X ~2 = 

V 1 > 





_ 1 3 


\F(4, 0) 



2. x 2 - 6x - 12y + 9 = =^ x 2 - 6x + 9 = 12y Sl|L = y vertex is (3, 0) and p = 3 ^ focus is (3, 3) and the 
directrix is y = —3 

3. x 2 = 4y =>■ vertex is (0, 0) and p = 1 => focus is (0, 1); thus the distance from P(x, y) to the vertex is ^/x 2 + y 2 
and the distance from P to the focus is ^/x 2 + (y — l) 2 =>• ^/x 2 + y 2 = 2-^/ x 2 + (y — l) 2 

=> x 2 + y 2 = 4 [x 2 + (y - l) 2 ] =>• x 2 + y 2 = 4x 2 + 4y 2 - 8y + 4 =4> 3x 2 + 3y 2 - 8y + 4 = 0, which is a circle 



4. Let the segment a + b intersect the y-axis in point A and y 



intersect the x-axis in point B so that PB = b and PA = a 


A 




(see figure). Draw the horizontal line through P and let it 






intersect the y-axis in point C. Let ZPBO = 8 


C 


_ J<Xp(x,y) 


ZAPC = 9. Then sin 6 = I and cos 9 = - 

b a 






g: + £ = cos 2 6 + sin 2 9 = 1. 


O 


B 



X 



5. Vertices are (0, ± 2) a = 2; e = | =^ 0.5 = § =>• c = 1 =$> foci are (0, ± 1) 

6. Let the center of the ellipse be (x. 0); directrix x = 2, focus (4, 0), and e = | =>• | — c = 2 =>• | = 2 + c 

a = | (2 + c). Also c = ae = j a =» a = j (2 + j a) =4> a = 5 + 5 a => | a = | a=^;x-2=j 
=>■ x - 2 = ( ^) (|) = y =>■ x = ^ ^ the center is (f , 0) ; x - 4 = c =>• c=f-4=|so that c 2 = a 2 - b 2 

= (f ) 2 - (I) 2 = I J therefore the equation is + ^ = 1 or 25 + ^ = 1 
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7. Let the center of the hyperbola be (0, y). 

(a) Directrix y = — 1, focus (0, —7) and e = 2 =>■ c — - — 6 => - = c — 6 => a = 2c — 12. Also c = ae = 2a 

=>■ a = 2(2a) -12 a = 4 c = 8; y - (-1) = f = \ = 2 =4> y = 1 =>• the center is (0, 1); c 2 = a 2 + b 2 
=>• b 2 = c 2 - a 2 = 64 - 16 = 48; therefore the equation is - fg = 1 

(b) e = 5 =>• c - § = 6 =>• s = c - 6 =>• a = 5c - 30. Also, c = ae = 5a =4> a = 5(5a) - 30 =>■ 24a = 30 =>• a = | 

=>. c = 25 ; y - (-1) = | = l|i = i =*y=-f =^> the center is (0, - f) ; c 2 = a 2 + b 2 b 2 = c 2 - a 2 
= §| - 2| = 11 ; therefore the equation is ^p^- - = 1 or 16(y 2 ^ )2 - ^ = 1 

8. The center is (0, 0) and c = 2 4 = a 2 + b 2 =>• b 2 = 4 - a 2 . The equation is £ - j£ = 1 =» $ - ^ = 1 

f - = 1 =^ 49 (4 - a 2 ) - 144a 2 = a 2 (4 - a 2 ) 196 - 49a 2 - 144a 2 = 4a 2 - a 4 a 4 - 197a 2 + 196 

= (a 2 - 196) (a 2 - 1) = =>• a = 14 or a = 1; a = 14 b 2 = 4 - (14) 2 < which is impossible; a = 1 
b 2 = 4 — 1 = 3; therefore the equation is y 2 — y = 1 

9. (a) b 2 x 2 + a 2 y 2 = a 2 b 2 => % = - g ; at (x 1>yi ) the tangent line is y - y t = (- g|) (x - Xl ) 

=> a 2 yyi + b 2 xx! = b 2 x 2 + a 2 y 2 = a 2 b 2 =>■ b 2 xx! + a 2 yyi — a 2 b 2 = 
(b) b 2 x 2 - a 2 y 2 = a 2 b 2 g = g ; at (x 1; yi ) the tangent line is y - yi = (g 1 ) (x - Xl ) 
=>■ b 2 xx! - a 2 yy! = b 2 x 2 - a 2 y 2 = a 2 b 2 => b 2 xx! - a 2 yyi - a 2 b 2 = 

10. Ax 2 + Bxy + Cy 2 + Dx + Ey + F = has the derivative g = ~ B 2 ^* ^c^+e" ; at ( x i' Yi) tne tan g er >t line is 

y - yi = ( ' B 2 xT-[2c B y f+ E D ) ( x - x i) => B y x i + 2C yyi + E y - B yi x i - 2C y? - E yi 

= -2Axx x - Bxy x - Dx + 2Ax 2 + Bx iyi + Dx : =3- 2Axx x + B(yx x + xy x ) + 2Cyy! + Dx Dx : + Ey - Ey : 
= 2Ax 2 + 2Bxiyi + 2Cy 2 . Now add 2Dxi + 2Eyi to both sides of this last equation, divide the result by 
2, and represent the constant value on the right by F to get: 

Ax Xl + B P±ffi) + Cy yi + D (5±a) + E (2±a) = -F 




13. 



^ y_ . 

9 + 16 



14. 
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15. (9x 2 + 4y 2 - 36) (4x 2 + 9y 2 - 16) < 

=> 9x 2 + 4y 2 - 36 < and 4x 2 + 9y 2 - 16 > 
or 9x 2 + 4y 2 - 36 > and 4x 2 + 9y 2 - 16 < 



16. (9x 2 + 4y 2 - 36) (4x 2 + 9y 2 - 16) > 0, which is the y 



complement of the set in Exercise 15 





17. x 4 - (y 2 - 9) = =$> x 2 - (y 2 - 9) = or 

x 2 + (y 2 - 9) = y 2 - x 2 = 9 or x 2 + y 2 = 9 




18. x 2 + xy + y 2 < 3 => tan 2a = 

2a = 90° a = 45° A' 
= cos 2 45° + cos 45° sin 45° + sin 2 45° = 
C = sin 2 45° - sin 45° cos 45° + cos 2 45° 



which is undefined 



B' = 0, 



|x' 2 + iy' 2 <3 which is the interior of a 



rotated ellipse 




19. Arc PF = Arc AF since each is the distance rolled; 
ZPCF = Arc PF = b(ZPCF); = 

=> Arc AF = a0 a(9 = b(ZPCF) ZPCF = (§) 
ZOCB = | - 6> and ZOCB = ZPCF - ZPCE 

= ZPCF-(§~a) = (§)0~(f-a) =* f-0 

= (§)'-(!-«) |-*=(§)*-f + « 

=> a = 7T — — (§) =!> a = 7r 




P(x.y) 



Now x = OB + BD = OB + EP = (a + b) cos + b cos a = (a + b) cos + b cos (tt - (^) 0) 
= (a + b) cos + b cos tt cos ((^) 0) + b sin tt sin ((^) 0) = (a+ b) cos - b cos ((^) 0) and 

y = PD = CB - CE = (a + b) sin - b sin a = (a + b) sin - b sin ((^) 0) 
= (a + b) sin - b sin tt cos ((^) 0) + b cos tt sin ((^) 0) = (a + b) sin - b sin ((^) 0) ; 

therefore x = (a + b) cos - b cos ((^) 0) and y = (a + b) sin - b sin ((^) 0) 
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20. (a) x = a(t - sin t) => & = a (l - cos t) and let 6 = 1 =>• dm = dA = y dx = y (^) dt 
= a(l - cos t) a(l - cos t) dt = a 2 (l - cos t) 2 dt; then A = / a 2 (l - cos t) 2 dt 

*J 

= a 2 £\\ - 2 cos t + cos 2 1) dt = a 2 £\l - 2 cos t + \ + \ cos 2t) dt = a 2 [| t - 2 sin t + ^] ^ 

= 37ra 2 ; x = X = a(t — sin t) and y = \ y = \ a(l — cos t) =>► M x = J y dm = f y 6 dA 

= J 2 J a(l - cos t) a 2 (1 - cos t) 2 dt = 1 a 3 J o (1 - cos t) 3 dt = f J q (1 - 3 cos t + 3 cos 2 1 - cos 3 1) dt 



n2rr 

L [ 



1—3 cos t 



. Therefore y 



3 i 3 cos 2t 
2 ' 2 



- (1 - sin 2 t) (cos t)l dt : 



T |t-3sint 



3 sin 2t 



— sin t 



siir' t 

3 



M 



•^J- = | a. Also, M y = J" x dm = Jx 6 dA 



J o a(t - sin t) a 2 (1 - cos t) 2 dt = a 3 J o (t - 2t cos t + t cos 2 1 - sin t + 2 sin t cos t - sin t cos 2 1) dt 



— 2 cos t - 2t sin t + i t 2 + | cos 2t + | sin 2t + cos t + sin 2 1 - 



cos t 
3 



37r 2 a 3 . Thus 



_ M y _ 3vr 2 a 3 _ 



7ra, 



a) is the center of mass. 



M 3vra 2 '""•->' V""' 6 ' 

(b) x = 1 1 3 / 2 f = t 1 / 2 and y = 21 1 / 2 =>• f = r 1 / 2 ; let 5 = 1 dm = dA = y dx = y (f ) dt 
(21 1 / 2 ) (t 1 / 2 ) dt = 2t dt; x = x = 1 1 3 / 2 and y = \ = t 1 / 2 => M x = / y dm = //V 2 (2t dt) 



/ " 2t 3 / 2 dt = [I t 5 / 2 ] ^ = f ^3. Also, M y = / x dm = / x dA = /„^f t 3 / 2 (2t dt) 



n/3 



\/3; 



v/3 



21. (a) x = e 2t cos t and y = e 21 sin t x 2 + y 2 = e 4t cos 2 1 + e 4t sin 2 1 = e 4t . Also 



y e~ L sin t 



tan t 



,2 _ Atari- 1 (y/x) 



is the Cartesian equation. Since r 2 = x 2 + y 2 and 



, the polar equation is r 2 = e 49 or r = e 28 for r > 
(b) ds 2 = r 2 d6> 2 + dr 2 ; r = e 20 =>• dr = 2e 2e &0 

=> ds 2 = r 2 d9 2 + (2e 29 dof = (e 2fl ) 2 d6 2 + 4e 4e d6 2 

= 5e 4fl d<9 2 =► ds = y^e 29 d0 L = f* ^e 20 d9 



/5e J 



27T 





£ (e 4 *" - 1) 



22. r = 2 sin 3 (f ) => dr = 2 sin 2 (f ) cos (f) d0 ^ ds 2 = r 2 dfl 2 + dr 2 = [2 sin 3 (f)] 2 d6> 2 + [2 sin 2 (f ) cos (f ) d9\ 
= 4 sin 6 (f ) d9 2 + 4 sin 4 (f ) cos 2 (f ) d6 2 = [4 sin 4 (f )] [sin 2 (f ) + cos 2 (f )] d9 2 = 4 sin 4 (f ) d9 2 

=» ds = 2 sin 2 (f ) d0. Then L = f\ sin 2 (f ) d0 = [l - cos (f )] d0 = [0 - § sin (f )] J" = 3tt 



23. r = 1 + cos 9 and S = J 2-wp ds, where p — y = r sin 9; ds = a/ r 2 d6> 2 + dr 2 



= + cos 6») 2 dff 2 + sin 2 9 dO 2 a/1 + 2 cos + cos 2 + sin 2 dO = ^2 + 2 cos 9 d9 = ^4 cos 2 (f ) d0 
= 2 cos (f) d9 since < 6 < § . Then S = /* ^(r sin 0) • 2 cos (f ) d0 = /* ^(l + cos 0) • sin cos (f ) d9 
= fj 1 A, [2 cos 2 (f )] [2 sin (f) cos (§) cos (•)] d0 = J^l&r cos 4 (f ) sin (f ) d0 



-327TCOS 5 (?) 

5 



ir/2 




(-32*) f^?) 5 



-(-^) 



32;r\ _ 327T-4nx/2 
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24. The region in question is the figure eight in the middle. 
The arc of r = 2a sin 2 ( | ) in the first quadrant gives 

i of that region. Therefore the area is A = 4 J q i r 2 d0 

= 4/; /2 I[2asin 2 (f)] 2 d^8a 2 /; /2 sin^(f)d^ 

= 8a 2 /; /2 sin 2 (f) [l-cos 2 (f)] d0 

= 8a 2 J " /2 [sin 2 (f) - sin 2 (f) cos 2 (§)] d6 



8a 2 f 

Jo 



\ - 

*/2 



1 — cos 6 sin t 

4 



2a 2 £ (2 - 2 cos 9 
" 4) 



d0 

1 - cos 26 > 

2 J 



r- 2a sin 2 (6/2) y r - 2a cos 2 (0/2) 



I ^- 

e 


B 







dO = a 2 J* o " 2 (3 - 4 cos + cos 29) d9 = a 2 [39 - 4 sin 9 + \ sin 20] 



/2 



.2 /•37T 



25. e = 2 and r cos = 2 =>• x = 2 is the directrix =>• k = 2; the conic is a hyperbola with r = 

(2)(2) _ 4 
^ 1 l+2cos# 1+2 cos 8 



ke 



1 + e cos t 



26. e = 1 and r cos = —4 => x = —4 is the directrix =>• k = 4; the conic is a parabola with r = -. — — 

' 1 1 — e cc 

, r _ (4X1) _ 4 



1 — cos 9 1 — COS t 



27. e = 5 and r sin = 2 =4> y = 2 is the directrix =>• k = 2; the conic is an ellipse with r = 



ke 



2(1) 



l + (l)sin9 2 + sin( 



1 + e sin £ 



28. e = J and r sin = —6 => y = —6 is the directrix =4> k = 6; the conic is an ellipse with r 

,_ 6(1) _ 6 



ke 



1 - (i) sinf 



3-s 



1 — e sin ( 



29. The length of the rope is L = 2x + 2c + y > 8c. 
(a) The angle A (ZBED) occurs when the distance 
CF = I is maximized. Now I — \/x 2 — c 2 + y 



1= ^/x 2 



L — 2x — 2c 



tlx 



(x 2 - c 2 p /2 (2x) - 2 



-2. 



Thus g = 



-t=^=j -2 = ^ x = 2^ - c 2 

V x- — c- 



=> x 2 = 4x 2 - 4c 2 => 3x 2 = 4c 2 => § = I 
=>- r = . Since j= = sin | we have sin | = ^ 
# = 60° 




A = 120° 

(b) If the ring is fixed at E (i.e., y is held constant) and E is moved to the right, for example, the rope will slip 
around the pegs so that BE lengthens and DE becomes shorter =>■ BE + ED is always 2x = L — y — 2c, 
which is constant => the point E lies on an ellipse with the pegs as foci. 

(c) Minimal potential energy occurs when the weight is at its lowest point =>• E is at the intersection of the 
ellipse and its minor axis. 
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30. 



30 



d. 



30 



di + d 2 = 30; _ 
=> d3 + d4 = 30. Therefore P and Q lie on an ellipse with 
Fi and F 2 as foci. Now 2a = di + d 2 = 30 => a = 15 and 
the focal distance is 10 => b 2 = 15 2 - 10 2 = 125 
=> an equation of the ellipse is + = 1. Next 
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y 











P(x,.y,) 






f 








F ,<" 


-10,0) 


F 2 (1O.0) 



X 2 = X! + V t = X! + V 



225 
Xl 



10. 



If the plane is flying level, then P and Q must be symmetric to the y-axis =>• xi 



-x 2 



x 2 



-x 2 



10 



x 2 



the plane is ( 5 



225 ~ 

lo-v/io 



125 



1 =!> y z 2 — =>■ y 2 = 1 3 10 since y 2 must be positive. Therefore the position of 
where the origin (0, 0) is located midway between the two stations. 



31. If the vertex is (0, 0), then the focus is (p, 0). Let P(x, y) be the present position of the comet. Then 

a/(x - p) 2 + y 2 = 4x 10 7 . Since y 2 = 4px we have a/(x - p) 2 + 4px = 4x10" (x - p) 2 + 4px = 16 x 10 



14 



Also, x - p = 4 x 10 7 cos 60° = 2 x 10 7 x = p + 2 x 10 7 . Therefore (2 x 10 7 ) 2 + 4p (p + 2 x 10 7 ) = 16 x 10 1 



4 x 10 14 + 4p 2 + 8p x 10 7 = 16x10 



14 



4p 2 + 8p x 10 7 - 12 x 10 



14 







p 2 + 2p x 10 7 - 3 x 10 



14 







=> (p + 3 x 10 7 ) (p — 10 7 ) =0 p = — 3 x 10 7 or p = 10". Since p is positive we obtain p = 10 7 miles. 

32. x = 2t and y = t 2 =► y = f ; let D = yj (x - 0) 2 + (f - 3) 2 = y^ 2 + f§ 



3 „2 



= I \/x 4 — 8x 2 + 144 be the distance from any point on the parabola to (0, 3). We want to minimize D. Then 



g = 1 ( x 4 _ 8x 2 + 144 ) 1/2 ^ 4x ; 



16x) 



(l)x 3 -2x 







1 Y 3 

2 X 



2x = 



4x = 



Oor 



x = ± 2. Now x = 



\/x 4 - 8x 2 + 144 

y = and x = ±2 => y = 1. The distance from (0, 0) to (0, 3) is D = 3. The distance 



from ( ± 2, 1) to (0, 3) is D = y ( ± 2) 2 + (1 — 3) 2 = 2y/l which is less than 3. Therefore the points closest to 
(0,3) are (±2,1). 



33. cot 2a = =0 =*> a = 45° is the angle of rotation =4> A' = cos 2 45° + cos 45° sin 45° + sin 2 45° = § , B' = 0. 



and C = sin 2 45° - sin 45° cos 45° + cos 2 45° 



|x' 2 + iy' ; 



| and a = \fl 



Therefore the eccentricity is e 



0.82. 



34. The angle of rotation is a 

=> a = v 2 and b = v2 



A 



i , B' = 0, and C 



2 =>■ c = a + b = 4 =4> c = 2. Therefore the eccentricity is e = jj = -4 

35. a/x + ^/y = 1 =!> x + 2^/xy + y = 1 2^/xy = 1 - (x + y) ^> 4xy = 1 - 2(x + y) + (x + y)' 
=> 4xy = x 2 + 2xy + y 2 — 2x — 
=> the curve is part of a parabola 



2 

7 2. 



=: _ y_ — i 

2 2 



4xy = x 2 + 2xy + y 2 - 2x - 2y + 1 x 2 - 2xy + y 2 - 2x - 2y + 1 = B 2 - 4AC = (-2) 2 - 4(1)(1) = 



36. a= f ^ A' = 2 sin | cos f = 1, B' = 0, C = -2 sin | cos f = -1,D' = -V2sin f = -1,E' = -V2cos f 

= -1, F' = 2 x' 2 - y' 2 - x' - y' + 2 = (x' 2 - x') - (y' 2 + y') = -2 => (x' 2 - x' + ±) - fy' 2 + y' + ±) 



1. The center is (x',y') = (| , — |) 



y = 5 sin | — | cos | = or the center is (x, y) = yj^, 0j . Next a = y^2 
(x',y') = (1,-^2- |) and => x = 1 cos f - (^2 - ±) 

2 — j J cos | = 1 or 



:os | — (— i) sin 
the vertices are 

| = ^ - 1 and 



and 



(x,y)= (#-l,l) 



— 1,1) is one vertex, and x = k 



x=lcosf-(-v/2-i 
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= ^ + 1 and y = \ sin | + (- \fl - |) sin | = -1 or (x, y) = f ^ + 1, -lj is the other vertex. Also 
c 2 = 2 + 2 = 4 =^ c = 2 the foci are (x', y') = (± , |) and (1 , - |) x = \ cos \ - § sin \ = - ^ and 
y = i sin 5 + 1 cos I = or (x. y) = ^— \/2^ is one focus, and x = | 
y = s sin | — | cos f = —1/2 or (x, y) = f^y^ , — V^J is the other focus. The asymptotes are 



2 cos I + § sin I = ^ and 



y' + i = ± (x' — I ) in the rotated system. Since x = +j x' — +j y' and Y— ^7J x '+^jy' ^ x + y 
=>• ^ x + ^ y = x' and x — y = — y' — ^ x + ^ y = y'; the asymptotes are 



/2 



2 



x +^y+5 = ± (^y x + y _ 5) =>• tne asymptotes are -\/2x + 1 = or x = and V^y = t 



x 2 



y = 0. Finally, the x'-axis is the line through ^ ^ , 0^ with a slope of 1 (recall that a = |) =£• 
The y'-axis is the line through ^^.0^ with a slope of —1 y = — x + ^ . 

37. (a) The equation of a parabola with focus (0, 0) and vertex (a, 0) is r = . 2a . „ and rotating this parabola 



through a — 45° gives r : 



1 + cos t 

2a 



l+cos(fl-f) ' 

(b) Foci at (0, 0) and (2. 0) =>• the center is (1, 0) =4> a = 3 and c = 1 since one vertex is at (4, 0). Then e = - 

= I . For ellipses with one focus at the origin and major axis along the x-axis we have r = prz^g 

= 3(1-|) 8 

1- (1) cosfl 3 -cos 8 ■ 

(c) Center at (2, |) and focus at (0, 0) =>• c = 2; center at (2, |) and vertex at (l, |) =>• a = 1. Then e = j 

= 1=2. Also k = ae - 5 = (1)(2) - | = | . Therefore r = * e . . = ,^| (2) fl = 1 _ L , 3 . . . 

1 e v /v ' 2 2 l+esin# 1 + 2 sin 1 + 2 sin 

38. Let (di, ^1) and (d2, ^2) be the polar coordinates of Pi and P2, respectively. Then 62 — 9\ + 7r, and we have 
di = j-^r andd, = 7+ ^ + . . Therefore ± + ± = + 2 + cos f + " ) 

1 2 + cos 0\ z 2 + cos (f?i + 7r) di 02 3 3 

4 + cos 8\ + cos 8\ cos tt — sin 8\ sin 7r 4 

~~ 3 — 3 • 

39. Arc PT = Arc TO since each is the same distance rolled. Now Arc PT = a(ZTAP) and Arc TO = a(ZTBO) 

ZTAP = ZTBO. Since AP = a = BO we have that AADP is congruent to ABCO => CO = DP =^ OP is 
parallel to AB =>■ ZTBO = ZTAP = 6. Then OPDC is a square =>• r = CD = AB AD CB = AB 2CB 
=>■ r = 2a — 2a cos = 2a(l — cos 0), which is the polar equation of a cardioid. 

40. Note first that the point P traces out a circular arc as the door ^ 
closes until the second door panel PQ is tangent to the circle. 

This happens when P is located at ( 4j, J , since ZOPQ is 

90° at that time. Thus the curve is the circle x 2 + y 2 = 1 for 
< x < A- . When x > -4- , the second door panel is 

tangent to the curve at P. Now let t represent ZPOQ so that 
as t runs from | to 0, the door closes. The coordinates of P 
are given by (cos t, sin t), and the coordinates of Q by 

(2 cos t, 0) (since triangle POQ is isosceles). Therefore at a fixed instant of time t, the slope of the line 
formed by the second panel PQ is m = 4^ = — 5 ' nt r° . = — tan t =>■ the tangent line PQ is 

J r ■< a x cos t — 2 cos t & ^ 

y — = (— tan t)(x — 2 cos t) => y = (— tan t) x + 2 sin t. Now, to find an equation of the curve for 
4- < x < 1 , we want to find, for fixed x, the largest value of y as t ranges over the interval < t < j . We 

solve ^ = =>■ (- sec 2 t) x + 2 cos t = =>• (- sec 2 1) x = -2 cos t => x = 2 cos 3 t. (Note that 
4| = (—2 sec 2 t tan t) x — 2 sin t < on < t < | , so a maximum occurs for y.) Now x = 2 cos 3 t => the 
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corresponding y value is y = (— tan t) (2 cos 3 t) + 2 sin t = —2 sin t cos 2 1 + 2 sin t = (2 sin t) (— cos 2 1 + 1) 
= 2 sin 3 t. Therefore parametric equations for the path of the curve are given by x = 2 cos 3 1 and y = 2 sin 3 1 

for < t < f . In Cartesian coordinates, we have the curve x 2 / 3 + y 2 / 3 
= 2 2 / 3 (cos 2 1 + sin 2 1) = 2 2 / 3 =>• the curve traced out by the door is given by 



(2 cos 3 t) 2/3 



(2 sin 3 t) 2/3 



x 2/3 



for < x < 4- 

- - V2 

2V3 for i < x < i 

\75 ~ ~ 



41. = ^-^1 => tan/3 = tan(Va-^)=i^^ r ; 
the curves will be orthogonal when tan /? is undefined, or 
when tan ^ 2 = ^ ■■ 

=► r 2 = -f'(S)g'(9) 



g'(»i 



-l 

ray] 




42. r = sin 4 (|) =>• § = sin 3 (f ) cos (f ) ^> tan -0 



™*(S) 



'«)«»«) 



tan(f) 



43. r = 2a sin 36 %= 6a cos 30 => tan ?/> = pry = = 3 tan 3(9; when 0=§,tan^=|tan§ 



44. (a) 



(b) r6> = 1 => r = 0" 1 | = -6»- 2 =^ tan ^| 9=1 
= = — =4> lim tan 76 = — 00 

=>• V — * I from the right as the spiral winds in 
around the origin. 



45. tan^i 



= v/ ^ cos g fl = - cot is - 4 at = f ; tan V> 2 = M = tan is a/3 at = f ; since the product of 



„ 3 sin v/3 3 

these slopes is —1, the tangents are perpendicular 



46. a(l + cos0) = 3a cos 
= |;tanVi = a(I + cos 
tan ^2 



3a cos 9 
—3a sin ( 



a sin 8 

-A- ate 

V3 



• 1—2, cos 
is -a/3 at 0= I 



3 



Then 



tan/3 



1 + ( 



_ 



cos = 5 or 



r = o(l + cos 9) 



r * 3a cos 9 




IT — X 
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47. n 



1-COS0 ~^ d9 (l-cosfl) 2 ' 1 " 2 l+cos9 ~^ d9 (l+cos9) 2 ' 1 - cos 9 1+cosfl 

1 + cos = 3 — 3 cos 9^4 cos 9 — 2 => cos 6 = h =>■ 9 — ±5 => n = r 2 = 2 =^ the curves intersect at the 

( i - cos e ) 1 — cos 6 :„ 1 „<. /) 7r . t „„ „/, ( l + cos e ) 



dr. 



3 sin 9 



points (2, ± | ) ; tan ipi 



73 



1 +cos < 



Ld -cos e> 2 J 

-y/3 at = ? ; therefore tan (3 is undefined at 6 = ? since 1 + tan ^ tan t/j 2 = 1 



L(i + c„se)2j 



0^/3 



tan Vi| 9 _ /3 
at (9 = — ? 



_ i -<*"(- !) 

sin F I) 
/3=f 



75 andtan ^ls=-,r/3 



1+cos (- I) 



= — y3 =>■ tan /3 is also undefined 



48. (a) We need ip + 9 — n, so that tan ip = tan (tt — 9) 

a( l +cos 9) 
-a sin 9 



49. 



= - tan 6». Now tan V 1 = tIy = — 
= - tan 9 = - s»l =^ cos 6» + cos 2 = sin 2 

cos 9 

=> cos 6* + cos 2 9 — 1 — cos 2 
=>- 2 cos 2 6* + cos 9 - 1 = 

=> cos = ~ or cos = - 1 ; cos 9 = ~ =>■ = ± ~ 



2 



_ 3a . 

2 




Therefore the points where the tangent line 
is horizontal are (y, ± | ) and (0, 7r). 
(b) We need tp + 9 = § so that tan ip = tan (| - 9) = cot 0. Thus tan tp = jj 

sin 



r « a(l + cos 9) 



a(l +cos 9) 



COt0 



cos 9 
sin 9 



sin 9 cos = — sin 9 cos => cos = — | or sin = 0; cos = — | 



I 27T 

— ^ 3 



=>■ r = | ; sin 9 = => 9 — (not 7t, see part (a)) =>• r = 2a. Therefore the points where the tangent line 
is vertical are (|, ± =y) and (2a, 0). 



1 + cos ( 



a sin 9 
(1 +cos 9 



j and r 2 



b 

1 — cos ( 



dp. 
d9 



b sin I 

(1 — cos 



tan 1p\ 



1 +COS t 

sin 9 



and tan ifa 



1 — COS f 

— sin 9 



then 

1 + tan ipi tan V->2 



L(l + cos6 



= 1 + ( 'tin°9 Sg ) ( '-sin 5 / ) = 1 - ' ri n°9 9 = =^ P is undefined => the parabolas are orthogonal at each 
point of intersection 

50. tanV= (|) = 2( T^islat^=f tf=f 



51. r = 3 sec r = 

1 



3 . 3 

cos 9 ' cos ( 



= 4 + 4 cos 9 =» 3 = 4 cos + 4 cos 2 (2 cos 9 + 3)(2 cos - 1) = 
« v — 2 ui i-ua w — — | =4> = | or ^ (the second equation has no solutions); tan ip 2 — 4( l^ s c i ° s / ) 
1 +c ° s 8 is — v/3 at | and tan ibi = , 3 se a c , e „ — cot 6 is -4= at f . Then tan /3 is undefined since 

sin 9 V ^ vi 3 sec 9 tan 9 -/3 3 " 



1 + tan ipi tan ^ = 1 + f 4, J ("n/^) = ^ = f • Also > tan ^2 1 5jr/3 = and tan ^ll 57r/3 
=>- 1 + tan Tpi tan = 1 + f— 4jJ (^) = ^ ^ tan ^ is also undef i ned =^ P = f ■ 



l 



52. tan ^ 



'tan (|) 



1 at (9 



^ = I ; m ian = tan (0 + ip) = tan 



3tt 
4 



53. 



tan ip2 



-i — 1 — cos (9 = 1 — sin 9 cos i 

1 — sin 9 



I ; tan V>i 



Ld-cosS^J 



[(l-sinfl) 2 



. Thus at 6> = f , tan Vi = 1 °° S /ffl = 1 - and 

cos 9 4 ' ri sm (J-j V 
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tan tb 2 = 1 si "iP =1/2-1- Then tan 8 

^ A cos (J) v ^ 



54. (a) 




(b) r 2 = 2 esc 26* =- 2 



2tf 



: sin a cos ( 



r 2 sin 8 cos 6 1 = 1 xy = 1 , a hyperbola 



(c) At0=f,x = y= l 

3?r 



1 



dx 

= m tan ^0=f^V = 0- ^= T- ? = f 



55. (a) tan a = 



(I) 

■fla 



A= 1 f 2 B 2 e 2 "/( tanQ ) d(9 



In r = 



B 2 (tan a) e 11 



C (by integration) =^ r = Be fl/(t!lnn) for some constant B; 

tan a rg2g29 2 / (tana) g2g20,/ (tann)j 



tan a /V2 
4 



(r 2 2 - r 2 ) since r 2 2 = B 2 e 2fl2/(,ann) and r 2 = B 2 e 28|/(,imQ) ; constant of proportionality K = 



tan n 
4 



(b) tan a 



(I) 



\d9J 



\d9J 



I tan 2 a + 1 ~\ 
I tan 2 a y 



2 /sccia\ Length = [\ d9 = f* Be"/" 3 ""' • &6 = IB (sec a) e"/ < 1£,nQ )l !! 2 

V tan- q J to J V tan a / J tan a L v / J u\ 

(sec a) [Be" 2 '' (tann) — Be"' (tmn '] = K (r 2 — ri) where K = sec a is the constant of proportionality 



56. r 2 sin 29 = 2a 2 



r sin f cos i 



xy = a 2 and 



t£ = — . If P(xi , yi) is a point on the curve, the tangent 
line is y — yi = — ^ (x — x x ), so the tangent line crosses 
the x-axis when y — =>■ — yi = — ^ (x — xi) 



x — xi => x = + xi = Xi + xi = 2xi 
since ^ = 1. Let Q be (2x u 0). Then 
PQ = ^/(2 Xl - Xl ) 2 + (0- yi ) 2 = y^T+y! and 
OP = r 



r 2 sin20 = 2a J 




y (xi — 0) 2 + (yi — 0) 2 = \/ x i + ^ OP = anc l me triangle is isosceles. 
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CHAPTER 11 INFINITE SEQUENCES AND SERIES 



11.1 SEQUENCES 

1 • a i — — <J, a 2 — — — 4 , a 3 — -35- — — 5 , a4 — -43- — — yg 
? a — 1 — In— 1 — 1 a — 1 — 1 a — 1 — 1 

-3 „ _ (-D 2 -In- (-D 3 - 1 o - (-1)" - 1 o - (-D 5 - 1 

a l - 2^1 - a 2 - 43T - - 3 - a 3 - 537 - 5 , a 4 - - - 7 

4. ai = 2 + = 1, a 2 = 2 + (-1) 2 = 3, a 3 = 2 + (-1) 3 = 1, a 4 = 2+ (-1) 4 = 3 

S a, - 2 - 1 a-, - 2 " - 1 a, - 2? ' - 1 a . — 2 '' - 1 

d! — 22 — 2 , d 2 — 2 3 — 2 , d 3 — 2 4 — 2 , d 4 — 25 — 2 

ft a — 2 ~! — 1 a — 22 ~ 1 — 3 a — 23 = 1 — 7 a — 2 '' = 1 — 15 

o. a! - — — 2 , a 2 — ^j- — 3 , a 3 — — g , a 4 — -^j- — 



7 a - 1 a — 1 -I- 1 - 3 a- 3 -!- 1 - 7 a- 7 -!- 1 — 15 a- 15 -!- 1 — 31 a — 63 
/. a 1 -l,a 2 — l + 2~2' a 3 - 2 + 22-?' a4 _ 4 + 23 — T ' a 5 ~ T + ¥ ~ 16' a 6— 32 

_ _ 127 _ 255 _ 511 _ 1023 

a 7 - 64 - a 8 - T28 , a 9 - ' a 10 ~ 



a - 1 a — 1 a — — 1 „ — (s) — 1 n - (h) _ 1 „ _ 1 „„ _ 1 „ _ 1 

ai - 1, a 2 - 2 , a 3 - ^- - g , a 4 — — 24 , a 5 - - m , a 6 - m , a 7 - ^ , a. s - ^- 20 



a 9 — 3698X0 ' a i0 ' 



362,880 ' " iu — 3,628,800 

y. ai — z, a 2 — — 2 — — a 3 — — 2 — _ — 2 > 4 _ 2 _ — i > 5 _ 2 _ 8 > 

a C = 16 ' a 7 = - 52 ' a » = - 54 ' a 9 = ik ' a W = 256 
10 a - ? a - '-<-2) — 1a — 2 '(-') - 2 a - 3 ' ( ~ ^ - 1 a - 4 'H) - 2 a - 1 

iu. ai — — z, a 2 — — 2 — — — i, a 3 — — ^ — — — 5, a 4 — — ^ — — — 2 , as — — ^ — — — j , a% — — 5 , 

21 _ 2 _ 1 

a 7 — — 7 > a 8 — — 4 . a 9 — — 9 , a 10 — — g 

11. a! = 1, a 2 = 1, a 3 = 1 + 1 = 2, a 4 = 2 + 1 = 3, a 5 = 3 + 2 = 5, a e = 8, a7 = 13, a 8 = 21, a g = 34, aio = 55 

12. ai = 2, a 2 = -1, a 3 = - \ , H = -^1 = \ . a 5 = tM); = -1 > ^ = ^ 2 ' a 7 = 2, a 8 = -1, ag = - |, a 10 = | 

13. a„ = (-l) n+I ,n= 1,2, ... 14. a n = (-l) n , n = 1, 2, . . . 
15. a n = (-l) n+I n 2 ,n= 1,2, ... 16. a n = , n = 1, 2, . . . 
17. a n = n 2 - l,n = 1, 2, ... 18. a n = n - 4 , n = 1, 2, .. . 
19. a„ = 4n - 3, n = 1, 2, . . . 20. a n = 4n - 2, n = 1, 2, . . . 

21. a n = 1 + ( - 1) ° + ' ,n=l,2,... 22. a n = n ~ i*^"® = [§], n = 1, 2, . . . 

23. n lim o 2 + (0.1) n = 2 => converges (Theorem 5, #4) 
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24. lim n+ i~ 1} ° = lim 1 + ^ = 1 converges 

1-9 fi) -2 _9 

25. lim i - Hr^ = lim -rn — ~ = lim — — 1 =>■ converges 

n — too l + 2n n^oo (;J+2 n — » oo I D 
2^n + (-4.) 

26. lim , j" V- = lim — r - — = — oo => diverges 

n — > oo 1 — 3 n n — » oo 3J 

i _ c 4 ( ^4 J — 5 

27. lim 4~ " 3 = lim , n\ — — 5 =>■ converges 

mcc n 4 + !n J n^oo 1 + (,J to 

28. lim , "t 3 , , = lim , , 3 . . = lim — f-= = =>■ converges 

n-^oo n- + 5n + 6 n-too (n + 3)(n + 2) n — > oo n + 2 & 

29. lim " 2 ~ 2n , + 1 = lim ( "'" ( "r" = lim (n - 1) = oo => diverges 

n ^ oc n — 1 n—joo n — 1 n _> oo ^ ' o 

i- 3 U)-n 
30 lim -i. " , = lim — = oo =>- diverges 

n -+ oo 70-4n- n — > oo f™j_4 b 

31. lim (1 + (—1)") does not exist => diverges 32. lim (— 1)" (l — -) does not exist =>• diverges 

33. lim (S±l) (l - 1) = lim ( A + f) (l - A) = A =>• converges 

n^oo^2n/V n/ n— >oo^2 2n/V n/ 2 b 

34. n lim o (2 — ^) (3 + ^i) = 6 => converges 35. n lirn o ^rry — converges 

36. lim (— IV— lim ^Jr_ = =>■ converges 

n — > oo v 2 / n — > oo 2" ° 

37. lim \/-^r = J lim = W lim fr^rl = \fl ^ converges 

38. lim TTri^r = lim (W)" — oo =>• diverges 

n — » oo (U.y) n n — » oc V 9 / c 

39. lim sin (? + -)= sin ( lim + ~) ) = sin ~ = 1 =>■ converges 

n— > oo V2 n/ \n — > 00 \ 2 n/y 2 

40. lim n7r cos (n7r) = lim (ri7r)(— 1)° does not exist =4> diverges 

n ^ oo v/ n— >oo D 

41. lim — because — - < ^S- 2 < - =>• converges by the Sandwich Theorem for sequences 

n — ► 00 n n— n— n b j i 

■ 2 .-2-1 

42. n lim^ ^fr 1 = because < < ^ converges by the Sandwich Theorem for sequences 

43. lim t^t = lim * . = =>■ converges (using l'Hopital's rule) 

moo ? moo ?ln2 & \ b r > 

44. lim K = lim ^1|3 = lim nta3f = u 3^in3£ = diverges (using l'Hopital's rule) 

n ^ oo n J n ^ oo 3n- n ^ oo 6n n — > 00 6 b \ b r I 

45. lim = lim ^44 _ lim h/* _ lim Is-j) = ^ converges 

n — > oo ,/n n — * oo [ 1 \ n — » oc n + i n — > oo i _i_ ( 1 1 D 
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46. lim JSJ- = lim M 

n — > oo In In n — > oo y^-J 



1 => converges 



47. lim 8 = 1 =>■ converges (Theorem 5, #3) 

n — > oo D 



48. n lim x) (0.03) 1/n = 1 converges (Theorem 5, #3) 

49. n lipi (l + = e' =>• converges (Theorem 5, #5) 



50. lim (1 - i)° = lim 

n ^ oo V n / n—j.fx 



(-1) 



e 1 => converges (Theorem 5, #5) 



51. lim a/TOii = lim 10 I/n • n 1 /" = 1-1 = 1 => converges (Theorem 5, #3 and #2) 

n — > oo v n ^ oo o \ 

52. lim \ffp = lim (v/n) 2 = l 2 = 1 =>• converges (Theorem 5, #2) 

n ^ oo n ^ oo v V / D 



53. lim (2) 

n — » oo \ n/ 



1/n lim 3 1 ' 



j = 1 =>• converges (Theorem 5, #3 and #2) 



54. lim (n + 4) 1/ '( n+4 ) = lim x'/ x = 1 =4> converges; (let x = n + 4, then use Theorem 5, #2) 



55. lim 



In n 



s=mB — y — 00 =^ diverges (Theorem 5, #2) 



56. lim [In n — In (n + 1)1 = lim In (— tt) = In ( lim -77] = In 1 = =4> converges 

n ^ oo L n ^ oo V n + 1 / V^n ^ oo n + 1 y " 

57. lim v 4 n n = lim 4 v/n = 4-1—4- =>• converges (Theorem 5, #2) 

n ^ oo v n — ► oo v 

58. lim \/3 2n+1 = lim S 2 ^ 1 / 11 ' = lim 3 2 • 3 1 / 11 = 9 • 1 = 9 converges (Theorem 5, #3) 

n ^ oo n ^ oo n ^ oo D 

59. lim 51= lim 1 ' 2 ' 3 '" (n ~ 1)(n) < lim f 1 ) = and ^ > => lim 4 = =>- converges 

n — » oo n™ n — » oo n-n-n- ■ n-n n — > OO Vn/ n" — n — > oo n n = 

60. lim = =>• converges (Theorem 5, #6) 

n — > oo n! => v ' 7 

61. lim vSfe = lim ,, ln L A = oo =£> diverges (Theorem 5, #6) 

n — » oo UJ™ n — > oo I l 10 "> j ° 

62. lim = lim 7A7 = 00 =>• diverges (Theorem 5, #6) 

n — > 00 * 3° n — > 00 (|rj 

63. lim (I) 1 /( lnn ) = i im exp (i i n (I)) = i im exp f h '-'"" ) = e' 1 ^ converges 

mm In/ n^oc r \ to n Vn// n ^ oo ^ V In n / <= 

64. lim In (l + -) a = In I lim (l + 9 = In e = 1 => converges (Theorem 5, #5) 

n^ooVn/ \n — » 00 v ' n/ y v ' 

65 - n^oo (I^D^n^oo ^ (° to (£4) ) = n'-ffloo e*P ( '" (3 " + 'V" "' 
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6k \ - exD (§.) - e 2 / 3 

3n+l)(3n-l),/ ~~ CA f V 9 ) ~ C 



lim exp — ' 



— lim exp ( 75- 

n — > oo r \ (3n 



converges 



66. lim (^r) n = lim exp (n In (-5^)) = lim exp / '"»-'"(" + ') 

n^oo Vn+1' n — > 00 F v V n + 1 / / n — > 00 F 

= lim exp ( — , "" ) = e _1 =>• converges 

n — » oo F \ n(n+ I ) J & 



) = lim exp 

/ n — > oo r 



1 i_ 



67. lim (y4r) 1/n = lim x^-i-) 1 /"^ lim exp (I In (M) = x lim exp f -' n(2n + '> ) 

moo V2i + U n ^ oo V 2n + 1 / n ^ oo *\ n V 2n+ 1 / ^ n — > oo *\ n / 

= x n lirri^ exp ( ) = xe° = x, x > =4* converges 



68. lim (l — 4) = lim expfnlnfl — \)) = lim exp 
= lim exp ( n 7^\ ) = e° = 1 =>■ converges 



69. lim 3 °" 6 ", = lim ^ = => converges (Theorem 5, #6) 

n — > oo 2 n -n! n — » oo n! e v 7 



lim exp 





/ 








( 







70. lim 



lim 



'mi 



lim 



„iT&o (»)»+(»)• -n^TSo (if)"(^)"+(if)"(iir -n^oo (l) n + l 
(Theorem 5, #4) 



converges 



71. lim tanhn = lim e ° , e " = lim e '°, , ) — lim i 5 ^ = lim 1 = 1 converges 

n — > oo n — > oo e + e n — > oo e + 1 n — > oo 2e-" n _ » oo D 



72. lim sinh (In n) = lim e ' nn 9 e = lim - j"^ 



oo =>• diverges 



n 2 sin(l) _ 



(^(e))(^) 



73. lim — x ~r- — lim -, — — lim — -, K-*- — lim — — Wr = k 

n -> oo 2n-l D-ioo n — > oo ( _ 2 , _2, A n ^ oo -2 + (2) 2 



converges 



_ . ,. /, l \ (l - cos 1) 

74. lim nil— cos 1 = lim - — , n — = lim 

n ^ oo v n / n — > oo 1 n — » oc 



75. lim tan 1 n = 5 converges 

n — » oo 2 => 



[sin( 


e)] 






I*) 





lim sin(i) =0 =>• converges 

n — > oc \ n/ ° 



76. lim 4= tan" 1 n = - f = 

n — > oo ^/n 2 



converges 



77. lim (1)" + ^ = 

n — > oo v 3 1 i/2" n 



78. lim v n 2 + n = lim 



exp 



lnfn' + n) 



= => converges (Theorem 5, #4) 
= lim exp ( 2 2 + 1 ) = e° = 1 =>• converges 



79. lim lim *>«^ = lim »g = ... = lim ^ = ^ converges 

n^oon n — > oo n n — > oo n n^oc n ° 



80. lim 



(In nf 



lim 



n — > oo i/n n — > oo 



11U1 100nn£ = Hm 80(1^ = ... = Hm 3840 = Q conver g e s 

n — » oo y'n n — > oo <Jn n — > oo ° 



lim 
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8 1 . lim ( n — v/n 2 — n ) = lim In — v/n 2 — n 

n — > oo \ / n ^ oc \ v 



n + \/n 2 — n 



lim 



lim 



n + y/n 2 - n / n — > oc n + Vn 2 - n n — » oo i + .R 



converges 



82. lim 



lim 



n — > oo Vn 2 - 1 - v 7 " 2 + n n — > oo 



( „ 1 . ) f ^"El+^g^ ) = lim ^ 3T , + ^ /n ^" 

V Vn 2 - 1 - \/n 2 + n/ \vn 2 -l + V n + n / n — > oc -1-n 



lim 

n — > oo 



converges 



83. lim 1 I 1 dx = lim — = lim - =0 =>• converges (Theorem 5, #1) 

n — » oo n J i x n — » oo n n ^ oo n "= 



84. 



4 dx = lim 

I * n — > oc 



_J 1_ 

1-p xP-' 



= n^oo T^p (n^ - = p^T if P > 1 converges 



85. 1, 1,2,4, 8, 16, 32, ... = 1,2°, 2 1 , 2 2 , 2 3 , 2 4 , 2 5 , . . . =j> x t = 1 and x„ = 2"- 2 forn > 2 

86. (a) l 2 - 2(1) 2 = -1, 3 2 - 2(2) 2 = 1; let f(a, b) = (a + 2b) 2 - 2(a + b) 2 = a 2 + 4ab + 4b 2 - 2a 2 - 4ab - 2b 2 

= 2b 2 - a 2 ; a 2 - 2b 2 = -1 f(a,b) = 2b 2 - a 2 = 1; a 2 - 2b 2 = 1 f(a,b) = 2b 2 - a 2 = -1 

. 2 



_ a 2 + 4ab + 4b 2 - 2a 2 - 4ab - 2b 2 _ - (a 2 -2b 2 ) _ ±1 _ / , I l 

(a + b) 2 ~ (a + b) 2 - y 2 ^ ln ~ V \y, 



In the first and second fractions, y n > n. Let § represent the (n — l)th fraction where § > 1 and b > n — 1 



for n a positive integer > 3. Now the nth fraction is ^r^r and a + b > 2b > 2n — 2 > n y„ > n. Thus, 



a + b 



lim r„ = V 2. 

n — > oo v 



87. (a) f(x) = x 2 — 2; the sequence converges to 1.414213562 rj \J~2 

(b) f(x) = tan(x) — 1; the sequence converges to 0.7853981635 « | 

(c) f(x) = e x ; the sequence 1, 0, —1, —2, —3, —4, —5, . . . diverges 

88. (a) lim nf (!) = lim ^ = lim f(0+Ax)-f(0) = f > (Q) where Ax = i 

n->oo ^nJ Ax^0 + Ax Ax^0 + Ax n 

(b) n U ? i o n tan- 1 (!) = f'(0) = ^ = 1, f(x) = tan" 1 x 

(c) n hm o n (e 1/n - 1) = f (0) = e° = 1, f(x) = e x - 1 

(d) n Km o n In (1 + = f'(0) = ^ = 2, f(x) = In (1 + 2x) 



(a) If a = 2n + 1, then b = |_f J = L 4n + 2 4n+1 J = [2n 2 + 2n + !j = 2n 2 + 2n, c = [f ] = [2n 2 + 2n + i] 
= 2n 2 + 2n + 1 and a 2 + b 2 = (2n + l) 2 + (2n 2 + 2n) 2 = 4n 2 + 4n + 1 + 4n 4 + 8n 3 + 4n 2 
= 4n 4 + 8n 3 + 8n 2 + 4n + 1 = (2n 2 + 2n + l) 2 = c 2 . 

(h) lim ^ = lim ^t 2 " = 1 or Mm ^ = lim sin 6 = lim sin 9 = 1 

a — ► oo rsf| a— too zir+zn+l a —> oc rs^ a — » oc 8 ^ n/2 



90. (a) lim (2n7r) I /( 2n ) = lim exp(!^)= lim exp 

n ^ oo n ^ oo r \ In / n ^ qg r 



( £ ) 



lim exp 



2nV 



n! s=s (S) ^/ 2n7r , Stirlings approximation =>• ynT ~ (|) (2n7r) 1,/ ( 2n ' w | for large values of n 



(b) 



n 


v/nT 


11 


40 


15.76852702 


14.71517765 


50 


19.48325423 


18.39397206 


60 


23.19189561 


22.07276647 
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91. (a) lim ^ = lim = lim i = 

(b) For all e > 0, there exists an N = e -( lnf '/ c such that n > e^ 1 "^ => In n > - ^ => In n c > In (1) 

^n c >i^^<e^>|-ir-0|<e=> lim ^ = 

e n 1 - I n L I n — > OO 

92. Let {a„} and {b„} be sequences both converging to L. Define {c„} by c 2n = b„ and c 2n _i = a„, where 

n = 1, 2, 3, . . . . For all e > there exists Ni such that when n > Ni then |a n — L| < e and there exists N 2 
such that when n > N 2 then |b n — L| < e. If n > 1 + 2max{N 1 , N 2 }, then |c n — L| < e, so {c„} converges to L. 

93. lim n 1 /" = lim exp(Mnn) = lim exp(i) = e° = 1 

94. lim x 1 /" = lim exp ( - In x) = e° = 1 , because x remains fixed while n gets large 

95. Assume the hypotheses of the theorem and let e be a positive number. For all e there exists a Ni such that 
when n > Ni then |a„ — L| < e =>■ — e < a n — L < e => L — e < a n , and there exists a N 2 such that when 
n > N 2 then |c n - L| < e =>■ -e < c n - L < e =>- c n < L + e. If n > max{N x ,N 2 }, then 

L — e < a n < b n < c n < L + e =4> |b„ — L| < e => n^J 1 ^ bn = L- 

96. Let e > 0. We have f continuous at L ^> there exists 6 so that |x — L| < S =>■ |f(x) — f(L)| < e. Also, a n — > L => there 
exists N so that for n > N |a n - L| < 6. Thus for n > N, |f(a n ) - f(L)| < e f(a n ) -> f(L). 

97. a n+1 >a n 3 ( ( n "+ 1 ' ) ) + 1 1 > ^il ^ ^4 > ^il ^ 3n 2 + 3n + 4n + 4 > 3n 2 + 6n + n + 2 

=> 4 > 2; the steps are reversible so the sequence is nondecreasing; ^ry <3 =>• 3n+l<3n + 3 
=> 1 < 3; the steps are reversible so the sequence is bounded above by 3 

QR n > n ^> (2(n+l) + 3)! (2n + 3)! (2n + 5)! (2n + 3)! (2n + 5)! (n + 2)! 

yo. d n+ i ^ d n =? ((n+1) + 1)! S ( n + i)i (n + 2)! ^ (n+1)! ^ (2n + 3)! ^ (n+1)! 

=> (2n + 5)(2n + 4) > n + 2; the steps are reversible so the sequence is nondecreasing; the sequence is not 
bounded since j^^ff — (2n + 3)(2n + 2)- • -(n + 2) can become as large as we please 

99. a n+ i < a n ^ fr+Ij!" - TT 2 °2°3° + ' ^ {JL ^T )1 - 2 • 3 < n + 1 which is true for n > 5; the steps are 
reversible so the sequence is decreasing after as, but it is not nondecreasing for all its terms; ai = 6, a 2 = 18, 
a3 = 36, a4 = 54, as = ^ = 64.8 =4> the sequence is bounded from above by 64.8 

100. a n+1 >* n ^ 2 - ^- ^>2-\ - ± => I - ^ > ^ - £ => ^ > - ^ ; the steps are 
reversible so the sequence is nondecreasing; 2 — \ — ^ <2 the sequence is bounded from above 

101. a„ = 1 — ~ converges because 1 — > by Example 1; also it is a nondecreasing sequence bounded above by 1 

102. a„ = n — ~ diverges because n — > oo and ^ — ► by Example 1 , so the sequence is unbounded 

103. a n = = 1 — ~k an d < < \ ; since ~ — > (by Example 1) ~ — » 0, the sequence converges; also it is 
a nondecreasing sequence bounded above by 1 

104. a n = = (|) n — ; the sequence converges to by Theorem 5, #4 
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105. a n = ((—1)" + 1) (^yp) diverges because a n = for n odd, while for n even a n = 2 (l + ~) converges to 2; it 
diverges by definition of divergence 

106. x n = max {cos 1, cos 2, cos 3, . . . , cos n} and x n+ i = max {cos 1, cos 2, cos 3, . . . , cos (n + 1)} > x n with x n < 1 
so the sequence is nondecreasing and bounded above by 1 =>■ the sequence converges. 

107. If {a n } is nonincreasing with lower bound M, then { — a n } is a nondecreasing sequence with upper bound — M. 
By Theorem 1 , { — a n } converges and hence { a n } converges. If { a n } has no lower bound, then { — a„ } has no 
upper bound and therefore diverges. Hence, {a n } also diverges. 

108. a n > a n+1 <£> a±i > (n +| ) 1 +1 <^> n 2 + 2n + 1 > n 2 + 2n <=> 1 > and a±I > 1; thus the sequence is 
nonincreasing and bounded below by 1 =>• it converges 

109. a n > a n+1 > & VnTT + V^n 2 + 2n > + \/2n 2 + 2n y/n+l > y/n 

and l±^& > ; thus the sequence is nonincreasing and bounded below by \/2 =>■ it converges 

v n 

110. a n > a n+1 & > o 2 n+1 - 2 n+1 4 n > 2 n - 2 n 4 n+1 <S> 2 n+1 - 2 n > 2 n+1 4 n - 2 n 4 n+I 

<^> 2 - 1 > 2 • 4 n - 4 n+1 <^> 1 > 4 n (2 - 4) 1 > (-2) • 4 n ; thus the sequence is nonincreasing. However, 
a n =^j — = — 2 n which is not bounded below so the sequence diverges 

111. ^=4+Q) n soa n >a n+1 4 + Q) n > 4 + Q) n+1 # Q) n > ( 5 ) n+1 & 1 > | and 
4 + (|) > 4; thus the sequence is nonincreasing and bounded below by 4 it converges 

112. aj = 1, a 2 = 2 - 3, a 3 = 2(2 - 3) - 3 = 2 2 - (2 2 - 1) • 3, a 4 = 2 (2 2 - (2 2 - 1) • 3) - 3 = 2 3 - (2 3 - 1) 3, 
a 5 = 2 [2 3 - (2 3 - 1) 3] - 3 = 2 4 - (2 4 - 1) 3, . . . , a n = l^ 1 - (2"- 1 -1)3 = 2"- 1 - 3 • 2 n ~ ] + 3 

= 2"- 1 (l - 3) + 3 = -2" + 3; a n > a n+1 -2 n + 3 > -2 n+1 + 3 O -2 n > -2 n+1 o 1 < 2 
so the sequence is nonincreasing but not bounded below and therefore diverges 

113. Let < M < 1 and let N be an integer greater than . Then n > N =>- n > n - nM > M 

n > M + nM =>■ n> M(n + 1) => ^ > M. 

1 14. Since Mi is a least upper bound and M 2 is an upper bound, Mi < M 2 . Since M 2 is a least upper bound and Mi 
is an upper bound, M 2 < Mi. We conclude that Mi = M 2 so the least upper bound is unique. 

115. The sequence a n = 1 + ^ is the sequence |, | , | , | , . . . . This sequence is bounded above by | , 
but it clearly does not converge, by definition of convergence. 

116. Let L be the limit of the convergent sequence { a n } . Then by definition of convergence, for | there 
corresponds an N such that for all m and n, m > N =>• |a m — L| < | and n > N ^> |a„ — L| < |. Now 
I am — a n | = |a m - L + L — a„| < |a m — L| + |L — a n | < f + f = e whenever m > N and n > N. 

1 17. Given an e > 0, by definition of convergence there corresponds an N such that for all n > N, 

|Li - a n | < e and |L 2 - a n | < e. Now |L 2 — Li| = |L 2 - a„ + a n — Li| < |L 2 - a n | + |a n - Li| < e + e — 2e. 
|L 2 — Li| < 2e says that the difference between two fixed values is smaller than any positive number 2e. 
The only nonnegative number smaller than every positive number is 0, so |Li — L 2 | = or Li = L 2 . 
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118. Let k(n) and i(n) be two order-preserving functions whose domains are the set of positive integers and whose 
ranges are a subset of the positive integers. Consider the two subsequences a^ln) and a i(n)> where awn) —* Li, 

a;( n ) — > L2 and Li 7^ L2. Thus |aw n ) — ai( n ) | — > |Li — L2I > 0. So there does not exist N such that for all m, n > N 
=>• |a m — a n | < e. So by Exercise 1 16, the sequence {a n } is not convergent and hence diverges. 

119. a2k — > L <^ given an e > there corresponds an Ni such that [2k > Ni |a2k — L| < e] . Similarly, 

a 2 k+i — > L <^> [2k + 1 > N 2 =>- |a 2 k+i - L| < e] . Let N = max{N 1; N 2 }. Then n > N =>• |a n - L| < e whether 
n is even or odd, and hence a n — > L. 

120. Assume a n — ► 0. This implies that given an e > there corresponds an N such that n > N => |a n — 0| < e 

=>• |a n | <e =>■ ||a n || <e =>• ||a n | — 0| <e =>■ |a n | — ► 0. On the other hand, assume |a n | — > 0. This implies that 
given an e > there corresponds an N such that for n > N, ||a n | — 0| < e => ||a„|| < e =>■ |a n | < e 
=>• |a„ - 0| < e => a„ -> 0. 

i <. iu =9> 1000 <. {. 2 ) 1 <. 1000 =?■ ( 1000 ) ^ 2 ^ V1000J ^ n > !„(*») ^ n > Dyzo 

692; a n = (i) 1 ^" and lim a n = 1 
v 2 1 n — > 00 

122. |^-1|<10- 3 => <„!/»_!<_!_ => (^) n <n<O n => n > 9123 => N = 9123; 

a n = V'/n = n 1//n and lim a n = 1 
" v n — > 00 

123. (0.9) n < 10- 3 n In (0.9) < -3 In 10 =!> n > =f|^ ~ 65.54 =4- N = 65; a n = (^) n and lirn^ a n = 

124. ^ < 10~ 7 n! > 2"10 7 and by calculator experimentation, n > 14 =4> N = 14; a n = ^ and n lim^ a n = 

125. (a) f(x) = x 2 - a => f'(x) = 2x => x n+I = x n - ^ => x n+1 = 2x ° =g = a) = 4*T = 

(b) Xi = 2, x 2 = 1.75, x 3 = 1.732142857, x 4 = 1.73205081, x 5 = 1.732050808; we are finding the positive 
number where x 2 — 3 = 0; that is, where x 2 = 3, x > 0, or where x = y3 . 

126. xj = 1.5, x 2 = 1.416666667, x 3 = 1.414215686, x 4 = 1.414213562, x 5 = 1.414213562; we are finding the 
positive number x 2 — 2 = 0; that is, where x 2 = 2, x > 0, or where x = \fl . 

127. xj = 1, x 2 = 1 + cos (1) = 1.540302306, x 3 = 1.540302306 + cos (1 + cos (1)) = 1.570791601, 

x 4 = 1.570791601 + cos (1.570791601) = 1.570796327 = § to 9 decimal places. After a few steps, the 
arc (x n _i) and line segment cos (x n _[) are nearly the same as the quarter circle. 

128. (a) Si = 6.815, S 2 = 6.4061, S 3 = 6.021734, S 4 = 5.66042996, S 5 = 5.320804162, S 6 = 5.001555913, 

S 7 = 4.701462558, S 8 = 4.419374804, S 9 = 4.154212316, S i0 = 3.904959577, S n = 3.670662003, 
S12 = 3.450422282 so it will take Ford about 12 years to catch up 
(b) x « 11.8 

129-140. Example CAS Commands: 
Maple : 

with( Student[Calculusl] ); 
f := x -> sin(x); 
a:= 0; 
b := Pi; 



121. 



\/0.5 - 

N = 
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plot( f(x), x=a..b, title="#23(a) (Section 5.1)" ); 

N :=[ 100, 200, 1000]; # (b) 

for n in N do 

Xlist := [ a+l.*(b-a)/n*i $ i=0..n ]; 

Ylist := map( f, Xlist ); 
end do: 

for n in N do # (c) 

Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist)); 
end do; 

avg := FunctionAverage( f(x), x=a..b, output=value ); 
evalf( avg ); 

FunctionAverage(f(x),x=a..b,output=plot); # (d) 
fsolve( f(x)=avg, x=0.5 ); 
fsolve( f(x)=avg, x=2.5 ); 
fsolve( f(x)=Avg[1000], x=0.5 ); 
fsolve( f(x)=Avg[1000], x=2.5 ); 
Mathematica l (sequence functions may vary): 
Clear[a, n] 
a[n_]; = n 1/n 

first25= Table[N[a[n]],{n, 1, 25 }] 
Limit[a[n], n — > 8] 

The last command (Limit) will not always work in Mathematica. You could also explore the limit by enlarging your table 
to more than the first 25 values. 

If you know the limit (1 in the above example), to determine how far to go to have all further terms within 0.01 of the 
limit, do the following. 

Clear[minN, lim] 

lim= 1 

Do[{diff=Abs[a[n] - lim], If [diff < .01, {minN= n, Abort[]}]}, {n, 2, 1000}] 
minN 

For sequences that are given recursively, the following code is suggested. The portion of the command a[n_]:=a[n] stores 
the elements of the sequence and helps to streamline computation. 

Clear[a, n] 

a[l]=l; 

a[n_]; = a[n]= a[n - 1] + (V5) {n - 1) 
first25= Table[N[a[n]], {n, 1, 25}] 
The limit command does not work in this case, but the limit can be observed as 1.25. 
Clear[minN, lim] 
lim= 1.25 

Do[{diff=Abs[a[n] - lim], If [diff < .01, {minN= n, Abort}]}]}, {n, 2, 1000}] 
minN 

141. Example CAS Commands: 
Maple : 

with( Student[Calculusl] ); 
A := n->(l+r/m)*A(n-l) + b; 
A(0) := AO; 

A(0) := 1000; r := 0.02015; m := 12; b := 50; # (a) 

ptsl := [seq( [n,A(n)], n=0..99 )]: 

plot( ptsl, style=point, title="#141(a) (Section 11.1)"); 
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A(60); 

The sequence { A[n] } is not unbounded; 
limit( A[n], n=infinity ) = infinity. 

A(0) := 5000; r := 0.0589; m := 12; b := -50; # (b) 

ptsl := [seq( [n,A(n)], n=0..99 )]: 

plot( ptsl, style=point, title="#141(b) (Section 11.1)"); 

A(60); 

ptsl := [seq( [n,A(n)], n=0..199 )]: 
plot( ptsl, style=point, title="#141(b) (Section 11.1)"); 
# This sequence is not bounded, and diverges to -infinity: 
limit( A[n], n=infinity ) = -infinity. 

A(0) := 5000; r := 0.045; m := 4; b := 0; # (c) 

for n from 1 while A(n)<20000 do end do; n; 
It takes 31 years (124 quarters) for the investment to grow to $20,000 when the interest rate is 4.5%, compounded 
quarterly. 

r := 0.0625; 

for n from 1 while A(n)<20000 do end do; n; 
When the interest rate increases to 6.25% (compounded quarterly), it takes only 22.5 years for the balance to reach 
$20,000. 

B := k -> (l+r/m) A k * (A(0)+m*b/r) - m*b/r; # (d) 

A(0) := 1000.; r := 0.02015; m := 12; b := 50; 
for k from to 49 do 

printf( "%5d %9.2f %9.2f %9.2f\n", k, A(k), B(k), B(k)-A(k) ); 
end do; 

A(0) := A(0)'; r := V; m := 'm'; b := 'b'; n := 'n'; 
eval( AA(n+l) - ((l+r/m)*AA(n) + b), AA=B ); 
simplify ( % ); 

142. Example CAS Commands: 
Maple : 

r := 3/4.; # (a) 

for k in $1.. 9 do 
A:=k/10.; 
L := [0,A]; 
for n from 1 to 99 do 
A:=r*A*(l-A); 
L :=L, [n,A]; 
end do; 

pt[r,k/10] := [L]; 
end do: 

plot( [seq( pt[r,a], a=[($1..9)/10] )], style=point, title="#142(a) (Section 11.1)" ); 
Rl := [1.1, 1.2, 1.5, 2.5, 2.8, 2.9]; # (b) 

for r in Rl do 
for k in $1.. 9 do 
A:=k/10.; 
L := [0,A]; 
for n from 1 to 99 do 
A:= r*A*(l-A); 
L:=L, [n,A]; 
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end do; 

pt[r,k/10] := [L]; 
end do: 

t := sprintf("#142(b) (Section 1 l.l)\nr = %f ', r); 
P[r] := plot( [seq( pt[r,a], a=[($1..9)/10] )], style=point, title=t ); 
end do: 

display( [seq(P[r], r=Rl)], insequence=true ); 
R2 := [3.05, 3.1, 3.2, 3.3, 3.35, 3.4]; # (c) 

for r in R2 do 
for k in $1.. 9 do 
A:=k/10.; 
L := [0,A]; 
for n from 1 to 99 do 
A:= r*A*(l-A); 
L:=L, [n,A]; 
end do; 

pt[r,k/10] := [L]; 
end do: 

t := sprintf("#142(c) (Section ll.l)\nr = %f", r); 
P[r] := plot( [seq( pt[r,a], a=[($1..9)/10] )], style=point, title=t ); 
end do: 

display( [seq(P[r], r=R2)], insequence=true ); 

R3 := [3.46, 3.47, 3.48, 3.49, 3.5, 3.51, 3.52, 3.53, 3.542, 3.544, 3.546, 3.548]; # (d) 

for r in R3 do 
for k in $1.. 9 do 

A:=k/10.; 

L := [0,A]; 

for n from 1 to 199 do 

A:=r*A*(l-A); 

L:=L, [n,A]; 
end do; 

pt[r,k/10] := [L]; 
end do: 

t := sprintf("#142(d) (Section 1 l.l)\nr = %f", r); 
P[r] := plot( [seq( pt[r,a], a=[($1..9)/10] )], style=point, title=t ); 
end do: 

display( [seq(P[r], r=R3)], insequence=true ); 
R4 := [3.5695]; # (e) 

for r in R4 do 
for k in $1.. 9 do 

A:=k/10.; 

L := [0,A]; 

for n from 1 to 299 do 

A:= r*A*(l-A); 

L:=L, [n,A]; 
end do; 

pt[r,k/10] := [L]; 
end do: 

t := sprintf("#142(e) (Section ll.l)\nr = %f", r); 
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P[r] := plot( [seq( pt[r,a], a=[($1..9)/10] )], style=point, title=t ); 
end do: 

display( [seq(P[r], r=R4)], insequence=tme ); 
R5:=[3.65]; #(f) 
for r in R5 do 
for k in $1.. 9 do 

A:=k/10.; 

L := [0,A]; 

for n from 1 to 299 do 

A:= r*A*(l-A); 

L:=L, [n,A]; 
end do; 

pt[r,k/10] := [L]; 
end do: 

t := sprintf("#142(f) (Section ll.l)\nr = %f", r); 
P[r] := plot( [seq( pt[r,a], a=[($1..9)/10] )], style=point, title=t ); 
end do: 

display( [seq(P[r], r=R5)], insequence=true ); 
R6 := [3.65, 3.75]; #(g) 
for r in R6 do 
for a in [0.300, 0.301, 0.600, 0.601 ] do 

A:=a; 

L := [0,a]; 

for n from 1 to 299 do 

A:= r*A*(l-A); 

L:=L, [n,A]; 
end do; 
pt[r,a] := [L]; 
end do: 

t := sprintf("#142(g) (Section 1 l.l)\nr = %f", r); 

P[r] := plot( [seq( pt[r,a], a=[0.300, 0.301, 0.600, 0.601] )], style=point, title=t ); 
end do: 

display( [seq(P[r], r=R6)], insequence=true ); 



11.2 INFINITE SERIES 



1. s„ = 



2. s„ 



3. s n 



=> lim s n = 2 n , = 3 

n — > oo 1-4 



L-r) " I- (I) 

i ~ r ") (too) (j ~ (no) ) - - \im s 



^ - i^U- - lim s n - JL - 2 



_ 1 - (-2)" 



4. s n = j _ (_ 2 ) ' a geometric series where |r| > 1 =>■ divergence 

(n + l)(n + 2) n+1 n + 2 ^ n V2 3/ ~ V3 4) ' ' " ' \n + \ n + 2J 2 n + I 
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n(n + 1) n n + 1 

=>■ lim s n = 5 

n — > oo 



7 1 - i + -i- - -i- 

'■ 1 4 ~ 16 64 



s n = (5-1) + (|-f) + (|-f)+... + ( i ^ T -f) + (f-^)=5 



5 

n+ 1 



, the sum of this geometric series is l 



I) ~ i+ i) 



16 ~ 64 ' 256 



9 z + - + - 

y - 4 ' 16 ~ 64 



10 5- s + A _ A 

4 16 64 



. , the sum of this geometric series is 
, the sum of this geometric series is 



iM _ 1 
i-G) " 12 

_ 7 



, the sum of this geometric series is - _ ^ = 4 



• -a) " 3 

5 

FI) 



11. (5 + !)+(§ + |) + (3 + 5) + (I + 4f) + ••• >i s the sum of two geometric series; the sum is 



10 



3 _ 23 



12. (5 — 1) + (I — j) + (f — 5) + (| — ff) + ■ ■ • , is the difference of two geometric series; the sum is 



10 



3 17 



13. (l + l) + (I-I) + (I + i) + (I- T i 5 ) 
1 



25 > 

2+ 5 = 1? 



14. 2 



15. 



4 I 8 I 16 

5 25 "•" 125 



2(1 



2 + A + JL 

5 T 25 T 125 



is the sum of two geometric series; the sum is 



. ) ; the sum of this geometric series is 2 ^ - -jw ^ 



10 
3 



Sn=(l-D+(^-|)+(^TV)+-+(4^7-4^) 



(4n - 3)(4n +1) 4n - 3 4n + 1 

+ (r^ - t^tt) = 1 - => I™ s n = lim (l - r^rr) = 1 

\ 4n — 3 4n + 1 / 4n + l n— i-oo n^oo ' 4n + 1 / 



16. 



B 



(2n - l)(2n +1) 2n - 1 1 2n + 1 

=» (2A + 2B)n + (A - B) = 6 

k k 



A(2n + 1) + B(2n - 1) 
(2n-l)(2n+l) ^ 

2A + 2B = 
A- B = 6 



A(2n + 1) + B(2n - 1) = 6 

2A = 6 A = 3 and B = -3. Hence, 



A + B = 
A B = 6 



V ^ = 3 V ( - - ) = 3^1-1 + 1-1 + 1-1 

^ (2n - l)(2n +1) J V 2n - 1 2n + \) "Ml 3 ~ 3 5 ' 5 7 
n=l x 

3 I 1 - 2kTr) the sumiSj^liii^ 3 (l - ^tt) = 3 



1 



l 



i 



2(k - 1) + 1 1 2k - 1 2k + 1 



17. 



4()n 



(2n - l) 2 (2n + l) 2 (2n - 1) ' (2n - l) 2 ~ (2n + 1) ~ (2n + l) 2 

_ A(2n - l)(2n + l) 2 + B(2n + l) 2 + C(2n + l)(2n - l) 2 + D(2n - l) 2 
~~ (2n- l) 2 (2n+ l) 2 

A(2n - l)(2n + l) 2 + B(2n + l) 2 + C(2n + l)(2n - l) 2 + D(2n - l) 2 = 40n 
A (8n 3 + 4n 2 - 2n - 1) + B (4n 2 + 4n + 1) + C (8n 3 - 4n 2 — 2n + 1) = D (4n 2 - 4n + 1) = 40n 
=» (8A + 8C)n 3 + (4A + 4B - 4C + 4D)n 2 + (-2A + 4B - 2C - 4D)n + (-A + B + C + D) = 40n 

8A + 8C= ( 8A + 8C= 

4A + 4B-4C + 4D=0 A+B-C+D=0 f B + D = 



andD 



2A + 4B - 2C - 4D = 40 ] -A + 2B - C - 2D = 20 
[ -A+B+C+D=0 [-A+B + C+D=0 

-A + 5 + C C 5 = =0 => C = ° and A = °" HenC£ - § 



2B - 2D = 20 



40n 



=>> 4B = 20 =>- B = 5 



(2n - l) 2 (2n + l) 2 
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k r 

5E 

II- 1 



(2n-l) 2 (2n+l) 2 



1_1 + I_J_ + J, 
1 9^9 25 ' 25 



5(1— ™ ] rg I the sum is lim 5(1— 7 ,, 2 J 

^ (2k+l)-y n — » oo \ (2k+iyy 



1 



(2(k-l)+l) 2 1 (2k - l) 2 (2k 



+ l) 2 ) 



n>+!) 2 — n 2 (n+1) 2 ^ S|1 — 4) + (4 I) + (9 16 ) 
1 



1 1 


+ 


1 1 


(n - l) 2 n 2 




n 2 (n + l) 2 



=> lim s n = lim 

n — * 00 n — > 00 



1 

(n + l) 2 



19. 



=> lim s n = lim [ 1 J— ) 

n — > oo n — » oo \ \Jn + 1 / 



/n+1 



20. s n = (i - ^) + 



lim s n = \ - \ 

n — > oo 2 1 



1 1) + (2V 3 



21/2 2 1 / 3 / V 2 1 / 3 2 1 / 4 
_ 1 
2 



) + ■•• + ( 2 i/(n-i) 2'/") \W° 2 1 /("+')) ~~ 2 



2 l/(n+l) 



^ S » (ln3 I112) (ln4 In3) + (ln5 In 4 )+■•• + ( In (n + 1) Inn) + ( In (n + 2) ln(n+l)) 



In 2 + ln(n + 2) rj^oo &n ~ 



In 2 



22. s„ = [tan" 1 (1) - tan" 1 (2)] + [tan" 1 (2) - tarr 1 (3)] + . . . + [tan" 1 (n - 1) - tan" 1 (n)] 

+ [tan" 1 (n) - tan" 1 (n + 1)] = tan" 1 (1) - tan" 1 (n+1) Jim^ s n = tan" 1 (l)-| = |- | = -f 

23. convergent geometric series with sum 7—^- = ft —2+\/2 



24. divergent geometric series with |r| = y 2 > 1 25. convergent geometric series with sum 



© =1 



26. n lim (-l) n +'n^0 =!> diverges 



27. lim cos(n7r)= lim (— l) n ^0 => diverges 

n — > 00 n — > 00 ' D 



28. cos (n7r) = (—1)" => convergent geometric series with sum - — j— p- = 



29. convergent geometric series with sum — W- 



30. lim In - — —00 ^ diverges 

n — > 00 n ' 



3 1 . convergent geometric series with sum 



9 — 20 _ 18 _ 2 
^ — 9 9 — 9 



32. convergent geometric series with sum — yyy 

1 ~ UJ 



x - 1 



33. difference of two geometric series with sum — Kyr yp- = 3 — | = | 



34. lim (l-i) n = lim (l + =i) n = e" 1 ^ diverges 

n ^ 00 n/ n — » 00 \ n/ ' D 
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35 ■ n 1 ™^, Mi; = 00 + => diverges 



36. lim —. — lim > lim n = oo =>■ diverges 

n — » oo n - n — > oo i-2--n n — > qq ° 



37. E ln (nTr) = E [ln(n)-ln(n+ 1)] s„ = [In (1) - In (2)] + [In (2) - In (3)] + [In (3) - In (4)] + . . . 

n=l n=l 

+ [ln(n - 1) - ln(n)] + [ln(n) - ln(n+ 1)] = ln(l) - ln(n+ 1) = -ln(n + 1) => Urn s n = -oo, =>■ diverges 

38. lim a n = lim In (^rj) = In (A) ^ => diverges 

n^oo n^oc V2n+1/ \i) ' ° 

39. convergent geometric series with sum | = 

40. divergent geometric series with |r| = ~ « 22459 > 1 

00 00 

41. £ (-l)"x" = £ (-x)"; a = l,r = -x; converges to = ^ for |x| < 1 



42. ]T (-l) n x 2n = J2 (-x 2 )"; a = 1, r = -x 2 ; converges to y-^j for |x| < 1 



n=0 



43. a = 3, r = ^-=-1 ; converges to t 3 - — rr — - — 



1 for -1< 5=1 < 1 or -1 < x < 3 



00 00 

Z-v 2 13 + sinx/ 1 ^ 2 V 3 + si 



n=0 n=0 

3 + sin x 3 + sin : 

2(4 + sin x) ~~ 8 + 2 sin 



, ; a = i r — — - — ; converges to ; 

sin x / ' 2 ' 3 + sin x ' & 1 _ I -1 



3 + sinx - 3 + sinx for all x (since \ < T -±- < ! for all x) 

x V 4 — 3 + sinx — 2 / 



45. a = 1, r = 2x; converges to j _ 1 ^ x for |2x| < 1 or |x| < | 

46. a = 1, r = — ^ ; converges to A— p- = x2 x ^ ; for |4f| < 1 or |x| > 1. 



47. a = 1, r = -(x + l) n ; converges to 1 + (x+1) = for |x + 1| < 1 or -2 < x < 

48. a= l,r: 



3 - 2 - JS ; converges to 1 



, _ x = j-^j for | | < 1 or 1 < x < 5 



49. a = 1, r = sin x; converges to t _ 1 ; for x 7^ (2k + 1) | , k an integer 

50. a = 1, r = In x; converges to j _ 1 ln for |ln x| < 1 or e~ : < x < e 



51 23 - V 23 C 1 V - ^ - 23 
ji. u.zj — 2^ iooVioV — i-(J-) — 99 

n=0 WOoJ 



52. 0.234 = £ ^(i) n = 

n=0 



1 


' 234 \ 
v 1(100 J 


1 


1-1 


v 1000) 



53- 0.7 = £ 



7 1 \ n _ U»J 



10 V 10/ , 1 9 
n=0 lioj 



54. 0.3 = £ A(i) r 

n=0 



1 


v.10; 


I 


1 - 1 


Jo) 



55. 0.06 = £ (£) (&)(£) 



1 


' 6 N 
,100, 


1 _ 6 _ 1 


1-1 


v io; 


— 90 — 15 
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414 \ 

414 ( 1 \ n 1 | _ 1 i 414 _ 1413 

999 ~~ 999 



56. 1.4I4=1+E &(£)=l + r^r = l 



57. 1.24123 = + E if(^) n = 



124 , (ioQ 124 , 123 _ 124 , 123 _ 123,999 _ 41,333 

100 ' j _ / 1 \ ~ 100 ' 10 5 - 10 2 ~~ 100 + 99,900 — 99,900 ~~ 33,300 



eg t 1^90^7 _ o , 142,857 / J_\ n _ o i I io 6 J _ n , 142,857 _ 3,142,854 _ 1 16,402 
J.it^OJ/ _ Jl-^j 1()6 ^ 106/ ) i / 1 _ 10 6 - 1 — 999,999 ~~ 37,037 

n=0 1 { l0 6) 



59. (a) (n + 4)(n + 5) A 5 ) S (n + 2)(n+3) ( C ) 2 (n - 3)(n - 2) 

n=— 2 n=0 n=5 

60. (a) 2J (n + 2)(n + 3) ^) S ( n -2)(n- 1) ( C ) ^ (n- 19)(n- 1 



n=20 



61. (a) one example is 1 



2 1 4 1 8 1 16 



(b) one example is 



3 _ 3 _ 3 _ 3_ 
2 4 8 16 

1111 ■ tU o -; oc , k i k , k 



(I) 

(c) one example isl — ^ — i — ~ — — ... ; the series § + | + § + • ■ ■ = / \ = k where k is any positive or 



2 4 8 16 ■••»««- cwiiwci 2 1 4 1 8 

A V. 2 y 

negative number. 

oc ll+l fj) 

62. The series £ kQ) is a geometric series whose sum is - 2 / r = k where k can be any positive or negative number. 

n=0 " 1_ (2 J 

00 00 co co y \ OO 

63. Let a n = b n = (i) n . Then £ a n = £ b n = £ (1)* = 1, while £ ( M = £ (1) diverges. 

n=l n=l n=l n=l V " ' n=l 

64. Let a n = b n = (i) n . Then £ a n = £ b n = £ (i) n = 1, while £ (a»b») = £ (?)" = j / AB. 

n=l n=l n=l n=l n=l 

OG OO OO f \ OO 

65. Leta n = (i) n andb n = (i)". Then A — J2 a n = f , B = £ b n = 1 and £ (M = £ (i) n = 1 + §. 

n=l n=l n=l ^ ° ' n=l 

66. Yes: £ diverges. The reasoning: £ a n converges =>a n ^0=>;p^oo=>£ ^j-^j diverges by the 
nth-Term Test. 

67. Since the sum of a finite number of terms is finite, adding or subtracting a finite number of terms from a series 
that diverges does not change the divergence of the series. 

68. Let A n = ai + a2 + . . . + a n and n lhn A n = A. Assume £ (a n + b n ) converges to S. Let 

S n = (a x + bO + (a 2 + b 2 ) + . . . + (a n + b n ) S„ = (a : + a 2 + . . . + a n ) + (bi + b 2 + . . . + b n ) 
=> bi + b 2 + . . . + b n = S n - A n =4> hm^ (bi + b 2 + . . . + b n ) = S - A =>• £ b„ converges. This 
contradicts the assumption that £ b n diverges; therefore, £ ( a n + bn) diverges. 
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69. (a) ^ = 5 => | = 1 - r => r = | ; 2 + 2 (|) + 2 (f) 2 + 



(b) ^=5 
70. 1 + e b + e 2b 4 



i5 = 1 _ r 
10 1 1 



+ . B _ B f M i 13 f jM 2 _ 13 fjM 3 J. 
10 ' 2 2 WO/ ' 2 UOJ 2 WoJ ' "" 



= = 9 i = 1 - e b e b = | =>- b = In (§) 



71. s„ = 1 + 2r + r 2 + 2r 3 + r 4 + 2r 5 



r 2n + 2r 2n+I ,n = 0, 1, 



=> Sn = (1 + r 2 + r 4 + . . . + r 2n ) + (2r + 2r 3 + 2r 5 + . . . + 2r 2n+1 ) lim s n = ^ 



2r 
1 -r 2 



1 +2r 



if |r 2 | < 1 or Irl < 1 



72. L — s n 



a _ a(l -r°) _ar^ 

1 - r 1 - r — 1 - 



73. distance = 4 + 2 



(4)(!)+(4)(|) 



= 4 + 2 



-(i) 



= 28 m 



74. time = J± + 2</(&) (1) + (|) 2 + 2 ♦ (|) 3 + ...=J& + lJ± 



2_ 

+9 



(A) 



+ (vfe) (2^/3) 



^ \ _ (4-2^3) +4^3 _ 4 + 2 y^ 



4.9 2- 



4.9 2 - 



1 + ^0? 



12.58 sec 



75. area = 2 2 



(I) 2 



=4+2+1 



= * = 8 m 2 

1 o 



76. area = 2 



Kir 



+ ... =7r(i + i + i + ...) = 



(i) U 



77. (a) L 1 =3,L 2 = 3(i),L 3 = 3(|) 2 ,...,L n = 3( 4 )"- 1 => ^jm, L n = ^rn, 3 (f)^ = 00 
(b) Using the fact that the area of an equilateral triangle of side length s is ^s 2 , we see that Ai = 

A 2 =A 1+ 3(f)G) 2 = f + ff,A 3 =A 2 + 3(4)(f)(i) 2 = f + ^f + #, 



A 4 = A 3 + 3(4) 2 ) (i) 2 , A 5 = A 4 + 3(4) 3 (f ) (i) 2 , . . . , 
A, = f + E 3(4) k - 2 m (i) k -' = f + ± 3^3(4)^ (I) k -' = ^ + 3 



lim A„ = lim , . 

1 — > 00 n — » 00 1 4 



3y3~(E 

\k=2 



_ ^ 



^+3^3 



~~ 4 

_ W 



\k=2 



4 k ~ : ' : 
9F1 



-I 1 3 V 3 V2i! 



L\ - hp. 



78. Each term of the series E sr represents the area of one of the squares shown in the figure, and all of the 

n=l 

squares lie inside the rectangle of width 1 and length E (5) — ~r~r — 2- Since the squares do not fill the 

n=o ~~ 2 

00 

rectangle completely, and the area of the rectangle is 2, we have E h < 2. 



11.3 THE INTEGRAL TEST 



1. converges; a geometric series with r = 4; < 1 



2. converges; a geometric series with r = - < 1 
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3. diverges; by the nth-Term Test for Divergence, lim — f-r = 1 ^ 

4. diverges by the Integral Test; J ^-j dx = 5 In (n + 1) — 5 In 2 J dx — > oo 



x+l 



5. diverges; J] = 3J) -7- , which is a divergent p-series (p = |) 



6. converges; J] — ^ = —2 ^ , which is a convergent p-series (p = |) 



7. converges; a geometric series with r = I < 1 



diverges; J] it 

n=l 



-8 ^2 j and since ^ 1 diverges, —8 J] 1 diverges 



nil poo 

9. diverges by the Integral Test: J 2 ~ dx = 1 (In 2 n - In 2) =>■ J 2 ~ dx — > 00 



^5 dx; 



t = In x 
dt = ^ 

X 

dx = e ( dt 



te'/ 2 dt = lim [2te'/ 2 - 4e t / 2 l 



b 

111 2 



= lim [2e b / 2 (b - 2) - 2e( |n2 '/ 2 (ln 2-2)] =00 



11. converges; a geometric series with r = | < 1 



12. diverges; lim = lim %H = lim (M) (1)° = 00 ^ 

6 ' n — ► oo 4" + 3 n ^ oo 4 n In 4 n _ >00 Vln4/V4/ ' 



13. diverges; J] — ^ = —2 J] , which diverges by the Integral Test 



pa 

14. diverges by the Integral Test: J 2x t = ^ln(2n— 1) — > 00 as n — > 00 



15. diverges; lim a n = lim 



lim 



2" In 2 



n^oc n n — > 00 n + 1 n ^ oo 1 



oo ^ 



16. diverges by the Integral Test: J 



dx 



U = y/X + 1 

du = ^= 



oo as n — > oo 



=ln(VH+l)-ln2 



1 2^ _ 



17. diverges; lim ^— = lim — .„„ 

D n — • oo Inn n ^ oo ( i I n ^ oo ^ 



lim ^" = oo ^ 



18. diverges; lim a n = lim (l + ~) = e ^ 

c n— > oo n oo n/ ' 

19. diverges; a geometric series with r = — ~ 1-44 > 1 

20. converges; a geometric series with r = rj 0.91 < 1 
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C oo ( i) 

21. converges by the Integral Test: | ;/ ,, dx; 

° J ° Jl (In x) s/(\n x) 2 - 1 



u = In x 
du — - dx 



r i 

J In 3 u\/u 2 — 1 



du 



= lim [sec 1 |u|]I > , = lim [sec 1 b — sec 1 (In 3)1 = lim [cos 1 (r) — sec 1 (In 3)1 

b — » oo b — > oc b —> oo 

= cos" 1 (0) - sec" 1 (In 3) = % - sec" 1 (In 3) « 1.1439 



22. converges by the Integral Test: 



1 1 + (In x) 2 



dx; 



u = In x 
du — - dx 



friTi du 

JO 1+u 



lim [tan" 1 u] „ = lim (tan" 1 b - tan" 1 0) = f - = % 

b — > oo b ^ oo 



23. diverges by the nth-Term Test for divergence; q lim^ n sin Q) 



lim 

n — > oo 



= lim 

x^O x 



= 1^0 



24. diverges by the nth-Term Test for divergence; lim ntan(^) = lim 

° n — > oc Vn/ n — > oc 



lim sec 2 (±) = sec 2 = 1 ^ 

n — > oo Vn/ ' 



r*oo 

25. converges by the Integral Test: J j ^ g2x dx; 



u = e 
du = e x dx 



lim (tan -1 b - tan -1 e) = § - tan -1 e w 0.35 

b -> oo v ; 2 



tan (s) _ ,: m r?J sec " 



"j r 2 du = lim [tan -1 ul , 

e 1+u 2 n — > oo L J < 



26. converges by the Integral Test: jf dx; 



u = e A 
du = e x dx 
dx = 1 du 



Je u(l +u) ^ U _ J e (u _ 11+ 1 ) 



du 



lim f21n-^ T l b = lim 2 In - 2 In (-M = 2 In 1 - 2 In ( 

^ L u + 1 J e b ^ oo V b + 1 / V e + 1 / V 



b — > OC' 



e + 1; 



poo j 

27. converges by the Integral Test: J dx; 



du = 



dx 

1+x 2 



rV2 

8u du = 

U TV 



'tt/4 



= -2^(^)^0.63 



3£ 
4 



28. diverges by the Integral Test: J dx; 

= lim ~ (In b — In 2) = oo 

b — > oo 



u = x 2 + 1 
du = 2x dx 



2 I 2 



29. 



/•oo r«b x 

sech x dx = 2 lim / — -r dx = 2 lim [tan -1 e x l 
1 h^m Jl 1 + (e x ) b -» oo L 1 



b — > oo 

2 lim (tan -1 e b - tan -1 e) = ir - 2 tan -1 e « 0.71 

b — > oc 



sech 2 x dx = lim I sech 2 x dx = lim [tanh x] = lim (tanh b — tanh 1 ) 

1 b^oo'-" b ^ oo b ^ oo 

= 1 - tanh 1 « 0.76 



3L JT(i+2 ~ dx = h lim [aln|x + 2|-ln|x + 4|] b = lim In 



b — * oc 



oo, a > 1 



lim ( . + j = a lim (b + 2) a 1 = < ' , =>• the series converges to In ( f ) if a = 1 and diverges to oo if 

b^oo b + 4 b^oo [1, a=l & K3! b 

a > 1. If a < 1, the terms of the series eventually become negative and the Integral Test does not apply. From 
that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges. 
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32. Pf^-r - ^tr) dx = lim 

J 3 Vx-l x+U b^oc 



In 



x- 1 



3 b — > 00 



lim In - In (J.) ; lim 

™ (b+1)-' ^ 4 ' b-»oo < b+1 ' 



_ b^00 2a(b+l)^ 



1, a= h 



oo, a < 



\ the series converges to In (|) = In 2 if a = | and diverges to oo if 



if a < I . If a > | , the terms of the series eventually become negative and the Integral Test does not apply. 
From that point on, however, the series behaves like a negative multiple of the harmonic series, and so it 
diverges. 



33. (a) 




n + 1 1 . . 1 1 

— dx < 1 + 77+ ... + — 

x 2 n 

1 




1 + 



1 1 . f n 1 



dx 



(b) There are (13)(365)(24)(60)(60) (10 9 ) seconds in 13 billion years; by part (a) s„ < 1 + In n where 
n = (13)(365)(24)(60)(60) (10 9 ) =>- s„ < 1 + In ((13)(365)(24)(60)(60) (10 9 )) 
= 1 + In (13) + In (365) + In (24) + 2 In (60) + 9 In (10) « 41.55 



34. No, because V — = - V 1 and V 1 diverges 

* ^— ' nx x ^ n ^ n & 



35. Yes. If Y a n is a divergent series of positive numbers, then (|j Y a n = Y (2 ) a ^ so diverges and ^ < a n . 

n=l n=l n=l 

oo 

There is no "smallest" divergent series of positive numbers: for any divergent series Y a n of positive 

n=l 

oo 

numbers Y (^f) h as smaller terms and still diverges. 



36. No, if Y a„ is a convergent series of positive numbers, then 2 Y a n — Y 2a n a lso converges, and 2a n > a n . 

n=l n=l n=l 

There is no "largest" convergent series of positive numbers. 

n n 

37. Let A n = Y a k ar) d B n = Y 2 k aj 2 k) , where {ak} is a nonincreasing sequence of positive terms converging to 

k=l k=l 

0. Note that {A n } and {B n } are nondecreasing sequences of positive terms. Now, 

B n = 2a 2 + 4a 4 + 8a 8 + . . . + 2 n a (2 n) = 2a 2 + (2a 4 + 2a 4 ) + (2a 8 + 2a 8 + 2a 8 + 2a 8 ) + . . . 

+ (2ap») + 2a( 2 nj + . . . + 2a( 2 «)) < 2a! + 2a 2 + (2a 3 + 2a 4 ) + (2a 5 + 2a c + 2a 7 + 2a 8 ) + . . . 



2 n_1 terms 



+ (2a (2 n-i) + 2a (2 „- 



2aj 2 nj) = 2A( 2 n) < 2 Y a k- Therefore if Y a k converges, 



then {B n } is bounded above =>■ Y 2 k apk) converges. Conversely, 



A„ = ai + (a 2 + a 3 ) + (a 4 + a 5 + a 6 + a 7 ) + . . . + a n < a 4 + 2a 2 + 4a 4 + . . . + 2 n a (2 n) = ai + B n < a 4 + Y 

k=l 
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Therefore, if E 2 k a( 2 k) converges, then {A n } is bounded above and hence converges. 



k-l 



38. (a) a (2 „) = = 5^^, => E 2 n a (2n) = E 2 n = ^ E 5 - which diverges 

n=2 n=2 n=2 

00 

=> E s^i diverges. 

n=2 

00 00 00 00 

(b) a (2 n) = 2^ =^ E 2 " a (2») = E 2n • 2^ = E t^ft = E (^r) . a geometric series that 

n=l n=l n=l y ' B=\ 

converges if t^t < 1 or p > 1 , but diverges if p < 1 . 

J 100 u — In x p°° r -rvt-i 1 10 t \ 

^rS; 1 dx ^ / u p du = lim = lim [ ^- ] [b~P +1 - (In 2)-p +1 ] 

2 x(ln x)P ^ <ju = f J b->00 L P+ 1 J 1„2 b^OoV'-P/ 1 J 

_L_ (l n 2)~ p+1 , p > 1 

p ~ 1 =>■ the improper integral converges if p > 1 and diverges 

00, p < 1 

if p < 1 . For p = 1 : = lim [ln (ln x)] * = lim [ln (ln b) — ln (ln 2)] = 00, so the improper 

integral diverges if p = 1 . 

00 

(b) Since the series and the integral converge or diverge together, E n nnn)p conver g es if an d or, ly if p > 1 ■ 

n =2 n( - nn ' 

40. (a) p = 1 =4> the series diverges 

(b) p = 1.01 =>• the series converges 

(c) E n 1 3^ = 7 E n \ ', P — 1 =>■ the series diverges 

v ' ^ n(lnn J ) 3 ^ n(ln n) * " to 
n=2 n=2 

(d) p = 3 =>• the series converges 

pn+l 

41. (a) From Fig. 1 1.8 in the text with f(x) = \ and a k = \ , we have J idx<l + ± + i + ...+± 

< 1 + £i{x) dx =^ ln(n + 1) < 1 + \ + \ + . . . + 1 < 1 + ln n < ln (n + 1) - ln n 
— ( 1 + § + j + - ■ ■ + n) — In n < 1. Therefore the sequence { (l + | + | + . . . + — ln n} is bounded above 
by 1 and below by 0. 

Xn+l 
1 dx = ln(n+ l)-lnn 

=> 0> -[ln(n+l)-lnn] = + I + I + + - In ( n + 1)) - + I + I + + I - In n) . 
If we define a„ = 1 + \ — i + 1 — ln n, then > a n+ i — a n a n+ i < a n =4> {a n } is a decreasing sequence of 
nonnegative terms. 

42. e~ x " <e~ x forx> 1, and / e~ x dx = lim [— e~ x ] . = lim (— e~ b + e~') = e -1 =>• / e~ x ~ dx converges by 

J 1 b — > oo b — > oo J 1 

oo oo 

the Comparison Test for improper integrals =>■ E e " — 1 + E e " converges by the Integral Test. 

n=0 n=l 

11.4 COMPARISON TESTS 

oo 

1. diverges by the Limit Comparison Test (part 1) when compared with E ~j- > a divergent p-series: 

n=l V n 



yjgT+gy = V" = lim ( 1 ) _ 1 

n — > oo f 1 j n — > oo a — > oo V2 + iFW 2 
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2. diverges by the Direct Comparison Test since n + n + n>n + ^/n + =4> n +\/n > n > wn i cn i s me nm 

oo 

term of the divergent series j or use Limit Comparison Test with b n = 1 

n=I 

3. converges by the Direct Comparison Test; < ~ , which is the nth term of a convergent geometric series 

4. converges by the Direct Comparison Test; 1 + n c ° s " < -p and the p-series ^ 4j converges 

5. diverges since lim . 2n , = f ^ 

6. converges by the Limit Comparison Test (part 1) with -Aj , the nth term of a convergent p-series: 

lim Vr^r = lim ( — ) = 1 

n — * 00 1 1 1 n — > 00 v n ' 

7. converges by the Direct Comparison Test; ( 3 ° t ) < (55)" = (|) n , the nth term of a convergent geometric 
series 

8. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series: 



lim y ,2 \ = lim \ ^ = lim J\ + 4 = 1 

n — > 00 ( 1 j mcc V n n^ooy n 

00 

9. diverges by the Direct Comparison Test; n>lnn =4> lnn>lnlnn ^ < 5^ < ln ^ n n) and J] ^ 

n=3 

diverges 

00 

10. diverges by the Limit Comparison Test (part 3) when compared with J] - , a divergent p-series: 

n=2 

( 1 ) 

lim n\ = lim ., " = lim ^—tty — h lim r 2 - = 1 lim yfr- = ir lim n = 00 



11. converges by the Limit Comparison Test (part 2) when compared with J] 4 , a convergent p-series: 

n=l 

lim M= lim 2^ = lim = 2 lim ^=0 

oo 

12. converges by the Limit Comparison Test (part 2) when compared with J] 4^ , a convergent p-series: 

n=l 

Hm ML lim fl-£ = lim 3(1Pn f(°) = 3 lim <^ = 3 lim ^1=1=6 lim ^ 

n->00 1] n ^ oo n n^oc 1 n ^ oo n n — > oo 1 n^oon 

= 6-0 = 

13. diverges by the Limit Comparison Test (part 3) with ~ , the nth term of the divergent harmonic series: 

lim 1^1= lim & = lim fe^ = lim ^ = 00 
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14. converges by the Limit Comparison Test (part 2) with -jn , the nth term of a convergent p-series: 



(In nr 



lim Vt^Y = lim %7T" = lim T^k = 8 lim = 8 lim = 32 lim -L = 32 • = 

n — > oc ( i | n — > oo n ' n — > oc / 1 | n — > oo n 1 - 1 n — + oc / 1 | n — > oo n 1 ' 4 

LV-iJ U 3 Mj ^ 4n 3/4j 

15. diverges by the Limit Comparison Test (part 3) with - , the nth term of the divergent harmonic series: 

i i \ 

lim u t t V ; = lim y^— = lim yfv = lim n = 00 

n^oo (A) n ^ 00 1+lnn n^oo ( 1 j n ^ 00 

16. diverges by the Limit Comparison Test (part 3) with 1 , the nth term of the divergent harmonic series: 

r 1 \ 

lim V'i+inn)-y _ — _ jj m — T — ii m " — - = lim y^v = lim S = 00 

n — > 00 (i) n — > 00 (1+lnny n — » 00 2(1 + in a) n — » 00 2(l+lnn) n — > oc m n — > oc 2 

17. diverges by the Integral Test: [°° l ^±H dx = f"u du = lim [± u 2 l * = lim ± (b 2 - In 2 3) = 00 

} 5 J2 x+l J M b^oc L2 Jln3 b^oc 2V ' 

18. diverges by the Limit Comparison Test (part 3) with 1 , the nth term of the divergent harmonic series: 

lim ,!T = lim . , ? , = lim , , ,„ _ > = lim — lim -t^t = lim 5 = 00 

n — * 00 (n) n — > 00 l+ln-n n — > 00 ( £ ^- s ) n — > 00 2 In n n— >oo (?) n ^ 00 2 

19. converges by the Direct Comparison Test with ^ , the nth term of a convergent p-series: n 2 — 1 > n for 

n > 2 =J> n 2 (n 2 - 1) > n 3 =!> n\/ n 2 - 1 > n 3/2 =!> ^ > — — [ or use Limit Comparison Test with 4j. 

20. converges by the Direct Comparison Test with ^ , the nth term of a convergent p-series: n 2 + 1 > n 2 

=> n 2 + 1 > ^/nn 3/2 => 5^ > n 3 / 2 < ^ or use Limit Comparison Test with ^ . 

00 00 00 

21. converges because Y —Yl 52 s + Yl which is the sum of two convergent series: 

n=l n=l n=l 

00 00 

Y 55; converges by the Direct Comparison Test since i < 4 , and ^ ^ is a convergent geometric 

n=l " n=l 

series 

22. converges by the Direct Comparison Test: J] ^J^- = ^ + 4) and -4^ + ^ < ^ + ^ , the sum of 

n=l n=l 

the nth terms of a convergent geometric series and a convergent p-series 

23. converges by the Direct Comparison Test: 3 „_ 1 1 + j < , which is the nth term of a convergent geometric 



24. diverges; lim ( = lim (± + ±) = \ ^ 

n ^ oc \ 3° j n — ► 00 \ 3 3 / 3 ' 



25. diverges by the Limit Comparison Test (part 1) with - , the nth term of the divergent harmonic series: 



lim = lim ^5 = 1 
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26. diverges by the Limit Comparison Test (part 1) with - , the nth term of the divergent harmonic series: 



lim = lira (-±r) = lim (-±A (&*) =1-1 = 1 

■ \cosiy (i) x _o Vcosx7 v x ; 



(tan 

n =TEo (A) h — "X 



27. converges by the Limit Comparison Test (part 1) with 4 , the nth term of a convergent p-series: 

( 10n+l \ 

lim ^ (11 7"; +2>; = lim 4%^= lim fa±4 = lim f = 10 

n ^ 00 ( 1 I n— »oon- + Jn + 2 n ^ oo 2n + 3 n ^ oc 2 

WJ 

28. converges by the Limit Comparison Test (part 1) with 4^ , the nth term of a convergent p-series: 

5n 3 -3n 



11^(11-2) [n z + 5) I _ 3 o 

lim \ y/ = lim , , s ",7 s 3n , n = lim ' 2 5 Vls = lim ir 22 ! = 5 

n — > oo M j n — > oc n - 2n- + 5n - 10 n^oc 3n'-4n + 5 n ^ oo on -4 

j 7T 00 7T OO 

29. converges by the Direct Comparison Test: tan , , - < -fj and J] tt = f 2 ~tt ls the product of a 

n=l " n=l 

convergent p-series and a nonzero constant 

30. converges by the Direct Comparison Test: sec -1 n < | =>■ se ^, , " < an d 2 ^tt = § 2 jfs is the 

n=l n=l 

product of a convergent p-series and a nonzero constant 

31. converges by the Limit Comparison Test (part 1) with 4 : lim ,"\ — lim coth n = lim ^ — 



lim I^jh = 1 
n — > 00 1 - e 



32. converges by the Limit Comparison Test (part 1) with 4 : lim / \ = lim tanh n = lim 



n — > 00 e ° + 



lim ] , e _C = 1 

n — > 00 1 + e la 



(1 j 

33. diverges by the Limit Comparison Test (part 1) with ~: n hrn K) ^ = n linc^, ^ = L 

34. converges by the Limit Comparison Test (part 1) with 4^ n lirn c TT\ ~ n^Poo = ^ 

F+2+T+ — +n = cn(n+i)\ = H(n+T)' ^ ne ser i es converges by the Limit Comparison Test (part 1) with 4_ 



lim = lim -g- = lim ^ = lim ± = 2. 

n^oo 1 n ^ oc n z + n n -+ oc 2n + 1 mco 2 



36. , , ,n , ,1 , r-i = nrn+nan+n = ? i nn i n < 4 the series converges by the Direct 

1 + 2- + ¥ + . . . + n- mn+ iKzn+ 1) n ( n _|_ l)(2n +1) — n d e> J 

6 

Comparison Test 



37. (a) If lim I s - = 0, then there exists an integer N such that for all n > N, 



S- 



<l -K£< 



n — > oo bi 

4> a n < b n . Thus, if ^ b n converges, then ^ a n converges by the Direct Comparison Test. 
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(b) If n l_im o ^ = 00, then there exists an integer N such that for all n > N, ^ > 1 a„ > b n . Thus, if 
b n diverges, then J] a n diverges by the Direct Comparison Test. 

38. Yes, J] — converges by the Direct Comparison Test because — < a n 

n=l ! ' 

39. n lifn o 5 11 = 00 there exists an integer N such that for all n > N, > 1 =>• a n > b n . If J] a n converges, 
then Y b n converges by the Direct Comparison Test 

40. J] a n converges =>• Hrn^ a n = => there exists an integer N such that for all n > N, < a„ < 1 =>• a 2 < a n 

^ S a n converges by the Direct Comparison Test 

41. Example CAS commands: 
Maple : 

a:=n-> l./n A 3/sin(n) A 2; 

s := k -> sum( a(n), n=l..k ); # (a)] 

limit( s(k), k=infinity ); 

pts := [seq( [k,s(k)], k=1..100 )]: # (b) 

plot( pts, style=point, title="#41(b) (Section 11.4)" ); 

pts := [seq( [k,s(k)], k=1..200 )]: # (c) 

plot( pts, style=point, title="#41(c) (Section 11.4)" ); 
pts := [seq( [k,s(k)], k=1..400 )]: # (d) 

plot( pts, style=point, title="#41(d) (Section 11.4)" ); 
evalf( 355/113 ); 
Mathematica : 

Clear[a, n, s, k, p] 

a[n_]:= 1 / ( n 3 Sin[n] 2 ) 

s[k_]= Sum[ a[n], {n, l,k}] 

points[p_] := Table[{k, N[s[k]] } , { k, 1 , p } ] 

points[100] 

ListPlot[points[100]] 

points [200] 

ListPlot[points[200] 

points [400] 

ListPlot[points[400], PlotRange -> All] 
To investigate what is happening around k = 355, you could do the following. 
N[355/113] 
N[tt - 355/113] 
Sin[355]//N 
a[355]//N 
N[s[354]] 
N[s[355]] 
N[s[356]] 
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1 . converges by the Ratio Test: n ljrn^ 



lim (l + -) (¥) = 1 < 1 



a n +i 



lim 

n — » oc 





2H+1 















- lim (n+D^ . * 
n^Poc 2"+' 



2. converges by the Ratio Test: lim — = lim 

n — > oo a n n^oc 



e°+l J 



lim 



(n+ l) 2 e" 



n — > oo e" 



4= lim (l + irm = 1 < i 

n- n ^ oo V n / V e / e 



3. diverges by the Ratio Test: lim — — lim 

° J n — > oc a n 



(n+i)M 

, _ ,;„, V^El = Um filial. 



lim 



n+l _ 



n — » oo n! n ^ oc e 



4. diverges by the Ratio Test: lim — = lim 

o J n — > oc a n n—joo 



' (n+ P! 
I 10"+! , 



lim 



(n + l)! 10" 



lim A = oo 



n " oo 10"+' n! n " oo 10 



ln+l) J " 
10 n+l 



5. converges by the Ratio Test: lim — = lim 

J n^ooa„ n — > oc f n lu 1 

= TU<! 



lim 



(n + l) 10 10" 



rwoc 10 n+1 



Z= lim (1 + i) iu (i) 

n lu n — » oo \ n/ V 10/ 



6. diverges; lim a n = lim (— ) = lim (l-\ — -) — e 2 ^ 

7. converges by the Direct Comparison Test: ^j^gp = (f )" [2 + (—1)"] < (j) n (3) which is the n th term of a convergent 
geometric series 

8. converges; a geometric series with |r| = |— || < 1 

9. diverges; lim a n = lim (l - |) n = lim (l + =^) n = e~ 3 w 0.05 ^ 

° n — + oc n ^ oo v n/ n^oo^ n / ' 

10. diverges; lim a n = lim (l - f V = lim ( 1 + | = e" 1 / 3 w 0.72 ^ 

e n^oc n^ooV 3n / n^ool n I ' 

11. converges by the Direct Comparison Test: < ^ = 4j for n > 2, the n th term of a convergent p-series. 

12. converges by the nth-Root Test: lim A n /a7 = lim 

° J n— >oov 'n— >oc 



n — > oo n 



.. , , - lim ""'",„ = lim 

oo V n n -» oo (n n ) 



= lim = < 1 

n — > oo 1 



13. diverges by the Direct Comparison Test: 1 — X — > \ Q) for n > 2 or by the Limit Comparison Test (part 1) 
with i. 



14. converges by the nth-Root Test: lim , n /aT = lim \l (- — \Y — lim ((- — XY)^" 

fe J moo V ' n^ooV^n a 1 J n — > oo \ V n n 2 // 

= lim (i - 4) =0< 1 

n — » oo v n n-* / 
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15. diverges by the Direct Comparison Test: ^ > i for n > 3 

16. converges by the Ratio Test: lim ^ = lim ("+'> '" ("+ '> . = I < 1 

n— >oo a„ n ^ oo 2 n+1 nln(n) 2 

17. converges by the Ratio Test: lim 5h±i = ii m (n + 2)(n + 3) _ n! = < 1 

6 3 n -> 00 a„ n -> oc (n+1)! (n+l)(n + 2) ^ 

18. converges by the Ratio Test: lim = ij m . g = I < i 

6 •> n — > oo a„ n ^ oo e n+1 n 3 e ^ 

19. converges by the Ratio Test: lim ^ = lim /" + nil + i ■ = lim = \ < 1 

o J n— »oo an n ^ oc 3! (n+ 1)! 3 n+1 (n + 3)! n — > oo 3(n+l) 3 

20. converges by the Ratio Test: ^ ^ = Jir^ ^gg^ • ig^TT)! 

= n lim o ('^)(l) (Sf) = l<l 

21. converges by the Ratio Test: lim ^ = lim 7 !f±^ T • = lim " + 1 4 _,, = < 1 

b J n ^ oo a n n ^ oc (2n + 3)! n! n — > oo (2n + 3)(2n + 2) 

22. converges by the Ratio Test: lim lim Z" 4 ",'':, • 4 = lim (-L) n = lim 

b J n — > 00 a„ n — » oo (n+l) n+l n! n — > 00 \n+W n — > oo 

= lim - r L = 1 < 1 

n->oo (l + i) e 

23. converges by the Root Test: lim A "/a^ = lim ,, n ,„ = lim = lim r^— — < 1 

& J n^ooV" n^oo\/(lnn)n n^co Inn n — > oo In n 



24. converges by the Root Test: lim v/a7 = lim ."I ,, " = lim -7—- = n ^°° Y" = < 1 

° ■> n — > oo V D-tooVPHf n — > oo J\nn lim Vlnn 

( lim VVn = l) 

\n — > oo v / 

25. converges by the Direct Comparison Test: = n (n+'iXn + 2) < n(n+i) ( n + 2) = ( n+i) 1 (n + 2) < ? 
which is the nth-term of a convergent p-series 

26. diverges by the Ratio Test: lim 5^= lim , J.t'on+i • 4jr = lim Hrr* (t) = t > 1 

6 J n ^ oc a n n-^oo (n+l) J 2 n +' 3" n — > oo (n + 1) J V 2 / 2 

( 1 + sin n \ a 

27. converges by the Ratio Test: lim = lim - — 5 — — = < 1 

c J n ^ oo a„ n ^ oc a„ 



lim *. n /n 



2«±1 = li m A ° )_ _ i; m 1 + tan n _ 

a n n — > oc 

approaches 1 + | while the denominator tends to oo 



28. converges by the Ratio Test: lim = lim - — - — ' — = lim + — - — since the numerator 

° J n — > oo fn n ^ oo a„ n _> oc n 



2 

29. diverges by the Ratio Test: lim 5d±i = lim iskil^ = n m 3n^i _ 3 > j 

D J n ^ oc a n n —> oo a„ n — > oo 2n + 1 2 

30. diverges; a n+I = ^ a n => a n+1 = (^) a n _,) a n+1 = (^) (^) (^f a n _ 2 ) 

a n+i = (jft) ( a 7p) (j^f) ••• (|) ai => a n+1 = ^ a n+1 = ^ , which is a constant times the 
general term of the diverging harmonic series 



3 1 . converges by the Ratio Test: lim 5s±i = ij m W = ij m 2 _ q < j 

^ n — > 00 fn n ^ oo a„ n ^ go n 
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32. converges by the Ratio Test: lim — = lim 

° J n — > 00 a n n-ioo 



l im Y5 = I < i 

n — > oo n 2 



33. converges by the Ratio Test: lim — = lim 

n — > oo a„ n ^ oo 



/ 1+jnn 









lim i±i5Ji = lim 1 _ o < 1 

n^oo n n^oon 



34. 2±^n > and ai = i => a n > 0; In n > 10 for n > e 10 ^> n + In n > n + 10 => s±^f > i 



a n +i 



n + In n 

— n + 10 



a n > a n ; thus a n+ i > a n > \ =4> lim a n ^ 0, so the series diverges by the nth-Term Test 



35. diverges by the nth-Term Test: ai = |, &2 



a3 



, 4 / 3 / 2/1 _ 41/1 
3 V 3 



a„ = =4> ^Mrri^ a„ = 1 because i s a subsequence of {yf } whose limit is 1 by Table 8.1 

36. converges by the Direct Comparison Test: ai = | , a2 = (|) , a3 = ( (|) J = (|) , a 4 = f (~J j = (§)' 
=> a n = (I)" < (|) n which is the nth-term of a convergent geometric series 



37. converges by the Ratio Test: lim 

n — ► 00 

= lim = 1 < 1 



lim 



2 n+1 (n+ l)!(n+ 1)! (2n)! 



n->oc (2n + 2)! 



lim 



2(n + l)(n + 1) 



2"n!n! n " oo (2n + 2)(2n+l) 



38. diverges by the Ratio Test: lim ^s+i = lim , - Jy^M 

= ■> n ^ oc a n n ^ oo (n + 1)! (n + 2)! (n + 3)! 

(3n + 3)(3 + 2)(3n + 1) _ 



n!(n+ l)!(n + 2)! 
(3n)! 



= lim TI^Iou A'' = lim 3(^) (^) =3 -3 -3 = 27 > 1 

n — > oo (n + l)(n + 2)(n + 3) n^oo Vn+2/Vn+3/ 



39. diverges by the Root Test: lim , n /a7 = lim A n / 7^ = lim H — 00 > 1 

e J n — ► 00 V " n— too y (n°) n — > 00 n 

40. converges by the Root Test: lim = lim = lim ^ = lim (±) (-)(-)•••( — ) (-) 

b 1 n ^ oo V n n in cc V I 1 ) moo i n ^ 00 v »' v n ' v n ' V n / V n / 



< lim 1 = < 1 

— n — > 00 n 



41. converges by the Root Test: lim , n /a7 = lim \ -^j = lim £ = lim „„ ] ~ = < 1 

' n — » 00 V 11 n ^ 00 V 2 n moo ' n ^ 00 2" In 2 



42. diverges by the Root Test: lim , n /a7 = lim ,7 = lim 7 = 00 > 1 

fc ^ moo V 11 n-too V (2°) n — > 00 4 



1-3 (2n - l)(2n + 1) 



4° 2" n! 



43. converges by the Ratio Test: lim = lim — wl „,|, , ... — - ^ -p. tt 

b J n— > oo an n-+oc 4 n+1 2 n+1 (n + 1)! 1-3 (2n-l) 



lim 



2n + 1 



n""oo (4-2)(n+l) 4 



7<1 



44. converges by the Ratio Test: a n 



1-3 ■■■(2n- 1) _ l-2-3-4---(2n- l)(2n) 



(2n)! 



(2-4--2n)(3» + 1) ~ (2-4---2n)2(3° + l) _ (2°n!) 2 (3° + 1 ) 



(2n + 2)! 



n^oo [2«+'(n+ l)!] 2 ^ 1 + 1) 

Hm f 4j^+6n + 2 > ) (1 + 3-) 
11 "oo ^4n 2 + 8n + 4,/ (3 + 3"») 



(2"n!) 2 (3"+ 1) 



(2n)! 



lim 



(2n + l)(2n + 2) (3° + 1) 
2 2 (n + l) 2 (3"+> + 1) 



1 ■ 



3 — 3 



< 1 



45. Ratio: lim 

n — » oo a n 



lim -. — rrs ■ t = lim f— ttY — l p — 1 => no conclusion 
Root: lim v/aT = lim \ \ — lim ,L, P = tAt = 1 =>• no conclusion 

n — > oo V n — > oo V n n — > oo ({/n) W 
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n — > oo a„ n — » oo (ln(n+l)) p 1 
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In n 



lim , , , 

n — > oo ln(n+ 1) 



(11 

lim 



n — » oo 



= lim 



= (l) p = 1 =>• no conclusion 

Root: lim {/a* = lim *"/ tt^ip = -, l - ™ ; let f(n) = (In n) 1 /", then In f(n) = 

n-^ooV n^oo Vlh* ( lim (In n)>/nV ' W V ' W 

lim In f(n) = lim lr ^ 1 ' 1 ^ = lim = lim -J- = => lim (In n)'/ n 

^ > n — >oo n n ^ oo i n — > oo n ln n n^^ v ' 



n — > oo 



= lim e lnf ' n ' — e° = 1; therefore lim ,°/a7 = 7 ff = 7^ = 1 =>■ no conclusion 

iwoo n^oc V (lira (Inn) 1 /")" W 

00 

47. a n < i for every n and the series J] ^ converges by the Ratio Test since lim ■ 7^ = | < 1 

n=l 

00 

=> J] a n converges by the Direct Comparison Test 

n=i 

11.6 ALTERNATING SERIES, ABSOLUTE AND CONDITIONAL CONVERGENCE 

00 00 

1. converges absolutely =>• converges by the Absolute Convergence Test since J] |a n | = YJ ^ which is a 

n=l n=l 

convergent p-series 

00 00 

2. converges absolutely => converges by the Absolute Convergence Test since YJ |a n | = YJ which is a 

n=l n=l 

convergent p-series 

00 

3. diverges by the nth-Term Test since for n > 10 => ~ > 1 =^ n lirn o (fg)" # YJ (-l) n+1 (y^)" diverges 

n=l 

4. diverges by the nth-Term Test since n li m X) = nllf 1 ^ 10 ^gf^ = o° (after 10 applications of L'Hopital's 
rule) 

5. converges by the Alternating Series Test because f(x) = In x is an increasing function of x => is decreasing 

u n > u n+ i for n > 1; also u n > for n > 1 and lijn^ ^ — 

6. converges by the Alternating Series Test since f(x) = ~ f'(x) = 1 ~ j," x < when x > e f(x) is 
decreasing =>■ u n > u„+i ; also u n > for n > 1 and lim u n = lim — = lim — 

b n — n-1-11 n_ _ n^oo n n^oon n — > oo 1 

7. diverges by the nth-Term Test since lim = lim = lim 1 = 1 ^ 

J moo 1" n — > oo 2 In n n ^ oo 2 2' 

8. converges by the Alternating Series Test since f(x) = In (1 + x _1 ) => f'(x) = {) < for x > =>■ f(x) is 
decreasing => u n > u n+ i ; also u n > for n > 1 and lim u n = lim In (l + -) — In ( lim (1 + -) I = In 1=0 

6 n_ n-t-n n_ _ n — ► oo tl — > OO \ ' n / \tL — > OO V n/ J 

9. converges by the Alternating Series Test since f(x) = =>■ f'(x) = ' £ 2y ^ < => f(x) is decreasing 

u„ > u n+ , ; also u„ > for n > 1 and lim u„ = lim = 



3 \ /n + 1 ^ V ^ n 

10. diverges by the nth-Term Test since lim —7= — - = lim v , -. N = 3 ^ 

^ n — > 00 V n+I n ~ * 00 I + (-^J 
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11. converges absolutely since Y, l a n| = (Trj)" a convergent geometric series 



n=I n=l 



12. converges absolutely by the Direct Comparison Test since 
term of a convergent geometric series 



(-1)°+'(0.1)° 



(15)"- < ( jq ) n which is the nth 



CO 00 



13. converges conditionally since -4j > / 1 > and lim -4^ = =>• convergence; but J] l a n| — S ^573 

* V V n =l n=l 

is a divergent p-series 

14. converges conditionally since , 1 r > 7— > and lim , , r — =4> convergence; but 

' l + Vn l + Vn+l n— ><x> 1 + i/n ° 



00 00 



S l a n| =2 j + 1 i s a divergent series since n^g > j^yj a nd ]P ^ is a divergent p-series 



n=l n=l 



15. converges absolutely since Y | a n | = Y and [i 3 5 ^ T < ^ which is the nth-term of a converging p-series 



n=l n=l 



16. diverges by the nth-Term Test since lim \ — 00 

D J n — > 00 ^ 



17. converges conditionally since -^j-j > (n + j) + 3 > ar >d lijn ^ = =>• convergence; but ^ |a n | 

n=l 

CO OO 

= J] diverges because > ^ and ^ 5 is a divergent series 



18. converges absolutely because the series Y | | converges by the Direct Comparison Test since | ^ 



sin n I <^ 1 



19. diverges by the nth-Term Test since lim ^ = 1^0 

l-too 5+11 ' 

20. converges conditionally since f(x) = In x is an increasing function of x => — to K% is decreasing 



CO 00 



r/- > 1 > for n > 2 and lim tt— = =>■ convergence; but Y |a n | = V 

ilnn 3 1n(n+l) — n — > 00 3 In n & ' ^ 1 n| ^ ln^n 



n=2 n=2 



= V yt diverges because tt— > J- and V 1 diverges 

^ 3 In n & 3 In n 3n ^ n fc 



2 1 . converges conditionally since f(x) = \ 



4 + i 

X'' X 



f'(x) = — (\ + jf) < =>• f(x) is decreasing and hence 

00 00 

I =>■ convergence; but Y \ a n\—Y 

n=l n=l 

S p + 2 ^ is me sum °f a convergent and divergent series, and hence diverges 



u„ > u n+1 > for n > 1 and lim ( i + :; ) = =>■ convergence; but Y l a n| = Y l?r 



n — i 00 V i' n J 



n=l n=l 



22. converges absolutely by the Direct Comparison Test since 
of a convergent geometric series 



(-2)" 



n+5" 



j^ji < 2 (|) which is the nth term 



23. converges absolutely by the Ratio Test: n lip oo (if 1 ) = n l5 n x 



(n+D 2 (|T 



< 1 



24. diverges by the nth-Term Test since lim a n = lim 10 1,/n = 1 7^ 

^ n — > 00 n — > 00 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 1 1.6 Alternating Series, Absolute and Conditional Convergence 727 



poo 

25. converges absolutely by the Integral Test since J ( (tan -1 x) (yqr^i) dx = b nm 



(tan' 1 x) 



lim 

b — » oo 



(tan" 1 bf- (tan- 1 If =\ (|) 2 - (f f 



32 



26. converges conditionally since f(x) = — j^- =>■ f'(x) = — ^^jr < =>• f(x) is decreasing 
=> u„ > u n+ , > for n > 2 and lim — ^— = => convergence; but by the Integral Test, 



J 2 xlnx b^oo J 2 \ / 



dx = lim [In (In x)] ' = lim [In (In b) - In (In 2)] = oo 

b — > oc b — > oo 



OO CO 



E l a n| = E rTETn diver g eS 



n=l n=l 



27. diverges by the nth-Term Test since lim — f-r = 1^0 



28. converges conditionally since f(x) = ln . x =J> f'(x) = 



- In x - 



(x — In x) 2 
(1\ 



in , _ f / f ^ _ (i)(x-lnx)-(lnx)(l-i) 
1 W — (x - In x) 2 

; lnx ? < u n > u n+ i > when n > e and lim 1 " 



(x — In x) 2 



= lim 



n — > oo i _ ( I 



=>■ convergence; but n — In n < n 



n —> oo n - In n 

v In n ^ 1 
n— In n ^ n n— In n n 



1 > 1 



> - so that 



E l a n| = E n-i"n diverges by the Direct Comparison Test 



n=l n=l 



29. converges absolutely by the Ratio Test: ljrn^ 



lim 



(100) n+1 n! = i- J00_ 
oo (n+1)! (100)° n " oo n+1 



< 1 



30. converges absolutely since E W = E (j)" ls a convergent geometric series 



n=l n=l 



oc oo 



31. converges absolutely by the Direct Comparison Test since J] |a„| = ^ n 2 + L + 1 an( ^ 

n=l 

a , I i < 4 which is the nth-term of a convergent p-series 

n 2 + 2n + 1 n 2 t> f 



n=l n=l 



oo oo 



32. converges absolutely since J] |a n | = J] (ets?) = E (lEn)" = E (1)° ls a convergent 



n=l n=l 



geometric series 



oo oo 



n=l n=l 



33. converges absolutely since E l a n| = E ^~7^ — E ls a convergent p-series 



n^n 



34. converges conditionally since cos n n7r = E Sr~ ls tne convergent alternating harmonic series, but 



OO 00 



E l a n| = E 5 diverges 



n=l n=l 



35. converges absolutely by the Root Test: lim v/|a n | = lim 1 = lim 

b J J n^ooV |n| n^oo\ (2n) n J n-tc 



, 1+ 1 = 1 < 1 

oo 2n 2 



36. converges absolutely by the Ratio Test: lim 



- lim (("+'>') . (M _ ,- (n + D 2 - 1 < i 

_ n^oo «2n + 2)!) (n!) 2 ~ n oo (2n + 2)(2n+l) ~ 4 ^ 1 
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37. diverges by the nth-Term Test since lim |a n | = lim gg- = lim (n + 1)(n + 2> " (2n) 

b J n oo 1 1 n ^ oo 2"n!n n — » oo 



2"n 



lim 

n — > oo 



(n+l)(n + 2)---(n + (n-l)) 
2 n-l 



> lim (^Y-^oo^O 



38. converges absolutely by the Ratio Test: lim 

= lim Sl+1£3 = 3 <1 

n l "oo (2n + 2)(2n + 3) 4 ^ 1 



= lim 



(n+l)!(n + l)!3 n+1 (2n+l)! 



n " oo (2n + 3)! n!n!3" 



39. converges conditionally since 1 — — ■ v^LiI±v^| = 1 — _ and { , } — r X is a 

oo 

decreasing sequence of positive terms which converges to a/"^ — ~n converges; but 

n=l * V 

oo oo 

E l a n| — J2 ~[l — \ — 7^ diverges by the Limit Comparison Test (part 1) with -4^; a divergent p-series: 

n=l n=l V n + + V n V 11 



lim 

n — > oo 



y/n+ 1+ y/n 
1 

7>> 



lim 



lim 



n — » oo Jn+l + Jn n^oo 



40. diverges by the nth-Term Test since n lhri^ + n — nj — ^lim^ ( \/ ri 2 + n — n j 



/ n 2 +n+n \ 
/n 2 +n+n / 



lim 



lim 



n — > oo i/ n + n + n n — > oo 



41. diverges by the nth-Term Test since n hm c n + A^/n — A^/nJ = n lirn x 

= Jim r \ . = 1 



n + ,/n - A/n 



^/n+ v/n+ ,/n 



= lim tti - m „ — - 

\/ n +V /n +V / n v /l + ^ + 1 



42. converges conditionally since | + "y n + 1 j is a decreasing sequence of positive terms converging to 



E 



(-i) n 

v/n + V n + 1 



converges; but lim 



n — > oo / i i 



= lim 



= lim 



n — > 00 y/n+vn+l n — > oo \ + . \. 



l 2 



so that ^ — p — 1 , diverges by the Limit Comparison Test with -4= which is a divergent p-series 

n=l * n V n + n=l^ n 



Jc < ^ = 3 which is the 



43. converges absolutely by the Direct Comparison Test since sech (n) = ,s^r=s — > , > — , 
nth term of a convergent geometric series 



44. converges absolutely by the Limit Comparison Test (part 1): |a„| = ^) x 



n=l n=l 



Apply the Limit Comparison Test with \, the n-th term of a convergent geometric series: 



lim ( 

n — > oo 



lim -j^s = lim = 2 

n^oc e" - e " n ^ oo 1 - e 



45. |error| < |(-l) G (j)| =0.2 



46. |error| < |(-1) 6 (^) \ = 0.00001 



47. I error I < 



= 2x 10" 11 



48. |error| < |(-l) 4 t 4 | = t 4 < 1 



49 - m < w ( 2n ) ! > f = 200 > 000 n > 5 => 1 -h + h-h. + h- 0.54030 
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50 - h<W f < n! ^n>9^> l-l + ^- 3T + 3T-^ + ^- ^ + ST« 0.367881944 

51. (a) a n > a n+ i fails since h < h 

OC OC ^ 00 00 ^ 

(b) Since 2^ l a n| = 51^ [(I) + (I) ] = E (I) + E (5) is the sum of two absolutely convergent 

n=l n=l n=l n=l 

series, we can rearrange the terms of the original series to find its sum: 

fi i I i l i \ _ (I i l , I i \ _ (?) _ (?) I i 1 

+ 9 + + 4 + 8 + 1 - (I) 1 - (1) — 2 1 — 2 

52. s 20 = 1 - \ + 5 - 5 + . . . + jg - « 0.6687714032 s 20 + ± • ^ w 0.692580927 

53. The unused terms are f) (— l) j+1 aj = (-l) n+l (a„ +1 - a n+2 ) + (-1)" +3 (a n+3 - a n+4 ) + . . . 

j=n+l 

= (— l) n+1 [(a n+ i — a n+2 ) + (a n+3 — a n+4 ) + ...]. Each grouped term is positive, so the remainder 
has the same sign as (— l) n+1 , which is the sign of the first unused term. 



54 s - J_ + J_ + J_ + + i - y i - y (I M 

s n — 12 T 2 .jTj 4 T." T n(n+ i) — k(k+l) — V k k+l) 

k=l k=l 

= + + Q-i) + I) +■■■ +(i~KTi) which are the first 2n terms 



of the first series, hence the two series are the same. Yes, for 

k=l 

=>• lim s n = lim (l L ] = 1 =>• both series converge to 1. The sum of the first 2n + 1 terms of the first 

ies is (l 7-r) H — rr = 1. Their sum is lim s n = lim (l f-r) = 1. 

V n+l/'n + l n ^ oo n^ooV n + 1 / 



series 



55. Theorem 16 states that YJ |a n | converges =>■ E a n converges. But this is equivalent to YJ a n diverges Y^ |a n | 

n=l n=l n=l n=l 

diverges. 

oo oo 

56. |ai + &2 + ... + a n | < |ai| + | a.2 1 + ■ • • + |a n | for all n; then YJ |a n | converges =>• YJ a n converges and these 



imply that 



E a n 



< E |a n | 



57. (a) E l a n + b n | converges by the Direct Comparison Test since |a n + b„| < |a n | + |b„| and hence 



n=l 



E ( a n + b n ) converges absolutely 



n=l 



(b) E I bn | converges => E ~b n converges absolutely; since YJ a n converges absolutely and 

n=l n=l n=l 

OO OO 00' 

YJ— b n converges absolutely, we have YJ [ a n + ( — b n )] = YJ ( a n — b n ) converges absolutely by part (a) 

n=l n=l n=l 

oo oo oo oo 



(c) E l a n| converges => |k| El a n| — E|k a n| converges =>■ J]ka„ converges absolutely 

n=l n=l n=l n=l 

oo oo oo 

58. If a n = b n = (-1)" 4= , then YJ (-l) n 4= converges, but E a nb n = E i diverges 

V n=l V n=l n=l 

59. si = - i , s 2 = - \ + 1 = \ , 

s<, = -i + l-l-i-i-i-i-i-i-i-i-isi-0 5099 

s 3 2 ' 1 4 6 8 10 12 14 16 18 20 22 
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s 4 = s 3 



-0.1766, 



l l l l l l l l l l i_ 

s 5 — M 94 96 9X M) 19 14 16 18 4f> 4? 44 



5 6 = s 5 

5 7 = S 6 

0.4- 
0.2- 



-0.2- 
-0.4 



24 26 28 

\ w -0.312, 

j i \_ 

46 48 50 



1 1_ 

52 54 



56 



58 



60 



62 



64 



66 



y = 1/2 



-0.512, 
-0.51106 



60. (a) Since |a n | converges, say to M, for e > there is an integer Ni such that 



E kl-M 



< f 



Ni-l /ni-1 oo 

E |a„| - E kl + E W 

n=l \ n= 1 n=Ni 





oo 




-E |a„| 




n=Ni 



< f ^ E l a n| < | • Also, £ a n 



n=N, 



converges to L -o- for e > there is an integer N2 (which we can choose greater than or equal to Ni ) such 



that |s N , — L| < I . Therefore, J2 |a„| < | and |s N , — L| < | . 

n=Ni 

■DO 

(b) The series E l a n| converges absolutely, say to M. Thus, there exists Ni such that 

n=l 



E W-m 



< e 



whenever k > N\, Now all of the terms in the sequence {|b n |} appear in {|a n |}. Sum together all of the 
terms in {|b n |}, in order, until you include all of the terms {|a n |}^j, and let N2 be the largest index in the 



sum I bn| so obtained. Then 



E M-m 



< e as well =4> EIM converges to M. 



61. (a) If Y^, |a n | converges, then a n converges and 5 E a n + 2 E M = E "2 

n=l n=l n=l n=l n=l 



converges where b n 



a n + |a n | 



a n , if a n > 
0, if a n < 



OO 



(b) If E |a n | converges, then £ a n converges and \ jP a n - 5 E l a n| = E ^2^ 



converges where c n 



a„ - |a„ 



0, if a n > 
a n , if a n < 



62. The terms in this conditionally convergent series were not added in the order given. 



63. Here is an example figure when N = 5. Notice that u 3 > u 2 > U! and u 3 > u 5 > U4, but u n > u n+ i for 
n > 5. 
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tu, 



+U7 



« 2 



S 3 5 7 



11.7 POWER SERIES 



1. lim 



"n ■ I 



< 1 => lim 



< 1 =>- |x| < 1 => — 1 < x < 1; whenx 



1 we have E ( — !)"> a divergent 

n=l 



series; when x = 1 we have E 1» a divergent series 

n=l 

(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no values for which the series converges conditionally 



2. lim 

n — » oo 



< 1 => lim 

n — > oo 



(x + 5)" +1 



(x + 5) n 



< 1 =>• [x + 51 < 1 => -6 < x < -4; when x 



-6 we have 



E (—1)°, a divergent series; when x = —4 we have J] 1, a divergent series 

n=l n=l 

(a) the radius is 1; the interval of convergence is —6 < x < —4 

(b) the interval of absolute convergence is —6 < x < —4 

(c) there are no values for which the series converges conditionally 



3. lim 

n — > oo 



"n ■ I 



< 1 => lim 

n — * oo 



(4x+l)° +1 
(4x + l)» 

x2n 



< 1 =>. |4x + 1 1 < 1 =>- -1 < 4x + 1 < 1 =>-i<x<0; when x 



have E (-l) n (-l) n = E (-1) = E a divergent series; when x = we have £ (-l) n (l) n 



= E (~ l) n > a divergent series 

n=l 

(a) the radius is j ; the interval of convergence is — | < x < 

(b) the interval of absolute convergence is — \ < x < 

(c) there are no values for which the series converges conditionally 



4. lim 

n — > oo 



< 1 



lim 

n — * oo 



(3x-2) n+1 _ n 
n+1 (3x - 2) n 



< 1 ^ |3x — 21 lim < l ^ |3x — 21 < 1 

1 1 n — » oo Vi+ IJ ' ' 



=> — l<3x — 2<1 ^> | < x < 1; when x = | we have E Si w hich is the alternating harmonic series and is 

n=l 

oo 

conditionally convergent; when x = 1 we have E „ > t ' le divergent harmonic series 

n=l 

(a) the radius is 1 ; the interval of convergence is | < x < 1 

(b) the interval of absolute convergence is | < x < 1 

(c) the series converges conditionally at x = | 
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5. lim 

n — * oo 



< 1 => lim 

n — > oo 



(x-2)° +1 10" 



10 n+1 (x - 2) n 



< 1 



10 



< 1 



|x — 21 < 10 



•10 < x-2 < 10 



— 8 < x < 12; when x = —8 we have Y ( — 1)", a divergent series; when x = 12 we have J^l, a divergent 



series 



(a) the radius is 10; the interval of convergence is — 8 < x < 12 

(b) the interval of absolute convergence is— 8<x<12 

(c) there are no values for which the series converges conditionally 



lim 



< 1 



lim 



(2x)» 



(2x)» 



< 1 



lim |2x| < 1 



|2x| < 1 



— \ < x < I ; when x = — \ we have 



Y (— l) n , a divergent series; when x = I we have ^1, a divergent series 

n=l n=l 

(a) the radius is \ ; the interval of convergence is — ~ < x < \ 

(b) the interval of absolute convergence is — I < x < I 

(c) there are no values for which the series converges conditionally 



7. lim 

n — > oo 



"n ■ I 



< 1 => lim 

n — ► oo 



(n+l)x n+1 (n + 2) 
(n + 3) ' nx 5 



< 1 



=> — 1 < x < 1; when x = — 1 we have Y (~ l) n ^2 > a divergent series by the nth-term Test; when x = 1 we 

n=l 

00 

have Y ~^p2 ' a divergent series 

n=l 

(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no values for which the series converges conditionally 



lim 

n — » 00 



< 1 



lim 

n — > 00 



(x + 2) n+1 



< 1 



2 lim Mb-) < 1 



21 < 1 



n + 1 (x + 2)" 

=> — 1 < x + 2 < 1 =>• — 3 < x < — 1; when x = — 3 we have Y h> a divergent series; when x — — 1 we have 

n=l 

Y ^-jp- , a convergent series 



(a) the radius is 1; the interval of convergence is — 3 < x < — 1 

(b) the interval of absolute convergence is — 3 < x < — 1 

(c) the series converges conditionally at x = — 1 



9. lim 

n — > 00 



"n ■ I 



< 1 =>• lim 

n — > 00 



x n+i n-^/n3 n 
(n+l)v/n+13 n+1 x" 



< 1 ( I™ -5 

3 \n — » 00 n H 

CO 

Y (1)(1) < 1 ^> |x| < 3 =>■ — 3 < x < 3; when x = — 3 we have Y an absolutely convergent series; 



lim -M < 1 

n —> 00 n+ 1 



when x = 3 we have Y -5/2 > a convergent p-series 



(a) the radius is 3; the interval of convergence is — 3 < x < 3 

(b) the interval of absolute convergence is — 3 < x < 3 

(c) there are no values for which the series converges conditionally 



10. lim 

n — > 00 



< 1 =>• lim 

n — > 00 



(x - 1)°+' _ _V»_ 
Jn+ 1 



<1 ^ |X-1L/ lim r^r < 1 ^> |x-l|<l 
n —> 00 n+ 1 1 1 

(-1)" 



— l<x— 1<1 => 0<x<2; when x = 0we have Y ^173- , a conditionally convergent series; when x = 2 
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we have J] ttj , a divergent series 

n=l n ' 

(a) the radius is 1 ; the interval of convergence is < x < 2 

(b) the interval of absolute convergence is < x < 2 

(c) the series converges conditionally at x = 



11. lim 

n — > oo 



< 1 =>• lim 

n — > oo 



< 1 =>- Ixl lim (-rr) < 1 for all x 

1 1 n — > oo Vn + 1 ' 



(n + 1)! x» 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 



12. lim 

n — > oo 



< 1 =>• lim 

n — ► oo 



3"+' x n+1 n! 
(n+1)! " 3 n x" 



< 1 => 3 Ixl lim ( -M < 1 for all x 

1 'n— loo Vn + U 



(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 



13. lim 

n — > oo 



"n ■ I 



< 1 => lim 

n — * oo 



x 2n + 3 n! 
(n+1)! ' x 2n +> 



< 1 => x 2 lim ( — \-r) < 1 for all x 

n — > oo V n + 1 / 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 



14. lim 

n — » oo 



"n ■ I 



< 1 => lim 

n — > oo 



(2x+3) 2 " +3 



(n+ 1)! (2x + 3) 2n+1 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 



<1 (2x + 3) 2 lim (4t) < 1 for all x 

n^oo^n+l/ 



15. lim 

n — > oo 



< 1 

=> — 1 < x < 1 ; when x 



lim 

n — > oo 



x n+1 . yV + 3 
V(n+l) 2 + 3 ' x» 

00 n 

1 we have J] ' 1 



vV + 3 



< 1 => Ixl J lim 2 " 2 | 3 < 1 =>■ Ixl < 1 

1 Vi->oo ff + 2n + 4 II 

, a conditionally convergent series; when x=lwe have 



E 



a divergent series 



(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = — 1 



16. lim 

n — > oo 



"n ■ I 



< 1 =>• lim 

n — > oo 



V(n+l) 2 +3 



yV + 3 



< 1 |X| ^±^- 4 < 1 ^ |X| < 1 



— 1 < x < 1; when x = — 1 we have V —A — , a divergent series; when x = 1 we have V ( ,~^ 
a conditionally convergent series 

(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = 1 



17. 



lim 

1 — > oo 



< 1 => 



lim 

1 — > 00 



(n+l)(x + 3) n+1 5° 

5-+ 1 " n(x + 3)» 



< 1 



l* + 3| 
5 



lim (a+i) < 1 



|x + 3| 



< 1 
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|x + 3|<5 =>- -5<x + 3<5 => -8<x<2; when x 



-8 we have ]P 

n=l 



n(-5) n 
5° 



(—l)°n, a divergent 

n=l 



series; when x = 2we have J] = J] n, a divergent series 

n=l n=l 

(a) the radius is 5; the interval of convergence is — 8 < x < 2 

(b) the interval of absolute convergence is — 8 < x < 2 

(c) there are no values for which the series converges conditionally 



18. lim 

n — » <x> 



< 1 => lim 

n — > oo 



(n+ l)x" 



4 n+l TjJ + 2n + 2) 



4° (n 2 + 1) 



< 1 



A llm 

4 n — » oo 



(n+l)(n 2 + l) 



n (n 2 + 2n + 2) 



< 1 



Ixl <4 



=>• —4 < x < 4; when x = —4 we have J] " ^ t , a conditionally convergent series; when x = 4 we have 

n=l 

oo 

S n^+T > a divergent series 

n=l 

(a) the radius is 4; the interval of convergence is —4 < x < 4 

(b) the interval of absolute convergence is —4 < x < 4 

(c) the series converges conditionally at x = —4 



19. lim 

n — » oo 



< 1 =>■ lim 

n — > oo 



/n+ 1 x n+1 3" 



< 1 => T x/ n ¥oc (^) < 1 =* T < 1 => W < 3 



3 n+1 ySx" 

oo 

=> — 3 < x < 3; when x = — 3 we have J] (— l) n y/n, a divergent series; when x = 3we have 

n=l 

oo 

J] Wn, a divergent series 

n=l 

(a) the radius is 3; the interval of convergence is — 3 < x < 3 

(b) the interval of absolute convergence is — 3 < x < 3 

(c) there are no values for which the series converges conditionally 



20. lim 

n — > oo 



"n ■ I 



< 1 => lim 

n — ► oo 



|2x + 5| 



lim -yi 



D+ -j/n + 1 (2x+5) n+1 
•(/S(2x+5)» 



< 1 =► |2x + 5| lim (^±T) < 1 

1 1 n — > oo \ {/n j 

< 1 |2x + 51 < 1 => -1 < 2x + 5 < 1 -3 < x < -2; when x = -3 we have 



J] (—1) n v/n, a divergent series since lim V/n = 1; when x = —2 we have J] v/n, a divergent series 

n=l n=l 

(a) the radius is |; the interval of convergence is — 3 < x < —2 

(b) the interval of absolute convergence is — 3 < x < —2 

(c) there are no values for which the series converges conditionally 



21. lim 

n — » oo 



< 1 =>• lim 

n — > oo 



< i 



,H5,( 1 + t)' 



< 1 => |x|(|) < 1 =* |x| < 1 



n 

=> — 1 < x < 1; when x = — 1 we have J] (—1)" (l + ;) > a divergent series by the nth-Term Test since 

n=l 

n 00 

lim (l + j) = e ^ 0; when x=lwe have ^ (l + i) , a divergent series 

n=l 

(a) the radius is 1; the interval of convergence is —1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no values for which the series converges conditionally 



22. lim 

n — * oo 



< 1 => lim 

n — > oo 



ln(n+ l)x"+' 



x n In n 



< 1 => 



Ixl lim 

1 1 n — > oo 



<1 => W„¥» (ett)<i =H*I<i 
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=> — 1 < x < 1 ; when x = — 1 we have (~ l) n l n n > a divergent series by the nth-Term Test since 

n=l 

oo 

lim ln n ^ 0; when x = 1 we have V ln n, a divergent series 

n=l 

(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no values for which the series converges conditionally 



23. lim 

n — » oo 



< 1 => lim 

n — > oo 



< 1 Ixl ( lim (1 + ±) a ) ( lim (n+ V)) < 1 

1 1 \n — » oo v n/ J \n — > oo J 



(n+ l) n+1 x n+1 


< l = 


> 1*1 ( 


n n x n 







=> e |x| fl lini (n + 1) < 1 =>• only x = satisfies this inequality 

(a) the radius is 0; the series converges only for x = 

(b) the series converges absolutely only for x = 

(c) there are no values for which the series converges conditionally 



24. lim 

n — » oo 



< 1 => lim 

n — > oo 



(n+ l)!(x-4) n 



< 1 



n! (x - 4)° 

inequality 

(a) the radius is 0; the series converges only for x = 4 

(b) the series converges absolutely only for x = 4 

(c) there are no values for which the series converges conditionally 



41 lim (n + 1) < 1 

1 n — > oc 



only x = 4 satisfies this 



25. lim 

n — » oo 



< 1 => lim 

n — > oo 



(x + 2)» 



n2" 



(n+l)2-+ 1 (x + 2)» 



< 1 => 



., „„. L) < l ^ fe+^i < l ^ \ x + 2\ <2 



lim 



=> —2 < x + 2 < 2 =>• —4 < x < 0; when x = —4 we have J] ~ , a divergent series; when x = we have 

n=l 

00 n+l 

J] — - — , the alternating harmonic series which converges conditionally 

n=l 

(a) the radius is 2; the interval of convergence is —4 < x < 

(b) the interval of absolute convergence is —4 < x < 

(c) the series converges conditionally at x = 



26. lim 

n — > oo 



< 1 



lim 

a-too 



(-2) n+1 (n + 2)(x- 1)"+' 
(-2)»(n+l)(x-l)» 



< 1 2 |x - II lim (s±f) < 1 => 2 |x - II < 1 

1 1 n — > oo v n + 1 ' 1 1 



=> |x — 1| < | => — |<x — 1 < 5 =>■ 5 < x < |; when x = | we have £)(n + 1) , a divergent series; when x = 



we havej](— l) n (n + 1), a divergent series 

n=l 

(a) the radius is \ ; the interval of convergence is \ < x < I 

(b) the interval of absolute convergence is 1 < x < | 

(c) there are no values for which the series converges conditionally 



27. lim 

n — * oo 



< 1 => lim 

n — > oo 



n(ln n) 



(n + l)(ln(n+l))' 



X (1) lim 

' 1 n — > oo 



< 1 



|x| | lim 



< i 

2 



Ixl ( lim -^r) ( lim 

1 1 \n — > oo "+ 1 / \n — » oc 



ln n 



< 1 



oo ln(n+l) / 

<1 Ixl < 1 ^> — 1 < x < 1; when x = — 1 we have 



E which 

converges absolutely; when x = 1 we have n (inn) 2 w hich converges 

n=l n=l 

(a) the radius is 1; the interval of convergence is —1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no values for which the series converges conditionally 
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28. lim 

n — * oo 



< 1 => lim 

n — > oo 



n In (n) 



(n+l)ln(n+l) x" 



< 1 => Ixl ( lim ( lim r^y) < 1 

1 1 \noo n+lj ^o^oo ln(n+l)y 



=> |x| (1)(1) < 1 => |x| < 1 ^ — 1 < x < 1; when x=-lwe have Y > a convergent alternating series; 

n=2 

oo 

when x = 1 we have Y -4— which diverges by Exercise 38, Section 11.3 

n=2 

(a) the radius is 1; the interval of convergence is —1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = — 1 



29. lim 

n — » oo 



< 1 =>■ lim 

n — > oo 



fflP • < 1 => (4x-5) 2 ^) 3/2 < 1 => (4x-5) 2 < 1 



=> |4x - 5| < 1 => — I<4x-5<1 1 < x < | ; when x = 1 we have Y ( ^jr — Y which is 

n=l ' n=l 

oo 2n+l 

absolutely convergent; when x = § we have Y (1 \/2 > a convergent p-series 



(a) the radius is | ; the interval of convergence is 1 < x < | 

(b) the interval of absolute convergence is 1 < x < | 

(c) there are no values for which the series converges conditionally 



30. lim 

n — > oo 



< 1 =>• lim 

n — > oo 



(3x+ l) n+2 2n + 2 
2n + 4 ' (3x+ l) n + 



<!=► px+lljim, (|±|) <1 |3x+l|<l 



=> — 1<3x+1<1 — | < x < 0; when x = — | we have Y 2n + 1 ' a conditionally convergent series; 

n=l 

oo n+1 oo 

when x = 0we have Y 2n+T = E 2n + 1 ' a divergent series 

n=l n=l 

(a) the radius is | ; the interval of convergence is — | < x < 

(b) the interval of absolute convergence is — I < x < 

(c) the series converges conditionally at x = — | 



31. lim 

n — > oo 



< 1 => lim 

n — > oo 



(x + tt)"- 1 -' _ yg 
%/n + 1 (x + tt)" 



< 1 =>. |x + 7r| lim 

1 1 n — » oo 



n+ 1 



< 1 



=>■ |x + 7r| ^lin^ (^-j) < 1 => |x + 7r|<l -l<x + 7r<l =>■ -l-7r<x<l-7r; 

when x = — 1 — 7r we have ^A- = ^~w~ > a conditionally convergent series; when x = 1 — 7r we have 

n=l V n n=1 11 ' 

CO oo 

Y 75 = E niy? . a divergent p-series 

n=l * n=l 

(a) the radius is 1; the interval of convergence is (— 1 — if) < x < (1 — if) 

(b) the interval of absolute convergence is — 1— 7r<x< 1 — n 

(c) the series converges conditionally at x = — 1 — n 



32. lim 

n — * oo 



< 1 => lim 

n — > oo 



2 n+l 



< 1 =>. X- y/2) < 2 =>• 



x- V2 



< 1 => 1 „ ' lim 111 < 1 

2 n — > oo 



< V2 ^> -a/2 <x-V2<V2 =^ 0<x< 2V2 ; when 



oo /_^/2) 00 n+1/2 °° 

x = Owe have Y — 2° — = ~ E = ~ E V 2 which diverges since n lim a n ^ 0; when x = 2y 2 



h V* (^) 
we have 2^ — ^ 



n=l 

2n+l 



oo n+1/2 

E = Y V 2, a divergent series 
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(a) the radius is y2; the interval of convergence is < x < 2y2 

(b) the interval of absolute convergence is < x < 2\[2 

(c) there are no values for which the series converges conditionally 



33. lim 

n — > oc 



< 1 =>• lim 

n — > oo 



< 1 



^r 1 ^ lim 111 < 1 =>- (x- l) 2 <4 |x- II <2 

4 n —> oo 1 1 1 1 



4 n+1 (x-1) 2 " 

=> —2 < x — 1 < 2 =>• — l<x<3;atx=— lwe have 52 '~ 2) = 52 z; = E 1» which diverges; at x = 3 



n=0 n=0 



we have E = E I? = E 1> a divergent series; the interval of convergence is — 1 < x < 3; the series 



E 



(x-l) zi 
4" 



oo / 2\ n 

J] I (^y^) J is a convergent geometric series when —1 < x < 3 and the sum is 

n=0 V / 

1 _ 4 _ 4 



r4-(x-i) 2 l 4-x 2 + 2x-l 3 + 2x-x 2 



34. lim 

n — » oo 



"n ■ I 



< 1 => lim 

n — > oo 



(x + 1) 2 ' 



9° 



< 1 



9 n+1 " (x+1) 2 " 

=> -3<x+l<3 =!> -4<x<2; when x = - 4 we have E 



— lim 1 < 1 =>• (x+iy <9 =► x+1 <3 

9 n — > oo 1 1 1 1 



9° 



5^ 1 which diverges; at x = 2 we have 

n=0 



E = E 1 which also diverges; the interval of convergence is —4 < x < 2; the series 



n=0 n=0 
(x+l) 2n _ 



E 

n-0 



9" 



1 



E ( (3") ) i s a convergent geometric series when —4 < x < 2 and the sum is 

n=0 ^ ' 

1 _ 9 _ 9 









2j — 9-x= 


-2x-l ~~ 8-2x-x 2 


lim 

n — > oo 


Un+l 


L 9 
< 1 = 


> lim 

n — > 00 


(v^-2)" +1 2» 


Ll n 


2 ° +1 (\A-2 


00 

=> < x < 16; when x = we have 52 ( — l) n > 



< 1 |^/x - 2| < 2 => -2 < ^/x - 2 < 2 0< v /x<4 



series; the interval of convergence is < x < 16; the series 52 



< x < 16 and its sum is 



/x-2 



is a convergent geometric series when 



-Ji+2\ 4-Jx 



36. lim 

n — » 00 



< 1 => lim 

n — > 00 



(lnx)° 



(In x)» 



< 1 => |ln x| < 1 — 1 < In x < 1 =>• e 1 <x<e; when x = e 1 or e we 



obtain the series 52 1" an< 3 E ( — l) n which both diverge; the interval of convergence is e 1 < x < e; 

n=0 n=0 

00 

52 (In x)° = . - when e _1 < x < e 
=> |x| < yjl => — y2 < x < y2 ; at x = ± y2 we have 52 (1)" which diverges; the interval of convergence is 

n=0 

-\fl < x < \fl ; the series 52 * s a convergent geometric series when — a/2 < x < \/2 and its : 

n=0 * ' 



37. lim 

n — » 00 



< 1 => lim 

n — > 00 



< 1 



lim 111 < 1 =► ^ < 1 x 2 < 2 

3 n — > 00 1 1 3 



sum is 









3 








\ — 2-x 2 




) 
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38. lim 

n — » oo 



< 1 => lim 

n — » oo 



(x 2 -l)° 



2 n+l 



(x 2 + 1)" 



< 1 | x 2 - 1| < 2 -\/3 < x < a/3; when x = ± \/3 we 
have 1", a divergent series; the interval of convergence is— y 3 < x < y 3 ; the series J] I 1 

n=0 n=0 x ' 

convergent geometric series when — y3 < x < y 7 ^ and its sum is — , = 



is a 



2 

3-x 2 



39. lim 

n — » oo 



(x - 3) n+1 



< 1 =>■ |x — 3| < 2 l<x<5; when x = 1 we have ]T] (l) n which diverges; 



2 n+1 (x - 3)» 

n=l 

oo 

when x = 5 we have XX ~ l) n which also diverges; the interval of convergence is 1 < x < 5; the sum of this 



convergent geometric series is 



i+ - 



jIj. Iff(x)=l-i(x-3)+i(x-3) 2 + ... + (-i) n ( x -3) n + ... 



then f'(x) = — i + |(x — 3) + ... + (— ^)"n(x — 3) n 1 + ... is convergent when 1 < x < 5, and diverges 



when x = 1 or 5. The sum for f'(x) is -, — \& , the derivative of 

(,x u 



2 

x-1 • 



40. Iff(x)= l-±(x-3)+±(x-3) 2 + ... + (-i) n (x-3) n + .. 



2 

x- 1 



then Jf(x) dx 



x — 



(x - 3) 2 



(x-3) 3 
12 



l\n (x-3) n+1 
2 1 n+1 



At x = 1 the series J] rj - I j 2 j diverges; at x = 5 



the series n+1 converges. Therefore the interval of convergence is 1 < x < 5 and the sum is 

n=l 

2 In |x - 1| + (3 - In 4), since f ~r[ dx = 2 In |x - 1| + C, where C = 3 - In 4 when x = 3. 



41. (a) Differentiate the series for sin x to get cos x = 1 
= 1 



3x1 
3! 



211 
5! 



Ik. 

7! 



9x1 
91 



llx 11 
11! 



2! 

lim 



4! 6! 1 8! 
x 2 - 1 - 2 (2n)! 



(2n + 2)! 



+ . . . . The series converges for all values of x since 
- 2 lim ( m , JL "\ = o < 1 for all x. 



n 



oc V( 2n +!)(2n + 2) 



2 J x 3 



2 J x J 
5! 



2 s x s 2"x 



n v ii 



= 2x-^ 



32x_ 
5! 



128x' 
7! 



512x° _ 2048x" 
9! 11! 



(b) sin2x = 2x 3 , , 5 , 7 , , 9 , u , 

(c) 2 sin x cos x = 2 [(0 • 1) + (0 • + 1 • l)x + (0 • =± + 1 • + • l) x 2 + (0 • - 1 • \ + • - 
+ (0-i + l- 0- 0- i- 0- ^+ 0-l)x 4 +(0-0+l-^+0-0+i-|f+0-0+l-^)x 5 

+ (0-i + l- + 0- ^+ 0- |r+0-i+0-i+0-l)x 6 + ...]=2 

= 2x 



1 • ^) x 3 



_ _ 4x£ 
3! 



16x 5 
5! 



2 3 x 3 
3! 



2 5 x 5 
5! 



2'x' 
7! 



2V 
9! 



2"x" 
11! 



42. (a) \ (e x ) = l + | + f + f + f 



(b) Je x dx = e x + C = x 

(c) e~ x = 1 — x 



3! 1 4! 



2! 3! 1 4! 5! 



= 1 + 

i+- 

, e~ x • e x 



. . = e x ; thus the derivative of e x is e x itself 
+ C, which is the general antiderivative of e x 
= 1 • 1 + (1 • 1 - 1 • l)x + (1 • i - 1 • 1 + i • 1) x 2 



(l • 31 1 • 2| "I" 5T * 1 3! * l) x3 ' 4! 1 * 3! 2! * 2! 3! * ^ 4! ' X 

fl . i _ 1 . 1 + 1 . 1 

I 1 5! 1 4! ' 2! 3! 



3! " 2! 



4W-5WK 



1+0+0+0+0+0 



43. (a) ln|secx|+C = J tan x dx = f (x 



17x 8 
2520 



31x 10 
14,175 



2 1 12 1 45 

converges when — | < x < | 
(b) sec 2 x- 
when 



dx dx 
< X < 



2x! 
15 



2x 5 
15 



17x' 
315 



62x 1J 
2835 



C;x = C = 



17x' 
315 



62x 1J 
2835 



.) dx 

In Isec x| 



2x1 
3 



45 



62x1 
315 



17x1 , 31x 10 
2520 ' 14,175 



converges 
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5x« 
24 



61X" 
720 



(c) sec 2 x = (sec x)(sec x) = 

= 1 + (2 + 2) ^ + (24 + 3 + 2i) x4 + KW + 315 + 3l5 + ™) x6 + 



1 + x^ + 5xl 
2 24 



61x 6 
720 



= 1 



2x1 
3 



17x" 
45 



62x" 
315 



-f < X < f 



44. (a) In |sec x + tan x| + C = J sec x dx = J (l + ~ + fy* + ^ + . . . J dx 

.+C;x = 0=>C = 0^> In Isecx + tanxl 



„ I x 1 x 1 61x' I 277x 9 
X ' 6 ~r 24 t 5040 + 72,576 



61x' 



277x J 



(b) sec x tan x 
when — 5 



24 1 5040 1 72,576 



d(sec x) 



converges when — | < x < | 



dx 

< X < I 



dx 



5V 
24 



61x° 
720 



61x 6 
720 



(c) (sec x)(tan x) = f 1 + f + f£ 

= x+(I + i)x3 + (^ + i + A) x 5 



2x-' 
15 



5T 
6 



17x' 
315 



61x J 
120 



277x' 
1008 



'XL 

,315 



■i- + - 
15 T 72 



61> x 7 
720 J 



f < X < f 



converges 



61x J 

120 



277x' 
1008 



45. (a) If f(x) = J2 a nX n , then f< k '(x) = £ n(n- l)(n - 2)- • -(n - (k - 1)) a n x"- k and f«(0) = k!a k 

n=0 n=k 
f (k) (0) . 



ak 



k! 



likewise if f(x) = Yl b n x n , then bk — 



f(k)(0) 



= bk for every nonnegative integer k 



n=0 



(b) If f(x) = Y a n x n = for all x, then f ( k '(x) = for all x =4> from part (a) that a^ = for every 

n=0 

nonnegative integer k 



46. J- 

1 — X 



1 + X + x 2 
= x + 2x 2 + 3x 3 + 4x 4 -+ 
= x + 4x 2 + 9x 3 + 16x 4 



x 

l+x 



1 



(1-xf 



(l + i) 



x(l+2x + 3x 2 + 4x 3 + ...) 
x(l +4x + 9x 2 + 16x 3 + ...) => 



(1-X)3 



16 
16 



47. The series J] — converges conditionally at the left-hand endpoint of its interval of convergence [—1, 1); the 

0=1 

00 

series rar converges absolutely at the left-hand endpoint of its interval of convergence [—1, 1] 



48. Answers will vary. For instance: 

w my 



(b) E(x + D n 



11.8 TAYLOR AND MACLAURIN SERIES 

1. f(x) = In x, f'(x) = i , f"(x) = - i , f"'(x) = Jr; f(l) = In 1 = 0, f'(l) = 1, f"(l) = -1, f"'(l) = 2 =>• P (x) = 0, 
Pi(x) = (x - 1), P 2 (x) = (x - 1) - \ (x - l) 2 , P 3 (x) = (x - 1) - 1 (x - l) 2 + i (x - l) 3 



2. f(x) = ln(l + x), f'(x) = = (1 + x)" 1 , f"(x) = -(1 + x)- 2 , f"'(x) = 2(1 + x)" 3 ; f(0) =lnl = 0, 



f'(0) = T = 1, f"(0) = -(I)" 2 = -1, f"'(0) = 2(1) 

= x- \ + \ 



-3 _ 



P (x) = 0, Pj(x) = X, P 2 (x) =x-\, P 3 (x) 
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3. f(x) 



\ f'(x) = -x- 2 , f"(x) = 2x~ 3 , f"'(x) = -6x~ 4 ; f(2) = \ , f'(2) = -\, f"(2) = \, f"'(x) 



P (x) = i , Pi(x) = I - I ( X - 2), P 2 (x) = i - 1 (x - 2) + i (x - 2) 2 



P 3 (x) = \ - \ (x - 2) + | (x - 2) 2 - i (x - 2) 3 



4. f(x) = (x + 2)-\ f'(x) = -(x + 2)- 2 , f"(x) = 2(x + 2)- 3 , f"'(x) = -6(x + 2)" 4 ; f(0) = (2)" 1 = \ , f'(0) = -(2)" 
= - \ , f"(0) = 2(2)- 3 = i , f"'(0) = -6(2)- 4 = - | =» P (x) = 1 , P!(x) = i - | , P 2 (x) = § - J + £ , 

p /-„\ 1 _ x , x 2 ^ _ x^ 

r 3W — 2 4^8 16 



5. f(x) = sin x, f'(x) = cos x, f"(x) = — sin x, f"'(x) = — cos x; f (|) 



sin 



f,f'(f)=cosf = ^ 



f"(!) 

P 2 (x) 



_ s/2 , V2 



,f'"(f) 



(x-D-^(x-!r,p 3 (x) 



_ a/2 , v5 



: ,PiW = | + f(»-5) 

7T\2 _ ^ 



6. f(x) = cos x, f'(x) = — sin x, f"(x) = — cos x, f"'(x) = sin x; f (|) = 



cos 



4 x/2 ' 



f'(f) 



1 ell I tt\ 
72' [4> 



1 -f'"(f) 



75 



sinf = ^ ^P (x)=^, 



p i«=^-7i( x -!)' P ^)=V5-V5( x -i)- 2 7i( x -f) • 

P3 W-i;-^( x -f)-^( x -I) 2 + ^( x -I) 3 



7. f(x) = Vx = x 1 / 2 , f'(x) = (i) x- 1 / 2 , f"(x) = (- i) x- 3 / 2 , f"'(x) = (§) x- 5 / 2 ; f(4) = y/l = 2, 

f'(4) = (|) 4- 1 / 2 = I , f"(4) = (- i) 4- 3 / 2 = - i ,f"'(4) = (|) 4- 5 / 2 = =» P (x) = 2, P^x) = 2 + \ (x - 4), 
P 2 (x) = 2 + i (x - 4) - i (x - 4) 2 , P 3 (x) = 2 + \ (x - 4) - A (x - 4) 2 + i (x - 4) 3 



8. f(x) = (x + 4) 1 / 2 , f'(x) = (|) (x + 4)- 1 / 2 , f"(x) = (- \) (x + 4)- 3 / 2 , f"'(x) = (|) (x + 4)- 5 / 2 ; f(0) = (4) 1 / 2 = 2, 
f'(0) = (|) (4)"Va = \ , f"(0) = (- I) (4)- 3 / 2 = - i , f"'(0) = (|) (4)- 5 / 2 = ^ =» P (x) = 2, 



Pj (x) = 2 + i x, P 2 (x) = 2 + \ x - i x 2 , P 3 (x) = 2 + i x - i x 



1 v 2 I 1 v 3 



64 - 



512 



9. e" = £ £ 

n=0 



(-x) n 



^ n 
n=0 



= 1 -X- 



2! 3! 1 4! 



10. e* = £ £ 

n=0 



n=0 



, X J , X' 

4-2! 2 3 -3! ' 2 4 -4! ~ t " 



11. f(x) = (l+x)- 1 f'(x) = -(l+x)- 2 ,f"(x) = 2(l+xr 3 ,f'"(x) = -3!(l+x)- 4 ...f«(x) 
= ( l) k k!(l +x)- k " 1 ;f(0) = l,f'(0) = -l,f"(0) = 2, f"'(0) = -3!, ... ,f (k) (0) = (-l) k k! 

OO 00 

=» i^ = l-x + x 2 -x 3 + ... = £ (-x)" = £ (-l) n x n 



12. f(x) = (1 - x)- 1 => f'(x) = (1 - x)- 2 , f"(x) = 2(1 - x)- 3 , f'"(x) = 3!(1 - x)" 4 ^ . . . f < k >(x) 



= k!(l - x)- k -'; f(0) = 1, f'(0) = 1, f"(0) = 2, f"'(0) = 3!, 
1 + x + x 2 + x 3 + . . 



,f (k) (0) = k! 



i 

1 -X 



£ x n 

n=() 



(-l) n x 2n+ 



13- sinx^E^ 



-1)! 



dn - V (-l) n (3") 2n+1 _ V (-l) n 3 2g+ 'x 2 ° +1 _ o Y _ 3V , 3V 
Mil JA-^ (2n+D! ~~ (2n+l)! ~ JA 3! 5! 

n=0 
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14. sinx^Et^ =* 



n ¥ 2n+l 



E 



lTt+l OO 



2 (2n+l)! 
n=0 



E 



(-l) n x 2n+1 _ X X^_ , X 5 

2 2n+i(2n+l)! — 2 2 3 -3! ' 2 5 -5! 



15. 7 cos (-x) = 7 cos x = 7 J] ^ 

n=0 



(-l)"x 2 ° _ 7 _ 7xi 
(2n)! ' 2! 



7x* 
4! 



7x^ 
6! 



since the cosine is an even function 



16. cosx = £ fc=gj- 

n=0 



5 COS 7TX = 5 E 



(-l)-Qrx) 2 ' 
(2n)! 



5A 2 , 5ttV _ 57rV 
2! ' 4! 6! 



17. cosh x 



1 + x 



2 i x- 



2! 1 3! 1 4! 



^ (2n)! 



1 -X 



2! 3! 1 4! 



2! 1 4! 1 6! 



18. sinh x 



1+x- 



2! 3! 4! 



(2n 



n=0 



(2n+l)! 



1 -X 



2! 3! 1 4! 



3! 1 5! 1 6! 



19. f(x) = x 4 - 2x 3 - 5x + 4 f'(x) = 4x 3 - 6x 2 - 5, f"(x) = 12x 2 - 12x, f"'(x) = 24x - 12, f W(x) = 24 

=> fW(x) = if n > 5; f(0) = 4, f (0) = -5, f"(0) = 0, f"'(0) = -12, f< 4 )(0) = 24, f< n )(0) = if n > 5 
=> x 4 - 2x 3 - 5x + 4 = 4 - 5x - f x 3 + x 4 = x 4 - 2x 3 - 5x + 4 itself 

20. f(x) = (x + l) 2 f'(x) = 2(x + 1); f"(x) = 2 f (n) (x) = if n > 3; f(0) = 1, f'(0) = 2, f"(0) = 2, f( n '(0) = if 
n > 3 =>- (x + l) 2 = 1 + 2x + x 2 = 1 + 2x + x 2 

21. f(x) = x 3 - 2x + 4 f'(x) = 3x 2 - 2, f"(x) = 6x, f"'(x) = 6 f < n '(x) = if n > 4; f(2) = 8, f (2) = 10, 
f"(2) = 12, f"'(2) = 6, f < n )(2) = if n > 4 ^x 3 -2x + 4 = 8 + 10(x - 2) + ±f (x - 2) 2 + £ (x - 2) 3 

= 8 + 10(x - 2) + 6(x - 2) 2 + (x - 2) 3 

22. f(x) = 2x 3 + x 2 + 3x - 8 => f'(x) = 6x 2 + 2x + 3, f"(x) = 12x + 2, f"'(x) = 12 f (n) (x) = if n > 4; f(l) = -2, 
f'(l)= ll,f"(l) = 14, f'"(l) = 12, f( n '(l) = Oifn > 4 => 2x 3 + x 2 + 3x - 8 

= -2+ ll(x- 1)+ ^(x- l) 2 + f (x- l) 3 = -2+ll(x- l) + 7(x- l) 2 + 2(x- l) 3 

23. f(x) = x 4 + x 2 + 1 f'(x) = 4x 3 + 2x, f"(x) = 12x 2 + 2, f"'(x) = 24x, f< 4 '(x) = 24, f < n >(x) = if n > 5; 
f(-2) = 21, f (-2) = -36, f"(-2) = 50, f"'(-2) = -48, f< 4 )(-2) = 24, f< n '(-2) = if n > 5 x 4 + x 2 + 1 

= 21 - 36(x + 2) + | (x + 2) 2 - f (x + 2) 3 + ff (x + 2) 4 = 21 - 36(x + 2) + 25(x + 2) 2 - 8(x + 2) 3 + (x + 2) 4 

24. f(x) = 3x 5 - x 4 + 2x 3 + x 2 - 2 f'(x) = 15x 4 - 4x 3 + 6x 2 + 2x, f"(x) = 60x 3 - 12x 2 + 12x + 2, 
f"'(x) = 180x 2 - 24x + 12, f < 4 '(x) = 360x - 24, f ( 5 '(x) = 360, f < n '(x) = if n > 6; f(-l) = -7, 
f'(-l) = 23,f"(-l) = -82, f"'(-l) = 216, fW(-l) = -384, f( 5 '(-l) = 360, fW(-l) = Oif n > 6 

3x 5 - x 4 + 2x 3 + x 2 - 2 = -7 + 23(x + 1) - § (x + l) 2 + ^ (x + l) 3 - (x + l) 4 + ^ (x + l) 5 
= -7 + 23(x + 1) - 41(x + l) 2 + 36(x + l) 3 - 16(x + l) 4 + 3(x + l) 5 

25. f(x) = x- 2 f'(x) = -2x~ 3 , f"(x) = 3! x~ 4 , f"'(x) = -4! x~ 5 f (n, (x) = (-l) n (n + 1)! x^ 2 ; 
f(l) = 1, f'(l) = -2, f"(l) = 3!, f"'(l) = -4!, fW(l) = (-l) n (n + 1)! \ 



1 - 2(x - 1) + 3(x - l) 2 - 4(x - l) 3 



E (-D n (n+D(x-l) n 

n=0 
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26. f(x) = =>- f'(x) = (1 - x)- 2 , f"(x) = 2(1 - x)- 3 , f"'(x) = 3! (1 - x)~ 4 => f (n >(x) = n! (1 - x)-"" 
f(0) = 0, f'(0) = 1, f"(0) = 2, f"'(0) = 3! -r^=x + x 2 +x 3 + ... = £ x n+1 



27. f(x) = e x =>• f'(x) = e\ f"(x) = e x f M(x) = e x ; f(2) = e 2 , f (2) = e 2 , . . . f ("'(2) = e 2 
e x = e 2 + e 2 (x - 2) + f (x - 2) 2 + §j (x - 2) 3 + . . . = £ ^ (x - 2) n 



28. f(x) = 2 X f'(x) = 2 X In 2, f"(x) = 2 x (ln 2) 2 , f"'(x) = 2 x (ln 2) 3 
f"(l) = 2(ln 2) 2 , f"'(l) = 2(ln 2) 3 , . . . , f < n >(l) = 2(ln 2) n 



f < n '(x) = 2 x (ln 2) n ; f(l) = 2, f'(l) = 2 In 2, 



2 X = 2 + (2 In 2)(x - 1) 



2a^ (x _l)2 + ^ (x _ 1) 3 + 



n-0 



2(ln 2)°(x-l)° 



29. If e x = ( x ~ a )° and f W = eX ' we have f (n)( ^ a ) = e a f or all n = 0, 1, 2, 3, . . 



f(n)( 

n=0 
x a 



=> e x = e 1 



(x - a)° , (x - a) 1 , (x - a) 2 
0! ' 1! ' 2! 



l + (x-a)+^ 



at x = a 



30. f(x) = e x f< n '(x) = e x for all n f< n )(l) = e for all n = 0, 1, 2, 



e x = e + e(x - 1) + £ (x - l) 2 + f (x - 1) 



l+(x-l)+^# + (x - 1)3 



2! 1 3! 



31. f(x) = f(a) + f'(a)(x - a) + ^ (x - a) 2 + ^ (x - a) 3 + . . . f'(x) 



= f'(a) + f"(a)(x - a) + ^ 3(x - a) 2 + . . . f"(x) = f"(a) + f"'(a)(x -a)+^4-3(x- a) 2 

fW(x) = f ( n )(a) + f ( n+1) (a)(x - a) + (x - a) 2 + . . . 

=> f(a) = f(a) + 0, f (a) = f'(a) + 0, . . . , f ( n '(a) = f < n) (a) + 



f< 4 >(a) 



32. E(x) = f(x) - b - bi(x - a) - b 2 (x - a) 2 - b 3 (x - a) 3 - . . . - b n (x - a) n 
=> = E(a) = f(a) — bo =>■ bo = f(a); from condition (b), 

j im f(x) - f(a) - bi(x - a) - b 2 (x - a) 2 - b„(x - a) 3 - . . . - b„(x - a) n _ q 
x — > a (x - a)° 

,. f (x) - bi - 2b 2 (x - a) - 3b 3 (x - a) 2 - ... - nb„(x - a)"' 1 _ q 
x^a n(x-a)"-' 

=► bl = f'(a) =► bm n^-^-aib^-a)^.^-!^-^ 2 = „ 

=> b, = lf"(a) => lim f"'(x)-3 ! b 3 -...-n(n-l)(n-2)b n (x-a)^ = Q 
/ 2 v > x^a n(n- l)(n- 2)(x - a)" J 

f( n >(x)-n!b n 



b 3 = i f '"(a) lim 

3! w x^a n 



=!> b n = i f < n )(a); therefore, 
g(x) = f(a) + f'(a)(x - a) + Op (x - a) 2 + . . . + ^ (x - a)" = P n (x) 

33. f(x) = In (cos x) => f '(x) = - tan X and f "(x) = - sec 2 x; f(0) = 0, f '(0) = 0, f "(0) = - 1 

=S> L(x) = and Q(x) = - § 

34. f(x) = e sinx f'(x) = (cos x)e sinx and f"(x) = (- sin x)e sinx + (cos x) 2 e sinx ; f(0) = 1, f'(0) = 1, 
f"(0) = 1 L(x) = 1 + x and Q(x) = 1 + x + f 



35. f(x) = (1 -x 2 r 1/2 => f'(x) = x(l-x 2 ) _o/z andf"(x) = (l-x 2 ) _o/ " + 3x 2 (l-x 2 ) _,J/z ;f(0)= 1, 
f'(0) = 0, f"(0) = 1 L(x) = 1 and Q(x) = l + t 



.2^-3/2 



2\-3/2 , ~ 2 ft _ v 2\"5/2. . 



36. f(x) = cosh x =4> f'(x) = sinh x and f"(x) = cosh x; f(0) = 1, f'(0) = 0, f"(0) = 1 =>• L(x) = 1 and Q(x) = 1 + \ 
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37. f(x) = sin x => f'(x) = cos x and f"(x) = - sin x; f(0) = 0, f (0) = 1, f"(0) = ^> L(x) = x and Q(x) = x 

38. f(x) = tan x f'(x) = sec 2 x and f"(x) = 2 sec 2 x tan x; f(0) = 0, f'(0) = 1, f" = L(x) = x and Q(x) = x 
11.9 CONVERGENCE OF TAYLOR SERIES; ERROR ESTIMATES 



1. e x = 1 



T $ 

i n! 
n=0 



-5x 



1 + (-5x) 



(-5x) 2 



1 - 5x 



5V 5V 



+ 



E 

n-0 



(-l)°5 n x° 



2. e x = 1 + x 



= E Hf => e- x/2 = 1 + ( : 



(-i) 2 



.. = 1 - 



2 ' 2 2 2 ! 2 3 3! 



V- (-l)°x n 

^ 2»n! 
n=0 



3. sin x = x — |j + |f 



(_ 1) n x /n-H 

i-^ (2n+l)! 



5 sin(— x) = 5 



(-x) 



(-x) J 
3! 



(-x) J 
5! 



E 



5(-l) n+1 x 21 " 
(2n+l)! 



4. sin x = x - |f + |f 



E 



(-l)"x 2n+1 
(2n+l)! 



7TX 7TX 



ml 



M 

7! 



E 



(-lf^'+'x 2 "- 1 -' 
22n+l( 2n +l)! 



~ (_ n n x 2n > » (-D" (X+1) 1 ' 

5. cos x = £ L^f- =» cos = E 



(2n)! 



_ (-l)°(x+l)" _ i _ x+1 , (x+1) 2 _ (x+1) 3 
— (2n)! — L 2! ' 4! 6! 



COS 



Of)" 



l/2\ 00 (-!)°((f) 



E 

n=0 



(2n)! 



_ (-l) n x 3 " 
A, 2"(2n)! 
n— 



2-2! ' 2 2 -4! 2 3 -6! 



7 - e " = E F ^ xeX = x ( E 51 

n=0 \n=0 



= E 



X + X" 



2! 1 3! 1 4! 



sin x = -^J- 

^ (2n 



n-() 



(-l) n x 2g+1 
(2n+l)! 



2 • 2 / (-D"x 2n+1 

x sin x = x ( 



n-0 



(2n+l)! 



E 

n-0 



(-l) n x 2n+3 „3_x5x[_x! 
(2n+l)! — A 3! ' 5! 7! 



9. cosx^E => f 



1 + COS X : 



i + E 



(-l)"x 2 ° 
(2n)! 



1 + 1 



2 1 4! 6! 1 8! 10! 



4! 6! 1 8! 10! 



V M-lfx 21 

(2n)! 



.22, { 1\n„2n+l 

10. sinx^^- 



=> sin x — x 



= E 



(-l)"x 2n+1 
(2n+l)! 



— X 



3! 1 5! 7! 1 9! 11! 



— X 



3! — 5! 7! 1 9! 11! 



= E 



(-l) n x 2n+ ' 
(2n+l)! 



1L cosx = E (^ 



XCOSTTX^xE^r^E^ 
n=0 n=0 



ix x 
2! 



7T X 7T X 

4! 6! 
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12. cosx^tg 



2\_ T 2 V (-')" (* 2 ) 



x 2 cos (x 2 ) = x 2 



(2n)! 



E 



(_iyyw ^ x 2 _ x 



6 „10 Y 14 



(2n)! 



2! n 4! 6! 



13. cos 2 x = i + ^ = i + ^E^ - 



(2n)! 



(2x) 2 , (2x£ _ (2xf , (2xf 
2-2! t 2-4! 2-6! ' 2-8! 



2 1 2 



(2x) 2 , (2x) 4 _ (2x) 6 , (2x) 8 



2! 1 4! 6! 1 8! 



1 + v ( ~ 1)n(2x)2g = 1 + V 

1 T 2-(2a)\ 1 T 



2-(2n) 



(-1)" 2 2 °-' x 2n 
(2n)! 



14. sin 2 x = ( 1 ~ c ° s2k ) = 1 - i cos 2x = \ - § ( 1 



_ (-l) n+1 (2x) 2n _ y> (-1)° 2 2 "-' x 2n 
2-^ 2-(2n)! ~~ i-^ (2n)! 



2! 



(2x) 4 _ (2x£ 
4! 6! 



(2x) 2 (2x) 4 (2x) 6 
2-2! 2-4! ' 2-6! 



15. j^- x = x 2 (^) = x 2 £ (2x) n = 2V+2 = x2 + 2x 3 + 2 2 x 4 + 2 3 > 



n=0 n=0 



16. xln(l +2x) = xJ2 

n=l 



E 



2x 2 



2 1 4 5 



17. ^ x n = l+x + x 2 +x 3 + ... =4> = ™ = l+2x + 3x 2 



(1-x) 2 



= £ (n+l)x n 

n=0 



E nx" 



18. 



2 _ d 2 



(1-x) 3 dx 2 



«T^f) =s(l+2x + 3x 2 + ...)=2 + 6x + 12x 2 + ... = £n(n-l)x- 2 

7 n — 9 



E (n + 2)(n+l)x n 

n=0 



i.5 - 

19. By the Alternating Series Estimation Theorem, the error is less than H- => |x| a < (5!) (5 x 10" 4 ) 
=» |x| 5 < 600 x 10~ 4 |x| < V6 x 10- 2 « 0.56968 



20. If cos x = 1 — and Ixl < 0.5, then the error is less than 



(.5)' 



0.0026, by Alternating Series Estimation Theorem; 



since the next term in the series is positive, the approximation 1 — y is too small, by the Alternating Series Estimation 
Theorem 



21. If sin x = x and Ixl < 10 3 , then the error is less than 



(io- 



,, ~i 1.67 x 10 , by Alternating Series Estimation Theorem; 
The Alternating Series Estimation Theorem says R 2 (x) has the same sign as — |y. Moreover, x < sin x 

=> < sin x - x = R 2 (x) =>• x < =>• -10~ 3 < x < 0. 



22. V T+7=1 + |-^ + fg 
= 1.25 x 10~ 5 



By the Alternating Series Estimation Theorem the |error| < 



< 



(0.0 1) 2 



23. |R 2 (x) 



< 



3'°')(0.1) 3 



< 1.87 x 10 4 , where c is between and x 



24. |R 2 (x)| = 



< = 1.67 x 10 4 , where c is between and x 
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25. |R 4 (x)| < 



1 cosh c Y 5 1 


e c +e c 


x° 


1 5! X 1 — 


2 


5! 



< 



l - 65 +lh (0.5) 5 _ 



(1.13) ^ » 0.000294 



26. If we approximate e h with 1 + h and < h < 0.01, then |error| < 
= 0.00505h < 0.006h = (0.6%)h, where c is between and h. 



< e 001 h-h < 



01 (0.01) ^ 



27. IRJ 



(1+c) 2 2! 

28. tan -1 x = x 



< 



f |x| < .01 |x| = (1%) |x| ^ | < .01 =► < |x| < .02 



3 5 7 

2n + 1 > 100 n > 49 



tan" 1 1 = 1 



J l error l < 27^kT < 01 



29. (a) sin x = x - |y + |y - |j + . . . => ^ = l- | T + |y-| r + ...,si = lands 2 = l- |-;ifListhe sum of the 
series representing 5! p, then by the Alternating Series Estimation Theorem, L — Si = =^ — 1 < and 

L - s 2 = - (l - f ) > 0. Therefore 1 - f < ^ < 1 

fbl The eranh of v = . x ^ 0. is bounded below bv the ^ 



derived in part (a). 



30. (a) cos x = 1 - | 



2! 1 4! 6! 



=> 1 — COS X 



as 4 








-4 

„4 6 8 

- — + - — 4- 

4! ' 6! 8! ' • ' ■ ^ 


X 

j X x 

y = 1- T 

1 — COS X 1 X 2 | x 4 x 6 
x 2 ~ 2 4! f 6! 8! 



if L is the sum of the series representing 1 x c ° s x , then by the Alternating Series Estimation Theorem 

L - si = - | < and - (i - 



(b) The graph of y = x is bounded below by 
the graph of y = | — ^ and above by the graph of 
y = I as indicated in part (a). 




*\ - i « 0.707106781 

/2 



31. sin x when x = 0.1; the sum is sin (0.1) « 0.099833417 

32. cos x when x = | ; the sum is cos (|) 

33. tan -1 x when x = f ; the sum is tan -1 (f ) w 0.808448 

34. ln(l +x) whenx = tt; the sum is ln(l + tt) w 1.421080 
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35. e x sin x = + x + x 2 + x 3 (- ± + 1) + x 4 (- ± + 1) + x 5 (± - i ± + A) + x 6 (1 - 11 + 1) 

Y _i_ Y 2 _t_ 1 Y 3 J_ y 5 Y 6 _i_ 

— A I A- ~~ T~ 2 A A (Jq A "T" ■ ■ • 

36. e"cosx= l+x + x 2 (-i + i) +x 3 (-i + +x 4 (J T -^ + + x 5 (J T -ii + i) + ... 



= l+ X- ix 3 -ix 4 -ix 5 



37. sin 2 x = ( '~ c ° s2x ) 



1 — cos 2x \ 1 1 



cos 2x 



tlx 



2x 



\ SU1 X J — dx I 2! 4! + 6! 



2 2 \^ 

•■) 



(2x) 2 , (2x) 4 (2x) 6 



= 2x- 



2! 1 4! 6! 1 " 

(2x) 3 , (2x) 5 _ (2x) T 



3! 



(2x) 3 , {2xf (2x)' 



3! 



5! 7! 



38. cos 2 x = cos 2x + sin 2 x = ( 

2x 2 , 2V 2 5 x 6 , 



1 



4! 6! 



- . . . = sin 2x, which checks 

j _ (2x) 2 j_ (2x) 4 _ (2x) 6 _,_ (2x) 
. = 1 - X 



5! 7! 



2x 2 2 3 x 4 , 2 5 x 6 
2! 4! ' 6! 

=>• 2 sin x cos x 



2 3 x 4 , 2V _ 2V 
4! ' 6! 8! 



2 i 1 ,4 2 Y 6 I 1 „8 
3 X 45 315 



39. A special case of Taylor's Theorem is f(b) = f(a) + f'(c)(b — a), where c is between a and b 
f(b) - f(a) = f'(c)(b - a), the Mean Value Theorem. 



40. If f(x) is twice differentiable and at x = a there is a point of inflection, then f"(a) = 0. Therefore, 
L(x) = Q(x) = f(a) + f'(a)(x - a). 

41. (a) f" < 0, f'(a) = and x = a interior to the interval I f(x) - f(a) = ^ (x - a) 2 < throughout I 

=>• f(x) < f(a) throughout I f has a local maximum at x = a 



(b) similar reasoning gives f(x) — f(a) 
local minimum at x = a 



f"(c 2 ) 



(x — a) 2 > throughout I => f(x) > f(a) throughout I =>■ f has a 



42. f(x) = (1 - x)- 1 f'(x) = (1 - x)- 2 =4> f"(x) = 2(1 - x)- 3 => f (3 >(x) = 6(1 - x)~ 4 
=> f (4 >(x) = 24(1 - x)- 5 ; therefore ^ « 1 + x + x 2 + x 3 . |x| < 0.1 =!> jr < X < tt 



l 



(l-x) 5 



<(f) 5 



(l-x) 5 



< x 4 (y) =>• the error e 3 < 



;f' 4 »(x)x 4 



< (0.1) 4 (f ) = 0.00016935 < 0.00017, since 



f< 4 >(x) 




1 


4! 




(l-x) 5 



43. (a) f(x) = (1 + x) k f'(x) = k(l + x) 1 ^ 1 ^> f"(x) = k(k - 1)(1 + x) k ~ 2 ; f(0) = 1, f'(0) = k, and f"(0) = k(k - 1) 

Q( X ) = 1 + kx + x 2 
(b) |R 2 (x)| = |2fi x 3 | < i =► |x 3 | < T i 5 ^0<x< T „i w orO<x< .21544 

44. (a) Let P = x + ir => |x| = |P — ir\ < .5 x 10~ n since P approximates ir accurate to n decimals. Then, 

P + sin P = (7r + x) + sin (ir + x) = (n + x) — sin x = n + (x — sin x) =>• | (P + sin P) — vr| 

= | sin x — x| < < x 10~ 3n < .5 x 10~ 3n =£■ P + sin P gives an approximation to n correct to 3n 
decimals. 



45. If f(x) = ]T a n x n , then f«(x) = £ n(n - l)(n - 2)- • -(n - k + l)a n x"- k and f< k >(0) = k! a k 

n=0 n=k 

=> a^ = for k a nonnegative integer. Therefore, the coefficients of f(x) are identical with the 
corresponding coefficients in the Maclaurin series of f(x) and the statement follows. 

46. Note : feven f(-x) = f(x) -f'(-x) = f'(x) f'(-x) = -f'(x) => f odd; 
fodd f(-x)=-f(x) -f'(-x) = -f'(x) f'(-x) = f'(x) => feven; 
also, f odd f(-0) = f(0) 2f(0) = =4> f(0) = 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Section 1 1.9 Convergence of Taylor Series; Error Estimates 747 



(a) If f(x) is even, then any odd-order derivative is odd and equal to at x = 0. Therefore, 
ai = &3 = &5 = . . . — 0; that is, the Maclaurin series for f contains only even powers. 

(b) If f(x) is odd, then any even-order derivative is odd and equal to at x = 0. Therefore, 
ao = &2 = &i — ■ ■ ■ — 0; that is, the Maclaurin series for f contains only odd powers. 

47. (a) Suppose f(x) is a continuous periodic function with period p. Let Xo be an arbitrary real number. Then f 
assumes a minimum mi and a maximum ni2 in the interval [Xq, xo + p]; i.e., mi < f(x) < ni2 for all x in 
[xo, xo + p]. Since f is periodic it has exactly the same values on all other intervals [xo + p, xo + 2p], 
[xo + 2p, Xo + 3p], . . . , and [xo — p, Xo], [xo — 2p, Xo — p], . . . , and so forth. That is, for all real numbers 
— oo < x < oo we have mi < f(x) < 1112. Now choose M = max {|mi | , |rri2|} . Then 
-M < - |mi| < mi < f(x) < m 2 < |m 2 | < M |f(x)| < M for all x. 
(b) The dominate term in the nth order Taylor polynomial generated by cos x about x = a is (x — a) n or 
CQ ^i (a) (x — a) n . In both cases, as |x| increases the absolute value of these dominate terms tends to 00, 
causing the graph of P n (x) to move away from cos x. 



48. (b) tan~ 1 x = x 



x — tan x 



3 I 5 ... -r x 3 

+ . . . ; from the Alternating Series 



Estimation Theorem. 



x — tan x 



- I <0 



< 



x — tan 1 x ( 1 x 2 \ \ n 

x 3 \3 5 J > W 

2 

■ — ¥ ; therefore, the lim 



1 x — tan x 

3 ^ x 3 

tan -1 x 1 

x 3 — 3 




49. (a) e _i " = cos(-7r) + i sin(-7r) = -1 + i(0) = -1 

(b) e-/4 = cos (1) + i sin (|) = _i_ + _^ = (1 + i} 

(c) e-'^l 2 = cos (-§) +i sin (- f) = + i(-l) = -i 



50. e. ie = cos 9 + i sin 9 e~ ifl = e i(_S) = cos (-9) + i sin(-0) = cos 9 - i sin 9; 
s ie + e~ lB = cos 9 + i sin 9 + cos 9 — i sin 9 = 2 cos 9 =>• cos 9 = 



2 

e ie -e- 



e — e = cos 9 + i sin 9 — (cos 9 — i sin 9) — 2i sin 9 => sin 9 = 

1 1 A .„ ,:n*2 *:rt*3 /l/i<4 

51. e x = 1 +x 



\-i9 



2! 1 3! 1 4! 1 

, (-iof , (-iey , (-i 



e ' e = l+i0+<f + <f + ¥ + ... and 



2! ' 3! 1 4! 



l-i9 



(i9) 2 (ifl) 3 . (ifl) 4 
2! 3! 4! 



<?l 4. at _ 

2! ~r 4! 6! 



. . = cos 9: 



e — e 
2i 



;(,, W> 2 <i») 3 , (i») 4 



1-W + 



+ • 



a 1 _ <p_ 

3! ~*~ 5! 7! 



sin 9 



52. e ifl = cos 9 + i sin 9 =^ e~ ifl = e'^ = cos (-0) + i sin (-9) = cos - i sin (9 

(a) & ie + e-' s = (cos 9 + i sin 0) + (cos - i sin 9) = 2 cos 9 =S> cos = e '' + e "' = cosh i0 
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(b) e ie - e~ ie = (cos 9 + i sin 9) - (cos 9 - i sin 9) = 2i sin 9 =!> i sin 9 = e ° ~ e ~'" = sinh \9 

53. e x sinx = (l +*+ ^ + fr + £ + •••) ( x - !y + fr - fy + ■ ■ ■ ) 

= (l)x + (l)x 2 + (-i + i)x 3 +(-i + i)x 4 +( T l n -i + i f )x 5 + ... =x + x 2 + ix 3 -ix 5 + ... ; 
e x • e lx = e^ 1+1 ) x = e x (cos x + i sin x) = e x cos x + i (e x sin x) => e x sin x is the series of the imaginary part 

of e< 1+i ) x which we calculate next; e< 1+i ) x = Y. { ^r~ = 1 + (x + ix) + + ^4^- + *E±?L + ... 

n=0 

= 1 + x + ix + i (2ix 2 ) + i (2ix 3 - 2x 3 ) + ^ (-4x 4 ) + ^ (-4x 5 - 4ix 5 ) + i (-8ix 6 ) + . . . => the imaginary part 
of e' 1+1 ' x is x + |j x 2 + |f x 3 - |y x 5 — |f x 6 + . . . = x + x 2 + | x 3 - ^ x 5 — ^ x G + . . . in agreement with our 
product calculation. The series for e x sin x converges for all values of x. 

54. g (e (a+ib) ) = £ [e ax (cos bx + i sin bx)] = ae ax (cos bx + i sin bx) + e ax (-b sin bx + bi cos bx) 
= ae ax (cos bx + i sin bx) + bie ax (cos bx + i sin bx) = ae (a+ib ) x + ibe( a+ib > x = (a + ib)e( a+ib ) x 

55. (a) e"V 2 = (cos 9 1 + i sin 1 )(cos 9 2 + i sin 9 2 ) 

= cos(6»! + 9 2 ) + i sin(0i + 9 2 ) = jfr+h) 
(b) e,~ w = cos(-0) + i sin(-0) = cos 9 - i sin 9 

56. e( a+bi » x + Ci + iC 2 = (jr^f) e ax (cos bx + i sin bx) + d + iC 2 
= a2 e " b2 (a cos bx + ia sin bx — ib cos bx + b sin bx) + Ci + iC 2 

= a2 e " b2 [(a cos bx + b sin bx) + (a sin bx — b cos bx)i] + Ci + iC 2 

e ax (a cos bx + b sin bx) , ^ , ie a *(a sin bx — b cos bx) , 

- FTP r<-iH ?TP hlL ' 2 ' 

e (a+bi)x _ gaxgibx _ e ax( cos ^ x _|_ J sm b x ) _ g ax CQS ^ x _|_ j g ax gm so mat gj ven 

J e (a+b.)x dx = _a_bi_ e (a+bi)x + Ci + ^ wg conclude that J e ax CQS fex dx = e"(. cosbx + b sin bx) + ^ 

and / e ax sin bx dx = e "' (a sil ^ b cos bx) + C 2 

57-62. Example CAS commands: 
Maple : 

f := x -> l/sqrt(l+x); 
xO := -3/4; 
xl := 3/4; 
#Step 1: 

plot( f(x), x=x0..xl, title="Step 1: #57 (Section 11.9)" ); 

# Step 2: 

PI := unapply( TaylorApproximation(f(x), x = 0, order=l), x ); 
P2 := unapply( TaylorApproximation(f(x), x = 0, order=2), x ); 
P3 := unapply( TaylorApproximation(f(x), x = 0, order=3), x ); 

# Step 3: 

D2f := D(D(f)); 
D3f :=D(D(D(f))); 
D4f :=D(D(D(D(f)))); 

plot( [D2f(x),D3f(x),D4f(x)], x=x0..xl, thickness=[0,2,4], color=[red,blue,green], title="Step 3: #57 (Section 11.9)" ); 
cl := xO; 

Ml :=abs( D2f(cl) ); 
c2 := xO; 

M2 := abs( D3f(c2) ); 



= (cos ^cos 9 2 — sin (^sin 9 2 ) + i(sin ^cos 9 2 + sin # 2 cos 9i) 
= (cos 9 - i sin 9) ( co ^ + isin ^ ) = . . = 4 

v ' V cos + 1 sin 6 / cos 6 + 1 sm e' y 
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c3 := xO; 

M3 := abs( D4f(c3) ); 

# Step 4: 

Rl := unapply( abs(Ml/2!*(x-0) A 2), x ); 
R2 := unapply( abs(M2/3!*(x-0) A 3), x ); 
R3 := unapply( abs(M3/4!*(x-0) A 4), x ); 

plot( [Rl(x),R2(x),R3(x)], x=x0..xl, thickness=[0,2,4], color=[red,blue,green], title="Step 4: #57 (Section 11.9)" ); 

# Step 5: 

El := unapply( abs(f(x)-Pl(x)), x ); 
E2 := unapply( abs(f(x)-P2(x)), x ); 
E3 := unapply( abs(f(x)-P3(x)), x ); 

plot( [El(x),E2(x),E3(x),Rl(x),R2(x),R3(x)], x=x0..xl, thickness=[0,2,4], color=[red,blue,green], 
linestyle=[l, 1,1,3,3,3], title="Step 5: #57 (Section 11.9)" ); 

# Step 6: 

TaylorApproximation( f(x), view=[x0..xl, DEFAULT], x=0, output=animation, order=1..3 ); 

LI := fsolve( abs(f(x)-Pl(x))=0.01, x=x0/2 ); # (a) 

Rl := fsolve( abs(f(x)-Pl(x))=0.01, x=xl/2 ); 

L2 := fsolve( abs(f(x)-P2(x))=0.01, x=x0/2 ); 

R2 := fsolve( abs(f(x)-P2(x))=0.01, x=xl/2 ); 

L3 := fsolve( abs(f(x)-P3(x))=0.01, x=x0/2 ); 

R3 := fsolve( abs(f(x)-P3(x))=0.01, x=xl/2 ); 

plot( [El(x),E2(x),E3(x),0.01], x=min(Ll,L2,L3)..max(Rl,R2,R3), thickness= [0,2,4,0], linestyle=[0,0,0,2], 
color=[red,blue,green,black], view=[DEFAULT,0..0.01], title="#57(a) (Section 11.9)" ); 

absCf(xV-T v [l](x) ) <= evalf( El(xO) ); # (b) 

absff(xy- v P v [2](x) ) <= evalf( E2(x0) ); 

absCf(x)^P v [3](x) ) <= evalf( E3(x0) ); 
Mathematica l (assigned function and values for a, b, c, and n may vary) 

Clear[x, f, c] 

f[x_]= (1 + x) 3/2 

{a,b}= {-1/2,2}; 

pf=Plot[ f[x], {x, a,b}]; 

polyl[x_]=Series[f[x], {x,0,l }]//Normal 

poly2[x_]=Series [f [x] , { x,0,2 } ]//Normal 

poly3[x_]=Series[f[x], {x,0,3 }]//Normal 

Plot[{f[x], polylfx], poly2[x],poly3[x]}, {x,a,b}, 

PlotStyle -> { RGBColorf 1 ,0,0] , RGBColorfO, 1 ,0] , RGBColor[0,0, 1 ] , RGBColorfO, .5,.5] } ] ; 
The above defines the approximations. The following analyzes the derivatives to determine their maximum values. 

f'[c] 

Plot[f'[x], {x, a,b}]; 
f"[c] 

Plot[f"[x],{x,a,b}]; 
f"'[c] 

Plot[f"'[x], {x, a,b}]; 

Noting the upper bound for each of the above derivatives occurs at x = a, the upper bounds ml, m2, and m3 can be defined 
and bounds for remainders viewed as functions of x. 

ml=f'[a] 

m2=-f"[a] 

m3=f"'[a] 

rl[x_]=ml x 2 /2! 
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Plot[rl[x], {x,a,b}]; 
r2[x_]=m2x 3 /3! 
Plot[r2[x], {x,a,b}]; 
r3[x_]=m3 x 4 /4! 
Plot[r3[x], {x,a,b}]; 

A three dimensional look at the error functions, allowing both c and x to vary can also be viewed. Recall that c must be a 
value between and x, so some points on the surfaces where c is not in that interval are meaningless. 

Plot3D[f'[c] x 2 /2!, {x,a,b}, {c,a,b}, PlotRange All] 

Plot3D[f"[c] x 3 /3!, {x,a,b}, {c,a,b}, PlotRange All] 

Plot3D[f"'[c] x 4 /4!, {x,a,b}, {c,a,b}, PlotRange -> All] 

11.10 APPLICATIONS OF POWER SERIES 

(D(-I)x 2 , (§)H)(-I)* 3 



l. 



6. 



7. 



9. 



10. 



11. 



12. 



13. 



14. 



l+x) 1 /^i + l x+ UM-sJ* + LlUniizi^ +.., = 1 + Ix- |x 2 + ix 3 



l+x)'/^l + lx + ( ^ )( ;^ )x2 + ® ("iH-j)" 3 + .,. = i + I x _I x : 



1 v 2 _i_ 5 v 3 



3 A 9 1 81 X 



1 - X)- V2 = 1 - 1 (_ X ) + B) (- I) + H) (- I) (- I) (-x) 3 + . , , = l + 1 x + 3 x2 + 5 ,3 



{\){-\)t-*f , ft) H)(- f) ^ 



1 - 2x)V2 = 1 + 1 ( _2x) + & l=fj ^ + ^ ^ ^ ^ ™ + ... =l-x-ix 2 -Ix 3 

1 + 1 ) ^ = 1 - 2 (| ) + ( - 2)( -f ^ + ( - 2)( - 3 ^ 4) + . . , = 1 - x + 3 X 2 _ 1 X 3 

1 - f ) 2 = 1 - 2 (- 1) + ( - 2)( 1| <- + ( - 2)( - 3)( ^ 4) ( - & + ■ ■ ■ = 1 + X + I X 2 + \ X 3 + . . . 

i + ,r 112 = i - 1 X 3 + H) (zi) (* 3 > 2 + (- 1) (- Mz I) (*')' + , , . = ! _ i X 3 + 3 x6 _ , x9 + 

1 + X 2 )-^ 3 = 1 - 1 X 2 + B) (_D (X 2 ) 2 + H) (- IHZ B (* 2 ) 3 + . . . = ! _ 1 X 2 + 2 X 4 _ 14 X + 

, i inV-i i n (ilizlKi)! i (IHzlKzjHi)! , _ , + i _ i + i + 

1 "+" xJ — i+ 2lxJ+ 2! 3! + --- _i+ 2x 8x 2 "+" 16x 3 "+" ' • • 

i 2nV3_ 1 w 2 \ i (D (-1) (-I) 2 | GH-jQHH- 2 -) 3 i 2 4 4o 

1 li - lf 3\ i)+ 2! 3! 1 3x 9x o glx 3 

l+x) 4 = l +4 x+^ + ( 4 ^ + ™^ = l+4x + 6x 2 +4x 3 + x 4 

1 + x 2 ) 3 = 1 + 3x 2 + + @Sm*t = 1 + 3 x 2 + 3x 4 + x 6 

1 - 2x) 3 = 1 + 3(-2x) + + M = i _ 6x+ I2x 2 - 8x 3 



x\ 4 _ i i ^ / x\ , W(3)(-^) 2 (4)(3)(2)(-|) 3 (4)(3)(2)(1) (- f) 4 _ 
2/ 1 t H- ^ 2/ 2! + 3! + 4! — 1 



2x + 4 x 



3 v 2 1 „3 I 1 „4 



15. Assume the solution has the form y = ao + aix + a2X 2 + . . . + a„_ix n 1 + a n x n 
% = a! + 2a 2 x + . . . + nanx"- 1 + . . . 
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=*■ I + y = + a «) + < 2a 2 + a i) x + ( 3a 3 + a 2)x 2 + ■ ■ ■ + (na n + Hn-i)*"- 1 + . . . =0 

ai + ao = 0, 2a2 + ai = 0, 3a 3 + a2 = and in general na n + a n _i = 0. Since y = 1 when x = 0we have 
a = 1. Therefore a x = -1, a 2 = ft = \ , a 3 = =f = - ± , ... , a tt = = ^ 

^y=l-x+ix 2 4x 3 + ...+^x" + ...^4^ = e- 

n=0 

16. Assume the solution has the form y = ao + aix + a 2 x 2 + ... + a n _ix n_1 + a n x" + . . . 

=> g = a x + 2a 2 x + . . . + nanx"- 1 + . . . 

=»■ g~2y = (ai- 2a ) + (2a 2 - 2a0x + (3a 3 - 2a 2 )x 2 + . . . + (na n - 2a n _ 1 )x n -> + . . . =0 

ai — 2ao = 0, 2a 2 — 2ai = 0, 3a 3 — 2a 2 = and in general na n — 2a n _i = 0. Since y = 1 when x = 0we have 
a = 1. Therefore a x = 2a = 2(1) = 2, a 2 = f a! = § (2) = f , a 3 = f a 2 = § (f ) = ^ , . . . , 

^ = (!) = (!) (S)a*- 2 = £ =► y = 1 + 2x + f x 2 + g x 3 + . . . + £ x° + . . . 

= l+(2x)+^ + ^ + ... + + = £ =e 2 * 

n=0 

17. Assume the solution has the form y = a + aix + a 2 x 2 + . . . + a n _ix n_1 + a n x n + . . . 

g = a! + 2a 2 x + . . . + nanx"- 1 + . . . 

| - y = ( a i - ao) + (2a 2 - ai)x + (3a 3 - a 2 )x 2 + . . . + (na n - a^Ox"-' + . . . =1 
=>• ai — ao = 1, 2a 2 — ai = 0, 3a 3 — a 2 = and in general na n — a n _i = 0. Since y = when x = 0we have 
a = 0. Therefore ai = 1, a 2 = § = \ , a 3 = f = 3^ , M = f- = 5^5 , •■■ , a n = ^ = ^ 
=> y = 0+lx+|x 2 + ix 3 +^x 4 + ... +ix" + ... 

OO 

= (1 + 1 X+ I X 2 + 5 L X 3 + _1_ X 4 + ... +Ix» + ...) -1 = E iT-l = e x -l 

n=0 

18. Assume the solution has the form y = ao + aix + a 2 x 2 + . . . + a n _ix n ~' + a n x" + . . . 

=► I = a! + 2a 2 x + . . . + nanx"- 1 + . . . 

s + y = ( a i + a o) + ( 2a 2 + ai)x + (3a 3 + a 2 )x 2 + . . . + (na n + a^Ox 11 " 1 + . . . =1 
ai + ao = 1, 2a 2 + aj = 0, 3a 3 + a 2 = and in general na n + a n _i = 0. Since y = 2 when x = we have 
a = 2. Therefore ai = 1 - a = -l,a 2 = ft = k'** = T = ~ T*> •■■' a n = ^ = 4r 

y = 2- X+ ix 2 -^X 3 + ...+^X n + ... = l+(l-X+ix 2 -5^X 3 + ...+t^ x n + ...j 
n=0 

19. Assume the solution has the form y = a + aix + a 2 x 2 + . . . + a n _ix n_1 + a n x n + . . . 

& = a! + 2a 2 x + . . . + nanx"- 1 + . . . 
=► I - y = (ai - ao) + (2a 2 - ajx + (3a 3 - a 2 )x 2 + . . . + (na n - a^x - 1 + . . . = x 
=> ai — ao = 0, 2a 2 — ai = 1, 3a 3 — a 2 = and in general na n — a n _i = 0. Since y = when x = 0we have 
a = 0. Therefore ai =0,a 2 = ^ = \ , a 3 = f = 3^ . a 4 = J = jh - ■ • • - a " = V = H 
=>• y = + 0x+ix 2 + 3^x 3 + 4i2X 4 + + ... + ^x n + ... 

= (l + lx+±x 2 + ^x 3 + ^x 4 + ...+i X n + ...)-l-x = f;;£-l-x = e x -x-l 

n=0 

20. Assume the solution has the form y = ao + aix + a 2 x 2 + . . . + a n _ix n_1 + a n x n + . . . 

g = a! + 2a 2 x + . . . + nanx"- 1 + . . . 
=► jg + y = (ai + ao) + (2a 2 + ajx + (3a 3 + a 2 )x 2 + . . . + (na n + a^Ox"- 1 + . . . = 2x 
=> ai + a = 0, 2a 2 + ai = 2, 3a 3 + a 2 = and in general na n + a n _i = 0. Since y = — 1 when x = 0we have 
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a = -1. Therefore ai = 1, a 2 = ^ = i,a 3 = ^ = - ^ , ... , a n = =*J^ = ^ 
=> y = -1 + lx + i x 2 - ^ x 3 + . . . + ( -^f- x n + ... 

l-lx+ix 2 -3^x 3 + ...+t^-x n + ... -2 + 2x=J] tl ^r- - 2 + 2x = e~ x + 2x - 2 

"' ' n=0 

21. y' - xy = ai + (2a 2 - a )x + (3a 3 - ai)x + . . . + (na n - a„_2)x n_I + ... =0 ai = 0, 2a 2 - a = 0, 3a 3 - a! 
4a4 — a 2 = and in general na n — a n _ 2 = 0. Since y = 1 when x = 0, we have ao = 1. Therefore a 2 = ^ = 1 , 

a 3 = f = 0, a 4 = ^ = 2T4 > a 5 = ^ = 0> • ■ ■ > a 2n = 2-4-1 ■ -2n aI1C * a 2n+l = 



y=1 + i x 2 + J_ x 4 + _l_ x 6 + ... + _J_ x2 n + ... =E £ = £ ii 



x 2 /2 

n' 

n=0 n=0 



22. y' - x 2 y = ai + 2a 2 x + (3a 3 - a )x 2 + (4a 4 - aj)x 3 + . . . + (na n - a n _ 3 )x 11 - 1 + . . . =0 ai = 0, a 2 = 0, 
3a 3 — ao = 0, 4a 4 — ai = and in general na n — a n _ 3 = 0. Since y = 1 when x = 0, we have ao = 1. Therefore 
a 3 = j = 5 , a 4 = f = 0, a 5 = f = 0, a 6 = | = 5^ , . . . , a 3n = ,, (i ,„' , a 3n+i = and a 3n+2 = 

/ 3 \ 11 

OO CO I ^ 1 

^v-l + ix 3 + J -x 6 + ^-x 9 + H J - x 3n + = V x3n = V i^L - e x3 / 3 

=? y — i + 3 X T j_g A -f 3 &9 X -I- ... -|- 3 g 9 3n X T . . . 3 n n! — 2^ „! — e 

n=0 n=0 

23. (1 - x)y' - y = (ai - a ) + (2a 2 — ai — ai)x + (3a 3 - 2a 2 - a 2 )x 2 + (4a 4 - 3a 3 - a 3 )x 3 + . . . 

+ (na n — (n — l)a n _i — a n _i)x n_1 + . . . =0 =>■ ai — a = 0, 2a 2 — 2ai = 0, 3a 3 — 3a 2 = and in 
general (na n — na„_i) = 0. Since y = 2 when x = 0, we have ao = 2. Therefore 

ai = 2, a 2 = 2, . . . , a n = 2 y = 2 + 2x + 2x 2 + . . . = £ 2x n = ^ 

n=0 

24. (1 + x 2 ) y' + 2xy = ai + (2a 2 + 2a )x + (3a 3 + 2a! + aj)x 2 + (4a 4 + 2a 2 + 2a 2 )x 3 + . . . + (na n + na n _ 2 )x 11_1 + . 
= =>• ai = 0, 2a 2 + 2ao = 0, 3a 3 + 3ai = 0, 4a 4 + 4a 2 = and in general na„ + na n _ 2 = 0. Since y = 3 when 

x = 0, we have a = 3. Therefore a 2 = —3, a 3 = 0, a 4 = 3, . . . , a 2n+I = 0, a 2n = (— l) n 3 

=> y = 3-3x 2 + 3x 4 -... =£ 3(-l) n x 2n = £3(-x 2 ) n = T ^ I 

n=0 n=0 

25. y = a + ajx + a 2 x 2 + . . . + a n x n + . . . =>■ y" = 2a 2 + 3 • 2a 3 x + . . . + n(n - l)a„x n - 2 + . . . => y" - y 

= (2a 2 - ao) + (3 • 2a 3 - a : )x + (4 • 3a 4 - a 2 )x 2 + . . . + (n(n - l)a n - a n _ 2 )x n ~ 2 + . . . =0 2a 2 - a = 0, 
3 • 2a 3 — ai = 0, 4 • 3a 4 — a 2 = and in general n(n — l)a n — a n _ 2 = 0. Since y' = 1 and y = when x = 0, 
we have a = and a! = 1. Therefore a 2 = 0, a 3 = , a 4 = 0, a 5 = 5 . 4 ! 3 . 2 , • ■ ■ , a 2n+i = (2n + i)! anc ^ 

a 2n=0 =*> y = x+ ix 3 + ^x 5 + ... = f) = sinh x 



26. y = a + ajx + a 2 x 2 + . . . + a n x n + . . . y" = 2a 2 + 3 • 2a 3 x + . . . + n(n - l)a„x n - 2 + . . . => y" + y 

= (2a 2 + ao) + (3 • 2a 3 + ai)x + (4 • 3a 4 + a 2 )x 2 + . . . + (n(n - l)a n + a n _ 2 )x n ~ 2 + . . . =0 2a 2 + a = 0, 
3 • 2a 3 + ai = 0, 4 • 3a 4 + a 2 = and in general n(n — l)a n + a n _ 2 = 0. Since y' = and y = 1 when x = 0, 
we have a = 1 and a! = 0. Therefore a 2 = — \ , a 3 = 0, a 4 = , a 5 = 0, . . . , a 2n+ i = and a 2n = ^i- 



n=0 

27. y = a + ajx + a 2 x 2 + . . . + a n x n + . . . => y" = 2a 2 + 3 • 2a 3 x + . . . + n(n - l)a n x n ~ 2 + . . . => y" + y 

= (2a 2 + ao) + (3 • 2a 3 + ai)x + (4 • 3a 4 + a 2 )x 2 + . . . + (n(n - l)a n + a n _ 2 )x n ~ 2 + . . . = x 2a 2 + a = 0, 
3 • 2a 3 + ai = 1,4- 3a 4 + a 2 = and in general n(n — l)a n + a n _ 2 = 0. Since y' = 1 and y = 2 when x = 0, 
we have ao = 2 and ai = 1. Therefore a 2 = — 1, a 3 — 0, a 4 = ^ , as = 0, ... , a 2n = —2 • and 
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a2n+i = => y = 2 + x - x 2 



2+x-2£ 

n=l 



(— l) n+I x 2 ' 
(2a)l 



x + cos 2x 



28. y = a + ajx + a 2 x 2 + . . . + a n x n + . . . => y" = 
= (2a 2 - a ) + (3 • 2a 3 - ai)x + (4 • 3a 4 - a 2 )x 2 



2a 2 + 3 • 2a 3 x 



n(n — l)a n x' 



n-2 



+ (n(n - l)a„ - a n _ 2 )x 



n-2 



> y - y 

2a 2 - a = 0, 



3 • 2a, 



ai 



1,4- 3a4 — a 2 = and in general n(n — l)a n — a n _ 2 = 0. Since y' = 2 and y = — 1 when x = 0, 



we have a = — 1 and aj = 2. Therefore a 2 = ~ , a 3 = | , a 4 



2-3-4 ' "J 5-4-2 



and a 2n+ i = =$> y = -1 + 2x - i x 2 + ^ x 3 - 



a 2n 



-l 

(2n)l 



3x 2n+1 
(2n+l)! 



29. y = a + a!(x-2)+a 2 (x-2) 2 + ... + a n (x - 2) n + . . . 

=> y" = 2a 2 + 3 • 2a 3 (x - 2) + .. . + n(n - l)a n (x - 2) n ~ 2 H 
= (2a 2 - a ) + (3 • 2a 3 - ai )(x - 2) + (4 • 3a 4 - a 2 )(x - 2) 2 



=> y - y 

+ (n(n - l)a n - a n _ 2 )(x - 2) n ~ 2 + . . . = -x 



— (x — 2) — 2 2a 2 — ag = —2, 3 • 2a 3 — ai = — 1, and n(n — l)a n — a n _ 2 = for n > 3. Since y = when x = 2, 



we have ao = 0, and since y' = —2 when x = 2, we have ai = —2. Therefore a 2 = — 1, a 3 



>> a 4 



r(-i) 



4-3-2-1 ' 



a:, 



5-4 ( 2) 



-3 



5-4 V 2) ~ 5-4-3-2-1' a2n — ( 2n )! ' aIlu a 2n+l — (2n +l)! 

(-2)(x - 2) = (-3 + l)(x -2) = (-3)(x - 2) + (l)(x - 2) = x - 2 - 3(x - 2). 

y = x - 2 - 3(x - 2) - I (x - 2) 2 - l(x - 2) 3 - £ (x - 2) 4 - 1 (x - 2) 5 - . . . 
=> y = x - 2 - |(x - 2) 2 - £(x - 2) 4 - . . . - 3(x - 2)x - |(x - 2) 3 - f^x - 2) 5 - 

=> v - x - 2V (x - 2)2 ° - 3 V < x - 2 > 2 " +1 

=? y — A ^Z^ (2n)! (2n+l)! 



-2 



T> and a 2tl 4 



^pjry. Since ai = —2, we have ai(x — 2) = (— 2)(x — 2) and 



30. y" - x 2 y = 2a 2 + 6a 3 x + (4 • 3a 4 - a )x 2 + . . . + (n(n - l)a n - a n _ 4 )x n ~ 2 + . . . =0 =!> 2a 2 = 0, 6a 3 = 0, 
4 • 3a 4 — ao = 0, 5 • 4as — ai = 0, and in general n(n — l)a n — a n _ 4 = 0. Since y' = b and y = a when x = 0, 



we have ao = a, ai = b, a 2 = 0, a 3 = 0, a 4 



3.4 ' a 5 — 4-5 
4 , _b_ 5 1 a 8 1 b Y 9 
3.4 * "r" 4-5 A "r 3-4-7-8 A "r" 4-5-8-9 



, a 6 = 0, a-, — 0, a 8 



3.4.7.8 ' a 9 — 4-5-8-9 



y = a + bx+^x' + ^x u + x" + x^Vn x 



31. y" + x 2 y = 2a 2 + 6a 3 x + (4 - 3a 4 + a )x 2 + . . . + (n(n - l)a n + a n _ 4 )x n ~ 2 + . . . = x ^> 2a 2 = 0, 6a 3 = 1, 
4 • 3a 4 + a = 0, 5 • 4a5 + a x = 0, and in general n(n — l)a n + a n _ 4 = 0. Since y' = b and y = a when x = 0, 
we have a = a and a! = b. Therefore a 2 = 0, a 3 = =L , a 4 = — ^ , a 5 — — , a 6 = 0, a-? 



=> y — a + bx + J^x 



3-4 

bx 9 



2-3-6-7 



J_ Y 3 _ 

2-3 A 3-4 A 4-5 A 2-3-6-7 A 1 3-4-7-8 ^ 4-5-8-9 



32. y" - 2y' + y = (2a 2 - 2aj + a ) + (2 • 3a 3 - 4a 2 + ajx + (3 • 4a 4 - 2 • 3a 3 + a 2 )x 2 + . . . 

+ ((n - l)na„ - 2(n - l)a n _i + a„_ 2 )x n ~ 2 + . . . =0 =>• 2a 2 - 2a! + a = 0, 2 • 3a 3 - 4a 2 + aj = 0, 
3 • 4a 4 — 2 - 3a 3 + a 2 = and in general (n — l)na n — 2(n — l)a n _i + a n _ 2 = 0. Since y' = 1 and y = when 
when x = 0, we have ao = and a 4 = 1. Therefore a 2 = 1, a 3 = ^ , a 4 = g , as = ^. and a n = ^ 



(n-l)! 



=> y = x + x 2 + i x 3 + ± x 4 + ^ x 5 



= E( n ^ = S^=xE n T=xe" 

n=l n=0 n=0 



p0.2 n0.2 , 

- L sinx 2 dx=X (x 2 -^ , y 



dx = 



3 7-3! 



1 0.2 




0.2 




x' 1 




. 


3 






0.00267 with error 



|E| < t§y w 0.0000003 



34. r° 2 s-^ldx= f 2 1 (l 

Jo X Jo X ^ 

= [-x + ^ - + 



— X 



2! 3! 1 4! 



dx - X 



_1 4- 5 - 51 4- £ 
\ 2 6 ^ 24 



dx 



0.2 




-0.19044 with error |E| < ^ w 0.00002 
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1 0.1 





[x]!]- 1 rs 0.1 with error 



|E| < ^ = 0.000001 



36. X° 25 3 V^T^dx = X° 25 (l + f -£ + ...) 



IEI < 



(0-25) J 
45 



0.0000217 



dx 



?r >r 

9 45 



! 0.25 




n 0.25 



0.25174 with error 



37. 



J»0.I nOA / 

^ dx = / ( 1 
ox Jo V 



x 2 x 4 x 6 
3! 5! _ 7! 



dx = 



x — 



3-3! 1 5-5! 7-7! 



0.1 





x — 



3-3! 1 5-5! 



0.1 





0.09994446 1 I . E| < « 2.8 x 10~ 12 



38. /J 'exp (-x 2 ) dx = £ ' (l - x 2 + H - | + £ - . . . ) dx = 
w 0.0996676643, |E| < ^ « 4.6 x 10~ 12 



Y x_ _i_ _i_ 

A 3 T 10 T 42 



1 0.1 





y 5_ _|_ iL_ 

A 3 ' 10 42 



n o.i 

o 



39. (1 + X 4 ) V2 = (l)Va + M (1)-V2 ( x 4) + (iilzli (1) -3/2 (x 4)2 + (§) (~|) (- I) (1) -5/2 ^4) 
+ (|) blli-: I) ("I) (1) -7/2 (x 4)4 + = J 

^r( i +T-f+^-^+-) dx 



x^ _ x^ , x 3 ^ _ 5x^ , 
2 8 ' 16 128 ' ■ ' ' 

w 0.100001, |E| < ^ ~ 1.39 x 10- 



x +fo 



n 



J 



dx = X" (l - It + - 
i 0.4863853764, |E| < ^ 



40- 

1 ~ 1.9 x 10 



- 4 *! i *!_ _ 
8! + 10! 

-10 



dx 



3 5 7 

X X I X X I X 

2 3-4! ' 5-6! 7-8! ' 9-10! 



41. 



42. 



X 1 cost^dt=X 1 (l-| + S-f + ...)d, 

X 1 co S ytdt=/ o 1 (l -| + ^-| + ^-...) dt = 
lerrorl < At « 0.000004960 



t- £ + J 9 «n 

1 10 ' 9-4! 13-6 



1 

=> |error| < ^ « -00011 



4 ' 3-4! 4-6! ' 5-8! 



43. F(x) = / o X (t : 

|error| < ^ » 0.000013 



[ f2 _ f. . _ £ 
I 1 3! ' 5! 7! 



— — — ^ — —I— — - — 
3 7-3! ' 11-5 



15-7' l *•• 

13 I. j Q 



sl _ x T ■ x" 
3 7-3! + 11-5! 



44. F(x) = J X (t 2 -t 4 + ^ 

__3 __5 __7 



r _ r , r; 
2! 3! ' 4! 



(0 _ £ (ID _ (12 

5! 



dt = 



X I x' x 9 I x 11 

3 5 ' 7-2! 9-3! ' 11-4! 



I _ t , JL £_ , 

3 5 t 7-2! 9-3! ' 11-4! 



.n t 13 
13-5! 



|error| < ^ w 0.00064 



• GO F « = T( t -f + T-f + -) dt= L - - - J0 - - 
(b) |error| < ^ w .00089 when F(x) «|-^ + ^- ^ + ...+ (-1) 15 ^ 



x! _ xi 
2 12 



|error| < ^ w .00052 



46. (a) F(x) = J o X (l - | + | - f + ...) dt = 

=> |error| < ^ w .00043 
(b) |error| < ^ w .00097 when F(x) «x-§ + f^-|J 



L 2-2 ' 3-3 4-4 "r" 5-5 



' x - fr + | 



r , x 3 ^ _ x 4 ^ , x 5 ^ 
"I" 32 42 T 52 



+ (-D 31 f^ 
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47. i ( e * -(!+*)) = i(l+x+f + ^ 







3! 1 4! 



lim ^+^> 
x->0 x 



= lim 

x -> 



1 + I + E 

2 T 3! T 4! 



48. i(e x -e- x ) = 1 [(l +x+ f + £ + £ + ...)- (l 



>r x i x 

2! 3! ' 4! 



= 2 



2>r 
3! 



2x1 
5! 



2x 6 
7! 



lim 

x^O x 



lim 2 

X — > oo 







2>r 
3! 



2x1 
5! 



2x 6 
7! 



■)H( 
k..) 



2x- 



2x1 
3! 



2x1 
5! 



2x1 
7! 



= 2 



49. 4(1 — cos t — tt I — 



1 - £ - 



lim 

t -> 



^ - 1 

2 J — t 4 
^ 4! ' 6! 8! ' ■ ■ ' y 



1 _ tl , H _ f 
1 2 ' 4! 6! 



24 



4! ' 6! 8! 



lim 

t -> 







1 — cos t — 





*(- 



50. ^ ( + £ + sin0~) = £ (-0- 



lim 



, (i _ £ + t _ "l 



i 

120 



3! 1 5! 



■H 



! 7! 1 9! 



lim 

e -> o 



sin 9 - 9 + 



51. ^(y-tan^y) = i 



- I _ zi _i_ r 

— 3 5^7 



lim y ~T y = lim 

y ^ r y -> 



^2 tan y — sin y 

y 3 cos y 



6+5! 



1 | 23/ 
6^5! 



lim lan ', y ~ siny = lim 

y _» y cos y y o 



1 , 23/ 
" 6 + 5! 



cos y 



53. x>(-l + e-^)=«?»(-l + l-^ + ^ 

= x MPoo (-l + ^-6?+--) = 



2x 4 6x 6 



_i _i_ J L 

1 + 2x 2 6x 4 



+ ... =>• lim x 2 ( e -1 /" 2 - 1 ) 

X — > DO Y / 



54. (x +l)sin( £ i T )=(x+l)(j 



+ 1 3!(x+l) 3 1 5!(x + l) 5 



lim (x + 1) sin (— l —r) — lim ( 1 — : , ,,o + ,., * — ... ] 

;— > oo v ' \x+U x^oo\ 3!(x+l) 2 5!(x + l) 4 J 



3!(x+l) 2 1 5!(x+l) 4 



55. 



ln(l+x 2 ) 
1 — cos X 



X- - Tr + T- ~ ■ 



1- 1-Sr + tr-. 



l im hil±^l = i im 



x -> 



1 — COS X 



x -> 



= 2! = 2 



56. 



x--4 
ln(x- 1) 



(x - 2)(x + 2) 



(x-2)- 



lim 



x+2 



2 1- 



1-2 , IX -2)- 



x + 2 



1-^ + 



2 i (x-2r 
3 



lim * 2 ~ 4 

x _> 2 In(x-l) 



57. ln(f^f) =ln(l+x)-ln(l -x)= (x- 

58. ln(l +x) =x-i 



3 4 



2 3 4 
X~ I X X_ 

2^3 4 



(-l)"~'x n 



X X X 



3 1 5 



aW 



when x = 0.1; 



-ij < =>> nlO" > 10 8 when n > 8 => 7 terms 
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59. tan" 1 x = x- ^ + ^- ^ + |- 



2n-l ^ 10 3 



n > 



1001 



= 500.5 



+ ( 'L-T + ■■■ ^ |enor| = 
the first term not used is the 501 s1 



C-iy-'x 2 ' 



jr^-r when x = 1 ; 

2n— 1 ' 



2n-l 

we must use 500 terms 



60. tan" 1 x 



2n-l 



and lim 



2n- 1 



2n+ 1 



x lim 



I 2n- 1 
OO I 2n + 1 



=>- tan 1 x converges for |x| < 1; when x=-lwe have 5jzy which is a convergent series; when x = 1 

n=l 

00 j 

we have Y ^n-i w hich is a convergent series => the series representing tan -1 x diverges for |x| > 1 

n=l 



6 1 . tan x = x - 



r-iy-'x 2 "- 



and when the series representing 48 tan 1 ( yg) has an 



3 1 5 7 1 9 ' ' ' 1 2n - 1 

error less than i • 10~ 6 , then the series representing the sum 

48 tan -1 (^) + 32 tan -1 (^) — 20 tan -1 (w) also has an error of magnitude less than 10~ G ; thus 



|error|=4 8 i|L < _i (f 



n > 4 using a calculator =>• 4 terms 
62. In (sec x) = J g tan t dt = J* (t + f + 2| + . . . ) 



dt : 



12 1 45 



63. (a) (1 - x 2 ) 1/2 ps 1 + f + Y + t£ sin" 1 xwx+f + ^ + ffj; Using the Ratio Test: 



lim 

n — * oo 



1- 3-5---(2n-l)(2n+l)x 2n+3 2-4-6- ■ -(2n)(2n + 1) 

2- 4-6---(2n)(2n + 2)(2n + 3) " 1-3-5- ■ -(2n - l)x 2n+1 



< 1 



x lim 

n — > oo 



(2n+l)(2n+l) 



|x| < 1 => the radius of convergence is 1. See Exercise 69. 



(b) j- (cos 1 x) = - (1 - x 2 ) ' =>• cos 1 x = | - sin 1 x 



- x 



(2n + 2)(2n + 3) 



3x_ 
40 



< 1 



5x1 
112 



) 



3x a 



64. (a) (i + ey 1/2 « (ir 1/2 + (- \) ar 3/2 (t 2 ) + tn^im^f + tMzMJm^f 



= i - 



3t 4 _ 3JSf 
2 2 -2! 2 3 -3! 



2 

sinh 



(b) sinh- 1 Q) « | 



384 T 40,960 



0.24746908; the error is less than the absolute value of the first unused 



3x_ 
40 



5x_ 
112 



term, yy, , evaluated at t = i since the series is alternating =4> |error| < 



2.725 x 10 



-6 



65. ^- 

1 +x 



l-(-x) 

1 - 2x + 3x 2 



= - 1 + x - x 2 
4x 3 + . . . 



- (—) 

dx \ 1 + x J 



1 

1 +x 2 



A(-l+x-x 2 



66. r^-j = 1 

1 — X 2 



d 
dx 



67. Wallis' formula gives the approximation n w 4 



2x 



= j- ( 1 + x 2 + x 4 + x 6 + . . . ) = 2x + 4x 3 + 6x 5 



(1-x 2 ) 
2-4-4-6-6-8- --C2n-2)-(2ii) 



3-3-5-5-7-7- --(211- l)-(2n- 1) 



to produce the table 



n 


~ 7T 


10 


3.221088998 


20 


3.181104886 


30 


3.167880758 


80 


3.151425420 


90 


3.150331383 


93 


3.150049112 


94 


3.149959030 


95 


3.149870848 


100 


3.149456425 
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At n = 1929 we obtain the first approximation accurate to 3 decimals: 3.141999845. At n = 30,000 we still do 
not obtain accuracy to 4 decimals: 3.141617732, so the convergence to it is very slow. Here is a Maple CAS 
procedure to produce these approximations: 
pie := 
proc(n) 
local i,j; 

a(2) := evalf(8/9); 

for i from 3 to n do a(i) := evalf(2*(2*i-2)*i/(2*i-l) A 2*a(i-l)) od; 
f[j,4*a(j)] $ (j = n-5 .. n)] 
end 

68. In 1 = 0; In 2 = In — W- «2U + T" + X+ 7 ~ 0.69314; In 3 = In 2 + In (§) = In 2 + In — ^ 



W) ~ V ~ ~ ~ / ~ " " ^ 



ln2 + 2U + ^- + ^- + j w 1.09861; In 4 = 2 In 2 w 1.38628; In 5 = In 4 + In (|) = In 4 + In 



w 1.60943; In 6 = In 2 + In 3 w 1.79175; In 7 = In 6 + In Q) = In 6 + In — Vf/ « 1.94591; In 8 = 3 In 2 
w 2.07944; In 9 = 2 In 3 w 2.19722; In 10 = In 2 + In 5 w 2.30258 

69. (1 - X 2 y 1/2 = (1 + (-X 2 ))" 1/2 = (1)-V2 + (_ 1) (l)-3/2 (_ x 2) + (Zl) (-|)(ir 5/2 (-x 2 ) 2 

, hi) (zD (-|)(ir 7/2 (-x 2 ) 3 - 1 ■ x' ■ 1-3^ , i-3-5*° ■ _ 1+ v '■ 3 - 5 -< 2 "-'>x 2 ° 

-I- 3 , "I" ... — 1 -f 2 "I" 2 2. 2! T 2 3 -3! + • ' ■ ~~ 1 + 2»-n! 

n=l 

S in- x = j> - tr 1/2 dt = /; (i + £ i^p^) dt = x + £ . 

\ n=l / n=l 

where Ixl < 1 



70. [tan-C = f-tan-x = X^ = r[l7(TyJ * = JT MW + W + -) * 

=r^-^+*-F+-)*= b 5 tt 00 [-i+^-^+^--]:=^- 3^+5^-^ 

tan" 1 x= f - i + £ - £ + ... ,x > 1; [tan^t]^ = tan" 1 x + § = £ ^ 



dt 

L + t2 



x < -1 

71. (a) tan^an-^n+^-tan-^n-l))- tan ( tan_1 (n + 1)) - tan (tan -1 (n - i» _ (n +i)-(n-i) 



3x 3 5x 5 



1 +tan (tan" 1 (n+ 1)) tan (tan" 1 (n- 1)) l+(n+l)(n-l) n 2 

(b) J2 tan_1 (?) = E I tan_1 (n + 1) - tan" 1 (n - 1)] = (tan" 1 2 - tan" 1 0) + (tan" 1 3 - tan" 1 1) 

n=l n=l 

+ (tan" 1 4 - tan" 1 2) + ... + (tan" 1 (N + 1) - tan" 1 (N - 1)) = tan" 1 (N + 1) + tan" 1 N - \ 

(c) £ tan- 1 (*) = n lirn^ [tan" 1 (N + 1) + tan" 1 N - f ] = 



7T I 7T 7T 3_7T 

2^2 4 — 4 



11.11 FOURIER SERIES 



1- *o = i/ "l dx = 1, a k = I /"cos kx dx = A [ ^] f = 0, b k = i/^sin kx dx = i [- ^ ]f = 0. 
Thus, the Fourier series for f(x) is 1. 
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IT 7T 



3tt 2tt 

2 



2. a 



o ldX +X - ld: 

I sin kx dx — / sin kx dx 

JO J TV 



0,a k 



r 

Jo 



cos kx dx 



r 



cos kx dx 







7T 


2tt" 


I 


sin kx 


sin kx 




7T 


k 


k 











i2tt" 


_ I 


cos kx 


H 


cos kx | 


71 


k 











1 7T 



[ (—cos k7r + 1) + (cos 2-7rk — cos 7rk) ] 



(2 — 2 cos k7r) 



kTT 1 



kodd 



0, k even 
Thus, the Fourier series for f(x) is - [ sin x 



sin 3x i sin 5x 

3 "f" 5 




3. a 



2- 



Jo xdx+ £ ( x - 27r ) dx 



(4tt 2 - 7T 2 ) - 2tt 2 ] = 0. Note, 



X7T /"*2tt 
^ x cos kx dx + J (x — 2tv) cos kx dx 



J (x — 27r)cos kx dx = — J o u cos ku du (Letu = 2tt — x). So ak = 

(x — 27r)sin kx dx = J g u sin ku du (Letu = 2n — x). So bk = ~ J Q x sin kx dx + J (x — 2ir) sin kx dx 
= | J x sin kx dx = | [— |cos kx + ^sin kx]^ = — | cos k7r = |(— l) k+1 . 



Thus, the Fourier series for f(x) is J] (— 1) 

k=l 



k+1 2sinkx 




4. ao = J f( x ) dx = 2^ J dx = g7r 2 , ak = ^ J Q f(x) cos kx dx = ^ J x 2 cos kx dx 

= | - i?) sin kx + il x cos ^ = F cos k7r = ( _1 ) k (p)' bk = i/o f ^ X ) sinkx dx = x2 sin ^ dx 



cos kx + pX sin kx 



(^-f)(-i) k -^]=i[((-i) k -i)l]-K-i) 
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— f , k even 



Thus, the Fourier series for f(x) is g7r 2 — 2 cos x + 4 ) s i n x + 5 C0S 2x — | sin 2x — |cos 3x + ( 9 ^" 77r 4 ^ sin 3x 



10 




r 27r r 27r x 

a o = 2?r J e x dx = 2^(e 27r — 1), a k = ~ J o e x cos kx dx = ~ [ j-|-p(cos kx + k sin kx) ] 

bk = -X"" eX sin kx dx = i [ ^(sin kx - k cos kx) f = 

OO 

Thus, the Fourier series for f(x) is ^(e 27r - 1) + (r+TP ~ w)' 




_ ! 

-(1+6') 



o f(x) dx = ^ J Q e x dx = ^jf 1 , a k = \ J q f(x) cos kx dx = £ J o e x cos kx dx = \\ ^^(cos kx + k sinkx) ] Q 



l 

?r(l+k 2 ) 



I h i hv ! kodd , p27r r ,r 

e „ ( _ 1)k _ j] = J _ bk = i ^ f(x) sinkxdx = gX sinkxdx 



, . 2 i , keven 

tt(1 + k 7 ) ' 



kodd 

' 1 k even 



^l+k 2 )' 



= i [ TTi? ( sin ^ - k cos kx) ] J= ^ [ e ( _ j )k _ j ] 
Thus, the Fourier series for f(x) is 

e'-l (l+e~) . fl+e") • . e" - 1 o , 2(1-6') • » (l+e*) . 3(1+6') . Q . 



20 



10 




ao 



2^ J f(x) dx = J o cos x dx = 0, = ^ J o cos x cos kx dx 



sin(k — l)x 
2(k-l) 



sin(k+ l)x 
2(k+l) 

' 1 



isin2x];, 



Mi 

k= 1 
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0, 1 

1, k=l 



bv = 



if 

T JO 



cos x sin kx dx = 



cos(k— l)x - cos(k+l)x 
2(k- 1) 2(k+l) 



-4^ cos 2x 



k#l 
k = 1 



7r(k 2 - 1)' 



0, k odd 
k even 



Thus, the Fourier series for f(x) is ^cos x + J] ^ sin kx 



k even 




8. a = 



i/"f(x) dx=^ 



_ _ I r coskx x sin kx 1 2lT _ -1 + (-!)" _ 
k J 7T A 2 



pTT f* 2,7V 

Jo 2 dX + J, - X dX 

2 cos kx dx + J — x cos kx dx 

^ k = X ^( x ) s ' n ^ dx = n Jo 2 s ' n ^ dx X — x s * n ^ dx 

_/i(i+3), kodd 



= 1 - §7r, a k = ^ J o f(x) cos kx dx 



7r L k- 



!, kodd 
0, k even 



=cos kx 



' x cos kx sin kx N 

v k k 2 i 



2tt 



I , k even 



Thus, the Fourier series for f(x) is 1 — — ^cos x + + 3) sin x + |sin 2x — §^cos 3x + | + 3) sin 3x 




9. J q cos px dx = p sin px = if p ^ 0. 

10. J o sinpxdx = -±cospx = ~i[ 1 - 1 ] = if p ^ 0. 

p27r 1 r 1 1 n 27T 

11. J o cos px cos qx dx = J q |[cos (p + q)x + cos (p - q)x ]dx = \ [ ^sin (p + q)x + ^sin (p - q)x ] q = if p ^ q. 

n2iY nlir piTr / \ 27T 

If p = q then J q cos px cos qx dx = J q cos 2 px dx = J q ^(1 + cos 2px) dx = | + ^sin 2pxJ = it. 

12. J o sin px sin qx dx = J q ±[cos (p - q)x - cos (p + q)x ]dx = \ [ ^sin (p - q)x - ^sin (p + q)x ] q = if p ^ q. 

X27T p27Y nlir / \ 2ir 

| sin px sin qx dx = J q sin 2 px dx = J o |(1 — cos 2px) dx = | ^x — 5^ sin 2pxJ — tt. 
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Jo 



13. J Q sin px cos qx dx = J o \ [ sin (p + q)x + sin (p - q)x ]dx = - i [ ^ cos (p + q)x + — cos (p - q)x ] ; 

o2ty o2ty n2ir 

— — ^ [ (1 — 1) ^rp^ + (1 — ^) p^q ] — 0- If p = q then sin px cos qx dx = J o sin px cos px dx = J o |sin 2px dx 



2tt 

2- cos 2px 



14. Yes. Note that if f is continuous at c, then the expression f ( c ) + f (° ) = f( c ) since f(c + ) = lim f(x) = f(c) and 

f(c _ ) = lim f(x) = f(c). Now since the sum of two piecewise continuous functions on [0, 2tt] is also continuous on [0, 2ir], 

the function f + g satisfies the hypothesis of Theorem 24, and so its Fourier series converges to ( f+ s)( c ) + ( f +s)( c ) 
for < c < 2ir. Let Sf (x) denote the Fourier series for f(x). Then for any c in the interval (0, 2tt) 



_ (f + g)(c+) + (f+g)(c-) _ 1 



lim (f + g)(x) + lim (f + g)(x) 1 _ I [ lim f(x) + lim g(x) + lim f(x) + lim g(x) 



S f+g( C ) - 2 - 2 

= \\ (f(c + ) + g(c + )) + (f(c~) + g(c - )) ] = Sf (c) + s g (c), since f and g satisfy the hypothesis of Theorem 24. 

15. (a) f(x) is piecewise continuous on [0, 2ir] and f'(x) = 1 for all x ^ 7r => f'(x) is piecewise continuous on [0, 2ir]. Then 

by Theorem 24, the Fourier series for f(x) converges to f(x) for all x ^ n and converges to i(f(-7r + ) + f(7r~)) 
= I (— 7T + 7r) = at X = 7T. 

oc 

(b) The Fourier series forf(x) is£(-l) k+12 =f^.If we differentiate this series term by term we get the series 

k=l 

oo 

(— l) k+1 2 cos kx, which diverges by the n th term test for divergence for any x since lim (— l) k+1 2 cos kx ^ 0. 
k=i " " " k ^°° 

16. Since the Fourier series in discontinuous at x = ir, by Theorem 24, the Fourier series will converge to f ^ c ^ f ^ c '- . Thus, 
at x = 7r we have f ^ ^ | f ^ - 1 = g7r 2 — 2 cos x + ^ T '~ ~ 4 *j sin x + i^cos 2x — | sin 2x — ^cos 3x + ( 9it 2Tk 4 1 sin 3x + . . . . 



=> = lyr 2 - 2 cos 7T + (^) sin it + ^cos 2vr - f sin 2tt - |cos 3tt + {^r) sin 3tt + . . . 
^0^=1^ + 2+1 + 2+... =1^ + 2(1 + 1 + i + ...) = F + 2E^ =*£ = £+2££ 



n=l n=l 



2 6 — L 2-^ n 2 ^ 3 — n 2 ^ 6 — n 2 * 
n— 1 n— 1 n— 1 

CHAPTER 11 PRACTICE EXERCISES 

1 . converges to 1 , since lim a n = lim ( 1 + — — ] = 1 

b n — > oc n n ^ oc \ 11 / 

2. converges to 0, since < a n < -§= , lim = 0, lim -4= = using the Sandwich Theorem for Sequences 

° — n — > oo n-too V' 

3. converges to —1, since lim a n = lim ( 1 ~„ 2 " ) = lim — l) = —1 

4. converges to 1, since lim a n = lim [1 + (0.9)"1 = 1+0=1 

° n ^ oc n oc L 

5. diverges, since {sin f } ={0,1,0,-1,0,1,...} 

6. converges to 0, since { sin nir} — {0, 0, 0, . . . } 

M 

7. converges to 0, since lim a n = lim — 2 lim = 
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8. converges to 0, since lim a n = lim ln(2n+1) = lim = 

° n — » oo n — > oo n n— >oo ' 



1 + 

9. converges to 1, since lim a n = lim ( n + ln " ) = lim — 5^ = 1 

° n — > oo n — > oc v n ' n — > oo 1 



10. converges to 0, since lim a n = lim ln ( 2n + 1 ) _ jj m • :»■■ i 



n —> oc n — > oc n n ^ oo 



= lim if = lim 2 = 

n — » oc ° n n — > oo n 



11. converges to e 5 , since lim a„ = lim ( 2 — -)* = lim [1 + - — -] = e 5 by Theorem 5 

° a— > oo n — too * » ' n ^ oo \ n J J 

12. converges to - , since lim a n = lim (l + -) = lim ,, 1 1 , n — - by Theorem 5 

& e' n^oo" n^oov ' nJ n^oo (1 + 1) e J 

13. converges to 3, since lim a n = lim ( — Y^" — lim -fW = I = 3 by Theorem 5 



14. converges to 1 , since lim a n = lim = lim ^4 



3 i/» _ i 



- 1 by Theorem 5 

"(-2 1 /- In 2) 

2 V» - 1 



15. converges to In 2, since lim a n = lim n(2 1/n — 1) = lim 'A N 1 = lim 

° n — > 00 n — > 00 v ' n — > no / 1 \ n — * r» 



n ^ oc (I) n — > oo 



= lim 2 1/n ln2 

n — » oo 



2° • In 2 = In 2 



16. converges to 1, since lim a n = lim \/2n + 1 = lim 

n— > oc n — > CO v n— >r 



exp 



ln(2n + 1) 



n lim exp I I = e — 1 



17. diverges, since lim a n = lim 



(n+1)! 



n — > oc- n! n — » co 

18. converges to 0, since lim a n = lim 

° n — > oo n — » oc n! 



lim (n + 1) = oo 

— 1 oo 

by Theorem 5 



19. 



(2n-3)(2n-l) 2n - 3 2n - 1 



"ID (i)" 




G) G)" 




3 5 


+ 


5 7 


+ ... + 



=>■ lim s n = lim 

n — > co n — > oo 



6 2n- 1 



2n - 3 2n - 1 



1 \ / 1 



3 2n- 1 



20. 



21. 



22. 



-2 _ =2 _i ?_ 

n(n+ 1) n ' n + 1 



2 n+ 1 n -> co 



lim s n 



lim (-l + -rr)=-l 

n — > oo \ 0.+ 1J 



3 



(3n-l)(3n + 2) 3n - 1 3n + 2 

_ 3 3_ 

2 3n+2 



«n = (1 - |) + (I - |) + (| - ^) + 

3 
2 



lim s n = lim f| — o 3 , Y 

n ^ co n n^oo « 3n + 2 



-8 



-2 



(4n-3)(4n+l) 4n-3 1 4n+l 

= - 1 + 

9 ' 4n+l 



^ Sn — ( 9 n) + ( 13 + n) + ( 17 + 21, 

2 , _J^\ = _ 2 
9 ' 4n+l) 9 



+ Gn- 1 3a + l) 



+ ••• + Gn-3 + 4n+l) 



2^2 ^ Hm s Um /_ 2 , 2 >, _ _ 2 

n — > 00 n — > oc ^ 



23. S e " = S s > a convergent geometric series with r = 1 and a = 1 

n=0 n=0 



the sum is — Vty = — ^-r 

1- i e ~ 1 
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24. ^2 (— l) n $r = S (— |) (x)° a conver g en t geometric series with r = — \ and a = =>• the sum is 



3 



Rt) " 5 

25. diverges, a p-series with p = | 

oo oo 

26. J] if = ^ j, diverges since it is a nonzero multiple of the divergent harmonic series 

n=l n=l 

27. Since f(x) = -h* => f'(x) = — ^rW < =>• f(x) is decreasing =4> a n+ i < a n , and lim a n = lim -4- = 0, the 



(-1)" 

conditionally. 



series J] ^— r- converges by the Alternating Series Test. Since J] -4= diverges, the given series converges 

n=l V n= l V 



28. converges absolutely by the Direct Comparison Test since ^ < for n > 1, which is the nth term of a 
convergent p-series 

29. The given series does not converge absolutely by the Direct Comparison Test since ln ^+ 1) > n~+T > which is 
the nth term of a divergent series. Since f(x) = ln(x : + Vj =>• f'(x) = — (ln(x+ nyoT+ lj < ^ f( x ) i s 
decreasing =>■ a n+ ; < a n , and ^jrn^ a n = n ljni o ln ^ + n = 0' m e given series converges conditionally by the 
Alternating Series Test. 

J»oc nb , 

■i 1 , 2 dx = lim / .i 1 , 2 dx = lim [— (lnx) _1 L = — lim (=\ — ^1 = =4> the series 
2 x(ln xy b — > CO 2 x(ln xY b ^ I v 2 j, — » oo ^ ln b In 2 ^ In 2 

converges absolutely by the Integral Test 

31. converges absolutely by the Direct Comparison Test since ^ < gj = p , the nth term of a convergent p-series 

32. diverges by the Direct Comparison Test for e n ° > n =>• In (e n °) > In n =>■ n n > In n =4* In n" > In (In n) 

=> n In n > In (In n) =>• ln 1 ( " n n n) > ~ , the nth term of the divergent harmonic series 



33. n lirJi = y' n lirn o ^P-^ = \/l = 1 =^ converges absolutely by the Limit Comparison Test 



34. Since f(x) = ^fj f'(x) = 3 ( x j 2 + * 2 } < when x > 2 =!> a n+ i < a n for n > 2 and n lirn o ^ = 0, the 
series converges by the Alternating Series Test. The series does not converge absolutely: By the Limit 

Comparison Test, lim n V = lim -|2-r = 3. Therefore the convergence is conditional. 

r n — > oo (j) n — > oo n+1 o 



35. converges absolutely by the Ratio Test since lim 



n+2 n! 



(n+1)! n+1 



= lim f£±& = < 1 
n — > oo ( n + 1 ) 



36. diverges since lim a n = lim ( tM f" + ,'^ does not exist 

e n — > oo n — > oo 2^ + n - 1 



37. converges absolutely by the Ratio Test since lim 



3 n+1 n! 
(n+1)! ' 3" 



= lim rlr = < 1 

n — > oo n + 1 
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38. converges absolutely by the Root Test since lim ,"/a„ = lim \7 = lim -=0<1 

D J J inooV" inxV n n — > oo n 



39. converges absolutely by the Limit Comparison Test since lirn^ 



U) 



. vVn + l)(n + 2)y 



lim 

n — > oc 



n(n+ D(n + 2) 



40. converges absolutely by the Limit Comparison Test since lim 



lim 2^ = 1 

n — > 00 n 4 



41. lim 

n — > oo 



< 1 =>• lim 

n — > oo 



(x + 4)° 



o3° 



(n+l)3 n+1 (x + 4) n 



< l => t+il lim < l 

3 n ^ oo Vn+ 1 / 



x + 4| 



< 1 



=> |x + 4| < 3 => -3 < x + 4 < 3 => -7 < x < -1; atx = -7 we have ]P = E^.the 

n=l n=l 

OO _ CO 

alternating harmonic series, which converges conditionally; at x = —1 we havej] 4^ = E 1 , the divergent 

n=l n=l 

harmonic series 

(a) the radius is 3; the interval of convergence is —7 < x < — 1 

(b) the interval of absolute convergence is —7 < x < — 1 

(c) the series converges conditionally at x = — 7 



42. lim 

n — > oo 

allx 



"n ■ I 



< 1 => lim 

n — ► oo 



(x-1) 2 " (2n-Q! 
(2n+l)! (x-l) 2 - ; 



< 1 =>- (x - l) 2 lim „ J. , = < 1, which holds for 

v n — 4 OC' (2n)(2n+l) 



(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 



43. lim 

n — » oo 



"n ■ I 



< 1 => lim 

n — > oo 



(3x-l) n+1 



(n+1) 2 (3x-l)° 



< 1 |3x - 1| lim 7 -f TTr < 1 |3x - 1| < 1 

1 1 n — > oo (n + 1 ) 1 1 



=> -1 < 3x - 1 < 1 0<3x<2 =>- 0<x<f;atx = Owe have J2 



(-D 2 - 



t-^ n 
n=l 



= — ^ ' a nonzero constant multiple of a convergent p-series, which is absolutely convergent; at x = | we 

n=l 

have J2 t 1 ™ = £ , which converges absolutely 

n=l n=l 

(a) the radius is | ; the interval of convergence is < x < | 

(b) the interval of absolute convergence is < x < I 

(c) there are no values for which the series converges conditionally 



44. lim 

n — » oo 



< 1 => lim 

n — > oo 



n + 2 (2x+l) n+1 2n+l 2° 



2n + 3 2"+' n+1 (2x+l)° 



! ^ Hm I n + 2 . 2n4_l| j 

2 n ^ool2n + 3 n+ll 



=> ^i+JJ (l) < l |2x + 1| < 2 =^ -2 < 2x + 1 < 2 => -3 < 2x < 1 => - | < x < | ; at x = - | we have 



£ 2n"+\ ' = S ( 2n+i"^ w hi cn diverges by the nth-Term Test for Divergence since 



oo oo 

„ liPoo ( 5+t) = H 0; at x = I we have £ 2^1 • I = E STT > which diverges by the nth- 



Term Test 

(a) the radius is 1 ; the interval of convergence is — | < x < 1 

(b) the interval of absolute convergence is — I < x < I 

(c) there are no values for which the series converges conditionally 
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45. lim 

n — » oo 



< 1 => lim 

n — > oo 



(n + l) n+1 x n 

=> — • < 1 , which holds for all x 

e ' 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 



< 1 =>• Ixl lim |(-^) n (^r)| < 1 =► M lim (-M < 1 

1 moo IVn+U Vn+l/l e n — > oo Vn+1/ 



46. lim 

n — > oo 



"n ■ I 



< 1 => lim 

n — * oo 



/n+ 1 



< 1 |x| lim a/-^t<1 => Ixl < 1; when x = -1 we have 

1 1 n ^ oc y n+ 1 

E^r-. which converges by the Alternating Series Test; when x = 1 we have Y ~j- > a divergent 

n=l v n n=1 V n 



p- series 

(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = — 1 



47. lim 



< 1 



lim 



(n + 2)x 2n+1 3" 
3 n+1 " (n+ljx 2 "- 1 



< 1 => 



lim 



3 n — > oo + 



a±f) < 1 -^3<x< ^3; 



the series Y — and Y , obtained with x = ± y3, both diverge 

n=l * 3 n=l ^3 

(a) the radius is y3; the interval of convergence is — y3 < x < y3 

(b) the interval of absolute convergence is — y3 < x < y3 

(c) there are no values for which the series converges conditionally 



48. lim 

n — > oo 



< 1 



lim 

n — » oo 



(x- l)x 2n+3 2n+ 1 
2n + 3 (x- l) 2n+1 



< 1 => (x - \f n lim o (|±1) < 1 =► (x - !)*(!) < 1 



(-i)°(-i) 2n+1 

2n+ 1 



=> (x - l) 2 < 1 =>■ |x - 1| < 1 => -1 < x - 1 < 1 =>■ < x < 2; atx = we have Y 

n=l 

— S ( 2n+ 1 = S 2n + 1 which converges conditionally by the Alternating Series Test and the fact 

n=l n=l 



that Y 2n + 1 diverges; at x = 2 we have Y ( l 2n+i — = 2 2n+ 1 > which also converges 

n=l n=l n=l 

conditionally 

(a) the radius is 1 ; the interval of convergence is < x < 2 

(b) the interval of absolute convergence is < x < 2 

(c) the series converges conditionally at x = and x = 2 



49. lim 

n — » oo 



< 1 => lim 

n — * oo 



csch(n+ l)x n+1 
csch (n)x 11 



< 1 



Ixl lim 

1 1 n — » oo 



( e n+l_ 2 e -n-l) 
(e"-e"") 



< 1 



x lim 

1 1 n — > oo 



,-1 „-2n-l 



< 1 



I" 



< 1 => — e < x < e; the series Y( i e )" csch n, obtained with x = ± e, 



both diverge since lim ( ± e) n csch n ^ 

D n — > oo v ' 

(a) the radius is e; the interval of convergence is — e < x < e 

(b) the interval of absolute convergence is — e < x < e 

(c) there are no values for which the series converges conditionally 



50. lim 

n — * oo 



"n ■ I 



< 1 => lim 

n — > oo 



x n+1 coth(n+ 1) 



x n coth (n) 



< 1 => Ixl lim 

1 1 n — » oo 



1 +e~ 



j-e-2,,-2 1+t 



< 1 Ixl < 1 



1 < x < 1; the series ± l) n coth n, obtained with x = ± 1, both diverge since lim ( ± l) n coth n ^ 

n=l 



(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 
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(c) there are no values for which the series converges conditionally 

51. The given series has the form 1 — x + x 2 — x 3 + . . . + (— x) n + ... = j-^— , where x = \ ; the sum is l n . 

1 + X 4 * < {4) 

52. The given series has the form x — y + y — . . . + (— l) n ~' y + . . . = In (1 + x), where x = I ; the sum is 
In (|) w 0.510825624 

53. The given series has the form x — 57 + 57 — ■ • • + (— l) n (2n~+ 1)! + ■ ■ ■ = sin x, where x = it; the sum is 
sin 7T = 

54. The given series has the form 1 — ^ + ^7 — ... + (— l) n + ... = cos x, where x = |; the sum is cos | 

55. The given series has the form l+x+| r + | T + ...+^ ; + ... =e x , where x = In 2; the sum is e 1 " ^ — 2 

56. The given series has the form x — y + ~ — . . . + (— l) n ^n-i) + ••• = tan -1 x, where x = ; the sum is 
tan -1 ' 1 



57. Consider l _ 1 2x as the sum of a convergent geometric series with a = 1 and r = 2x =>• 1 _ 1 2x 

co oc 

= 1 + (2x) + (2x) 2 + (2x) 3 + . . . = £ (2x) n = J2 2nxn where l 2x l < 1 ^ N < 3 

n=0 n=0 

58. Consider yqr^j as the sum of a convergent geometric series with a = 1 and r = — x 3 =4- v — _ _ v 

= 1 + (-x 3 ) + (-x 3 ) 2 + (-x 3 ) 3 + ... = £ (-l) n x 3n where |-x 3 | < 1 |x 3 | < 1 |x| < 1 

n=0 



59. sin x = £ £g£ => ™ « = E fc^T = E ^^ 2n+ ' 



(2n+l)! 0,11 ^ (2n+l)! ~ ^ (2n+l)! 

n=0 n=0 n=0 



/ 2 \2n+l 

60 sin x - T ( " 1)nx2n+1 => sin * - f - V (-0 n 2 2n+1 * 2n+1 

UU. W11A- (2n+l)! ^ M11 3 ~~ l^i (2n+l)! — 3 2n + 1 (2n+l)! 

n=0 n=0 n=0 



6i. cos x = e tgT => «» (* 5/2 ) = E ^ = E 



62. cos x = £ tgp => cos 75x = cos = £ ^gP^ = E ^ 



n=0 n=0 n=0 



64. e x = V S =► e-- = V ^ = V 

n! ^ n! n! 

n=0 n=0 n=0 



65. f(x) = ^JTx* = (3 + x 2 ) 1/2 f'(x) = x (3 + x 2 r 1/2 =► f"(x) = -x 2 (3 + x 2 ) - 3/2 + (3 + x 2 ) 
f"'(x) = 3x 3 (3 + x 2 )~ 5/2 - 3x (3 + x 2 )~ 3/2 ; f(-l) = 2, f'(-l) = - \ , f"(-l) = - § + 1 

tin, is _ 3,3 9 . , Pi T Y 2 _ 9 (x + 1) 1 3(x+l) 2 , 9(x+l) 3 , 

1 - ~ 32 + 8 - 32 V3 + X -2-^yr+ 23 . 2 , + 25 . 3 , +... 



2\-l/2 
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66. f(x) = j-L = (1 _ x )-i =>. f( x ) = (1 _ x )-2 ^ f'( x ) = 2(1 - x)- 3 => f"'(x) = 6(1 - x)" 4 ; f(2) = -1, f'(2) = 1, 
f"(2) = -2, f"'(2) = 6 ^ = -1 + ( X - 2) - (x - 2) 2 + (x - 2) 3 - . . . 



67. f(x) = = ( X + i)-i f(x) = -(x + l)-' 2 f"(x) = 2(x + l)- 3 => f"'(x) = -6(x + l)" 4 ; f(3) = 1 . 
f'(3) = - f"(3) = | , f"'(2) = =| jij = \ - £ (x - 3) + |r (x - 3) 2 - £ (x - 3) 3 + ... 



68. f(x) = i = x- 1 f'(x) = -x- 2 =► f"(x) = 2x- 3 f"'(x) = -6x- 4 ; f(a) = 1 , f'(a) = - £ , f"(a) = J 
f'"(a)=^ i = i-i(x-a)+^(x-a) 2 -i(x-a) 3 + ... 



69. Assume the solution has the form y = a + ajx + a 2 x 2 + . . . + a„_ix n 1 + a n x n + . . . 
=► g = ai +2a 2 x+... +na n x n - 1 +... g+y 

= (a! + a ) + (2a 2 + a^x + (3a 3 + a 2 )x 2 + . . . + (na n + a n -i)x n ~ ! + . . . =0 => a! + a = 0, 2a 2 + a! = 0, 
3a 3 + a 2 = and in general na n + a n _i = 0. Since y = — 1 when x = we have ao = —1. Therefore ai = 1, 



a -ai _ 1 „ _ -a 2 _ 1 _ -a 3 

a 2 -2 T -- 5 ,a 3 - — _ ^ , a 4 - — 



1 

4-3-2 



=> y=-l+x-ix 2 +3^x 3 - 



(-lf 



„ _ -a,,-! _ ^1 (-1)" _ (-1)°- 
' ' a " n n (n-1)! n! 

00 

-E^r =-e-» 

n=0 



70. Assume the solution has the form y = a + ajx + a 2 x 

,n-l , 



a^x 1 - 1 + a n x n 



g = ai + 2a 2 x + . . . + rnin-V 



dx > 



= (a! - ao) + (2a 2 - ai)x + (3a 3 - a 2 )x 2 + . . . + (na n - a n _!)x n 1 + . . . =0 =>• a! - a = 0, 2a 2 - a! = 0, 
3a 3 — a 2 = and in general na n — a n _i = 0. Since y = — 3 when x = we have ao = —3. Therefore ai = —3, 



a — a l — -3 „ _ a, _ -3 

a 2 - 2 - T ' a 3 ~ T - ' a " 



h~i — -3 
n n! 



\ 3 3x \ 



JL Y 2 3_ v 3 

2-1 A 3-2 



4x° 



-3(l+x+^ + ^ + ... +5 + ...) =-3£ £ 

V - j n=0 ' 



-3e x 



71. Assume the solution has the form y = ao + aix + a 2 x 2 



an-ix"" 1 + a n x n 



dy 
dx 



a! + 2a 2 x 



dy 



+ 2y 



(a! + 2a ) + (2a 2 + 2aj)x + (3a 3 + 2a 2 )x 2 + . . . + (na n + 2a n _i)x n 



0. Since y = 3 when x = 0we 



have a = 3. Therefore a! = — 2a = —2(3) = —3(2), a 2 = — ~ a! = — | (— 



(-2 -3) = 3(f) 



a 3 — — s a 2 



(f )] = -3 (£) a n = (- I) a n _, = (- I) (3 )) = 3 (^) 



y = 3-3(2x) + 3^x 2 -3^f x 3 



= 3 



1 - (2x) 



(2x) 2 _ (2x) 3 
2! 3! 



(-l)"(2x)» 



3<^x n 



= 3E 



(-l)»(2x)» 



= 3e 



-2x 



72. Assume the solution has the form y = ao + aix + a 2 x 2 



an-ix"" 1 + a n x n 



^ = a! + 2a 2 x + . . . + na n x 



n-l 



dx T > 



= (a! + a ) + (2a 2 + ai)x + (3a 3 + a 2 )x 2 + . . . + (na n + a n _i)x n - ] + . . . =1 => ai + ao = 1, 2a 2 + a x = 0, 
3a 3 + a 2 = and in general na n + a n _j = for n > 1. Since y = when x = we have a = 0. Therefore 

ai = 1 — ao = 1 , a 2 = — ~ \ > a 3 — — > a 4 = ^ = — 47^5 , ■ ■ ■ > a n 
(=1) C=!T 

I n J (n-l 



'-n <-')" - (-')"" ^ y - 1 x 1 x 2 1 1 x 3 1 

(n- 1)! _ n! ^ y - U + X 2 X + 3-2 X ' • • + n! 



1 



3-2 



(-1)" Y n 
n! X 



+ l = -E^ + l = l-e- 

n=0 



73. Assume the solution has the form y = ao + aix + a 2 x 2 



an-ix"- 1 +a n x n + ... 



ai + 2a 2 x + . . . + na n x n 1 + . . . =4> g - y 
(ai - ao) + (2a 2 - ai)x + (3a 3 - a 2 )x 2 + . . . + (na n - a n -i)x n_1 + . . . = 3x =>- Hi - a = 0, 2a 2 - a! = 3, 



dy 
dx 
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3a3 — a 2 = and in general na n — a n _i = for n > 2. Since y = — 1 when x = 0we have ao = — 1. Therefore 

„ _ 1 ,, 3 + ai 2 „ aj 2 „ _ a 3 2 _ a n _i 2 

a t - -i, a 2 - — j— - 2,a 3 - T -3^,a 4 - T - r 3^,...,a n -- rr - s 

=> y=-l-X+(|)x 2 + J_ x 3 + _2_ x 4 + + I X . + ... 

oo 

= 2 (1 + x + 1 x 2 + 5^ x 3 + j-L x 4 + . . . + i x n + . . . ) - 3 - 3x = 2J2 $ - 3 - 3x = 2e x - 3x - 3 

n=0 

74. Assume the solution has the form y = ao + aix + a2X 2 + . . . + a n _ix n_1 + a n x" + . . . 
=> % = ai +2a 2 x+... +na n x n - 1 +... g+y 

= (ai + a ) + (2a 2 + ai)x + (3a 3 + a 2 )x 2 + . . . + (na n + a n -i)x n_1 + . . . = x =>■ ai + a = 0, 2a 2 + ai = 1, 
3a 3 + a 2 = and in general na n + a n _i = for n > 2. Since y = when x = we have ao = 0. Therefore 

o — f) o — hzM — 1 q — ^2 — 1 „ _ -a n -i _ (-1)" 

ai - u, a 2 - -j— - 5 , a 3 - — - - M , . . . , a„ - — — - -^j- 

y = 0-0x+ix 2 -3i2X 3 + ...+^X n + ... = (l-X+ix 2 -^X 3 + ...+^X n + ...)-l+X 

CO 

= E - i + x = e- x + x - 1 

n=0 



75. Assume the solution has the form y = ao + aix + a 2 x 2 + . . . + a„_ix n 1 + a n x n + . . . 
| = ai +2a 2 x+... +na n x"- 1 +... g - y 
= (a! - ao) + (2a 2 - a^x + (3a 3 - a 2 )x 2 + . . . + (na n - a n -i)x n ~ ! + . . . = x =>■ ai - ao = 0, 2a 2 - ai = 1, 
3a 3 — a 2 = and in general na n — a n _i = for n > 2. Since y = 1 when x = we have ao = 1. Therefore 

n — 1 a — 1 + a i — 2 „ _ a 2 _ 2 _ a 3 _ 2 _ a„_i _ 2 

ai - i, a 2 - - 2,a 3 - T -3^,a4- T -4^2,...,a n - — - s 

y = 1 + X + (|) X 2 + 3^ X 3 + ^ X 4 + . . . + £ X n + . . . 

OO 

= 2(l+x+ix 2 +3±2X 3 + 4^2X 4 + ...+ix n + ...)-l-x = 2^^-l-x = 2e x -x-l 



76. Assume the solution has the form y = a + aix + a 2 x 2 + . . . + a„_ix n 1 + a n x n + . . . 
=> % = ai +2a 2 x+... +na n x"- 1 +... g - y 

= (ai - a ) + (2a 2 - ai)x + (3a 3 - a 2 )x 2 + . . . + (na n - a n _i)x n_1 + . . . = — x ai — ao = 0, 2a 2 - ai = -1, 
3a 3 — a 2 = and in general na„ — a n _i = for n > 2. Since y = 2 when x = we have ao = 2. Therefore 

r\ — o o — -1 +ai 1 „ a 2 I „_a 3 _ 1 _ _ a^ _ 1 

ai - z, a 2 - _ 5 ,a 3 - T -3^,a 4 - 7 - f? 2,...,a n - — - a 

y = 2 + 2x+ix 2 + ^x 3 + ^x 4 + ...+ix n |... 

CO 

= (l + X + ± X 2 + ^ X 3 + j-^ X 4 + . . . + ^X n + ...)+l+X=X]^ + 1 + X = eX + X + 1 



pl/2 fl/2 / 

77. I exp(-x 3 )dx=J o (l 



— x u 



l 

2 4 -4 



J 

'-7-2! 



1 



1 



1 



2 10 -10-3! 



2 i3. 134! 2 16 -16-5! 



dx = 



0.484917143 



1/2 



7-2! 



10-3! 



13-4! 



78. f Q x sin (x 3 ) dx = J q x (x 3 



11-3! 



23-7! 



29-9! 



dx 



0.185330149 



79 - / 



1/2 



dx = 



j; 



1/2 



dx = 



i 

9-2 3 



1 

5--2 5 



1 

7 2 -2 T 



1 

1)2.2" 



1 

1 1 2 -2" 



1 

13 2 -2 13 



1 

15 2 -2 15 



1 

17 2 -2 1T 



9 1 25 

1 

I9 2. 2 19 - 



49 1 
1 

21 2 -2 21 



121 



1/2 




0.4872223583 
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fV«* , -1 T'/M , / 3 5 



dx = //"'(x 1 / 2 - 1 x 5 / 2 + 1 x 9 / 2 - i x 13 / 2 + . . . ) dx 



_ [2 Y 3/2 _ 1_ „7/2 , 1_ -11/2 2_ 15/2 

L 3 21 A 55 A 105 A 



| 1/64 
I 



, 3-8 3 21-8 7 ~ 55-8 11 105-8 15 



0.0013020379 



7 ( X - IT + 4 

81. lim Zfai = lim / V „ — ~ 



2 +# + . 



l im 7 ( 1 -^ + ^--") 



2?x | 23x^ 



82. lim e "~ e = lim 

8^0 « - «n fl e ^ 

— lim — 7 s -= ^ 

0^0 (*-£ + ...} 





- 


[i-e + t 




-20 




x» 


3 







= lim 



+ S + . 



= 2 



- 



5r + - 



83. lim ( „ * 

^ ( q V 2 — 2 cos t 



lim 



r - 2 + 2 cos t 



t 2 / | " q 2t 2 (l-cost) 



lim 

t->0 



'(&-& + -) 



12 



t 2 -2 + 2( l-f+fr 



lim — 7— 

t -> 2t 2 ( 1 - 1 



) »(*-& + •■■) 



84. lim 

h^O 



= lim 



1 3! + 5! 



= lim 

h->0 



bj _ £ j. ill _ S* J_ i! 6 _ h 6 
2! 3! "r" 5! 4! ~ l ~ 6! 7! 



= lim 



h 2 h 2 



2! 3! 1 5! 4! 1 6! 7! 



85. Urn 



lim 



i-(i- z 2 + ^-...) 



ln(l-z) + sinz z ^ 

lim 

z^O 



•)+(-*+£-•) ~* (-i-f-i 



1 _ 2z _ zf 

2 3 4 



86. lim 



y > q cos y — cosh y 



lim 

y^O 



y 2 y4 y6 



= lim 

y^O 



lim 

y^O 



2y* 2y° 
2 6! 



87. lim + 4 +s) = lim 

x^O v x ' x- 1 y x ^ 



3x-i 



= and s — ^ = =>• r = — 3 and s = | 



lim 

x -> 



81x 2 
40 



(a) csc x « i + I 

(b) The approximation sin x 
sin x w x. 



csc x w =>• sin x « 

6x 6 + x 2 

4^ is better than 



y = smx — x 

\ 2 



-i 

-2 



2/ = sinx- gf^ 
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89. (a) E ( sin a _ sin 2KTl) = ( sin 5 - sin I) + ( sin 3 - sin I) + ( sin g - sin i) + . . . + (sin £ - s i n ^py) 

n=l 

00 _ cos ( i"\ 

+ • . . = E (-l) n sin i ; f(x) = sin 1 f'(x) = — ^A^- < if x > 2 sin ^ < sin i , and 

n=2 ' 

00 

lim sin 1 = =>■ E (—1)° sin 1 converges by the Alternating Series Test 

n=2 

(b) |error| < |sin i| « 0.02381 and the sum is an underestimate because the remainder is positive 

OO OC _ 9 i 1 \ 

90. (a) E ( tan h ~ tan 2^Tl) = E tan H (see Exercis e 89); f(x) = tan i => f'(x) = g ^ < 



tan j^j-j- < tan 1 , and Urn tan j = => E (~l) n tan „ converges by the Alternating Series 



Test 



(b) |error| < I tan ^ I « 0.02382 and the sum is an underestimate because the remainder is positive 



91. lim 

n — » 00 



2-5-8- ■ -(3n - l)(3n + 2)x n+1 2-4-6- --(2n) 
2-4-6- • -(2n)(2n + 2) ' 2-5-8- ■ -(3n - l)x" 



< 1 => 



the radius of convergence is | 



92. lim 

n — * oo 



3-5-7- --(2n+l)(2n+3)(x-l) n+ ' 4-9-14- ■ (5n-l) 



4-9-14- • -(5n- 1 )(5n+4) 3-5-7- ■ -(2n+ l)x n 



< 1 => 



Ixl lim I ^±|| < 1 |x| < | 

1 1 n ^ oo 1 5n + 4 I 11 2 



the radius of convergence is § 



93. £ In (l-i?) = £ [ln(l + i) +ln(l - i)] = £ [In (k + 1) - In k + In (k - 1) - In k] 

k=2 k=2 k=2 

= [In 3 - In 2 + In 1 - In 2] + [In 4 - In 3 + In 2 - In 3] + [In 5 - In 4 + In 3 - In 4] + [In 6 - In 5 + In 4 - In 5] 
+ . . . + [In (n + 1) - In n + In (n - 1) - In n] = [In 1 - In 2] + [In (n + 1) - In n] after cancellation 

=> ± In (1 - = In (5±i) £ In (l - = n M In (S±i) = In 1 is the sum 



94.^^--hJ:(^-^h)-h[(\-l) + ( 1 ,-l) + ( 1 ,- 1 s) + a-k) + - + (^-l) 



+ f_J i 11 = ifl + I_I_ JL_1 = I f 3 _ I _ l 1 = I 

' V n - 1 n+Wj 2 V 1 ' 2 n n+l) 2 V 2 n n+U 2 



3n(n+l)-2(n+l)-2n 



2n(n+ 1) 



3n 2 — n — 2 
4n(n+ 1) 



*=-^ k — 1 n^oo2\2 n n 4 



+ 1. 



95. (a) lim 

n — > oo 



1-4-7- ■■(3n-2)(3n+l)x 3n+3 



(3n)! 



(3n + 3)! 



1-4-7- --(3n-2)x- 1n 



< 1 => |x 3 | lim 



(3n+l) 



n " oo (3n + 1 )(3n + 2)(3n + 3) 



(b) y = l + E 

n=l 



x 3 1 • < 1 =>• the radius of convergence is oo 



1-4-7- ..(3n- 2) 3 „ , dy _ V 1-4-7- ■ -(3n - 2) Y 3n- 
(3n)! A ^ dx (3n-l)! 



tfy _ 1-4-7- --(3n- 2) 3 n-2 _ 



X 

n ! n=2 



a-y v-^ 1-4- / ■ ■ 

^ dx 1 — (3n-2)! 

= X ( i + E '• 4 ' 7 '" (3n ~ 2) - " ' ! - 



(3n)! 



E 

ii— I 

oo 

„ 1-4-/-. ■! 

A T (3n-3)! 

xy + =4> a = 1 and b = 



1-4-7- --(311-5) x 3„_ 2 



96. (a) 



x 2 + x 2 (-x) + x z (-xY + x 2 (-x) 3 + 



2 _i_ „2/ 



1+x l-(-x) 

converges absolutely for |x| < 1 
(b) x=l E (-l) n x n = E (-1)" which diverges 

n=2 n=2 



E (-l) n x n which 

n=2 
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97. Yes, the series^] a n b n converges as we now show. Since Y a n converges it follows that a„ — > =>• a„ < 1 

n=l n=l 

oo oo 

for n > some index N a n b n < b n for n > N => Y a nbn converges by the Direct Comparison Test with Y b n 

n=l " ' o=l 

CO 

98. No, the series Y a nt>n might diverge (as it would if a n and b n both equaled n) or it might converge (as it 

n=l 

would if a„ and b n both equaled 1). 

oo oo 

99. Y ( x n+i - x„) = Um XXx k+ i - x k ) = lim (x n+1 - Xi) = lim (x n+1 ) - xi => both the series and 

II * OO II ' OO II ' oo 

n=l k=l 

sequence must either converge or diverge. 

(t+t) °° 

100. It converges by the Limit Comparison Test since lim - * Jn ' — lim j^— = 1 because Y a n converges 

11 ' n=l 

and so a n — ► 0. 

101. Newton's method gives x n+ i = x n — = 55 x n + 55 , a nd if the sequence {x n } has the limit L, then 



L = ^ L + i => L = 1 and {x n } converges since 



f(x)f"(x) 

[f'M] 2 



= ^ < 1 

40 ^ 1 



102. E ^ =ai + f + f + ^ + ... >a 1 + (i)a 2 +(I + i)a 4+ (I + i + I + I)a 8 

0=1 

+ (5 + To + TT + ■ • • + Ts) a !6 + ■ • • ^ 5 ( a 2 + a 4 + a 8 + a io + • • ■ ) which is a divergent series 

103. a n =iforn>2 => a 2 > a 3 > a 4 > . . . , and i + i + ^ + . . . = ^ + ^ + jh + ■ ■ ■ 

00 

= jjofl + ! + §• + •••) which diverges so that 1 + Y diverges by the Integral Test. 

" " n=2 

104. (a) T= (o + 2(|) 2 e 1 / 2 + e) = | e 1 / 2 + | e « 0.885660616 

(b) x 2 e x = x 2 (l + x + f + . . . \ = x 2 + x 3 + f + . . . ^ J Q (x 2 + x 3 + *f \ dx = y + ^ + 

(c) If the second derivative is positive, the curve is concave upward and the polygonal line segments used in 
the trapezoidal rale lie above the curve. The trapezoidal approximation is therefore greater than 

the actual area under the graph. 

(d) All terms in the Maclaurin series are positive. If we truncate the series, we are omitting positive terms 
and hence the estimate is too small. 

(e) J 'x 2 e x dx = [xV - 2xe x + 2e x ] J=e-2e + 2e-2 = e- 2« 0.7182818285 

105. a = ± J o 2 "f(x) dx = i£ 2 "l dx = |, a k = i j^f(x) cos kx dx = i £ cos, kx dx = 0. 

b k = I f'ffx) sinkxdx= ± r'sinkxdx^ ^ = 1(1 _ = [ ~h kodd . 

Thus, the Fourier series of f(x) is \ — Y ^ sm 

kodd n 



1 = |L = 0.68333 

60 
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It IT 



3tt 2tt 

2 



106. a 



2- 



J*7T /*2tT 
„ XdX + J, ldX 



2 



0, k even 



b k 



,((-D k - 

J o x sin kx dx + J sin kx dx 

kodd 
—j, k even 



kodd 



r 

Jo 



x cos kx dx 



cos kx dx 



[" cos kx I x sin kx ] n 

TT l k 2 + k J 



l_ [" sin kx x cos kx 

7i I k 2 k 



i kx 



vrk 



27T _ ( _ 1)k+ , ^ ^ 

k ?rk 



(-If) 



Thus, the Fourier series of f(x) is | + — |cos x + (l — |) sin x — | sin 2x — jj^cos 3x + ~ (l — |) sin 3> 




107. a 



2- 



J o (it — x) dx + f (x — 27r) dx = ^ _ x ) dx — J g (tt — u) du 1 = where we used 



the 



J o (tt — x) cos kx dx + J (x — 2tt) cos kx dx 



Using 



substitution u = x — tt in the second integral. We havea^ = i 

X27T f»7T 
(x — 2tt) cos kx dx = J o — (tt — u) cos(ku + k7r) du 

| f ( n ~ u ) cos ku du, k odd 
I J o — (tt — u) cos ku du, k even 

rr, ] - f (tt — x) cos kx dx, k odd 

Thus, at = < "Jo v ' 

[ 0, k even 

Now, since k is odd, letting v = 7r — x | J" (7r — x) cos kx dx = — | v cos kv dv = — 1(— p) = ^r,k odd. (See 

kodd 



Exercise 106). So, a k 



4 

rk 2 



0, k even 



Using similar techniques we see that bk = 



ii>-u) 



— u) sin ku du, 



0, keven I 0, keven 



kodd _ I {, kodd 



Thus, the Fourier series of f(x) is J] (^cos kx + j^sin kx) . 
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108. &o=^f |sinx| dx = ~ J sin x dx = ~. We have at = ~J |sin x| cos kx dx 

Using techniques similar to those used in Exercise 107, we find 



= ~ \J o sin x cos kx dx — J sin x cos kx dx 
a k = \ 2 r ■ 



0, k odd 
. cos kx dx, k even 



(k 2 - l)ir' 



0, k odd 
k even 



J, 
o 



Isin x| sin kx dx 



r 



r 



sin x sin kx dx — J sin x sin kx dx 



0, k odd 



- I sin x sin kx dx, k even 



for all k. 

Thus, the Fourier series of f(x) is ~ + J] ( ^"^ cos kxj . 

k even 




CHAPTER 11 ADDITIONAL AND ADVANCED EXERCISES 



1. converges since 



lim 



(3n-2)< 2n + I V2 ^ (3n-2) 3 < 



l im (3n^2) 3 / 2 = 3 3/2 
n — > oo \ n I 



< (3n _ X 2)3/2 an d on - 2) 3 .' 2 conver g es by the Limit Comparison Test: 



n — * oo | i 

I (3„- 2)V2/ 



/ ,OG 2 
(tan -1 x)" -fe = lim 
i x +i b — > oo 

- (iL - jt\ - lA 

~ \1A 192 J ~ 192 



(tan' 1 x) 
3 



= lim 

b — » oo 



(tan' 1 b) J _ ^ 
3 192 



3. diverges by the nth-Term Test since lim a n = lim (— l) n tanhn= lim (— 1)° ( 1 , e _ 2n ) = lim (— l) n 

° J moo 11 n ^ oo v ' b ^ oo ' \l + e J n ^ oo x ' 

does not exist 



4. converges by the Direct Comparison Test: n! < n° =>• ln(n!) < n ln(n) 



ln(n!) 
ln(n) 



< n 



log n (n!) < n =>■ log "3 n! - > < \ , which is the nth-term of a convergent p-series 



5. converges by the Direct Comparison Test: aj = 1 = (jyMaf > a 2 



1-2 



12 



3-4 (2)(4)(3) ; 



' a 3 - (H) (M) 



12 „ _ (3-4\ /2-3\ / 1-2>, _ 12 

ai V 5-6 M 4-5 M 3-4^ (4)(6)(5) 2 



(3)(5)(4) ; 



1 + £ (n + i)(n+ 2 3 X n + 2) 2 represents the 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



774 Chapter 1 1 Infinite Sequences and Series 



given series and ; — ,,, I 2 .., , .., < H , which is the nth-term of a convergent p-series 

& (n+ l)(n + 3)(n + 2) i! n 4 ' b f 

6. converges by the Ratio Test: lim '^ ±l = lim -, — ^ — -p- = < 1 

b J n^ooa n n ^ oc (n-l)(n+l) 

7. diverges by the nth-Term Test since if a n — > L as n — > oo, then L = =>■ L 2 + L — 1=0 =£- L = -1 1 ^ 

^0 



8. Split the given series into J] tjk+t and J] |§ ; the first subseries is a convergent geometric series and the 

n=l n=l 

»/2n _ i;„ y/" _ M — I <r 1 

o g 9 ^ A 



second converges by the Root Test: lim V/ te = lim 

° y n — > oc V 1 n — > c 



9. f(x) = cos x with a= f =► f (f) = 0.5, f (f) = - & , f" (f ) = -0.5, f" (f ) = ^ , f (4 > (f ) = 0.5; 



1 _ 

2 2 



(x-f)-H--f) 2 + #(x 



10. f(x) = sin x with a = 2tt =!> f(27r) = 0, f'(27r) = 1, f"(27r) = 0, f"'(27r) = -1, f (4) (27r) = 0, f (5) (27r) = 1, 
f( 6 »(27r) = 0, f (r, (2^) = -1; sin x = (x - 2tt) - + - + ... 



11. e x = l+ x+ ^ + |y + ... with a = 



12. f(x) = In x with a = 1 =^ f(l) = 0, f'(l) = 1, f"(l) = -l,f"'(l) = 2, f«(l) = -6; 

- i 

3 



ln X = (x-l)-^^^-^ 



13. f(x) = cos x with a = 22tt =>• f(22yr) = 1, f (22tt) = 0, f"(22n) = -1, f"'(227r) = 0, f< 4 »(227r) = 1, 
f< 5 »(227r) = 0, f("'(227r) = -1; cos x = 1 - § (x - 22tt) 2 + i (x - 22tt) 4 - i (x - 22tt) 6 + . . . 



14. f(x) = tan" 1 x with a = 1 f(l) = \ , f (1) = 1 , f"(l) = - 1 f"'(l) = 1 ; 



-1 _ _ TT . (X-D _ (X-1) 2 , (x-l) J 



tan x 



15. Yes, the sequence converges: c„ = (a n + b n ) 1//n =>• c n = b ((§)" + 1 



lim c n = In b + lim 

n > OO n — >nf 



1"((e)°+0 



In b + lim ffi" 1 " (g) = In b + ^ffl = In b since < a < b. Thus, lim c n = e lnb = b. 

n-K» (?) +1 + 1 n > oo 



16. 1 + 2 () + JQ2 + !Q3 + !Q4 + 1Q5 + !Q6 



— 1 + lO^"- 2 + S 1Q3 3 »-1 + S l()3n 



L_A., 

1 + 10 3 n+l + /J 1035+2 + /J !Q3n+3 = 1 



n=0 



n=0 



i-(nr 



200 _i _30_ _i_ _7_ 999+237 _ 412 

999 ~r 999 ~r 999 ~~ 999 ~~ 333 



k=0 

=> lim s n = lim (tan -1 n — tan -1 0) = 5 

n — » oo n — ♦ oo v y 2 



J dx _ . f dx 

„_1 1+x 2 =^ S n - Jo 1+x 2 



18. lim 

n — > oo 



"n ■ I 



lim 

n — > oc 



(n+ l)x n+1 (n + l)(2x+l) n 
(n + 2)(2x+ 1)"+' " nx n 



lim 

n — > oc 



x _ (n+1) 2 
2x + 1 * n(n + 2) 



I 2x+ 1 



< 1 



|x| < |2x + 1| ; if x > 0, |x| < |2x+l| x < 2x + 1 x > -1; if- \ < x < 0, |x| < |2x+ 1| 
=> -x < 2x + 1 =>■ 3x > -1 =>• x > - 5 ; if x < - \ , |x| < |2x + 1| => -x < -2x - 1 x < -1. Therefore, 
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the series converges absolutely for x < — 1 and x > — 1 . 



19. (a) Each A n+ , fits into the corresponding upper triangular region, whose vertices are: 

(n, f(n) — f(n+l)), (n+1, f(n+l)) and (n, f(n)) along the line whose slope is f(n + 1) — f(n). 

All the A„'s fit into the first upper triangular region whose area is f(1) 2 " f(2) =>• A n < f(1) ~ f(2 - > 



(b) If A k 

n- 1 



_ f(k + 



i r Lm - ir f w then 



E A k 

k=l 
_ f(l) 



_ f(l) + f(2) + f(2) + f(3) + f(3) 



2 



+ - + f( "- 1) + f(n) - £ f(x) dx - £ f(x) , 



dx - . . . - f° f(x) dx 

J a— 1 

±S5) + g f(k ) _ £f (x) dx ^ g Ak = ± f(k) - ™±®> _ ^"f(x) dx < fflifM , from 



i 

n-l 



part (a). The sequence < E A k f is bounded above and increasing, so it converges and the limit in 
question must exist. 



(c) Let L = lim 

n — > oo 



± f(k)-/°f(x)dx-i(f(l)+f(n)) 



which exists by part (b). Since f is positive and 



decreasing lim f(n) = M > exists. Thus lim 



E f(k) - JjV) dx 



L+l(f(l)+M). 



20. The number of triangles removed at stage n is 3 n 1 ; the side length at stage n is ; the area of a triangle 
at stage n is ^ (j^t) 2 - 

(a) f b 2 + 3 f (|)+3 2 f fe)+3»^ (|)+-=f b 2 £ i = f *£(§)" 

V y V / V ' n=0 n=0 



(b) a geometric series with sum - _ ,J — y 3b 

(c) No; for instance,the three vertices of the original triangle are not removed. However the total area removed 
is \/3b 2 which equals the area of the original triangle. Thus the set of points not removed has area 0. 



21 . (a) No, the limit does not appear to depend on the value of the constant a 
(b) Yes, the limit depends on the value of b 



(c) s = 1 



In s 



lirn H sin (;)- cos (s) _ o-i _ i 



lim In s 

n — » oo 



-a (I) 



lim s = e" 1 w 0.3678794412; similarly, 



lim 

n — > oo 



00 r,, , ■ l/ n /ii- » 1+sin [ lim a M ) , , . n 

22. E a n converges ^ lim a n = 0; lim (i±MU* = lim (i±f^) = Kjp^l = 

*—{ ° n — > oo n ^ oo V 2 / n ^ oo V 2 / 2 2 

n=l L - 1 



the series converges by the nth-Root Test 



23. lim 

n — » oo 



< 1 



lim 

n — > oo 



b n+l x n+l lnn 



In (n+1) b n x" 



< 1 =4> Ibxl < 1 =► 



-I<x<i=5 => b= ±1 



24. A polynomial has only a finite number of nonzero terms in its Taylor series, but the functions sin x, In x and 
e x have infinitely many nonzero terms in their Taylor expansions. 
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25. lim sm(ax) ~ sinx - x 
x^O x 



lim 

x -> 



X-|r+... -X 



lim 

x -> 



1-2 _ a" 
x 2 3! 



is finite if a — 2 = 3.-2: 



sin 2x — sin x — x 
x -> x ' 3 



21 + 1 
3! T 3! 



26. lim C0S 9 ax r b = -1 =>- lim 

x -> 2x ~ x -> 

=>• b = 1 and a = ± 2 



l- - 



x . ax 



2x- 



= -1 



lim 

x -> 



f 1-b _ a! , aV _ \ 
^ 2x 2 4 + 48 ■■•J 



27. (a) = = 1 + 2 + 4 =>> C = 2 > 1 and V 4 converges 

v ; u n+ i n^ n n- ' ir & 

n=l 



(b) 



u n _ n+ 1 
Un+l ~~ n 



1 | 



C = 1 < 1 and Y n diverges 



28. 



u n _ 2n(2n+ 1) _ 4n 2 + 2n _ 
u n+ i (2n-l) 2 4n 2 -4n+l * 1 n 4n-' - 4n I 

3 1 „„A — 5n 2 _ 5 



after long division 



C = | > 1 and |f(n) 



4n 2 - 4n + 1 



4-* + 



f — p- < 5 E u n converges by Raabe's Test 



29. (a) E a n — L =^ a 2 < a n a n = a n L => J] a 2 converges by the Direct Comparison Test 



(b) converges by the Limit Comparison Test: lim 



lim 



n — > oc a n n — > oc 1 — a„ 



1 since Y a n converges and 

n=l 



therefore lim a n = 

X — > oo 



30. IfO < a n < 1 then |ln(l - a„)| = -ln(l - a„) = a n + f + f + . . . < a„ + a 2 + a 3 + ... = ^ 
a positive term of a convergent series, by the Limit Comparison Test and Exercise 29b 



31. (1 - x)" 1 = 1 + Y x " where l x l < 1 ?rrrf = £ ^ - x ) _1 = E nxn_1 and when x = \ we have 



4=l+2(i) + 3(ir + 4(ir + ... + n(ir 1 + 



32. (a) -n E(n+l)x n = ff^ £ n(n + l)x n - ] = ^ E n(n + l)x n = ^ 

n=l n=l n=l n=l 



E 

n- 1 



n(n+l) 



(b) x = E x = 7 -^ w =► x a - 3x 2 + x - 1 = x = 

n=l 

« 2.769292, using a CAS or calculator 



2x- 



i V < X -D ; 



, lxl > 1 



x=l + (l+^f) 1/3 + (l-^) 



1/3 



33. The sequence {x n } converges to | from below so e n = | — x n > for each n. By the Alternating Series 
Estimation Theorem e n+1 w ^ (e n ) 3 with |error| < ^ (e n ) 5 > an d since the remainder is negative this is an 



overestimate =^ < e n+ i < \ (e n ) 3 . 



34. Yes, the series Eln(l + a n) converges by the Direct Comparison Test: l + a n < 1 + a n + % 



1 + a n < e a ° => ln(l + a n ) < a n 
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35. (a) 



l 



(l-x) 2 



_d_ 

dx 



( i 1 ^) = £ ( 1 + x + x 2 + x 3 + . . . ) = 1 + 2x + 3x 2 + 4x 3 



Enx n 



(b) from part (a) we have J] n(|) n (5) = (g) 



-1 2 



(c) from part (a) we have E n P" 1 1 — g q p ~ ) 2 = ^2 — ^ 



36. (a) E Pk = E 2- k 

k=l k=l 

by Exercise 35(a) 



(I) 



1 andE(x) = E kp k = £ k2~ k = ± E k2^ k = (I) = 2 

k=l k=l k=l L 1 V2/J 



(b) E Pk = E ^ = 5 E (I) = (5) i^ft) = 1 andE « = E k Pk = E k 9- = g E k(f) 



k-l 



(c) 



OO OO CXI CO OG / \ 

E Pk = £ k^Fi) = E (e - kTl) = . tea _ k+i) = 1 md E W = E k Pk = E k (^) 

k=l k=l k=l K — > OO k=l k=l v y 



E cxy > a divergent series so that E(x) does not exist 



37. (a) R n = C e- kt ° + C e- 
(b) R„ = ^feP 



2kt„ 



C e 



-nkt _ C e- | "o(l-e-'"o) 



Rj = e- 1 « 0.36787944 and R 



10 



=>• R = lim R n = 

n — > 00 1 - e 1 

0.58195028; 



e a o - 1 



R = J-- « 0.58197671; R R 10 » 0.00002643 < 0.0001 



(C) R n 



R 11 1 

2 2 



(^) « 4.7541659; R n > f =► ^ > Q) (^) 



=> 1 - e-"/ 10 > i =» e-"/ 10 < \ - T5 < In (5) yg > - In (±) n > 6.93 =► n = 7 



Re kt ° = R + C = C H e kt ° = & =»► to 



38. (a) R = ^ 

(b) t = In e = 20 hrs 

(c) Give an initial dose that produces a concentration of 2 mg/ml followed every to = 7^ m (g-5) ~ 69.31 hrs 
by a dose that raises the concentration by 1 .5 mg/ml 

(d) to = iln(|i) =5fn(f) «6hrs 

CO 

39. The convergence of E l a n| implies that lim |a n | =0. Let N > be such that |a n | < \ => 1 — |a n | > \ 



n — > 00 



^p-r < 2 |a n | for all n > N. Now |ln (1 + a n ) 



^ i-|a» 
< |a n | + |a n | 2 + |a n | 3 + |a n | 4 



< Ia n 



1 j a H I < 2 |a„| . Therefore £ hi(l + a n ) converges by the Direct 



Comparison Test since E l a n| converges. 

n=l 



40. E nin n(in(in n))p conver g es if p > 1 and diverges otherwise by the Integral Test: when p = 1 we have 

n=3 

lim f — : — — rr —— lim [In (In (In x))l o = oo; when p ^ 1 we have lim f —, — ,, d *, 

b ^ oo ^ 3 " 1" x(ln (In x)) h -> no L V 13 V ' h^m J3 xlnx(ln(ln; 

[ (In (In x 



b — > oo 
, b f (In(ln3))-P+' 



ix))P 



= lim 

b — > oo 



1-p • if P> 1 

oo, if p < 1 
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41. (a) s 2n 



+1 



£i _i_ 

1 > 2 



£3 

3 



c 2n+l ti , t 2 — ti i t 3 -t 2 

2n+l ~~ 1 "r" 2 ~<~ 3 



t2n+l~ t2n 
2ll+l 



t2n+l 

2n+l 



= t 1 (l-|)+t 2 (I-|)+...+t 2n (i-^ 

(b) {c n } = {(-1)"} => £ converges 

n=l 

(c) {c n } = {1,-1, -1,1, 1,-1, -1,1,1,...} the series 1 



t2n+l 

k(k+l) 1 2n+l 



tk 



1 _ 1 , 1 

2 3 T 4 



1 _ 1 _ 1 
5 6 7 



42. (a) (1 - t + t 2 - t 3 + ... +(-l) n t n )(l +t) = 1 -t + t 2 - t 3 

= 1 + (-l) n t n+I 1 - t + t 2 -t 3 



. + (-l) n t n - 



+ (-l) n t n + t-t 2 + t 3 -t 4 

1 

1+t 



converges 

+ ... +(-l) n t n+I 



r ttt dt = r [i - 1 + 1 2 + . . . + (- irt" + 



i+t 



dt [In |1 +t|]; 



+ 



(-i) n t n+ ' 
n + i 

(-l) n x n+1 
n+1 



+ /;^dt^ln|l+x| 

R n +i, where R n+1 = J q — dt 

(c) x > and R n+1 = (-l) n+1 £ dt => |R n+] | = £ ^ dt < £ t n+I dt = ^ 

(d) -1 < x < OandR n+1 = (-1)^ £ f£ dt => |R n+1 | = If f£ dtl < £ If 



n+2 

n+~2 



t ll ■ 1 

+1 



dt 



< 



px I . n+1 i i n +2 

f-n dx = n x since 1 1 + t| > 1 - Ixl 

Jo 1— x (1 — Ixl) fn+2i i 1 i — ii 



(1 - |x|) (n + 2) 

(e) From part (d) we have |R n+1 1 < {i _^^ +2) 



the given series converges since 



lim 







IR, 



n+1 | 



n Too (l-|x|)(n + 2) 

Thus the given series converges to ln(l + x) for —1 < x < 1 



when |x| < 1. If x = 1, by part (c) |R n+ i| < 



0. 
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12.1 THREE-DIMENSIONAL COORDINATE SYSTEMS 

1 . The line through the point (2, 3, 0) parallel to the z-axis 

2. The line through the point (—1,0,0) parallel to the y-axis 

3. The x-axis 

4. The line through the point (1,0,0) parallel to the z-axis 

5. The circle x 2 + y 2 = 4 in the xy-plane 

6. The circle x 2 + y 2 = 4 in the plane z = —2 

7. The circle x 2 + z 2 = 4 in the xz-plane 

8. The circle y 2 + z 2 = 1 in the yz-plane 

9. The circle y 2 + z 2 = 1 in the yz-plane 

10. The circle x 2 + z 2 = 9 in the plane y = —4 

11. The circle x 2 + y 2 = 16 in the xy-plane 

12. The circle x 2 + z 2 = 3 in the xz-plane 

13. (a) The first quadrant of the xy-plane (b) The fourth quadrant of the xy-plane 

14. (a) The slab bounded by the planes x = and x = 1 

(b) The square column bounded by the planes x = 0, x = 1, y = 0, y = 1 

(c) The unit cube in the first octant having one vertex at the origin 

15. (a) The solid ball of radius 1 centered at the origin 

(b) The exterior of the sphere of radius 1 centered at the origin 

16. (a) The circumference and interior of the circle x 2 + y 2 = 1 in the xy-plane 

(b) The circumference and interior of the circle x 2 + y 2 = 1 in the plane z = 3 

(c) A solid cylindrical column of radius 1 whose axis is the z-axis 

17. (a) The closed upper hemisphere of radius 1 centered at the origin 
(b) The solid upper hemisphere of radius 1 centered at the origin 

18. (a) The line y = x in the xy-plane 

(b) The plane y = x consisting of all points of the form (x, x, z) 
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19. (a) x = 3 (b) y = -1 



20. (a) x = 3 

21. (a) z = 1 

22. (a) x 2 + y 2 = 4, z = 

23. (a) x 2 + (y - 2) 2 = 4, z = 

24. (a) (x + 3) 2 + (y - 4) 2 = 1, z = 1 
(c) (x + 3) 2 + (z - l) 2 = l,y = 4 



(b) y = -l 

(b) x = 3 

(b) y 2 + z 2 = 4, x = 

(b) (y - 2) 2 + z 2 = 4, x = 

(b) (y - 4) 2 + (z - l) 2 = l,x=-3 



(c) z = -2 

(c) z = 2 

(c) y=-l 

(c) x 2 + z 2 = 4, y = 

(c) x 2 + z 2 = 4, y = 2 



25. (a) y = 3,z = -l (b) x=l,z = -l (c) x = 1, y = 3 

26. ^/x 2 + y 2 + z 2 = ^/x 2 + (y - 2) 2 + z 2 => x 2 + y 2 + z 2 = x 2 + (y - 2) 2 + z 2 =>• y 2 = y 2 - 4y + 4 =>■ y = 1 

27. x 2 + y 2 + z 2 = 25, z = 3 =>• x 2 + y 2 = 16 in the plane z = 3 

28. x 2 + y 2 + (z - l) 2 = 4 and x 2 + y 2 + (z + l) 2 = 4 ^ x 2 + y 2 + (z - l) 2 = x 2 + y 2 + (z + l) 2 =>■ z = 0, x 2 + y 2 = 3 



29. < z < 1 



31. z<0 



30. 0<x<2, 0<y<2, 0<z<2 



33. (a) (x - l) 2 + (y - l) 2 + (z - l) 2 < 1 

34. 1 < x 2 + y 2 + z 2 < 4 



32. z = y/\ -x 2 -y 2 

(b) (x - l) 2 + (y - l) 2 + (z - l) 2 > 1 



36. 



37. 



38. 



39. 



35. |PiP 2 | = V (3 - l) 2 + (3 - l) 2 + (0 - l) 2 = y/9 = 3 



PiP 2 | = V (2 + l) 2 + (5 - l) 2 + (0 - 5) 2 = ^50 = 5^2 



P1P2I = \/( 4 - + (-2 - 4) 2 + (7 - 5) 2 = ^49 = 7 



P X P 2 | = J (2 - 3) 2 + (3 - 4) 2 + (4 - 5) 2 = ^3 



P^l = J (2 - 0) 2 + (-2 - 0) 2 + (-2 - 0) 2 = = 2v"3 



40. |PiP 2 | = V (0 - 5)' + (0 - 3)' + (0 + 2Y = V38 



41. center (—2, 0, 2), radius 2a/2 



42. center (- 1, - \, - \) , radius 



43. center (y2, y2, -y2j , radius \fl 



44. center (0, — \, \) , radius 



/29 
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45. (x - l) 2 + (y - 2) 2 + (z - 3) 2 = 14 46. x 2 + (y + l) 2 + (z - 5) 2 = 4 

47. (x + 2) 2 + y 2 + z 2 = 3 48. x 2 + (y + if + z 2 = 49 

49. x 2 + y 2 + z 2 + 4x - 4z = =4> (x 2 + 4x + 4) + y 2 + (z 2 - 4z + 4) =4 + 4 

(x + 2) 2 + (y - 0) 2 + (z - 2) 2 = fv^l =^ the center is at (-2, 0, 2) and the radius is a/8 



50. x 2 + y 2 + z 2 - 6y + 8z = => x 2 + (y 2 - 6y + 9) + (z 2 + 8z + 16) = 9 + 16 (x - 0) 2 + (y - 3) 2 + (z + 4) 2 = 5 2 

=>• the center is at (0, 3, —4) and the radius is 5 

51. 2x 2 + 2y 2 + 2z 2 + x + y + z = 9 => x 2 + \ x + y 2 + \ y + z 2 + \ z = § 



=> (x 2 + ix + i) + (y 2 + iy +1 L) + (z 2 + Iz +1 L) = ^ + l ; (x + \f + (y + \f + (z + i) 2 = (^)' 



=>■ the center is at (— j, — \ , — 4) and the radius is 

52. 3x 2 + 3y 2 + 3z 2 + 2y - 2z = 9 =► x 2 + y 2 + § y + z 2 - § z = 3 =► x 2 + (y 2 + § y + i) + (z 2 - § z + \) = 3 2 



(x - 0) 2 + (y + 5) 2 + (z - i) 2 = the center is at (0,-5, |) and the radius is ^ 



7 y 2 


+ z 2 


7 x 2 


+ z 2 



54. (a) the distance between (x, y, z) and (x, y, 0) is z 

(b) the distance between (x, y, z) and (0, y, z) is x 

(c) the distance between (x. y, z) and (x, 0, z) is y 



55. |AB| = V(l - (-1)) 2 + (-1 - 2) 2 + (3 - l) 2 = y/4 + 9 + 4 = V+7 



BC| = J (3 - l) 2 + (4 - (-1)) 2 + (5 - 3) 2 = sjA + 25 + 4 = a/33 



|CA| = ^(-1 -3) 2 + (2-4) 2 + (l -5) 2 = ^16 + 4 + 16 = a/36 = 6 
Thus the perimeter of triangle ABC is yl7 + \/33 + 6. 



56. |PA| = J (2 - 3) 2 + (-1 - l) 2 + (3 - 2) 2 = x/I+4+1 = \/6 



|PB| = y+4 - 3) 2 + (3 - l) 2 + (1 - 2) 2 = y/l +4+ 1 = a/6 
Thus P is equidistant from A and B. 

12.2 VECTORS 

1. (a) (3(3),3(-2)} = (9,-6) 2. (a) (-2(-2), -2(5)) = (4, -10) 



(b) ^92 + (-6) 2 = \/lT7 = 3VT3 (b) + (-10) 2 = \/Tl6 = 2a/29 

3. (a) (3 + (-2), -2 + 5) = (1,3) 4. (a) (3 - (-2), -2 - 5) = (5, -7) 



(b) a/1 2 + 3 2 = VTO (b) \/5 2 + (-7) 2 = \[T\ 



9 
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5. (a) 2u = <2(3),2(-2)) = (6,-4) 
3v= (3(-2),3(5)) = (-6, 15) 
2u - 3v = (6 - ( -4), -4 - 15) = (12, -19) 



6. (a) -2u= (-2(3), -2(-2)) = (-6,4) 
5v= (5(-2),5(5)) = (-10, 25) 
-2u + 5v = (-6 + (-10), 4 + 25) = (-16, 29) 



(b) y / 12 2 + (-19) 2 = V^05 

(a) |u = (|(3), |(-2)) = (§,-§) 
!v=(f(-2),|(5)) = (-f,4) 
!u+|v=(| + (-f),-|+4\ = 



(b) J(-16) 2 + 29 2 = a/1097 



(a) -A U= /_A(3) ) _A(_ 2 ) 



11 10 
13' 13 



gv =(§(-2). §(5)) = (-&§) 



1 14 

5' 5 



12 v = + (_?4\ 

13 v \ 13 ' I 13^ 



24\ 10 , 60 
13 <~ 13 



= (-3, 



(b) vW^W 



/197 
5 



/6421 



9. (2-1, -1-3) = (1,-4) 
11. (0-2,0-3) = (-2,-3) 



10. 



( 2+(- 4) a -I 3 



-0,=^-0 =(-1,1) 



12. AB = (2- 1, - (-1)) = (1, 1), CD = (-2 - (-1), 2 - 3) = (-1, -l), AB + CD = (0, 0) 

13. (cosf,sii 1 f)=(-i,f ) 14. (cos sin (-f)) = (-^, 



15. This is the unit vector which makes an angle of 120° + 90° = 210° with the positive x-axis; 
(cos 210°, sin 210°) = (-^,-5 



16. (cos 135°, sin 135°) 



1 1 
72' \fi 



17. P!P 2 = (2 - 5)i + (9 - 7)j + (-2 - (-l))k = 3i + 2j k 



18. P!P 2 = (-3 - l)i + (0 - 2)j + (5 - 0)k = -4i 2j + 5k 



19. AB = (-10- (-7))i 



(-8))j + (l-l)k=-3i+16j 



20. AB = (-1 - l)i + (4 - 0)j + (5 - 3)k = -2i + 4j + 2k 

21. 5u - V = 5(1, 1, -1) - (2, 0, 3) = (5, 5, -5) - (2, 0, 3) = (5 - 2, 5 - 0, -5 - 3) = (3, 5, -8) = 3i + 5j - 8k 

22. -2u + 3v = -2(-l, 0, 2) + 3(1, 1, 1) = (2, 0, -4) + (3, 3, 3) = (5, 3, -l) = 5i + 3j - k 
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23. The vector v is horizontal and 1 in. long. The vectors u and w are ~ in. long, w is vertical and u makes a 45° angle with 
the horizontal. All vectors must be drawn to scale, 
(a) (b) 




(c) 



(d) 





24. The angle between the vectors is 120° and vector u is horizontal. They are all 1 in. long. Draw to scale, 
(a) .. (b) 




(c) 



2u - v 



U - V + W 




(d) 




u + v + w = 



25. length = |2i+ j - 2k| = ^/2 2 + l 2 + (-2) 2 = 3, the direction isfi+ij-fk => 2i + j - 2k = 3 (§ i + | j - § k) 



26. length = |9i - 2j + 6k| = a/81 + 4 + 36 = 11, the direction : 

= H(f7i-nj + TTk) 

27. length = |5k| = ^/25 = 5, the direction is k =^ 5k = 5(k) 



n " n J 1 n 



k 9i-2j + 6k 



28. length 



lli+tkl 



25 ' 25 



1, the direction is f i + f k ^ |i+|k=l(|i+|k) 



29. length 



4- k 



= \3 



ye) 



the direction is A- i 7= j — 

73 v / 3 J 



75 



T i k 

/6 J 



2 V?3 
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30. length 



75 i+ 7sJ + 7S k 



= \; 3 ( -L. ) = 1, the direction is ^ i + ^ j + ^ k 



VI i + 75j + 75 k -H75 i+ 75j + 75 k 

31. (a) 2i (b) -^3k (c) ^ j + |k (d) 6i-2j + 3k 

32. (a) 7j (b) -^i-i^k (c) |i-|j-k (d) ^ i + ^ j - -fc k 

33. |v| = Vl2 2 + 5 2 = V^69 = 13; A = i v = i (12i - 5k) => the desired vector is ^ (12i - 5k) 

34. |v| = ^i + i + | = f ;^ = ^i-^j-^k thedesiredvectoris-3(^i-^j-^k) 
= -V^i+ \/3j + \/3k 

35. (a) 3i + 4j - 5k = 5^2 ( -4- i + -4- j - 4= k) the direction is -4- i + -4= j - 4 k 

V \5\/2 5,/2 J / 5\/2 5\/2 J 

(b) the midpoint is ( | , 3 , |) 

36. (a) 3i - 6j + 2k = 7 (§ i - § j + = k) the direction is^i— fj+=k 
(b) the midpoint is ( | . 1,6) 

37. (a) -I-j-k=v^(-^i-^j-^k) =* the direction is- i - ^j-^k 
(b) the midpoint is ( | . | . | ) 

38. (a) 2i 2j 2k = 2^3 i - 4- j - 4- k) the direction is 4- i - 4j j - 4- k 
(b) the midpoint is (1. — 1, — 1) 

39. AB = (5 - a)i + (1 - b)j + (3 - c)k = i + 4j - 2k => 5-a=l, l-b = 4,and3-c=-2 a = 4, b = -3, and 
c = 5 A is the point (4, -3, 5) 

40. AB = (a + 2)i + (b + 3)j + (c - 6)k = -7i + 3j + 8k =!> a + 2 = -7, b + 3 = 3, and c - 6 = 8 a = -9, b = 0, 
and c = 14 B is the point (-9, 0, 14) 

41. 2i + j = a(i + j) + b(i - j) = (a + b)i + (a - b)j => a + b = 2 and a - b = 1 2a = 3 => a = | and 

b=a-l=i 

42. i 2j = a(2i + 3j) + b(i + j) = (2a + b)i + (3a + b)j 2a + b = 1 and 3a + b = -2 => a = -3 and 
b = 1 - 2a = 7 ^> m= a(2i + 3j) = -6i - 9j and u 2 = b(i + j) = 7i + 7j 

43. If |x| is the magnitude of the x-component, then cos 30° = j|| => |x| = |F| cos 30° = (10) (^f) = 5^ lb 

=> F x = 5^3i; 

if |y| is the magnitude of the y-component, then sin 30° = fel =>■ |y| = |F| sin 30° = (10) (|) = 5 lb =!> F y = 5 j. 
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44. If |x| is the magnitude of the x-component, then cos 45° = j|| |x| = |F| cos 45° = (12) ( = 6\/l 
=>• F x = — 6y2i (the negative sign is indicated by the diagram) 

r =Hy| = l F l sin 45 ° = ( 12 ) (4 ) = 



lb 



if |y| is the magnitude of the y-component, then sin 45° 



lb 



=>• F y = — 6y2j (the negative sign is indicated by the diagram) 

45. 25° west of north is 90° + 25° = 115° north of east. 800(cos 155°, sin 115°) « (-338.095, 725.046) 

46. 10° east of south is 270° + 10° = 280° "north" of east. 600(cos 280°, sin 280°) w (104.189,-590.885) 

47. (a) The tree is located at the tip of the vector OP = (5 cos 60°)i + (5 sin 60°)j = § i + ^ j => P = (§, ^) 
(b) The telephone pole is located at the point Q, which is the tip of the vector OP + PQ 



(§ i + j) + (10 cos 315°)i + (10 sin 315°)j = (§ + ™f) i + - ™f) j 



48. Let t = — j— and s = . Choose T on OPi so that TQ is 

p+q p+q 1 ^ 

parallel to OP 2 , so that ATPiQ is similar to AOP^. Then 
t => OT = tOPi so that T = (txi, tyi.tzi). 



|OT| 
|OP, 



Also, 



|TQ| 
[OP 2 | 



s =^ TQ = sOP 2 = s(x 2 , y 2 , z 2 ). 
Letting Q = (x, y, z), we have that 
TQ = (x - txi, y - tyi, z - tzi) = s(x 2 , y 2 , z 2 ) 
Thus x = tx; + sx 2 , y = t y 1 + sy 2 , z = tzj + sz 2 . 
(Note that if Q is the midpoint, then jj = 1 and t = s = | 
so that x-iv.xiv. - a+s v - y±±M 



\x 2 




Zj +Z2 

2 



so that this result agress with the midpoint formula.) 



49. (a) the midpoint ofAB is M (| , §,0) and CM = (§ - l) i + (| - l) j + (0 - 3)k = | i + § j - 3k 

(b) the desired vector is (|) CM = § (§ i+ |j - 3k) = i+ j 2k 

(c) the vector whose sum is the vector from the origin to C and the result of part (b) will terminate 

at the center of mass ^> the terminal point of (i + j + 3k) + (i + j — 2k) = 2i + 2j + k is the point 
(2, 2, 1), which is the location of the center of mass 

50. The midpoint of AB is M (|, 0, |) and (|) CM = f [(§ + l) i + (0 - 2)j + (§ + l) k] =|(fi-2j + |k) 



i - I j + I k. The terminal point of (f i - f j + | k) + OC = (f i - f j + | k) + (-i + 2j - k) 



— fi+fj + jkis the point (|, I, |) which is the location of the intersection of the medians. 



51. Without loss of generality we identify the vertices of the quadrilateral such that A(0, 0, 0), B(xb, 0, 0), 
C(x c , y c , 0) and D(xd , yj , z^) =>■ the midpoint of AB is Mab ( y , 0, 0) , the midpoint of BC is 
M BC , 1 ,0) , the midpoint of CD is M CD , , f ) and the midpoint of AD is 



Ml x d yd z d \ 
AD V 2 ' 2 ' 2) 

of M ad Mbc = 



the midpoint of MabMcd is 



yc + yd zj 
4 ' 4 



which is the same as the midpoint 



yc + yd ^ 
4 ' 4 
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52. Let Vi, V2, V3, ... , V n be the vertices of a regular n-sided polygon and Vi denote the vector from the center to 
Vi for i = 1, 2, 3, . . . , n. If S = J] V; and the polygon is rotated through an ang le of ^ where 

i=l 

i = 1, 2, 3, . . . , n, then S would remain the same. Since the vector S does not change with these rotations we conclude 
that S = 0. 

53. Without loss of generality we can coordinatize the vertices of the triangle such that A(0, 0), B(b, 0) and 

C(x c , y c ) ^> a is located at , |) , b is at (f , f ) and c is at (| , 0) . Therefore, Aa = (| + f ) i + ) j , 

Bt) = (f -b)i+ (|)j,andCc = (§ - x c ) i + (-y c )j =► Aa+Bb+Cc = 0. 

54. Let u be any unit vector in the plane. If u is positioned so that its initial point is at the origin and terminal point is at (x, y), 
then u makes an angle 9 with i, measured in the counter-clockwise direction. Since |u| = 1, we have that x = cos 9 and 

y = sin 9. Thus u = cos 9 i + sin 9 j. Since u was assumed to be any unit vector in the plane, this holds for every unit 
vector in the plane. 

12.3 THE DOT PRODUCT 

NOTE : In Exercises 1-8 below we calculate proj v u as the vector ( ^ p° s v, so the scalar multiplier of v is 
the number in column 5 divided by the number in column 2. 



v • u 

1. -25 

2. 3 

3. 25 

4. 13 

5. 2 



7. 10+V17 



Jyl_ 
5 

1 

15 
15 



34 



6. yji-yfi. ^2 



26 



5 
13 
5 

3 



COS i 



lul cos 9 



y/30 

6 



^21 



v 3d 
6 



-1 


-5 


3 

13 


3 


1 


5 


3 


3 


13 


13 


45 


15 


2 


2 


\/3\/34 












10+ \[vi 


10+\/l7 


\/546 


</26 


1 


1 


5 


v/30 



proj v u 

-2i + 4j - ^5k 
3(Ii+|k) 
l(10i+llj-2k) 
^(2i+10j-llk) 
17 (5j - 3k) 



/3-V2 



(-i + j) 



^(-5i + j) 



I/J_ J_ 

5\v^' y/3 



9. 9 = cos" 



10. = cos 



1 I (2)(1) + (1)(2) 



+ (0 ' ( - 1) \ = COS" 1 ( *) = COS" 1 ( *) 



0.75 rad 



cos 



V2 2 + l 2 + 2 ^/W- 

_, ( (2X3) + (-2)(o ) + (ix4) )= cos -i ( 10 \ = cog -i(|) « o.84 rad 

V2 2 + (-2) 2 + l 2 V3 2 + 2 + 4V \s/9y/25j 3 > 



11. 



(v^) (v / 3) + (-7)(l) + (0)(-2) 



(\/3) +(-7) 2 + 2 J(v^) +(l) 2 + (-2) 2 



i r 3- 



'52 
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12. 9 — cos 



'' (vi) * 

'(™) 



1.77 rad 



cos 



1.83 rad 



+ (\/2) 0)+ (-V2) (l) 

^(l) 2 + (v^) 2 + (-0)* v 7 !-!) 2 + (D 2 + (I) 2 



COS 



-1 I -1 



13. AB = (3, 1),BC = (-1, -3), and AC = (2, -2). BA = (-3, -l), CB = (l, 3), CA = (-2,2). 



AB 



BA 



BC 



CB 



= V10 



AC 



CA 



= 2W2, 



Angle at A = cos 



_1 / AB-AC \ _i / 3(2) 



AB AC 



COS 



i+it?L I = cos -i 



Angle at B = cos 



_1 j BC-BA 

IbcI IbaI 



Angle at C = cos 



1 j CB-CA 

IcbI IcaI 



-1 ( (-l)(-3) + (-3)(-l) 
^ (00) (00) 

-1 I l(-2) + 3(2) I = 
MM 



63.435° 



0, 

cos" 1 (I) w 53.130°, and 
1 (75) * 63 ' 435 ° 



14. AC = (2, 4) and BD = (4, -2). AC • BD = 2(4) + 4(-2) = 0, so the angle measures are all 90°. 



15. (a) cos a = ^ = A , cos ,5 = nfe = £ , cos 7 = ,#L = & and 



,-r , COS 7 = TiTM 

Jl l v l l v l I* 4 ! M 

2 / . \ 2 / \ 2 



+ cos 2 ,5 + cos 2 7 = (^)%(^)"+(^) 



_ a 1 + b 1 + c-* _ M l v l — 



(b) |v| = 1 =>• cos a = ||r = a, cos /? = ^ = b and cos 7 = A = c are the direction cosines of v 

16. u = lOi + 2k is parallel to the pipe in the north direction and v = lOj + k is parallel to the pipe in the east 
direction. The angle between the two pipes is 9 — cos -1 ( t^t^t ) = cos -1 ( , 2 , ) « 1.55 rad ss 88.85 

& VI U II V I/ \\/lMy/l0lJ 



17. u = v) + (u- ^ 

\ v-v / \ v-v 

v • u = 3 and v • v = 2 



v) =f (i+j)+ [(3j+4k)-|(i + j) 



§ i + I j + 4k) , where 



18. u =(^v) + (u-^v)=iv+(u-|v)=i(i+j)+[Cj+k)-i(i + j)] = (ii+ij) + (-ii+ij+k) > 
where v ■ u = 1 and v • v = 2 

19. u= (^v) + („-**▼) =^(i + 2j-k)+ [(8i + 4j-12k)-(f i+f j-^k)] 

= f j - f k) + (f i- f j - f k) , where v • u = 28 and v • v = 6 

20. u = v) + (u - v) = i (A) + [(i + j + k) - (i) A] = (i) + (j + k), where v • u = 1 and v • v = 1; yes 

21. The sum of two vectors of equal length is always orthogonal to their difference, as we can see from the equation 

(vi + v 2 ) • (vi - v 2 ) = Vi • vi + v 2 • vi - vi • v 2 - v 2 • v 2 = |vi| 2 - |v 2 | 2 = 

22. CA • CB = (—v + (— u)) • (—v + u) = v • v — v u + u v u • u = |v| 2 — |u| 2 = because |u| = |v| since both equal 
the radius of the circle. Therefore, CA and CB are orthogonal. 
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23. Let u and v be the sides of a rhombus =>• the diagonals are di — u + v and d2 = u + v 

=> di • d 2 = (u + v) • (— u + v) = u -u + u- v — v-u + v- v=|v| 2 — |u| 2 =0 because |u| = |v| , since a rhombus 
has equal sides. 

24. Suppose the diagonals of a rectangle are perpendicular, and let u and v be the sides of a rectangle =>■ the diagonals are 
di = u + v and d 2 = u + v. Since the diagonals are perpendicular we have di • d 2 = 

<^ (u + v) • (-u + v) = -u • U + U • V - V • U + V • v = & |v| 2 - |u| 2 = <=> (|v| + |u|) (|v| - |u|) = 

^ (|v| + I u I ) = which is not possible, or (|v| — |u|) = which is equivalent to |v| = |u| =>• the rectangle is a square. 

25. Clearly the diagonals of a rectangle are equal in length. What is not as obvious is the statement that equal 
diagonals happen only in a rectangle. We show this is true by letting the adjacent sides of a parallelogram be 
the vectors (vii + v 2 j) and (uii + u 2 j). The equal diagonals of the parallelogram are 

di = (vj + v 2 j) + (mi + u 2 j) and d 2 = (vj + v 2 j) - (uj + u 2 j). Hence |di| = |d 2 | = |(vii + v 2 j) + (mi + u 2 j)| 
= |(vii + v 2 j) - (mi + u 2 j)| |(vi + ui)i + (v 2 + u 2 )j| = |(v x - m)i + (v 2 - u 2 )j| 

\/(vi + ui) 2 + (v 2 + u 2 ) 2 = v'Cvi - m) 2 + (v 2 - u 2 ) 2 =>• v 2 + 2viui + u 2 + v 2 2 + 2v 2 u 2 + u 2 
= v 2 - 2viUi + u 2 + v 2 - 2v 2 u 2 + u 2 2(viui + v 2 u 2 ) = -2(viUi + v 2 u 2 ) => vim + v 2 u 2 = 
=> (vii + v 2 j) • (mi + u 2 j) = => the vectors (vii + v 2 j) and (mi + u 2 j) are perpendicular and the parallelogram 

must be a rectangle. 

26. If |u| = | v | and u + v is the indicated diagonal, then (u + v)-u = u- u + v- u=|u| 2 +v-u = u- v+|v| 2 

= u- v + v- v = (u + v)-v =>■ the angle cos -1 ( 1 between the diagonal and u and the angle 

cos 1 ( |u+vMv| ) between the diagonal and v are equal because the inverse cosine function is one-to-one. 
Therefore, the diagonal bisects the angle between u and v. 

27. horizontal component: 1200 cos(8°) w 1 188 ft/s; vertical component: 1200 sin(8°) « 167 ft/s 

28. |w|cos(33° - 15°) = 2.5 lb, so |w| = Then w = ^^(cos 33°, sin 33°) w (2.205, 1.432) 

29. (a) Since |cos 9\ < 1, we have |u • v| = |u| |v| |cos 9\ < |u| |v| (1) = |u| |v| . 

(b) We have equality precisely when |cos 8\ = 1 or when one or both of u and v is 0. In the case of nonzero 
vectors, we have equality when 6 — or tt, i.e., when the vectors are parallel. 



30. (xi + yj) • v = |xi + yj| |v| cos 9 < when \ < 8 < n. This 
means (x, y) has to be a point whose position vector makes 
an angle with v that is a right angle or bigger. 




31. v • m = (am + bu 2 ) • m = aui • m + bu 2 • m = a |m| 2 + b(u 2 • Ui) = a(l) 2 + b(0) = a 

32. No, Vineed not equal v 2 . For example, i + j ^ i + 2j but i-(i + j) = i- i-|-i-j = 1+0 = 1 and 
i - (i + 2j) = i • i + 2i - j = 1 + 2 • = 1. 
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33. P(xi, yi) = P (xi, g — r Xi) and Q(x2, y 2 ) — Q (x 2; g — § X2) are any two points P and Q on the line with b 7^ 

PQ = (x 2 - xi)i + § (xi - x 2 )j PQ • v = [(x 2 - xi)i + § (xi - x 2 )j] • (ai + bj) = a(x 2 - x x ) +b (§) ( Xl - x 2 ) 
= =>• v is perpendicular to PQ for b 7^ 0. If b = 0, then v = ai is perpendicular to the vertical line ax = c. 



reciprocals =4> the vector v and the line are perpendicular. 

34. The slope of v is ^ and the slope of bx — ay = c is |, provided that a^O. If a = 0, then v = bj is parallel to 
the vertical line bx = c. In either case, the vector v is parallel to the line ax — by = c. 

35. v = i + 2j is perpendicular to the line x + 2y = c; ■ [ 
P(2, 1) on the line =^ 2 + 2 = c x + 2y = 4 



Alternatively, the slope of v is \ and the slope of the line ax + by = c is 



g, so the slopes are negative 




36. v = — 2i j is perpendicular to the line — 2x — y = c; 
P(-L2)ontheline (-2)(-l) - 2 = c 
-2x-y = 



y 




X 



37. v = — 2i + j is perpendicular to the line — 2x + y = c; 

P(-2, -7) on the line =^ (-2)(-2) - 7 = c 

-2x + y = -3 




y 



38. v = 2i — 3j is perpendicular to the line 2x — 3y = c; 
P(ll,10)ontheline (2)(11) - (3)(10) = c 

=» 2x - 3y = -8 



y 
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39. v = i — j is parallel to the line — x — y = c; 

P(-2, 1) on the line ^> -(-2) - 1 = c -X - y = 1 
or x + y = — 1 . 




40. v = 2i + 3j is parallel to the line 3x — 2y = c; 

P(0, -2) on the line - 2(-2) = c 3x - 2y = 4 




41. v = i 2j is parallel to the line — 2x + y = c; 

P(l, 2) on the line -2(1) + 2 = c =^ -2x - y = 
or 2x — y = 0. 





mi, 2) 




/2x-y=0 


-A 





42. v = 3i — 2j is parallel to the line — 2x — 3y = c; 
P(l, 3) on the line (-2)(1) - (3)(3) = c 
=» -2x-3y = -llor2x + 3y = 11 



3 






\ 2x + 3y = 






-2 






3i - 2j 



43. P(0,0),Q(l,l)andF = 5j => PQ = i + j and W = F • PQ = (5j) • (i + j) = 5 N • m = 5 J 

44. W = |F| (distance) cos 9 = (602,148 N)(605 km)(cos 0) = 364,299,540 N • km = (364,299,540)(1000) N • m 

= 3.6429954 x 10 11 J 



45. W = |F| PQ cos 9 = (200)(20)(cos 30°) = 2000^ = 3464.10 N • m = 3464.10 J 
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46. W = |F| PQ cos 9 = (1000)(5280)(cos 60°) = 2,640,000 ft • lb 

In Exercises 47-52 we use the fact that n = ai + bj is normal to the line ax + by = c. 

47. n 1 = 3i + jandn 2 =2i-j =► 9 = cos" 1 (^) = cos" 1 (-^) = cos" 1 (-^) = f 



2jt 
3 



.14rad 



48. n^-^i+jandn^^i+j (9 = cos" 1 (^) = cos" 1 (^) = cos" 1 (- I) 

49. n 1 = % /3i-jandn 2 =i-^j 9 = cos" 1 (^) = cos" 1 (^ + ^) = cos" 1 (f ) 

50. ni =i +v /3jandn 2 = (l - V^) i+ (l + V^) j => = cos" 1 (^) 

= cos- 1 ( ; '-^ + ^ + 3 1 = cos- 1 ( *) = cos- 1 (V) = 5 

51. n 1= 3i 4jandn 2 =i j = cos" 1 (^) = cos" 1 (-^) = cos" 1 (^) « 0. 

52. ni = 12i + 5j and n 2 = 2i - 2j =* = cos" 1 (^) = cos" 1 (^j) = cos" 1 (^) « 1.18 rad 

53. The angle between the corresponding normals is equal to the angle between the corresponding tangents. The 
points of intersection are f~ j j f J ar) d f 2 > i) • ^ ( — 2 ' i) ^ e tan g ent l me f° r f( x ) = x2 i s 

y - ! = f (- ^) (x - (- ^)) y = -\/3 (x + &\ + \ y = -V^x - f , and the tangent line for 
f(x) = (|) - x 2 is y - I = f (- ^) (x - (- ^)) =► y=^(x+^)+| = y^X + £. The corresponding 
normals are iii = V^i + j and n 2 = — \/3i + j. The angle at ( - Y, |) is # = cos_1 (]5^[) 

= cos -1 ( — cos 1 (— = =y , the angle is | and y. At |^ the tangent line for f(x) = x 2 is 

y = ^3 (x + &\ + I = a/3x + f and the tangent line for f(x) = § - x 2 is y = - (x + &\ + | 

= — -y/3x — |. The corresponding normals are ni = —\/3i + j and n 2 = \/3i + j. The angle at is 

* = cos_1 (™) = cos_1 (yfvi) = cos_1 (- \) = T. the an § le is f and f • 

54. The points of intersection are ^0, ^-j and ^0, — . The curve x = | — y 2 has derivative ^ = — ^ =^> the 
tangent line at ^0, is y — ^ = — (x — 0) =!> ni = 4j i + j is normal to the curve at that point. The 
curve x = y 2 — | has derivative ^ = ^ the tangent line at ^0, is y — ^ = (x — 0) 

=> n 2 = — -4j i + j is normal to the curve. The angle between the curves is 9 — cos -1 ( j^'j^i J 

= cos -1 ( -p ■ ^ J = cos -1 ( jly) = cos -1 (|) = | and ^f. Because of symmetry the angles between 
the curves at the two points of intersection are the same. 



55. The curves intersect when y = x 3 = (y 2 ) 3 = y 6 => y = or y = 1. The points of intersection are (0, 0) and 
(1, 1). Note that y > since y = y G . At (0, 0) the tangent line for y = x 3 is y = and the tangent line for 
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y = a/x is x = 0. Therefore, the angle of intersection at (0, 0) is |. At (1, 1) the tangent line for y = x 3 is 
y = 3x — 2 and the tangent line fory=^/xisy=ix+;j. The corresponding normal vectors are 



ni 



-3i + j and n 2 = - \ i + j => 



cos 



-1 ( n r n 2 \ 

V l n ll H / 



COS 



-1 1 



j, the angle is ? and ^f. 



56. The points of intersection for the curves y = — x 2 and y = 3 ^/x are (0, 0) and (—1,-1). At (0, 0) the tangent 



line for y = — x 2 is y = and the tangent line for y = \fx is x = 0. Therefore, the angle of intersection at (0, 0) 
is | . At (— 1, — 1) the tangent line for y = — x 2 is y = 2x + 1 and the tangent line for y = 3 y^x is y = I x — |. 

The corresponding normal vectors are ni = 2i j and na = | i — j = cos -1 ( 1 



f , the angle is | and ^ . 



12.4 THE CROSS PRODUCT 



1. U X V = 



1 j k 

2 -2 -1 
1 -1 



= 3(|i+|j+|k) length = 3 and the direction isfi+jj + fk 



v x u = -(u x v) = -3 (|i+ |j + |k) =>■ 



length = 3 and the direction is — | : 



1 i k 

3 J 3 K 



i j k 

2. u x v = 2 3 = 5(k) => length = 5 and the direction is k 
-1 1 

vxu=-(uxv) = -5(k) =^ length = 5 and the direction is — k 



i j k 

3. uxv= 2 —2 4 = =>■ length = and has no direction 

-11-2 

v x u = — (uxv) = => length = and has no direction 



i j k 

4. uxv= 1 1 — 1 =0=^ length = and has no direction 


vxu=— (uxv) = => length = and has no direction 



5. u x v = 



1 j k 

2 

0-3 



— 6(k) => length = 6 and the direction is — k 



vxu=— (u X v) = 6(k) => length = 6 and the direction is k 



6. uxv = (ixj)x(jxk) = kx 



i j k 

1 

1 



■■ j => length = 1 and the direction is j 



v x u = — (u x v) = — j ^> length = 1 and the direction is — j 



7. u x v 



1 j k 

-8 -2 -4 

2 2 1 



6i — 12k length = 6\/5 and the direction is i %- k 



v x u — — (u x v) = — (6i — 12k) =>■ length = 6y 5 and the direction is \- i + -7- k 

V5 \/5 
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U X V 



1 j k 

a -i 1 

2 2 1 

1 1 2 



-2i — 2j + 2k =4> length = 2 v/3 and the direction is 7= i 7= 1 

V3 V3 V3 



v x u — — (u x v) = — (— 2i — 2j + 2k) =>■ length = 2 v/3 and the direction is^UiH — 7- j 7- k 

V3 v3 ^3 



9. u x v = 



i j k 

1 
1 



10. u x v = 



i j k 

1 -1 
1 




X j =k 



Uk 




11. U X V 



1 J 

1 
1 



12. U X V : 



5k 





13. u x v 



j k 

1 

-1 



2k 



14. u x v 



i j k 

1 2 

1 



2j-k 







* — -* — / 


\ / 





>J + 2k 




2J -k 



15. (a) PQ x PR = 



i j k 

1 1 -3 
-1 3 -1 



8i + 4j + 4k 



Area = ~ 



PQ x PR 



= \ v/64+ 16+ 16 = 2y/6 



(b) u = ± ^% 

PQxPR 



±^(2i+j + k) 
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16. (a) PQ x PR 



(b) u = ± 

PQxPR 



i j 


k 


1 


2 


2 -2 






4i + 4j - 2k Area 



PQ x PR 



\ ^16+16 + 4 = 3 



± i (21 + 2j - k) 



17. (a) PQ x PR 



i J 

1 1 
1 1 



(b ) u = ± 

PQxPR 



18. (a) PQ x PR 
(b) u 



j_ PQxPR 
IpQxPrI 



Area 



PQ x PR 



1 = ± 




H 


j) 




-j) 








i j 


k 












= |V4 + c 




2 -1 


-1 




2i 


■f 3j + k => 


Area = | 


PQ x PR 


>+ 1 


1 


-2 













'14 



±^(2i + 3j + k) 



19. If u = aii + a2j + a 3 k, v = bii + b 2 j + b 3 k, and w = cj + c 2 j + c 3 k, then u • (v x w) 



aj a 2 a 3 
bi b 2 b 3 
Cl c 2 c 3 



v - (w x u) = 



which all have the same value, since the 



bi b 2 b 3 ci c 2 c 3 

Ci c 2 c 3 and w • (u X v) = ai a 2 a 3 
ai a 2 a 3 bi b 2 b 3 

interchanging of two pair of rows in a determinant does not change its value => the volume is 











2 





l(u 


x v) 


w 


= abs 





2 













2 










1 


-1 


20. |(u 


x v) 


w 


= abs 


2 


1 










-1 


2 










2 


1 


21. |(u 


x v) 


w 


= abs 


2 


-1 1 










1 


2 



4 (for details about verification, see Exercise 19) 



-1\ — 7 (for details about verification, see Exercise 19) 





1 


1 


-2 


22. |(u x v) • w| = abs 


-1 





-1 




2 


4 


-2 



= 8 (for details about verification, see Exercise 19) 



23. (a) u • v = —6, u • w = —81, v • w = 18 => none 





i j k 




i j k 




i j 


k 




(b) u x v = 


5 -1 1 


^ 0, u x w = 


5 -1 1 


= 0, v x w = 


1 


-5 






1 -5 




-15 3 -3 




-15 3 


-3 





u and w are parallel 



24. (a) u • v = 0, u x w = 0, u • r = — 3tt, v-w = 0, v-r = 0, w-r = => u±v, nlw, vlw, v±r 
and wlr 
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i 


j 


k 








i 


j 


k 




i j 


k 




U X V = 


1 


2 


-1 


^ 0, u x w - 




1 


2 


-1 


/0,uxr = 


1 2 


-1 


= 




-1 


1 


1 








1 





1 






- f _7r 


71" 

2 






i 


j 


k 








i 


j 


k 




i j 


k 




V X w = 


-1 


1 


1 


/0,vxr = 




-1 


1 


1 


/0,wxr = 


1 


1 






1 





1 








7T 

' 2 


— 7T 


- 

2 




-I _7r 


2 





u and r are parallel 



25. 


PQ x F 




PQ 


|F| sin (60°) = | - 30 - 


^ ft-lb= lOy^ft-lb 


26. 


PQ x F 




PQ 


|F| sin(135°) = | - 30 


^ ft • lb = 10^/2 ft • lb 



(a) 


true, u = Va? + 


a2 + 


a? = 


= \/ uu 














(b) 


not always true, u 


• U = 


|u| 


2 




















j 


k 










j k 






(c) 


true, u x = 


ai 


a 2 


a 3 


= 0i + Oj 4 


- 0k = and 0xu = 








= Oi + Oj 


+ 0k = 





















ai 


a2 a 3 














j k 














(d) 


true, u x (— u) 




ai 


a2 a 3 




(-a 2 a 3 + a 2 a 3 )i - (-aia 3 - 


f aja 3 )j 


■f (-aia 2 - 


h aia 2 )k = 








-ai 




a2 -a 3 















(e 
(0 
(g. 
(h 



28. (a 
(b 

(c 
(d 



(f) 

( 

(h 

29. (a 

30. (a 
(b 



not always true, i x j = k ^ k = j x i for example 
true, distributive property of the cross product 
true, (u x v) • v = u • (v x v) = u • = 

true, the volume of a parallelpiped with u, v, and w along the three edges is (u X v) - w = (v x w) • u = u • (v x w), 
since the dot product is commutative. 

true, u • v = aibi + a 2 b 2 + a 3 b 3 = biai + b 2 a 2 + b 3 a 3 = v • u 

j k 



true, u x v 



true, (— u) x v = 





j 


k 






ai 


a 2 


a 3 




bi 


bi 


b 2 


b 3 




ai 






j 


k 






-ai 


-a 2 -a 3 




bi 


b2 b 3 



J2 "3 



-(v X u) 



i J k 

ai a 2 a 3 
bi b 2 b 3 



= -(u x v) 



true, (cu) • v = (cai)bi + (ca 2 )b 2 + (ca 3 )b 3 = ai(cbi) + a 2 (cb 2 ) + a 3 (cb 3 ) = u • (cv) = c(aibi + a 2 b 2 + a 3 b 3 ) 
= c(u • v) 





i j 


k 




i j 


k 






j 


k 




(e) true, c(u x v) = c 


ai a 2 


a 3 




cai ca 2 


ca 3 


= (cu) X V = 


ai 


a 2 


a3 


= u x (cv) 




bi b2 


b 3 




bi b 2 


b 3 




cbi 


cb 2 


cb 3 





true, u • u = a? + a 2 2 + a| = (-/af + a 2 2 + a?) = |u| 2 
true, (uxu)-u = 0- u = 

true, uxvlu and uxv_Lv =>■ (uxv)-u = v-(uxv) = 



proj v u = I |f 



UV \ 



(b) ±(uxv) 



(c) ± ((u x v) x w) (d) |(u x v) • w| 



(u x v) x (u x w) 

(u + v)x(u-v) = (u + v)xu-(u + v)xv = uxu + vxu-uxv-vxv 
= + vxu - uxv = 2(v x u), or simply u x v 

(d) |u x w| 



(c) 
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31. (a) yes, u x v and w are both vectors (b) no, u is a vector but v • w is a scalar 
(c) yes, u and nxware both vectors (d) no, u is a vector but v • w is a scalar 

32. (u x v) x w is perpendicular to u x v, and u x v is perpendicular to both u and v => (u x v) x w is 
parallel to a vector in the plane of u and v which means it lies in the plane determined by u and v. 

The situation is degenerate if u and v are parallel so u x v = and the vectors do not determine a plane. 
Similar reasoning shows that u x (v x w) lies in the plane of v and w provided v and w are nonparallel. 

33. No, v need not equal w. For example, i + j ^ — i + j, but ix(i+j) = ixi + ixj = + k = k and 
i x (-i + j) = -i x i + i x j = + k = k. 

34. Yes. Ifuxv = uxw and u • v = u • w, then u x (v — w) = and u - (v — w) = 0. Suppose now that y/w. 
Then ux(t-w) = implies that v — w = ku for some real number k ^ 0. This in turn implies that 

u • (v w) = u • (ku) — k |u| 2 — 0, which implies that u = 0. Since u ^ 0, it cannot be true that v ^ w, so 
v = w. 



35. AB = i + j and AD = i j => AB x AD = 



j k 

1 

-1 



= 2k 



area 



AB x AD 



= 2 



36. AB = 7i + 3j and AD = 2i + 5j => AB x AD = 



j k 

3 
5 



= 29k 



area 



AB x AD 



= 29 



37. AB = 3i - 2j and AD = 5i + j AB x AD 



j k 

-2 
1 



13k 



AB x AD 



13 



38. AB = 7i 4j and AD = 2i + 5 j AB x AD 



j k 

-4 
5 



43k 



AB x AD 



43 



39. AB = -2i + 3j and AC = 3i + j => AB x AC = 



-2 
3 



j k 

3 
1 



Ilk 



area 



AB x AC 



n 

2 



40. AB = 4i + 4j and AC = 3i + 2j =>• AB x AC = 



i J 

4 4 

3 2 



— —4k =>■ area = 



AB x AC 



= 2 



41. AB = 6i 5j and AC = Hi - 5j => AB x AC 



6 
11 



J k 

-5 
-5 



25k 



AB x AC 



25 
2 



42. AB = 16i - 5j and AC = 4i + 4j AB x AC 



16 
4 



j k 

-5 
4 



84k 



AB x AC 



42 
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43. If A = aii + a 2 j andB = + b 2 j, then A x B 



i j k 

ai a 2 
bi b 2 



ai a 2 
bi b 2 



k and the triangle's area is 



|A x BI = ± 



ai a 2 
t»i b 2 



The applicable sign is (+) if the acute angle from A to B runs counterclockwise 



in the xy-plane, and (— ) if it runs clockwise, because the area must be a nonnegative number. 



44. If A = aj + a 2 j, B — bj + b 2 j, and C — Cii + c 2 j, then the area of the triangle is \ 



AB x AC 



Now, 



AB x AC = 



i j k 

bi — ai b 2 — a 2 
ci - ai c 2 - a 2 



bi — ai b 2 — a 2 
ci - ai c 2 - a 2 



AB x AC 



\ |(bi - ai)(c 2 - a 2 ) - (ci - ai)(b 2 - a 2 )| = \ |ai(b 2 - c 2 ) + a 2 (ci - bi) + (bic 2 - c 1 b 2 )| 

The applicable sign ensures the area formula gives a nonnegative number. 



ai a 2 1 
bi b 2 1 
Ci c 2 1 



12.5 LINES AND PLANES IN SPACE 



1. The direction i + j + k and P(3, -4, - 1) => x = 3 + t, y = -4 + t, z = - 1 + t 



2. The direction PQ = -2i - 2j + 2k and P(l,2, -1) => x = 1 - 2t, y = 2 - 2t, z = -1 + 2t 



3. The direction PQ = 5i + 5j 5k and P(-2, 0, 3) x = -2 + 5t, y = 5t, z = 3 - 5t 



4. The direction PQ = -j - k and P(l, 2, 0) ^> x = 1, y = 2 - t, z = -t 



5. The direction 2j + k and P(0, 0, 0) ^> x = 0, y = 2t, z = t 



6. The direction 2i j + 3k and P(3, -2, 1) =^ x = 3 + 2t, y = -2 - t, z = 1 + 3t 



7. The direction k and P(l, 1, 1) =>■ x=l,y=l,z=l+t 



The direction 3i + 7j - 5k and P(2, 4,5) x = 2 + 3t, y = 4 + 7t, z = 5 - 5t 



9. The direction i + 2j + 2k and P(0, -7,0) => x = t, y = -7 + 2t, z = 2t 



10. The direction is A x B = 



i j k 

1 2 3 
3 4 5 



= -2i + 4j - 2k and P(2, 3,0) x = 2 - 2t, y = 3 + 4t, z = -2t 



11. The direction i and P(0, 0, 0) x = t, y = 0, z = 



12. The direction k and P(0, 0, 0) => x = 0, y = 0, z = t 
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13. The direction PQ = i + j + \ k and P(0, 0, 0) ^ x = t, 
y = t, z = 1 1, where < t < 1 




14. The direction PQ = i and P(0, 0, 0) X = t, y = 0, z = 0, 
where < t < 1 




15. The direction PQ = j and P(l, 1, 0) =>■ x = 1, y = 1 + t, 
z = 0, where — 1 < t < 




(1,1,0) 



16. The direction PQ = k and P(l, 1, 0) => x = 1, y = 1, z = t, 
where < t < 1 




17. The direction PQ = -2j and P(0, 1,1) => x = 0, 
y = 1 - 2t, z = 1, where < t < 1 



(0,-1,1) 



(0, 1, 1) 




18. The direction PQ = 3i 2j and P(0, 2, 0) x = 3t, 
y = 2 - 2t, z = 0, where < t < 1 




(0,2.0) y 
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19. The direction PQ = 2i + 2j - 2k and P(2, 0, 2) 
=> x = 2 - 2t, y = 2t, z = 2 - 2t, where < t < 1 



(2, 0, 2) 




20. The direction PQ = -i + 3j + k and P(l, 0, -1) 
=>■ x = 1 - 1, y = 3t, z = - 1 + 1, where < t < 1 




(1.0.-1) 



21. 3(x - 0) + (-2)(y - 2) + (-l)(z + 1) = 3x - 2y - z 



22. 3(x - 1) + (l)(y + 1) + (l)(z - 3) = 3x + y + z = 5 



23. PQ = i j + 3k, PS = i 3j + 2k PQ x PS = 

7(x - 2) + (-5)(y - 0) + (-4)(z - 2) = =>• 7x - 5y - 4z = 6 



i j k 

1 -1 3 

-1 -3 2 



= 7i 5j 4k is normal to the plane 



24. PQ = -i + j + 2k, PS = -3i + 2j + 3k =>• PQ x PS = 

(-l)(x - 1) + (-3)(y - 5) + (l)(z - 7) = =► x + 3y-z 



i j k 

-1 1 2 

-3 2 3 



— i 3j + k is normal to the plane 



25. n = i + 3j + 4k, P(2,4, 5) = (l)(x - 2) + (3)(y - 4) + (4)(z - 5) = x + 3y + 4z = 34 

26. n = i 2j + k, P(l, -2, 1) = (l)(x - 1) + (-2)(y + 2) + (l)(z - 1) = =► x - 2y + z = 6 



27. 



X = 2t + 1 = s + 2 
y = 3t + 2 = 2s + 4 



2t - s = 1 
3t - 2s = 2 



4t - 2s = 2 



=> t = and s = -1; then z = 4t + 3 = -4s - 1 



3t - 2s = 2 

=> 4(0) + 3 = (— 4)(— 1) — 1 is satisfied =>■ the lines do intersect when t = and s = — 1 =4> the point of 
intersection is x = 1, y = 2, and z = 3 or P(l, 2, 3). A vector normal to the plane determined by these lines is 

j k , 

= — 20i + 12j + k, where rii and 112 are directions of the lines => the plane 



2 3 4 
1 2 -4 



ni x n 2 

containing the lines is represented by(— 20)(x — 1) + (12)(y — 2) + (l)(z — 3) = => — 20x + 12y + z = 7. 



28. 



1 and t = 0; then z = t + 1 = 5s + 6 + 1 = 5(-l) + 6 



x = t = 2s + 2 f t - 2s = 2 

y = -t + 2=s + 3 ^ \-t- s=l ^ S 

is satisfied the lines do intersect when s = — 1 and t = => the point of intersection is x = 0, y = 2 and z = 1 

j k 

or P(0, 2. 1). A vector normal to the plane determined by these lines is ni x n 2 = 1 —1 1 

2 1 5 
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= — 6i — 3 j + 3k, where ni and 112 are directions of the lines =>• the plane containing the lines is represented by 

(-6)(x - 0) + (-3)(y - 2) + (3)(z - 1) = 6x + 3y - 3z = 3. 

29. The cross product of i + j k and — 4i + 2j — 2k has the same direction as the normal to the plane 
i j k 

1 1—1 = 6j + 6k. Select a point on either line, such as P(— 1, 2, 1). Since the lines are given 

-4 2-2 

to intersect, the desired plane is 0(x + 1) + 6(y — 2) + 6(z — 1) = =>■ 6y + 6z = 18 =4> y + z = 3. 

30. The cross product of i — 3j — k and i + j + k has the same direction as the normal to the plane 
i j k 



n 



1 -3 -1 
1 1 1 



= — 2i — 2j + 4k. Select a point on either line, such as P(0, 3, —2). Since the lines are 



given to intersect, the desired plane is (-2)(x - 0) + (-2)(y - 3) + (4)(z + 2) = =>- ~2x - 2y + 4z = -14 
x + y - 2z = 7. 



31. ni x n 2 = 



1 j k 

2 1 -1 
1 2 1 



= 3i — 3j + 3k is a vector in the direction of the line of intersection of the planes 



Po(2,l,-l) 



32. A vector normal to the desired plane is P1P2 x n 



=>■ 3x 


-3y + 


3z = 




i j 


k 


x n = 


2 


-2 




4 -1 


2 



-2i - 12j - 2k; choosing Pi(l, 2, 3) as a 



point on the plane ^> (-2)(x - 1) + (-12)(y - 2) + (-2)(z - 3) = -2x - 12y - 2z = -32 => x + 6y + z 
is the desired plane 



33. S(0, 0, 12), P(0, 0, 0) and v = 4i - 2j + 2k PS x v 







j 


k 


V 








12 




4 


-2 


2 



24i + 48j = 24(i + 2j) 



24V1 



|v| ^16 + 4 + 4 



+j_ = _ ^5 .24 = 2v/30 is the distance from S to the line 

4 + 4 V24 v v 



34. S(0,0,0),P(5,5,-3)andv = 3i + 4j-5k =4> PS x v = 



i j k 

-5 -5 3 
3 4-5 



= 13i - 16j - 5k 



| PSxv | _ V 169 + 256 + 25 _ ^450 _ 



v| 



^9+ 16 + 25 



-50 



y9 = 3 is the distance from S to the line 



PSxv 



35. S(2, 1,3), P(2, 1, 3) and v = 2i + 6j =^ PS x v = => d = = = is the distance from S to the line 

(i.e., the point S lies on the line) 



36. S(2, 1,-1), P(0,l,0)andv = 2i + 2j + 2k 4 PS xy 



1 j k 

2 0-1 
2 2 2 



2i - 6j + 4k 



=> d = VP = v/4 / ±4 ± ^ 6 = y M = \ is the distance from S to the line 

M V4 + 4 + 4 x/12 V 3 
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37. S(3,-l,4),P(4,3,-5)andv=-i + 2j + 3k 4 PS xy: 



Section 12.5 Lines and Planes in Space 
-30i - 6j - 6k 



i j k 

-1 -4 9 
-12 3 



l PSxv l y/900 + 36 + 36 



M Vl+4+9 



/972 

73 



/486 



/81-6 9V42 



is the distance from S to the line 



38. S(-l,4,3),P(10,-3,0)andv = 4i + 4k =>- PS x v = 



i j k 

-11 7 3 
4 4 



= 28i + 56j - 28k = 28(i + 2j - k) 



PS x v / y I 4 I 1 / — 

d = 1 | y | 1 = = t = 7 v 3 is the distance from S to the line 



39. S(2, -3,4), x + 2y + 2z = 13 and P(13, 0, 0) is on the plane =^ PS = -Hi - 3j + 4k and n = i + 2j + 2k 



PS • A 



-11-6 + 8 
Vl+4+4 



-9 

\75 



40. S(0, 0, 0), 3x + 2y + 6z = 6 and P(2, 0, 0) is on the plane PS = -2i and n = 3i + 2j + 6k 



PS • 



-6 



V9 + 4 + 36 



6 _ 6 

725 V 



41. S(0, 1, 1), 4y + 3z = -12 and P(0, -3, 0) is on the plane ^> PS = 4j + k and n = 4j + 3k 



PS • 



16 + 3 



y/16 + 9 



19 

5 



42. S(2, 2, 3), 2x + y + 2z = 4 and P(2, 0, 0) is on the plane =>• PS = 2j + 3k and n = 2i + j + 2k 



=> d = 



PS • A 



2 + 6 



v / 4+T + 4 



43. S(0, -1,0), 2x + y + 2z = 4 and P(2, 0, 0) is on the plane ^> PS = 2i j and n = 2i + j + 2k 



=> d = 



PS • A 



-4-1+0 



V^ + l+4 



44. S(1,0, -1), -4x + y + z = 4andP(-l,0,0)isontheplane ^> PS = 2i - k and n = -4i + j + k 



=> d = 



PS • A 



9 = 3x/2 
/18 2 



45. The point P(l, 0, 0) is on the first plane and S(10, 0, 0) is a point on the second plane =>■ PS = 9i, and 



n = i + 2j + 6k is normal to the first plane =>■ the distance from S to the first plane is d 



PS • A 



Vl + 4 + 36 



/41 



which is also the distance between the planes. 



46. The line is parallel to the plane since v • n = (i + j — \ k) • (i + 2j + 6k) =1+2 — 3 = 0. Also the point 
S(l, 0, 0) when t = — 1 lies on the line, and the point P(10, 0, 0) lies on the plane =>• PS = — 9i. The distance 



from S to the plane is d 
plane. 



PS • — 



^1+4 + 36 



which is also the distance from the line to the 



47. m =i+jandn 2 = 2i+j 2k => 6 = cos" 1 (^) = cos" 1 (-^) 



i i 
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48. ni = 5i + j - k and n 2 = i - 2j + 3k => 6 = cos" 1 ( y^) = cos" 1 (^^j) = cos" 1 (0) = § 

49. ni = 2i + 2j + 2k and n 2 = 2i - 2j - k = cos" 1 (y^) = cos" 1 (^/§) = cos" 1 (^) » 1.76 rad 

50. ni = i + j + k and n 2 = k => 6 = cos" 1 (i^y^j) = cos" 1 (^yy) ~ 0.96 rad 

51. ni = 2i + 2j k and n 2 = i + 2j + k =S> 6 = cos" 1 (^jj^y) = cos" 1 fyfjf) = cos" 1 « 0.82 rad 

52. ni = 4j + 3k and n 2 = 3i + 2j + 6k (9 = cos" 1 (jffj^j) = cos" 1 ( ^^g ) = cos" 1 (§§) « 0.73 rad 



53. 2x-y + 3z = 6 => 2(1 - 1) - (3t) + 3(1 + 1) = 6 ^-2t + 5 = 6^t=-±^x 



and z 



vt> _ I' 5) iS the P° int 



54. 6x + 3y-4z = -12 ^ 6(2) + 3(3 + 2t) - 4(-2 - 2t) = -12 14t + 29 = -12 =M = - £ =>• x = 2, y 
andz = -2+y => (2, - ^, is the point 

55. x + y + z = 2 (1 + 2t) + (1 + 5t) + (3t) = 2 lOt + 2 = 2 => t = ^> x=l,y=landz = 

=> (1 , 1 , 0) is the point 

56. 2x - 3z = 7 2(-l + 3t) - 3(5t) = 7 => -9t - 2 = 7 => t = -1 => x = -1 - 3, y = -2 and z = -5 

=> (—4, —2, —5) is the point 



57. ni = i + j + k and n 2 = i + j =4> ni x n 2 



i j k 

1 1 1 
1 1 



-i + j, the direction of the desired line; (1. 1, —1) 



is on both planes => the desired line isx=l — t, y=l+t, z=— 1 



58. ni = 3i — 6j 2k and n 2 = 2i + j 2k =>■ ni x 112 



1 j k 

3 -6 -2 

2 1 -2 



14i + 2j + 15k, the direction of the 



desired line; (1 , 0, 0) is on both planes => the desired line is x = 1 + 14t, y = 2t, z = 15t 



59. ni = i - 2j + 4k and n 2 = i + j 2k => ni x n 2 



i j k 

1 -2 4 
1 1 -2 



6j + 3k, the direction of the 



desired line; (4, 3, 1) is on both planes => the desired line is x = 4, y = 3 + 6t, z = 1 + 3t 



60. ni = 5i — 2j and n 2 = 4j 5k =4* ni x n 2 = 



i j k 

5-2 
4-5 



lOi + 25 j + 20k, the direction of the 



desired line; (1, —3, 1) is on both planes =4> the desired line is x — 1 + lOt, y — — 3 + 25t, z = 1 + 20t 

f 2t - 4s = -2 f 2t - 4s = -2 

61. LI & L2 : x = 3 + 2t = 1 + 4s and y = -1 + 4t = 1 + 2s =>■ I T. _ * _ * => {%- - 1 

=> —3s — — 3 =4> s = 1 and t = 1 => on LI, z = 1 and on L2, z = 1 =>• LI and L2 intersect at (5, 3, 1). 
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L2 & L3 : The direction of L2 is g (4i + 2j + 4k) = | (2i + j + 2k) which is the same as the direction 
I (2i + j + 2k) of L3; hence L2 and L3 are parallel. 

LI & L3 : x = 3 + 2t = 3 + 2r and y = -1 + 4t = 2 + r { f ~ 2r ^ ? =► { .* _ F ^ o ^ 3t = 3 



4t - r = 3 [4t-r = 3 

=> t = 1 and r = 1 =>• on LI, z = 2 while on L3, z = =>• LI and L2 do not intersect. The direction of LI 
is -hU (2i + 4j — k) while the direction of L3 is | (2i + j + 2k) and neither is a multiple of the other; hence 

LI and L3 are skew. 

62. LI & L2 : x = 1 + 2t = 2 - s and y = -1 - t = 3s I 2t + „ S = * =>• -5s = 3 s = - | and t = | =*> on LI, 
I — t — 3s = 1 5 5 

z = y while on L2, z = 1 — | = | => LI and L2 do not intersect. The direction of LI is (2i — j + 3k) 
while the direction of L2 is -7= (— i + 3j + k) and neither is a multiple of the other; hence, LI and L2 are 
skew. 

f -s - 2r = 3 

L2 & L3: x = 2 — s = 5 + 2r and y = 3s = 1 — r < , . =>5s = 5=>s=l and r = —2 =>■ on L2, 
^ 3s + r = 1 

z = 2 and on L3, z = 2 => L2 and L3 intersect at (1, 3, 2). 

LI & L3 : LI and L3 have the same direction -J-^ (2i — j + 3k); hence LI and L3 are parallel. 

63. x = 2 + 2t, y = -4 - t, z = 7 + 3t; x = -2 - t, y = -2 + \ t, z = 1 - § 1 

64. l(x - 4) - 2(y - 1) + l(z - 5) = x - 4 - 2y + 2 + z - 5 = =4> x - 2y + z = 7; 
- V / 2(x-3) + 2a/2(Y + 2)- v / 2(z-0) = - y/lx + 2y/ly - y/lz = -1 y/l 

65. x = t=-l,y=-i,z = -| (0,-i,-|) ;y = =>■ t = -1, x = -1, z = -3 =*> (-1,0, -3); z = 

t = 0,x=l,y = -l =4- (1,-1,0) 

66. The line contains (0, 0, 3) and ^\/3, 1, 3 j because the projection of the line onto the xy-plane contains the origin 

and intersects the positive x-axis at a 30° angle. The direction of the line is A/3i + j + 0k the line in question 
is x = v3t> y = t, z = 3. 

67. With substitution of the line into the plane we have 2(1 - 2t) + (2 + 5t) - (-3t) = 8 => 2 - 4t + 2 + 5t + 3t = 8 

4t + 4 = 8 ^> t=l the point (—1,7, —3) is contained in both the line and plane, so they are not parallel. 

68. The planes are parallel when either vector AJ + BJ + Cik or + + C2k is a multiple of the other or 
when |(A]i + BJ + Cik) x (A2i + B2j + C2k| = 0. The planes are perpendicular when their normals are 
perpendicular, or(Aii + BJ + Cik) • (A 2 i + B 2 j + C 2 k) = 0. 

69. There are many possible answers. One is found as follows: eliminate t to get t = x — 1=2 — y = 



2 

=>• x— 1=2 — y and 2 — y = =>• x + y = 3 and 2y + z = 7 are two such planes 



70. Since the plane passes through the origin, its general equation is of the form Ax + By + Cz = 0. Since it meets 
the plane M at a right angle, their normal vectors are perpendicular => 2A + 3B + C = 0. One choice satisfying 
this equation is A = 1, B = -1 and C = 1 x - y + z = 0. Any plane Ax + By + Cz = with 2A + 3B + C = 
will pass through the origin and be perpendicular to M. 
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71. The points (a, 0, 0), (0, b, 0) and (0, 0, c) are the x, y, and z intercepts of the plane. Since a, b, and c are all 
nonzero, the plane must intersect all three coordinate axes and cannot pass through the origin. Thus, 

~ + ? + ~ = 1 describes all planes except those through the origin or parallel to a coordinate axis. 

72. Yes. If Vi and \ 2 are nonzero vectors parallel to the lines, then Vi x V2 ^ is perpendicular to the lines. 



73. (a) EP = cEPi => -x i + yj + zk = c [(xi - x )i + yj + zik] =>- -x = c(xi - x ), y = cyi and z = czi, 
where c is a positive real number 
(b) At xi = =4> c = 1 =>• y = yi and z = Z\ ; at xi = Xo =>■ Xo = 0, y = 0, z = 0; lim c = lim 

Xq — > OC Xq — > OO X] Xfj 



= lim — \ — 1 => c 

Xq — > OO -1 



1 so that y — > yj and z — > Zi 



74. The plane which contains the triangular plane is x + y + z = 2. The line containing the endpoints of the line 
segment is x = 1 — t, y = 2t, z = 2t. The plane and the line intersect at (|, |, |) . The visible section of the line 



segment is 



the line segment is hidden from view. 



12.6 CYLINDERS AND QUADRIC SURFACES 



= ) + (§) =1 unit in length. The length of the line segment is \J \ 2 + 2 2 + 2 2 = 3 => | of 



1 . d, ellipsoid 

4. g, cone 

7. b, cylinder 

10. f, paraboloid 

13. x 2 +y 2 = 4 



2. i, hyperboloid 



5. 1, hyperbolic paraboloid 



8. j, hyperboloid 



11. h, cone 



14. x 2 + z 2 = 4 



3. a, cylinder 

6. e, paraboloid 

9. k, hyperbolic paraboloid 

12. c, ellipsoid 

15. z = y 2 - 1 






16. x = y 2 



17. x 2 +4z 2 = 16 



18. 4x 2 + y 2 = 36 




Az 1 = 16 
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19. z 2 - y 2 = 1 



Z 




22. 4x 2 + 4y 2 + z 2 = 16 



z 




25. x 2 + 4y 2 = z 




X 



28. z = 18 - x 2 - 9y 2 



2 




20. yz = 1 21. 9x 2 + y 2 + z 2 = 9 




23. 4x 2 + 9y 2 + 4z 2 = 36 24. 9x 2 + 4y 2 + 36z 2 = 36 



4c 2 + 9y ! + 4z 2 = 36 
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43. y 2 - x 2 = z 



44. x 2 = y 2 = z 






46. 4x 2 + 4y 2 = z 2 




47. z = 1 + y 2 - x 2 



















y 









48. y 2 - z 2 = 4 




= - (x 2 + z 2 ) 






y = -(x 2 + z 2 ) 













52. z = x 2 + y 2 + 1 





51. 16x 2 +4y 2 = 1 



16x i + 4/= 1 




54. x = 4-y 2 




55. x 2 + z 2 = y 



56. z 2 - 4 - y 2 = 1 



57. x 2 + z 2 = 1 
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58. 4x 2 + 4y 2 + z 2 = 4 



59. 16y 2 + 9z 2 = 4x 2 





60. z = x 2 - y 2 - 1 




61. 9x 2 +4y 2 +z 2 = 36 

9t 2 + 4y 2 + = 36 



62. 4x 2 + 9z 2 = y 2 





63. x 2 + y 2 - 16z 2 




64. z 2 + 4y 2 = 9 



65. z = -(x 2 +y 2 ) 



66. y 2 - x 2 - z 2 = 1 






67. x 2 - 4y 2 = 1 



68. z = 4x 2 + y 2 - 4 



69. 4y 2 + z 2 - 4x 2 





70. z = 1 - x 2 



71. x 2 +y 2 = z 



72. | + y 2 - z 2 = 1 
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73. yz = 1 



74. 36x 2 + 9y 2 + 4z 2 = 36 





75. 9x 2 + 16y 2 = 4z 2 

9** + 16/= 4z* 




76. 4z 2 - x 2 - y 2 = 4 




77. (a) Ifx 2 + ^ 



1 and z = c, then x 2 + \ — 9 -g e 



/9-cM / 2^9 -c 2 \ _ 2tt (9 - c 2 ) 

3 A 3 s ~ 9 

(b) From part (a), each slice has the area 2?r ( 9 ~ z ) ( where — 



1 =4> A = ab7r 



3 < z < 3. Thus V = 2 fjf{9- z 2 ) dz 



= fj>-z 2 )dz 
(c) 5 + ^ + ^ = 1^ 



in 
9 



9z- 



= f (27 - 9) = 8tt 



b2 ( c 2 - 



V = 2 J o C ^(c 2 -z 2 )dz 



27rab 



2™b C 3J _ 4j|bc _ Note that if r = a = b _ c> 



then V 



4^ 



which is the volume of a sphere. 



78. The ellipsoid has the form |j 

9 i 2 

of the barrel. Thus, & + % - 



1 . To determine c 2 we note that the point (0, r. h) lies on the surface 



We calculate the volume by the disk method: 



V = 7T J* y 2 dz. Now, j£ + ti = 1 =4> y 2 = R 2 (l - |} 



- 5 = R 2 



1 - 



z 2 (R 2 -r 2 ) 
h 2 R 2 



dz = 7T 



R 2 z - ± 



1 f K 2 -^ \ 

n 1,2 y 



2tt [R 2 h - | (R 2 - r 2 ) h] = 2tt 



( 2 f h + ^) 



= I ^R 2 h 



; 7rr 2 h, the volume of the barrel. If r = R, then V = 27rR 2 h which is the volume of a cylinder of 



radius R and height 2h. If r = and h = R, then V = 1 7rR 3 which is the volume of a sphere. 



79. We calculate the volume by the slicing method, taking slices parallel to the xy-plane. For fixed z, \ + h 



gives the ellipse -A^ 



1. The area of this ellipse is 7r (a^/J) (b-^/J) 



(see Exercise 77a). Hence 



the volume is given by V = dz 



7rabz L 



2c 



A = ZE ^p, as determined previously. Thus, V 



o 

7rabh 2 



Now the area of the elliptic base when z = h is 



1 h = \ (base)(altitude), as claimed. 
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80. (a) For each fixed value of z, the hyperboloid 



1 results in a cross-sectional ellipse 



1. The area of the cross-sectional ellipse (see Exercise 77a) is 



A(z) = 7T ( I \Jc 2 + z 2 ) (\ a/c 2 + z 2 ) = ^ (c 2 + z 2 ) . The volume of the solid by the method of slices 



is 



V = £a(z) dz = £ 2§£ (c 2 + z 2 ) dz = ^ [c 2 z + § z 3 ] 



(3c 2 +h 2 ) 



(b) A = A(0) = vrab and A h = A(h) = ^ (c 2 + h 2 ) , from pail (a) =>• V = ^ (3c 2 + h 2 ) 

= (2 + 1 + = 5f5 (2 + = | [27rab + (c 2 + h 2 )] = | (2A + A h ) 

(c) A m = A (|) = ^ (c 2 + = (4c 2 +h 2 ) =* | (Ao + 4A m + A h ) 

= | [vrab + ^ (4c 2 + h 2 ) + ^ (c 2 + h 2 )] = ^* ( c 2 + 4c 2 + h 2 + c 2 + h 2 ) = ^ (6c 2 + 2h 2 ) 

Trat 
3c 



Tabh ( 3c 2 + Q 2) = y from part (a) 



U. y = yi 



h — , a parabola in the plane y = yi => vertex when = or c 



dz 
dx 

Vertex K), yi, p 1 ^ ; writing the parabola as x 2 = — ^ z + ^r- we see that 4p = — * 



Focus 



H = o 
p = - 



4c 



x = 



82. The curve has the general form Ax 2 + By 2 + Dxy + Gx + Hy + K = which is the same form as Eq. (1) in 
Section 10.3 for a conic section (including the degenerate cases) in the xy-plane. 

83. No, it is not mere coincidence. A plane parallel to one of the coordinate planes will set one of the variables 

x, y, or z equal to a constant in the general equation Ax 2 + By 2 + Cz 2 + Dxy + Eyz + Fxz + Gx + Hy + Jz + K 
= for a quadric surface. The resulting equation then has the general form for a conic in that parallel plane. 
For example, setting y = yi results in the equation Ax 2 + Cz 2 + D'x + E'z + Fxz + Gx + Jz + K' = where 
D' = Dyi, E' = Eyi, and K' = K + By 2 + Hyi, which is the general form of a conic section in the plane y = yj 
by Section 10.3. 

84. The trace will be a conic section. To see why, solve the plane's equation Ax + By + Cz = for one of the 
variables in terms of the other two and substitute into the equation Ax 2 + By 2 + Cz 2 + . . . + K = 0. The result 
will be a second degree equation in the remaining two variables. By Section 10.3, this equation will represent a 
conic section. (See also the discussion in Exercises 82 and 83.) 



85. z 



86. z = 1 





2 2 
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87. z = x 2 + y ; 




2 2 12 



89-94. Example CAS commands: 
Maple : 

with( plots ); 

eq := x A 2/9 + y A 2/36 = 1 - z A 2/25; 

implicitplot3d( eq, x=-3..3, y=-6..6, z=-5..5, scaling=constrained, 

shading=zhue, axes=boxed, title="#89 (Section 12.6)" ); 

Mathematica : (functions and domains may vary): 

In the following chapter, you will consider contours or level curves for surfaces in three dimensions. For the purposes of 
plotting the functions of two variables expressed implicitly in this section, we will call upon the function ContourPlot3D. 
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To insert the stated function, write all terms on the same side of the equal sign and the default contour equating that 
expression to zero will be plotted. 

This built-in function requires the loading of a special graphics package. 
«Graphics v ContourPlot3D v 
Clear[x, y, z] 

ContourPlot3D[x 2 /9 - y 2 /16 - z 2 /2 - 1, {x, -9, 9}, {y, -12, 12}, {z, -5, 5}, 
Axes — > True, AxesLabel — > {x, y, z}, Boxed — > False, 
PlotLabel — > "Elliptic Hyperboloid of Two Sheets"] 
Your identification of the plot may or may not be able to be done without considering the graph. 

CHAPTER 12 PRACTICE EXERCISES 

1. (a) 3(~3, 4) -4(2, -5) = (-9 -8, 12 + 20) = (-17, 32) 
(b) ^17 2 + 32 2 = a/1313 

2. (a) (-3 + 2,4-5) = (-1,-1) 3. (a) (-2(-3), -2(4)) = (6, -8) 



(b) a/(-1) 2 + (-1) 2 = a/2 (b) ^6 2 + (-8) 2 = 10 

4. (a) (5(2),5(-5)) = (l0,-25) 
(b) y / 10 2 ~+7^25) 2 ~ = V^25 = 5^29 

5. | radians below the negative x-axis: ^ — — |^ [assuming counterclockwise]. 

7 »(7skiO<«-J> 8 - 5 (7TO)« i + W^- 3i - 4j » 

9. lengths |\/2i+\/2j| = y/2 + 2 = 2, yfei + /2j = 2 i + ^ j) ^ the direction is i + j 

10. length = |-l-J| = - s /l + l = v^,-i-j = V^(-^*-^j) the direction is - i - j 

11. t = | =>• V = (-2 sin |)i+ (2 cos |) j = -2i; length = |-2i| = V^ + O = 2; -2i = 2(-i) =>• the direction is -i 

12. t = In 2 v = (e ln 2 cos(ln 2) - e ln 2 sin(ln 2)) i + (e ln 2 sin(ln 2) + e ln 2 cos(ln 2)) j 

= (2cos(ln2) - 2 sin(ln2))i + (2 sin(ln 2) + 2 cos(ln 2)) j = 2[(cos(ln2) - sin(ln2))i + (sin(ln 2) + cos(ln2)) j] 



length = |2[(cos(ln2) - sin(ln2))i + (sin(ln 2) + cos(ln 2)) j]| = 2\J (cos(ln2) - sin(ln2)) 2 + (cos(ln 2) + sin(ln 2)) 2 
= 2 v /2cos 2 (ln 2) +2sin 2 (ln 2) = 2\[2; 

2[ (cos(ln 2) - sin(ln 2)) i + (sin(ln 2) + cos(ln 2)) j] = 2^2 ( (c ° s( ' n 2) = sm( ' n 2)) 'yj 5 '" " 2) + c ° s( ' n 2)) J ) 

=>■ direction = ( cos ( ln 2)-sin(ln 2)) . (sinfln 2)+cos(ln 2)) j 

13. length = |2i - 3 j + 6k| = ^4 + 9 + 36 = 7, 2i - 3j + 6k = 7 (| i - | j + § k) ^ the direction is | i - § j + § k 
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14. length = |i + 2j - k| = ^1+4+1 = \/6, i + 2 j - k = \[b f 4g i + \ j - 4g k) = (lie direction is 

05 \/6 J 



J - M _ ^4? + (-1)2 +4 2 



4i-j + 4k _ 2 4i-j + 4k _ 



/33 



'33 V33 1 



* k 



16. -5 ft = 



-5 



W V5> _ _ 



-5 • 



MB = -3i-4k 



17. |v| = V 1 + 1 = \/2, |u| = \/4 + 1 + 4 = 3, v - u = 3, u • v = 3, v x u = 



i j k 

1 1 

2 1 -2 



2i + 2j k, 



u x v = -(v x u) = 2i - 2j + k, |v x u| = ^4+4+1 =3,6 = cos" 1 f^jjr) = cos" 1 f 4j) = | , 



U COS l 



, proj v 



18. |v| = Vl 2 + l 2 + 2 2 = ^6, |u| = ^/(-i^ + C- 1 ) 2 = V^2, v • u = (1)(-1) + (1)(0) + (2)(-l) = -3, 

i j k 

1 1 2 

-1 -1 



u • v = —3, v x u = 



= i j + k,uxv= (v x u) = i + j k, 



1 -3, 



|v x u| = V(-D 2 + (-D 2 + l 2 = V^,0 = cos- 1 (^) = cos- 1 (-^) = 

= f ,|u|cos0 = y/2- , P roj v u= (ftft) v = f (i + j + 2k) = - i (i + j + k) 



cos" 1 f-^ - 



19. 



u =(rr) v 



I v 1 1 "V 



where v • u = 8 and v • v = 6 



(21 + j - k) + [(i + j - 5k) - | (2i + j - k)] = | (21 + j - k) - i (5i + j + Ilk), 



20. 



u =(rr) v + [ u -(rr) v 

where v • u — — 1 and v • v = 3 



- | (i - 2j) + [(i + j + k) - (=±) (i - 2j)] = - i (1 - 2j) + (§ i + f j + k) 



21. u x v = 



i j k 

1 
1 1 




22. u x v = 



i j k 

1 -1 
1 1 



2k 



ii (i-J)x (i + j)-2k 
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23. Let v = V]i + V2j + and w = wii + W2j + W3k. Then |v — 2w| 2 = |(vii + V2j + V3k) — 2(wii + W2j + W3k)| 2 
= |(vi - 2wi)i + (v 2 - 2w 2 )j + (v 3 - 2w 3 )k| 2 = (^/ (vi - 2w0 2 + (v 2 - 2w 2 ) 2 + (v 3 - 2w 3 ) 2 ) 2 
= (v 2 + v 2 2 + v 2 ) - 4(v x wi + v 2 w 2 + v 3 w 3 ) + 4 (w 2 + w 2 2 + w 2 ) = |v| 2 - 4v • w + 4 |w| 2 

= |v| 2 - 4 |v| |w| cos 6 + 4 |w| 2 = 4 - 4(2)(3) (cos f ) + 36 = 40 - 24 (§) = 40 - 12 = 28 =*> |v - 2w| = ^28 
= 2x/7 



24. u and v are parallel when uxv = = 

4a - 40 = and 20 - 2a = => a = 10 



1 J 

2 4 

-4 -8 



^ (4a - 40)i + (20 - 2a)j + (0)k = 



25. (a) area = |u x v| = abs 



(b) volume = u • (v x w) 



i j k 

1 1 -1 

2 1 1 



= |2i 3j k| = a/4 + 9+1 = y/u 



1 1 -1 

2 1 1 

-1 -2 3 



1(3 + 2) + 1(-1 - 6) - l(-4 + 1) = 1 



26. (a) area = |u x v| = abs 



i j k 

1 1 
1 



(b) volume = u - (v x w) = 



1 1 

1 

1 1 1 



= 1(1 -0)+ 1(0-0) + 0= 1 



27. The desired vector is n x v or v x n since n x v is perpendicular to both n and v and, therefore, also parallel to 
the plane. 

28. If a = and b ^ 0, then the line by = c and i are parallel. If a / and b = 0, then the line ax = c and j are 
parallel. If a and b are both ^ 0, then ax + by = c contains the points (-, 0) and (0, =>• the vector 

ab f ~ i — ? j) = c(bi — aj) and the line are parallel. Therefore, the vector bi — aj is parallel to the line 
ax + by — c in every case. 



29. The line L passes through the point P(0, 0,-1) parallel to v — — i + j + k. With PS = 2i + 2j + k and 
j k 

= (2 - l)i + (-1 - 2)j + (2 + 2)k = i - 3j + 4k, we find the distance 



PS x v 



2 2 1 
-1 1 1 



PSxv 



Vl + 9+16 _ -v/26 _ y/78 
Vl + l + l ~~ ~~ 3 



30. The line L passes through the point P(2, 2, 0) parallel to v = i + j + k. With PS = 2i + 2j + k and 
i j k 

PS xv= -2 2 1 = (2- l)i + (l + 2)j + (-2-2)k = i + 3j -4k, we find the distance 
1 1 1 

A _ | PSxv | _ y/l+9 + 16 _ \/26 _ y/78 

v' i + i + i — _ 3 ■ 



v| 



31. Parametric equations for the line are x = 1 — 3t, y = 2, z = 3 + 7t. 
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32. The line is parallel to PQ = Oi + j — k and contains the point P(l, 2, 0) 
x = 1, y = 2 + t, z = -t for < t < 1. 



parametric equations are 



33. The point P(4, 0, 0) lies on the plane x - y = 4, and PS = (6 - 4)i + Oj + (-6 + 0)k = 2i - 6k with n = i - j 

|n-Ps| 



2 + + 



vT+T+o 



34. The point P(0, 0, 2) lies on the plane 2x + 3y + z = 2, and PS = (3 - 0)i + (0 - 0)j + (10 + 2)k = 3i + 8k with 

|n-Ps| 



n = 2i + 3j + k 



6 + + 8 



\A + 9 + 1 



"T= = V 14- 

Ju v 



35. P(3,-2, l)andn = 2i+j-k =>• (2)(x - 3) + (l)(y - (-2)) + (l)(z - 1) = => 2x + y + z = 5 

36. P(-l,6,0)andn = i-2j + 3k (l)(x - (-1)) + (-2)(y - 6) + (3)(z - 0) = x-2y + 3z=-13 

37. P(1,-1,2),Q(2, 1,3) and R(-l, 2,-1) PQ = i + 2j + k, PR = -2i + 3j - 3k and PQ x PR 
i j k 

1 2 1 = -9i + j + 7k is normal to the plane =>■ (-9)(x - 1) + (l)(y + 1) + (7)(z - 2) = 

-2 3-3 

=> -9x + y + 7z = 4 



38. P( 1,0,0), Q(0, l,0)andR(0,0, 1) => PQ 
i j k 



-i + j, PR = i + k and PQ x PR 
= i + j + k is normal to the plane =>■ (l)(x - 1) + (l)(y - 0) + (l)(z - 0) = 
=> x + y + z = 1 



-1 1 
-1 1 



39. (0,-|,-|), 



since t 



by 



1 and z = — | when x = 0; (—1, 0, —3), since t = — 1, X = —1 and z = — 3 



when y = 0; (1 , — 1 , 0), since t = 0, x = 1 and y = — 1 when z = 

40. x = 2t, y = — t, z = — t represents a line containing the origin and perpendicular to the plane 2x — y — z = 4; this 
line intersects the plane 3x — 5y + 2z = 6 when t is the solution of 3(2t) — 5(— t) + 2(— t) = 6 

=> t = I => U>-i-|) is me P om t of intersection 

41. ni = i and n 2 = i + j + \/2k => the desired angle is cos -1 ( i^^ J = cos -1 (|) = § 



42. n! = i + j and n 2 = j + k =>■ the desired angle is cos 



|ni| |n 2 



-1 n r n, _ fl\ _ 7T 



COS 



43. The direction of the line is ni x n 2 



i j k 

1 2 1 

1 -1 2 



5i — j — 3k. Since the point (—5, 3, 0) is on 



both planes, the desired line is x = — 5 + 5t, y = 3 — t, z = — 3t. 



44. The direction of the intersection is ii! x n 2 
same as the direction of the given line. 



i j k 

1 2 -2 
5 -2 -1 



-6i - 9j - 12k = -3(2i + 3j + 4k) and is the 
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45. (a) The corresponding normals are ni = 3i + 6k and 112 = 2i + 2j k and since ni • 

= (3)(2) + (0)(2) + (6)(-l) = 6 + 0- 6 = 0, we have that the planes are orthogonal 

j k 

(b) The line of intersection is parallel to ni x 112 



3 6 

2 2-1 



12i + 15j + 6k. Now to find a point in 



the intersection, solve 



3x + 6z = 1 
2x + 2y — z = 3 



3x + 6z = 1 
12x+ 12y-6z = 18 



15x + 12y = 19 => x = and y = |§ 



=>• (O, || , g) is a point on the line we seek. Therefore, the line is x = — 12t, y = || + 15t and z = g + 6t. 



i j k 

46. A vector in the direction of the plane's normal is n = u x v = 2 3 1 

1 -1 2 

the plane 7(x - 1) - 3(y - 2) - 5(z - 3) = 7x - 3y - 5z = -14 



= 7i 3j 5k and P(l, 2, 3) on 



47. Yes; v • n = (2i — 4j + k) • (2i + j + Ok) = 2- 2 — 4-1 + 1- = =>■ the vector is orthogonal to the plane's normal 

=> v is parallel to the plane 

48. n • PPo > represents the half- space of points lying on one side of the plane in the direction which the normal n 
points 



49. A normal to the plane is n = AB x AC 



= 3 



1 j k 

2 0-1 
2-10 



2j — 2k => the distance is d 



(i + 4jM-i-2j-2k) 




-1-8 + 01 


v/1 + 4 + 4 




3 1 



50. P(0, 0, 0) lies on the plane 2x + 3y + 5z = 0, and PS = 2i + 2j + 3k with n = 2i + 3j + 5k 
d 



n-PS 




4 + 6+15 


- 


N 




^4 + 9 + 25 





51. n = 2i — j — k is normal to the plane =^ n x v 
to v and parallel to the plane 



1 j k 

2 -1 -1 
1 1 1 



= Oi — 3j + 3k = — 3j + 3k is orthogonal 



52. The vector B x C is normal to the plane of B and C A x (B x C) is orthogonal to A and parallel to the plane of B 
andC: 

i j k i j k 

1 2 1 = -5i + 3j -kandA x (B x C) = 2 -1 1 = -2i - 3j + k 
11-2 -5 3-1 



B x C 



|A x (B x C)| = i/4 + 9+l = y/l4 and u = (-2i - 3j + k) is the desired unit vector. 



53. A vector parallel to the line of intersection is v = ni x 



i j k 

1 2 1 
1 -1 2 



= 5i j 3k 



=» |v| = ^/25 + 1+9 = v"35 => 2 = -|j (5i - j - 3k) is the desired vector. 



54. The line containing (0, 0, 0) normal to the plane is represented by x = 2t, y = — t, and z = — t. This line 

I =4* the point is ( | . — , . 



intersects the plane 3x - 5y + 2z = 6 when 3(2t) - 5(-t) + 2(-t) = 6 => t = \ ^> the point is (|, - |, - |) 
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55. The line is represented by x = 3 + 2t, y = 2 — t, and z = 1 + 2t. It meets the plane 2x — y + 2z = —2 when 



2(3 + 2t) - (2 - t) + 2(1 + 2t) 



t 



the point is ( 



11 26 _ 7 
9 > 9 ' 9 



56. The direction of the intersection is v = ni x 112 
59.5° 



1 J 

2 1 
1 1 



k 

-1 
2 



= 3i 5j + k =>- 6 = cos" 



cos 



-1 { 3 



/35 



57. The intersection occurs when (3 + 2t) + 3(2t) — t = —4 =>• t = — 1 =4> the point is (1, —2, —1). The required line 

i j k 

must be perpendicular to both the given line and to the normal, and hence is parallel to 



2 2 1 

1 3 -1 



= 5i + 3j + 4k =>• the line is represented by x — 1 — 5t, y — —2 + 3t, and z = — 1 + 4t. 

58. If P(a, b, c) is a point on the line of intersection, then P lies in both planes =4> a — 2b + c + 3 = and 
2a-b-c+l=0 (a-2b + c + 3) + k(2a - b - c + 1) = for all k. 







i j 


k 




59. The vector AB 


x CD = 


3 -2 


4 








f 


26 








5 




plane =>• 2(x - 


h 2) + 7(y 


- 0) + 2(z 


-(- 


3)) 



= ^ (2i + 7j + 2k) is normal to the plane and A(— 2, 0, —3) lies on the 



60. Yes; the line's direction vector is 2i + 3j — 5k which is parallel to the line and also parallel to the normal 
— 4i — 6j + 10k to the plane =>• the line is orthogonal to the plane. 



61. The vector PQ x PR = 



i j k 

2-13 
-3 1 



= i 1 lj — 3k is normal to the plane. 



(a) No, the plane is not orthogonal to PQ x PR . 

(b) No, these equations represent a line, not a plane. 

(c) No, the plane (x + 2) + ll(y — 1) — 3z = has normal i + 1 lj 3k which is not parallel to PQ x PR . 

(d) No, this vector equation is equivalent to the equations 3y + 3z = 3, 3x — 2z = —6, and 3x + 2y = —4 

=> X= — j — |t,y = t, z=l — t, which represents a line, not a plane. 

(e) Yes, this is a plane containing the point R(— 2, 1, 0) with normal PQ x PR . 



62. (a) The line through A and B is x = 1 + t, y = — t, z = — 1 + 5t; the line through C and D must be parallel and 
is Li : x = 1 + t, y = 2 — t, z = 3 + 5t. The line through B and C is x = 1, y = 2 + 2s, z = 3 + 4s; the line 
through A and D must be parallel and is L2: x — 2, y — — 1 + 2s, z = 4 + 4s. The lines Li and L2 intersect 
at D(2, 1,8) where t = 1 and s = 1. 

(c) (HH) BC = 2 |BC = f(j + 2k) where BA = i - j + 5k and BC = 2j + 4k 

(d) area = |(2j + 4k) X (i - j + 5k)| = 1 14i + 4j - 2k| = 6 \fl 

(e) From part (d), n = 14i + 4j - 2k is normal to the plane 14(x - 1) + 4(y - 0) - 2(z + 1) = 

7x + 2y - z = 8. 

(f) From part (d), n = 14i + 4j — 2k =>- the area of the projection on the yz-plane is |n • i| = 14; the area of the 
projection on the xy-plane is |n • j| = 4; and the area of the projection on the xy-plane is |n • k| = 2. 
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63. AB = -2i + j + k, CD = i + 4j k, and AC = 2i + j => n 

d = 



i j k 

-2 1 1 
1 4 -1 



5i — j — 9k =>• the distance is 



(2i + jH-5i-j-9k) 
^25 + 1+81 



11 

/T07 



64. AB = -2i + 4j k, CD = i - j + 2k, and AC — — 3i + 3j n 



is d = 



(-3i + 3j)-(7i + 3j-2k) 

^49 + 9 + 4 




68. 36x 2 + 9y 2 + 4z 2 = 36 




-y 2 = 


z 2 















12 

\/62 



66. x 2 + (y - l) 2 + z 2 = 1 




72. x 2 + z 2 = y 2 




1 J * 

-2 4 -1 
1 -1 2 



7i + 3j — 2k =>■ the distance 



67. 4x 2 + 4y 2 + z 2 = 4 




70. y = - (x 2 + z 2 ) 

















X 
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74. 4y 2 + z 2 - 4x z = 4 



75. y 2 -x 2 -z 2 = l 



76. z 2 - x 2 - y 2 = 1 




y 2 -x 2 -z 2 =i 





CHAPTER 12 ADDITIONAL AND ADVANCED EXERCISES 



Information from ship A indicates the submarine is now on the line Li : x = 4 + 2t, y = 3t, z = — 1 1; 
information from ship B indicates the submarine is now on the line L 2 : x = 18s, y = 5 — 6s, z = — s. The 
current position of the sub is (6, 3, — |) and occurs when the lines intersect at t = 1 and s = | . The straight 
line path of the submarine contains both points P (2, — 1, — i) and Q (6, 3, — I) ; the line representing this path 
is L: x — 2 + 4t, y — — 1 + 4t, z — — I . The submarine traveled the distance between P and Q in 4 minutes =J 



/32 



y2 thousand ft/min. In 20 minutes the submarine will move 20\/2 thousand ft from 



PQ 

a speed of L ^ A 

Q along the line L 20^/2 = y/(2 + 4t - 6) 2 + (-1 + 4t - 3) 2 + 2 800 = 16(t - l) 2 + 16(t - l) 2 = 32(t - l) 2 

=> (t - l) 2 = = 25 =^ t = 6 =>■ the submai-ine will be located at (26, 23, - |) in 20 minutes. 



2. H 2 stops its flight when 6 + 1 lOt = 446 => t = 4 hours. After 6 hours, Hi is at P(246, 57. 9) while H 2 is at 
(446,13,0). The distance between P and Q is ^/(246 - 446) 2 + (57 - 13) 2 + (9 - 0) 2 « 204.98 miles. At 150 
mph, it would take about 1.37 hours for H x to reach H 2 . 



3. Torque 



PQ x F 



15 ft-lb 



PQ 



|F| sin § 



ft • IFI 



201b 



Let a = i+ j + kbe the vector from O to A and b = i + 3j + 2k be the vector from O to B. The vector v orthogonal to a 
and b =>• v is parallel to b x a (since the rotation is closkwise). Now bxa=i+j 2k; proj a b = (f^) a = 2i + 2j + 2k 



=> (2, 2, 2) is the center of the circular path (1, 3, 2) takes => radius = y l 2 + ( — l) 2 + 2 = \pl ^ arc length per 
second covered by the point is | \J~2~ units/sec = |v| (velocity is constant). A unit vector in the direction of v is 



21 ^-i 



7S J 



2/5; 



2 J 



x 3k 



(a) If P(x, y, z) is a point in the plane determined by the three points Pi(xi, yi, Zi), P 2 (x2, y 2 , z 2 ) and 
P3(x 3 , y 3 , z 3 ), then the vectors PPj, P~P 2 and PP 3 all lie in the plane. Thus PPj • (PP 2 x PP 3 ) = 

xi - x yi - y zi - z 

x 2 — x y 2 — y z 2 — z = by the determinant formula for the triple scalar product in Section 

x 3 - x y 3 - y z 3 - z 

(b) Subtract row 1 from rows 2, 3, and 4 and evaluate the resulting determinant (which has the same value 
as the given determinant) by cofactor expansion about column 4. This expansion is exactly the 
determinant in part (a) so we have all points P(x, y, z) in the plane determined by Pi(x 1; y 1; Zi), 
P2(x 2 ,y 2 ,z 2 ), andP 3 (x 3 ,y 3 ,z 3 ). 
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Let Li: x = ais +t>i, y = + b2, z = + b3 and L2: x = Cit + di, y = C2t + d2, z = C3t + d3. If Li || L2 
then for some k, ai = kc ; , i = 1, 2, 3 and the determinant 



ai 

a 2 
a;s 



ci bi - d : 
c 2 b 2 - d 2 
C3 b 3 - d 3 



kci 

kC2 

kc 3 



ci bi - di 
c 2 b 2 - d 2 
C3 b 3 - d 3 



= 0, 



since the first column is a multiple of the second column. The lines Lj and L 2 intersect if and only if the 

( ais-cit + (bi -di) = 
system < a2S — C2t + (b2 — dz) = has a nontrivial solution <^> the determinant of the coefficients is zero. 
[ a 3 s - c 3 t + (b 3 - d 3 ) = 

7. (a) BD = AD AB 

(b) AP = AB + \ BD = \ ( AB + AI)) 

(c) AC = AB + AD, so by part (b), AP = \ AC 



8. Extend CD to CG so that CD = DG. Then CG = t CF = CB + BG and t CF = 3 CE + CA, since ACBG is a 
parallelogram. If t CF — 3 CE — CA = 0, then t — 3 — 1=0 =4> t = 4, since F, E, and A are collinear. 
Therefore, CG =4 CF =$> CD=2CF => F is the midpoint of CD. 



9. If Q(x, y) is a point on the line ax + by = c, then PiQ = (x — Xi)i + (y — yi)j , and n = ai + bj is normal to the 



line. The distance is 



proj„ PiQ 



[(x-xi)i + (y-yi)j]-(ai + bj) 



a(x-xi) + b(y-yi) 
\/a 2 + b 2 



axi 4- byi — c| • , i_ 

= — ;oo > since c = ax + by. 

Va 2 +b 2 J 



10. (a) Let Q(x, y, z) be any point on Ax + By + Cz - D = 0. Let QPj = (x - xj.)i + (y - yi)j + (z - Zi)k, and 



The distance is 



_ Ai + Bj + Ck 

Va 2 +b 2 +c 2 

_ lAxj+Byj+Czj-fAx + By + Cz)! 



proj„ QPi 

Axi+Byj+Czj-DI 



((x - X!)i + (y - yi )j + (z - zi)k)- 



Ai 

v7S 



+ Bj + Ck \ 

2 + B 2 + C 2 J 



\/A 2 + B 2 + C 2 VA 2 +B 2 +C 2 

(b) Since both tangent planes are parallel, one-half of the distance between them is equal to the radius of the 



sphere, i.e., r 



13-91 



a/3 (see also Exercise 17a). Clearly, the points (1, 2, 3) and (—1, —2, —3) 



2 sfi + 1 + 1 

are on the line containing the sphere's center. Hence, the line containing the center is x = 1 + 2t, 
y = 2 + 4t, z = 3 + 6t. The distance from the plane x + y + z — 3 = to the center is \/3 

^ |(i+2t) + (2 + 4t) + (3 + 6t)-3| = ^3 fr om ( a ) ^ t = the center is at (1, 2, 3). Therefore 

an equation of the sphere is (x — l) 2 + (y — 2) 2 + (z — 3) 2 = 3. 



11. (a) If (xi, yi, zi) is on the plane Ax + By + Cz = Di, then the distance d between the planes is 



d = 
(b) d = 
(c) 



[Axi +By! +Cz 1 -D 2 
v/A 2 +B 2 +C 2 
|12-6| _ 6 



p! -D2I 

Ai + Bj + Ck| 



, since Axi + Byi + Czi = Di, by Exercise 10(a). 



\/4 + 9+ 1 v/l4 
|2(3) + (-l)(2) + 2(-l) + 4| 

2x - y + 2x = 8 



|2(3) + (-l)(2) + 2(-l)-D| 

\7m 



D = 8 or -4 



the desired plane is 



(d) Choose the point (2, 0, 1) on the plane. Then 



|3-D| 



= 5 D = 3 ± 5\/6 =>- the desired pi 



anes are 



x — 2y + z = 3 + 5 \/6 and x — 2y + z = 3 — 5 \/6. 



12. Let n = AB x BC and D(x, y. z) be any point in the plane determined by A, B and C. Then the point D lies in 
this plane if and only if AD • n = ^ AD • (AB x BC) = 0. 
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i j 


k 






n = i + 2j + 6k is normal to the plane x + 2y + 6z = 6; v x n = 


1 1 


1 


= 4i- 


5j + k is parallel to the 




1 2 


6 












j k 




plane and perpendicular to the plane of v and n =>■ w = n x (v x n) = 


1 


2 6 


= 32i + 23j - 13k is a 






4 


-5 1 





vector parallel to the plane x + 2y + 6z = 6 in the direction of the projection vector proj P v. Therefore. 

proj P V = P roj w V=(v.^)^=(^)w=( 32 + 23 - 13 42 32 : , 23 , 13 



v 32 2 + 23 2 + 13 2 , 



42 
1722 



w = w=~w=ffi+Jfj-|fk 



14. proj z w = — proj z v and w — proj z w = v proj z v => w = (w — proj z w) + proj z w = (v — proj z v) + proj z w 
= v — 2 proj z v = v — 2 ( -pnr ) z 



15. (a) u x v = 2i x 2j = 4k =>• (u x v) x C = ; (u • w)v - (v • w)u = Ov — Ou = 0; v x w = 4i =>• u x (v x w) 
(u • w)v — (u • v)w = Ov — Ow = 



(b) u x v 



i j k 

1 -1 1 

2 1 -2 



4j + 3k =>• (u x v) x w : 



i j k 

1 4 3 

-1 2 -1 



lOi 2j + 6k; 



(u • w)v - (v • w)u = -4(2i+ j - 2k) - 2(i - j +k) = -lOi - 2j + 6k; 



V X w 



1 j k 

2 1 -2 
-1 2 -1 



3i + 4j + 5k ^> u x (v x w) 



i j k 

1 -1 1 
3 4 5 



-9i - 2j + 7k; 



(u • w)v - (u • v)w = -4(2i + j - 2k) - (-l)(-i + 2j - k) = -9i - 2j + 7k 



(c) U X V = 



1 j k 

2 1 
2 -1 1 



= i — 2j 4k =4> (u x v) x w = 



i j k 

1 -2 -4 
1 2 



(u • w)v - (v • w)u = 2(2i - j + k) 4(2i + j) = -4i - 6 j + 2k; 

1 j k 

2 1 

-2 -3 1 









j 


k 






V X 


w = 


2 


-1 


1 










1 





2 






Cu- 


w)v - 


(u 


v)w 




2(2i- 






i 


j 


k 






ll X 


V = 


1 


1 


-2 








-1 





-1 




(u- 


w)v - 


-(▼■ 


W)U 




10(- 






i 


j 


k 






V X 


w = 


-1 







1 








2 


4 




2 




(u- 


w)v - 


(u 


v)w 




10(- 



= — 2i — 3j + k => u x (v x w) = 



i + 3j + k =4> (u x v) x w 



4i - 4j - 4k =4> u x (v x w) 



1 j k 

-1 3 1 

2 4-2 



i j k 

1 1 -2 

4 -4 -4 



-4i - 6j + 2k ; 



= i - 2j - 4k; 



lOi 10k; 



-12i-4j - 8k; 



16. (a) u x (v x w) + v x (w x u) + w x (u x v) = (u • w)v — (u • v)w + (v • u)w — (v • w)u + (w • v)u — (w • u)v 

(b) [u • (v x i)]i + [(u • (v x j)]j + [(u • (v x k)]k = [(u x v) • i]i + [(u x v) • j]j + [(u x v) • k]k = u x v 

(c) (u x v) - (w x r) = u • [v x (w x r)] = u • [(v • r)w - (v • w)r] = (u • w)(v • r) — (u • r)(v • w) 

U • W V • VV 

u • r v • r 



17. The formula is always true; u x [u x (u x v)] • w = u x [(u • v)u — (u • u)v] • w 
= [(u • v)u x u (u • u)u x v] • w = — |u| 2 u X v • w = — |u| 2 u • V X w 
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18. If u = (cos a)i + (sin a)j and v = (cos /3)i + (sin /3)j , where j3 > a, then u x v — [|u| |v| sin ((3 — a)] k 

i j k 

= cos a sin a = (cos a sin (3 — sin a cos /3)k => sin (j3 — a) = cos a sin /3 — sin a cos /3, since 
cos (3 sin /3 

|u| = 1 and |v| = 1. 

19. If u = ai + bj and v = ci + dj , then u • v = |u| |v| cos 9 => ac + bd = \/ a 2 + b 2 \j c 2 + d 2 cos 9 

(ac + bd) 2 = (a 2 + b 2 ) (c 2 + d 2 ) cos 2 9 =>• (ac + bd) 2 < (a 2 + b 2 ) (c 2 + d 2 ) , since cos 2 9 < 1. 



20. w = proj v u 



m) vandr = u-w = u- 



21. |u + v| 2 = (u + v) • (u + v) = u • u + 2u • v + v • v < |u| 2 + 2 |u| |v| + |v| 2 = (|u| + |v|) 2 |u + v| < |u| + |v| 

22. Let a denote the angle between w and u, and the angle between w and v. Let a = |u| and b = |v| . Then 

COS a = w u = ( av + b »)' u _ (av-u + bu-u) _ (av-u + bu-u) _ (av-u + ba 2 ) _ y-u + ba 
|w| |u| I w |u| w| u w |u| w a w| ' 

and likewise, cos j3 — "'^t ba . Since the angle between u and v is always < | and cos a — cos (3, we have 
that a = (3 w bisects the angle between u and v . 

23. (av + bu) • (bu — av) = av • bu + bu • bu — av • av — bu • av = bu • av + b 2 u • u — a 2 v • v — bu • av 

= b 2 a 2 - a 2 b 2 = 0, where a = |u| and b = |v| 

24. If u = ai + bj + ck, then u • u = a 2 + b 2 + c 2 > and u • u = iff a = b = c = 0. 

25. (a) The vector from (0, d) to (kd, 0) is r k = kdi - dj =► -X, = , 3 * ,. 3/2 r% = ""L/, ■ The 

\Ti\ d J (k^ + l)' |r k | d-'fk^ + l)' 

total force on the mass (0, d) due to the masses Qk for k = — n, — n + 1, . . . , n — l,nis 

U _ GMm r \\ , CMm ( i-j\ , GMm ( 2i — j \ . , GMm ( ni-j \ , GMm ( 

* ~ d 5 <- i>+ 2d 2 + 5d 2 {js ) +■■■ + („ 2 + l)d 2 ^y^TlJ + 2d 2 { ^ ) 

GMm ( -2\-j \ , , GMm ( -ni-j N 

5d2 I ys ^ ( n2 + i ) d Uv / n 2 n; 

The i components cancel, giving 

F = [ — 1 \- - ... \ to ] j =>- the magnitude of the force is 

d ' V 2x/2 5\/5 (n 2 + l)(n 2 + l) 1 'V 5 

l*l = ^(i + g ^ 

(b) Yes, it is finite: lim |F| = f 1 + V, - 2 ) is finite since J] - 2 s3 „ converges. 

26. (a) If x - y = 0, then x x (x x y) = (x • y)x — (x • x)y = — (x • x)y. This means that 



xffiy = x + y+ ^- 1 ^ ^ (— (x • x)) y = x + [ 1 , ^ I y. Since x and y are 



c 4 — c 2 |x| 



2 



— * 2 — * 2 / |x| \ n 

orthogonal, then |x © y| = |x| " + 1 f 1 |y| ". A calculation will show that 

y c 2 +^/c 4 -c 2 |x| 2 / 

|x| 2 + I 1 ) c 2 = c 2 . Since |y| < c, then |y| 2 < c 2 so 

\ c 2 + v/c 4 -c 2 I x I 2 / 

( 1 ^ 1 |y| 2 < ( 1 J* 1 ' 1 c 2 . This means that 

\ c 2 + y/c 4 -c 2 |x| 2 / \ c 2 + \Jc A - c 2 |x| 2 / 
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y c 2 + y/c 1 -c 2 |x|- / y c 2 + \/c 4 -c 2 |x| 

We now have |x y| 2 < c 2 , so |x © y| < c. 
(b) If x and y are parallel, then x x (x x y) = 0. This gives x © y = x+ ; y ? . 



(i) If x and y have the same direction, then x © y = x ^ |?| and |x © y| — l x l + lyl 
Since |y| < c, |x| < c, we have |y| (l - ^f) < c M - & ) =^ |y| - 



x 



|y| < c + Jiffl = c _|_ M . \M.\ W + M < c. This means that |x © y| < c. 



x+y 



(ii) If x and y have opposite directions, then x • y — — |x| |y| and x © y 

Assume |x| > |y| , then |x © y| = p^gng ■ Since |x| < c, we have |x| (l + t) < c f 1 + 

<c + |y| =* |x| - |y| < c - M = c (i _ Ml < c . 



1U1 



This means that |x © y| < c. A similar argument holds if |x| > |y| . 



(c) lim x © y = x + y. 

c — » oo J J 
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CHAPTER 13 VECTOR-VALUED FUNCTIONS 

AND MOTION IN SPACE 



13.1 VECTOR FUNCTIONS 



1. x = t + 1 and y = t 2 - 1 y = (x - l) 2 - 1 = x 2 - 2x; v = ^ = i + 2tj => a = f t = 2j v = i + 2j and a = 2j 
att = 1 



2. x = t 2 + 1 and y = 2t - 1 x = (^y 1 ) 2 + 1 x = ± (y + l) 2 + 1; v = f = 2ti + 2j a = f = 2i 

=> v = i + 2j and a = 2i at t = | 

3. x = e ( and y = | e 2t => y = | x 2 ; v = g = e'i + ~ e 2t j ^> a = e'i + | e 2t j => v = 3i + 4j and a = 3i + 8j at t = In 3 

4. x = cos 2t and y = 3 sin 2t =>• x 2 + £ y 2 = 1; V = $L = (-2 sin 2t)i + (6 cos 2t)j =>• a = g 
= (-4 cos 2t)i + (-12 sin 2t)j => v = 6j and a = -4i at t = 




6. v = f = (-2 sin |) i + (2 cos §) j and a = ^ 

= (— cos I) i + (— sin |) j =4> for t = 7r, v(7r) = — 2i and 
a(7r) = -j ; fort = f , v ( 3 f ) = -y/ll - v^j and 




7. 



dr 

dt 



( 1 — cos t)i + (sin t)j and a = 
(sin t)i + (cos t)j =>■ for t = it, 



dv 

dt 



2i and a(7r) = — j : 



fort = f,v(f ) = i-janda(^) 



2 


\ Y(ir) 




I 


a(ir)J 






/r = (r - sin f)i + (1 - cos t)j 







IT 


2ir 



v = I = i + 2tj and a = f t = 2j for t = -1, 
v(-l) = i — 2 j and a(-l) = 2j ; for t = 0, v(0) = i and 
a(0) = 2j ; for t = 1, v(l) = i + 2 j and a(l) = 2j 
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9. r = (t + l)i + (t 2 - 1) j + 2tk v = g = i + 2tj + 2k => a = |f = 2j ; Speed: |v(l)| = ^\ 2 + (2(1)) 2 + 2 2 = 3; 



Direction: 



v(l) _ i + 2(l)j + 2k _ 1 



|v(l)| 



2 

3 . i 3 



j + fk => v(l) = 3(ii + f j + fk) 



10. r = (l + t)i 



dt - 1 + J + 1 K =^ 3 - dl? 

2(1) 



l 2 +r^V + (l 2 ) 2 = 2; Direction: g> = = ^ ■ + j_ . + , k = y( , , 



= 2(Ii+^j+Ik 



-^j + 2tk; Speed: |v(l)| 
' : " v/2- 



11. r = (2 cos t)i + (3 sin t)j + 4tk => v = ^ = (-2 sin t)i + (3 cos t)j + 4k => a = = (-2 cos t)i - (3 sin t)j ; 

(3 cos 5) 2 + 4 2 = 2 a/5; Direction: ^Mr 



Speed: |v(? 



(-2 



sin 



(-275-1)' + fe cos i)j" 



2V5 



12. r = (sec t)i + (tan t)j + f tk => v = f = (sec t tan t)i + (sec 2 t) j + f k ^ a = ^ 



(sec t tan 2 1 + sec 3 1) i + (2 sec 2 t tan t) j ; Speed: |v (f ) 



>ec|tan|) 2 +(sec 2 |) 2 + (|) 2 = 2; 



Direction: 



v (f) _ (secf tang) i+ (sec 2 f) j + fk _ l . , 2 ; , 2 , r ... .. I . / 1 ; , 2 ; , 2 , 



!j + | k => v (|) =2 (Ii + |j + |k) 



13. r = (21n(t+l))i + t 2 j + ^k 



( f ^ T )i + 2tj + tk =*> a: 



dt 2 



-2 



Speed: |v(l)| 

— i : _i_ 2 



(t^i) + (2(D) 2 + I 2 = \/6; Direction: ^ 



(t+D : 

+ 2(l)j + (l)k 



2j + k; 



7S 



6 j + ^k^ v(l) = y6(^i + ^j 



14. r = (e"') i + (2 cos 3t)j + (2 sin 3t)k v = f = (-e _t ) i - (6 sin 3t)j + (6 cos 3t)k a = ff 



(e- 1 ) i - (18 cos 3t)j - (18 sin 3t)k ; Speed: |v(0)| = J (-e ) 2 + [-6 sin 3(0)] 2 + [6 cos 3(0)] 2 = a/37; 



Direction: g| 



(-e°) i - 6 sin 3(0)j + 6 cos 3(0)k 

7Ti 



/37 



f k 

v/37 



v(0) = a/37 



15. v = 3i + a/3 j + 2tk and a = 2k => v(0) = 3i + yfi j and a(0) = 2k |v(0)| = \j 3 2 
|a(0)| = \fl? = 2; v(0) • a(0) = ^ cos 6> = =^ = § 



O 2 



12 and 



16. v = & i + h£ - 32t) j and a = -32j v(0) = ^ i + ^ j and a(0) = -32j |v(0)| 



1 and |a(0)| = \/(-32) 2 = 32; v(0) • a(0) = (^j (-32) = ~ 16-^2 cos 



-16y/2 

1(32) 



377 

4 



17. v= ( F ^ T )i+( ? J rT ) j +t(t 2 + l)- 1/2 kanda 



-2t J +2 



(t 2 +ir 



21 



(t 2 +ir 



(t 2 + 1) ' 



k =^ v(0) = j and 



a(0) = 2i + k =!> |v(0)| = 1 and |a(0)| = -Jl 2 + l 2 = a/5; v(0) • a(0) = cos l9 = 



18. v = §(1 +t) 1 ' /2 i- |(1 -t) 1/2 j + ±kanda = | (1 + fr 1 / 2 i + § (1 - fr 1 / 2 j v(0) = |i- |j+ |kand 



a(0) = 1 i + 1 j => |v(0)| = v/(f) 2 + (- f) 2 + (i) 2 = 1 and |a(0)| = J (§) + (|) = ^ ; v(0) • a(0) = | - f 



cos 9 = 
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19. V = (1 — cos t)i + (sin t)j and a = (sin t)i + (cos t)j =4> v • a = (sin t)(l — cos t) + (sin t)(cos t) = sin t. Thus, 
v • a = =>■ sin t = => t = 0, n, or 2n 

20. v = (cos t)i + j — (sin t)k and a = (— sin t)i — (cos t)k =4> v • a = — sin t cos t + sin t cos t = for all t > 



21. J o '[t 3 i + 7j + (t+l)k]dt = 



i+[7t]Jj 



k= ii + 7j 



22. [(6 - 6t)i + 30 j + (|) k] dt = [6t - 3t 2 ] \ i + [2t 3 / 2 ] \\ + [-4^] *k=-3i + U^~2 - 2] j 



2k 



23. J_^[(sin t)i + (1 + cos t)j + (sec 2 1) k] dt = [- cos t] ^ i + [t + sin t] ^ j + [tan t] ^ k 



-2V2 



j + 2k 



dt 



24. J ' [(sec t tan t)i + (tan t)j + (2 sin t cos t) k] dt = J ' [(sec t tan t)i + (tan t)j + (sin 2t)k] 
= [sec t] l /3 i + [- In (cos t)] n Q /3 j + [- \ cos 2t] f k = i + (In 2)j + | k 

25 - ( 1 1 + 5^1 J + 2T k ) dt = = [In t] * i + [- In (5 - t)] ^ j + [| In t] J k = (In 4)i + (In 4)j + (In 2)k 



26. 



X' (VTT? i + i4 k) dt = [2 sin- 1 1] J i + [^3 tan" 1 1 



k = 7ri 



r = J(-ti -tj-tk)dt=-fi-fj-fk + C; r(0) = Oi - Oj - Ok + C = i + 2j + 3k ^ C = i + 2j + 3k 



27. r= M ti tj 

(-f + l)i+(-f +2)j+(-f +3)k 

28. r = J[(180t)i + (180t - 16t 2 ) j] dt = 90t 2 i + (90t 2 - f t 3 ) j + C ; r(0) = 90(0) 2 i + [90(0) 2 - f (0) 3 ] j + C 

= lOOj => C = lOOj r = 90t 2 i + (90t 2 - f t 3 + 100) j 

29. r= /[(| (t+ 1) 1/2 ) i + e-'j + ( n 4) k] dt = (t+l) 3 / 2 i-e-'j + ln(t+l)k + C; 
r(0) = (0+ l) 3 / 2 i-e-°j + ln(0+ l)k + C = k => C = i+j + k 

=> r = [(t+l) 3 / 2 -l]i+(l-e-')j + [l+ln(t+l)]k 



30. r = J[(t 3 + 4t) i + tj + 2t 2 k] dt = U + 2t 2 ) i + | j + f k + C ; r(0) 
= i + j C = i+j => r= (£+2t 2 + l)i+ (§ + l)j + fk 



? +2(0) 2 



2 j , 2(0) 3 



k + C 



31. | = J(-32k)dt = -32tk + Ci; g (0) = 8i + 8j -32(0)k + d = 8i + 8j => Ci = 8i + 8j 



dr 



= 8i + 8j - 32tk ; r = / (8i + 8j - 32tk) dt = 8ti + 8tj - 16t 2 k + C 2 ; r(0) = 100k 



8(0)i + 8(0)j - 16(0) 2 k + C 2 = 100k C 2 = 100k r = 8ti + 8tj + (100 - 16t 2 ) k 

32. | = / -(i + j + k) dt = -(ti + tj + tk) + Ci; | (0) = -(0i + Oj + 0k) + Ci = d = 

-(ti + tj + tk) ; r = / -(ti + tj + tk) dt = - (f i + f j + f k) + C 2 ; r(0) = lOi + lOj + 10k 



dr 

dt 



yi + j j + f k) +C 2 = lOi + lOj + 10k C 2 = lOi + lOj + 10k 
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r = (- | + 10) i + (- | + lo) j + (- | + 10) k 

33. r(t) = (sin t)i + (t 2 - cos t) j + e'k =^> v(t) = (cos t)i + (2t + sin t)j + e'k ; t = =^ v(t ) = i + k and 
r(to) = Po = (0, — 1, 1) =4> x = + t = t, y = — 1, and z = 1 + t are parametric equations of the tangent line 

34. r(t) = (2 sin t)i + (2 cos t) j + 5tk v(t) = (2 cos t)i - (2 sin t)j + 5k ; t = 4n => v(t ) = 2i + 5k and 

r(to) = Po = (0, 2, 2Qn) =>■ x = + 2t = 2t, y = 2, and z = 20ir + 5t are parametric equations of the tangent line 

35. r(t) = (a sin t)i + (a cos t) j + btk v(t) = (a cos t)i - (a sin t)j + bk ; t = 2tt v(to) = ai + bk and 

r(to) = Po = (0, a, 2b7r) =>• x = + at = at, y = a, and z = 27rb + bt are parametric equations of the tangent line 

36. r(t) = (cos t)i + (sin t) j + (sin 2t)k =!> v(t) = (- sin t)i + (cos t)j + (2 cos 2t)k ; to = f => v(t ) = -i - 2k and 
r(to) = Po = (0, 1, 0) => x = — t = — t, y = 1, and z = — 2t = — 2t are parametric equations of the tangent line 



37. (a) v(t) = -(sin t)i + (cos t)j a(t) = -(cos t)i - (sin t)j ; 

(i) |v(t)| = \J (—sin t) 2 + (cos t) 2 = 1 => constant speed; 

(ii) v • a = (sin t)(cos t) — (cos t)(sin t) = => yes, orthogonal; 

(iii) counterclockwise movement; 

(iv) yes, r(0) = i + Oj 

(b) v(t) = -(2 sin 2t)i + (2 cos 2t)j =^ a(t) = -(4 cos 2t)i - (4 sin 2t)j; 

(i) |v(t)| = \J 4 sin 2 2t + 4 cos 2 2t = 2 =>• constant speed; 

(ii) v • a = 8 sin 2t cos 2t — 8 cos 2t sin 2t = => yes, orthogonal; 

(iii) counterclockwise movement; 

(iv) yes, r(0) = i + Oj 

(c) v(t) = - sin (t - |) i + cos (t - § ) j => a(t) = - cos (t - §) i - sin (t - f) j : 



(i) |v(t)| = J sin 2 (t - |) + cos 2 (t — |) = 1 => constant speed; 

(ii) v - a = sin (t — |) cos (t — |) — cos (t — |) sin (t — \ ) = => yes, orthogonal; 

(iii) counterclockwise movement; 

(iv) no, r(0) = Oi — j instead of i + Oj 

(d) v(t) = -(sin t)i - (cos t)j a(t) = -(cos t)i + (sin t)j ; 

(i) |v(t)| = \J (—sin t) 2 + (— cos t) 2 = 1 =>■ constant speed; 

(ii) v • a = (sin t)(cos t) — (cos t)(sin t) = =>• yes, orthogonal; 

(iii) clockwise movement; 

(iv) yes, r(0) = i - Oj 

(e) v(t) = -(2t sin t)i + (2t cos t)j => a(t) = -(2 sin t + 2t cos t)i + (2 cos t - 2t sin t)j ; 

(i) |v(t)| = ^[-(2t sin t) ] 2 + (2t cos t) 2 = v^t^sin 2 1 + cos 2 1) = 2|t| = 2t, t > 

=> variable speed; 

(ii) v • a = 4 (t sin 2 1 + t 2 sin t cos t) + 4 (t cos 2 1 — t 2 cos t sin t) = 4t ^ in general 

=>• not orthogonal in general; 

(iii) counterclockwise movement; 

(iv) yes, r(0) = i + Oj 



38. Let p = 2i + 2j + k denote the position vector of the point (2, 2, 1) and let, u = A- i 7- j and v=^7-i+^7-j + 

Then r(t) = p + (cos t)u + (sin t)v. Note that (2, 2, 1) is a point on the plane and n = i + j 2k is normal to 
the plane. Moreover, u and v are orthogonal unit vectors with u-n = v- n = u and v are parallel to the 
plane. Therefore, r(t) identifies a point that lies in the plane for each t. Also, for each t, (cos t)u + (sin t)v 
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is a unit vector. Starting at the point ^2 + -4j, 2 — 1^ the vector r(t) traces out a circle of radius 1 and 
center (2, 2, 1) in the plane x + y — 2z = 2. 



39. ^ = a = 3i — j + k =>• v(t) = 3ti — tj + tk + Ci; the particle travels in the direction of the vector 



(4 — l)i + (1 — 2)j + (4 — 3)k = 3i — j + k (since it travels in a straight line), and at time t = it has speed 
2 =► *® - 79TTTT Oi - j + k) = Cl ^ f = v(t) = (3t + ^) i - (t + -*-) j + (t + -fc) k 



=> r(t)= (ft 2 
=> r(t) 



4rt)i-(it 2 



3 t 2 



1 t 2 

2 



1 + Vn t ) (3i-j + k) + (i + 2j + 3k) 



1 t 2 

2 L 



t k + C 2 ;r(0) = i + 2j + 3k = C 2 



t + 3 k 



40. f 



a = 2i + j + k =>• v(t) = 2ti + tj + tk + Ci; the particle travels in the direction of the vector 
(3 — l)i + (0 — (— l))j + (3 — 2)k = 2i + j + k (since it travels in a straight line), and at time t = it has speed 2 



v(0) 



2 (2i+j + k) = Ci => | = v(t) 



\/4+l + l 



( t+ ^)j + ( t+ *) k 



r(t)= ( t2 + ^ t ) i+ (5 t2 + VS t ) j+ (5 t2 + V6 t ) k + C2;r(0) = i " j + 2k = C2 



r(t) 



1 ) i+ (5 t2 + VS t - 1 ) j+ (5 t2 + 7S t + 2 ) k= (V + TS 1 ) (2i + j + k) + (i-j + 2k) 



41. The velocity vector is tangent to the graph of y 2 = 2x at the point (2, 2), has length 5, and a positive i 



component. Now, y 2 = 2x 



2y 



vector i 



dy _ 
dx — 



(2,2) 



J2_ _ 1 
2-2 2 



the tangent vector lies in the direction of the 



the velocity vector is v = , 5 ; (i + \ j) = , 5 , (i + | j) = 2\/~5i + y5j 



42. (a) 



(t) = (t — sin t)i + (1 — cost) j 




(b) v = (1 - cos t)i + (sin t)j and a = (sin t)i + (cos t)j ; |v| = (1 - cos t) 2 + sin 2 t = 2 - 2 cos t 



v is at a max 



when cos t = — 1 



t = 7T, 3tt, 5n, etc., and at these values of t, Ivl = 4 



when cos t = 1 =^ t = 0, 2ir, 4ir, etc., and at these values of t, |v| 
for every t max a = min a = y/l = 1 







max |v| = v 4 — 2; \\\ is at a min 

|2 



0; a 



sin 2 1 + cos 2 t : 



43. v = (-3 sin t)j + (2 cos t)k and a = (-3 cos t)j - (2 sin t)k ; |v| 2 = 9 sin 2 1 + 4 cos 2 t => | (|v| 2 ) 

= 18 sin t cos t — 8 cos t sin t = 10 sin t cos t; 4 (|v| 2 ) =0 10 sin t cos t = => sin t = or cos t = 



'4 = 2; when t 



=S> t = 0,7rort= f, f . Whent = 0, 7T, |v 
Therefore max |v| is 3 when t 

(|a| 2 ) = -18costsint + 8sintcost= -10 sin t cost; ^ (|a| 2 ) =0 



7T 37T 

2 ' 2 



\/9 = 3. 



§, \, and min |v| = 2 when t = 0, tt. Next, |a| 2 = 9 cos 2 1 + 4 sin 2 1 



d_ 

dt 







t = 0, 7T Or t : 



3tt 



Whent = 0, tt, lal 2 = 9 



cos t 

Therefore, max a = 3 when t = 0, tt, and min a = 2 when t = |, y. 



lal = 3; when t : 



10 sin t cos t = 

f,^,|a| 2 =4 



sin t = or 
i|=2. 
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44. (a) r(t) = (ro cos 9)i + (tq sin 0)j , and the distance traveled along the circle in time t is vt (rate times time) 
which equals the circular arc length Vq8 =>■ 9 — ^ =>• r(t) = ^ro cos ^\ i + (tq sin j 

l - cos sin A j 



(b) v(t) = I = (-v sin *) i + (v cos j 



ro cos 



!)•■ 



ro sin 



* a « = a 
= - i r(t) 



(c) F = ma 



f = m 



GmM 



GM 
to 



(d) T is the time for the satellite to complete one full orbit =>■ vT = circumference of circle 



(e) Substitute v 
constant 



^ into v 2 



GM 



1^ 
T 2 



GM 
to 



4^ 
GM 



VT = 27ITo 

3 4?r 2 



T is proportional to rjj since ^ is a 



45. ( |(v-v) = v- ^ + ^- v = 2v-^=2-0 = =4> v-visa constant => |v| = yfy ■ v is constant 



46. (a) ^ (u • v x w) = f • (v x w) + u • £ (v x w) = f t ■ (v x w) + u • (f x w + v x ^) 
= ^-(vxw) + u- fxw + u- vx^ 
(b) Each of the determinants is equivalent to each expression in Eq. 7 in part (a) because of the formual in Section 12.4 
expressing the triple scalar product as a determinant. 



47 - 

dt 



s) 

and A • (B x B) = 



dr v 
dt X 



dr 

dt 



dr v 
dt X 



dt- 



5P 



dr 

dt X 



)=r-(|xf) 



|f , since A • (A x B) = 



for any vectors A and B 



48. u = C = ai + bj + ck with a, b, c real constants f = |i+fj+fk = 0i + Uj + 0k = 



49. (a) u = f(t)i + g(t)j 

df ; , dg 



h(t)k 
dh k ] 



dt " d; ' dl K ) dt 

(b) /u=/f(t)i+/g(t)j+/h(t)k => |(fu) 

[f(t)i + g(t)j + h(t)k] +/ ' 



cu = cf(t)i + cg(t)j + ch(t)k 

. du 



£(cu) = c£i + cf j 



cf k 



dt 



dg ; , dh k 

dfJ + dT K 



I g« +/ f 



fh(t)+/f 



-/ 



50. Let u = fj(t)i + f 2 (t)j + f 3 (t)k and v = gl (t)i + g 2 (t)j + g 3 (t)k. Then 
u + v = [fi(t) + gl (t)]i + [f 2 (t) + g 2 (t)]j + [f 3 (t) + g 3 (t)]k 

=> f t (u + v) = [ff(t) + gi(t)]i + [f 2 (0 + g 2 (t)]j + [f£(t) + g 3 (t)]k 
= [f{(t)i + f 2 '(t)j + f£(t)k] + [gi(t)i + g' 2 (t)j + g' 3 (t)k] = g + g ■ 
U V = [fi(t) - gl (t)]i + [f 2 (t) - g 2 (t)]j + [f 3 (t) - g 3 (t)]k 

=> a (u - ▼) = [f((t) - gi(t)]i + [f 2 (0 - g 2 (t)]j + [f£(t) - g ' 3 (t)]k 

= [f{(t)i + f^(t)j + f*(t)k] - [gi(t)i + g' 2 (t)j + g 3 (t)k] = g - 1 

51. Suppose r is continuous at t = t . Then lim r(t) = r(to) ^ lim [f(t)i + g(t)j + h(t)k] 

t — > t t — > to 

= f(t )i + g(t )j + h(t )k lim f(t) = f(to) lim g(t) = g(t ), and lim h(t) = h(t ) <S> f, g, and hare 

t — » to t — > to t — > to 

continuous at t = to. 



52. lim [n(t) x r 2 (t)] = lim 

t — » to t — > to 

= lim n(t) x lim r 2 (t) 

t — > t t — > to 



i j k 

fi(t) f 2 (t) f 3 (t) 

gift) g 2 (t) gs(t) 

A x B 



lim fi(t) 

t — > t 



Urn f 2 (t) 

t — » t 



lim f 3 (t) 

t — > t 



lim gi(t) lim g 2 (t) lim g 3 (t) 

t — ► t t — > to t — > t 
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53. r'(t ) exists f'(t )i + g'(t )j + h'(t )k exists =>■ f '(to), g'(to), h'(t ) all exist f, g, and h are continuous at 
t = to =>■ r(t) is continuous at t = t 



54. (a) £ kr(t) dt = £ [kf(t)i + kg(t)j + kh(t)k] dt = £ [kf(t)] dti + £ [kg(t)] dt j + £ [kh(t)] dtk 
= k (£ f(t) dt i + £ g(t) dt j + £ h(t) dt k) = k £ r(t) dt 

(b) £ [n(t) ± r 2 (t)] dt = £ ([fi(t)i + gl (t)j + hi(t)k] ± [f 2 (t)i + g 2 (t)j + h 2 (t)k]) dt 

= £ ([fid) ± f 2 (t)] i + [ gl (t) ± g2 (t)] j + una) ± h 2 (t)] k) dt 

= f[f 1 (t)±f 2 (t)]dti+ r b [ gl (t)±g 2 (t)]dtj + f b [hi(t)±ha(t)]dtk 

= X'fiWdti ±X b f 2 (t) dti + J a b gl (t)dtj±/ a b g 2 (t)dtj + £h 1 (t)dtk±£h 2 (t)dtk 

= J a b ri(t) dti £r 2 (t) dt 

(c) Let C = cj + c 2 j + c 3 k. Then £ C • r(t) dt = £ [cif(t) + c 2 g(t) + c 3 h(t)] dt 

= cj £ f(t) dt + c 2 £ g(t) dt + c 3 £ h(t) dt = C • £ r(t) dt; 
£ C x r(t) dt = £ [c 2 h(t) - c 3 g(t)] i + [c 3 f(t) - c a h(t)]j + [c lg (t) - c 2 f(t)] k dt 



c 2 £ h(t) dt - c 3 £ g(t) dt 
C x Pr(t)dt 



£ f(t) dt - Cl £ h(t) dt j + ci £ g(t) dt - c 2 £ f(t) dt 



55. (a) Let u and r be continuous on [a, b]. Then lim u(t)r(t) = lim [u(t)f(t)i + u(t)g(t)j + u(t)h(t)k] 

t — > t t — > to 

= u(t )f(t )i + u(t )g(t )j + u(t )h(t )k = u(t )r(t ) ^> ur is continuous for every t in [a, b]. 
(b) Let u and r be differentiable. Then | (ur) = | [u(t)f(t)i + u(t)g(t)j + u(t)h(t)k] 

= f(t) + u(t) % ) i+ (f t g(t) + u(t) |)j + (£ h(t) + u(t) f t ) k 



[f(t)i + g(t)j + h(t)k] | + u(t) (fi+|j+*k)=r^+u 



dr 
dt 



56. (a) If Ri(t) and R 2 (t) have identical derivatives onLthen^ = ^i+*j + f l k=fU+ c fj+ < ^k 

= = = = f i(t) = f 2« + ci, gift) = ga(t) + c 2 , h!(t) = h 2 (t) + c 3 

=> fi(t)i + gl (t)j + hi(t)k = [f 2 (t) + ci]i + [g 2 (t) + c 2 ]j + [h 2 (t) + c 3 ]k R,(t) = R 2 (t) + C, where 
C = cj + c 2 j + c 3 k. 

(b) Let R(t) be an antiderivative of r(t) on I. Then R'(t) = r(t). If U(t) is an antiderivative of r(t) on I, then 
U'(t) = r(t). Thus U'(t) = R(t) on I U(t) = R(t) + C. 

57- | £ r(r) dr = | £ [f(r)i + g(r)j + h(r)k] dr = | £f(r) dr i + g £g(r) dr j + |/J h(r) dr k 

= f(t)i + g(t)j + h(t)k = r(t). Since g r(r) dr = r(t), we have that r(r) dr is an antiderivative of 
r. If R is any antiderivative of r, then R(t) = J r(r) dr + C by Exercise 56(b). Then R(a) = r(r) dr + C 
= + C =^ C = R(a) =» fr(r) dr = R(t) - C = R(t) - R(a) f r(r) dr = R(b) - R(a). 

w a u a 

58- 61. Example CAS commands: 

Maple : 

> with( plots ); 

r := t -> [sin(t)-t*cos(t),cos(t)+t*sin(t),t A 2]; 
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tO := 3*Pi/2; 
lo := 0; 
hi := 6*Pi; 

PI := spacecurve( r(t), t=lo..hi, axes=boxed, thickness=3 ): 

display( PI, title="#58(a) (Section 13.1)" ); 

Dr := unapply( diff(r(t),t), t ); # (b) 

Dr(tO); # (c) 

ql := expand( r(t0) + Dr(t0)*(t-t0) ); 

T := unapply( ql, t ); 

P2 := spacecurve( T(t), t=lo..hi, axes=boxed, thickness=3, color=black ): 
display( [P1,P2], title="#58(d) (Section 13.1)" ); 

62-63. Example CAS commands: 
Maple : 

a := 'a'; b := 'b'; 

r := (a,b,t) -> [cos(a*t),sin(a*t),b*t]; 
Dr := unapply( diff(r(a,b,t),t), (a,b,t) ); 
tO := 3*Pi/2; 

ql := expand( r(a,b,t0) + Dr(a,b,t0)*(t-t0) ); 

T := unapply( ql, (a,b,t) ); 

lo := 0; 

hi := 4*Pi; 

P := NULL: 

for a in [ 1,2, 4, 6 ] do 
PI := spacecurve( r(a,l,t), t=lo..hi, thickness=3 ): 
P2 := spacecurve( T(a,l,t), t=lo..hi, thickness=3, color=black ): 
P := P, display( [P1,P2], axes=boxed, title=sprintf("#62 (Section 13.1)\n a=%a",a) ); 

end do: 

display ( [P], insequence=true ); 



58-63. Example CAS commands: 

Mathematica : (assigned functions, parameters, and intervals will vary) 

The x-y-z components for the curve are entered as a list of functions of t. The unit vectors i, j, k are not inserted. 
If a graph is too small, highlight it and drag out a corner or side to make it larger. 
Only the components of r[t] and values for tO, tmin, and tmax require alteration for each problem. 
Clear[r, v, t, x, y, z] 

r[tj={ Sin[t] - t Cos[t], Cos[t] + t Sin[t], t2} 
t0= 3-/T / 2; tmin= 0; tmax= 6ir; 

ParametricPlot3D[Evaluate[r[t]], {t, tmin, tmax}, AxesLabel — » {x, y, z}]; 
v[tj=r'[t] 

tanline[t_]= v[t0] t + r[t0] 

ParametricPlot3D[Evaluate[{r[t], tanline[t] }], {t, tmin, tmax}, AxesLabel — > {x, y, z}]; 
For 62 and 63, the curve can be defined as a function of t, a, and b. Leave a space between a and t and b and t. 
Clear[r, v, t, x, y, z, a, b] 
r[t_,a_,b_]:={Cos[a t], Sin[a t], b t} 
t0=37r/2; tmin= 0; tmax= 4n; 
v[t_,a_,b_]= D[r[t, a, b], t] 
tanline[t_,a_,b_]=v[tO, a, b] t + r[t0, a, b] 

pal=ParametricPlot3D[Evaluate[{r[t, 1, 1], tanline[t, 1, 1]}], {t,tmin, tmax}, AxesLabel — > {x, y, z}]; 
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pa2=ParametricPlot3D[Evaluate[{r[t, 2, 1], tanline[t, 2, 1]}], {t,tmin, tmax}, AxesLabel — > {x, y, z}]; 
pa4=ParametricPlot3D[Evaluate[{r[t, 4, 1], tanline[t, 4, 1]}], {t,tmin, tmax}, AxesLabel — > {x, y, z}]; 
pa6=ParametricPlot3D[Evaluate[{r[t, 6, 1], tanline[t, 6, 1]}], {t,tmin, tmax}, AxesLabel — > {x, y, z}]; 
Show[GraphicsArray[{pal, pa2, pa4, pa6}}] 

13.2 MODELING PROJECTILE MOTION 

1. x = (v cos a)t =► (21 km)(») = (840 m/s)(cos 60°)t t = = 50 seconds 

2. R = ^ sin 2a and maximum R occurs when a — 45° =>■ 24.5 km = ( 9 j (sin 90°) 

=*• v = V(9-8)(24,500) m 2 /s 2 = 490 m/s 

3. (a) t = = 2(500 9 n 8 7s ^ 45 ° ) « 72.2 seconds; R = | sin 2a = (sin 90°) » 25,510.2 m 

(b) x = (v cos a)t =► 5000 m = (500 m/s)(cos 45°)t =► t = (soo^^sW) ~ 14 - 14 s ; thus ' 

y = (v sin a)t - \ gt 2 => y w (500 m/s)(sin 45°)(14.14 s) - | (9.8 m/s 2 ) (14.14 s) 2 w 4020 m 

(c) y m » = ^f^ = '^"g^ 50 " 2 « 6378 m 

4. y = y + (v sin a)t - \ gt 2 =^ y = 32 ft + (32 ft/sec)(sin 30°)t - \ (32 ft/sec 2 ) t 2 y = 32 + 16t - 16t 2 ; 
the ball hits the ground when y = =>■ = 32 + 16t - 16t 2 =>■ t = -1 or t = 2 t = 2 sec since t > 0; thus, 
x = (v cos a) t x = (32 ft/sec)(cos 30°)t = 32 (2) » 55.4 ft 

5. x = x + (v cos a)t = + (44 cos 45°)t = 22y/lt and y = y + (v sin a)t - \ gt 2 = 6.5 + (44 sin 45°)t - 16t 2 

= 6.5 + 22^/lX - 16t 2 ; the shot lands when y = t = 22 v^± V968 + 4 16 w 2.135 sec since t > 0; thus 
x = 22y/2x w (22^/2) (2.135) « 66.43 ft 

6. x = + (44 cos 40°)t « 33.706t and y = 6.5 + (44 sin 40°)t - 16t 2 w 6.5 + 28.283t - 16t 2 ; y = 

^ t _ 28.283 + ^(28.283 ^+416 _ j 9?35 sec since t > Q . thus x ra (33.706)(1.9735) « 66.52 ft the 
difference in distances is about 66.52 — 66.43 = 0.09 ft or about 1 inch 

7. (a) R= | sin 2a =>■ 10 m = (gg^) (sin 90°) =!> v 2 = 98 m 2 s 2 =!> v w 9.9 m/s; 

(b) 6m « (sin 2a) =>• sin 2a w 0.59999 =!> 2a w 36.87° or 143.12° a w 18.4° or 71.6° 

8. v = 5x 10 6 m/s and x = 40 cm = 0.4 m; thus x = (v cos a)t =>■ 0.4m = (5 x 10 6 m/s) (cos 0°)t 

=>■ t = 0.08 x 10~ 6 s = 8 x 10~ 8 s; also, y = y + (v sin a)t - \ gt 2 

=> y = (5 x 10° m/s) (sin 0°) (8 x 10~ 8 s) - \ (9.8 m/s 2 ) (8 x 10~ 8 s) 2 = -3.136 x 10~ 14 m or 
—3.136 x 10~ 12 cm. Therefore, it drops 3.136 x 10~ 12 cm. 

9. R = | sin 2a 3(248.8) ft = (g^ijbf) (sin 18°) => v 2 « 77,292.84 ft 2 /sec 2 v « 278.02 ft/sec « 190 mph 

— / so/ToX 2 

10. v = ft/sec and R = 200 ft 200 = V ^ ; (sin 2a) sin 2a = 0.9 2a w 64.2° => a w 32.1°; or 

2a « 115.8° =>- a « 57.9°; If a w 32.1°, y max = [{ 3 [ { ™ ' J w 31.4 ft. If a » 57.9°, y max « 79.7 ft > 75 ft. In 
order to reach the cushion, the angle of elevation will need to be about 32.1°. At this angle, the circus performer will go 
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31.4 ft into the air at maximum height and will not strike the 75 ft high ceiling. 



11. x = (v cos a)t => 135 ft = (90 ft/sec)(cos 30°)t =>■ t w 1.732 sec; y = (v sin a)t - \ gt 2 

=4> y w (90 ft/sec)(sin 30°)(1.732 sec) - \ (32 ft/sec 2 ) (1.732 sec) 2 y « 29.94 ft => the golf ball will clip 
the leaves at the top 



12. v = 116 ft/sec, a — 45°, and x = (v cos a)t 
=» 369 = (116cos45°)t t « 4.50 sec; 
also y = (v sin a)t — | gt 2 

y = (116 sin 45°)(4.50) - \ (32)(4.50) 2 
w 45.1 1 ft. It will take the ball 4.50 sec to travel 
369 ft. At that time the ball will be 45. 1 1 ft in 
the air and will hit the green past the pin. 




369 ft 



45 ft 



13. We do part b first. 

(b) x = (v cos a)t 315 ft = (v cos 20°)t 
* 34ft=( F ^| F )(tsin20°)-i(32)t 2 
(a) v = ^ .JM w 149 ft/sec 



(2.25)(cos 20°) 



315 



V ° ~~ t cos 20' 

34 = 315 tan 20 



; also y = (vq sin a)t — i gt 2 



16t 2 



5.04 sec 2 



t « 2.25 sec 



14. R = | sin 2a = ^ (2 sin a cos a) = ^ [2 cos (90° - a) sin (90° - a)] = ^ [sin 2(90° - a)] 



15. R = f sin 2a 
or 50.7° 



16,000 m = sin 2a =j> sin 2a = 0.98 2a « 78.5° or 2a « 101.5° a w 39.3° 



16. (a) R = ^sl. sm 2a = ^ sin 2a = 4 ^ sin aj or 4 times the original range. 

(b) Now, let the initial range be R = — sin 2a. Then we want the factor p so that pvo will double the range 



sin 2a = 2 ( — sin 2a 



f ^ sin 2a j 



double the height: 



2s 



p 2 = 2 =>• p = \/2or about 141%. The same percentage will approximately 
p 2 = 2 p = V^- 



17. x = x + (v cos a)t = + (v cos 40°)t « 0.766 v t and y = y + (v sin a)t - \ gt 2 = 6.5 + (v sin 40°)t - 16t 2 



6.5 + 0.643 v t - 16t 2 ; now the shot went 73.833 ft =>• 73.833 = 0.766 v t t 



when y = = 6.5 + (0.643)(96.383) - 16 ' % ;s ! 
w 46.6 ft/sec, the shot's initial speed 



« 68.474 - 



148,635 



96.383 

vo 

> V P 



sec; the shot lands 



148,635 
68.474 



IS,; — (vo sin aj- 
to- Ymax — ji 



= (v sin a)t - \ gt 2 



| ymax = 3(V0 g a) and y = (v sin a)t - \ gt 2 - s ^ -,,„. ,, 

3(v sin a) 2 = (8gv sin a)t - 4g 2 t 2 =>■ 4g 2 t 2 - (8gv sin a)t + 3(v sin a) 2 = =>■ 2gt - 3v sin a = or 

t _ 3v sin a nr t _ vp sin a e:___ t v,„ t ;„,„ ; t t „v oc trv rea^h ,7 iff — v o sin a 



2gt — v sin a = 



2g 



or t = v " " g n a . Since the time it takes to reach y max is t n 



then the time it takes the projectile to reach | of y max is the shorter time t = v " "° Q or half the time it takes 
to reach the maximum height. 



19 - I = / (-BJ) dt = -gtj + Ci and | (0) = (v cos a)i + (v sin a)j =► -g(0)j + Ci = (v cos a)i + (v sin a)j 
=>■ Ci = (vo cos a)i + (v sin a)j =>• f t = (v cos a)i + (v sin a - gt)j ; r = J[(v cos a)i + (v sin a - gt)j] dt 
= (v t cos a)i + (v t sin a - | gt 2 ) j + C 2 and r(0) = x i + y j =4> [v (0) cos a]i + [v (0) sin a - \ g(0) 2 ] j + C 2 
= x i + y j C 2 = x i + y j r = (x + v t cos a)i + (y + v t sin a - \ gt 2 ) j ^> x = x + v t cos a and 
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y = Yo + v t sin a - \ gt 2 



20. From Example 3(b) in the text, v sin a = N /(68)(64) => v sin 56.5° w 65.97 => v w 79 ft/sec 



21. The horizontal distance from Rebollo to the center of the cauldron is 90 ft 
nearest rim is x = 90 - \ (12) = 84 84 = x + (v cos a)t w + (^^j t 

=>• t = 1.92 sec. The vertical distance at this time is y = yo + (vo sin a)t — \ gt 2 
w 6 + v /(68)(64)(1.92) - 16(1.92) 2 « 73.7 ft the arrow clears the rim by 3.7 ft 

22. The projectile rises straight up and then falls straight down, returning to the firing point. 



the horizontal distance to the 

(90X32) . 
7(68X64) 



§ 4 = (90X32) t 



23. Flight time = 1 sec and the measure of the angle of elevation is about 64° (using a protractor) so that 



t = 
R 



2vp sin a 



l 



2vn sin 64° 



sin 2a 



R 



32 V 
(17.80) 2 



17.80 ft/sec. Theny„ 



(17.80 sin 64°) 2 
2(32) 



4.00 ft and 



-J2 — sin 128° « 7.80 ft =>■ the engine traveled about 7.80 ft in 1 sec =4> the engine 
velocity was about 7.80 ft/sec 



24. When marble A is located R units downrange, we have x = (Vq cos a)t =>• R = (vq cos a)t =>• t 



vq cos a 
2 



. At 



that time the height of marble A is y = y + (v sin a)t - \ gt 2 = (v sin a) (^^j - \ g f^^l 
=> y = R tan a — | g | 3 R , ) . The height of marble B at the same time t = — - — seconds is 

J 2 <= I cos- a J ° v cos a 

h = R tan a — \ gt 2 = R tan a — | g ( v ^ ~ 2 ~ 1 ■ Since the heights are the same, the marbles collide regardless 
of the initial velocity vq. 



25. (a) At the time t when the projectile hits the line OR we 
have tan (3 = | ; X = [vq cos (a — /3)]t and 
y = t v o sin (a — f3)]t — \ gt 2 < since R is 
below level ground. Therefore let 

|y| = |gt 2 -[v sin(a-/3)]t>0 

so that tan ,5 = llf^^jM = MpjM^M 

" [vo cos (a — p)Jt vo cos (a — p) 

=> v cos (a — /3) tan /3 = | gt — v sin (a — /3) 

^ t = 2vo sin(a- ,fl) + 2v cos(a- ,9)tan fl > wWch ^ ^ ^ 



a> 




when the projectile hits the downhill slope. Therefore, 



x = [vo cos (a — /?)] 



2vo sin (a — 5) 4- 2vo cos (a — /?) tan /3 



= ^ [cos 2 (a — /?) tan f3 + sin (a — (3) cos (a — /?)] . If x is 



maximized, then OR is maximized 



. dx _ 2v§ 



[- sin 2(a - (3) tan (3 + cos 2(a -/?)] = 



da g 

=>• - sin 2(q - ft) tan /3 + cos 2(a - p) = =>• tan /3 = cot 2(a - /?) =3> 2(a - P) = 90° - P 

=>. a - £ = A (90° -p) => a = \ (90° + P) = \ of ZAOR. 
(b) At the time t when the projectile hits OR we have 
tan p = | ; x = [vn cos (a + j3)]t and 
y= [v sin(a + /3)]t- igt 2 



tan (3 



[vq sin(a + /J)lt - |gt 2 _ [v sin (a + 3)- § gt] 



[vo cos (a -f /?)]t vo cos (a + Q) 

Vq cos (a + P) tan /3 = v sin (a + /3) — \ gt 



2vo sin (a + /3) — 2vo cos (a 4- /?) tan /3 




which is the time 



when the projectile hits the uphill slope. Therefore, 
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x = [v cos (a + /?)] 



2vq sin (a 4- /?) — 2vo cos (a + P) tan /3 



=3 [sin (a + (3) cos (a + /3)~ cos 2 (a + /3) tan 0\. If x is 

. 2v- 

maximized, then OR is maximized: ^ — - 1 [cos 2(a + p) + sin 2(a + p) tan /?] = 
=>• cos 2(a + /3) + sin 2(a + (5) tan [3 = cot 2(a + /3) + tan (i = =!> cot 2(a +/3) = -tmj3 
= tan(-/3) 2(q + /3) = 90° - = 90° + /3 a = \ (90° - /?) = \ of ZAOR. Therefore v would bisect 

ZAOR for maximum range uphill. 

26. (a) r(t) = (x(t))i + (y(t))j; where x(t) = (145 cos 23° - 14)t and y(t) = 2.5 + (145 sin 23°)t - 16t 2 . 

(b) y max = (vq ™ q)2 + 2.5 = (145s ^ 23 ° )2 + 2.5 w 52.655 feet, which is reached at t = = 145 ^ 23 ° « 1.771 seconds. 

(c) For the time, solve y = 2.5 + (145 sin 23°)t — 16t 2 = for t, using the quadratic formula 

t = 145sin23 ° + V , (^ 5sin23 °) + 160 _ 3 585 sec _ Then the range at t ra 3 585 is about x = (145 cos 23° - 14) (3.585) 
« 428.311 feet. 

(d) For the time, solve y = 2.5 + (145 sin 23°)t — 16t 2 = 20 for t, using the quadratic formula 

145 sin 23° + i/(145 sin 23°) 2 - 1120 

t = ~ 0.342 and 3.199 seconds. At those times the ball is about 

x(0.342) = (145 cos 23° - 14) (0.342) « 40.860 feet from home plate and x(3. 199) = (145 cos 23° - 14)(3.199) 
w 382.195 feet from home plate. 

(e) Yes. According to part (d), the ball is still 20 feet above the ground when it is 382 feet from home plate. 

27. (a) (Assuming that "x" is zero at the point of impact:) 

r(t) = (x(t))i + (y(t))j; where x(t) = (35 cos 27°)t and y(t) = 4 + (35 sin 27°)t - 16t 2 . 

(b) y max = {v °% a)1 + 4 = (35si g 4 27 ° )2 + 4 « 7.945 feet, which is reached at t = = w 0.497 seconds. 

(c) For the time, solve y = 4 + (35 sin 27°) t — 16t 2 = for t, using the quadratic formula 

t = 35 S in27° + V / (-35sm27°) 2 + 256 _ ^ ^ ^ ^ ^ ^ ^ = ^ ^ 27 °)(1. 2 01) 

rs 37.453 feet. 

(d) For the time, solve y = 4 + (35 sin 27°) t — 16t 2 = 7 for t, using the quadratic formula 

t = + ^ 32 " 9 " ~ 0-254 and 0.740 seconds. At those times the ball is about 

x(0.254) = (35 cos 27°)(0.254) « 7.921 feet and x(0.740) = (35 cos 27°)(0.740) « 23.077 feet the impact point, 
or about 37.453 - 7.921 w 29.532 feet and 37.453 - 23.077 w 14.376 feet from the landing spot. 

(e) Yes. It changes things because the ball won't clear the net (y max w 7.945). 

28. The maximum height is y = (v ° s ™ a) and this occurs for x = ^ sin 2a — v " Sln ° cos - . These equations describe 
parametrically the points on a curve in the xy-plane associated with the maximum heights on the parabolic trajectories in 

2 vjj sin 2 a cos" q (vjj sin 2 a) (1 — sin 2 a) 



terms of the parameter (launch angle) a. Eliminating the parameter a, we have x 



Vn sin" a Vn sin a 



16g 2 



4g- 



I (2y) - (2y) 2 => x 2 + 4y 2 - (?f) y = =» x 2 + 4 [y 2 - Q) 
x 2 + 4 (y - ^|) 2 = ^ , where x > 0. 

29 - W + k l = -SJ p (0 = k and QW = -SI => I P W dt = kt v(t) = ei' p W dt = e kt | = v(t) Q(t) dt 
= — ge~ kt J e kt j dt = — ge~ kt [ + Ci ] = — f j + Ce _kt , where C = — gC; ; apply the initial condition: 
: (vocos a)i + (v sin a)j = — |j + C =>- C — (v cos a)i + (§ + v sin a)j 

(v e~ kt cos a)i + (— f + e~ kt (| + v sin a))j,r = f[ (v e~ kt cos a)i + (-f + e~ kt (f + v sin a))j]dt 
(-^e~ kt cos ")i + (-f - ir(| + V sin a))j + C 2 ; apply the initial condition: 



t=o 

dr . 
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r(0)=0= (- ?C o.a)i+(-£-a^)j + C 2 =► C 2 = (^cos a)i + (| + ~)j 
r (t) = (^(1 -e- kt )cosa)i+ (^(l -e- kt )sina + Jr(l -kt-e- kt ))j 

30. (a) r(t) = (x(t))i + (y(t))j; where x(t) = (^|) (1 - e -° 12t )(cos 20°) and 

y(t) = 3 + (1 - e- 012t )(sin 20°) + (1 - 0.12t - e -°- 12t ) 

(b) Solve graphically using a calculator or CAS: At t w 1.484 seconds the ball reaches a maximum height of about 40.435 
feet. 

(c) Use a graphing calculator or CAS to find that y = when the ball has traveled for rj 3.126 seconds. The range is 
about x(3. 126) = (533) (l - e- 012 * 3126 ') (cos 20°) w 372.311 feet. 

(d) Use a graphing calculator or CAS to find that y = 30 for t « 0.689 and 2.305 seconds, at which times the ball is about 
x(0.689) w 94.454 feet and x(2.305) « 287.621 feet from home plate. 

(e) Yes, the batter has hit a home run since a graph of the trajectory shows that the ball is more than 14 feet above the 
ground when it passes over the fence. 

31. (a) r(t) = (x(t))i + (y(t))j; where x(t) = (^g) (1 - e-° 08t )(152 cos 20° - 17.6) and 

y(t) = 3 + (<H) (1 - e- 008 ')(sin 20°) + (^) (1 - 0.08t - e^ 08 ') 

(b) Solve graphically using a calculator or CAS: At t w 1.527 seconds the ball reaches a maximum height of about 41.893 
feet. 

(c) Use a graphing calculator or CAS to find that y = when the ball has traveled for w 3.181 seconds. The range is 
about x(3. 181) = (ok) (l - e-° 08 ( 3 181 )) (152 cos 20° - 17.6) w 351.734 feet. 

(d) Use a graphing calculator or CAS to find that y = 35 for t « 0.877 and 2.190 seconds, at which times the ball is about 
x(0.877) w 106.028 feet and x(2.190) « 251.530 feet from home plate. 

(e) No; the range is less than 380 feet. To find the wind needed for a home run, first use the method of part (d) to find that 
y = 20 at t re 0.376 and 2.716 seconds. Then define x(w) = (^) (l - e -°- 08 ( 2 - 716 )) (152 cos 20° + w), and solve 
x(w) = 380 to find w w 12.846 ft/sec. 

13.3 ARC LENGTH AND THE UNIT TANGENT VECTOR T 

1 . r = (2 cos t)i + (2 sin t)j + y^Stk => v = (-2 sin t)i + (2 cos t)j + V^k 
I (-2 sin t) 2 + (2 cos t) 2 + ( V^) 2 = \/4 sin 2 1 + 4 cos 2 1 + 5 = 3; T = ^ 

= (- | sin t) i + (| cos t) j + ^ k and Length = f |v| dt = J^3 dt = [3t] r Q = 3tt 

2. r = (6 sin 2t)i + (6 cos 2t)j + 5tk =>• v = (12 cos 2t)i + (- 12 sin 2t)j + 5k 

|v| = y/(12 cos 2t) 2 + (-12 sin 2t) 2 + 5 2 = ^144 cos 2 2t + 144 sin 2 2t + 25 = 13; T = ^ 

= (|| cos 2t) i - (j| sin 2t) j + ^ k and Length = Jjv| dt = f \3 dt = [13t] r Q = 13tt 



3. r = ti+ ?t 3 / 2 k =► v = i + t^ 2 k |v| = J I 2 + (tV2) 2 = yTTt;T= A = -^Lk 



and Length = f +t dt = [| (1 + if 12 ] 



» _ 52 
~~ 3 



4. r = (2 + t)i-(t+l)j + tk =» v = i-j + k |v| = Vl 2 + (-D 2 + l2 = ^3; T =R = VI i -75j+75 k 
and Length = f ' v/3 dt = [v/3tl 3 = 3v/3 

J A 
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5. r = (cos 3 1) j + (sin 3 1) k =>■ v = (— 3 cos 2 1 sin t) j + (3 sin 2 1 cos t) k => |v| 



= y (—3 cos 2 1 sin t) 2 + (3 sin 2 1 cos t) 2 = \J (9 cos 2 1 sin 2 1) (cos 2 1 + sin 2 t) = 3 |cos t sin t| 



-3 cos^sint j + ffB-^j k = ( cos t)j + (sin t)k , if < t < f , and 

t sin t J 3 cos t sin t v /j 1 v / » — — 2 ' 



3 |cos t sin t| 

3 |cos t sin t| dt — J q 3 cos t sin t dt = J g | sin 2t dt = [— | cos 2t] Q 



/2 _ 3 
2 



6. r = 6t 3 i - 2t 3 j - 3t 3 k v = 18t 2 i - 6t 2 j - 9t 2 k |v| = J (18t 2 ) 2 + (-6t 2 ) 2 + (-9t 2 ) 2 = y/44 It 4 = 21t 2 ; 



T — — — 18t 2 ; _ _6t^ 
1 — |v| ~~ 21t 2 1 lit 



j_^k = |i_2j_3 kand Length = J\lt 2 dt = [7t 3 ] \ = 49 



7. r = (t cos t)i + (t sin t)j + ^ t 3 / 2 k v = (cos t - t sin t)i + (sin t + t cos t)j + ( \/2 t 1 / 2 ) k 



=> |v| = W(cos t - t sin t) 2 + (sin t + t cos t) 2 + ( y/lt) = \f \ + t 2 + 2t = y/(t + l) 2 = |t + 1| = t + 1, if t > 0; 



T = W\ = { c ° s \- + \ smt ) i + ( slnt t + + t 1 cost ) j + (^r) k and Length = f*(t + 1) dt = 



r = (t sin t + cos t)i + (t cos t — sin t)j =>■ v = (sin t + t cos t — sin t)i + (cos t — t sin t — cos t)j 
= (t cos t)i - (t sin t)j =^ |v| = y/{t cos t) 2 + (-t sin t) 2 = V^t 2 = |t|=tifv / 2<t<2;T=^r 

= (^t) i - (^) j = (cos t)i - (sin t)j and Length = fx dt = 



9. Let P(to) denote the point. Then v = (5 cos t)i - (5 sin t)j + 12k and 267r = J o \J 25 cos 2 1 + 25 sin 2 1 + 144 dt 

= r ° 13 dt = 13to to = 2tt, and the point is P(2tt) = (5 sin 2tt, 5 cos 2tt, 24tt) = (0, 5, 24tt) 

10. Let P(to) denote the point. Then v = (12 cos t)i + (12 sin t)j + 5k and 

— 1 3tt = J y/ 144 cos 2 1 + 144 sin 2 1 + 25 dt = Jj 13 dt = 13t t = -7r, and the point is 
P(-tt) = (12 sin (-tt), -12 cos (-tt), -5tt) = (0, 12, -5tt) 



11. r = (4 cos t)i + (4 sin t)j + 3tk v = (-4 sin t)i + (4 cos t)j + 3k =!> |v| = a/(-4 sin t) 2 + (4 cos t) 2 + 3 2 
= \/25 = 5 s(t) = f s dr = 5t =!> Length = s (f ) 



5k 
2 



12. r = (cos t + t sin t)i + (sin t — t cos t)j => v = (—sin t + sin t + t cos t)i + (cos t — cos t + t sin t)j 

= (t cos t)i + (t sin t)j =4> |v| = y/ (t cos t) 2 + (t cos t) 2 = = \f\? = t, since § < t < n => s(t) = J q r dr = ~ 

=> Length = s(tt) - s (|) 



El _ iiL - ItH 
2 2 8 



13. r = (e' cos t) i + (e l sin t) j + e l k =>• v = (e 1 cos t — e' sin t) i + (e* sin t + e' cos t) j + e'k 

=> Ivl = 



(e l cos t — e' sin t) 2 + (e l sin t + e 1 cos t) 2 + (e') 2 



3e 2t = V^e* =>- s(t) = / '\/3e T dr 



= V^e 1 - -s/3 => Length = s(0) - s(-ln4) = - ( V^e-" - 



4 



14. r = (1 + 2t)i + (1 + 3t)j + (6 - 6t)k v = 2i + 3j - 6k |v| = ^/2 2 + 3 2 + (-6) 2 = 7 s(t) = dr = 7t 
Length = s(0) - s(-l) = - (-7) = 7 
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15. r = f i/2tj i + ( y^tj j + (1 - t 2 ) k v = ^/li + V^j - 2tk 
= 2^1 +t 2 Length = ^2^1 +t 2 dt 

16. Let the helix make one complete turn from t = to t = 2n. 
Note that the radius of the cylinder is 1 =>■ the 
circumference of the base is 2ir. When t = 2n, the point P is 
(cos 2ir, sin 2ir, 2if) = (1, 0, 2ir) =>• the cylinder is 2tt units 
high. Cut the cylinder along PQ and flatten. The resulting 
rectangle has a width equal to the circumference of the 
cylinder = 2tt and a height equal to 2tt, the height of the 
cylinder. Therefore, the rectangle is a square and the portion 
of the helix from t = to t = 2ir is its diagonal. 



2 ! + ly/lj + (-2t) 2 = y/A + 4t 2 
l 

o 



x/2 + lnfl 





r - cos 1 1 + sin t j + t k 


C 


p 


















< 






-»y 



t-0 



17. (a) r = (cos t)i + (sin t)j + (1 - cos t)k, < t < 2w 



cos t, y = sin t, z = 1 — cos t => x 



= cos 2 1 + sin 2 1 = 1, a right circular cylinder with the z-axis as the axis and radius = 1. Therefore 
P(cos t, sin t, 1 — cos t) lies on the cylinder x 2 + y 2 = 1; t = =$> P(l, 0, 0) is on the curve; t = | = 

is on the curve; t = n R(— 1 , 0, 2) is on the curve. Then PQ = i + j + k and PR = 2i + 2k 
i j k" 



Q(0,1,D 



PQ x PR 



-1 1 1 
-2 2 



2i + 2k is a vector normal to the plane of P, Q, and R. Then the 



plane containing P, Q, and R has an equation 2x + 2z = 2(1) + 2(0) or x + z = 1. Any point on the curve 
will satisfy this equation since x + z — cos t + (1 — cos t) — 1. Therefore, any point on the curve lies on the 
intersection of the cylinder x 2 + y 2 = 1 and the plane x + z = 1 =4> the curve is an ellipse, 
(b) v = (- sin t)i + (cos t)j + (sin t)k => |v| = \J sin 2 1 + cos 2 1 + sin 2 1 = \J 1 + sin 2 1 T = A 



(— sin t)i + (cos t)j + (sin t)k 
V 1 + sin 2 t 



T(0)=j,T(f) =^,T( 7 r) = -j > T(f) = ^ 
(c) a = (— cos f)i — (sin t)j + (cos t)k ; n = i + k is 

z 

normal to the plane x + z= l=>n-a= — cos t + cos t 
= =>• a is orthogonal to n =>■ a is parallel to the 
plane; a(0) = — i + k, a (|) = — j , a (it) — i k , 



(-1, 0, 2) 




(1,0,0) 



(0, 1, 1) 



(d) |v| = \J 1 + sin 2 1 (See part (b) => L = J q \J 1 + sin 2 1 dt 

(e) L si 7.64 (by Mathematica) 



18. (a) r = (cos 4t)i + (sin 4t)j + 4tk => v = (-4 sin 4t)i + (4 cos 4t)j + 4k =>■ |v| = ^/(-4 sin 4t) 2 + (4 cos 4t) 2 + 4 2 



4V2t 



k/2 




27T\/2 



= V^2 = 4 x/2 => Length = £ 4y^2 dt : 
(b) r = (cos |) i + (sin |) j + | k ^ v = (- \ sin |) i + {\ cos |) j + \ k 

r ^ Len s th = r 



|v| = V(-^inir+(icosI) * + {\)' 



1 + 1 



dt 



-1 4tt 



2tt\ 2 



(c) r = (cos t)i - (sin t)j tk ^ v = (- sin t)i - (cos t)j k => |v| = sin t) 2 + (-cos t) 2 + (-1) 2 = y/l + l 



Jl ^t- Length = f \/2dt= \<J2t 

•J —2ty 



= 2nJ2 
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19. ZPQB = ZQOB = t and PQ = arc (AQ) = t since 

PQ = length of the unwound string = length of arc (AQ); 
thus x = OB + BC = OB + DP = cos t + t sin t, and 
y = PC = QB - QD = sin t - t cos t 





_Q 








P(x.y) 
c 




\ 


B /A(1.0) 







20. r = (cos t + t sin t)i + (sin t + t cos t)j =>■ v — (— sin t + t cos t + sin t)i + (cos t — (t(— sin t) + cos t))j 
= (tcos t)i+ (tsin t)j =>• |v| = y^tcos t) 2 + (tsin t) 2 = = |t| = t, t > =>• T = 2 
— cos ti + sin t j 



t cos t • I tsm t : 
t ' t J 



13.4 CURVATURE AND THE UNIT NORMAL VECTOR N 



1. r = ti + In (cos t)j v = i + (=j^) j = i (tan t)j =$> |v| = \/l' 2 + (-tant) 2 = \J sec 2 1 = |sec t| = sec t, 
-|<t<f^T=^=( s ^)i-(&|)j = (cos t)i - (sin t)j ; f = (- sin t)i - (cos t)j 

=> |f | = sin t) 2 + (- cos t) 2 = 1 N = 1} = (- sin t)i - (cos t)j ; 



since 



K = i . m\ = J_ . l =cost. 

|v| I dt I sec t 



2. r = In (sec t)i + tj =4> V = ( sec J c ta t " ' ) i + j = (tan t)i + j =^ |v| = vTtanTFTT 2 = V sec 2 1 = |sec t| = sec t, 
since - |<t<f=>T=i = (&|) i - (^_) j = (sin t)i + (cos t)j ; f = (cos t)i - (sin t)j 

|f | = V( cos 2 + ( - sin t) 2 = 1 N= ||| = (cos t)i - (sin t)j ; 



_L I dX I 
|v| ' I dt I 



1 = COS t. 



3. r = (2t + 3)i + (5 - t 2 ) j => v = 2i 2tj |v| = y/2 2 + (-2t) 2 = 2y/l + t 2 => T 



'i + t 2 



t j . dT 

J ' dt — 



n+i 



i 



(i+t 2 r i+i 2 

_L I dT | 1 

|v| ' I dt 



N 



_ (f) _ -t 



'i + t 2 



I £>I 1 
I dt I 



\ 



'1+t 2 



'1+t 2 



'1 + t 2 



'1+t 2 ' 



1 



1 



2/TTt 2 1+' 2 2(l+t 2 ) 3/: 



-2t 



2^1+t 2 2-v/l + t 2 



4. r = (cos t + t sin t)i + (sin t — t cos t)j =>■ v = 

. . ^ r> * t> v (t cos t)i+(t sin t)j 

= t, since t>0 =>• T = A = 5 - - 

sin t) 2 + (cos t) 2 = 1 N 



I dT I 
I dt I 



(t cos t)i + (t sin t)j |v| = yf( t cos t) 2 + (t sin t) 2 = 
: (cos t)i + (sin t)j ; f = (- sin t)i + (cos t)j 

l 



t 2 = Itl 



(— sin t)i + (cos t)j ; k 



— ■ I — I 

v I dt I 



1 



5. (a) k(x) = p^y 



1_ | dT(x) 
dt 



Now, v = i + f'(x)j |v(x)| = Jl+ [f'(x)] z T 



|v| 



= (l + [f'W] 2 ) I/2 i + f'(x)(l + [f'(x)] 2 ) ^j.Thusf (x) 



-f'(x)f"(x) 



, ,\ 3/2 1 T . . 3/2 J 

(l + [f'(x)f) (l + [f'Wf) 



dT(x) 
dt 



-f'(x)f"(x) 



f"(x) 



\ L( i+ [ f, wi 2 ) J + V( i+ [ f '«i 2 ) 3/2 , 



/ [f"(x)] 2 (l + [f'(x)] 2 ) _ |f „ (x)| 
(l + [f'(x)] 2 ) 3 ~ |l + [f'W] 2 
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Thus k(x) 



1 |f"(x)| |f"(x)| 

(l + [f'(x)P) 1/2 ' |l+[f'«] 2 l _ ' - ■ 



(i + [f'W] 2 ) 

(b) y = ln(cosx) =>■ j| = (^) (- sin x) = -tanx 



fy 
dx- 



— sec 2 x| 



[l + (-tanx) ; 



213/2 



— — = cos x, since — | < x < £ 

sec x ' 2 2 



(c) Note that f"(x) = at an inflection point. 
6. (a) r = f(t)i + g(t)j = xi + yj => v = xi + yj |v| = x/x 2 + f => T = ^ = ^^ji + j 



dT _ y(yx-xy) . x(xy-yx) . 



dt ( x 2 +y 2 ) 3 
_ |yx-xy[ . 



(x 2 + y -) 





r y(yx-xy) i 


2 


x(xy-yx) 


ifi = V 


I (* 2 +y 2 ) 3 ' 2 . 


+ 


,.9 , .9s3/2 

L(x- + r) J 



(y 2 +x 2 )(yx-xy) 2 
(x 2 + y 2 ) 3 



|yx - xy| _ |yx-xy| 



J_ I dT I _ 1 

M'ldFl ,/x 2 + y 2 ' |x 2 + y 2 (x 2 +y 2 ) 3. 



(b) r(t) = ti + In (sin t)j , < t < it => x = t and y = In (sin t) 



l,x = 0;y 



cot t, y 



k — '-^'-"l = m = sint 

(l+cot 2 t)) 3/ ' 



(c) r(t) = tan 1 (sinh t)i + In (cosh t)j x = tan 1 (sinh t) and y = In (cosh t) 



cosh t 



= sech t, x = — sech t tanh t; y = = tanh t, y = sech 2 1 
= sech t 



1 + sinh 2 t cosh t 
sech 3 t + sech t tanh 2 t 
(sech 2 t + tanh 2 t) 



| sech t| 



7. (a) r(t) = f(t)i + g(t)j =>• v = f'(t)i + g'(t)j is tangent to the curve at the point (f(t), g(t)); 

n • v = [- g'(t)i + f'(t)j] • [f'(t)i + g'(t)j] = -g'(t)f'(t) + f'(t)g'(t) = 0; -n • v = -(n - v) = 0; thus, 
n and — n are both normal to the curve at the point 

(b) r(t) = ti + e 2t j v = i + 2e 2t j => n = — 2e 2t i + j points toward the concave side of the curve; N = A and 

Inl = v/4e 4t + 1 => N = ~ 2e2 ' i + , 1 ; ; j 

1 1 v \f\ +4e 41 \f\ +4e 4t J 

(c) r(t) = \/4 - t 2 i + tj => v = -r^ i + j =► n = i 



N = A and Inl 



/4-t 2 
2 



— j points toward the concave side of the curve; 



4-t 2 



/4-t 2 



N : 



4 - t 2 i + tj 



8. (a) r(t) = ti + 1 1 3 j =>• v = i + t 2 j => n = t 2 i j points toward the concave side of the curve when t < and 



n = — t 2 i + j points toward the concave side when t > 
N = -J= (-t 2 i+j) fort > 

x / 1 +t 4 \ •>/ 



N 



(t 2 i - j) fort < Oand 



(b) From part (a), |v| = \/l +t 4 =4> T = ^J^ji 



n + 



t i J 



dT 

dt 



-2t 3 j , 2t j 

(l +t 4f/ 2l+ (l +t 4)3/2J 



I dT I 
I dt I 



4t 6 + 4t 2 
(1+t 4 ) 3 



1 + 1 4 



N 



V dt I 



1+t 4 ( 

2|t| V 



-2t 3 
(l + l 4 ) 3 ' 



(1+t 4 ) 3 ' 



t K/l+t 4 



Wvi +1 4 



j;t^o 



N does not exist at t = 0, where the curve has a point of inflection; ^ | = so the curvature k = | ^ | 
= |^-^|=0 at t = =>■ N = ^ ^ is undefined. Since x = t and y = 1 1 3 =>■ y = | x 3 , the curve is the 
cubic power curve which is concave down for x = t < and concave up for x = t > 0. 



9. r = (3 sin t)i + (3 cos t)j + 4tk =>• v = (3 cos t)i + (-3 sin t)j + 4k =!> |v| = \/(3 cos t) 2 + (-3 sin t) 2 + 4 2 
= v ^5 = 5 =► T=i = (f cost)i-(|sint)j + |k £ = (- | sin t) i - (| cos t) j 

^2 3 



I dT I 
I dt I 



(-fsint)' 



| cos 



0" 



N 



dt V 5 V " v 5 

(— sin t)i — (cos t)j ; n 



1 3 _ _3_ 
5 ' 5 25 



10. r = (cos t + t sin t)i + (sin t - t cos t)j + 3k =>• v = (t cos t)i + (t sin t)j =>- |v| = \J (t cos t) 2 + (t sin t) 2 = x/t 2 



Itl = t, if t > T 



(cos t)i - (sin t)j , t > 



dT 
dt 



(— sin t)i + (cos t)j 



I dT I 
I dt I 



= x/(- sin t) 2 + (cos t) 2 = 1 



N = TTjTT = (— sin t)i + (cos t)j ; n 



1 
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11. r = (e' cos t) i + (e l sin t) j + 2k => v = (e l cos t — e' sin t) i + (e 1 sin t + e 1 cos t) j 



|v| = \l (e l cos t — e t sin t) 2 + (e l sin t + e ! cos t) 2 — y 2e 2t — e t \/2; 



os t — sin t | : _i_ f sin t + cos t \ 2 

7* ) + \ ^ J 3 



dT 

dt 



- sin t — cos t 



cos t — sin t 



I dT I 
I dt I 



- sin t — cos t 



i t - sin t ^ ' 
V~2 J 



= 1 N 



_ (f ) _ 



( — cos t — sin t \ j \ ( — sin t + cos t \ * . 
V~2 V~2 J*' 



_L [ dT 1 _ 1 i _ 1 



12. r = (6 sin 2t)i + (6 cos 2t)j + 5tk =>- V = (12 cos 2t)i - (12 sin 2t)j + 5k 
|v| = v/(12 cos 2t) 2 + (-12 sin 2t) 2 + 5 2 = ^/l69 = 13 =>- T = ^ 
= (f cos 2t)i- (If sin2t)j + ^k => f = (-gsin2t)l-(gcos2t)j 

_ (?) _ 



I dT 
I dt 



(- ff sin 2t) 2 + (-ff cos 2ty = § =>■ N 

_L I dT I J_ 24 24 
|v| I dt I 13 ' 13 169' 



(— sin 2t)i — (cos 2t)j : 



13. r = 



f ) j , t > =^ v = t 2 i + tj =^ |v| = \A 4 + t 2 = t\/t 2 + 1, since t > T = A 



t | 
/t 2 + t ' 



/t 2 + 1 • 



dT 

dt 



1 

(t 2 + !)3/2 



(t 2 + 1) J ' 



I dT I 
I dt I 



\/((t 3 +V 2 ) + ((t 2 +i t ) 3/2 ) 



- / 1+t 2 = _J_ 
(t 2 + l) 3 t 2 + l 



N 



_ (f) - i 



A 2 + i 



/t 2 + i 



j ; « 



— • I — I 

v I dt I 



t^/t 2 + 1 t " + I t(t 2 + l)' 



3/2 • 



14. r = (cos 3 t) i + (sin 3 t) j , < t < f v — (-3 cos 2 1 sin t) i + (3 sin 2 1 cos t) j 



=> | v | = y (—3 cos 2 1 sin t) 2 + (3 sin 2 1 cos t) 2 = sj 9 cos 4 1 sin 2 1 + 9 sin 4 1 cos 2 1 = 3 cos t sin t, since < t < | 
=> T = -a = (— cos t)i + (sin t)j => ^ = (sin t)i + (cos t)j I Tjr I = V sin2 1 + cos2 1 =1 =^ N = W 



(sin t)i + (cos t)j; k 



— ■ I — I 

Ivl I dt I 



3 cos t sin t 



3 cos t sin t ' 



15. r = ti + (a cosh *) j , a > 



v = i+(sinh^)j ^ 
(sech i) i + (tanh j;) J => £ = (- \ sech J tanh 
f I = fh -ch 2 0) tanh 2 (i) + S sech 4 (i) = i sech £ 



v| = yl + sinh 2 Q) = ^cosh 2 Q) = cosh * 
(i sech 2 ^ i 



I dt 

J_ I dT I _ 
|v| ' I dt I — 



N 



cosh 



• i sech (i) = i sech 2 

a V a / a V a 



= ||| = (- tanh i) i + (sech 

I dt I 



16. r = (cosh t)i - (sinh t)j + tk v = (sinh t)i - (cosh t)j + k => |v| = \J sinh 2 1 + (- cosh t) 2 + 1 = \fl cosh t 
=> T =W=(75 tanht ) i -V2 j+ fe Secht ) k => f =(^-ch 2 t) i-^ sech t tanh t)k 

/dTS 

N_ V ji ) 
— I dT I 



I dT 
I dt 



1 sech 4 1 + 5 sech 2 1 tanh 2 1 = 4- sech t 

2 2 y 2 

_L I dT | _ 1 
v| ' I dt 



(sech t)i - (tanh t)k ; 



— • -K- sech t = i sech 2 t. 

V2cosht \J2 2 



17. y = ax 2 =>■ y' = 2ax =>• y" = 2a; from Exercise 5(a), «(x) = 



|2a| 



^ = |2a| (1 +4a 2 x 2 ) 



2^2\-3/2 



(l+4a 2 x 2 ) J 

K '(x) = - I |2a| (1 + 4a 2 x 2 )~ 5/2 (8a 2 x) ; thus, k'(x) = => x = 0. Now, k'(x) > for x < and «'(x) < for 
x > so that k(x) has an absolute maximum at x = which is the vertex of the parabola. Since x = is the 
only critical point for k(x), the curvature has no minimum value. 
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18. r = (a cos t)i + (b sin t)j =>• v = (— a sin t)i + (b cos t)j =>• a = (— a cos t)i — (b sin t)j vxa 
J k 

abk => |v x a| = |ab| = ab, since a > b > 0; n(t) 



a sin t b cos t 
a cos t — b sin t 

„2 „;„2 t , k2 „„ c 2 t N-3/2. 



|vxa| 



| (ab) (a 2 sin 2 1 + b 2 cos 2 1) 5/2 (2a 2 sin t cos t - 2b 2 sin t cos t) 



= ab (a 2 sin 2 1 + b 2 cos 2 1) ' ; «/(t) 
= - | (ab) (a 2 - b 2 ) (sin 2t) (a 2 sin 2 1 + b 2 cos 2 1)~ 5/2 ; thus, re'(t) = sin 2t = =^ t = 0, tt identifying 
points on the major axis, or t = |, =f identifying points on the minor axis. Furthermore, k'(i) < for 
< t < f and for ir < t < y ; n'(t) > for | < t < 7T and ~ < t < 27r. Therefore, the points associated 
with t = and t = ir on the major axis give absolute maximum curvature and the points associated with t = | 
and t = y on the minor axis give absolute minimum curvature. 



19. K 



d/v 
da 



-a 2 +b 2 . djc 
(a 2 +b 2 ) 2 ' da 



a < b and ^ < if a > b =>■ k is at a maximum for a = b and n(b) 



± b a = b since a, b > 0. Now, £g > if 

b 



5^ is the maximum value of k. 



20. (a) From Example 5, the curvature of the helix r(t) = (a cos t)i + (a sin t)j + btk, a, b > is k — a2 ^ fa2 ; also 



|v| = v / a 2 ~+b 2 . For the helix r(t) = (3 cos t)i + (3 sin t)j + tk, < t < An, a = 3 and b = 1 

and |v| = V^0 =>• K = J*" ^ y/\0 dt = 

(b) y = x 2 = 
T 1 



3 2 + l 2 



_3_ 
10 



47T 





12tt 

v/To 



t and y = t 2 , -co < t < oo =>- r(t) = ti + r j =>- v 
-4t : , 



2tj 



v | = ,/l +4t 2 ; 



Vl+4t 2 v/l +4t 
1 2 



2t •. dT 

rJ' dt 



(1 +4t 2 ) J ' 



(l+4t 2 ) : 



-i 1^1 
2 -l' I dt I 



16t 2 + 4 



(l+4t 2 ) 3 



TT4F- Thus 



x/r+4? i+4t 

= lim f° 

a — > — 00 J a 



(v / T + 4?)" 



Then K = f 



M+4t 2 



1 +4t ; 



IW dt 



T - 2 S idt+ lim f rAffdt= lim [tan _1 2tl + lim [tan _1 2tl^ 

l+4t 2 1 b^K, Jo l+4t 2 a-»-oo L ^ a h — > rvi Jo 



• 00 



= lim 

a — > — oc 



(- tan" 1 2a) + lim ( tan" 1 2b) = f 

b — > oc 



7T 



21. r = ti + (sint)j 

i + cos tj 



v = i + (cos t)j |v| = \/l 2 + (cos t) 2 = v' 1 + cos 2 1 => |v(f)| = Jl 



dT 

dt 



\/l +cos 2 t ' dt (1 +cos 2 t) J ' i " ' (l+cos 2 t)' 

p — j — 1 and the center is ( | , 0) 



1 dT 1 


|sin t 


l dT l 




1 dt 1 


1 + cos 2 t ' 


1 dt lt= 


| 1 


+ 


-y 2 = 1 







1 +cos 2 (f ) 



cos- 



(!) 



1;T 

l.Thus«;(f) = \ ■ 1 



22. r = (21nt)i-(t+I)j => v = (?) i - (l - I) j => |v| = ^ + (l - h) = ^ => T = ft = p^i - 

«(!) = 



dT = -2(t 2 ~l) i 
dt (t 2 +l) 2 



4t 



(t 2 +l) Z 



I dX I _ / 4(t 2 -l) 2 + 16t 2 _ 2 Thll(! „_ 1 

dtl - \/ ( t 2 + i) 4 - F+T- thus ^ — p| 



I dT I 
I dt I 



t 2 2 
t 2 + 1 ' t 2 + 1 



2t 2 
(t 2 + lf 



| => p = i = 2. The circle of curvature is tangent to the curve at P(0, —2) =>• circle has same tangent as the curve 

v(l) = 2i is tangent to the circle the center lies on the y-axis. If t ^ 1 (t > 0), then (t — l) 2 > 

t 2 + i 
t 



=> t 2 - 2t + 1 > t 2 + 1 > 2t 
sides of (0, —2) => the c 
is an equation of the circle of curvature 



> 2 since t>0 =>• t + T > 2 - (t + < -2 => y<-2on both 

(y + 4) 2 = 4 



sides of (0, —2) => the curve is concave down =>• center of circle of curvature is (0, —4) =>• x 2 
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27-34. Example CAS commands: 
Maple : 

with( plots ); 

r := t -> [3*cos(t),5*sin(t)]; 
lo := 0; 
hi := 2*Pi; 
tO := Pi/4; 

PI := plot( [r(t)[], t=lo..hi] ): 

display( PI, scaling=constrained, title="#27(a) (Section 134)" ); 

CURVATURE := (x,y,t) ->simplify(abs(diff(x,t)*diff(y,t,t)-diff(y,t)*diff(x,t,t))/(diff(x,t) A 2+diff(y,t) A 2) A (3/2)); 
kappa := eval(CURVATURE(r(t)[],t),t=tO); 

UnitNormal := (x,y,t) ->expand( [-diff(y,t),diff(x,t)]/sqrt(diff(x,t) A 2+diff(y,t) A 2) ); 

N := eval( UnitNormal(r(t)[],t), t=t0 ); 

C := expand( r(t0) + N/kappa ); 

OscCircle := (x-C[l]) A 2+(y-C[2]) A 2 = l/kappa A 2; 

evalf( OscCircle ); 

P2 := implicitplot( (x-C[l]) A 2+(y-C[2]) A 2 = l/kappa A 2, x=-7..4, y=-4..6, color=blue ): 
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display( [P1,P2], scaling=constrained, title="#27(e) (Section 13.4)" ); 
Mathematica l (assigned functions and parameters may vary) 

In Mathematica, the dot product can be applied either with a period "." or with the word, "Dot". 

Similarly, the cross product can be applied either with a very small "x" (in the palette next to the arrow) or with the word, 
"Cross". However, the Cross command assumes the vectors are in three dimensions 

For the purposes of applying the cross product command, we will define the position vector r as a three dimensional vector 
with zero for its z-component. For graphing, we will use only the first two components. 

Clear[r, t, x, y] 

r[tj={3 Cos[t], 5 Sin[t] } 

t0= 7r /4; tmin= 0; tmax= 27r; 

r2[t_]={r[t][[l]],r[t][[2]]} 

pp=ParametricPlot[r2[t], {t, tmin, tmax}]; 

mag[v_]=Sqrt[v.v] 

vel[t_]=r'[t] 

speed[t_] =mag [ vel [t] ] 

acc[t_]= vel'[t] 

curv[t_]= mag[Cross[vel[t],acc[t]]]/speed[t] 3 //Simplify 

unittan[t_]= vel[t]/speed[t]//Simplify 

unitnorm[t_]= unittan'[t] / mag[unittan'[t]] 

ctr= r[t0] + (1 / curvftO]) unitnorm[tO] //Simplify 

{a,b}={ctr[[l]],ctr[[2]]} 

To plot the osculating circle, load a graphics package and then plot it, and show it together with the original curve. 
«Graphics" ImplicitPlof 

pc=ImplicitPlot[(x - a)2 + (y - b)2 == l/curv[t0] 2 , {x, -8, 8},{y, -8, 8}] 
radius=Graphics[Line[{ {a, b}, r2[t0]}]] 
Show[pp, pc, radius, AspectRatio — > 1] 

13.5 TORSION AND THE UNIT BINORMAL VECTOR B 



1. By Exercise 9 in Section 13.4, T = (f cos t) i + (-§ sin t) j + | k and N = (- sin t)i - (cos t)j so that B = T x N 
j k 

(~ cos t) i - (| sin t) j - §k. Also v = (3 cos t)i + (-3 sin t)j + 4k 



| cos t — I sin t i 
— sin t — cos t 



a = (—3 sin t)i + (-3 cos t)j =>■ ^ = (-3 cos t)i + (3 sin t)j and v x a : 



i j k 

3 cos t —3 sin t 4 
—3 sin t —3 cos t 



(12 cos t)i - (12 sin t)j - 9k => |v x a| 2 = (12 cos t) 2 + (-12 sin t) 2 + (-9) 2 = 225. Thus 



3 cos t —3 sin t 4 
—3 sin t —3 sin t 
—3 cos t 3 sin t 



225 



4- (-9 sin 2 1-9 cos 2 1) -36 _ 4 

225 — 225" ~~ — 25 



2. By Exercise 10 in Section 13.4, T = (cos t)i + (sin t)j and N = (- sin t)i + (cos t)j ; thus B = TxN 
i j k 

(cos 2 t + sin 2 1) k = k. Also v = (t cos t)i + (t sin t)j 



cos t sin t 
— sin t cos t 



a = (t(— sin t) + cos t)i + (t cos t + sin t)j => ^ = (— t cos t — sin t — sin t)i + (— t sin t + cos t + cos t)j 

k 





(— t cos t — 2 sin t)i + (2 cos t — t sin t)j. Thus v x a 



i J 

t cos t t sin t 

(— t sin t + cos t) (t cos t + sin t) 



[(t cos t)(t cos t + sin t) - (t sin t)(-t sin t + cos t)]k = t 2 k => |v x a| 2 = (t 2 ) 2 = t 4 . Thus 
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t cos t t sin t 

cos t — t sin t sin t + 1 cos t 



3. By Exercise 11 in Section 13.4, T = ( cost ^ sint ) i + ( sint +|° st ) j and N = ( 



— cos t — sin t 



V~2 



— sin t+ cos t 



V~2 



j ; Thus 



B = T x N 



cos t — sin t sin t + cos t r\ 
— cos t — sin t — sin t + cos t q 



cos" t — 2 cos t sin t + sin" t 



sin t + 2 sin t cos 



t + cos 2 t j 



M 



1 + sin (2t) 



k = k . Also, v = (e l cos t — e' sin t) i + (e l sin t + e' cos t) j 



1 - sin (It) 

2 J ' \ 2 

a = [e l ( — sin t — cos t) + e'(cos t — sin t) ] i + [e'(cos t — sin t) + e'(sin t + cos t) ] j=(— 2e' sin t) i + (2e l cos t) j 

j k 

-2e l (cos t + sin t) i + 2e'(— sin t + cos t)j. Thus v x a : 



da 

dt 



e l (cos t — sin t) e^sin t + cos t) 
— 2e' sin t 2e' cos t 



2e 2t k 



|v x a| 2 = (2e 2t ) 2 = 4e 4t . Thus r 



e'(cos t — sin t) e'(sin t + cos t) 
-2e' sin t 2e' cos t 

-2e'(cost + sint) 2e'(-sin t + cos t) 



4e 41 







B = TxN 



4. By Exercise 12 in Section 13.4, T = (|| cos 2t) i - ({§ sin 2t) j + ^ k and N = (- sin 2t)i - (cos 2t)j so 

j k 

= cos 2t) i - sin 2t) j - || k. Also, 

(-sin2t) (-cos2t) 
v = (12 cos 2t)i - (12 sin 2t)j + 5k =>• a = (-24 sin 2t)i - (24 cos 2t)j and ^ = (-48 cos 2t)i + (48 sin 2t)j 
i j k 



||cos2t) (-||sin2t) ^ 



= (120 cos 2t)i- (120 sin 2t)j - 288k => |v x a| 



v • a = 12 cos 2t -12 sin 2t 5 
-24 sin 2t -24 cos 2t 

(120 cos 2t) 2 + (-120 sin 2t) 2 + (-288) 2 = 120 2 (cos 2 2t + sin 2 2t) + 288 2 = 97344. Thus 

12cos2t -12sin2t 5 



-24 sin 2t -24 cos 2t 
-48 cos 2t 48 sin 2t 



M7344 



_ 5-(-2448) _ _J0_ 
97344 169 



5. By Exercise 13 in Section 13.4, T 



- L - TO jandN= -J— i- -r^—j so that B = T x N 

(t 2 + l) J v / t 2 + l + 1 



/t 2 + 1 \/t 2 + 1 

A 2 + i Vt 2 + 1 



(t 2 + i)" z 

= -k. Also, v = t 2 i + tj => a = 2ti + j ^ = 2i so that 



t 2 t 
2t 1 
2 



= 0^ r = 



6. By Exercise 14 in Section 13.4, T = (- cos t)i + (sin t)j and N = (sin t)i + (cos t)j so that B = T x N 
i j k 

— cost sin t =— k.Also, v = (— 3 cos 2 1 sin t) i + (3 sin 2 1 cos t) j 
sin t cos t 

a= £(-3cos 2 tsint)i+!(3 sin 2 tcos t)j => f = ^(^(-3 cos 2 1 sin t)) i + ^(^(3 sin 2 t cos t))j 
—3 cos 2 t sin t 3 sin 2 1 cos t 



-(—3 cos 2 1 sin t) 



-(3 sin 2 t cos t) 



£(^(-3 cos 2 1 sin t)) | (|(3 sin 2 1 cost)) 



0^ r = 



7. By Exercise 15 in Section 13.4, T = A = (sech i) i + (tanh |) j and N = (- tanh i) i + (sech |) j so that B = T x 
i j k 

sechQ) tanh(i) = k. Also, v = i + (sinh j) j a = Q cosh - d ) j ^ ^ = i, sinh ( i) j so that 
-tanh(i) sech(^) 
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1 sinhQ) 
icosh(i) 
^sinh(i) 



0^ T = 



8. By Exercise 16 in Section 13.4, T = f 4j tanh i - 4^ j + sech t \ k and N = (sech t)i - (tanh t)k so that 

4j tanh t) i + j + (\ sech k. Also, v = (sinh t)i - (cosh t)j + k 



B = T x N 



j k 

-l 

sech t — tanh t 



-4- tanh t — r -4- sech t 



a = (cosh t)i — (sinh t)j 



dt 



= (sinh t)i — (cosh t)j and v x a = 



i j k 

sinh t — cosh t 1 

cosh t — sinh t 

2 



(sinh t)i + (cosh t)j + (cosh 2 t — sinh 2 t)k = (sinh t)i + (cosh t)j + k =>■ |v x a = sinh 2 1 + cosh 2 1 + 1. Thus 



sinh t — cosh t 1 
cosh t — sinh t 

sinh t — cosh t _ 2 _ i 

sinh 2 t + cosh 2 t+ 1 sinh 2 t + cosh 2 t + 1 2 cosh 2 t " 



9. r = (a cos t)i + (a sin t)j + btk v = (—a sin t)i + (a cos t)j + bk =>■ |v| = a/ (—a sin t) 2 + (a cos t) 2 + b 2 
= \/a 2 + b 2 =!> a T = g |v| = 0; a = (-a cos t)i + (-a sin t)j => |a| = a/ (-a cos t) 2 + (-a sin t) 2 = 



a| 2 - a 2 = J |a| 2 - 2 = |a| = |a| => a = (0)T + |a| N = |a| N 



10. r = (1 + 3t)i + (t- 2)j - 3tk => v = 3i + j 3k =>■ |v| = a/3 2 + l 2 + (-3) 2 = a/19 a T = | |v| = 0; a = 

=> a N = ^lal 2 - a 2 = a = (0)T + (0)N = 

11. r = (t + l)i + 2tj + t 2 k v = i + 2j + 2tk ^ |v| = a/1 2 + 2 2 + (2t) 2 = a/5 + 4t 2 a T = \ (5 + 4t 2 )~ 1/2 (8t) 



4t (5 + 4t 2 ) 



2N-1/2 



a T (l) 



V9 



■ a = 2k a(l) = 2k |a(l)| = 2 



a| 2 - a 2 



2^5 
3 



a(l) = s T • 



■N 



12. r = (t cos t)i + (t sin t)j + t 2 k =^ v = (cos t - t sin t)i + (sin t + t cos t)j + 2tk 

|v| = a/(cos t - t sin t) 2 + (sin t + t cos t) 2 + (2t) 2 = a/5i 2 + 1 a T = 1 (5t 2 + l) _1/2 (10t) 
= yjf^j a T (0) = 0; a = (-2 sin t - t cos t)i + (2 cos t - t sin t)j + 2k a(0) = 2j + 2k => |a(0)| 



a/2 2 + 2 2 = 2 a/2 =^ a N = J |a| 2 - a 2 = W ( 2^ ) - 2 = 2 a/2 =^ a(0) = (0)T + 2a/2N = 2a/2N 



13. r = t 2 i + (t + 1 1 3 ) j + (t - i t 3 ) k =>■ v = 2ti+(l+t 2 )j + (l-t 2 )k =► |v| = A/(2t) 2 + (l+t 2 ) 2 + (l-t 2 ) 2 
= a/2 (t 4 + 2t 2 + l) = a/2 (1 + 1 2 ) a T = 2tx/2 =4- a T (0) = 0; a = 2i + 2tj - 2tk =!> a(0) = 2i |a(0)| = 2 

=> a N = 



a| 2 - a 2 = a/2 2 - 2 = 2 a(0) = (0)T + 2N = 2N 



14. r = (e l cos t) i + (e l sin t) j + A/2e l k =>• v = (e l cos t — e' sin t) i + (e l sin t + e' cos t) j + \/2e l k 

= a/^ = 2e l =4> a T = 2e< => a T (0) = 2; 



(e l cos t — e' sin t) 2 + (e l sin t + e' cos t) 2 



a = (e l cos t — e' sin t — e' sin t — e l cos t) i + (e' sin t + e l cos t + e' cos t — e l sin t) j + A/^e'k 



(~2e l sin t) i + (2e l cos t) j + Ay^e'k a(0) = 2j + ^/2k =>• |a(0)| =\ 2 



a/6 
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a N 



a| 2 - a| 



6 - 2 2 = V2 a(0) = 2T 



X 2N 



15. r = (cos t)i + (sin t)j k =>• v = (- sin t)i + (cos t)j =3- |v| = ^/(- sin t) 2 + (cos t) 2 = 1 => T = ^ 

(l i _1_ V5 ; . dT _ 

(- cos t)i - (sin t)j N(|) = j;B = TxN 



= (-sint)i + (cost)j T(f) =-^i+^j;f =(-cost)i-(sint)j => |£| = cos t) 2 + (- sin t) 2 



= UN = 



i J k 

— sin t cos t 

— cos t — sin t 



1 ] lies on the 



=> B (|) = k, the normal to the osculating plane; r (f ) = ^ i + ^ j - k P = -l) 
osculating plane =>• O^x — 4^+0^y — 4^j+(z — (— 1)) = =>• z = — 1 is the osculating plane; T is normal 



y = 



to the normal plane (- &\ (x - &\ + (y - + 0(z - (-1)) = =>- - ^ 

=>• —x + y = is the normal plane; N is normal to the rectifying plane 

( _ ^) { x -^r) + (-^) (y~ ^r) +0(z-(-l))=0 =► -j£ x -^y=-l =4> x + y^V^isthe 
rectifying plane 

16. r = (cos t)i + (sin t)j + tk =>- V = (- sin t)i + (cos t)j + k =>■ |v| = \J sin 2 1 + cos 2 1 + 1 = \/l =>- T = ^ 



sin t 



4- cos t ] j + 4- k 



dT 

dt 



-Lcos t)i+(-4=sint)j 



I dT I 
I dt I 



= - ' \ cos 2 t + \ sin 2 1 = 4= 



N 



_ (f) _ 



(- cos t)i - (sin t)j ; thus T(0) = 4= j + 4= k and N(0) = -i 

\/2 v2 



B(0) 



o -4- 



4= j H — 7= k , the normal to the osculating plane; r(0) = i =4* P( 1 , 0, 0) lies on 

V2 V2 



10 

the osculating plane => 0(x — 1)— 4^(y — 0)+4^(z — 0) = =£- y — z = is the osculating plane; T is normal 
to the normal plane =>■ 0(x — 1) + 4= (y — 0) + 4= (z — 0) = =>• y + z = is the normal plane; N is normal to 

V2 v 2 

the rectifying plane =>■ — l(x — 1) + 0(y — 0) + 0(z — 0) = =>■ x = 1 is the rectifying plane 

17. Yes. If the car is moving along a curved path, then k^0 and a N = k |v| 2 4 =>• a = a T T + a N N . 

18. | v | constant => a T = f \v\ — =>■ a = a N N is orthogonal to T =>■ the acceleration is normal to the path 



19. a _L v =^ a _L T => a T = ^> | Ivl = ^ |v| is constant 



20. a(t) = a T T + a N N , where a T = £ Ivl = % (10) = and a N = k |v| 2 = 100k a = 0T + IOOkN. Now, from 



|f"(x)| 



Exercise 5(a) Section 13.4, we find for y = f(x) = x 2 that k = 

J W [l + (f'(x)) 2 ] J '' [l+(2x) 2 ]^ (l+4x 2 ) J < 

r(t) = ti + t 2 j is the position vector of the moving mass =>• v = i + 2tj =► |v| = sf\ +4t 2 



; also, 



T = (i + 2tj). At (0, 0): T(0) = i, N(0) = j and k(0) = 2 =!> F = ma = m(100/c)N = 200mj ; 

V 1 + At* 



Al(V2,2): T^) = i(i + 2^j) =ii+ 2 ^j,N( V /2 



2V2 j , 1 
3 1 t 3 



j , and k 



i(100«)N=(f m)(-^i+ij) 



^mi+ffmj 



27 



F = ma 



21. a = a T T + a N N, where a T = f t |v| = | (constant) = and a N = n |v| 2 =$> F = ma = itik |v| 2 N => |F| = ms |v| : 
= (m |v| 2 ) k, a constant multiple of the curvature k of the trajectory 
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22. a N = => k \\\ 2 — => k = (since the particle is moving, we cannot have zero speed) =>• the curvature is zero 
so the particle is moving along a straight line 

23. From Example 1, |v| = t and a N = t so that a N = k |v| 2 =4> k — t% = p = 7 , t ^ => p = A = t 



24. r = (x + At)i + (y + Bt)j + (z + Ct)k => v = Ai + Bj + Ck =>- a = =>• vxa = => k = 0. Since the curve 
is a plane curve, r = 0. 



25. If a plane curve is sufficiently differentiable the torsion is zero as the following argument shows: 
r = f(t)i + g(t)j => v = f'(t)i + g'(t)j => a = f"(t)i + g"(t)j => | = f "'(t)i + g"'(t)j 

f'(t) g'(t) o 

f"(t) g"(t) o 

f"'(t) g"'(t) 

=^ r = ; 3 = U 

vxa 



26. FromExample 2, r = r'(b) = ,f ~ b l ; r'(b) = => = 0^a 2 -b 2 =0^b=±a 

r a-+b- v ' (a 2 +b 2 ) v ' (a 2 +b 2 ) 

=> b = a since a, b > 0. Also b < a =>■ r' > and b > a =>• r' < so T max occurs when b = a =>• r max = 
j_ 

~~ 2a 



27. r(t) = f(t)i + g(t)j + h(t)k v = f (t)i + g'(t)j + h'(t)k; v • k = h'(t) = =► h(t) = C 

r(t) = f(t)i + g(t)j + Ck and r(a) = f(a)i + g(a)j + Ck = f(a) = 0, g(a) = and C = =^ h(t) = 0. 



28. From Example 2, v = —(a sin t)i + (a cos t)j + bk ^> |v| = \/ a 2 + b 2 =4> T = m 



x/a^+b 2 

-(cos t)i - (sin t)j ; B = T x N = 

b sin t ; b cos t • _i_ a 

Va 2 + b 2 \A 2 +b 2 J Va 2 +b 2 



N 



_ (f ) 



1 

a sin t 



J 

1 cos t 



k 

b 



Va'+b 2 Va 2 +b 2 Va 2 +b 2 

— cos t — sin t 



dB 

dt \/a 2 +b : 



i^[(bcost)i + (bsint)j] =► f -N 



Va 2 + b 2 



R (f • N ) = (- TPTP) (- T^f) = a^F ' which is consistent with the result in 



Example 2. 



29-32. Example CAS commands: 
Maple : 

with( LinearAlgebra ); 

r := < t*cos(t) | t*sin(t) 1 1 >; 

tO := sqrt(3); 

rr := eval( r, t=t0 ); 

v := map( diff, r, t ); 

vv := eval( v, t=t0 ); 

a := map( diff, v, t ); 

aa := eval( a, t=t0 ); 

s := simplify(Norm( v, 2 )) assuming t::real; 
ss := eval( s, t=t0 ); 
T := v/s; 
TT := vv/ss ; 

ql := map( diff, simplify(T), t ): 

NN := simplify(eval( ql/Norm(ql,2), t=t0 )); 
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BB := CrossProduct( TT, NN ); 

kappa := Norm(CrossProduct(vv,aa),2)/ss A 3; 

tau := simplify( Determinant^ vv, aa, eval(map(diff,a,t),t=tO) >)/Norm(CrossProduct(vv,aa),2) A 3 ); 
a_t := eval( diff( s, t ), t=t0 ); 
a_n := evalf[4]( kappa*ss A 2 ); 
Mathematica l (assigned functions and value for tO will vary) 
Clearft, v, a, t] 

mag[vector_]:=Sqrt[vector. vector] 

Print["The position vector is ", r[t_]={t Cos[t], t Sin[t], t}] 
Print["The velocity vector is ", v[t_]= r'[t]] 
Print["The acceleration vector is ", a[t_]= v'[t]] 
Print["The speed is ", speed[t_]= mag[v[t]]//Simplify] 
Print["The unit tangent vector is ", utan[t_]= v[t]/speed[t] //Simplify] 
Print["The curvature is ", curv[t_]= mag[Cross[v[t],a[t]]] / speed[t] 3 //Simplify] 
Print["The torsion is ", torsion[t_]= Det[{v[t], a[t], a'[t]}] / mag[Cross[v[t],a[t]]] 2 //Simplify] 
Print["The unit normal vector is ", unorm[t_]= utan'[t] / mag[utan'[t]] //Simplify] 
Print["The unit binormal vector is ", ubinorm[t_]= Cross[utan[t],unorm[t]] //Simplify] 
Print["The tangential component of the acceleration is ", at[t_]=a[t].utan[t] //Simplify] 
Print["The normal component of the acceleration is ", an[t_]=a[t].unorm[t] //Simplify] 
You can evaluate any of these functions at a specified value of t. 
t0= Sqrt[3] 

{utanftO], unorm[t0], ubinorm[t0]} 
N[{utan[t0], unorm[t0], ubinorm[t0] }] 
jcurv[t0], torsion[t0]} 
N[{curv[t0], torsion[t0]}] 
{at[t0], an[t0]} 
N[{at[t0],an[t0]}] 

To verify that the tangential and normal components of the acceleration agree with the formulas in the book: 
at[t]== speed'[t] //Simplify 
an[t]==curv [t] speed[t] 2 //Simplify 



13.6 PLANETARY MOTION AND SATELLITES 



1 ' a 3 GM GM ^ 1 — (6.6726x10-" Nm 2 kg- 2 ) (5.975x 10 24 kg) WBU8,UUUmj 

w 3.125 x 10 7 sec 2 => T « ^3125 x 10 4 sec 2 re 55.90 x 10 2 sec re 93.2 min 



2. e = 0.0167 and perihelion distance = 149,577,000 km and e = g§ - 1 

=>. 1 67 - (149,577,000.000 m)v 2 2 8 2 /sec 2 

=> U.UIO/ - (6.6726x10-" Nm'kg- 3 ) (1.99XKF" kg) 1 =^ V Q ~ y.UJ X 1U m /Sec 



v 



V9.03 x 10 8 m 2 /sec 2 re 3.00 x 10 4 m/sec 



3. 92.25 min = 5535 sec and ^ = ^ => a 3 = ^ T 2 

3 (6.6726x10-" Nm 2 kg- 2 )(5.975xl0 24 kg) , c ,„ c .9 1 m . , n 20 I 3 /-> nr.; TTvrn 

=> a 3 = - 4 * 2 n ^ (5535 sec) 2 = 3.094 x 10 u m 3 a re y 3.094 x 10 20 m 3 

= 6.764 x 10 6 m re 6764 km. Note that 6764 km re | (12,757 km + 183 km + 589 km). 

4. T = 1639 min = 98,340 sec and mass of Mars = 6.418 x 10 23 kg => a 3 = ^ T 2 

= (6-6726X 10-" NnAg- 2 ) (6.41 8 x 10 23 kg) (98,340 sec) 2 ^ ^ x 1q22 m 3 ^ a ^ V 1 -049 X 10 22 m 3 

= 2.19 x 10 7 m = 21,900 km 
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. 2a = diameter of Mars + perigee height + apogee height = D + 1499 km + 35,800 km 
=*> 2(21, 900) km = D + 37,299 km D = 6501 km 

. a = 22,030 km = 2.203 x 10 7 m and T 2 = ^ a 3 

=> T 2 = (6.6720xio-"n^) (6.4i8xi^ ^ (2-203 x 10 7 m) 3 « 9.856 x 10 9 sec 2 
=> T « a/9.856 x 10 8 sec 2 w 9.928 x 10 4 sec « 1655 min 

. (a) Period of the satellite = rotational period of the Earth =>• period of the satellite = 1436.1 min 

= 86 166 Sec a 3 = => a 3 = (6 ' 6726x 1(r " NnAg' 2 ) (5.975xl0 24 kg) mm sec) 2 

« 7.4980 x 10 22 m 3 => a w V74.980 x 10 21 m 3 w 4.2168 x 10 7 m = 42,168 km 

(b) The radius of the Earth is approximately 6379 km =>• the height of the orbit is 42,168 — 6379 = 35,789 km 

(c) Symcom 3, GOES 4, and Intelsat 5 



1477.4 min 



3,644 sec =>■ a 3 



(6.6726x10"" Nnrkg' 2 ) (6.4 1 8x 10 23 kg) ( 
4tt 2 

2.043 x 10 7 m = 20,430 km 



_ GMT 
4?r 2 
,644 sec) 2 



8.524 x 10 21 m 3 a w ^8.524 x 10 21 m 3 



Period of the Moon = 2.36055 x 10° sec 



a' 



3 _ GMT 
4tt 2 



(6.6726xl0- 11 Nm 2 k g - 2 )(5.975xl0 24 kg)(2.36055xl() 6 sec) 2 , ,„ 25 3 , 3 / e 77^ o 

v 4; _ 2 ^ « 5.627 x 10 nr => a « y 5.627 x 10 2j nr 

3.832 x 10 8 m = 383,200 km from the center of the Earth. 



0. r: 



GM 



GM 



GM = / (6.6726X 10-" Nm 2 kg- 2 ) (5.975x 10 24 kg) _ { ggffl x lfl 7 r l/2 



1. Solar System: 
Earth: 
Moon: 



2. e 



_ r ov5 



-1 =*► V, 



GM 

Circle: e = 



T 2 




4tt 2 




a 3 — 


(6.6726x10- 


11 Nm 2 kg- 


2 )(1.99xl0 3 » kg) 


T 2 




4tt 2 




a 3 — 


(6.6726x10- 


11 Nm 2 kg- 


2 ) (5.975xl0 24 kg) 


T 2 




4tt 2 




a 3 — 


(6.6726x10- 


11 Nm 2 kg- 


2 )(7.354xl0 22 kg) 




GM(e+ 1) 
ro 


=> v 


/ GM(e + 1) . 

- V <° ' 



v 



Ellipse: < e < 1 =>- 
Parabola: e = 1 => Vq 
Hyperbola: e > 1 =>• Vq > 



< v < 



2.97 x 10~ 19 sec 2 /m 3 ; 
a 9.902 x 10~ 14 sec 2 /m 3 ; 
a 8.045 x 10~ 12 sec 2 /m 3 ; 



3. r = 



GM 



GM 



v = <J ™ which is constant since G, M, and r (the radius of orbit) are constant 



AA 
At 



4. AA = 1 |r(t + At) x r(t)| 

= i| r (t + At)-r(t) xr(t)+ ^ r(t)xr(t) 

= ll|x'-(t)| = i|r(t)x|| = i|rxr 



r(t + At) 



A, X r « 

' r(t + At)-r(t) 



r(t + At) A r(t) + r(t) x ^ 



At 



x r(t) 



dA 
dt 



lim 1 
At^O 2 



r(t + At) - r(t) 



At 



X r(t) 
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15. T = 



27ra 
, rovo 



\t< ) 

(4^ 2 a 4 



)( 



1 - e 2 =>■ T 2 = 



f)<— 2 > = (w) 



r 4< 


, 2 ( saV 


= 




'2GMr„vg-rgvf 


G 2 M 2 






K^l J 


G 2 M 2 



l _ (wl _ A 

(47r 2 a 4 ) (2GM-r vg 



2GM - rov 2 , 
2r GM 



) (&) = (4- 2 a 4 ) (£) 



r G 2 M 2 

(from Equation 35) 



(from Equation 32) 



4ttV 
CM 



111 
GM 



16. Let r AB (t) denote the vector from planet A to planet B at time t. Then r AB (t) = r B (t) — r A (t) 
= [3 cos (7rt) — 2 cos (27rt)]i + [3 sin (*7rt) — 2 sin (27rt)]j 
= [3 cos (7rt) - 2 (cos 2 (7rt) - sin 2 (7rt))] i + [3 sin (7rt) - 4 sin (7rt) cos (7rt)]j 

= [3 cos (7rt) — 4 cos 2 (7rt) + 2] i + [(3 — 4 cos (7rt)) sin (7rt)]j =>• parametric equations for the path are 
x(t) = 2 + [3 - 4 cos (tti)] cos (?rt) and y(t) = [3 - 4 cos (7rt)] sin (?rt) 



17. The graph of the path of planet B is the limacon 
at the right. 




Path Of B 



18. (i) Perihelion is the time t such that | r(t) | is a minimum. 

(ii) Aphelion is the time t such that |r(t)| is a maximum. 

(iii) Equinox is the time t such that r(t) • w = . 

(iv) Summer solstice is the time t such that the angle between r(t) and w is a maximum. 

(v) Winter solstice is the time t such that the angle between r(t) and w is a minimum. 



CHAPTER 13 PRACTICE EXERCISES 



1. r (t) = (4 cos t)i + 
and y = y2 sin t 
v = (-4 sin t)i + 



2 sin t ) j =>■ x = 4 cos t 
1; 



16 ' 2 



2 cos t ) j and 



a = (-4 cos t)i - ( a/2 sin tj j ; r(0) = 4 i , v(0) = \/2j . 
a(0) = -4i;r(f) =2 v / 2i+j,v(f) = -2^i + j, 
a (f ) = -2\/2i - j ; |v| = \/l6sin 2 t + 2cos 2 t 

=> a T 
att 



14 sin t cos t 



dt 

f : a T 



st , ; at t = 0: a T = 0, a N = \ lar - = 4, k 

^16 sin 2 1+2 cos 2 t ' ' '"VII 





2 








. 


— SSsw (2^, 1) • 




1 




v(0) 


4V 



-1 













— JiL _ 4 _ 9. 

- Ivl 2 ~ 2 - Z ' 



/8+1 



9-f 



4V2 



4j/2 
27 
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=> x 2 — y 2 = 3; v = y \J 3 sec t tan t) i + f v 3 sec 2 1 ! 
and 

a = ^\/3 sec t tan 2 1 + y^3 sec 3 t^j i — ^2y^ sec 2 1 tan tj j ; 

r(0) = V^i . v(0) = v^j . a(0) = v^i ; 
|v| = \J 3 sec 2 t tan 2 1 + 3 sec 4 1 

|,.| _ 6 sec 2 t tan 3 t + 1 8 sec 4 t tan t . 



3-T 



2^3 sec 2 ttan 2 t + 3 sec 4 t ' 



at t = 0: a T = 0, a N = J |a| 2 - = \/3 



VI - J_ 
3 73 



y/3 tant 


X 2 

=>• 

^ 3 


y = sec 2 t — 








2 




/ 2 2 

/x -y 

. / 


1 


vfOl 


' "(0) . 




1 


1— i * > h-»~ 


-1 






-2 






-3 







3. r 



'i+t 2 



'i + t 2 



-t(i+t 2 r 3/2 i+(i+t 2 r 3/2 j 



t(i + t 2 ) -3/2 l + f(i +t 2 r 3/2 



Yyfp . We want to maximize |v| : 



i+t 2 ' 



and 



T=° ^ = => t = 0. Fort<0,y^ >0;fort>0,^| 7 <0 |v| max occurs when 



t = 



Mmax = 1 



4. r = (e' cos t) i + (e* sin t) j =>■ v = (e l cos t — e' sin t) i + (e' sin t + e* cos t) j 

=> a = (e ( cos t — e' sin t — e l sin t — e l cos t) i + (e l sin t + e' cos t + e' cos t — e' sin t) j 

= (— 2e' sin t) i + (2e l cos t) j . Let 9 be the angle between r and a . Then 9 — cos -1 ( J 



-2e 21 sin t cos t+2e 21 sin t cos t 



\J (e 1 cos t) 2 +(e' sin t) 2 \J (-2e> sin t) 2 +(2e' cos t) 2 



cos -1 = | for all t 



5. v = 3i + 4j and a = 5i + 15j => \ x a 



i j k 

3 4 
5 15 



25k 



|t x a| = 25; |v| = ^32 + 42 = 5 



25 

5= 



6. K 



_ |y"l _ „x , 



e x (l+e 2x ) 3/2 ^=e x (l+e 2x ) 



^-3/2 



- § (1 +e 2x )" 5/2 (2e 2x ) 



[1 + (/)']" 

= e x (1 + e 2x r - 3e 3x (1 + e 2x ) _J/ " = e x (1 + e 2x ) _J/i [(1 + e 2x ) - 3e 2x ] = e x (1 + e 2 ") - '"' (1 - 2e 2x ) ; 

= (1 - 2e 2x ) = e 2x = i 2x = - In 2 =>■ x = - § ln2 = -In \fl =>■ Y = ^75 ; therefore « is at a 

maximum at the point ^ — In y^, 



7. r = xi + yj=^v=fi+fjandv-i = y 



dx 



ih — y. Since the particle moves around the unit circle 



x 2 + y 2 = l,2xf +2yf =0 => f = -f f dt } 
v = yi xj =>• at (1, 0), v = — j and the motion is clockwise. 



9X = — i (y) = —x. Since ^ = y and ^ = — x, we have 



I, 9y = x 3 =>- 9 



dy 



3x 



2 dx 



dy _ 1 Y 2 dx 
dt 3 A dt 



thenv = f i+ f j. Hence v-i = 4 =S> 5|=4andvj = ^ = ix 2 f = 5 (3) 2 (4) = 12 at (3, 3). Also, 



If r = xi + yj , where x and y are differentiable functions of t, 

dy _ 1 v 2 dx _ 1 



a = 
aj 



dfx : 

dt 2 1 



§ j and § = (| x) (|) 2 + (I x 2 ) § . Hence a - i = 2 



dfx 
dt 2 



-2 and 



A _ 2 
dt 2 3 



(3)(4) 2 + 1 (3) 2 (-2) = 26 at the point (x, y) = (3, 3). 
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Q dr 

s ■ At 



orthogonal to r =>■ 



dr 1 dr „ 

dt ' 1 — 2 dt ' 1 



4 (r - r) r • r = K, a constant. If r = xi + yj , where 



x and y are differentiable functions of t, then r • r = x 2 + y 2 
centered at the origin. 



K, which is the equation of a circle 



10. (b) V = (7T — 7T COS 7Tt)i + (-7T SU1 7I"t)j 

=>• a = (it 2 sin 7rt) i + (tt 2 cos 7rt) j ; 
v(0) = and a(0) = n 2 j ; 
v(l) = 2ni and a(l) = — 7r 2 j ; 
v(2) = and a(2) = yr 2 j ; 
v(3) = 2tti and a(3) = -7r 2 j 



r(f) = (ffl - sin 77T)i + (I - cos wi)} 

>' a(0) = ir 2 j a <2> = w2 j 

y v(l) = 2iri \/ *C3) - 2 vri 



v(0) = 




v(2) = 8 ^ ) = .^j 



a(!) = -ir-j 

(c) Forward speed at the topmost point is |v(l)| = |v(3)| = 2i\ ft/sec; since the circle makes \ revolution per 
second, the center moves 7r ft parallel to the x-axis each second =>■ the forward speed of C is 7r ft/sec. 



11. y = y + (v sin a)t - \ gt 2 =$> y = 6.5 + (44 ft/sec)(sin 45°)(3 sec) - \ (32 ft/sec 2 ) (3 sec) 2 = 6.5 + 66 s/l - 144 

w -44.16 ft =4> the shot put is on the ground. Now, y = 6.5 + 22V^t - 16t 2 = =^> t « 2.13 sec (the 
positive root) =4> x ps (44 ft/sec)(cos 45°)(2.13 sec) « 66.27 ft or about 66 ft, 3 in. from the stopboard 



12. y n 



yo 



(vq sin a) 



7 ft 



[(80 ft/sec)(sin 45°)] 2 
(2) (32 ft/sec 2 ) 



57 ft 



13. x = (vo cos a)t and y = (vo sin a)t — I gt 2 

l 



=> Vo cos a tan <p — Vo sin a — ± gt =>• t : 
hits the upward slope. At this time 

X = (V COS a) ( 2v ° si ""- 2 ^ cos a tan ^ 



> tan c 

2vo sin a — 2vo cos a tan 



y _ (vq sin a)t - | gt 2 _ (v sin a) - | gt 
x (vq cos a)t vq cos a 



o sin a cos a — Vg cos 2 a tan 0) . Now 



qj^ _ x . qj^ _ / 2\ / vjj sin a cos a - vjj cos 2 a tan \ 

cos cp V § / V cos ^ / 

_ / 2vjj cos a \ I s i n a _ cos a tan <p \ 
~ \ g / \ cos COSfi j 

(2vq cos a \ / sin a cos — cos a sin \ 
g J \ cos 2 ^ 



which is the time when the golf ball 

y 




The distance OR is maximized 



when x is maximized: ^ — j (cos 2a + sin 2a tan 4>) — =>■ (cos 2a + sin 2a tan <f>) — ^ cot 2a + tan <j> — 



cot 2a = tan (-</>) => 2a = § + a = | + ^ 



14. R = a sin 2a 

g 



vo 



Rg 



i 2o 



; for 4325 yards: 4325 yards = 12,975 ft 



644 ft/sec; for 4752 yards: 4752 yards = 14,256 ft 



vo 



Vo 



(12,975 ft) (32 ft/sec 2 ) 
(sin 90°) 



/ (14,256 ft) (32 ft/sec 2 ) 



(sin 90°) 



675 ft/sec 



15. (a) R=fsin2a 109.5 ft = (sin 90°) 

« 59.19 ft/sec 

I „ t 2 



v 2 = 3504 ft 2 /sec 2 



vo 



= ^3504 ft 2 /sec 2 



(b) x = (vq cos a)t and y = 4 + (vq sin a)t — | gt ; when the cork hits the ground, x = 177.75 ft and y = 



177.75 = (v 4j) t and = 4 + (v t - 16t 2 => 16t 2 = 4 + 177.75 t 



x/181.75 
4 



_ (177.75)72 _ 4(177.75)^/2 
t V181.75 



74.58 ft/sec 
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16. (a) x = v (cos 40°)t and y = 6.5 + v (sin 40°)t - \ gt 2 = 6.5 + v (sin 40°)t - 16t 2 ; x = 262 ^ ft and y = ft 



262.4167 



(b) y 



262 ^ = Vo(cos 40 °)t or v = ^^ and = 6.5 , [(cosW)t 
t w 3.764 sec. Therefore, 262.4167 w v (cos 40°)(3.764 sec) 
„„ = y + « 6.5 + ((91) ff 3 g° ))2 « 60 ft 



(sin40°)t- 16t 2 => t 2 = 14.1684 



vn 



262.4167 
(cos 40°)(3.764 sec) 



v w 91 ft/sec 



17. x 2 = (v§ cos 2 a) t 2 and (y + | gt 2 ) 2 = (v 2 , sin 2 a) t 2 =>■ x 2 + (y + \ gt 2 ) 2 = v 2 ,! 2 



18. s = l^+f=™m. X 2 . f - 8 -2 x ' ■ > 



2 _ (xx + yy)- 
x 2 + y 2 



(x 2 + y 2 ) (x 2 +y 2 ) — (x 2 x 2 +2xxyy + y 2 y 2 ) _ x 2 y 2 + y 2 x 2 - 2xxyy (xy-yx) 2 



x 2 +y 2 



rry, "TTo rro |xy — yxl 

Vx + y — s" 5 — — — — 1 



x'+y 2 



(x 2 +y 2 ) 3/2 



Vx 2 + y 2 s/x 2 +f- s 2 xy-yx 



19. r(t)= / o 'cos(±7r(9 2 ) d(9 i + J'sin (| tt6» 2 ) dO 
a(t) = -7rt sin Nf \ i + yrt cos j 



= 1; 



= 7Ttk 



j v(t)=cos(^)i + sin(^Jj |v| 

i j k 

cos hfj sin (jf\ 

•7rtsin(^ rtcosfaf) 
Trt; | v (t)| = | = 1 =^ s = t + C; r(0) = => s(0) = 0^C = 0^k = tts 



v x a : 



20. s = a6»^6»=^ ^ = * + ^ =^ ? = 1 K = I - 1 = 1 since a > 

a ' a 2 as a I a I a 

21. r = (2 cos t)i + (2 sin t)j + t 2 k =>• v = (-2 sin t)i + (2 cos t)j + 2tk =>• |v| = ^/(-2 sin t) 2 + (2 cos t) 2 + (2t) 2 



= 2v/l +t 2 => Length = P 2v/l + t 2 dt = [tv^ + t 2 + In t + vA + t 2 
22. r = (3 cos t)i + (3 sin t)j + 2t 3 / 2 k =>• v = (-3 sin t)i + (3 cos t)j + 3t J / 2 k 



1 t/4 




T6 + ln V 4 



v| = y (-3 sin t) 2 + (3 cos t) 2 + (3t!/2) 2 = ^/9 + 9t = 3^/1 + t Length = ^3-y/l+tdt = [2(1 + t) 3 / 2 ] 



14 



23. r = | (1 + t) 3 / 2 i + | (1 - t) 3 / 2 j + i tk =► v = | (1 + t) 1 / 2 ! - f (1 - t)!/ 2 j + | k 

[f(l+t)l/2] 2 + [_2 (1 _ t)1/2] 2 +( i )2 = 1 ^ T= | (1 + t) l/ 2i _2 (1 _ t) l/2 J+ l k 



T(0)=fi-fj + ik;f = i(l +t )-Vai + I(i-t)-V3j 



N(0) = ^ i + ^ j ; B(0) = T(0) x N(0) = 



3 v* v J 7 dt 

1 j k 

2 _ 2 1 

3 3 3 

=- 



JT (0) = |i+|j 



'f(0)| = 



3^/2 iV?- 3^2 



a = i (1 + t)- 1 / 2 ! + \ (1 - ty 1 ' 2 ] a(0) = | i + | j and v(0) = | 

r => «(0) = 



v(0) x a(0) 







j 


k 






2 


2 


l 


1 




3 


3 


3 


9 




1 
3 


1 

3 








v x a 



vxa 



a = - i (1 + t)- 3 / 2 i + i (1 - tr 3 / 2 j => a(0) 
t = =>■ (1 , 1 , 0) is the point on the curve 



r(0) 



2 _ 2 1 

3 3 3 

5 5 



(I) (n) 



1 . 

6 ' 
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24. r = (e< sin 2t) i + (e l cos 2t) j + 2e'k =>- v = (e l sin 2t + 2e' cos 2t) i + (e l cos 2t - 2e' sin 2t) j + 2e'k 

V 

v| 



v| J(e' sin 2t + 2e' cos 2t) 2 + (e l cos 2t - 2e< sin 2t) 2 + (2e 1 ) 2 = 3e l T = 



(| sin 2t+ | cos 2t) i + Q cos 2t - | sin 2t) j + § k =!> T(0) = § i + | j + | k; 



dT 

dt 



(| cos 2t — I sin 2t) i + (- f sin 2t - f cos 2t) j =>■ ^ (0) 



I dT 
I dt 



(0)| = I 



N(0) = = ^ i - ^ j ; B(0) = T(0) x N(0) 



3V5 3V5 J 3V5 



/5 75 

(4e l cos 2t - 3e' sin 2t) i + (-3e l cos 2t - 4e' sin 2t) j + 2e'k =!> a(0) = 4i - 3j + 2k and v(0) = 2i + j + 2k 
j k 



v(0) x a(0) 



2 1 2 
4-3 2 



8i + 4j - 10k |v x a| = y/64 + 16 + 100 = 6^ and |v(0)| = 3 



> k(0 ) = ^ = ?^; 

= (4e l cos 2t - 8e' sin 2t - 3e l sin 2t - 6e l cos 2t) i + (-3e l cos 2t + 6e' sin 2t - 4e' sin 2t - 8e' cos 2t) j + 2e'k 
(-2e l cos 2t - lie' sin 2t) i + (-11 e' cos 2t + 2e l sin 2t) j + 2e l k a(0) = -2i 1 1 j + 2k 



r(0) 



2 1 2 
4-3 2 
-2 -11 2 



-80 
180 



| ; t = =>- (0, 1, 2) is on the curve 



25. r = ti + \ e 2t j =!> v = i + e 2t j |v| = + e 4t T 



2 

dT _ -2e 4 ' 



V+ 



V+ 



T-j T(ln2) = -M+ 4rj 

p 4iJ v ' */17 717 



2e J 



dt (l + e 41 )' (1+e 41 )' dt 17717 17\/17 J v ' /f? i/17 J 

i j k 



B (In 2) = T(ln 2) x N(ln 2) 



7- -V- 
/17 V 7 !? 

4 1 a 



k ; a = 2e 2t j a(ln 2) = 8j and v(ln 2) = i + 4j 



v(ln 2) x a(ln 2) = 



i j k 

1 4 
8 



v+7 777 

= 8k =>- |v x a| = 8 and |v(ln 2)| = V^7 /t(ln 2) = ; a = 4e 2t j 



a(ln 2) = 16j =J> r(ln 2) = 



1 4 

8 
16 



vxa 



= 0; t = In 2 =>• (In 2, 2, 0) is on the curve 



26. r = (3 cosh 2t)i + (3 sinh 2t)j + 6tk v = (6 sinh 2t)i + (6 cosh 2t)j + 6k 



|v| = ^36 sinh 2 2t + 36 cosh 2 2t + 36 = 6^2 cosh 2t T = i = (-+ tanh 2tJ i + -+ j 



4 seen 2t ] k 

7z J 



T(ln 2) 



1772 ' 



/2 J+ 17^/2 ' dt 



seen 2 2t) i - (\ sech 2t tanh 2t) k =>- f£ (In 2) 



( Va) (") ' ( 5i) (n) (if ) k - 289^ 1 2J75 k ^ If (ln 2) l ~ V (289J2) + ( 289 4 Ik) ~ 
> N(ln 2) = ^ i - |f k ; B(ln 2) = T(ln 2) x N(ln 2) 



i j k 

15 1 8 

1772 72 1772 

8 o 15 



15 

17-72 



/2 J 17^/2 K ' 



17 " 17 

a = (12 cosh 2t)i + (12 sinh 2t)j =^ a(ln 2) = 12 (f ) i + 12 (f ) j = f i + f j and 

i j k 

v(ln 2) = 6 (f ) i + 6 ( f ) j + 6k = f i + f j + 6k v(ln 2) x a(ln 2) 



51 45 

22 



= -135i + 153j - 72k => \y x a| = 153 ^/l and |v(ln 2)| = =!► «(ln 2) = 153v/2 - • 



867 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



Chapter 13 Practice Exercises 857 



a = (24 sinh 2t)i + (24 cosh 2t)j a(ln 2) = 45i + 5 1 j => r(ln2) = 
t = In 2 =>■ ( y , y , 6 In 2) is on the curve 



M 45 o 
2 2 u 

45 51 



32 
867 



27. r = (2 + 3t + 3t 2 ) i + (4t + 4t 2 ) j - (6 cos t)k =*> v = (3 + 6t)i + (4 + 8t)j + (6 sin t)k 
=» |v| = a/(3 + 6t) 2 + (4 + 8t) 2 + (6 sin t) 2 = a/25 + lOOt + 100t 2 + 36 sin 2 1 

^ = | (25 + lOOt + lOOt 2 + 36 sin 2 t)~ 1/2 (100 + 200t + 72 sin t cos t) => a T (0) = ^ (0) = 10; 



a = 6i + 8j + (6 cos t)k |a| = a/6 2 + 8 2 + (6 cos t) 2 = a/100 + 36 cos 2 t |a(0)| = a/136 
a| 2 - a 2 = a/136 - 10 2 = a/36 = 6 =>• a(0) = 10T + 6N 



28. r = (2 + t)i+(t + 2t 2 )j + (l+t 2 )k => v 



= a/2 + 8t + 20t 2 

|a| = a/4 2 + 2 2 = a/20 



al'-a 2 



(1 + 4t)j + 2tk =► |v| = A/l 2 + (l+4t) 2 + (2t) 2 
)) = 2 a/2; a = 4j + 2k 

12 = 2 a/3 =4- a(0) = 2a/2T + 2a/3N 



^ = \ (2 + 8t + 20t 2 ) 1/2 (8 + 40t) a T = ^ (0) = 2a/2; a = 4j + 2k 



20- 2a/2 



29. r = (sin t)i + (a/2 cos j + (sin t)k ^ v = (cos t)i - (a/2 sin t) j + (cos t)k 



=> |v| = J (cos t) 2 + (-a/2 sin tj + (cos t) 2 = a/2 T = ^ = (-4^ cos i - (sin t)j + (-^ cos k ; 

\ sin tj + (- cos t) 2 + (- \ sin tj = 1 



f = -:7^int i-(cost)j- M-sint k If I 



N 



= M = (" 72 Sin 1 - (C0S t)j - sin t) k ; B = T 



= T x N = 



4= i 7= k ; a = (— sin t)i — ( a/2 cos t ) j — (sin t)k => v x a 



y/2 

4- sin t — cos t 7- sin t 

V2 \/2 

i j k 

cost —a/2 sin t cost 
— sin t — a/2 cos t — sin t 



= - y/lk |v x a| = a/4 = 2 « = ^ = = 4- ; a = (- cos t)i + (a/2 sin t) j - (cos t)k 



cos t — \J2 sin t cos t 

— sin t — \f% cos t — sin t 

— cos t \/l sin t — cos t 

|vxa| 2 



(cos t) (a/2) - (a/2 sin t) (0) + (cos t) f—v/S) 







30. r = i + (5 cos t)j + (3 sin t)k =>- v = (-5 sin t)j + (3 cos t)k =>■ a = (-5 cos t)j - (3 sin t)k 

=> v • a = 25 sin t cos t — 9 sin t cos t = 16 sin t cos t; v • a = =>■ 16 sin t cos t = => sin t = or cos t = 

=>■ t = 0, § or 7T 



31. r = 2i+ (4 sin |) j + (3 - i) k ^ = r - (i - j) = 2(1) + (4 sin §) (-1) =>• = 2 - 4 sin | =^ sin ■ = ', =• ; = , 
=>■ t = I (for the first time) 



t _ 1 . t _ 77 

2 ~~ 2 ^ 2 — 6 



32. r(t) = ti + t 2 j + t 3 k =>■ v = i + 2tj + 3t 2 k =!> |v| = a/1 +4t 2 + 9t 4 =!> |v(l)| = a/14 
=> T(l) = 4j i + -4^j j + k , which is normal to the normal plane 

-4jj (x — 1) + -4^j (y — 1) + (z — 1) = or x + 2y + 3z = 6 is an equation of the normal plane. Next we 

calculate N(l) which is normal to the rectifying plane. Now, a = 2j + 6tk =>■ a(l) = 2j + 6k =>■ v(l) x a(l) 
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i j k 

1 2 3 
2 6 



6i - 6j + 2k =!> |v(l) x a(l)| = k(1) 



76 



\/p> . ds 
7^/14 ' dt 



|v(t)| 



±(l+4t 2 +9t 4 ) 1/2 (8t + 36t 3 ) 



22 



SO 



a= ||T + K (|) 2 N =► 2j + 6k 



22 / i+2j+3k \ y/19 
x/14 V v?14 / lJu 



14) N => N = (- ^ i - f j + § k) => _ » (x - 1) - f (y - 1) + f (z - 1) 



or 1 lx + 8y — 9z = 10 is an equation of the rectifying plane. Finally, B(l) = T(l) x N(l) 

j k 

4^ (3i - 3j + k) 3(x - 1) - 3(y - 1) + (z - 1) = or 3x - 3y + z 

v 19 



yi4 



19) (tw) (7 
= 1 is an equation of the osculating plane. 



12 3 
-11 -8 9 



33. r = e t i + (sint)j + ln(l-t)k =4> v = e'i + (cos t)j - (y^) k ^> v(0) = i + j - k; r(0) = i =>■ (1,0,0) is on the line 
=> x = 1 + 1, y = t, and z = — t are parametric equations of the line 



34. r = y\/2 cos tj i + y\/2 sin tj j + tk =>• v = i-y/2 sin t j i+ y\fl cos tj j + k =4> v (|) 

= (— \pL sin | j i + {^\/2 cos | j j + k = — i + j + kisa vector tangent to the helix when t = | =>• the tangent line 

is parallel to V (j) ; also r ( J) = ( cos | j i + ( sin ? j j + | k the point (l, 1, \ ) is on the line 
=> x = 1 — t, y = 1 + 1, and z = ¥ + 1 are parametric equations of the line 



DO OT 
OT ~~ SO 



35. (a) ASOT w ATOD = 

yo = w => y« ~ 5971 km; 

w vA =xr 27rx v^W dy 

-^Cv / 6380^(^ ? 



yo 6380 
6380 ~~ 6380+437 



' 5971 
-6817 



dy 



= 2tt J 597i 6380dy = 2^ [6380y]^ 
= 16,395,469 km 2 w 1.639 x 10 7 km 2 ; 
(c) percentage visible « f§ff^ « 3.21% 




x= V(6380) 2 — y 2 

r 



CHAPTER 13 ADDITIONAL AND ADVANCED EXERCISES 

1. (a) The velocity of the boat at (x, y) relative to land is the sum of the velocity due to the rower and the 

velocity of the river, or v = [- ^ (y - 50) 2 + 10] i - 20j . Now, f t = -20 => y = -20t + c; y(0) = 100 
c = 100 => y = -20t + 100 ^ v = [- (~20t + 50) 2 + 10] i - 20j = (- f t 2 + 8t) i - 20j 
=>. r(t) = (- ± t 3 + 4t 2 ) i - 20tj + Ci; r(0) = Oi + lOOj lOOj = C 1 => r(t) 

= (~ B t3 + 4t2 ) 1 + (10 ° ~ 20t) J 
(b) The boat reaches the shore when y = =>• = — 20t +100 from part (a) =4> t = 5 

200 + 100 ) j = 10 



r(5) = (- f| • 125 + 4 - 25) i + (100 - 20 • 5)j = (- ?f + 100) i = ^0 i ; the distance downstream is 



therefore m 



2. (a) Let ai + bj be the velocity of the boat. The velocity of the boat relative to an observer on the bank of the 



river is v = ai 



x = at =>■ v = ai 



3x(20 - x) 



100 

_ 3at(20 - at) 
100 



j . The distance x of the boat as it crosses the river is related to time by 



ai 



3a¥ -60at ~\ ; 
100 J J 



r(t) = ati 



bt 



a 2 ? _ 30at; 
100 100 
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r(0) = 0i + 0j =>■ C = =!> r(t) = ati 

20 



^bt + a "' 3 ioo° a '" 1 j • The boat reaches the shore when x = 20 



=> 20 = at => t = f and y = => = b (f ) + * J* & = + 



b = 2; the speed of the boat is v/20 = |v| = \/ a 2 + b 2 = ^a 2 + 4 
a = 4; thus, v = 4i + 2j is the velocity of the boat 



2000b + 8000- 12,000 
100a 



a 2 = 16 



(b) r(t) = ati 



bt 



a¥ - 3Qaf 
100 



) j = 4ti 



2t- 



16t 3 _ 120t 2 
100 100 



(c) x = 4tandy = 2t+if 

= ± t 3 - § t 2 + 2t = 1 1 (2t 2 - 15t + 25) 
= ^ t(2t - 5)(t - 5), which is the graph of 



the cubic displayed here 



^ j by part (a), where < t < 5 




3. (a) r(0) = (a cos 0)i + (a sin 0)j + b0k 



dr 
dt 



[(-a sin (9)i + (a cos (9)j + bk] f ; |v| 



/ 2gz 



I d£ I 
I dt I 



dt dt 



2gz _ / 2gbfl 
a 2 + b 2 _ V a 2 + b 2 



dt I 0=2tt 



a 2 +b 2 



Tgb 

i 2 +b 2 



/K\ dfl / 2gb0 

dF = V P + F 



2gb 
a 2 +b 



■j dt =>- 20 1 / 2 = 



2gb 
a 2 + b 



rrt + C;t = = => C = 



=> IB 1 ! 2 - 4 / 2gb t => - gb ' 2 ■ 7 - b0 => 7 - gb¥ 

^ ZP _ V a 2 + b 2 1 ^ P — 2 (a 2 + b 2 ) ' Z _ DP ^ Z — 2 (a 2 + b 2 ) 



(c) v(t) = % = [(-a sin 0)i + (a cos 0)j + bk] f = [(-a sin 0)i + (a cos 0)j + bk] ( j , from part (b) 



v(t) 



(-a sin 0)\ + (a cos g)j + bk 

\/a 2 +b 2 



gbt A 

i 2 + b 2 y 



gbt 



v^Tb 2 " 



T; 



So 

dp 



§ = [(-a cos 0)i - (a sin 0)j] (f ) + [(-a sin 0)i + (a cos 0)j + bk] 



(—a sin 0)i + (a cos 8)j + bk 

V / a 2 +b 2 " 



gb 
\/a 2 + b 2 



v 7 



===r T + a f a 2 S |" b 2 1 N (there is no component in the direction of B). 



4. (a) r(0) = (a0 cos 0)i + (a0 sin 0)j + b0k f = [(a cos - a0 sin 0)i + (a sin + a0 cos 0)j + bk] f ; 

M = V^=l^l = (a 2 + a 2 2 +b^ 2 (f) => S = ^g B 



Va 2 + a 2 S 2 + b 2 

(b) s = £ |v| dt = J o '(a 2 + a 2 2 + b 2 ) 1/2 g dt = J o '(a 2 + a 2 2 + b 2 ) 1/2 d0 = £(a 2 + a 2 u 2 + b 2 ) 1/2 du 



£ a^J^^+u 2 du = a V^ 2 + u 2 du, where c = 

\ a/c 2 + u 2 + § In |u + ^c 2 + u 2 | 6 = f (0a/c 2 + 2 + c 2 In 



=>■ s = a 



1 + Vc 2 + 2 



— c 2 In c 



') 



5 r _ (1 +e)r 
1 + e cos 6 



£ = (l + e)ro(esing) dr = q (1 + e)ro(c sin 9) = Q (1 + } ( sin &) = Q 

AO (l+ecos^)' ! ' AO ( 1 -)- e cos ft) 11 \ > / u\ y 



sin = => 9 — or 7T. Note that * > when sin 9 > and ^ < when sin 9 < 0. Since sin < on 



— 7r < 9 < and sin 9 > on < 9 < n, r is a minimum when = and r(0) 



_ (1 + e)ro _ 
1 +e cos 



ro 
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6. (a) f(x) = x - 1 







f(0) 



1 and f(2) = 2 — 1 — ^ sin 2 > | since | sin 2 1 < 1; since f is continuous 



on [0, 2], the Intermediate Value Theorem implies there is a root between and 2 
(b) Root w 1.4987011335179 



(a) ▼ = 
v • 



dx 
dt 



j and V = |u t + r f u e = (g) [(cos 0)i + (sin 9)j] + (r f ) [(- sin 0)i + (cos 



=^ V • 1 



| and 



r ^ sin i 

dt 



dx 
dt 



r ^ sin 0; v • j = ^ and v • j 



=>. ^ = ^ sin i 

^ dt dt M " ' 



(b) u r = (cos 6*)i + (sin 0)j => v • u r = ^ cos + sin 



dt 

(| cos 6» - r f sin 6») (cos 0) + (| sin (9 + r f cos 9) (sin 9) by part (a), 
v • u r = | ; therefore, f = f cos 6 + f sin 0; 



Ue = —(sin 0)i + (cos 0)j v • ug — — 



sin i 



un- 



cos i 



(| cos 9 - r f sin 0) (- sin 0) + (f sin + r f cos 0) (cos 0) by part (a) 

dfl 



therefore, r 9? 

' dt 



^ sin i 

dt 



% COS. 
dt 



|sin0- 



r f cos 

dt 



V • Ug 



dr 
dt 



f'(0) 



dt 2 



f"(6) ( 



f'(0) 



die ■ v 
dt 2 ' v 



-u 

dt u ' 



= (cos0|-rsin0f)i+(sin0|+rcos0f)j =* |v| = (^+r 2 (f) 



-2 /"d0\ 2 



1/2 



(\2 



(f) 

|v x a| = |xy — y x| , where x = r cos 9 and y = r sin 0. Then ^ — (— r sin 0) % + (cos 0) 



d 2 X 

dt 2 
d 2 )- 

dt 2 



1/2 



(f); 



(-2 sin 9) f | - (r cos 0) (f ) - (r sin 9) § + (cos 9) § ; f = (r cos 0) f + (sin 0) 



(2cos0)f |-(rsin0)(f) , 



(r cos 0) U + (sin 0) § . Then |v x a| 



(after much algebra) r 2 (ff + r f | - r f g + 2^ (g) 2 = (f ) 3 (f 2 - f • f" + 2(f) 2 ) 



|v| 



f 2 - f-f" + 2(f) 2 
[(f') 2 + f 2 ] 3/2 



9. (a) Let r = 2 - t and 9 = 3t =>• f = -1 and f = 3 => g 



d^ 

dt 2 



dt 



v(l) 



u, 



3ug; a : 







u r + 


_ d 2 9 


i 9 dr d0 






1 dt 2 


r L dt dt 



0. The halfway point is (1, 3) =£- t=l; 

Ufl =>■ a(l) = — 9u r — 6ii0 



(b) It takes the beetle 2 min to crawl to the origin => 
L = X 6 ^J[f(9W + [i'(6)} 2 d6 = £ {{2^ 

"6 r- — — n6 



Jo 



37 - 129 + 6- 



37 



[f(6»)] 2 + [f'(0)] d9 = 

d9 = I £ s/JO -6) 2 + l d9 
37-6) « 6.5 in. 



the rod has revolved 6 radians 



4-f 



(9-6) 
2 



^(0 -6) 2 + l + | In \6 - 6 + x /(9-6) 2 + 1 



10. L(t) = r(t) x mv(t) =!> ^ = x mv) + f r x m J =!> ^ = (v x mv) + (r x ma) = r x ma ; F = ma 



ma 



dL 

dt 



r x ma = rx (~ j^s r ) — — j^i ( r x r ) = =^ L = constant vector 



11. (a) u r x ue 



i j k 

cos 9 sin 
— sin 9 cos 9 



a right-handed frame of unit vectors 



(b) % = {- sin 0)i + (cos 0)j = u fl and ^ = (- cos 9)i - (sin 6»)j = -u r 

(c) From Eq. (7), v = fu r + r9ug + zk a = v = (r'u r + ru r ) + (r 8ug + r9ug +r9iig) + z k 

= (r - r6» 2 ) u r + (t'9 + 2r 6) u g + i k 



12. (a) x = r cos 9 dx = cos dr — r sin 9 d9; y = r sin =^ dy = sin 9 dr + r cos 9 d9; thus 
dx 2 = cos 2 9 dr 2 — 2r sin 9 cos 9 dr d# + r 2 sin 2 6> d0 2 and 
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dy 2 = sin 2 9 dr 2 + 2r sin cos 6 dr d9 + r 2 cos 2 9 d6 2 => dx 2 + dy 2 + dz 2 = dr 2 + r 2 d6> 2 + dz 2 
(c) r = e e dr = e fl d6» (b) 

=> L = /J" 8 \/dr 2 +r 2 d(9 2 + dz 2 
_ * ^/e 2e + e 2 » + e 2 » d<9 



In 8 





ds 2 - cir 2 ♦ r 2 de 2 »<tt 2 



VdTTJde 2 
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NOTES: 
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CHAPTER 14 PARTIAL DERIVATIVES 



14.1 FUNCTIONS OF SEVERAL VARIABLES 

1 . (a) Domain: all points in the xy-plane 

(b) Range: all real numbers 

(c) level curves are straight lines y — x = c parallel to the line y = x 

(d) no boundary points 

(e) both open and closed 

(f) unbounded 

2. (a) Domain: set of all (x, y) so that y - x > =>■ y > x 

(b) Range: z > 

(c) level curves are straight lines of the form y — x = c where c > 

(d) boundary is ^/y — x = => y = x, a straight line 

(e) closed 

(f) unbounded 

3. (a) Domain: all points in the xy-plane 

(b) Range: z > 

(c) level curves: for f(x. y) = 0, the origin; for f(x, y) = c > 0, ellipses with center (0, 0) and major and minor 
axes along the x- and y-axes, respectively 

(d) no boundary points 

(e) both open and closed 

(f) unbounded 

4. (a) Domain: all points in the xy-plane 

(b) Range: all real numbers 

(c) level curves: for f(x, y) = 0, the union of the lines y = ± x; for f(x, y) = c ^ 0, hyperbolas centered at 
(0, 0) with foci on the x-axis if c > and on the y-axis if c < 

(d) no boundary points 

(e) both open and closed 

(f) unbounded 

5. (a) Domain: all points in the xy-plane 

(b) Range: all real numbers 

(c) level curves are hyperbolas with the x- and y-axes as asymptotes when f(x, y) ^ 0, and the x- and y-axes 
when f(x, y) = 

(d) no boundary points 

(e) both open and closed 

(f) unbounded 

6. (a) Domain: all (x, y) ^ (0, y) 

(b) Range: all real numbers 

(c) level curves: for f(x. y) = 0, the x-axis minus the origin; for f(x, y) = c ^ 0, the parabolas y = cx 2 minus the 
origin 

(d) boundary is the line x = 
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(e) open 

(f) unbounded 

7. (a) Domain: all (x, y) satisfying x 2 + y 2 < 16 

(b) Range: z > \ 

(c) level curves are circles centered at the origin with radii r < 4 

(d) boundary is the circle x 2 + y 2 = 16 

(e) open 

(f) bounded 

8. (a) Domain: all (x, y) satisfying x 2 + y 2 < 9 

(b) Range: < z < 3 

(c) level curves are circles centered at the origin with radii r < 3 

(d) boundary is the circle x 2 + y 2 = 9 

(e) closed 

(f) bounded 

9. (a) Domain: (x, y) ^ (0, 0) 

(b) Range: all real numbers 

(c) level curves are circles with center (0, 0) and radii r > 

(d) boundary is the single point (0, 0) 

(e) open 

(f) unbounded 

10. (a) Domain: all points in the xy-plane 

(b) Range: < z < 1 

(c) level curves are the origin itself and the circles with center (0, 0) and radii r > 

(d) no boundary points 

(e) both open and closed 

(f) unbounded 

11. (a) Domain: all (x, y) satisfying —1 < y — x < 1 

(b) Range: - § < z < § 

(c) level curves are straight lines of the form y — x = c where — 1 < c < 1 

(d) boundary is the two straight lines y = 1 + x and y = — 1 + x 

(e) closed 

(f) unbounded 

12. (a) Domain: all (x, y), x ^ 

(b) Range: - | < z < | 

(c) level curves are the straight lines of the form y = cx, c any real number and x ^ 

(d) boundary is the line x = 

(e) open 

(f) unbounded 

13. f 14. e 15. a 



16. c 



17. d 



18. b 
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19. (a) 



20. (a) 



21. (a) 




X 



22. (a) 



z 
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26. (a) (b) 



2_4x z +y 2 +i 



27. (a) 




28. (a) (b) 



y 

y 




= 2 tan" 1 \fl tan" 1 y - tan" 1 x = 2 tan" 1 \fl 



32. f(x,y) = E (j) n at(l,2) z = _^ = _X_ ;at (l,2) ^2=^=2^2=^^ 2y - 2x = y 
y = 2x 




41. f(x,y,z)= y/x^y-lnzat^,-!,!) =>- w = A /x Tr y - In z; at (3, -1, 1) => w = - (-1) - In 1 = 2 
=4> y/x — y — In z = 2 
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42. f(x,y,z) = ln(x 2 +y + z 2 ) at (-1,2,1) w = In (x 2 + y + z 2 ) ; at (-1, 2, 1) w = In (1 + 2 + 1) = In 4 

=*> In 4 = In (x 2 + y + z 2 ) x 2 + y + z 2 = 4 

43. g(x,y,z) = f; at (In 2, In 4, 3) w = f) = e (x+y)/z ; at (In 2, In 4, 3) w = e ( ln2+ln4 )/ 3 

n=0 n=0 

= e < ln8 )/ 3 = e ln2 = 2 =► 2 = => ^ = In 2 

Z 

44. g( x ,y ! z) = £ 7 ^ ? + ^^81(0,1,2) =* w=[sin-^]:+[sec- 1 t] z V2 

= sin -1 y — sin -1 x + sec -1 z — sec -1 ( V 21 =>■ w = sin -1 y — sin -1 x + sec -1 z — | ; at (0, \ , 2) 



=> w = sin 1 1 - sin 1 + sec 1 2 - | = | => | = sin 1 y - sin 1 x + sec 1 z 

45. f(x, y, z) = xyz and x = 20 - t, y = t, z = 20 =>• w = (20 - t)(t)(20) along the line => w = 400t - 20t 2 

^ = 400 - 40t; = 400 - 40t = t = 10 and <|? = -40 for all t =>• yes, maximum at t = 1 
x = 20- 10= 10, y = 10, z = 20 maximum of f along the line is f( 10, 10, 20) = (10)(10)(20) = 2000 



46. f(x, y, z) = xy - z and x = t - 1, y = t - 2, z = t + 7 => w = (t - l)(t - 2) - (t + 7) = t 2 - 4t - 5 along the line 

^ = 2t - 4; *f = 2t - 4 = t = 2 and = 2 for all t =>■ yes, minimum at t = 2 =>- x = 2 - 1 = 1, 
y = 2- 2 = 0, andz = 2 + 7 = 9 =>■ minimum of f along the line is f(l, 0, 9) = (1)(0) - 9 = -9 



47. w = 4 (f ) 1/2 = 4 (290 5 K ^ m 8km) "'" « 124.86 km must be i (124.86) ss 63 km south of Nantucket 

48. The graph of f(xi , X2 , X3 , X4) is a set in a five-dimensional space. It is the set of points 

(xi , x 2 , x 3 , x 4 , f(xi , x 2 , x 3 , x 4 )) for (xi , x 2 , x 3 , x 4 ) in the domain of f. The graph of f(xi , x 2 , x 3 , . . . , x„) is a set 
in an (n + l)-dimensional space. It is the set of points (xi, x 2 , x 3 , . . . , x„, f(xi, x 2 , x 3 , . . . , x„)) for 
(xi , x 2 , x 3 , . . . , x„) in the domain of f . 



1/2 



49-52. Example CAS commands: 
Maple : 

with( plots ); 

f := (x,y) -> x*sin(y/2) + y*sin(2*x); 
xdomain := x=0..5*Pi; 
ydomain := y=0..5*Pi; 
x0,y0 := 3*Pi,3*Pi; 

plot3d( f(x,y), xdomain, ydomain, axes=boxed, style=patch, shading=zhue, title="#49(a) (Section 14.1)" ); 

plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, orientation=[-90,0], 

title="#49(b) (Section 14. 1)" ); # (b) 

L := evalf( f(x0,y0) ); # (c) 

plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, contours=[L], 
orientation=[-90,0], title="#49(c) (Section 14.1)" ); 

53-56. Example CAS commands: 
Maple : 

eq := 4*ln(x A 2+y A 2+z A 2)=l; 

implicitplot3d( eq, x=-2..2, y=-2..2, z=-2..2, grid=[30,30,30], axes=boxed, title="#53 (Section 14.1)" ); 
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57-60. Example CAS commands: 
Maple : 

x := (u,v) -> u*cos(v); 
y := (u,v) ->u*sin(v); 
z := (u,v) -> u; 

plot3d( [x(u,v),y(u,v),z(u,v)], u=0..2, v=0..2*Pi, axes=boxed, style=patchcontour, contours=[($0..4)/2], shading=zhue, 



49-60. Example CAS commands: 

Mathematica : (assigned functions and bounds will vary) 

For 49 - 52, the command ContourPlot draws 2-dimensional contours that are z-level curves of surfaces z = f(x,y). 
Clear[x, y, f] 

f[x_, yj:= x Sin[y/2] + y Sin[2x] 

xmin= 0; xmax= 57r; ymin= 0; ymax= 57r; {x0, y0}={37r, 37r}; 

cp= ContourPlot[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, ContourShading — > False]; 

cp0= ContourPlot[[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, Contours — > {f[x0,y0]}, ContourShading — > False, 



For 53 - 56, the command ContourPlot3D will be used and requires loading a package. Write the function f[x, y, z] so that 
when it is equated to zero, it represents the level surface given. 

For 53, the problem associated with Log[0] can be avoided by rewriting the function as x2 + y2 +z2 - el/4 
«Graphics" ContourPlot3D" 
Clear[x, y, z, f] 

f[x_, y_, z_]:= x 2 + y 2 + z 2 - Exp[l/4] 

ContourPlot3D[f[x,y,z], {x, -5, 5}, {y, -5, 5}, {z, -5, 5}, PlotPoints -> {7, 7}]; 
For 57 - 60, the command ParametricPlot3D will be used and requires loading a package. To get the z-level curves here, 
we solve x and y in terms of z and either u or v (v here), create a table of level curves, then plot that table. 

«Graphics v ParametricPlot3D v 

Clearfx, y, z, u, v] 

ParametricPlot3D[{u Cos[v], u Sin[v], u}, {u, 0, 2}, {v, 0, 2p}]; 
zlevel= Tablef {z Cosfv], z sin[v] }, {z, 0, 2, .1 }]; 
ParametricPlot[Evaluate[zlevel],{v, 0, 2ir}]; 



title="#57 (Section 14.1)" ); 



PlotStyle -> {RGBColor[l,0,0]}]; 



Show[cp, cpO] 



14.2 LIMITS AND CONTINUITY 



1. 




3x 2 -y 2 +5 
x 2 + y 2 + 2 



3(0) 2 - 2 + 5 _ 5 
2 + 2 + 2 ~~ 2 



2. 



inn —7= — —7= 

(x,y)->(0,4) 







3. 



(x,y)-»(3,4) 



lim ^/x 2 + y 2 - 1 = + 4 2 - 1 = sjTA = 2^6 




5. lim sec x tan y = (sec 0) (tan f) = (1)(1) = 1 

(x,y) -> (0,|) 
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6. lim cos ( 4r£i) = cos ( ^r^) = cos = 1 

(x, y )^(o,o) V x +y +1 y v°+°+v 



7. lim 

(x,y)-»(0,ln2) 



£ x-y = e 0-ln2 = gin (i) = 1 



lim In |1 + x 2 y 2 | = In |1 + (1) 2 (1) 2 | = In 2 

(x,y) -> (1,1) 



9. lim s^nii 

(x,y)-»(0,0) x 



lim (e^ (^) = e° • lim (^) =1-1 = 1 

(x,y)->(0,0) v ,K x 7 x^o v x y 



10. lim cos (V|xy|-l) = cos (V(D(l)-l) = cos = 1 



11. lim ^ = 1^ = 5=0 

(x,y)^(l,0) x2 + 1 12 + 1 2 



19 t: m cos y + 1 _ (cos 0) + 1 _ 1 + 1 _ _ 9 

(x,y)T(f,0) y--x -0-sin( 5 ) 



13. lim x ~ 2xy + y = lim = lim (x - y) = (1 - 1) = 

(x,y)^(l,l) x - y (x,y)-»(l,l) x ~ y (x,y)^(l,l) V 

x / y 

14. lim ^ = lim (x + y)(x - y) = lim (x + y) = (1 + 1) = 2 

(x,y)^(l,l) (x,y)^(l,l) (x , y) ^(i,i) v ^ 

x + y 



15. lim xy-y-2x + 2 = (x - l)(y - 2) = (y _ 2) = ( 1 - 2) = -1 

(x,y)^(l,l) x -' (x,y)^(l,l) x -' (x,y)->(l,l) " 

x/1 



-*±* lim 



_ l _ l 



' 6 - (x,y)^ m 2,-4) x2 y-"y + 4x 2 -4x ~ ( X; y) ^ _ 4) x(x-lXy + 4) ~ (x> y) ^ _ 4) x(x-l) " 2(2-1) ~ 2 
y ^ -4, x / x 2 y ^ -4, x / x 2 x ^ x 2 



17. lim ^y±!v^Vy = Hm (^-^H^+v^+ 2 ) = lim (^/x + ^ + 2) 

(x,y)->(0,0) V"-^ (x,y)->(0,0) V*-^ (x,y)->(0,0) VV V ' 

«/y x + y 

= (v/0+ + = 2 

Note: (x, y) must approach (0, 0) through the first quadrant only with x^y. 



18. lim 



x + y-4 



lim 



— - ----- lim (,/x + y + 2) 

(x,y)^(2,2) (x,y)->(2,2) (x,y)^(2,2) VV 7 

x + y ^ 4 x+y^4 x+y^4 

= (^2 + 2 + 2) =2 + 2 = 4 

\/2x-y-2 



19. lim 



lim 



x /2x-y-2 



lim 



x,y)->(2,0) 2x-y-4 (x,y)-»(2,0) (x/2x^ + 2) (v^x^-2) (x,y)->(2,0) v / ^ 3 y + 2 
2x - y ^ 4 2x - y 7M 

1 _ 1 _ 1 

N /(2)(2)-0 + 2 2 + 2 4 



20. lim 



lim 



/x- ,/y+l 



lim 



(x,y)->(4,3) "-y- 1 (x,y)->(4,3) (\/* + v 7 ^ 1 ) (\/*- v 7 ^ 1 ) (x,y)->(4,3) \/^+\/y+ T 
x-y^l x-y^l 
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i _ i _ i 

/4+JI+l 2 + 2 4 



21. lim (i + i + i) = 1 + 1 + 1 = 12±i+3 = |2 

p-^ (1,3,4) v x y z ; 1 3 4 12 12 



22. lim 

P^(l,-1,-1) x+z 



2xy + yz 2(1)(-1) + (-!)(-!) _ -2 + 1 _ _ 1 
l 2 + (-l) 2 ~ 1 + 1 " 2 



23. lim (sin 2 x + cos 2 y + sec 2 z) = (sin 2 3 + cos 2 3) + sec 2 = 1 + l 2 = 2 

P -> (3,3,0) 

24. lim ^ tan" 1 (xyz) = tan" 1 (- \ ■ § - 2) = tan" 1 (- f ) 

P — > (—41 f j 2) 



25. lim ze- 2y cos 2x = 3e- 2 <°> cos 2tt = (3)(1)(1) = 3 

P^(ir, 0,3) 



26. lim In w'x 2 + y 2 + z 2 = In JO 2 + (-2) 2 + 2 = In v/4 = In 2 

P-> (0,-2,0) v v 



27. (a) All 
(b) All 

28. (a) All 
(b) All 

29. (a) All 
(b) All 

30. (a) All 
(b) All 

31. (a) All 
(b) All 

32. (a) All 
(b) All 

33. (a) All 
(b) All 

34. (a) All 
(b) All 



x,y) 

x, y) except (0, 0) 
x, y) so that x^y 

x,y) 

x, y) except where x = or y = 

x,y) 

x, y) so that x 2 - 3x + 2 ^ => (x - 2)(x -1)^0 
x, y) so that y^x 2 

x,y,z) 

x, y, z) except the interior of the cylinder x 2 + y 2 = 1 
x, y, z) so that xyz > 

x,y,z) 

x, y, z) with z^0 

x, y, z) with x 2 + z 2 + 1 1 

x, y, z) except (x, 0, 0) 

x, y, z) except (0, y, 0) or (x, 0, 0) 



x^2 and x ^ 1 



35. lim 

(x,y)^(0,0) 
along y = x 
x > 

lim 

(x,y)-»(0,0) 
along y = x 
x < 



v/x^+7 



lim 



lim 



lim 



+ xA 2 + x2 x _ >0 + v/2|x| x ^0+ \/2* x 



,„ , _ ____ „„, x = Vj m J_ = J_ 

x^0- \/2 |x| x ^0- \/2(-x) x^0- V2 



lim 



lim 
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36. 



lim 

(x,y)-»(0,0) 

along y = 



— lim 



-o 2 



= 1; lim 

(x,y)->(0,0) 
along y = x 2 



x 4 + y 



= lim 

x^O 



' + (* 2 )' 



= lim 

x^O 



2x 4 



t=f. - iim - 4 -( fa2 r „ „ 

(x,y) "'(0,0) x4 + y 2 ~x™0 x 4 + (kx 2 ) 2 - X T * 4 + k2 * 4 " 1+k2 



37. , lim, , lim. \~),,{ 2 = lim. ^T*^ = =>• different limits for different values of k 

along y = kx 2 



38. lim = lim 4|^4 = lim = lim ^ ; if k > 0, the limit is 1 ; but if k < 0, the limit is - 1 

(x,y)->(0,0) |xy| x^O l x * x >l x->0 l kx I x^O l k l 
along y = kx 

39. lim = lim ^-=-^ = f=-^ =4> different limits for different values of k, k ^ - 1 

(x,y)->(0,0) x + y x^O x + kx 1 + k r 

along y = kx 
M-l 

40. lim i±2 = lim ^ = ±±£ =>• different limits for different values of k, k ^ 1 

(x,y)-»(0,0) x - y x->0 *- kx '- k ^ 

along y = kx 

Mi 

41. lim ^±1 = lim = ^ different limits for different values of k, k ^ 

(x,y)^(0,0) y x^0 kx2 k ^ 

along y = kx 2 

2 2 1 

42. lim — = lim , x . , = => different limits for different values of k, k ^ 1 

(x,y)-»(0,0) x y x->0 x2 - kx2 !- k ^ 
along y = kx 2 

43. No, the limit depends only on the values f(x. y) has when (x, y) ^ (x , yo) 

44. If f is continuous at (xo, yo), then lim f(x. y) must equal f(xo, yo) = 3. Iff is not continuous at 

(x,y) -» (x ,yo) 

(x , y ), the limit could have any value different from 3, and need not even exist. 

45. lim ( 1 - = 1 and lim 1 = 1 => lim ti "^ = 1, by the Sandwich Theorem 

(x,y)->(0,0) V 3 J (x,y)^(0,0) (x,y)^(0,0) xy 

46. Ifxy>0, lim ' ) 6 > = lim 1 - '- = lim (2 - J) = 2 and 

(x,y)->(0,0) l xy l (x,y)^(0,0) xy (x,y)->(0,0) V 6j 

lim 2 -M= lim 2 = 2;ifxy<0, lim 2 ™7&) = lim 
(x,y)-»(0,0) l xy l (x,y)-»(0,0) (x,y)-»(0,0) l xy l (x,y)-»(0,0) - xy 

lim (2 + f ) = 2 and lim ^ = 2 lim 4-4 cos = 2 b me Sandwich 

(x,y)^(0,0) V 67 (x,y)-»(0,0) M fry) -» (0,0) l xy l 

Theorem 

47. The limit is since | sin ( j) | < 1 =>■ — 1 < sin Q) < 1 => — y < y sin Q) < y for y > 0, and — y > y sin ( j) > y for 
y < 0. Thusas(x,y) — > (0, 0), both — y and y approach => ysinQ) — > 0, by the Sandwich Theorem. 

48. The limit is since |cos | < 1 => -1 < cos < 1 =>■ -x < x cos ^ < x for x > 0, and -x > x cos > x 
forx<0. Thusas(x.y) — > (0, 0), both — x and x approach => x cos ^ — > 0, by the Sandwich Theorem. 
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49. (a) f(x, y)| y=mx = jf^ = x 2 +™£ e = sin 29. The value of f(x, y) = sin 29 varies with 9, which is the line's 
angle of inclination. 

(b) Since f(x, y)| = sin 29 and since - 1 < sin 29 < 1 for every 9, lim f(x, y) varies from - 1 to 1 

y (x, y) -> (0, 0) 

along y = mx. 



50. |xy (x 2 -y 2 )| = |xy| |x 2 -y 2 | < |x| |y| |x 2 + y 2 | = V^ 2 \ff |x 2 + y 2 | < ^/x 2 + y 2 ^/x 2 + y 2 |x 2 + y 2 



= (x 2 +y 2 r 



xy(x 2 -y 2 ) 
x 2 + y 2 

x 2 -y 2 



<^^=x 2 +y 2 => -(x 2 + y 2 )<^^<(x 2 + y 2 ) 



x 2 +y 2 



(*,y)-»(0,0) 
f(0, 0) = 



lim xy = by the Sandwich Theorem, since lim ± (x 2 + y 2 ) = 0; thus, define 

i-.fn.rn y x2 + y 2 3 (x,y)->(0,0) v 



^1 lim x 3 - xy 2 _ r 8 cos 3 8 - (r cos fl) (r 2 sin 2 

(x,y)™(0,0) x2 + >- 2 r™ r 2 cos 2 + r 2 sin 2 



jj m r (cos 3 - cos 8 sin 2 6>) _ q 
~ r 1 



52. lim cos ( 4x4) = lim cos ( ^A^Mij) = lim cos 

fx, y)^ (0,0) V x +y J r^0 V r cos 9 + r sln V 



r->0 



r (cos 3 g - sin 3 
1 



= COS 0=1 



53. lim 2 y2 2 = lim r2 sl " 2 8 — lim (sin 2 9) — sin 2 the limit does not exist since sin 2 9 is between 

(x,y)^(0,0) x +y r^0 r 2 r^0 V ; 

and 1 depending on 9 



54. lim 2 2x 2 = lim 2 2 " os % = lim 4^ = ^ ; the limit does not exist for cos 9 = 

(x,y)->(0,0) x + x + y r^0 r 2 +rcosfl r _> q r + cos0 cos fl 



55. lim tan 

(x,y)^(0,0) 



N±JyJ 

x 2 + y 2 



= lim tan 1 

r->0 



r cos 8\+ r sin f 



= lim tan 1 

r->0 



(|cos 0| + |sin g|) 



if r — > + , then lim tan 1 



= lim tan 1 



lim tan 1 

•-> 0" 



|r| (|cos0| + jsin»|) 



|r| (|cosfl| + |sin9|) 
r 2 

= lim tan- 1 ( |cos9| + |smfl| N ) 



|cos gj + sin 8\ 



= f ; if r -> 0~,then 



the limit is | 



56. lim 4-4 = lim r ' cos2 8 1 f2 si " 2 8 = lim (cos 2 9 - sin 2 9) = lim (cos 29) which ranges between 

(x,y)^(0,0) x + y r^0 r ' r^0 V 1 r^0 5 

— 1 and 1 depending on 9 =4> the limit does not exist 

57. lim lnf 3 * 2 - x2 / 2 +3y2 U lim m f 3r 2 cos 2 9 - rW S s m 2 9 + 3r 2 sin 2 A 
(x,y)^(0,0) V x2 + y 2 J r^0 V r ' J 

= \im In (3 - r 2 cos 2 9 sin 2 9) = In 3 =^ define f(0, 0) = In 3 

58 . i im = lim 0*™<Hf ™ 2 <>) = lim 2r cos (9 sin 2 = 0^ define f(0, 0) = 

(x,y)-.(0,0) x+y r^0 r2 r^0 ' 

59. Let<5 = 0.1. Then ^/x 2 + y 2 < 6 =>- V^+? < 0.1 x 2 + y 2 < 0.01 |x 2 + y 2 - 0| < 0.01 =>• |f(x, y) - f(0, 0)| 

< 0.01 = e. 

60. Let 5 = 0.05. Then |x| < 6 and |y| < 6 |f(x, y) - f(0, 0)| = | ^ - 0| = | ^ | < |y| < 0.05 = e. 

61. Let 6 = 0.005. Then |x| < 6 and |y| < 5 |f(x, y) - f(0, 0)| = | - 0| = | £±£ | < |x + y| < |x| + |y| 

< 0.005 + 0.005 = 0.01 = e. 
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62. Let6 = 0.01. Since -1 < cos x < 1 1 < 2 + cos x < 3 =>• | < tj-^— < 1 =>• < l^^-l < |x + y| 

— — — — 3 — 2+cos x — 3 — 12 + cosxl — 1 J 1 

< |x| + |y| . Then |x| < 6 and |y| < 8 => |f(x, y) - f(0, 0)| = | - 0| = | 2^ | < |x| + |y| < 0.01 + 0.01 

= 0.02 = e. 

63. Let 8 = VO.015. Then ^/x 2 + y 2 + z 2 < 5 => |f(x, y, z) - f(0, 0, 0)| = |x 2 + y 2 + z 2 - 0| = |x 2 + y 2 + z 2 | 

= (Vx 2 +t 2 +x 2 ) 2 < (a/0.015) 2 = 0.015 = e. 

64. Let<5 = 0.2. Then |x| < 8, |y| < 6, and |z| < 8 |f(x,y,z) - f(0,0,0)| = |xyz - 0| = |xyz| = |x| |y| |z| < (0.2) 3 

= 0.008 = e. 



65. Let 8 = 0.005. Then |x| < 8, |y| < 8, and |z| < 8 => |f(x, y, z) - f(0, 0, 0)| = 



x + y + z 



x + y + z 
x 2 + y 2 + z 2 + 



x 2 + y 2 + z 2 + 1 

1 1 < |x + y + z| < |x| + |y| + |z| < 0.005 + 0.005 + 0.005 = 0.015 = e. 



66. Let 8 = tan" 1 (0.1). Then |x| < S, |y| < 8, and |z| < 8 |f(x, y, z) - f(0, 0, 0)| = |tan 2 x + tan 2 y + tan 2 z| 

< |tan 2 x| + |tan 2 y| + |tan 2 z| = tan 2 x + tan 2 y + tan 2 z < tan 2 8 + tan 2 8 + tan 2 8 = 0.01 + 0.01 + 0.01 = 0.03 



67. lim f(x,y,z)= lim (x + y + z) = x + y + z = f(x , y , z ) f is continuous at 

(x,y,z) -> (x ,y ,zo) (x,y,z) -> (x ,yo,z ) 

every (x ,y ,z ) 

68. lim f(x,y,z)= lim (x 2 + y 2 + z 2 ) = xg + y 2 , + z 2 , = f(x , y , z ) f is continuous at 

(x, y, z) -> (x , y , z ) (x, y, z) -> (x , y , z ) 

every point (x 0! y 0! z ) 
14.3 PARTIAL DERIVATIVES 

!• I= 4x '| = -3 2. §=2x-y,§ = -x + 2y 

3. f =2x(y + 2),§=x 2 -l 4. | = 5y - 14x + 3, § = 5x - 2y - 6 

5. § = 2y(xy - 1), I = 2x(xy - 1) 6. f = 6(2x - 3y) 2 , | = -9(2x - 3y) 2 

7 9f _ x df _ y o 9f _ 2x 2 df _ 1 

* V 2 + y 2 ' d y V^+f ' 9x (/x 3 + (i) ' °y 3^/x3 + (|) 

9' If = _ (x + y) 2 " 95 ( X + y) = - (x + y) 2 ' If = - (x + y) 2 ' 9y ( X + ^ = _ (x + y) 2 

10. 



df_ _ (x 2 +y 2 )(l)-x(2x) _ y 2 -x 2 af _ (x 2 + y 2 ) (0) - x(2y) _ _ 2xy 



9x (x 2 +y 2 ) 2 (x 2 +y 2 ) 2 '9y (x 2 +y 2 ) 2 (x 2 +y 2 ) 2 

it di _ _ (xy-l)(l)-(x + y)(y) _ -y 2 - 1 df _ (xy - 1)(1) - (x + y)(x) _ -x 2 - 1 
il - dx (xy-1) 2 (xy-l) 2 '9y (xy-1) 2 (xy-1) 2 

9x - 1 + (D 2 • ax U/ - x 2 [l + (^) 2 ] " x 2 + y 2 ' ay - 1 + ( Z) 2 • ay - x [ 1 + ( z) 2 j - x 2 +y 2 

13. § = e ( x +5'+ 1 ) ■ £ (x + y + 1) = e ( x+ 5' +1 \ I = e ( x +>'+ 1 ) - A (x + y + 1) = e ( x+ y +1 > 
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14. 



ax 



e x sin (x + y) + e x cos (x + y), ^ — e x cos (x + y) 



15 — = - — fx + v) = — = • — (x + v) = 

dx x + y dx - 1 ' x + y'(9y x + y dy v ' x + y 

16. | = e xy • £ (xy) - In y = ye*? In y, | = • | (xy) - In y + - \ = xe^ In y + f 

17. |^ = 2 sin (x — 3y) • sin (x — 3y) = 2 sin (x — 3y) cos (x — 3y) • (x — 3y) = 2 sin (x — 3y) cos (x — 3y), 
|£ = 2 sin (x — 3y) • sin (x — 3y) = 2 sin (x — 3y) cos (x — 3y) • (x — 3y) = —6 sin (x — 3y) cos (x — 3y) 

18. § = 2 cos (3x - y 2 ) • £ cos (3x - y 2 ) = -2 cos (3x - y 2 ) sin (3x - y 2 ) • £ (3x - y 2 ) 
= -6 cos (3x — y 2 ) sin (3x - y 2 ) , 

| = 2 cos (3x - y 2 ) • | cos (3x - y 2 ) = -2 cos (3x - y 2 ) sin (3x - y 2 ) • | (3x - y 2 ) 
= 4y cos (3x - y 2 ) sin (3x - y 2 ) 

19. |=yx-',|=xnnx 20. f(x,y)=£f => f = ^ and | = ^ 

21 - I = -g(x),| = g(y) 



22. f(x,y)=E (xy)Mxy|<l ^> f(x,y)= T ^ xy =* f = - ^ • | (1 - xy) = ^ and 

n=0 

dy ~ (1-xy) 2 dy v 1 A JV ~ (1-xy) 2 

23. f x = 1 + y 2 , f y = 2xy, f z = -4z 24. f x = y + z, f y = x + z, f z = y + x 

?s f — 1 f — y f — _ 

L x — L > L y — /. ,2 , ,2 ' ^ — 



26. f x = -x (x 2 + y 2 + z 2 r 3/2 , f y = -y (x 2 + y 2 + z 2 )- 3/2 , f z = -z (x 2 + y 2 + z 2 )- 3/2 
27 f = yz f = xz f = x y 

x v/l-x 2 y 2 z 2 ' y v/l-x 2 y 2 z 2 ' z ,/l - x 2 y 2 z 2 



28 f = i f = z f = y - 

X x + yz v/(x + yz) 2 -l ' y |x + yz| ^{x + yz) 2 - 1 ' z |x + yz| ,/(x + yz) 2 - 1 

29 f = 1 f = 2 f = ? 

7 - lx x + 2y + 3z' 1 y x + 2y + 3z ' z x + 2y + 3z 

30. f x = yz - i - | (xy) = ™ = f , f y = z ln(xy) + yz • | ln(xy) = z ln(xy) + g • | (xy) = z ln(xy) + z, 
f z = y In (xy) + yz • §- z In (xy) = y In (xy) 

31. f x = -2xe" ( x2 +y 2 + z2 ) , f y = -2ye" ( x2 +y 2 + z2 ) , f z = -2ze" ( x2 +y 2 + z2 ) 

32. f x = -yze- x y z , f y = -xze~ x y z , f z = -xye"^ 2 

33. f x = sech 2 (x + 2y + 3z), f y = 2 sech 2 (x + 2y + 3z), f z = 3 seen 2 (x + 2y + 3z) 



34. f x = y cosh (xy - z 2 ) , f y = x cosh (xy - z 2 ) , f z = — 2z cosh (xy - z 2 ) 
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35. ^ = — 2n sin(27rt — a), = sin(27rt — a) 



36. gj = vV 2u / v ) -l( 2 f)= 2ve< 2u / v ), §f = 2ve( 2u / v > + v 2 e( 2u / v ' - £ ) = 2ve( 2u / v ) - 2ue( 2u / v ) 

37. |jj = sin 4> cos 0, || = p cos cos 9, || = — p sin sin 



38. | 



1 - cos 61, |f = r sin 6», |f = — 1 



39. W p = V,W v = P+g,W, = ^,W V = = ^x, Wg = 



V<5v 2 
2g 2 



40- f 



41 ^ 



42 — 



m. 



a_A_q 9A _ m 9A _ t I - 3A . km , h 

ah — ' ak — n ' a m — n ^ L ' aq — q 2 2 



ah 2 ' ak q ' am q 

^ ay 1 + x, 0? 0; ayax axay 

af a 2 f 2 • a 2 f 2 • a 2 f a 2 f 

: y cos xy, ^ = x cos xy, §p = -y l sin xy, = -x J sin xy, ^ = ^ = cos xy - xy sin xy 



43- | 



2xy + y cos x, J = x 2 - sin y + sin x, gj = 2y - y sin x, ^§ = -cos y, = ^ = 2x + cos x 



44 * 

ax 



ah 



c*. = xe y + i, |h = o, 



a h _ n a-h _ „„y ^h_ _ ^h_ _ e y 



xe y 



ayax axay 



45 ^ 

ax 



i * _ _j_ a 2 ^ _ -i a 2 ! _ -i a 2 r _ _ -i 

x+y ' ay x+y ' dx 2 (x+y) 2 ' ay 2 (x+y) 2 ' ay3x axay (x+y) 2 



46. 



ax ~~ 

a 2 ! _ 
ax 2 " 

a 2 s 

dydx 



y(2x) 



a x 



(!) = (- J) 



2xy a 2 s _ -x(2y) 



v . y ( x 2 + y 2)2> ay 2 ( x 2 +y 2 ) 2 

_ _ (x 2 +y 2 )(-l) + y(2y) = y 2 - x 2 

axay (x 2 +y 2 ) 2 " (x 2 +y 2 ) 2 



x 2 + y 2 ' ay 

2xy 
(x 2 + y 2 ) 2 ' 



1+ i) 



dy (x) ~~ (x) 



i + (D 



X 2 _j_ yl 1 



47. 

ox 



2 aw _ 3 a 2 w 



2x + 3y ' 3y 2x + 3y ' dydx (2x + 3y) 2 ' dxdy (2x + 3y) ; 



, and 



a 2 w 



-6 



48. £=er+lny+*,£ = *+lnx.&= = 1 + * , and 



a 2 w _ i , i 



49. 



a_w _ „2 
ax _ 

a 2 w 
axay 



t + 2xy 3 + 3x z y , 
= 2y + 6xy 2 + 12x 2 y 3 



x ' ay y 1 A11 A ' ayax y 1 x ' axay y 

2xy + 3x 2 y 2 + 4x 3 y 3 , 



,2, ,4 3w 



dydx 



2y + 6xy 2 + 12x 2 y 3 , and 



50. 



a_w _ 
ax _ 

a 2 w 

dxdy 



sin y + y cos x + y, 
= cos y + cos x + 1 



aw 

dy 



x cos y + sin x + x, J^- — cos y + cos x + 1, and 



51. (a) x first (b) y first (c) x first (d) x first (e) y first 



(f) y first 



52. (a) y first three times (b) y first three times 



(c) y first twice (d) x first twice 
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53. f x (l,2)= lim fa+".2)-f(l,2) = Hm [l-(l + h) + 2-6(l + h)V(2-6) = Um -h-6(l + 2h + tf) + 6 

' h->0 h h->0 h h->0 h 

= h lim ~ 13h h ~ 6h2 = h lim Q (- 13 - 6h ) = - 13 > 

f y (l,2)= lim fa.2 + hpf(1.2) = Hm [l-l + (2 + h) 3(2 + h)]-(2-6) = Hm (2-6-2h)-(2-6) 

y ' h-> h h -> h h-» h 

= lim (-2) = -2 

h->0 

54. f x (-2, 1) = lim f(-2 + M>-f(-2.D = Um [4 + 2(-2 + h)-3-(-2 + h)]-(-3 + 2) 

= lim (2h-i-h )+ i = Um j _ ! 

h -> h h -> 

f y (-2, 1) = lim f( - 2 ' 1+h >- f( - 2 - 1) = lim [4-4-3(l + h) + 2(l + h°)]-(-3 + 2) 
y h^O h h->0 h 

= Um (-3-3h + 2 + 4h + 2h^) + l = Um b _ + M = Um (1 + 2h) = 1 

h -> h h ^ h h -> 

55. f z (x , y 0; zo) = h lim o yc, z +h) - f(x , yo , z o) . 

fz(l,2,3)= lim fCl,2,3 + h)-f (1 ,2,3) = u 2(3 + h)°- 2(9) = ^ 12h±2hi = ^ (12 + 2h) = 12 

56. f y (x ,y ,z )= lim SWM^f(x^ , 

h — > n 

f y (-l,0,3)= lim f(-i,h,3)-f(-i.o,3) = Um (2h 2 + %)-o ^ Um (2h + 9) = 9 

* ' ' h->0 h h^O h h->0 

57. y + (3z 2 |) x + 7? - 2y f = (3xz 2 - 2y) f = -y - z 3 at (1, 1, 1) we have (3 - 2) | = -1 - 1 or 

dz n 

ax — L 

58. (|) z + x+(|)|-2x|=0 => ( z +^-2x)| = -x =* at (1, -1, -3) we have (-3 - 1 - 2) f = -1 or 

9x _ 1 
dz ~ 6 

59. a 2 = b 2 + c 2 - 2bc cos A =>• 2a = (2bc sin A) % =>• % = r- ; also = 2b - 2c cos A + (2bc sin A) ^ 



2c cos A - 2b = (2bc sin A) ^ ^ - ccosA ~ b 



<9a 9a - be sin A ' « - ^ ^ wo ^ , v ^ g fe 

_ c cos A — b 
<9b ~ ^ Ob be sin A 



60- sta = Jfl => a 1 '"' A » =* (sinA)|-acosA = =* f| = ^ ; also 

(sa) Jg = b (~ csc B cot B ) m = -b csc B cot B sin A 

61. Differentiating each equation implicitly gives 1 = v x In u + ( q) u x and = u x In v + (") v x or 

(lnu)v x +(x) Ux = l' 
(^)v x + (lnv)u x =0 

62. Differentiating each equation implicitly gives 1 = (2x)x u — (2y)y u and = (2x)x u — y u or 
(2x)x u - (2y)y u = 1 

(2x)x u - >,. 0^ ^-^-„and 



1 


u 







In v | 


In v 


In u 


u 


~ (In u)(ln v) - 1 




In v 





1 


-2y| 







-1 


-l l 


2x 


-2y 


— 2x + 4xy 2x — 4xy 


2x 


-l 





2x 


1 


2x 






^ ~~ -2x + 4xy ~~ -2x + 4xy ~~ 2x -4xy ~~ 1 -2y > neXt S — X 2 + y 2 =4> * — 2x * + 2y a * 



2y _ l+2y 
1 — 2y 1 1 - 2y 1 - 2y 



= 2X (2^) + ^ (l^2y) =T^ + 

63- l=2x,|=2y,| = -4z => g = 2, g = 2, g = 4 => g + § + g = 2 + 2 + (-4) = 
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64. 



df 

dx 



-6xz, | = -6yz, f = 6z 2 - 3 (x 2 + f) , = -6z, 



6z, 



a 2 ! 
az 2 



12z 



dH I a 2 f 
9x 2 "I" 9y 2 



+ 



Oz 2 



= -6z - 6z + 12z = 



65. | = -2e- 2 * sin 2x, | = -2^ cos 2x, = -4^ cos 2x, g = 4e^ cos 2x + 



«9y 

-4e~ 2y cos 2x + 4e~ 2y cos 2x = 



a y 2 



<9x 2 a y 2 



66. 



df _ 



af _ 



9x ~~ x 2 +y 2 ' dy ~ x 2 +y 2 ' 3x 2 ~~ (x 2 +y 2 ) 2 ' 9y 2 ~ (x 2 +y 2 ) 2 



a 2 ! , a 2 ! _ y 2 -x 2 , x 2 - y 2 _ n 

ax 2 + ay 2 - (x 2 +y 2 ) 2 + (x 2 +y 2 ) 2 ~ U 



67. I = - \ (x 2 + y 2 + z 2 r 3/2 (2x) = -x (x 2 + y 2 + z 2 )~ 3/2 , § = - \ (x 2 + y 2 + z 2 )" 3/2 (2y) 



,2\-3/2 af 



1 (x 2 + y 2 + z 2 )- 3/2 (2z) = -z (x 2 + y 2 + z 2 )^ 3/2 ; 



= -y(x 2 + y 2 +z 2 )- >az _ 2 
= - (x 2 + y 2 + z 2 )- 3/2 + 3x 2 (x 2 + y 2 + z 2 )~ 5/2 , g = - (x 2 + y 2 + z 2 )~ 3/2 + 3y 2 (x 2 + y 2 + z 2 )~ 5/2 , 



a 2 ! 

3z 2 



= - (x 2 + y 2 + z 2 )~ 3/2 + 3z 2 (x 2 + y 2 + z 2 )~ 5/2 
- (x 2 + y 2 + z 2 )~ 3/2 + 3x 2 (x 2 + y 2 + z 2 )~ 5/2 



+ 



+ 

= 



(x 2 + y 2 + z 2 r 3/2 + 3z 2 (x 2 + y 2 + z 2 )~ 



5/2 



a 2 f I a 2 f I a 2 f 

ax 2 ~T dy 2 ~r az 2 
- (x 2 + y 2 + z 2 )~ 3/2 + 3y 2 (x 2 + y 2 + z 2 )~ 5/2 

-3 (x 2 + y 2 + z 2 r 3/2 + (3x 2 + 3y 2 + 3z 2 ) (x 2 + y 2 + z 2 )~ 5/2 



68. § = 3e 3x+4y cos 5z, f - = 4e 3x+4 y cos 5z, 

a 2 f 



9t 
dz 

^--25e^cos5z => + g + ; 



. 5e 3x+4y sin 5z . a 2 ! 



- ... _ 9e 3x+4 y cos 5z, = 16e 3x+4 y cos 5z, 

9e 3x+4y CQS 5z + 16e 3x+4y CQS 5z _ 2 5 e 3x+4 y COS 5z = 



69. |f = cos (x + ct), ^ = c cos (x + ct); = - sin (x + ct), ^ = -c 2 sin (x + ct) 



a 2 w 
at 2 



c 2 [- sin(x + ct)] 



,2 (Pw 

" ax 2 



70. |f = -2 sin (2x + 2ct), ^ = -2c sin (2x + 2ct); = -4 cos (2x + 2ct), ^ = -4c 2 cos (2x + 2ct) 



at 

|? =c 2 [-4cos(2x + 2ct)] = c 2 g? 



a.x- 



71. |f = cos (x + ct) - 2 sin (2x + 2ct), ^ = c cos (x + ct) - 2c sin (2x + 2ct); 



ax 2 



= - sin (x + ct) - 4 cos (2x + 2ct), = -c 2 sin (x + ct) - 4c 2 cos (2x + 2ct) 



at 2 

|^ = c 2 [- sin (x + ct) - 4 cos (2x + 2ct)] = c 



2 aV 
ax 2 



72. 



aw 

dx 



aw 



a 2 v 



l 



a 2 x> 



x + ct ' at x + ct ' dx 2 (x + ct) 2 ' at 2 (x + ct) 2 



a-w 
at 2 



= c 



-1 

(x + ct) 2 



= C 



2 av 
ax 2 



73. |f = 2 sec 2 (2x - 2ct), ff = -2c sec 2 (2x - 2ct); p = 8 sec 2 (2x - 2ct) tan(2x - 2ct), 

^ = 8c 2 sec 2 (2x - 2ct) tan (2x - 2ct) =>• ^? = c 2 [8 sec 2 (2x - 2ct) tan (2x - 2ct)] = c 2 |f 



74. |f = -15 sin(3x + 3ct) + e x+ct , = -15c sin(3x + 3ct) + ce x+ct ; = -45 cos(3x + 3ct) + e x+ct , 



a 2 v 
at 2 



-45c 2 cos(3x + 3ct) + c 2 e 



.2_x+ct 



a 2 v 
at 2 



: c 2 [-45 cos (3x + 3ct) + e x 



„2 a^y_ 
L dx 2 



7S aw _ af a u _ af . a 2 w _ r „„N I o 2 t\ ( „ r ^ _ „2„2 a 2 f . aw _ af au _ af „ . a 2 w _ ( a 2 f\ „ 
°- ar - ai a _ au W ^ afT - ^ ac > \d<? ) (ac > ~ ac d<?'d^-dudx'-du a ^ m ~ \ a WJ a 



_ a 2 a 2 ! . av _ „2„2 a 2 ! _ „2 f„2 dH \ _ ji a 2 w 
- d au 2 ^ at 2 _ d L au 2 _ c { d du 2 ) ~ L dx 2 
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76. If the first partial derivatives are continuous throughout an open region R, then by Theorem 3 in this section of the 
text, f(x,y) = f(x ,yo) + f x (xo,yo) Ax + f y (x ,yo) Ay + eiAx + e 2 Ay, where ei, e 2 — > as Ax, Ay — > 0. Then as 

(x, y) — ► (x ,yo), Ax — > and Ay — ► =>• lim f(x. y) = f(x , yo) =>■ f is continuous at every point 

(x,y) -> (xo,yo) 

(x ,y )in R. 

77. Yes, since f xx , f yy , f xy , and f yx are all continuous on R, use the same reasoning as in Exercise 76 with 

f x (x, y) = f x (x , y ) + f xx (x , yo) Ax + f xy (x , y ) Ay + e 1 Ax + e 2 Ay and 

f y (x, y) = f y (x , y ) + fyx(x , yo) Ax + f yy (x , y ) Ay +7 1 Ax +'e 2 Ay. Then lim f x (x, y) = f x (x , y ) 

(x,y) -> (x ,y ) 

and lim f y (x, y) = f y (x , y ). 

(x,y) -> (x ,y ) 



14.4 THE CHAIN RULE 



1. (a) ^=2x,^=2y,f = -sin t,f= cost 
= 0; w = x 2 + y 2 = cos 2 1 + sin 2 1 = 1 => 

(b ) f (tt) = 



. dw 
^ dt 

dt U 



= — 2x sin t + 2y cos t = —2 cos t sin t + 2 sin t cos t 



2. (a) H = 2x, = 2y, f = - sin t + cos t, f = - sin t - cos t => ^ 
= (2x)(— sin t + cos t) + (2y)(— sin t — cos t) 

= 2(cos t + sin t)(cos t - sin t) - 2(cos t - sin t)(sin t + cos t) = (2 cos 2 1 - 2 sin 2 1) - (2 cos 2 1 - 2 sin 2 1) 
= 0; w = x 2 + y 2 = (cos t + sin t) 2 + (cos t - sin t) 2 = 2 cos 2 t + 2 sin 2 1 = 2 => ^ = 

(b ) !*(0) = 



3. (a) 



(b) 



dw 

dx — 



dy ~ 



dw 
dz 



-(x + y) 



dw 
dt 



- cos t sin t + - 



^ (3) = 1 



dx 
dt 



sin t cos t + 



2 cos t sin t, ^ = 2 sin t cos t, ^ = - £ 

x+y _ cos 2 1 + sin 2 1 
Z2 ' 2 ~ (£) (t 2 ) 



1; w : 



+ 



G) + (0 



dw 
dt 



A Cnl dw — 2x 9w _ 2y <9w _ 2z dx _ _ • t dy _ . dz _ n t -l/2 

W dx - x 2 +y 2 +z 2 ' 9y _ x 2 + y 2 + z 2 ' dz _ x 2 +y 2 +z 2 ' dt _ S1H l ' dt _ COS l ' dt _ Zl 

. dw _ -2x sin t , 2y cos t , 4zr'/ 2 _ -2 cos t sin t + 2 sin t cos t + 4 (4t'/ 2 ) r V 2 
dt — x 2 +y 2 +z 2 ' x 2 +y 2 +z 2 ' x 2 + y 2 + z 2 ~~ cos 2 t + sin 2 t + 16t 

= ; w = In (x 2 + y 2 + z 2 ) = In (cos 2 1 + sin 2 t + 16t) = In (1 + 16t) => % = ^ 
(b) f(3)=| 

^ 5?* — 9^/pX dw _ 9_x dw _ _ 1 dx _ 2t dy _ 1 dz _ t . dw _ 4yte x . 2e x _ ( 

D - W dx - Z > e ' dy - Ze ' dz - z ' dt _ t 2 + l ' dt ~ t 2 + l ' dt ~ e ^ dt ~ t 2 + l + t 2 + l 

m-'t) (t 2 + l) 2(t 2 + 
t 2 + 1 + t 2 + 1 



(4t)(tan " t)(t2 + 1) + -$=4t tan- 1 1 + 1; w = 2ye x - In z = (2 tan" 1 1) (t 2 + 1) - t 



dw 
dt 



= (pfy) (t 2 + 1) + (2 tan" 1 1) (2t) - 1 = 4t tan" 1 1 + 1 

(b) <j*(l) = (4)(l)(j)+l=7T+l 



6. (a) H = -y C0S xy, ^ = -xcosxy,|f = 1,| = 1, | = i,|=e t - 1 ^ f = -ycosxy-^+e' 
= -(In t)[cos (t In t)] - tcos( t tlnt) + e'- 1 = -(In t)[cos (t In t)] - cos (t In t) + e'" 1 ; w = z - sin xy 
= e'- 1 - sin (t In t) ^ = e'-' - [cos (t In t)] [in t + 1 (±)] = e'" 1 - (1 + In t) cos (t In t) 
(b ) -(1+0)(1) = 
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7- (a) | = + | | = (4eMny)(^) + (f)(sinv)= 4 ^ + 



dy 

4(u cos v) In (u sin v) , 4(u cos v)(sin v) 



4e x sin v 



= (4 cos v) In (u sin v) + 4 cos v; 



dz 
dv 



dz dx 
dx dv 



+ %% = (4e* In y) (=^) + [f ) (u cos v) = - (4e* In y) (tan v) + ^ 



COS V 

y 



[— 4(u cos v) In (u sin v)](tan v) + 



4(u cos v)(u cos v) 

u sin v 

, dz 



(— 4u sin v) In (u sin v) + 



4u cos v . 
sin v ' 

= (4 cos v) In (u sin v) + 4(u cos v) ( u s ^ v v ) 



z = 4e x In y = 4(u cos v) In (u sin v) 
= (4 cos v) ln(u sin v) + 4 cos v; also |^ = (— 4u sin v) ln(u sin v) + 4(u cos v) ( °^y ) 
= (-4u sin v) In (u sin v) + 

x 7 v 7 sin V 

(b) At (2, |): | = 4 cos | In (2 sin f ) + 4 cos f = 2^/2 In + 2^2 = ^2 (In 2 + 2); 



|=(-4)(2)sin|ln(2sin|) + (4X2) ( cos2 ^ 



(si" I) 



-4y/2 In + 4 \fl = -2\f2 In 2 + 4i/2 



8- W t = 



01 



dz 
dv 



(j) 



cos V + 



(I)' 



+ 1 



(I)-' 

(— u sin v) + 



sin v 



y cos v 

x 2 + y 2 



x sin v (u sin v)(cos v) — (u cos v)(sin v) r\, 

x 2_[_y2 u 2 » 



ucos v 



yu sin v 

x 2 + y 2 



-(u sin v)(u sin v) - (u cos v)(u cos v) 



x 2 +y 2 



= -sin 2 v - cos 2 v = -liz^tan- 1 (j) = tan" 1 (cot v) § = and |f = ( TT ^) (-csc 2 v) 



-1 



sin 2 v + cos 2 v 

(b) At (1.3,|): !=0andf§ = -l 



9- (a) 



9w dw dx 

du 



+ 



dw dy 



+ W t =(y + z)(l) + (x + z)(l) + (y + x)(v) = x + y + 2z + v(y + X ) 



dx du fly 3u dz du 

= (u + v) + (u - v) + 2uv + v(2u) = 2u + 4uv; ^ = & f + f g + £ * 
= (y + z)(l) + (x + z)(-l) + (y + x)(u) = y - x + (y + x)u = -2v + (2u)u = 
w = xy + yz + xz = (u 2 - v 2 ) + (u 2 v - uv 2 ) + (u 2 v + uv 2 ) = u 2 - v 2 + 2u 2 v 
-2v + 2u 2 

v2 3 
2 



-2v + 2u 2 ; 

> ^ = 2u + 4uv and 



dv/ 
dv 



(b) At (1,1): ^ =2 (I)+4(I)(l) = 3and^ = -2(l) + 2(I) 2 = - 
10. (a) ^ = ( x2+ 2 y ? + z2 ) (e v sin u + ue v cos u) + ( x 2 + 2 y 2 + z 2 ) (e v cos u - ue v sin u) + ( 



x +y + z 2 I v~ '"' " 1 1 I xHyHz 2 

= ( 2 2, • 2 l ue 2 2 t 2 2v ) (e v sin u + ue v cos u) 

V ire zv sin^ u + u z e zv cos^ u + ire zv / ^ ' 
+ ( u 2 e^sm 2 u+ U u 2 e° S c U s 2 u + u 2 e 2 v ) (<? C0S U ~ ™? si « U ) 



2z 



x 2 + y 2 + z- 



) (e v ) 



9w 
dv 



u 2 e 2> sin 2 u + u 2 e 2v cos 2 u + u 2 e 2 ' 

+ ( u 2 e 2 * sin 2 u + uV» cos 2 u + u 2 e 2 » ) ( eV ) 
2x 



2. 



= u) + ( w ^) (ue v cos u) + ( ?T p TF ) (ue v ) 



~ ( u 2 e 2 * sin 2 u ^uV^COS 2 u + u 2 e 2 ' ) ("^ S111 U ) 



+ (u 2 e 2 » sin 2 u+ U u 2 e° S cos 2 u + u 2 e 2 ») ( UeV COS U ) 
+ We 2 * 

In 2 



" sin 2 u + u 2 e 2v cos : 

2 In u + 2v = 



iTi j ?7 ) (ue v ) = 2; w = In (u 2 e 2v sin 2 u + u 2 e 2v cos 2 u + u 2 e 2v ) = In (2u 2 e 2v ) 



<9w 
du 



? and = 2 



(b) At (-2,0): ^ = ^ 



-land §^=2 



11. (a) 



9u 


_ 9u <9p , du dq , 


du 


dr _ 1 


4- r ~ p 


f P 


-q 


_ q 


-r+r-p+p-q 




9x 


<9p dx 1 9q <9x 1 


dr 


dx q — r 


+ (q-r) 2 


r (q 


-r) 2 




(q-r) 2 


0; 




_ du dp | 9u dq | 


du 


dr _ 1 


r-p 


f p 


-q 


_ q 


-r — r + p + p- q 


2p - 2r 


9y 


<9p (9y <9q dy 


dr 


dy q-r 


(q-r) 2 


r (q 


-r) 2 




(q-r) 2 


(q-r) 2 




(2x + 2y + 2z) - (2x + 2y 


-2z) 




du du 


dp 


i du 


dq 


1 du dr 






(2z-2y) 2 




- (z-yf 


dz dp 


dz 


^ dq 


dz 


r dr dz 






1 1 r-p p- 


q 


q-r+r- 


p-p+q _ 


2q- 


2p _ 




-4y _ y 






q-r ' (q-r) 2 (q- 


r) 2 


(q- 


r) 2 


(q- 


r) 2 " 


(2z 


-2y) 2 (z-y) 2 
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_ p-q ^ 2y _ _j_ 



q-r 
y_ 



2z-2y 



= — = (z-y)-y(-l) _ z 
Ox ' Oy (z — y) 2 (z — y) 2 



-and | 



(z-y)(0)-y(l) 
(z-y) 2 



(z-y) 2 



(b) At(v^,2,l): 1=0,1 = ^ = 1,^^ = 



(1-2)^ 



= -2 



12. (a) 



^ (cos x) + (rei r sin" 1 p) (0) + (qei r sin" 1 p) (0) = ^ESSi 



zlny 



Ou 



- 1 ii, — z 2 rel' sin' 1 p _ z 2 (j) y z x _ y ^ jZ _i. 

~~ y 



y z if - § < x < § ; 
xzy z 



o y = yf=J (0) + K r sin- 1 p) (f ) + (qe" r sin" 1 p) (0) 

| = ^7= (0) + (re^ r sin- 1 p) (2z In y) + (qe* sin" 1 p) (- = (2zrei r sin" 1 p) (In y) - 3^f^ 

= (2z) (i) (y z x In y) - (z ' ln y>< y ') x = X y z In y; u = e zln y sin" 1 (sin x) = xy z if - § < x < § g = ; 
|^ = xzy z_1 , and |^ = = xy z In y from direct calculations 

o» At (i, \, - \) ■. i = (r 1/2 = & i = (!) (- \) ( 2 ) M/2M = - ^ . i = (i) (r 1/2 m (I) 

~~ 4 



io dz Oz dx I Oz dy 

iJ - dt ~ 3x dt + Oy dt 



14 dz $z du 1 ^z dy_ 1 J^ZL 

dt ~~ Ou dt Ov dt T Ow dt 





1 c Ow Ow Ox 1 Ow Oy 1 Ow dz 

' du Ox du ' dy du ' dz du 



Ow Ow dx I Ow Oy I Ow Oz 

Ov Ox d\ dy Ov dz Ov 





dw Ow Or 

Ox Or Ox 



Ow Os 
Os Ox 



Ow Ot 
Ot Ox 



Ow Ow Or I Ow Os , Ow Ot 

Oy Or Oy Os Oy Ot Oy 



a*. 

3f 



ds 



fit 

.at 
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90 <9w dw dx 1 <9w dy <9w dx dy n 

■*-< J ' Q r — Hr T ^„ ^ r — ^„ A ~ »m^c — u 



9i dr T % dr <9x dr 



dr 



dw dw dx 1 <9w dy <9w dy c : n ~~ dx r» 

9s " 9x ds + dy ds — dy ds !,mLe ds — u 





9w dw Ox 1 dw dy 



24. T = 




25. Let F(x, y) = x 3 - 2y 2 + xy = =*> F x (x, y) = 3x 2 + y 



and F y (x, y) = — 4y + x 
dy a ^ 4 



dy Fx 3x 2 +y 



dx 



(-4y + x) 



26. Let F(x, y) = xy + y 2 - 3x - 3 = F x (x, y) = y - 3 and F y (x, y) = x + 2y ^ g = - | 
=> g (-1, 1) = 2 



y-3 

x + 2y 



27. LetF(x,y) = x 2 +xy + y 2 -7 = => F x (x, y) = 2x + y and F y (x, y) = x + 2y g = - | = - ^ 



28. Let F(x, y) = xe y + sin xy + y — In 2 = => F x (x, y) = e y + y cos xy and F y (x, y) = xe y + x sin xy + 1 



^ - - = ey +y cos x y ^ ^ m in 2) = -a + in 2) 

F y xe^ + xsinxy+l ^ dx 111 ^> ^ ' 



dx 



29. Let F(x, y, z) = z 3 - xy + yz + y 3 - 2 = ^ F x (x, y, z) = -y, F y (x, y, z) = -x + z + 3y 2 , F z (x, y, z) = 3z 2 + y 



dx 
dz 



g(l,l,D = -* 



-y — y -3. 9zn i i \ _ i . gz _ _ ^ 

3z 2 + y 3z 2 + y ~^ dx ^ ' > ' 4 ' dy F, 



1 . dz 



-x + z + 3y 2 
3z 2 + y 



.-z-3y 2 
3z 2 +y 



30. LetF(x,y,z) = i + i + i 



- 1 = => F x (x, y, z) = - 4 , F y (x, y, z) = - 4. , F z (x, y, z) 



dz 
dx 



dz 
dx 



(2,3,6) = -9; I 



| (2, 3, 6) = -4 



31. LetF(x,y,z) = sin(x + y) + sin(y + z) + sin(x + z) = => F x (x, y, z) = cos (x + y) + cos (x + z), 
F y (x, y, z) = cos (x + y) + cos (y + z), F z (x, y, z) = cos (y + z) + cos (x + z) => ^ = - ^ 

— _ cos(x + y) + cos (x + z) _^ dz (rTr ^ ^ _ _ j . dz _ _ Fy _ _ cos (x + y) + cos (y + z) _^ dz ^ ^ ^ _ _ j 



cos (y + z) + cos (x + z 



) ^ dx ' 71 ' 71 <" 1 ' dy F z 



cos (y + z) + cos (x + z) 



9y 



32. Let F(x, y, z) = xe y + ye z + 2 In x - 2 - 3 In 2 = F x (x, y, z) = e y + | , F y (x, y, z) = xe y + e z , F z (x, y, z) = ye z 

dz _ F x _ (e y + f) 



3 In 2 ' dy 



ye z 



^(1, In 2, In 3) = - 



r)y 



3 In 2 



33 - f = f l + W l + f I = 2(x + y + z)(l) + 2(x + y + z)[-sin(r + s)]+2(x + y + z)[cos(r+s)] 

= 2(x + y + z)[l — sin(r + s) + cos (r + s)] = 2[r — s + cos (r + s) + sin(r + s)][l — sin(r + s) + cos(r + s)] 
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dw 



f |. s= _ ! =2(3)(2)=12 



<9w <9w dx 

dv dx dv 



dw dy_ 
dy dv 



dw dz 
dz dv 



y(T)+ x (D + (i)(°) = ( u + v )(T) 



dw 



u=-l,v=2 



= (D(^) + (^r) 



^ = I? I + ly I = ( 2x - J) (- 2 )+ (x) (1) = [2(u-2v+ 1) - ^±^1 (-2)+ ^ 



9w I 



= -7 



<9v I u=0,v=0 
dz dz dx i <9z <9y 



a u - ax du 1 % du - (y cos x y + sin y)( 2u ) + ( x cos x y + x cos y)( y ) 

= [uv cos (u 3 v + uv 3 ) + sin uv] (2u) + [(u 2 + v 2 ) cos (u 3 v + uv 3 ) + (u 2 + v 2 ) cos uv] (v) 



dz\ 
du 



, = + (cos + cos 0)(1) = 2 

u=0,v=l 



dz 


dz 


dx 


du 


— dx 


da 


dz 


dz 


dx 


dv 


~ dx 


dv 


dz 


dz 


dq 


du 


dq 


du 



dz 



) e u = 


5 


e u = 


^ dz 1 


5 




l + (e" + ln v) 2 _ 




du I u=ln2,v=l ~~ 


[ 1 + (2) 2 J 



dz _ dz dx _ ( 5 \ (1\ 
dv ~ dx dv ~ \ \+x 2 ) \ v) 



l + (e u + lnvf 



(1) . dzl 
\v) ^ dv\u-- 



:ln2,v=l 



l + (2) ; 



(2) = 2; 
(1)=1 



(q) (^+u^) (v^+Itan-'u) ( H-uO 



(tan^uJU + u 2 ) 

_ _ _ = (A ( tan 'u ^ 

9ulu=l,v=-2 (tan- 1 1) (1 + l 2 ) tt ' dv dq dv \q J \2^/v + 3 ) 



_ 2 . dz _ dz dq 



V + 3 tan- 1 u / \2^/v + 3j 



1 

2(v + 3) 



dz\ _ 1 

9v I u=l,v=-2 2 



V = IR^ f =Rand|y=I;f = f f + ff =Rf+I d , 



dR 



—0.01 volts/sec 



(600 ohms) ^ + (0.04 amps)(0.5 ohms/sec) f = -0.00005 amps/sec 



abc =► f = f | + f f + f | = (be) | + (ac) f + (ab) | 

= (2 m)(3 m)(l m/sec) + (1 m)(3 m)(l m/sec) + (1 m)(2 m)(-3 m/sec) = 3 m 3 /sec 



dV 
dt 



and the volume is increasing; S = 2ab + 2ac + 2bc f = f l + si + ll 



= 2(b + c) f + 2(a + c) ^ + 2(a + b) f =* f | ^ w 

= 2(5 m)(l m/sec) + 2(4 m)(l m/sec) + 2(3 m)(— 3 m/sec) = m 2 /sec and the surface area is not changing; 

D - A / a 2 T u.2 7 „2 dD_aDda,aDdb,aDdc_ 1 /'a da , h db , dc^i ^ dD I 

U - V a + D + C dt - da dt + 9fe d( + dQ d( - ^ a2+b2+c j ( a dt + D dt + C dt J =^ dt I a=l,b=2,c=3 

= ^ v /^ m ) [(1 m )(l m/sec) + (2 m)(l m/sec) + (3 m)(— 3 m/sec)] = - m/sec < => the diagonals are 
decreasing in length 



df 3f3l_i_£?fc>Xi HL <t*L Si 1 1 \ i 9f /n\ i 9f / i -\ df _ 9f 

9x — du dx f dv dx ^ dw dx ~ du w "•" dv W ^ dw ^ l > ~ du dw ' 

*9f 9f_ c?u I c?f c?v I df_ dw df_ / j\ _|_ i^l _j_ df. ('Q 1 ) _|_ ^1 and 

<9y du <9y <9v <9y dw dy du ^ ' dv ^ ^ dw ^ ' 9u <9v ' 

(9f 5fc?Ui^f^Xi i^L c?w 9f /r»\ i df_ / i \ i df_ / i \ 9f i di_ v 9f _i_ 5f _i_ 5f n 

9z — 9u dz 9v Oz r 3w 3z " 9u W ^ Ov v i ' 1 ^ Ow — Ov ^ dw ^ dx ^ dy " r 9z — u 

(a) ^=f x |+f y |=f x cos + f y sin 9 and ^ = f x (-r sin 0) + f y (r cos 6) => \ % = -f x sin 9 + f y cos 

(b) $e sin 6» = f x sin 9 cos 9 + f y sin 2 9 and (^) ^ = -f x sin 9 cos 9 + f y cos 2 9 

=> f y = (sin 0) £ + (55^) |f ; then ^ = f x cos 9 + [(sin 0) + (^) ^] (sin 0) => f x cos 

dw _ f Q :„2 a\ dw _ ( sin 8 cos g ^ Ow _ _ - 2 a\ dw ( sin g cos g ^ 9w . f ,■„„„ a\ dw ( sin jj ^ Ow 

- ft l" 11 ^ 9r V r I d0 ~ \ 1 Sln 9r V r / d8 ^ Ix _ i,COo V) dl { r ) d 

(c) (f x ) 2 = (cos 2 0) (f ) 2 - (ff H) + (^) (H) 2 and 

(f y ) 2 = (sin 2 fl) (^) 2 + (^^) (ff H) + (^) (H ) 2 =► (fx) 2 + (f y ) 2 = (ff ) 2 + ^ (|f) 2 
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1-1 Ow dw du , dw dv dw , dw , dw ■ _9_ / dw\ ■ _9_ / dw \ 

w x — dx — du gx -r gv dx — x du -t- y gv w ^ — du ^ A dx \ du ) ^ y dx \ dv > 

dw _i_ / d 2 w du , d 2 w dv ) _i_ / d 2 w du , d 2 w dy\ dw _i_ / d 2 w _■_ d 2 w \ ■ / d 2 w , d 2 w 

— du T X ^ 9u2 dx ~r dvdu dx ,1 ^ > \^ dudv dx ~r dv 2 Ox ^ ~~ du ~T A ^ A du 2 + " dvdu ^ + ^ ^ dudv ^ > dv 2 

dw , ^2 d 2 w _j_ 2xv -I- v 2 ^ w • w — — — + — — V — + X — 

~ du du 2 * dvdu J dv 2 ' y dy du dy dv dy J du dv 

__v ,t, dw _ / d 2 w du i d 2 w 8y\ I / d 2 w du i d 2 w dv \ 

=- W yy — 0u y ^ 9u2 9y -f Sv(9u dy ,) + * ^ dudv 9y + dv 2 dy J 

= -|^-y(-y0 + ^)+^(-y^ + ^)=-^ + y 2 l?-2 X y|^ + x 2 0;thus 

w xx + w yy = (x 2 + y 2 ) + (x 2 + y 2 ) = (x 2 + y 2 ) (w uu + w vv ) = 0, since w uu + w vv = 

44. §f = f'(u)(l) + g'(v)(l) = f'(u) + g'(v) w xx = f"(u)(l) + g"(v)(l) = f"(u) + g"(v); 

^ = f'(u)(i) + g'(v)(-i) w yy = f"(u) (i 2 ) + g"(v) (i 2 ) = -f"(u) - g"(v) w xx + w yy = 



45. f x (x,y,z) = cost,f y (x,y,z) = sint,andf z (x,y,z) = t 2 +t-2 | = || + || + || 

= (cos t)(- sin t) + (sin t)(cos t) + (t 2 + t - 2)(1) = t 2 + t - 2; f = t 2 + t - 2 = t = -2 
ort=l;t=-2 => x = cos (-2), y = sin (-2), z = -2 for the point (cos (-2), sin (-2), -2); t = 1 =>■ x = cos 1, 
y = sin 1, z = 1 for the point (cos 1 , sin 1,1) 

46. ^ = irf + f^f + i?f = ( 2xe2y cos 3z) (- sin t) + (2x 2 e 2 >' cos 3z) (^) + (-3x 2 e 2y sin 3z) (1) 
= -2xe 2y cos 3z sin t + 2x2e2> + cos 3z - 3 x 2 e 2y sin 3z; at the point on the curve z = t = z = 



t + 2 

dt I (l,ln2,0) " ' 2 



dw| _ q ! 2(1) 2 (4)(1) Q _ /] 



47. (a) g = 8x-4yandg = 8y - 4x => f = f | + g £ = (8x - 4y)(- sin t) + (8y - 4x)(cos t) 
= (8 cos t - 4 sin t)(- sin t) + (8 sin t - 4 cos t)(cos t) = 4 sin 2 1 - 4 cos 2 1 ^ = 16 sin t cos t; 
^=0^4 sin 2 1 - 4 cos 2 t = =>■ sin 2 1 = cos 2 1 =>■ sin t — cos t or sin t — - cos t => t = f , ^, ^, ^ on 
the interval < t < 2ir; 

„ = 16 sin | cos | > T has a minimum at (x,y) = , ^pj ; 

t=4 

= 16 sin ^ cos ^ < => T has a maximum at (x, y) = ( - ^ , ^ J ; 



d 2 ! 

dt 2 



dt 2 

d 2 ! 
dt 2 



16 sin cos ^ > ^ T has a minimum at (x, y) = (— ^ , — ■ 



= 16 sin ^ cos Tf < ^ T has a maximum at (x, y) = , - ^pj 
(b) T = 4x 2 - 4xy + 4y 2 ^ |£ = 8x — 4y, and g = 8y — 4x so the extreme values occur at the four points 
found in part (a): T (- ^ , ^) = T ( ^ , - ^) = 4 (|) - 4 (- ±) + 4 (|) = 6, the maximum and 
T(# = T(-f ,-#) =4 (I) -4 (I) +4 (I) =2, the minimum 

48. (a) g^yandf =x ^ f = f | + f | = y (-2^ sin t) + x (y/i cos t) 

\fl sin t^ {-2\[2 sin t^ + ^2-^ cos t) (y/l cos t^ = -4 sin 2 1 + 4 cos 2 1 = -4 sin 2 1 + 4 (1 - sin 2 1) 



= 4-8 sin 2 1 ^> = -16 sin t cost t; ^ = 4 — 8 sin 2 1 = => sin 2 1 = 1 =>• sin t = ± ^> t 



37T 57T Tvr on me interval o < t < 2tt; 



4 ' 4 ' 4 

= — 8 sin 2 (|) = — 8 => T has a maximum at (x, y) = (2, 1); 



trT 
dt 2 



trT 
dt 2 



= -8 sin 2 (^) = 8 ^ T has a minimum at (x, y) = (-2, 1); 

l_ A 
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= — 8 sin 2 (^) = — 8 => T has a maximum at (x, y) = (— 2, — 1); 

= -8 sin 2 (Jf) =8 => T has a minimum at (x, y) = (2,-1) 

(b) T = xy — 2 =>■ |j = y and ^ = xso the extreme values occur at the four points found in part (a): 
T(2, 1) = T(-2, -1) = 0, the maximum and T(-2, 1) = T(2, -1) = -4, the minimum 



d 2 T 




dt 2 




d 2 T 




dt 2 





49. G(u, x) = J g(t. x) dt where u = f(x) 



dG _ dG du _i_ dG dx 
dx 9u dx 9x dx 



g(u, x)f'(x) + J a "g x (t, x) dt; thus 



F(x) = J o X Vt 4 + x 3 dt F'(x) = ^(x 2 ) 4 + x 3 (2x) + | v^ + x 3 dt = 2x^x8 + x 3 + * 



dt 



50. Using the result in Exercise 49, F(x) = J*j ^t 3 + x 2 dt = - Jj* ^t 3 + x 2 dt F'(x) 



dt 



14.5 DIRECTIONAL DERIVATIVES AND GRADIENT VECTORS 



I ^ 

II ax 



= -i,g = i =* V f=-i+j;f(2,i) = -i 

— 1 = y — x is the level curve 




dt 



2x 

x 2 +y 2 



§1 n l) - 1. §1 _ 2y 

U> - ^ Qy — X 2 +y 2 



|(i,i) = i V f = i+j;f(i,i) 



In 2 =>- In 2 



= In (x 2 + y 2 ) =>■ 2 = x 2 + y 2 is the level curve 





Vf . U J 


•ri 














_^Vi(i" * y') , 




* f 




orx *y «; 



3- i = -2x => i(-l,0) = 2;| = l 
V g = 2i + j;g(-l,0) = -l 
=> — 1 = y — x 2 is the level curve 




4- |=x 



ag 
a x 



) = v^;g = -y 
1 V g = \/2 i - j ; 



g ( v 2, l) = 1 1 = f - £ or 1 = x 2 - y 2 is the level 



curve 




I=2x+| =* ld,l,l) = 3 
thus v f = 3i + 2j - 4k 



. m _ 

a y - 



2y 



af 
ay 



(i,i,D = 2; I 



-4z + lnx f (1,1,1) = -4; 
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6- I = -6xz+^ =* f(l,l,l) = -^;g = -6yz => § (1, 1, 1) = -6; f = 6z 2 - 3 (x 2 + y 2 ) + ^ 
=> |(1,1,1)= i;thus v f=-»i-fij+ik 



7. 



9f 

ax 

df 
3z 



( x 2 +y 2 +z 2)3/2 



+ 



+ 



dx 

91 
dz • 



(-1,2,-2) = - 



26 
27 

23 
54 



af 



(x 2 +y 2 +z 2 ) 
26 • 



3/2 



(-1,2,-2) = -£;thus V f=-§i + 



+ y = 

54 J 



af 
* a y 

54 K 



(-1,2,-2) = 



23 
54 



8. f ^e^cosz+^+L =, |(0,0, |) = f + l;|=e^cosz + sin-ix g(0,0,f) = f ; 
I = -e X+Y sinz | (0,0, f) = - 1 ; thus V f = i+ f j - £k 



9 ' u =R = ^2 ± pi? = l i +|j; f x(x,y) = 2y f x (5,5)=10;f y (x,y) = 2x-6y f y (5,5) = -20 
Vf= 10i-20j (D u f) Po = V f-u= 10(f) -20(f) = -4 

10 - U =M = vWft? = 5 i_ 5 j;fx(x ' y) = 4x fx(-l,l) = -4;f y (x,y) = 2y =s- f y (-l,l) = 2 
v f = -4i + 2j (D u f) Po = v f- u =-f-f = -4 

1L u - R - vTO = lf i + gx(^y) = 1 + g + 2xyV4xV-i gx(M) = 3;g y (x,y) 

--T + 2xyV4xV-l =* Sy( 1 ' 1 ) = - 1 =* Vg = 3i-j ^> (D u g) P( = V g-U^-^§ 



12. U: 



|v| 



h y (x, y) 



3i-2j = 3 ■ 

V^ 2 +(-2) 2 V^3 

(j) | (|) V 7 ? 



^3J;hx(x,y) = 7j^ 



hx(l,l) = h 



+ 



hy(l,D 



=> V h = | i + 1 j =>• (D u h) Po = V h • u 



2/13 2^/13 



3 

2\A3 



13- u = = -yjrffigy = ji+fj-fk; f x (x, y, z) = y + z => f x (l, -1, 2) = 1; f y (x, y, z) = x + z 

f y (l,-l,2) = 3;f z (x,y,z) = y + x f z (l,-l,2) = => V f=i + 3j => (D„f) Po = yf-u=| + ^ = 3 



14 - " - R = V i 2+ + it + 12 - 73 1 + 73 j + 7a k ; f * (x ' y ■ z) = 2x fx(l,l,D = 2;f y (x,y,z) = 4y 

f y (l,l,l) = 4;f z (x,y,z) = -6z f z (l, 1, 1) = -6 V f=2i + 4j-6k (D u f) Po = V f-u 

- 2 fe) +4 fe)- 6 fe)- 



15- u = m = V2'+^+ 2 ( k 2) 2 = 1 1 + 3 J - 3 k ^ S*( x ' y. z > = 3e x cos yz g x (0, 0, 0) = 3; g y (x, y, z) = -3ze x sin yz 
^ g y (0, 0, 0) = 0; g z (x, y, z) = -3ye x sin yz g z (0, 0, 0) = =>■ V g = 3i (D u g) Po = v g ■ u = 2 



16 ' u - H = T^fl + k 2 2 - |i+|j + fk; h x (x, y, z) = -y sin xy + 1 => h x (l,0,i) = l; 

h y (x, y, z) = -x sin xy + ze^ h y (l, 0, |) = \ ; h z (x, y, z) = ye^ + \ h z (l, 0, |) = 2 yh = i+|j + 2k 
=*■ (D u h) Po = vh-u=| + i + ^= 2 



17. V f=(2x + y)i + (x + 2y)j V f(~l, 1) = -1 + J =»• n = jf^ = J +1 , = ~ 75 1 + 75 J ? f increases 
most rapidly in the direction u = — ^ i + ^ j and decreases most rapidly in the direction — u = i — j ; 
(D„f) Po = Vf • « = I Vf| = \/2 and (D_ u f) Po = -y/2 
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= j ; f increases most 



18. v f = (2xy + ye xy sin y) i + (x 2 + xe xy sin y + e xy cos y) j => vf(l;0) = 2j =>- u 

rapidly in the direction u = j and decreases most rapidly in the direction u = j ; (D u f) Po = v f " u — I V f I 
= 2 and (D_ u f) Po = -2 



19. V f=li-( x +z )j- yk v f(4, l, 1) = i - SJ - k => u = ^ = Vl , - + k ( _ 1)2 

= i — j - k ; f increases most rapidly in the direction of u = ^ i — ^ j - k and decreases 
most rapidly in the direction -u = — i + j + ^ k ; (D u f) Po = v f • u = | V f I = and 

(D_„f) Po = -3^3 



20. v g = e y i + xe y j + 2zk v g (l> 2, 1) = 2i + 2j + k 



yg 

Ivgl 



2i + 2j + k 

V2 2 + 2 2 + l 2 



i+fj+U; 



g increases most rapidly in the direction u = 



\ j + h k and decreases most rapidly in the direction 



u=-|i-|j-±k; (D u g) Po = v g ■ « = I V g| = 3 and (D_ u g) Po 



21- vf=(l 



i + i 

y y 



Vf(l,l,l) = 2i + 2j + 2k 



= vf = i 
lvf| Jl 



\/3 



f increases most rapidly in the direction u 
u — 



j + k and decreases most rapidly in the direction 



75 1 ~ 73 j ~ Ti k; (Duf)p ° = Vf • u = | Vf| = 2^3 and(D_ u f) Po = -2V3 



22. 



2y 



6k 



Vh(l,l,0) = 2i + 3j + 6k 



_ Vh 



2i + 3j + 6k 

\/2 2 + 3 2 + 6 2 



x 2 +y 2_! i ^yj ' «•» ->• v-v^-m"/ — " i ~\i i «•» ->- «— | vh | 
= |i+fj + fk;h increases most rapidly in the direction u=Ii+|j + lk and decreases most rapidly in the 
direction — u = — |i— |j — fk; (D u h) Po = v h ■ » = I V h l = 7 and (D_ u h) Po = -7 



23. Vf=2xi + 2yj ^ v f ( V^, V2J = 2\/2i + 2^2 j 
=*> Tangent line: 2 \fl (x - y/lj + 2\fl (y - y/lj = 
=> V2x + V2y = 4 





■ V/= 2V2i + 2*j2j 


2 




i i ( i 








i 2 +/ = 4 


y = -jc + 2^2 



24. V f=2xi-j =► vf (\/2,l) =2V2i- j 

Tangent line: 2 V2 (x - y/lj - (y - 1) = 
y = 2V'2x-3 











1 1 '-v 

-1 





25. v f = yi + xj =>• V f(2, -2) = -2i + 2j 
Tangent line: -2(x - 2) + 2(y + 2) = 

=>• y = x - 4 




V/=-2i + 2j 
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26. V f=(2x-y)i + (2y-x)j V f(-1,2) 
Tangent line: -4(x + 1) + 5(y - 2) = 
=^ -4x + 5y - 14 = 



-4i + 5j 



V!.-4 




27. v f — yi + ( x + 2y)j =>• V f(3, 2) = 2i + 7j ; a vector orthogonal to v f i s v = 7i — 2j 
= -J- i ?— j and u = J- i H — ?— j are the directions where the derivative is zero 

^53 <J53 J V53 V53 J 



_ ^ _ 7i-2j 



|v| V 72 + ("2) 2 



4x 2 y 



(x 2 +y 2 ) 2 * (x 2 +y 2 ) 2j 
i + j 



V f(l, 1) = i — j ; a vector orthogonal to v f is v = i + j 



i+ 4?j and -u 



-4= i 7= i are the directions where the derivative is zero 



29. vf=(2x-3y)i + (-3x + 8y)j vf(l,2) = -4i+ 13j =► | V f(l, 2)| = V(~ 4 ) 2 + ( 13 ) 2 = V 185 ; no, the 
maximum rate of change is \/ 185 < 14 



30. vT = 2yi + (2x-z)j-yk^ V T(l, -1, 1) = -2i + j + k => \ V T(1,-1,1)| = ^(-2) 2 + I 2 + I 2 = y/6 ; no, the 
minimum rate of change is — \/6 > — 3 



31. V f=fx(l,2)i + f y (l,2)jandu 1 = - 7 i^ Ti = -i 2 i+-Lj => (D ui f)(l,2) = f x (l,2) +f y (l,2) (-^) 



= 2^2 => f x (l,2) + f y (l,2) = 4;u 2 



(D U2 f)(l,2) = f x (l,2)(0) + f y (l,2)(-l) 



-f y (l,2) = -3 



i-2j 



f y (l, 2) = 3; then f x (l,2) + 3 = 4 f x (l, 2) = 1; thus V f(l, 2) = i + 3j and u = ^ = ^_ { . { _ 2| , 



^i-^j =► (D u f) Po = V f-u 



J 6_ 

v/5 



7 



32. (a) (D„f) P = 2^ | V f I = 2^; u ^ 



L±J k - li i li L k- thus u — -2L 

Vi 2 + i 2 + (-d 2 - + V^ 1 ' Ml 



V f = | V f| u => V f =2 ^(^i+^j- ik) =2i + 2j 



2k 



(b) v = i+j 



i+j 



M \/i 2 + 1 2 



Li+^j =*► (D u f) Po = V f-« = 2(^) + 2 (^) -2(0) = 2^2 



33. The directional derivative is the scalar component. With v f evaluated at P , the scalar component of y fin 
the direction of u is \/f-u = (D u f)p • 

34. Djf = v f • i = (fxi + U + f 2 k) ■ i = f x ; similarly, Djf = v f • j = fy and D k f = v f ■ k = f z 

35. If (x, y) is a point on the line, then T(x, y) = (x — x )i + (y — yo)j is a vector parallel to the line => T • N = 

=> A(x - x ) + B(y - y ) = 0, as claimed. 



36. (a) v(kf)=^ ) i+f ) j+^ ) k = k(|)i + k(|) j+ k(|)k = k(li + | j + lk)=kvf 

(b) V(f+g)=^i+^j+^>k = + + (f + |)k 

= Ii+|i+|j + |j + Ik+|k=(|i + |j + |k) + (|i+|j+|k)= V f+ Vg 

(c) v (f — g) = V f — V g (Substitute -g for g in part (b) above) 
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00 V(fg) = ^ ) i+f ) j + ^ ) k= (Ig+|f)i+ (|g+|f)j+ (lg+|f)k 
= (Ig)i+(|f) i+ (|g)j+(l f ) j + (i g ) k+ (i f ) k 



= f(|i+|j + tk)+g(li+|j + lk)=fVg + gVf 




14.6 TANTGENT PLANES AND DIFFERENTIALS 

1. (a) v f = 2xi + 2yj + 2zk => v f(l, 1, 1) = 2i + 2j + 2k => Tangent plane: 2(x - 1) + 2(y - 1) + 2(z - 1) = 

=*> x + y + z = 3; 
(b) Normal line: x = 1 + 2t, y = 1 + 2t, z = 1 + 2t 

2. (a) v f = 2xi + 2yj - 2zk v f(3, 5, -4) = 6i + lOj + 8k ^> Tangent plane: 6(x - 3) + 10(y - 5) + 8(z + 4) = 

=> 3x + 5y + 4z = 18; 
(b) Normal line: x = 3 + 6t, y = 5 + lOt, z = -4 + 8t 

3. (a) v f = -2xi + 2k ^ v f(2, 0, 2) = -4i + 2k Tangent plane: -4(x - 2) + 2(z - 2) = 

=*> -4x + 2z + 4 = =*> -2x + z + 2 = 0; 
(b) Normal line: x = 2 - 4t, y = 0, z = 2 + 2t 

4. (a) v f = (2x + 2y)i + (2x - 2y)j + 2zk => v f(l, -1, 3) = 4j + 6k Tangent plane: 4(y + 1) + 6(z - 3) = 

2y + 3z = 7; 
(b) Normal line: x = 1, y = -1 + 4t, z = 3 + 6t 

5. (a) v f = sin - 2xy + ze xz ) i + (-x 2 + z) j + (xe xz + y) k v f (0, 1, 2) = 2i + 2j + k =*> Tangent plane: 

2(x - 0) + 2(y - 1) + l(z - 2) = 2x + 2y + z - 4 = 0; 
(b) Normal line: x = 2t, y = 1 + 2t, z = 2 + t 

6. (a) v f = (2x - y)i - (x + 2y)j - k => v fC 1 , 1; - 1 ) = » - 3j - k Tangent plane: 

l(x - 1) - 3(y - 1) - l(z + 1) = x - 3y - z = -1; 
(b) Normal line: x = 1 + t, y = 1 - 3t, z = -1 - t 

7. (a) vf = i+j + kforallpoints => V f(0, 1, 0) = i + j + k Tangent plane: l(x - 0) + l(y - 1) + l(z - 0) = 

x + y + z-l=0; 
(b) Normal line: x = t, y = 1 + 1, z = t 

8. (a) v f = (2x - 2y - l)i + (2y - 2x + 3)j - k v f(2, -3, 18) = 9i — 7j — k =*> Tangent plane: 

9(x - 2) - 7(y + 3) - l(z - 18) = =>■ 9x - 7y - z = 21; 
(b) Normal line: x = 2 + 9t, y = -3 - 7t, z = 18 - t 

9. z = f(x,y) = ln(x 2 +y 2 ) => f x (x, y) = ^ and f y (x, y) = ^ f x (l, 0) = 2 and f y (l, 0) = => from 
Eq. (4) the tangent plane at (1, 0, 0) is 2(x - 1) - z = or 2x - z - 2 = 



892 Chapter 14 Partial Derivatives 



10. z = f(x, y) = e" ( x2+y2 > f x (x, y) = -2xe" and f y (x, y) = -2y e - 

=> from Eq. (4) the tangent plane at (0, 0, 1) is z — 1 = or z = 1 



(x 2 +y 2 ) 



f x (0,0) = Oandf y (0,0) = 



11. z = f(x,y)=0^c f x (x,y) = -i(y-xr 1 /2 and f y (x,y)= ^(y-x)- 1 ^ ^ f x (l, 2) = - 1 and f y (l, 2) = i 

from Eq. (4) the tangent plane at (1, 2, 1) is - \ (x - 1) + \ (y - 2) - (z - 1) = x - y + 2z - 1 = 

12. z = f(x, y) = 4x 2 + y 2 =>- f x (x, y) = 8x and f y (x, y) = 2y f x (l, 1) = 8 and f y (l, 1) = 2 =s> from Eq. (4) the 
tangent plane at (1, 1, 5) is 8(x - 1) + 2(y - 1) - (z - 5) = or 8x + 2y - z - 5 = 

13. V f = i + 2yj + 2k =^ v f (l ; 1) = i + 2j + 2k and yg = i for all points; v = V f x V g 
i j k 

12 2 = 2j - 2k =^ Tangent line: x = 1, y = 1 +2t, z = 1 - 2t 
10 

14. vf=yzi + xzj + xyk vf(l,l,l) = i + j + k; V g = 2xi + 4yj + 6zk =>• v g(l, 1, 1) = 2i + 4j + 6k; 

i j k 

= 2i - 4j + 2k =>- Tangent line: x = 1 + 2t, y = 1 - 4t, z = 1 + 2t 



=> v= V f x Vg ^ 



1 1 1 

2 4 6 



15. vf=2xi + 2j + 2k 

1 j k 

2 2 2 = 
1 



• V f (l) Ij I) — 2i + 2j + 2k and v g = j f° r a U points; v = V IX V ! 
2i + 2k ^> Tangent line: x = 1 - 2t, y = 1, z = \ + 2t 



16. v f = i + 2yj + k =4> v f (57 1, 5) = 1 + 2j + k and v g = J for all points; v = v f x V i 

-i + k Tangent line: x = 1 - t, y=l,z=|+t 



i j k 

1 2 1 
1 



17. v f = (3x 2 + 6xy 2 + 4y) i + (6x 2 y + 3y 2 + 4x) j - 2zk ^ v f(l, 1,3) = 13i + 13j - 6k ; v g = 2xi + 2yj + 2zk 



1 j k 

13 13 -6 

2 2 6 



90i - 90j => Tangent line: 



Vg(l,l,3) = 2i + 2j + 6k;v= vfx Vg ▼ 
x = 1 + 90t, y = 1 - 90t, z = 3 

18. V f=2xi + 2yj V f (v^, y/2,4) =2^21 + 2^; V g = 2xi + 2yj - k vg(^,^4) 



= 2V^i + 2V^j-k;v= vfx Vg v = 
x= v/2-2V^t,y= V^+2\/2t, z = 4 



i j k 

2V^ 2V^ 
2x/2 2x/2 -1 



= — 2y/l\ + 2\/2j =>■ Tangent line: 



19. V f=( 
u = 



x 2 + y 2 + z 2 / ' V x 2 + y 2 + z 2 

3i + 6j ~ 2k = |i+ f j - |k =► vf-u= ^3 anddf=( V f-u)ds= (^) (0.1) rj 0.0008 



)i+(x^fe)j+(xWT^) k =* Vf(3,4 ! 12)= I | 5 i+4j+ 5 ik; 



v| V3 2 + 6 2 + (-2) 2 



20. V f= (e x cosyz)i-(ze x sinyz)j-(ye x sinyz)k V f(0, 0, 0) = i ; u = = Jl + + ^ + T 



-if 



' i+ 7! j ~7? k ^ Vf-»= ^anddf=( V f-u)ds= (0.1) w 0.0577 
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21. Vg = (1 + cos z )i + (1 - sinz)j + (-x sin z - y cos z)k =>■ v g( 2 , -1,0) = 2i+ j + k; A = P Pi = -2i + 2j + 2k 

V 

|v 



« ■■•-■-= v7-2??g?g ^~7! i+ 7! j +7! k ^ Vg-u = 0anddg = ( V g-u)ds = (0)(0.2) = 



22. v n = [ _7r Y sin(7rxy) + z 2 ] i - [7rx sin(7rxy)] j + 2xzk =4* v h( 1 , — 1, -1) = (tt sin 7r + l)i + (7r sin 7r)j + 2k 
= i + 2k;v = P^> 1 =i+j + kwhereP 1 = (0,0,0) u = ft = J 2 + > + l + - = j + -J_k 

v h • u = = and dh = ( v h • u) ds = v/3(0.1) w 0.1732 

23. (a) The unit tangent vector at (| , in the direction of motion is u = ^ i — \ j ; 

V T = (sin 2y)i + (2x cos 2y)j V T (|, ^) = (sin v^) i + (cos y^) j D U T (|, ^) = v T • u 

= ^ sin V^3 - 5 cos « 0.935° C/ft 
(b) r(t) = (sin 2t)i + (cos 2t)j v(t) = (2 cos 2t)i - (2 sin 2t)j and |v| = 2; £ = f | + g | 

= v T • v = ( v T • ft) |v| = (D U T) |v| , where u = ft ; at (i, ^) we have u = ^ i - ij from part (a) 
=^ f = (^ sin - | cos a/3) • 2 = a/3 sin \/3 - cos « 1-87° C/sec 

24. (a) v T = (4x - yz)i - xzj - xyk V T(8, 6, -4) = 56i + 32j - 48k ; r(t) = 2t 2 i + 3tj - t 2 k the particle is 

at the point P(8, 6, -4) when t = 2; v(t) = 4ti + 3j - 2tk => v(2) = 8i + 3j - 4k => u = ft 

= -Li+4^j-4s k => D„T(8,6,-4) = vT-u = -4= [56- 8 + 32- 3 - 48 • (-4)] = ° C/m 



f = SI + f |= VT-v = ( V T-u)|v| =* att = 2,f=D u T| t=2 y(2)= (^|)y89 = 736° C/sec 



25. (a) f(0, 0) = 1, f x (x, y) = 2x => f x (0, 0) = 0, f y (x, y) = 2y => f y (0, 0) = => L(x, y) = 1 + 0(x - 0) + 0(y - 0) = 1 
(b) f(l, 1) = 3, f x (l, 1) = 2, f y (l, 1) = 2 L(x,y) = 3 + 2(x- 1) + 2(y - 1) = 2x + 2y - 1 

26. (a) f(0, 0) = 4, f x (x, y) = 2(x + y + 2) => f x (0, 0) = 4, f y (x, y) = 2(x + y + 2) => f y (0, 0) = 4 

=> L(x, y) = 4 + 4(x - 0) + 4(y - 0) = 4x + 4y + 4 
(b) f(l,2) = 25, f x (l,2) = 10,f y (l,2) = 10 => L(x,y) = 25 + 10(x - 1) + 10(y - 2) = 10x+ 10y-5 

27. (a) f(0, 0) = 5, f x (x, y) = 3 for all (x, y), f y (x, y) = -4 for all (x, y) =^ L(x, y) = 5 + 3(x - 0) - 4(y - 0) 

= 3x - 4y + 5 

(b) f(l, 1) = 4, f x (l, 1) = 3, f y (l, 1) = -4 L(x,y) = 4 + 3(x- 1) - 4(y - 1) = 3x - 4y + 5 

28. (a) f(l,l) = l,f x (x,y) = 3x 2 y 4 => f x (l, 1) = 3, f y (x, y) = 4x 3 y 3 => f,(l, 1) = 4 

L(x, y) = 1 + 3(x - 1) + 4(y - 1) = 3x + 4y - 6 
(b) f(0, 0) = 0, f x (0, 0) = 0, f y (0, 0) = L(x, y) = 

29. (a) f(0, 0) = 1, f x (x, y) = e x cos y f x (0, 0) = 1, f y (x, y) = -e x sin y ^ f y (0, 0) = 

L(x, y) = 1 + l(x - 0) + 0(y - 0) = x + 1 
(b) f (0, f) =0, fx (0,|) =0,f y (0, f) = -1 => L(x,y) = + 0(x-0)-l(y-§) =-y+§ 

30. (a) f(0,0) = l,f x (x,y) = -e 2 ^ x => f x (0, 0) = -1, f y (x, y) = 2e 2 y- x => f y (0,0) = 2 

=> L(x,y)=l-l(x-0) + 2(y-0) = -x + 2y+l 
(b) f(l,2) = e 3 ,f x (l,2) = -e 3 ,f y (l,2) = 2e 3 L(x, y) = e 3 - e 3 (x - 1) + 2e 3 (y - 2) 
= -e 3 x + 2e 3 y - 2e 3 
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31. f(2,l) = 3,f x (x,y) = 2x-3y => f x (2, 1) = 1, f y (x, y) = -3x => f y (2, 1) = -6 => L(x,y) = 3 + l(x - 2) - 6(y 
= 7 + x-6y;f xx (x,y) = 2,f yy (x,y) = 0,f xy (x !y ) = -3 M = 3; thus |E(x, y)| < (1) (3) (|x - 2| + |y - 1|) 2 

< (|) (0.1 +0.1) 2 = 0.06 

32. f(2,2)= ll,f x (x,y) = x + y + 3 f x (2, 2) = 7, f y (x, y) = x + | - 3 ^ f y (2,2) = 

L(x,y) = 11 +7(x - 2) + 0(y - 2) = 7x - 3; f xx (x,y) = 1, f yy (x,y) = \, f xy (x,y) = 1 
=► M= l;thus |E(x,y)| < (|) (1) (|x - 2| + |y - 2|) 2 < (±) (0.1 + 0.1) 2 = 0.02 

33. f(0, 0) = 1, f x (x, y) = cos y =>• f x (0, 0) = 1, f y (x, y) = 1 - x sin y =>• f y (0, 0) = 1 

=> L(x, y) = 1 + l(x - 0) + l(y - 0) = x + y + 1; f xx (x, y) = 0, f yy (x, y) = -x cos y, f xy (x, y) = - sin y => M = 
thus |E(x, y)| < (i) (1) (|x| + |y|) 2 < (I) (0.2 + 0.2) 2 = 0.08 

34. f(l,2) = 6,f x (x,y) = y 2 -ysin(x-l) => f x (L 2) = 4, f y (x, y) = 2xy + cos (x - 1) f y (l,2) = 5 

L(x, y) = 6 + 4(x - 1) + 5(y - 2) = 4x + 5y - 8; f xx (x, y) = -y cos (x - 1), f yy (x, y) = 2x, 
f xy (x,y) = 2y- sin(x- 1); |x - 1| < 0.1 => 0.9 < x < 1.1 and |y - 2| < 0.1 => 1.9 < y < 2.1; thus the max of 
|fxx(x,y)| on R is 2.1, the max of |f yy (x. y)| on R is 2.2, and the max of |f xy (x, y)| on R is 2(2.1) - sin (0.9 - 1) 

< 4.3 => M = 4.3; thus |E(x,y)| < (|) (4.3) (|x - 1| + |y - 2|) 2 < (2.15)(0.1 + 0.1) 2 = 0.086 

35. f(0, 0) = 1, f x (x, y) = e x cos y f x (0, 0) = 1, f y (x, y) = -e x sin y =>• f y (0, 0) = 

L(x, y) = 1 + l(x - 0) + 0(y - 0) = 1 + x; f xx (x, y) = e x cos y, f yy (x, y) = -e x cos y, f xy (x, y) = -e x sin y; 
|x|<0.1 -0.1 < x < 0.1 and |y| < 0.1 =>■ -0.1 < y < 0.1; thus the max of |f xx (x, y)| on R is e 01 cos (0.1) 

< 1.11, the max of |fyy(x,y)| onRise ' 1 cos(O.l) < 1.11, and the max of |f xy (x, y)| onRise - 1 sin(O.l) 

< 0.12 => M = 1.11; thus |E(x,y)| < (\) (1.11) (|x| + |y|) 2 < (0.555)(0.1 + 0.1) 2 = 0.0222 

36. f(l,l) = 0,f x (x,y)= i => f x (l,l)= l,f y (x,y)= i => f y (l, 1) = 1 => L(x, y) = + l(x - 1) + l(y - 1) 
= x + y - 2; f xx (x, y) = - i , f yy (x, y) = - i , f xy (x, y) = 0; |x - 1| < 0.2 ^ 0.98 < x < 1.2 so the max of 
|f xx (x,y)| onRis < 1.04; |y - 1| < 0.2 0.98 < y < 1.2 so the max of |f yy (x, y)| on R is 

^ < 1.04 M= 1.04; thus |E(x,y)| < (i) (1.04) (|x- 1| + |y - 1|) 2 < (0.52)(0.2 + 0.2) 2 = 0.0832 

37. (a) f(l,l,l) = 3,f x (l,l,l) = y + z| (111) = 2, f y (l, 1, 1) = x + z| (111) = 2, f z (l, 1, 1) = y + x| (1M) =2 

L(x, y, z) = 3 + 2(x - 1) + 2(y - 1) + 2(z - 1) = 2x + 2y + 2z - 3 

(b) f(l,0,0) = 0,f x (l,0,0) = 0,f y (l,0,0)= l,f z (l,0,0)= 1 => L(x,y,z) = + 0(x- 1) + (y - 0) + (z - 0) 
= y + z 

(c) f(0, 0, 0) = 0, f x (0, 0, 0) = 0, f y (0, 0, 0) = 0, f z (0, 0, 0) = => L(x, y, z) = 

38. (a) f(l, 1, 1) = 3, f x (l, 1, 1) = 2x| (111) = 2, f y (l, 1, 1) = 2y| (111) = 2, f z (l, 1, 1) = 2z| (111) = 2 

=^ L(x, y, z) = 3 + 2(x - 1) + 2(y - 1) + 2(z - 1) = 2x + 2y + 2z - 3 

(b) f(0,l,0)= l,f x (0,l,0) = 0,f y (0,l,0) = 2,f z (0,l,0) = => L(x,y,z)= 1 + 0(x - 0) + 2(y - l) + 0(z-0) 
= 2y-l 

(c) f(l,0,0)= l,f x (l,0,0) = 2,f y (l,0,0) = 0,f z (l,0,0) = => L(x,y,z)= 1 + 2(x - 1) + 0(y - 0) + 0(z - 0) 
= 2x- 1 



39. (a) f ( l,0 ! 0)=l,f x (l,0,0)= 7 ^ J ^ ^ = 1,^(1,0,0)=^^ 
^(1,0,0) = ^^ 



= o, 

(1,0,0) 



(1,0,0) 



(1,0,0) 

= L(x, y, z) = 1 + l(x - 1) + 0(y - 0) + 0(z - 0) = x 
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(b) f(l,l,0) = y2,f x (l,l,0) = ^,f y (l,l,0)= ^,f z (l,l,0) = 

=> L(x, y, z) = ^2 + ± (x - 1) + ^ (y - 1) + 0(z - 0) = ^ x + ^ y 

(c) f(l, 2, 2) = 3, f x (l, 2, 2) = 1, f y (l, 2, 2) = f , f z (l, 2, 2) = § L(x, y, z) = 3 + i (x - 1) + | (y - 2) + § (z - 
= ix+?y+fz 

40. (a) f(§, 1, 1) = 1, f x (§, 1, 1) = (fiU) = 0, f y (1, 1, 1) = ^| ( , iU) = 0, 

f z (f,l,l) = =-1 => L(x,y,z)=l+0(x-f)+0(y-l)-l(z-l) = 2-z 

(b) f(2, 0, 1) = 0, f x (2, 0, 1) = 0, f y (2, 0, 1) = 2, f z (2, 0, 1) = => L(x, y, z) = + 0(x - 2) + 2(y - 0) + 0(z - 1) 

41. (a) f(0,0,0) = 2,f x (0 ! 0,0) = e x | (0 0) = 1, f y (0, 0, 0) = - sin(y + z)| (0 0) = 0, 

f z (0, 0, 0) = - sin (y + z)| (0 0) = L(x, y, z) = 2 + l(x - 0) + 0(y - 0) + 0(z - 0) = 2 + x 

(b) f(0,f,0) = l,f x (0,f,0) = l,f y (0,|,0) = -l,f z (0,§,0) = -1 => L(x,y,z) 
= 1 + l(x - 0) - 1 (y - |) - l(z - 0) = x - y - z + | + 1 

(c) f(0,f,f) =l,fx(0,|,f) =l,f y (0,|,|) =-l,f 2 (0,5,f) =-1 L(x,y,z) 
= 1 + l(x - 0) - 1 (y - I) - 1 (z - I) = x - y - z + I + 1 



42. (a) f(l,0,0) = 0,f x (l,0,0) 



0,f y ( 1,0,0) 



^ 2 + 1 (i,o,o) ~ y (xyz,2 + l (1,0,0) 



0, 



fz( 1,0,0) 



= => L(x, y, z) = 

(1,0,0) 



(xyz) 2 + 1 

(b) f(l, 1,0) = 0, f x (l, 1,0) = 0, f y (l, 1,0) = 0, f z (l, 1,0) = 1 L(x, y, z) = + 0(x - 1) + 0(y - 1) + l(z - 0) 

(c) f(l, 1, 1) = f , f x (l, 1, 1) = \, f y (l, 1, 1) = 1, f z (l, 1, 1) = 1 L(x,y,z) = | + 1 ( X - 1) + 1 (y - 1) + 1 ( Z - 



ix+iy+iz+5-2 



43. f(x,y,z) = xz-3yz + 2atP (l,l,2) => f(l, 1, 2) = -2; f x = z, f y = -3z, f z = x - 3y =>• L(x,y,z) 

= -2 + 2(x - 1) - 6(y - 1) - 2(z - 2) = 2x - 6y - 2z + 6; f xx = 0, f yy = 0, f zz = 0, f xy = 0, f yz = -3 
=> M = 3; thus, |E(x, y, z)| < (1) (3)(0.01 + 0.01 + 0.02) 2 = 0.0024 

44. f(x,y,z) = x 2 +xy + yz+iz 2 atP (l,l,2) f(l, 1, 2) = 5; f x = 2x + y, f y = x + z, f z = y + \ z 

L(x,y,z) = 5 + 3(x - 1) + 3(y - 1) + 2(z - 2) = 3x + 3y + 2z - 5; f xx = 2, f yy = 0, f zz = \, f xy = 1, f xz = 0, 
f yz = 1 =>. M = 2; thus |E(x, y, z)| < (|) (2)(0.01 + 0.01 + 0.08) 2 = 0.01 

45. f(x, y, z) = xy + 2yz - 3xz at P (l, 1,0) => f(l, 1, 0) = 1; f x = y - 3z, f y = x + 2z, f z = 2y - 3x 

=> L(x,y,z) = 1 + (x - 1) + (y - 1) - (z - 0) = x + y - z - 1; f„ = 0, f w = 0,fzz = 0, f xy = 1, f xz = -3, 
f yz = 2 =>• M = 3; thus |E(x, y, z)| < (|) (3)(0.01 + 0.01 + 0.01) 2 = 0.00135 

46. f(x, y, z) = \fl cos x sin (y + z) at P (0, 0, f ) f (0, 0, f ) = 1; f x = -y/l sin x sin (y + z), 

f y = \fl cos x cos (y + z), f z = \fl cos x cos (y + z) =>■ L(x, y, z) = 1 - 0(x - 0) + (y - 0) + (z - |) 
= y + z — | + 1 ; f xx = — y2 cos x sin (y + z), f yy = — yJ2 cos x sin (y + z), f zz = — \/2 cos x sin (y + z), 
f xy = — sjl sin x cos (y + z), f xz = — \/2 sin x cos (y + z), f yz = — \J~2 cos x sin (y + z). The absolute value of 
each of these second partial derivatives is bounded above by \/2 =>• M = \/2; thus |E(x, y, z)| 
< (1) (v/2) (0-01 + 0.01 + 0.01) 2 = 0.000636. 
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47. T x (x, y) = e y + e-y and T y (x, y) = x (e» - e^) dT = T x (x, y) dx + T y (x, y) dy 



= ( e y + e~y) dx + x ( e y - e"?) dy 



dTl 



(2,ln2) 



= 2.5 dx + 3.0 dy. If |dx| < 0.1 and |dy| < 0.02, then the 



maximum possible error in the computed value of T is (2.5)(0.1) + (3.0)(0.02) = 0.31 in magnitude. 



48. V r = 27rrh and V h = 7rr 2 



dV = V r dr + V h dh 



dV 



= 2 " hdr +y dh = ? dr + 1 dh; now I dr . 10 Q| < j and 



I h 



100| < 1 => I ^ • 100| < I (2 f ) (100) + (f ) (100)| < 2 | f - 100| + | f - 100| < 2(1) +1=3 



3% 



49. V r = 27rrh and V h = 7rr 2 => dV = V r dr + V h dh dV = 27rrh dr + 7rr 2 dh 



dVI 



(5,12) 



= 1207rdr + 257rdh; 



|dr| < 0.1 cm and |dh| < 0.1 cm =>- dV < (120tt)(0.1) + (25tt)(0.1) = 14.5tt cm 3 ; V(5, 12) = 300tt cm 3 
=> maximum percentage error is ± x 100= ±4.83% 



50- (a) k = i + => -^dR=-±d Rl -±dR 2 =► dR = (|) * dR, + (|) * dR 2 



(b) dR = R 2 [(i) dRi + (i) dR 2 ] => dR| (100400) = R 
sensitive to a variation in Ri since 777^2 > : 



( 1 oo)- 



dR,+ 



(400 1- 



dR 2 



R will be more 



(100) 2 ^ (400) 2 
2 



(c) From part (a), dR = dRi + dR 2 so that Ri changing from 20 to 20.1 ohms dRi = 0.1 ohm 

and R 2 changing from 25 to 24.9 ohms dR 2 = -0.1 ohms; ^ = g- + g- 



R = ±f ohms 



/KX)\ 2 / 100\ 2 

=> dR l (20,25) = W (0 - 1} + W ( ~ al) ~ - 011 ° hmS 

= X 100 w 0.1% 

1 9 J 



percentage change is ^ | (20 25) x 100 



51. A = xy =4> dA = x dy + y dx; if x > y then a 1-unit change in y gives a greater change in dA than a 1-unit 
change in x. Thus, pay more attention to y which is the smaller of the two dimensions. 

52. (a) f x (x,y) = 2x(y + 1) f x (l, 0) = 2 and f y (x, y) = x 2 =>• f y (l,0)=l => df = 2 dx + 1 dy =>• df is more 

sensitive to changes in x 
(b) df=0^2dx + dy = 0^2| + l= 0^ I = - i 

53. (a) r 2 = x 2 + y 2 2r dr = 2x dx + 2y dy ^ dr = ? dx + * dy dr| (3i4) = (|) ( ± 0.01) + (5) ( ± 0.01) 

1 dr X 100 1 = I ± °- 014 v 1 nn ' — n Ab — i ?0_ Hit _l ( x ) 



= ± o|? = ±0 i4 



, x 100 = 0.28%; df? = dx + dy 



= ^ dx + ^ dy =► d^| (3 , 4 ) = (^) ( ± 0.01) + (A) ( ± 0.01) = ^ + ^ 
=> maximum change in dO occurs when dx and dy have opposite signs (dx = 0.01 and dy = —0.01 or vice 
versa) d6 = ±§p „ ± 0.0028; 6 = tan" 1 (f) « 0.927255218 =► |f x 100| = | oM¥Mk x 100 l 
« 0.30% 

(b) the radius r is more sensitive to changes in y, and the angle 8 is more sensitive to changes in x 

54. (a) V = 7rr 2 h => dV — lirrh dr + 7rr 2 dh =4* at r = 1 and h — 5 we have dV = 107r dr + 7r dh => the volume is 
about 10 times more sensitive to a change in r 
(b) dV = => = 27rrh dr + tit 2 dh = 2h dr + r dh = 10 dr + dh ^> dr = - ± dh; choose dh = 1.5 
=> dr = -0.15 => h = 6.5 in. and r = 0.85 in. is one solution for AV w dV = 



55. f(a,b,c,d) = 



a b 
c d 



= ad — be =>■ f a = d, f b = — c, f c — — b, f d — a => df = d da — c db — b dc + a dd; since 



|a| is much greater than |b| , |c| , and |d| , the function f is most sensitive to a change in d. 



Section 14.7 Extreme Values and Saddle Points 897 



56. u x = e y , u y = xe y + sin z, u z = y cos z => du = e y dx + (xe y + sin z) dy + (y cos z) dz 

=> du| ( 21n3 |j = 3 dx + 7 dy + dz = 3 dx + 7 dy => magnitude of the maximum possible error 
< 3(0.2) + 7(0.6) = 4.8 

57. Q K = \ (^)- 1/2 (f ) , Qm = \ ra~ 1/2 (f ) , and Qh = \ (=fM) 

=> dQ = I (^M)- 1/2 (f ) dK+ \ (^)- 1/2 (£) dM + \ (=T) dh 

= l(2KM)-l/2[2M dK+ 2K dM _2™ dh ] ^ dQ | 



2 V h I L h 1 h h 2 J ~^ ^ I (2,20,0.0.05) 

= (0.0125)(800 dK + 80 dM - 32,000 dh) 



1 


'(2)(2)(20)' 


-1/2 


'(2)(20) 


2 


0.05 




0.05 



dK + l§>dM-<™dh 



=> Q is most sensitive to changes in h 

58. A = 1 ab sin C =4* A a = 1 b sin C, A b = \ a sin C, A c = \ ab cos C 

=S> dA = (i b sin C) da + (± a sin C) db + (± ab cos C) dC; dC = |2°| = |0.0349| radians, da = |0.5| ft, 
db = 1 0.5 1 ft; at a = 150 ft, b = 200 ft, and C = 60°, we see that the change is approximately 
dA = \ (200)(sin 60°) |0.5| + \ (150)(sin 60°) |0.5| + \ (200)(150)(cos 60°) |0.0349| = ± 338 ft 2 

59. z = f(x,y) =*> g(x, y, z) = f(x, y) - z = => g x (x, y, z) = f x (x, y), g y (x, y, z) = f y (x, y) and g z (x, y, z) = - 1 

gx(x , yo, f(x , yo)) = fx(x , yo). g y (xo, yo, f(xo, yo)) = fy(*o, yo) and g z (x , y , f(x , y )) = -1 =*> the tangent 
plane at the point P is f x (x , y )(x - x ) + f y (x , y )(y - y ) - [z - f(x , y )] = or 
z = f x (x , y )(x - x ) + f y (x , y )(y - y ) + f(x , y ) 

60. V f = 2xi + 2yj = 2(cos t + t sin t)i + 2(sin t - t cos t)j and v = (t cos t)i + (t sin t)j => u = 

= jgSrFS5 = (cos l)i + (sin t)j since 1 > => (Duf)p » = v f • u 

= 2(cos t + t sin t)(cos t) + 2(sin t - t cos t)(sin t) = 2 

61. V f = 2xi + 2yj + 2zk = (2 cos t)i + (2 sin t)j + 2tk and v = (- sin t)i + (cos t)j + k => u = ^ 

_ (- sint)i + (cost)j + k _ ( -sinj\ . , ( cosA • , J_ . . (r) f)o — V7 f • 11 

= (2 cos t) (^p) + (2 sin t) (^) + (2t) (-*-)= »L (D u f) (^) = ^ , (D u f)(0) = and 
(D u f)(|) = ^ 

62. r=yti+ytj-i(t + 3)k =► v=ir 1 /2i + i t -i/2j_i k;t=1 =*► x=l,y=l,z=-l P = (1,1,-1) 
and v(l) = \ i + \ j - \ k ; f(x, y, z) = x 2 + f - z - 3 = v f = 2xi + 2yj - k 

V f(l, 1, -1) = 2i + 2j - k ; therefore v=J(v0 =>• the curve is normal to the surface 

63. r = + v'tj + (2t - l)k v= lr 1 /2i+ lr 1 / 2 j + 2k;t= 1 ^ x = 1, y = 1, z = 1 ^ P = (1, 1, 1) and 
v(l)=ii+ij + 2k;f(x,y,z) = x 2 + y 2 -z-l=0 ^ v f = 2xi + 2yj - k v f(l, 1, 1) = 2i + 2j - k ; 
now v(l) - V f(l, 1, 1) = 0, thus the curve is tangent to the surface when t = 1 

14.7 EXTREME VALUES AND SADDLE POINTS 

1. f x (x, y) = 2x + y + 3 = and f y (x, y) = x + 2y — 3 = => x— —3 and y = 3 critical point is (—3, 3); 
f M (-3, 3) = 2, fyy(-3, 3) = 2, f xy (-3, 3) = 1 =s> f xx f yy - f x 2 y = 3 > and f xx > =>■ local minimum of 
f(-3,3) = -5 
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2. f x (x, y) = 2x + 3y - 6 = and f y (x, y) = 3x + 6y + 3 = => x = 15 and y = -8 critical point is (15, -8); 
f xx (15, -8) = 2, fyy(15, -8) = 6, f xy (15, -8) = 3 =>• f xx f yy - f x 2 y = 3 > and f xx > => local minimum of 
f(15, -8) = -63 

3. f x ( x , y) = 2y - lOx + 4 = and f y (x, y) = 2x - 4y + 4 = =>■ x = f and y = | =*> critical point is (|, |) ; 
fxx (f , |) = -10, fyy (|, |) = -4, f xy (§, f) =2 => f xx f yy - f x 2 y = 36 > and f xx < local maximum of 

f(!4)=o 

4. f x (x, y) = 2y - lOx + 4 = and f y (x, y) = 2x - 4y = x = | and y = | critical point is (|, |) ; 

fxx (5, |) = -10, fyy (5, |) = -4, f X y (5, 5) = 2 f xx f yy - f x 2 y = 36 > and f xx < local maximum of 

f (4 2\ _ _ 28 
1 V9 ' 9^ 9 

5. f x (x, y) = 2x + y + 3 = and f y (x, y) = x + 2 = =4> x — —2 and y = 1 =4> critical point is (—2, 1); 
f„(-2, 1) = 2, f yy (-2, 1) = 0, f xy (-2, 1) = 1 => f xx f yy - f x 2 y = -1< => saddle point 

6. f x (x, y) = y — 2 = and f y (x, y) = 2y + x — 2 = =4> x = —2 and y = 2 =4> critical point is (—2, 2); 
fxx(-2, 2) = 0, fyy(-2, 2) = 2, f xy (-2, 2) = 1 => f xx f yy - f x 2 y = -1 < =>• saddle point 

7. f x (x, y) = 5y - 14x + 3 = and f y (x, y) = 5x - 6 = x = § and y = §§ =>• critical point is (§ , §) ; 
f xx (f, I) = -14, fyy (1,1)= 0, f xy (f , I) = 5 f xx f yy - f 2 y = -25 < saddle point 

8. f x (x, y) = 2y - 2x + 3 = and f y (x, y) = 2x - 4y = =*> x = 3 and y = § =*> critical point is (3, §) ; 

f xx (3, §) = -2, fyy (3, |) = -4, f xy (3, |) = 2 =>■ f xx f yy - f 2 y = 4 > and f xx < => local maximum of 

f(3,l) = ¥ 

9. f x (x, y) = 2x - 4y = and f y (x, y) = -4x + 2y + 6 = =*> x = 2 and y = 1 critical point is (2, 1); 
f xx (2, 1) = 2, fyy(2, 1) = 2, f xy (2, 1) = -4 f xx f yy - f 2 y = -12 < =>• saddle point 

10. f x (x, y) = 6x + 6y - 2 = and f y (x, y) = 6x + 14y + 4 = =£■ x = || and y = - | =>■ critical point is (|| , - |) ; 
f xx (if > - 1) = 6 > fyy (if; - 1) = 14, fxy (if, - |) = 6 =>• f xx f yy - f 2 y = 48 > and f xx > => local minimum of 

f /13 _2\ _31 
A V 12 ' A) 12 

11. f x (x,y) = 4x + 3y - 5 = 0andf y (x,y) = 3x + 8y + 2 = => x = 2andy=-l critical point is (2, -1); 
f xx (2, -1) = 4, fyy(2, -1) = 8, fxy(2, -1) = 3 f xx f yy - f 2 y = 23 > and f xx > =>• local minimum of 
f(2,-l) = -6 

12. f x (x, y) = 8x - 6y - 20 = and f y (x, y) = -6x + lOy + 26 = x = 1 and y = -2 critical point is (1, -2); 
f xx (l, -2) = 8, fyy(l, -2) = 10, f xy (l, -2) = -6 f xx f yy - f 2 y = 44 > and f xx > =>■ local minimum of 
f(l,-2) = -36 

13. f x (x, y) = 2x - 2 = and f y (x, y) = -2y + 4 = =*> x = 1 and y = 2 => critical point is (1,2); f xx (l, 2) = 2, 
fyy(l,2) = -2, f xy (l, 2) = =>• f xx f yy - f 2 y = -4 < saddle point 

14. f x (x, y) = 2x - 2y - 2 = and f y (x, y) = -2x + 4y + 2 = => x = 1 and y = =*> critical point is (1,0); 
f xx (l, 0) = 2, fyy(l, 0) = 4, f xy (l, 0) = -2 f xx f yy - f| y = 4 > and f xx > => local minimum of 
f(l,0) = 
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15. f x (x, y) = 2x + 2y = and f y (x, y) = 2x = x = and y = => critical point is (0, 0); f xx (0, 0) = 2, 
f yy (0, 0) = 0, f xy (0, 0) = 2 => f xx f yy - f x 2 y = -4 < =>• saddle point 

16. f x (x, y) = 2 — 4x — 2y = and f y (x, y) = 2 — 2x — 2y = =4> x = and y = 1 => critical point is (0, 1); 

f xx (0, 1) = -4, fyy(0, 1) = -2, f xy (0, 1) = -2 f xx f yy - f x 2 y = 4 > and f xx < =>• local maximum of f(0, 1) = 4 

17. f x (x. y) = 3x 2 - 2y = and f y (x, y) = -3y 2 - 2x = =>■ x = and y = 0, or x = - | and y = | =>■ critical points 
are (0, 0) and (-§,§); for (0, 0): f„(0, 0) = 6x| (0 0) = 0, f yy (0, 0) = -6y| (00) = 0, f xy (0, 0) = -2 

=> fxxfyy - f x 2 y = -4 < saddle point; for (- f, f) : f xx (- §, |) = -4, f yy (- f , f ) = -4, f xy (- §, |) = -2 
=> fxxfyy - f xy = 12 > and f xx < local maximum of f (- f , |) = ™ 

18. f x (x, y) = 3x 2 + 3y = and f y (x, y) = 3x + 3y 2 =0 => x = and y = 0, or x — — 1 and y = — 1 => critical points 
are (0, 0) and (-1, -1); for (0, 0): f xx (0, 0) = 6x| (0 0) = 0, f yy (0, 0) = 6y| (00) = 0, f xy (0, 0) = 3 => f xx f yy - f 2 y 

= -9<0 => saddle point; for (-1,-1): f„(-l, -1) = -6, f yy (-l, -1) = -6, f xy (-l, -1) = 3 => f xx f yy - f 2 y 
= 27 > and f xx < => local maximum of f(— 1, — 1) = 1 

19. f x (x, y) = 12x — 6x 2 + 6y = and f y (x, y) = 6y + 6x = =>■ x = and y = 0, or x = 1 and y = — 1 => critical 
points are (0, 0) and (1,-1); for (0, 0): f„(0, 0) = 12 - 12x| (00) = 12, f yy (0, 0) = 6, f xy (0, 0) = 6 => f xx f yy - f 2 y 

= 36 > 0andf xx > local minimum of f(0, 0) = 0; for (1, -1): f xx (l, -1) = 0, fyy(l, -1) = 6, 
f xy (l, -1) = 6 =>■ f xx f yy - f xy = -36 < =4> saddle point 

20. f x (x, y) = -6x + 6y = x = y; f y (x, y) = 6y - 6y 2 + 6x = =>• 12y - 6y 2 = =s> 6y(2 - y) = =>• y = or 
y = 2 =4* (0, 0) and (2, 2) are the critical points; f xx (x, y) = —6, f yy (x, y) = 6 — 12y, f xy (x, y) = 6; for (0, 0): 

f xx (0, 0) = -6, fyy(0, 0) = 6, f xy (0, 0) = 6 f xx f yy - f 2 y = -72 < =>• saddle point; for (2, 2): f xx (2, 2) = -6, 
fyy (2, 2) = -18, f xy (2, 2) = 6 => f xx f yy - f 2 y = 72 > and f xx < =>• local maximum of f(2, 2) = 8 

21. f x (x, y) = 27x 2 - 4y = and f y (x, y) = y 2 - 4x = => x = and y = 0, or x = | and y = | =>■ critical points are 
(0,0) and for (0,0): f xx (0,0) = 54x| (00) = 0, f„(0, 0) = 2y| (00) = 0, f xy (0, 0) = -4 f xx f yy - f 2 y 

= -16 < saddle point; for (£, f) : f xx (£, f) = 24, f yy (|, |) = |, f xy (|, |) = -4 f xx f yy - f 2 y = 48 > 
and f xx > local minimum of f ( | , |) — — || 

22. f x (x, y) = 24x 2 + 6y = =*> y = -4x 2 ; f y (x, y) = 3y 2 + 6x = ^> 3 (-4x 2 ) 2 + 6x = ^ 16x 4 + 2x = 

=> 2x (8x 3 + 1) = =>■ x = or x = - \ ^ (0, 0) and (- \ , - 1) are the critical points; f xx (x, y) = 48x, 
fyy(x, y) = 6y, and f xy (x, y) = 6; for (0, 0): f xx (0, 0) = 0, f yy (0, 0) = 0, f xy (0, 0) = 6 => f xx f yy - f 2 y = -36 < 
=> saddle point; for (-i,-l): f xx (-I,-l) = -24, f yy (- \, -l) = -6, f xy (-^,-1) =6 
=> fxxfyy - f xy = 108 > and f xx < => local maximum of f (- \ , -l) = 1 

23. f x (x, y) = 3x 2 +6x = => x = or x = —2; f y (x, y) = 3y 2 — 6y = ^> y = or y = 2 the critical points are 
(0, 0), (0, 2), (-2, 0), and (-2, 2); for (0, 0): f„(0, 0) = 6x + 6| (0 0) = 6, f yy (0, 0) = 6y - 6| (0 0) = -6, 

f xy (0, 0) = f xx f yy - f 2 y = -36 < =>■ saddle point; for (0, 2): f xx (0, 2) = 6, f yy (0, 2) = 6, f xy (0, 2) = 

^ f xx f yy - f 2 y = 36 > and f xx > =^ local minimum of f(0, 2) = - 12; for (-2, 0): f xx (-2, 0) = -6, 
fyy(-2, 0) = -6, f xy (-2, 0) = ^ f xx f yy - f 2 y = 36 > and f xx < local maximum of f(-2, 0) = -4; 
for (-2, 2): f xx (-2, 2) = -6, f yy (-2, 2) = 6, f xy (-2, 2) = f xx f yy - f 2 = -36 < saddle point 



900 Chapter 14 Partial Derivatives 



24. f x (x, y) = 6x 2 - 18x = 6x(x - 3) = x = or x = 3; f y (x, y) = 6y 2 + 6y - 12 = 6(y + 2)(y - 1) = 

y = -2 or y = 1 the critical points are (0, -2), (0, 1), (3, -2), and (3, 1); f xx (x, y) = 12x - 18, 
f yy (x, y) = 12y + 6, and f xy (x, y) = 0; for (0, -2): f xx (0, -2) = -18, f yy (0, -2) = -18, f xy (0, -2) = 

f xx f yy - f xy = 324 > and f xx < local maximum of f(0, -2) = 20; for (0, 1): f xx (0, 1) = -18, 
fyy(0, 1) = 18, f xy (0, 1) = =► f xx f yy - f x 2 y = -324 < ^ saddle point; for (3, -2): f xx (3, -2) = 18, 
fyy(3, -2) = -18, f xy (3, -2) = f xx f yy - f x 2 y = -324 < =s> saddle point; for (3, 1): f xx (3, 1) = 18, 
fyy(3, 1) = 18, f xy (3, 1) = f xx f yy - f x 2 y = 324 > and f xx > =>• local minimum of f(3, 1) = -34 

25. f x (x, y) = 4y - 4x 3 = and f y (x, y) = 4x - 4y 3 = x = y x (1 - x 2 ) = =*> x = 0, 1, -1 =*> the critical 
points are (0, 0), (1, 1), and (-1, -1); for (0, 0): f xx (0, 0) = -12x 2 | m = 0, f yy (0, 0) = -12y 2 | (00) = 0, 

f xy (0,0) = 4 => f xx f yy -f 2 y = -16<0 saddle point; for (1,1): f„(l, 1) = -12, f yy (l, 1) = -12, f xy (l, 1) = 4 

f xx f yy - f 2 y = 128 > and f xx < local maximum of f(l, 1) = 2; for (-1, -1): f xx (-l, -1) = -12, 
fyy(- 1, — 1) = — 12, f xy (— 1, — 1) = 4 f xx f yy - f 2 y = 128 > and f xx < => local maximum of f(-l, - 1) = 2 

26. f x (x, y) = 4x 3 + 4y = and f y (x, y) = 4y 3 + 4x = x = -y -x 3 + x = =>• x (1 - x 2 ) = x = 0, 1, - 
=> the critical points are (0,0), (1, -1), and (-1, 1); f xx (x,y) = 12x 2 , f yy (x, y) = 12y 2 , and f xy (x, y) = 4; 

for (0, 0): f xx (0, 0) = 0, f yy (0, 0) = 0, f xy (0, 0) = 4 => f xx f yy - f 2 y = -16 < =>• saddle point; for (1, -1): 
f xx (l, -1) = 12, fyy(l, -1) = 12, f xy (l, -1) = 4 =>- f xx f yy - f 2 y = 128 > and f xx > => local minimum of 
f(l,-l) = -2;for(-l,l): f„(-l, 1) = 12, f^-1, 1) = 12, f xy (-l, 1) = 4 f xx f yy - f 2 y = 128 > and 
fxx > => local minimum of f(— 1, 1) = —2 

27. f x (x, y) = {x2 ~^_ l} i = and f y (x, y) = {y? ~^_^i =0 x = and y = =*> the critical point is (0, 0); 

fxx = . fyy = (ff^y . fxy = j^hjf I f=(0, 0) = -2, f yy (0, 0) = -2, f xy (0, 0) = 

=> f xx f yy - f xy = 4 > and f xx < local maximum of f(0, 0) = - 1 

28. f x (x, y) = -4j+y = and f y (x, y) = x — ^ = =4* \— 1 and y = 1 => the critical point is (1, 1); 

fxx = i , fyy = ^ , fxy = 1; fxx(l, 1) = 2, f yy (l, 1) = 2, f xy (l, 1) = 1 f xx f yy - f 2 y = 3 > and f xx > 2 => local 
minimum of f(l. 1) = 3 

29. f x (x, y) = y cos x = and f y (x, y) = sin x = =>■ x = rnr, n an integer, and y = => the critical points are 
(n7r, 0), n an integer (Note: cos x and sin x cannot both be for the same x, so sin x must be and y = 0); 

fxx = — y sin x, f yy = 0, f xy = cos x; f xx (n7r, 0) = 0, f yy (n7r, 0) = 0, f xy (n7r, 0) = 1 if n is even and f xy (n7r, 0) = — 1 
if n is odd f xx f yy — f xy = — 1 < saddle point. 

30. f x (x, y) = 2e 2x cos y = and f y (x, y) = -e 2x sin y = => no solution since e 2x ^ for any x and the functions 
cos y and sin y cannot equal for the same y no critical points no extrema and no saddle points 

31. (i) On OA, f(x, y) = f(0, y) = y 2 - 4y + 1 on < y < 2; 

f'(0, y) = 2y - 4 = =^ y = 2; 
f(0,0) = 1 andf(0,2) = -3 

(ii) On AB, f(x, y) = f(x, 2) = 2x 2 - 4x - 3 on < x < 1; 
f'(x,2) = 4x-4 = x= 1; ' ' "ol ' , ' ' 
f(0,2) = -3andf(l,2) = -5 

(iii) On OB, f(x, y) = f(x, 2x) = 6x 2 - 12x + 1 on 
< x < 1 ; endpoint values have been found above; 

f'(x, 2x) = 12x - 12 = =>■ x = 1 and y = 2, but (1, 2) is not an interior point of OB 
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(iv) For interior points of the triangular region, f x (x, y) = 4x — 4 = and f y (x, y) = 2y — 4 = 

=> x = 1 and y = 2, but (1, 2) is not an interior point of the region. Therefore, the absolute maximum is 
1 at (0, 0) and the absolute minimum is -5 at (1, 2). 



32. (i) On OA, D(x, y) = D(0, y) = y 2 + 1 on < y < 4; 



(ii) 



x-0 



y.4 



D'(0, y) = 2y = y = 0; D(0, 0) = 1 and 
D(0,4) = 17 

On AB, D(x, y) = D(x, 4) = x 2 - 4x + 17 on 
< x < 4; D'(x, 4) = 2x - 4 = x = 2 and (2, 4) 
is an interior point of AB; D(2, 4) = 13 and 
D(4,4) = D(0,4) = 17 

(iii) On OB, D(x, y) = D(x, x) = x 2 + 1 on < x < 4; 

D'(x, x) = 2x = => x = and y = 0, which is not an interior point of OB; endpoint values have been found 
above 

(iv) For interior points of the triangular region, f x (x, y) = 2x — y = and f y (x, y) = — x + 2y = => x = and y = 0, 
which is not an interior point of the region. Therefore, the absolute maximum is 17 at (0, 4) and (4, 4), and the 
absolute minimum is 1 at (0, 0). 



33. (i) 



On OA, f(x, y) = f(0, y) = y 2 on < y < 2; 
f'(0, y) = 2y = => y = and x = 0; f(0, 0) 
f(0,2) = 4 

(ii) On OB, f(x, y) = f(x, 0) = x 2 on < x < 1 ; 



(iii) 



(iv) 



Oand 



2x = => x = and y = 0; f(0, 0) = and 



2 ■ 




x.O 


A y + 2x«2 




■ V. ■ 


1 ' 'o 


y-0 1 



f'(x, 0) 
f(l,0) = 1 

On AB, f(x, y) = f(x, -2x + 2) = 5x 2 - 8x + 4 on 
< x < 1; f'(x, -2x + 2) = lOx - 8 = =>- x = | 
and y = | ; f (|, |) = |; endpoint values have been found above. 

For interior points of the triangular region, f x (x, y) = 2x = and f y (x, y) = 2y = => x = and y = 0, but (0, 0) is 
not an interior point of the region. Therefore the absolute maximum is 4 at (0, 2) and the absolute minimum is at 
(0,0). 



34. (i) On AB, T(x, y) = T(0, y) = y 2 on -3 < y < 3; 



(ii) 



(iii) 



(iv) 



(v) 



T'(0, y) = 2y = y = and x = 0; T(0, 0) = 0, 
T(0, -3) = 9, and T(0, 3) = 9 

On BC, T(x, y) = T(x, 3) = x 2 - 3x + 9 on < x < 5; 

T'(x, 3) = 2x - 3 = x = | and y = 3; 

T(|,3) = fandT(5,3)= 19 

On CD, T(x, y) = T(5, y) = y 2 + 5y - 5 on 
-3 < y < 3;T'(5, y) = 2y + 5 = => y = - f and 
x = 5;T(5,-|) = -f ,T(5,-3)= -11 andT(5, 3) = 19 



X.O 5 



y-3 



x.5 

r— x 



and y = —3; 



On AD, T(x, y) = T(x, -3) = x 2 - 9x + 9 on < x < 5; T'(x, -3) = 2x - 9 = => x 
T(|,-3) = - f ,T(0,-3) = 9andT(5,-3) = -11 

For interior points of the rectangular region, T x (x, y) = 2x + y — 6 = and T y (x, y) = x + 2y = => x = 4 
and y — —2 =4> (4, —2) is an interior critical point with T(4. —2) = —12. Therefore the absolute maximum 
is 19 at (5, 3) and the absolute minimum is —12 at (4, —2). 
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y-0 



x-0 
A 



y.-3 



x.5 
B 



35. (i) On OC, T(x, y) = T(x, 0) = x 2 - 6x + 2 on 

< x < 5; T'(x, 0) = 2x - 6 = =>• x = 3 and 
y = 0; T(3, 0) = -7, T(0, 0) = 2, and T(5, 0) = -3 

(ii) On CB, T(x, y) = T(5, y) = y 2 + 5y - 3 on 
-3 < y < 0; T'(5, y) = 2y + 5 = =>• y = - f and 
x = 5; T (5, - |) = - f and T(5, -3) = -9 

(iii) On AB, T(x, y) = T(x, -3) = x 2 - 9x + 1 1 on 
< x < 5; T'(x, -3) = 2x - 9 = x = § and 
y = -3;T(§,-3) =-f andT(0,-3)= 11 

(iv) On AO, T(x, y) = T(0, y) = y 2 + 2 on -3 < y < 0; T'(0, y) = 2y 
not an interior point of AO 

(v) For interior points of the rectangular region, T x (x, y) = 2x + y- 6 = and T y (x, y) = x + 2y = => x = 4 
and y = —2, an interior critical point with T(4, —2) = —10. Therefore the absolute maximum is 11 at 

(0, -3) and the absolute minimum is - 10 at (4, -2). 



=> y = and x = 0, but (0, 0) is 



36. (i) On OA, f(x, y) = f(0, y) = -24y 2 on < y < 1; 

f'(0, y) = -48y = => y = and x = 0, but (0, 0) is 
not an interior point of OA; f(0, 0) = and 
f(0, 1) = -24 
(ii) On AB, f(x, y) = f(x, 1) = 48x - 32x 3 - 24 on 

< x < 1; f'(x, 1) = 48 - 96x 2 = =>• x = -4- and 

v2 



y=l,orx = — -4^ and y 



is not in 









A ■ 




B 






X-0 - 




x- 1 


' 1 'o 




C ' ' 




y-0 





y = 1 and x = 1, but 



l,but (-^ l) 

the interior ofAB;f(-^,l) = 16^/2 - 24 and f(l, 1) = -8 

(iii) On BC, f(x, y) = f(l, y) = 48y - 32 - 24y 2 on < y < 1; f'(l, y) = 48 - 48y = 
(1, 1) is not an interior point of BC; f(l, 0) = -32 and f(l, 1) = -8 

(iv) On OC, f(x, y) = f(x, 0) = -32x 3 on < x < 1; f'(x, 0) = -96x 2 = x = and y = 0, but (0, 0) is not an 
interior point of OC; f(0, 0) = and f(l, 0) = -32 

(v) For interior points of the rectangular region, f x (x. y) = 48y — 96x 2 = and f y (x, y) = 48x — 48y = 

=> x = and y = 0, or x = \ and y = \ , but (0, 0) is not an interior point of the region; f (|, |) — 2. 
Therefore the absolute maximum is 2 at ( | , |) and the absolute minimum is —32 at (1,0). 



x. . . 

4 



, S. • - 
4 



x-3 



D 

a. 

4 



37. (i) On AB, f(x, y) = f(l, y) = 3 cos y on - \ < y < f ; 
f'(l,y) = -3 siny = y = Oandx = 1; 
f(l,0) = 3,f(l,-f) =^,andf(l,|) = 3 -f 

(ii) OnCD,f(x,y) = f(3,y) = 3 cosy on - f < y < f ; 
f'(3, y) = -3 sin y = => y = and x = 3; 

f(3,0) = 3,f(3,-|) =^andf(3,|) = ^ 

(iii) On BC, f(x, y) = f (x, |) = ^ (4x - x 2 ) on 

1 < x < 3; f (x, f) = ^2(2 - x) = ^> x = 2 andy = | ;f (2, |) = 2^2, f (l, |) = ^ , and 

f(3,f) = ¥ 

(iv) On AD, f(x,y) = f (x, - |) = ^ (4x - x 2 ) on 1 < x < 3; f (x, - |) = y/2(2 - x) = ^ x = 2andy = - 

f(2,-^)=2y2 ( f(l,-|) = 3 ^,andf(3,-|) = 3 # 

(v) For interior points of the region, f x (x, y) = (4 — 2x) cos y = and f y (x, y) = — (4x — x 2 ) sin y = => x = 2 
and y = 0, which is an interior critical point with f(2, 0) = 4. Therefore the absolute maximum is 4 at 
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x.O 
H — I H 



1 

a + y ■ 1 



111 I . 



B 
y.O 



(2, 0) and the absolute minimum is ^ at (3, - f ) , (3, f ) , (l, - f ) , and (l, |) . 

38. (i) On OA, f(x, y) = f(0, y) = 2y + 1 on < y < 1; 

f'(0, y) = 2 =>■ no interior critical points; f(0, 0) = 1 
and f(0, 1) = 3 a 

(ii) On OB, f(x, y) = f(x, 0) = 4x + 1 on < x < 1; 
f'(x, 0) = 4 => no interior critical points; f(l, 0) = 5 

(iii) On AB, f(x, y) = f(x, -x + 1) = 8x 2 - 6x + 3 on 
< x < 1; f'(x, -x + 1) = 16x - 6 = x = | 
andy = §;f(§,§) = f , f(0, 1) = 3, and f(l, 0) = 5 

(iv) For interior points of the triangular region, f x (x. y) = 4 — 8y = and f y (x, y) = — 8x + 2 = 

=> y = \ and x = \ which is an interior critical point with f Q, |) =2. Therefore the absolute maximum is 5 at 
(1,0) and the absolute minimum is 1 at (0, 0). 

39. Let F(a, b) = J (6 - x - x 2 ) dx where a < b. The boundary of the domain of F is the line a = b in the 
ab-plane, and F(a, a) = 0, so F is identically on the boundary of its domain. For interior critical points we 

have: |f = - (6 - a - a 2 ) = a = -3, 2 and = (6 - b - b 2 ) = =*> b = -3, 2. Since a < b, there is only 

(6 — x - x 2 ) dx gives the area under the parabola 
y = 6 — x — x 2 that is above the x-axis. Therefore, a = — 3 and b = 2. 

nb I in 

40. Let F(a, b) = J (24 — 2x — x 2 ) dx where a < b. The boundary of the domain of F is the line a = b and 

on this line F is identically 0. For interior critical points we have: f| = — (24 — 2a — a 2 ) = => a = 4, —6 
and IP = (24 — 2b — b 2 ) 1 ^ 3 =0 => b = 4, —6. Since a < b, there is only one critical point (—6, 4) and 

6 (24 — 2x — x 2 ) dx gives the area under the curve y = (24 — 2x — x 2 ) that is above the x-axis. 
Therefore, a = — 6 and b = 4. 

41. T x (x, y) = 2x - 1 = and T y (x, y) = 4y = => x = \ and y = with T (1,0) = - \ ; on the boundary 

x 2 + y 2 = 1: T(x, y) = -x 2 - x + 2 for -1 < x < 1 T'(x, y) = -2x - 1 = x = - \ and y = ± ^ ; 
T (-h^r) = h T (-h-^r) = f,T(-l,0) = 2,andT(l,0) = =>• the hottest is 2 \ ° at (-5,^) and 
(-5,-^) ; the coldest is -1° at (1,0). 

42. f x (x,y) = y + 2 - f = and f y (x,y) = x- 1 = => x= \ and y = 2; f xx (1, 2} = J| ( , 2) =8, 

fyy (1, 2) = i = 1 , f xy (1,2) = 1 ^ f xx f yy - f 2 y = 1 > and f xx > => a local minimum of f (1,2) 
= 2- In 1=2 + In 2 

43. (a) f x (x, y) = 2x - 4y = and f y (x, y) = 2y - 4x = ^> x = and y = 0; f xx (0, 0) = 2, f yy (0, 0) = 2, 

f xy (0, 0) = -4 ^ f xx f yy - f 2 y = -12 < ^> saddle point at (0, 0) 

(b) f x (x, y) = 2x - 2 = and f y (x, y) = 2y - 4 = =^ x = 1 and y = 2; f xx (l, 2) = 2, f yy (l, 2) = 2, 
f xy (l,2) = => f xx f yy - f xy = 4 > and f xx > =>■ local minimum at (1, 2) 

(c) f x (x,y) = 9x 2 - 9 = and f y (x, y) = 2y + 4 = ^ x= ±landy = -2;f xx (l,-2) = 18x| (1 _ 2) = 18, 
fyy(l, -2) = 2, f xy (l, -2) = ^ f xx f yy - f 2 y = 36 > and f xx > =^ local minimum at (1, -2); 

f„(-l, -2) = -18, fyy(-l, -2) = 2, f xy (-l, -2) = ^ f xx f yy - f 2 y = -36 < ^ saddle point at (-1, -2) 
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44. (a) Minimum at (0, 0) since f(x, y) > for all other (x, y) 

(b) Maximum of 1 at (0, 0) since f(x, y) < 1 for all other (x, y) 

(c) Neither since f(x, y) < for x < and f(x. y) > for x > 

(d) Neither since f(x, y) < for x < and f(x, y) > for x > 

(e) Neither since f(x, y) < for x < and y > 0, but f(x, y) > for x > and y > 

(f) Minimum at (0, 0) since f(x, y) > for all other (x, y) 

45. If k = 0, then f(x, y) = x 2 + y 2 =*> f x (x, y) = 2x = and f y (x, y) = 2y = x = and y = (0, 0) is the only 
critical point. If k ^ 0, f x (x, y) = 2x + ky = => y = - \ x; f y (x, y) = kx + 2y = => kx + 2 (- \ x) =0 

kx - £ = =>• (k - I) x = => x = or k = ±2 =>• y = (- f ) (0) = or y = ± x; in any case (0, 0) is a 
critical point. 

46. (See Exercise 45 above): f xx (x, y) = 2, f yy (x, y) = 2, and f xy (x, y) = k =>■ f xx f yy - f xy = 4 - k 2 ; f will have a 
saddle point at (0, 0) if 4 - k 2 < => k > 2 or k < -2; f will have a local minimum at (0, 0) if 4 - k 2 > 

=> -2 < k < 2; the test is inconclusive if 4 - k 2 = => k = ±2. 

47. No; for example f(x, y) = xy has a saddle point at (a, b) = (0, 0) where f x = f y = 0. 

48. If f xx (a, b) and f yy (a, b) differ in sign, then f xx (a, b) f yy (a, b) < so f xx f yy — f xy < 0. The surface must therefore have a 
saddle point at (a, b) by the second derivative test. 

49. We want the point on z = 10 — x 2 — y 2 where the tangent plane is parallel to the plane x + 2y + 3z = 0. To 
find a normal vector to z = 10 — x 2 — y 2 let w = z + x 2 + y 2 — 10. Then V w — 2xi + 2yj + k is normal to 
z = 10 — x 2 — y 2 at (x, y). The vector v w ls parallel to i + 2j + 3k which is normal to the plane x + 2y + 3z 

= Oif 6xi + 6yj + 3k = i + 2j + 3korx = \ andy = \ . Thus the point is Q, 1, 10 - ^ - I) r (1, 1, ^) . 

50. We want the point on z = x 2 + y 2 + 10 where the tangent plane is parallel to the plane x + 2y — z = 0. Let 

w = z — x 2 — y 2 — 10, then V w — — 2xi — 2yj + k is normal to z = x 2 + y 2 + 10 at (x, y). The vector v w 
is parallel to i + 2j — k which is normal to the plane if x = 1 and y = 1. Thus the point (1 1, 1 + 1 + 10) 
or (|, 1, ^) is the point on the surface z = x 2 + y 2 + 10 nearest the plane x + 2y — z = 0. 

51. No, because the domain x > and y > is unbounded since x and y can be as large as we please. Absolute 
extrema are guaranteed for continuous functions defined over closed and bounded domains in the plane. 
Since the domain is unbounded, the continuous function f(x, y) = x + y need not have an absolute maximum 
(although, in this case, it does have an absolute minimum value of f(0, 0) = 0). 

52. (a) (i) On x = 0, f(x, y) = f(0, y) = y 2 - y + 1 for < y < 1; f'(0, y) = 2y - 1 = y = \ and x = 0; 

f(0,i) = f ,f(0,0) = l,andf(0,l)= 1 

(ii) On y = 1, f(x, y) = f(x, 1) = x 2 + x + 1 for < x < 1; f'(x, 1) = 2x + 1 = x = - \ and y = 1, 
but (— L l) is outside the domain; f(0, 1) = 1 and f(l, 1) = 3 

(iii) Onx = l,f(x,y) = f(l,y) = y 2 +y + 1 for < y < l;f'(l,y) = 2y + 1 = y = - \ and x = 1, but 
(l, — |) is outside the domain; f(l, 0) = 1 and f(l, 1) = 3 

(iv) On y = 0, f(x, y) = f(x, 0) = x 2 - x + 1 for < x < 1; f'(x, 0) = 2x - 1 = x = \ and y = 0; 
f(i,0) = |;f(0,0)= l,andf(l,0) = l 

(v) On the interior of the square, f x (x, y) = 2x + 2y — 1 = and f y (x, y) = 2y + 2x — 1 = => 2x + 2y = 1 

=> (x + y) = i . Then f(x, y) = x 2 + y 2 + 2xy - x - y + 1 = (x + y) 2 - (x + y) + 1 = | is the absolute 
minimum value when 2x + 2y = 1 . 
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(b) The absolute maximum is f(l, 1) = 3. 

53- (a) | = | | + || = | + f t =-2sint + 2cost = =* cost^sint => x = y 

(i) On the semicircle x 2 + y 2 = 4, y > 0, we have t = | and x = y = V' 2 " => f (\/2, V^) = 2 \/2. At the 
endpoints, f(— 2, 0) = -2 and f(2, 0) = 2. Therefore the absolute minimum is f(— 2, 0) = -2 when t = 7r; 
the absolute maximum is f [y/l, y/2j — 2\[2 when t = | . 

(ii) On the quartercircle x 2 + y 2 = 4, x > and y > 0, the endpoints give f(0, 2) = 2 and f(2, 0) = 2. 
Therefore the absolute minimum is f(2, 0) = 2 and f(0, 2) = 2 when t = 0, | respectively; the absolute 

maximum is f ^y/l, y/lj = 2\fl when t = \ . 

% = !£ + g t=ys+ x ! = - 4sin2t + 4cos2t = ° ^ cost = ±sint ^> x = ±y. 
(i) On the semicircle x 2 + y 2 = 4, y > 0, we obtain x = y = \fl at t = | and x = — \fl, y = \[2 at 

t = ^ . Then g (y/l, y^) = 2 and g (- ^2, V^) = -2. At the endpoints, g(-2, 0) = g(2, 0) = 0. 
Therefore the absolute minimum is g ^— \/2. = —2 when t = ^ ; the absolute maximum is 



2 , V 2J = 2 when t = | . 

(ii) On the quartercircle x 2 + y 2 = 4, x > and y > 0, the endpoints give g(0, 2) = and g(2, 0) = 0. 

Therefore the absolute minimum is g(2, 0) = and g(0, 2) = when t = 0, | respectively; the absolute 

maximum is g {\[2, y/lj — 2 when t = | . 

(c) § = § f + || f = 4x f + 2y f = (8 cos t)(-2 sin t) + (4 sin t)(2 cos t) = -8 cos t sin t = 
=> t = 0, |, 7T yielding the points (2, 0), (0, 2) for < t < tt. 

(i) On the semicircle x 2 + y 2 = 4, y > we have h(2, 0) = 8, h(0, 2) = 4, and h(-2, 0) = 8. Therefore, 
the absolute minimum is h(0, 2) = 4 when t = | ; the absolute maximum is h(2, 0) = 8 and h(— 2, 0) = 8 
when t = 0, tt respectively. 

(ii) On the quartercircle x 2 + y 2 = 4, x > and y > the absolute minimum is h(0, 2) = 4 when t = | ; the 
absolute maximum is h(2, 0) = 8 when t = 0. 

54 - ( a ) I = I ft + § t = 2 ft + 3 t = - 6 sin 1 + 6 cos 1 = sin t = cos t t = \ for < t < tt. 

(i) On the semi-ellipse, £ + £ = 1, y > 0, f(x, y) = 2x + 3y = 6 cos t + 6 sin t = 6 + 6 = 6^ 
at t = | . At the endpoints, f(— 3, 0) = -6 and f(3, 0) = 6. The absolute minimum is f(— 3, 0) = -6 when 

t = tt; the absolute maximum is f (^{^ , \/2j — 6\/2 when t = | . 

(ii) On the quarter ellipse, at the endpoints f(0, 2) = 6 and f(3, 0) = 6. The absolute minimum is f(3, 0) = 6 
and f(0, 2) = 6 when t = 0, f respectively; the absolute maximum is f (yp, y/2j — 6\/2 when t = \ . 

(t>) I = I l + | I =yf+ x t =(2sint)(-3sint) + (3cost)(2cost) = 6(cos 2 t-sin 2 t) = 6 cos 2t = 
=S> t = | , ^ for < t < tt. 

(i) On the semi-ellipse, g(x, y) = xy = 6 sin t cos t. Then g V^) = 3 when t = | , and 

g (- a/ 2 ) = -3 when t = ^ . At the endpoints, g(-3, 0) = g(3, 0) = 0. The absolute minimum is 

g ^— ^y^, \Z^2j — — 3 when t = ^ ; the absolute maximum is g , \/2^ = 3 when t = | . 

(ii) On the quarter ellipse, at the endpoints g(0, 2) = and g(3, 0) = 0. The absolute minimum is g(3, 0) = 
and g(0, 2) = at t = 0, | respectively; the absolute maximum is g , y/2j — 3 when t = | . 
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( C ) f = i f + f 6t = 2X f + ^ A = ( 6 C0S l X~ 3 Sin *) + ( 12 Sin l X 2 C0S t> = 6 Sin t COS t = 

t = 0, 1 , 7T for < t < 7T, yielding the points (3, 0), (0, 2), and (-3, 0). 

(i) On the semi-ellipse, y > so that h(3, 0) = 9, h(0, 2) = 12, and h(-3, 0) = 9. The absolute minimum is 
h(3, 0) = 9 and h(— 3, 0) = 9 when t = 0, ir respectively; the absolute maximum is h(0, 2) = 12 when 

t = 5 

(ii) On the quarter ellipse, the absolute minimum is h(3, 0) = 9 when t = 0; the absolute maximum is 
h(0,2)= 12 when t = §. 

df_afdx,9fdy dx, dy 
dt — <9x dt ~r dy dt ~~ J dt T A dt 

(i) x = 2t and y = t + 1 f = (t + 1)(2) + (2t)(l) = 4t + 2 = =>• t = - \ => x = -1 and y = ± with 
f (— 1, |) = — 1 . The absolute minimum is f (— 1, |) = — \ when t = — \ ; there is no absolute 
maximum. 

(ii) For the endpoints: t = — 1 => x = — 2 and y = with f(— 2, 0) = 0;t = =4> x = and y = 1 with 

f(0, 1) = 0. The absolute minimum is f (-1, \) — - \ when t = — \ ; the absolute maximum is f(0, 1) = 
and f(— 2, 0) = when t = —1,0 respectively. 

(iii) There are no interior critical points. For the endpoints: t = => x = and y = 1 with f(0, 1) = 0; 

t = 1 =>• x = 2 and y = 2 with f(2, 2) = 4. The absolute minimum is f(0, 1) = when t = 0; the absolute 
maximum is f(2, 2) = 4 when t = 1 . 



| with 



Sf, (a\ df - » dx i «9f dy dx dy 

3t>. ia; dt - dx dt + dy dt - zx dt + zy dt 

(i) x = t and y = 2 - 2t =>• f = (2t)(l) + 2(2 - 2t)(-2) = lOt - 8 = t = f =>■ x = f and y 
f ( j, |) = || + ^ = j . The absolute minimum is f (|, |) = j when t = | ; there is no absolute 
maximum along the line. 

(ii) For the endpoints: t = => x = and y = 2 with f(0, 2) = 4; t = 1 =>• x = 1 and y = with f(l, 0) = 1 
The absolute minimum is f ( |, |) = | at the interior critical point when t = | ; the absolute maximum is 
f(0, 2) = 4 at the endpoint when t = 0. 



(b) f 



^1 dx , dg dy 
<9x dt "i" dy dt 



-2x 



(x 2 + y 2 r 



+ 



-2y 



(x 2 + y 2 ) 2 



dy 
dt 



(i) x = t and y = 2 - 2t x 2 + y 2 = 5t 2 - 8t + 4 f = - (5t 2 - 8t + 4) 2 [(-2t)(l) + (-2)(2 - 2t)(-2)] 

= - (5t 2 - 8t + 4) _2 (-10t + 8) = => t = | x = f and y = § with g (f , |) = = f . The absolute 

maximum is g ( |, | ) = | when t = | ; there is no absolute minimum along the line since x and y can be 
as large as we please. 

(ii) For the endpoints: t = x = and y = 2 with g(0, 2) = \ ; t = 1 =>■ x = 1 and y = with g(l, 0) = 1. 



The absolute minimum is g(0, 2) = \ when t = 0; the absolute maximum is g (g, |) = | when t = 



5 ' 



S7 m - (2)(-D-3(-14) _ 20 „ nH 

3 '• m - (2)2 - 3(10 - - n ana 

b=H-l-(-g)<2)]=& 

" 13 13 I x=4 13 
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-1 
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-14 



58. m = m=M = I and 



(0) 2 -3(8) - 

b=I[5-I(0)] 



x+ 5. v | _ 14 
4 X + 3 >y|x=4 3 
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59. 



(3)(5) - 3(8) 



and 



"* (3)2-3(5) 

b=i[5-|(3)] =\ 
=> y= |x+i;yl : 



37 
6 



ou. m- (5) 2_ 3(13) 
b=|[5-^(5)] 



fi and 

15 
14 



A x+ 15. v | _ 35 
14 A ' 14 ' J\ x=4 ~~ 14 



61. m 



_ ( 162)(41.32) -6(1 192.8) 



(162) 2 - 6(5004) 

b= I [41.32 -(0.122)(162)] 
=^ y = 0.122x + 3.59 



0.122 and 
3.59 
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5.27 
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5.68 
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102.24 
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24 


6.25 
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216.3 
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8.20 
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8.71 
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365.82 
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41.32 
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1192.8 



62. m 



_ (0.001 863)(91)-4(0.065852) 



51,545 



(0.00 1 863) 2 -4(0.00000 1323) 

and b = i (91 - 51,545(0.001863)) 
=^ F = 51,545 ^ - 1.26 



below 



1.26 




O 2 

I/O (D is diameter) 
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63. (b) m 



(3201)(17,785)- 10(5,710,292) 
(320 1 ) 2 - 10(1,430,389) 

0.0427 and b = ^ [17,785 - (0.0427)(3201)] 
1764.8 =>• y = 0.0427K+ 1764.8 




Kochel numbers 



(C) K = 



: 364 =>• y = (0.0427)(364) 
y = (0.0427)(364) + 1764.8 
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274,660 


4 
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5 
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1777 


73,441 
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6 
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123,201 


624,780 


7 


425 


1783 


180,625 


757,775 


8 
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1786 
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1,028,675 
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1,430,389 


5,710,292 



1780 



64 m _ (123)(140)- 16(1431) 

b = 



(123) 2 - 16(1287) 

£[140- (1.04)(123)] 
y = 1.04x + 0.755 



1.04 and 
0.755 
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65-70. Example CAS commands: 
Maple : 

f := (x,y) -> x A 2+y A 3-3*x*y; 
x0,xl := -5,5; 
y0,yl := -5,5; 

plot3d( f(x,y), x=x0..xl, y=y0..yl, axes=boxed, shading=zhue, title="#65(a) (Section 14.7)" ); 
plot3d( f(x,y), x=x0..xl, y=y0..yl, grid=[40,40], axes=boxed, shading=zhue, style=patchcontour, title="#65(b) 
(Section 14.7)" ); 

fx:=D[l](f); #(c) 
fy:=D[2](f); 

crit_pts := solve( {fx(x,y)=0,fy(x,y)=0}, {x,y} ); 

fxx :=D[l](fx); # (d) 

fxy := D[2](fx); 
fyy := D[2](fy); 

discr := unapply( fxx(x,y)*fyy(x,y)-fxy(x,y) A 2, (x,y) ); 
for CP in j crit_pts } do # (e) 

eval( [x,y,fxx(x,y),discr(x,y)], CP ); 
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end do; 

# (0,0) is a saddle point 

# ( 9/4, 3/2) is a local minimum 
Mathematica l (assigned functions and bounds will vary) 

Clear[x,y,f] 

f[x_,y_]:= x 2 + y 3 — 3x y 

xmin= —5; xmax= 5; ymin= —5; ymax= 5; 

Plot3D[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, AxesLabel — > {x, y, z}] 

ContourPlot[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, ContourShading — > False, Contours — > 40] 

fx= D[f[x,y], x]; 

fy=D[f[x,y],y]; 

critical=Solve[{fx==0, fy==0},{x, y}] 
fxx=D[fx, x]; 
fxy=D[fx, y]; 
fyy=D[fy, y]; 

discriminant= fxx fyy — fxy 2 

{ {x, y}, f[x, y], discriminant, fxx} /.critical 

14.8 LAGRANGE MULTIPLIERS 

1 . v f = yi + X J an d V g = 2xi + 4yj so that yf=A yg => yi + xj = A(2xi + 4yj) => y = 2xA and x = 4yA 
=> x = 8xA 2 A = ± ^ or x = 0. 

CASE 1 : If x = 0, then y = 0. But (0, 0) is not on the ellipse so x ^ 0. 

CASE 2:x^0^A=±^^x=± ^/ly =*■ ( ± \/2y) 2 + 2y 2 = 1 y = ± \ . 

Therefore f takes on its extreme values at ^ ± ^ and ^ ± — ^ . The extreme values of f on the ellipse 

are ±f . 

2. v f = yi + X J and V g = 2xi + 2yj so that vf=A\7g => yi + x j = A(2xi + 2yj) => y = 2xA and x = 2yA 
=> x = 4xA 2 => x = or A = ±\. 

CASE 1: If x = 0, then y = 0. But (0, 0) is not on the circle x 2 + y 2 - 10 = so x ^ 0. 

CASE 2: x ^ ^> A = ± ± ^y = 2x(±i)=±x^>x 2 + (±x) 2 -10 = 0^>x=±V^ y = ± \/5. 
Therefore f takes on its extreme values at ( ± y/5, and ( ± ^5, -y^) . The extreme values of f on the 
circle are 5 and —5. 

3. V f = -2xi - 2yj and yg = i+ 3j so that v f = ^ V g => ~2xi — 2yj = A(i + 3j) => x = - \ and y = - ^ 
=> (- |) + 3 (- y) = 10 => A = -2 x = 1 and y = 3 =>■ f takes on its extreme value at (1,3) on the line. 

The extreme value is f(l, 3) = 49 - 1 - 9 = 39. 

4. v f = 2xyi + x 2 j and v g = i + j so that V f = ^ V g 2xyi + x 2 j = A(i + j) =4> 2xy = A and x 2 = A 
=> 2xy = x 2 => x = or 2y = x. 

CASE 1: If x = 0, then x + y = 3 y = 3. 

CASE 2: If x ^ 0, then 2y = x so that x + y = 3 2y + y = 3 =*> y = 1 x = 2. 

Therefore f takes on its extreme values at (0, 3) and (2, 1). The extreme values of f are f(0, 3) = and 

f(2, 1) = 4. 
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5. We optimize f(x, y) = x 2 + y 2 , the square of the distance to the origin, subject to the constraint 

g(x, y) = xy 2 - 54 = 0. Thus v f = 2xi + 2yj and V g = y 2 i + 2xyj so that v f = ^ V S => 2xi + 2yj 
= A (y 2 i + 2xyj) 2x = Ay 2 and 2y = 2Axy. 

CASE 1: If y = 0, then x = 0. But (0, 0) does not satisfy the constraint xy 2 = 54 so y ^ 0. 

CASE 2: If y ^ 0, then 2 = 2Ax => x = { 2 ({) = Ay 2 =>• y 2 = Jr . Then xy 2 = 54 =>• Q) (|) = 54 

A 3 = ^ A = | =*> x = 3 and y 2 = 18 ^ x = 3 and y = ± 3 \fl. 

Therefore ^3, ± 3\/2j are the points on the curve xy 2 = 54 nearest the origin (since xy 2 = 54 has points 

increasingly far away as y gets close to 0, no points are farthest away). 

6. We optimize f(x, y) = x 2 + y 2 , the square of the distance to the origin subject to the constraint g(x, y) 

= x 2 y -2 = 0. Thus v f = 2xi + 2yj and vg = 2xyi + x 2 j so that vf=Ayg => 2x = 2xyA and 2y = x 2 A 
A = ^ , since x = =>• y = (but g(0, 0) ^ 0). Thus x ^ and 2x = 2xy (^) x 2 = 2y 2 

=> (2y 2 ) y — 2 — =4> y = 1 (since y > 0) => x = ± \pl . Therefore ^ ± \/2, ij are the points on the curve 

x 2 y = 2 nearest the origin (since x 2 y = 2 has points increasingly far away as x gets close to 0, no points are 
farthest away). 

7. (a) v f = i + j and V g = yi + x j so mat V f = ^ V g i + j = Myi + x j) => 1 = Ay and 1 = Ax => y = { and 



x = 



j => ji — 16 => A = ± \ . Use A = \ since x > and y > 0. Then x = 4 and y = 4 =4> the minimum 
value is 8 at the point (4, 4). Now, xy = 16, x > 0, y > is a branch of a hyperbola in the first quadrant 
with the x-and y-axes as asymptotes. The equations x + y = c give a family of parallel lines with m — — 1. 
As these lines move away from the origin, the number c increases. Thus the minimum value of c occurs 
where x + y = c is tangent to the hyperbola's branch, 
(b) v f = yi + X J and V g = i + j so mat V f = ^ V g yi + xj = A(i+j)=>y = A = xy + y=16^y = J 
=> x = 8 f(8, 8) = 64 is the maximum value. The equations xy = c (x > and y > or x < and y < 
to get a maximum value) give a family of hyperbolas in the first and third quadrants with the x- and y- 
axes as asymptotes. The maximum value of c occurs where the hyperbola xy = c is tangent to the line 
x + y = 16. 



8. Let f(x. y) = x 2 + y 2 be the square of the distance from the origin. Then y f = 2xi + 2yj and 

V g = (2x + y)i + (2y + x)j so that v f = A V g => 2x = A(2x + y) and 2y = A(2y + x) =>• ^ = A 

=> 2x = (2x + y) x(2y + x) = y(2x + y) => x 2 = y 2 => y = ± x. 

CASE 1: y = x x 2 + x(x) + x 2 - 1 = x = ± A- and y = x. 

CASE 2: y = -x => x 2 + x(-x) + (-x) 2 -1=0 x = ± 1 and y = -x. Thus f A^j = f 

= f(-^,-^)andf(l,-l) = 2 = f(-l,l ) . 

Therefore the points (1,-1) and (—1, 1) are the farthest away; (^^, an d ( — > — are the closest 
points to the origin. 

9. V = 7rr 2 h 16tt = 7rr 2 h => 16 = r 2 h g(r, h) = r 2 h - 16; S = 2?rrh + 2?rr 2 => v S = (2?rh + 4vrr)i + 2yrrj and 
Vg = 2rhi + r 2 j so that v S = A v g (2vrrh + 4?rr)i + 27rrj = A (2rhi + r 2 j) 2?rrh + 4vrr = 2rhA and 

27rr = Ar 2 =4> r = or A = . But r = gives no physical can, sor^O =4> A = ^ => 27rh + 47rr 
= 2rh ( => 2r = h => 16 = r 2 (2r) => r = 2 => h = 4; thus r = 2 cm and h = 4 cm give the only extreme 
surface area of 247r cm 2 . Since r = 4 cm and h = 1 cm => V = 167T cm 3 and S = 407r cm 2 , which is a larger 
surface area, then 247r cm 2 must be the minimum surface area. 
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g(r,h) = r 2 + (|) 2 - a 2 = 0. Thus v S = 2?rhi + 2?rrj and v g = 2ri + \ j so that v S = A v g => 2vrh = 2Ar and 
2m = f ^ f = A and 2tit = ) (|) ^ 4r 2 = h 2 =► h = 2r => r 2 + £ = a 2 ^> 2r 2 = a 2 ^ r = 

h = aV^ =>• S = 2tt (a-v/2) = 27ra 2 . 

11. A = (2x)(2y) = 4xy subject to g(x, y) = ^ + ^ - 1 = 0; V A = 4 yi + 4x J and V g = | i + if J so mat V A 

= A V g =* 4yi + 4xj = A(|i+|j) => 4y = (|) A and 4x = (f) A => A = ^ and 4x = (f) (f) 

=> y = ±jX =>■ + - 4 9 ^ =1 =>x 2 = 8=>x=± 2^/2 . We use x = 2y/2 since x represents distance. 
Then y = f (2^/2) = ^ , so the length is 2x = Ay/2 and the width is 2y = 3\fl. 

12. P = 4x + 4y subject to g(x, y) = ^ + j£ - 1 = 0; v p = 4i + 4 j and V g = |r • + ^ j so that yP^Ayg 

^4=(§0Aand4=(!)A => A = f and 4 = @) ) ^ y = (*) * + ^ = l + S£ 

= 1 =* (a 2 +b 2 )x 2 = a 4 =* x=7;;f L=,sincex>0 =* y width = 2x = 

and height = 2y = -M— perimeter is P = 4x + 4y = Hp^ = Ay/ 3? + b 2 

13. V f = 2xi + 2 yj and V g = ( 2x - 2)i + (2y - 4)j so that v f = A V g = 2xi + 2yj = A[(2x - 2)i + (2y - 4)j] 

2x = A(2x - 2) and 2y = A(2y - 4) x = -A- and y = 4^, A ^ 1 y = 2x =j- x 2 - 2x + (2x) 2 - 4(2x) 
= =>■ x = and y = 0, or x = 2 and y = 4. Therefore f(0, 0) = is the minimum value and f(2, 4) = 20 is the 
maximum value. (Note that A = 1 gives 2x = 2x — 2 or — —2, which is impossible.) 

14. v f = 3i - j and v g = 2xi + 2yj so that v f = A V g => 3 = 2Ax and -1 = 2Ay =*> A = ^ and -1 = 2 (^) y 

^ y = - I =» x 2 + (-f) 2 =4 ^> 10x 2 = 36 x = ± -4- ^ x = -4- andy = - -4- , or x = - -4- and 

y = 4=. Therefore f f -$=, - -4=^ = 42= + 6 = 2-v/lO + 6 « 12.325 is the maximum value, and 
^ vio Vvio vio/ vio v 

f f- -7T, -^1 = -2\A0 + 6 w -0.325 is the minimum value. 

V vio' vio/ v 

15. V T = (8x - 4y)i + (-4x + 2y)j and g(x, y) = x 2 + y 2 - 25 = =>- V g = 2xi + 2yj so that v T = A v g 

(8x - 4y)i + (-4x + 2y)j = A(2xi + 2yj) =^ 8x - 4y = 2Ax and -4x + 2y = 2Ay => y = =^ , A ^ 1 
=> 8x - 4 (=^f ) = 2Ax x = 0, or A = 0, or A = 5. 
CASE 1: x = =>• y = 0; but (0, 0) is not on x 2 + y 2 = 25 so x 4 0. 
CASE 2: A = y = 2x => x 2 + (2x) 2 = 25 =>• x = ± a nd y = 2x. 

CASE 3: A = 5 => y=^ = -|^x 2 + (-f) 2 = 25^x = ± 2y/5 x = 2y/l and y = - y/5, or x = -2y/5 
and y = \/5 . 

Therefore T (y/5, 2^5^ = 0° = T (-y/5, -2y/5j is the minimum value and T (2y/5,-\/5^ = 125° 

= T (—2y/ 5, y/5^ is the maximum value. (Note: A = 1 \ — from the equation — 4x + 2y = 2Ay; but we 
found x 4 Oin CASE 1.) 

16. The surface area is given by S = 47rr 2 + 27rrh subject to the constraint V(r, h) = | 7rr 3 + 7rr 2 h = 8000. Thus 

V S = (8?rr + 2?rh)i + 2vrrj and v v = ( 47r1 " 2 + 2 7rrh) i + 7rr 2 j so that v S = A V v = (8 71 " 1 " + 2 7rh)i + 27rrj 
= A [(4vrr 2 + 2?rrh) i + 7rr 2 j] => 8?rr + 27rh = A (4?rr 2 + 27rrh) and 2vrr = A7rr 2 r = or 2 = rA. But r ^ 
so 2 = rA A = \ =>■ 4r + h= ^ (2r 2 + rh) => h = ^ the tank is a sphere (there is no cylindrical part) and 

1^ = 8000 => r= 10(f) 1/3 . 
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17. Let f(x. y, z) = (x — l) 2 + (y — l) 2 + (z — l) 2 be the square of the distance from (1,1, 1). Then 

V f = 2(x - l)i + 2(y - l)j + 2(z - l)k and v g = » + 2j + 3k so that v f = A v g 

2(x - l)i + 2(y - l)j + 2(z - l)k = A(i + 2j + 3k) =>• 2(x - 1) = A, 2(y - 1) = 2A, 2(z - 1) = 3A 
2(y - 1) = 2[2(x - 1)] and 2(z - 1) = 3[2(x -l)]^x=^-^z + 2 = 3 or z = ^ ; thus 

y ~Y~ + 2y + 3 (^r 1 ) -13 = => y = 2 x = | and z = § . Therefore the point (|,2, |) is closest (since no 

point on the plane is farthest from the point (1,1,1)). 

18. Letf(x,y,z) = (x - l) 2 + (y + l) 2 + (z - l) 2 be the square of the distance from (1, -1,1). Then 

V f = 2(x - l)i + 2(y + l)j + 2(z - l)k and yg = 2xi + 2yj + 2zk so that v f = A V g => x - 1 = Ax, Y + 1 = Ay 
andz-l = Az =* x = ^ , y = - ^ , and z = ^ for A ? 1 =* (^) 2 + (^) 2 + (^) 2 = 4 

=* rh = ±75 => x =^' y = "75' z= 75 orx = "V5' y= 75' z = "V5- The lar gest value of f 

occurs where x < 0, y > 0, and z < or at the point ^— , , - on the sphere. 

19. Let f(x. y, z) = x 2 + y 2 + z 2 be the square of the distance from the origin. Then y f = 2xi + 2yj + 2zk and 

yg = 2xi — 2yj — 2zk so that yf=Ayg =4* 2xi + 2yj + 2zk = A(2xi — 2yj — 2zk) =>■ 2x = 2xA, 2y = — 2yA, 
and 2z = -2zA => x = or A = 1. 

CASE 1: A = 1 => 2y = -2y y = 0; 2z = -2z => z = x 2 - 1 = =^ x = ± 1 and y = z = 0. 
CASE 2: x = — y 2 — z 2 = 1, which has no solution. 

Therefore the points on the unit circle x 2 + y 2 = 1, are the points on the surface x 2 + y 2 — z 2 = 1 closest to the origin. 
The minimum distance is 1 . 

20. Let f(x. y, z) = x 2 + y 2 + z 2 be the square of the distance to the origin. Then y f = 2xi + 2yj + 2zk and 

V g = yi + xj — k so that yf = Ayg =>■ 2xi + 2yj + 2zk = A(yi + xj — k) =>■ 2x = Ay, 2y = Ax, and 2z = —A 

^x=^^>2y = A =^ y = or A = ±2. 

CASE 1: y = 0^>x = 0^ -z + 1 = z = 1. 

CASE 2: A = 2 => x = y and z = -1 x 2 - (-1) + 1 = x 2 + 2 = 0, so no solution. 
CASE 3: A = -2 => x = -y and z = 1 =^ (-y)y -1 + 1= =*> y = 0, again. 

Therefore (0, 0, 1) is the point on the surface closest to the origin since this point gives the only extreme value 
and there is no maximum distance from the surface to the origin. 

21. Let f(x, y, z) = x 2 + y 2 + z 2 be the square of the distance to the origin. Then v f = 2xi + 2yj + 2zk and 

yg = -yi - xj + 2zk so that yf=Ayg => 2xi + 2yj + 2zk = A(-yi - xj + 2zk) => 2x = -yA, 2y = -xA, and 
2z = 2zA =>■ A = 1 or z = 0. 

CASE 1: A = 1 2x = -y and 2y = -x =>■ y = and x = => z 2 - 4 = =^ z = ± 2 and x = y = 0. 
CASE 2: z = ^ -xy - 4 = =>■ y = - \ . Then 2x = A A = ^ , and - f = -xA =>• - | = -x ) 

=> x 4 = 16 =>■ x = ±2. Thus, x = 2 and y — —2, or x = —2 and y = 2. 
Therefore we get four points: (2, -2, 0), (-2, 2, 0), (0, 0, 2) and (0, 0, -2). But the points (0, 0, 2) and (0, 0, -2) 
are closest to the origin since they are 2 units away and the others are 2y/2 units away. 

22. Let f(x, y, z) = x 2 + y 2 + z 2 be the square of the distance to the origin. Then y f = 2xi + 2yj + 2zk and 

V g = yzi + xz j + x yk so that yf=Ayg => 2x = Ayz, 2y = Axz, and 2z = Axy =>■ 2x 2 = Axyz and 2y 2 = Ayxz 
=> x 2 = y 2 => y = ± x =4> z = ± x =4> x( ±x) ( ± x) = 1 => x = ±1 =4> the points are (1, 1, 1), (1,-1, -1), 

(-1,-1,1), and (-1,1,-1). 

23. V f = i - 2j + 5k and v g = 2xi + 2yj + 2zk so that v f = A V g 1 - 2 j + 5k = A(2xi + 2yj + 2zk) 1 = 2xA, 
-2 = 2yA, and 5 = 2zA =^> x = i , y = - \ = -2x, and z = ^ = 5x =^ x 2 + (-2x) 2 + (5x) 2 = 30 x = ± 1. 
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Thus, x — 1, y — —2, z — 5 or x = —1, y — 2,z — —5. Therefore f(l, —2, 5) = 30 is the maximum value and 
f(— 1, 2, —5) = —30 is the minimum value. 



24. v f = i + 2 j + 3k and V g = 2xi + 2 yj + 2zk so that yf=Ayg^i + 2j + 3k = A(2xi + 2yj + 2zk) 1 = 2xA, 
2 = 2yA, and 3 = 2zA => x = ^ , y = { = 2x, and z = ^ = 3x => x 2 + (2x) 2 + (3x) 2 = 25 => x = ± 

Thus, x=^-,y=42_,z=42_orx=-^-,y=-42_,z=-42_. Therefore f ( * 10 

= 5 V 14 is the maximum value and f [ 1— , 77- , r= ) — — 5v 14 is the minimum value. 

V vi4 V14 vi4/ 

25. f(x, y, z) = x 2 + y 2 + z 2 and g(x, y, z) = x + y + z - 9 = => V f = 2xi + 2yj + 2zk and vg = i + j + kso that 

V f = A v g => 2xi + 2yj + 2zk = A(i + j + k) 2x = A, 2y = A, and 2z = A => x = y = z => x + x + x - 9 = 
=> x = 3, y = 3, and z = 3. 

26. f(x, y, z) = xyz and g(x, y, z) = x + y + z 2 — 16 = =4> V f = yzi + xzj + xyk and v g = i + j + 2zk so that 

V f = A V g Y z i + xz j + x yk = A(i + j + 2zk) =4> yz = A, xz = A, and xy = 2zA =>• yz = xz => z = or y = x. 
But z > so that y = x => x 2 = 2zA and xz = A. Then x 2 = 2z(xz) =4> x = or x = 2z 2 . But x > so that 

x = 2z 2 y = 2z 2 =>• 2z 2 + 2z 2 + z 2 = 16 =*> z = ± . We use z = ^ since z > 0. Then x = f and y = f 

which yields f(f,f,^) = i$. 

27. V = 6xyz and g(x, y, z) = x 2 + y 2 + z 2 - 1 — =>- V v = 6yzi + 6xzj + 6xyk and v g = 2xi + 2yj + 2zk so that 

V V = A v g =^ 3yz = Ax, 3xz = Ay, and 3xy = Az =>■ 3xyz = Ax 2 and 3xyz = Ay 2 =>y=±x=>z=±x 
=> x 2 + x 2 + x 2 = 1 => x = since x > => the dimensions of the box are by by for maximum 

volume. (Note that there is no minimum volume since the box could be made arbitrarily thin.) 

28. V = xyz with x, y. z all positive and | + £ + | = 1; thus V = xyz and g(x, y. z) = bcx + acy + abz — abc = 

=> V V = yzi + xzj + xyk and v g — bci + acj + abk so that v^^Ayg => yz = Abc, xz = Aac, and xy = Aab 
=> xyz = Abcx, xyz = Aacy, and xyz = Aabz A ^ 0. Also, Abcx = Aacy = Aabz =>■ bx = ay, cy = bz, and 

cx = az => y=^xandz=£x. Then f + * + \ = 1 § + I Q x) + i (| x) = 1 f = 1 x=§ 

y = Q) (f) = I and z = (|) (§) = § V = xyz = (§) (|) (§) = ^ is the maximum volume. (Note that 

there is no minimum volume since the box could be made arbitrarily thin.) 

29. v T = 16xi + 4zj + (4y - 16)k and vg = 8xi + 2yj + 8zk so that v T = A v g => 16xi + 4zj + (4y - 16)k 
= A(8xi + 2yj + 8zk) =*> 16x = 8xA, 4z = 2yA, and 4y - 16 = 8zA => A = 2 or x = 0. 

CASE 1: A = 2 => 4z = 2y(2) => z = y. Then 4z - 16 = 16z =>• z = - f => y = - f . Then 

4x 2 + (-|) 2 +4(-|) 2 = 16 x= ±|. 
CASE 2: x = => A = | => 4y - 16 = 8z y 2 - 4y = 4z 2 =>• 4(0) 2 + y 2 + (y 2 - 4y) - 16 = 

=*> y 2 - 2y - 8 = (y - 4)(y + 2) = y = 4 or y = -2. Now y = 4 4z 2 = 4 2 - 4(4) 
z = and y = -2 =>• 4z 2 = (-2) 2 - 4(-2) => z = ± y/j,. 

The temperatures are T ( ± § , - f , - f ) = 642 § °, T(0, 4, 0) = 600°, T (o, -2, y^) = (600 - 24 V^) , and 

T (0, -2, — \/3) = (600 + 24 V^) ~ 641.6°. Therefore ( ± f , - f , - |) are the hottest points on the space probe. 

30. V T = 400yz 2 i + 400xz 2 j + 800xyzk and yg = 2xi + 2yj + 2zk so that v T = A v g 

=> 400yz 2 i + 400xz 2 j + 800xyzk = A(2xi + 2yj + 2zk) 400yz 2 = 2xA, 400xz 2 = 2yA, and 800xyz = 2zA. 

Solving this system yields the points (0, ± 1,0) , ( ± 1, 0, 0) , and ( ± 1, ±\, ± ^pj . The corresponding 



914 Chapter 14 Partial Derivatives 



temperatures are T (0, ± 1, 0) = 0, T ( ± 1, 0, 0) = 0, and T ( ± \, ±\, ± Y) = ±5 °- Therefore 50 is the 
maximum temperature at ^| , | , ± and ^— | , — | , ± ; — 50 is the minimum temperature at 

(s ' - \ ' ^ ^) anc * ( — 5 ' 5 ' ^ "^r) • 

31. v U = (y + 2)i + xj and yg = 2i+jso that v U = A v g => (y + 2)i + xj = A(2i + j) y + 2 = 2A and 
x = A y + 2 = 2x y = 2x - 2 2x + (2x - 2) = 30 x = 8 and y = 14. Therefore U(8, 14) = $128 
is the maximum value of U under the constraint. 

32. v M = (6 + z)i - 2yj + xk and vg = 2xi + 2yj + 2zk so that v M = A v g =*> (6 + z)i - 2yj + xk 
= A(2xi + 2yj + 2zk) =>• 6 + z = 2xA, -2y = 2yA, x = 2zA =*> A = - 1 or y = 0. 

CASE 1: A = -1 =*> 6 + z = -2x and x = -2z =>• 6 + z = -2(-2z) z = 2 and x = -4. Then 

(_4) 2 + y 2 + 2 2 - 36 = y = ±4. 
CASE 2: y = 0, 6 + z = 2xA, and x = 2zA => A = £ 6 + z = 2x (^) 6z + z 2 = x 2 

(6z + z 2 ) + 2 + z 2 = 36 z = -6 or z = 3. Now z = -6 => x 2 = => x = 0; z = 3 

x 2 = 27 =>• x = ± 3^3. 
Therefore we have the points ( ± 3 V% 0, 3) , (0, 0, -6), and (-4, ± 4, 2) . Then M (3 \/3, 0, 3) 

= 27V^ + 60« 106.8, m(-3-\/3, 0,3) = 60- 27V^« 13.2, M(0, 0, -6) = 60, and M(-4,4,2) = 12 
= M(-4, -4, 2). Therefore, the weakest field is at (-4, ± 4, 2) . 

33. Let gi(x, y, z) = 2x - y = and g 2 (x. y, z) = y + z = =4> V gi = 2i - j . V g2 = j + k , and v f = 2xi + 2j - 2zk 
so that v f = A V gi + A* V g2 2xi + 2j - 2zk = A(2i - j) + fiQ + k) =>• 2xi + 2j - 2zk = 2Ai + (/x - A)j + ^k 

=> 2x = 2A, 2 = fj, - A, and -2z = /z => x = A. Then 2 = -2z - x =>- x = -2z - 2 so that 2x - y = 

=> 2(— 2z — 2) — y = => — 4z — 4 — y = 0. This equation coupled with y + z = implies z = — | and y = | . 

Then x = | so that (| , | , — |) is the point that gives the maximum value f (| , | , — |) = (|) 2 + 2 (|) — (— j) 2 

_ 4 
3 ■ 

34. Letg 1 (x ! y,z) = x + 2y + 3z-6 = 0andg 2 (x,y,z) = x + 3y + 9z-9 = => Vgi =i + 2j + 3k, 

V g2 = i + 3j + 9k , and v f = 2xi + 2yj + 2zk so that v f = A V gi + fi V g2 =>- 2xi + 2yj + 2zk 

= A(i + 2j + 3k) + + 3j + 9k) 2x = A + fi, 2y = 2A + 3/z, and 2z = 3A + 9/z. Then = x + 2y + 3z-6 
= i (A + (j) + (2A + 3^) + (| A + f fi) - 6 ^> 7A + 17/x = 6; = x + 3y + 9z - 9 

=> 5 (A + fi) + (3A + § /i) + (y A + y /i) - 9 =4> 34A + 91/i = 18. Solving these two equations for A and fi gives 
A=fandix = -g => x= ^ = |,y= = f ,andz = **±* = The minimum value is 

f (55 ' W ' l>) = ^55^ = W ■ (Note that there is no maximum value of f subject to the constraints because 
at least one of the variables x, y, or z can be made arbitrary and assume a value as large as we please.) 

35. Let f(x, y, z) = x 2 + y 2 + z 2 be the square of the distance from the origin. We want to minimize f(x, y, z) subject 
to the constraints gi(x, y, z) = y + 2z — 12 = and g2(x, y, z) = x + y — 6 = 0. Thus y f = 2xi + 2yj + 2zk , 

V gi = j + 2k , and v g 2 = i + j so that V f = A V gi + fi V g 2 2x = fi, 2y = A + fi, and 2z = 2A. Then 
= y + 2z - 12 = (f + f ) + 2A - 12 ^ | A + \ fi = 12 5A + /i = 24;0 = x + y- 6= f + (f + f)-6 

=> ^ X + fi — 6 =>■ A + 2fi — 12. Solving these two equations for A and fi gives A = 4 and fi — 4 => x = | = 2, 
y = = 4, and z = A = 4. The point (2, 4, 4) on the line of intersection is closest to the origin. (There is no 
maximum distance from the origin since points on the line can be arbitrarily far away.) 



36. The maximum value is f (| , | , — |) = | from Exercise 33 above. 
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37. Let gi(x, y, z) = z - 1 = and g 2 (x, y, z) = x 2 + y 2 + z 2 - 10 = V gi = k> V g2 = 2xi + 2yj + 2zk , and 
V f = 2xyzi + x 2 zj + x 2 yk so that yf=Ayg!+^yg 2 2xyzi + x 2 zj + x 2 yk = A(k) + /z(2xi + 2yj + 2zk) 
=> 2xyz = 2x^i, x 2 z = 2y/z, and x 2 y = 2z^t + A => xyz = x/i => x = or yz = =>■ ^ = Y since z = 1. 
CASE 1: x = and z = 1 ^ y 2 - 9 = (from g 2 ) => y = ± 3 yielding the points (0, ± 3, 1). 
CASE 2: fi = y => x 2 z = 2y 2 x 2 = 2y 2 (since z = 1) 2y 2 + y 2 + 1 - 10 = (from g 2 ) => 3y 2 - 9 = 

^y=±V^^x 2 = 2(^± V^) 2 => x = ± yielding the points ( ± y^, ± V% l) ■ 

Now f (0, ± 3, 1) = 1 and f ( ± y/6, ± y/3, lj = 6 ( ± y/3) + 1 = 1 ± 6y/3. Therefore the maximum of f is 

1 + 6 V^3 at ( ± \/6, V% 1 ) » an d the minimum of f is 1 - 6\^3 at ( ± ^/6, - y/3, 1 J . 



38. (a) Let g!(x,y,z) = x + y + z - 40 = and g 2 (x, y. z) = x + y- z = y g! = i + j + k, V g2 = i + j - k, and 
y w = yzi + xzj + xyk so that v w = ^ V gi + A* V g2 => yzi + xzj + xyk = A(i + j + k) + + j - k) 
=> yz = A + fj,, xz = A + fj,, and xy = A — fi => yz = xz =>■ z = or y = x. 
CASE 1: z = =4> x + y = 40 and x + y = => no solution. 

CASE 2: x = y 2x + z - 40 = and 2x - z = =>• z = 20 =>• x = 10 and y = 10 =>• w = (10)(10)(20) 
= 2000 

j k 

1 1 



(b) n = 



-1 



= — 2i + 2j is parallel to the line of intersection =4* the line is x = — 2t + 10, 



y = 2t + 10, z = 20. Since z = 20, we see that w = 
which has its maximum when t = x = 10, y 



xyz = (-2t + 10)(2t + 10)(20) 
: 10, and z = 20. 



(-4t 2 + 100) (20) 



39. Let gi(x, y, z) = y - x = and g 2 (x, y, z) = x 2 + y 2 + z 2 - 4 = 0. Then v f = yi + xj + 2zk , v gi = -i + j , and 

V g 2 = 2xi + 2yj + 2zk so that y f = A v gi + M V g2 => yi + xj + 2zk = A(-i + j) + £t(2xi + 2yj + 2zk) 
=> y = —A + 2x/x, x = A + 2y/x, and 2z = 2z/j, =>• z = or \i — 1. 

CASE 1: z = x 2 + y 2 - 4 = => 2x 2 - 4 = (since x = y) x = ± and y = ± \fl yielding the points 
( ± y/l, ± >J2, o) . 

CASE 2: (j, = 1 =^ y = -A + 2x and x = A + 2y =4> x + y = 2(x + y) => 2x = 2(2x) since x=y^x=0^y=0 
z 2 - 4 = => z = ±2 yielding the points (0, 0, ± 2) . 

Now, f (0, 0, ± 2) = 4 and f ( ± V^, ±y/2,6j = 2. Therefore the maximum value of f is 4 at (0, 0, ± 2) and the 
minimum value of f is 2 at ^ ± y/l, ± y/l, O^j . 

40. Let f(x, y, z) = x 2 + y 2 + z 2 be the square of the distance from the origin. We want to minimize f(x, y, z) subject 

to the constraints gi(x, y, z) = 2y + 4z - 5 = and g 2 (x, y, z) = 4x 2 + 4y 2 - z 2 = 0. Thus v f = 2xi + 2yj + 2zk , 

V gi = 2j + 4k , and v g2 = 8xi + 8yj - 2zk so that y f = A y gi + /z v g 2 =4> 2xi + 2yj + 2zk 

= A(2j + 4k) + /i(8xi + 8yj - 2zk) => 2x = 8x^i, 2y = 2A + 8y^t, and 2z = 4A - 2zfi =^> x = or /j, = \ . 
CASE 1: x = ^ 4(0) 2 + 4y 2 - z 2 = => z = ± 2y =>• 2y + 4(2y) - 5 = =>• y = ± , or 2y + 4(-2y) -5 = 

=>• y = — | yielding the points (0, \ , l) and (0, — |, |) . 
CASE 2: n=\ ^>y = A + y^A = 0^>2z = 4(0) - 2z Q) => z = 2y + 4(0) = 5 =>• y = § and 

(0) 2 = 4x 2 + 4 (|) 2 => no solution. 
Then f (0, \, l) = § and f (0, - f , §) = 25 + 1) = ^ the point (0, \, l) is closest to the origin. 

41. y f = i + j and y g = yi + xj so that y f = A y g => i + j = A(yi + xj) 1 = yA and 1 = xA y = x 
=>y 2 = 16=>y=±4=> (4. 4) and (-4. -4) are candidates for the location of extreme values. But as x — > oo, 

y — > ooandf(x,y) — > oo; as x — > — oo, y — > 0andf(x,y) — > — oo. Therefore no maximum or minimum value 
exists subject to the constraint. 
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42. Let f(A, B, C) = £ (Ax k + By k + C - z k ) 2 = C 2 + (B + C - l) 2 + (A + B + C - l) 2 + (A + C + l) 2 . We want 

k=l 

to minimize f. Then f A (A, B, C) = 4A + 2B + 4C, f B (A, B, C) = 2A + 4B + 4C - 4, and 

f c (A, B, C) = 4A + 4B + 8C — 2. Set each partial derivative equal to and solve the system to get A = — \ , 

B = | , and C = — \ or the critical point of f is (— \ , | , — \) . 

43. (a) Maximize f(a, b, c) = a 2 b 2 c 2 subject to a 2 + b 2 + c 2 = r 2 . Thus v f = 2ab 2 c 2 i + 2a 2 bc 2 j + 2a 2 b 2 ck and 

V g = 2ai + 2bj + 2ck so that vf=A\7g 2ab 2 c 2 = 2aA, 2a 2 bc 2 = 2bA, and 2a 2 b 2 c = 2cA 
=}► 2a 2 b 2 c 2 = 2a 2 A = 2b 2 A = 2c 2 A => A = or a 2 = b 2 = c 2 . 
CASE 1: A = => a 2 b 2 c 2 = 0. 

CASE 2: a 2 = b 2 = c 2 =4* f(a, b, c) = a 2 a 2 a 2 and 3a 2 = r 2 => f(a. b, c) = ^ j^j is the maximum value, 
(b) The point (^J&, \/b, y/cj is on the sphere if a + b + c = r 2 . Moreover, by part (a), abc = f (^\f&, \/b, y/cj 
< (f ) 3 => (abc) 1 / 3 < r j = s^b + c > as claimed 

n 

44. Let f(xi, x 2 , ... ,x„) = E a i x . = a i x i + a 2 x 2 + ■ • ■ + a n x„ and g(xi,x 2 , ... , x„) = x 2 + x 2 + . . . + x 2 - 1. Then we 

i=l 

2 „2 ,2 

want vf=^vg => ai = A(2xi), a 2 = A(2x 2 ), ... , a n = A(2x n ), A ^ ^ x, = ^ + jxi + • • ■ + jx? = 1 

/ n \ J / 2 n n n / n \ 1 / 2 

4A 2 =E a , 2 => 2A= E a ? ^ f(xi,x 2) ... ,x n ) = Ea i x i = Ea i (^) = ^E a?= Ea, 2 is 

i=l \i=l / i=l i=l i=l \i=l / 

the maximum value. 



45-50. Example CAS commands: 
Maple : 

f := (x,y,z) -> x*y+y*z; 
gl := (x,y,z) -> x A 2+y A 2-2; 
g2 := (x,y,z) -> x A 2+z A 2-2; 

h := unapply( f(x,y,z)-lambda[l]*gl(x,y,z)-lambda[2]*g2(x,y,z), (x,y,z,lambda[l],lambda[2]) ); # (a) 

hx := diff( h(x,y,z,lambda[l],lambda[2]), x ); #(b) 

hy := diff( h(x,y,z,lambda[l],lambda[2]), y ); 

hz := diff( h(x,y,z,lambda[l],lambda[2]), z ); 

hll := diff( h(x,y,z,lambda[l],lambda[2]), lambdafl] ); 

hl2 := diff( h(x,y,z,lambda[l],lambda[2]), lambda[2] ); 

sys := { hx=0, hy=0, hz=0, hll=0, hl2=0 }; 

ql := solve( sys, {x,y,z,lambda[l],lambda[2]} ); # (c) 

q2 := map(allvalues,{ql }); 

for p in q2 do # (d) 

eval( [x,y,z,f(x,y,z)], p ); 

"=evalf(eval( [x,y,z,f(x,y,z)], p )); 
end do; 

Mathematica : (assigned functions will vary) 
Clear[x, y, z, lambdal, lambda2] 
f[x_,y_,z_]:= x y + y z 
gl[x_,y_,z_]:= x 2 + y 2 - 2 
g2[x_,y_,z_]:= x 2 + z 2 — 2 

h = f[x, y, z] — lambdal gl[x, y, z] — lambda2 g2[x, y, z]; 

hx=D[h, x]; hy=D[h,y]; hz= D[h,z]; hLl=D[h, lambdal]; hL2= D[h, lambda2]; 
critical=Solve[{hx==0, hy==0, hz==0, hLl==0, hL2==0, gl[x,y,z]==0, g2[x,y,z]==0}, 
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{x, y, z, lambdal, Iambda2}]//N 
{{x, y, z}, f[x, y, z]}/.critical 

14.9 PARTIAL DERIVATIVES WITH CONSTRAINED VARIABLES 



1. w = x 2 + y 2 + z 2 and z = x 2 + y 2 : 

" y? y Z) ] W => (t) z = fft + f | + ^|;|=0and|=2x|+2y| 



(a) 



2x * + 2y => = 2x * + 2y 



(b) 



tk ~ - » - ~ gy - - I = - i (w) z = ( 2x ) (- i) + (2y)(i) + ( 2z )(°) = -2y + 2y = o 

y = y(x,z) ) - w =* (| f ) x= | f | + ^| + |||;|=0and|=2x|+2y| 



z — z 



=> 1 = 2y I =* S = £ =* (f ) x = (2x)(0) + (2y) (i) + (2z)(l) = 1 + 2z 



(c) 



/ x = x(y, z) \ 

^l=2x|^| = i^ (ff) =(2x)(i)+(2y)(0) + (2z)(l) = l+2z 



w =► (f) =f | + f | + f |;|=0and|=2x|+2y| 



2. w = x + y — z + sin t and x + y = t: 



(a) ( y 



w 



(*)„ 



dw dx _i_ <9w dy_ _i_ <9w 9z _i_ <9w at . <9x r\ dz r\ „ nr | 

dx 9y "•" Oy Oy " r <9z Oy " r 3t Oy ' 9y ~~ U ' 3y ~~ U ' dllU 



dy 



= 1 =*> 



(b) 



I x = x \ 

y = y 

z = z 
\t = x + y/ 

(^) = (2x)(0) + (1)(1) + (-1)(0) + (cos t)(l) = 1 + cos t = 1 + cos (x + y) 
/x=t-y\ 

-^ w= > (80 = 



v 



y = y 

Z — Z 

t = t 



dw dx I 9w 9y I dw 9z , 9w dt.dz n j 9t n 

9x a y ^ a y d y ~ r az a y "•" at a y ' a y ~~ u dUU a y — u 



/ 



3x _ dt _ dy 
dy dy dy 



(C) 



( X = X \ 

y = y 

Z — Z 

\t = x + y/ 



(d) 



(e) 



1 (|f ) z( = (2x)(-l) + (1)(1) + (-D(O) + (cos t)(0) = 1 - 2(t - y) = 1 + 2y ■ 

... __. I dw\ dw dx i 9w 9y I 9w dz , dw dt . dx n j 9y r> 

w I arJx.y - ax~3z" + ay~^ + dz~^ + drdz"'3S S 

Vt=x+ y y 

) xy = (2x)(0) + (1)(0) + (-1)(1) + (cos t)(0) = -1 
'x = t-y^ 

w =>• = ^f^ + ^^ + |^f? + ^|t;^=0and| i =0 

V dz I y ,t 9x 9z 1 9y 9z 1 <9z 9z 1 at <9z ' 9z <9z 

(||) yi = (2x)(0) + (1)(0) + (-1)(1) + (cos t)(0) = -1 

... * ( dw \ _ dw dx I dw dy_ , dw dz , a_w dt . dx 

w ^ \ dt / x , z ~ dx at " r dy at " r az at " r at at' at 
(^) sz = (2x)(0) + (1)(1) + (-1X0) + (cos t)(l) = 1 + cos t 



2t 





/x = t-y\ 


(!)- 


y = y 




Z — Z 




v t=t y 





/ x = x \ 


(0- 


y = t — x 




Z — Z 







Oand 



3z _ 

at — 
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(f) 





/x = t-y\ 


(!)- 


y = y 




z = z 




v t=t y 



a_w"\ dw dx _|_ a_w <9y j_ 9w 9z j_ a_w at. dy_ 



v a J 



+ 



<9x at 1 dy at 1 5z at 1 at at' at 



+ 



= Oand 



az _ 
at ~~ 



(^) yz = (2x)(l) + (1)(0) + (-1)(0) + (cos t)(l) = cos t + 2x = cos t + 2(t - y) 



3. U = f(P, V, T) and PV = nRT 
P = P 

(a) i ;. I - I v V 



rr PV 

1 nR 



(b) 



ay , (du\ ( y_\ 
ap " r V aT M nR ) 



— (Qu\ (<}R\ i ay 
~~ V ap M v / aT 




U 



u 



(9U) 

lap A 



ap ap " r av ap " r aT ap — ap " r v av M u ' t v aT M nR / 



/ay\ _aiJ^,aja_v,ayaT_ im\ ( nR\ , fain rm , ay 
v aT ) v — ap aT ' av aT ' aT aT ~~ V ap M v / " r v av / w > 



aT 



4. w = x + y + z and y sin z + z sin x = 

(a) -> [ y = y ] w =>■ (ff) - 3i » x S« * ^ * * 
V y / \z = z(x,y)/ 

-z cos x a *■ sr\ 1 ™-\ dz 



Oand 



(y cos z) ff + (sin x) + z cos x = => ff 



dx dx dy dx dz dx ' dx 

s& At(0,l,7T), ^ - 3T =7T 



y cos z + s 
- 9^2 



(b) 



(^)y| ( o, 1 , ) = (2X)(1) + (2y)(0) + (2z) Ko,W = 27r 

<9w Ox i <9w Oy , Qw dz 



( y^V) - w =* (£) y = £ l + ly l + t l = (2x)| + (2y)(0) + (2z)(l) 

V z = z / 



(2x) § + 2z. Now (sin z) |f + y cos z + sin x + (z cos x) § = and 



ay 

dz 



=> y cos z + sin x + (z cos x) |^ = =*> |^ 
=* (^)„|(0,i,.)=2(O)(i)+27r = 27r 

5. w = x 2 y 2 + yz — z 3 and x 2 + y 2 + z 2 = 6 

( " | - | v = y | - w = 



-y cos z — sin x 
z cos x 



• At(0,l )7 r),i = y> =i 




Ow Ox _i_ Ow dy_ _i_ Ow Oz 
Ox dy dy dy dz dy 



(2xy 2 ) (0) + (2x 2 y + z) (1) + (y - 3z 2 ) dz 



dy 



2x 2 y + z + (y - 3z 2 ) §. Now (2x) | + 2y + (2z) § = and 



ax 
a y 







2y + (2z)§=0 =► | 



f. At (w,x,y,z) = (4,2, 1,-1), g 



(4,2,1,-1) 



= [(2)(2) 2 (1) + (-1)] + [1 - 3(-l) 2 ] (1) = 5 
x = x(y, z) ' 



= (2xy 2 ) | + (2x 2 y + z) (1) + (y - 3z 2 ) (0) = (2x 2 y) f + 2x 2 y + z. Now (2x) | + 2y + (2z) % = and 



az 
a y 



(2x) | + 2y = 



dx 

Oy 



dy 

\. At(w,x,y,z) = (4,2,l,-1), 



dx 
dy 



a y 

1 
2 



(2)(2)(1) 2 (- i) +(2)(2) 2 (1) + (-!) = 5 



a y 

(4,2,1,-1) 



6. y = uv ^ l=v| +U |;x = u 2 +v 2 and|=0 ^ = 2u|+2v| ^ | = I ^ 1 

= vg+u(-=g) = ( £ r 3d )g g = ^- At(u,v)=(v^,l),g = — ^r = -l 
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(!), = -' 



x = r cos 9 
y = r sin 9 



. Or _ 
^ dx ~ 



(dx) 



cos 9; x 2 + y 2 



2x + 2yg 



21 Ox ana 3x 



2x = 2r 



/dr\ _ x 



9t 

9x 



8. If x, y, and z are independent, then = £ g + g g + £ g + £ § 

= (2x)(l) + (-2y)(0) + (4)(0) + (1) (§) = 2x + §. Thus x + 2z + t = 25 1 + + § = 
=> (§f) yz = 2x — 1. On the other hand, if x, y , and t are independent, then ( §^ ) 

(2x)(l) + (-2y)(0) + 4|+ (1)(0) = 2x + 4 g . Thus, x + 2z + t : 

* (f) y ,, = 2x + 4 (-5)=2x-2. 



Ow Ox 
Ox Ox 



Ow 0y 
Oy Ox 



l+2|+0: 







<9w a_z I a_w at 

dz dx dt 5x 

3z _ _ 1 
dx 2 



25 



q _^ a^,9fay,cMaz 
9x c?x (9y <9x <9z <9x 



|i + |l |y =0 

ax ay ax 



9. If x is a differentiable function of y and z, then f(x, y. z) 

=> = — . Similarly, if y is a differentiable function of x and z > (gj) = — f§g ar, d if z is a 

differentiable function of x and y, (g) y = - Then (g^ (|) y 

_ I _ gffgy \ /_ gf/gz \ f_ gf/gx A _ _i 
~~ ^ df/dz j \ dfldx) \ df/dy ) ~ l ' 



10. z = z + f(u) and u = xy || 

= *(i + yaD-y(*aD=* 



i + 



df gu 
du dx 



1+y ^;also 



gz 

ay 



0+£| =*du sothatx ! 



ay 



11. If x and y are independent, then g(x, y, z) 

(l) x = -IH' asclaimed - 



ag 9x 



+ 



<9y _|_ <9g 9z 



ax c?y ay c?y az ay 



= and ^ = 

9y 



9g I 9g dz _ q 
ay c?z dy 



12. Let x and y be independent. Then f(x, y, z, w) = 0, g(x, y, z, w) = and g = 

Oand 



gf_ dx 
dx dx 



c?y dx dz dx dw dx 



dx 




dg 


dy 




dx 


+ 


dy 


dx 


+ 


df 






di 


Ow 


dz 


a x 


+ 


aw 


Ox 


tfg 


a z 




ag 


Ow 


9z 


dx 


+ 




Ox 



9g az 
az ax 



dg dw 
dw dx 



dx 



df I 8f <jz I af a_w 

ax az dx dw dx 

dg dz I ag aw 

az dx dw dx 



imply 



af 

dx 

dg 

dx 



(dz\ 

\dx)y 



df 


at_ 




flx 


ow 


Sg 

ax 


ag 

9w 


sf 


St 




81 


5w 




8g 
dz 


Sg 
<9w 





df dg 

3/. 



dg af 

dx dw 



M dg 

H\ i'W 



_ K 

i)/. i'iw 



dz dw 



Sf dg 



dw d/. 



Likewise, f(x, y, z, w) = 0, g(x, y, z, w) = and |p = 
= | + I| + alt=0and (similarly) | + || + Ht=0 imply 



as claimed. 



af aw 



wajc,af9y,afa_zi 

dx dy dy dy dz dy dw dy 



df dz 
dz dy 



df dw 
dw dy 



dg dz | ag aw 

az ay aw ay 



df 

dy 
dg 
dy 



(5). 



df 


df 


dz 


8y 


<}, 


ag 


8l 


8y 


af 


Sf 


8i 




<% 


ag 

(.Av 



3z fly 



ar ag _ ar ag 

di dy dy di 



ar ag 



ag ar 

di dw 



ar ag 
a/ aw 



ar_ ag 
aw a/ 



as claimed. 



14.10 TAYLOR'S FORMULA FOR TWO VARIABLES 



1. f(x, y) = xe^ f x = e y, f y = xeJ 1 , f xx = 0, f xy = e*, f, 



iyy 



xe y 



=> f(x, y) w f(0, 0) + xf x (0, 0) + yf y (0, 0) + 1 [x 2 f xx (0, 0) + 2xyf xy (0, 0) + y 2 f yy (0, 0)] 
= + x- l+ y- 0+ |(x 2 -0 + 2xy • 1 + y 2 • 0) = x + xy quadratic approximation; 

fxxx — 0? fxxy — 0, fxyy — fyyy = Xe^ 
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=> f(x, y) « quadratic + ± [x 3 f xxx (0, 0) + 3x 2 yf xxy (0, 0) + 3xy 2 f xyy (0, 0) + y 3 f yyy (0, 0)] 

= x + xy + g (x 3 • + 3x 2 y • + 3xy 2 • 1 + y 3 • 0) = x + xy + \ xy 2 , cubic approximation 

2. f(x, y) = e x cos y =4* f x = e x cos y, f y = — e x sin y, f xx = e x cos y, f xy = — e x sin y, f yy = — e x cos y 

=> f(x, y) « f(0, 0) + xf x (0, 0) + yf y (0, 0) + \ [x 2 f xx (0, 0) + 2xyf xy (0, 0) + y 2 f yy (0, 0)] 
= l+ x- l+ y- 0+ |[x 2 -l + 2xy • + y 2 • (- 1)] = 1 + x + \ (x 2 - y 2 ) , quadratic approximation; 
fxxx = e x cos y, f xxy = — e x sin y, f xyy = — e x cos y, f yyy = e x sin y 
=> f(x, y) « quadratic + \ [x 3 f xxx (0, 0) + 3x 2 yf xxy (0, 0) + 3xy 2 f xyy (0, 0) + y 3 f yyy (0, 0)] 
= 1 + x + \ (x 2 - y 2 ) + \ [x 3 • 1 + 3x 2 y • + 3xy 2 • (-1) + y 3 • 0] 
= 1 + x + | (x 2 - y 2 ) + g (x 3 - 3xy 2 ) , cubic approximation 

3. f(x, y) = y sin x => f x = y cos x, f y = sin x, f xx = — y sin x, f xy = cos x, f yy = 

=> f(x, y) « f(0, 0) + xf x (0, 0) + yf y (0, 0) + \ [x 2 f xx (0, 0) + 2xyf xy (0, 0) + y 2 f yy (0, 0)] 
= + x- + y- 0+ j(x 2 -0 + 2xy • 1 + y 2 • 0) = xy, quadratic approximation; 
fxxx = -y cos x, f xxy = - sin x, f xyy = 0, f yyy = 
=> f(x, y) « quadratic + \ [x 3 f xxx (0, 0) + 3x 2 yf xxy (0, 0) + 3xy 2 f xyy (0, 0) + y 3 f yyy (0, 0)] 
= xy + g (x 3 • + 3x 2 y • + 3xy 2 • + y 3 • 0) = xy, cubic approximation 

4. f(x, y) = sin x cos y => f x = cos x cos y, f y — — sin x sin y, f xx = — sin x cos y, f xy = — cos x sin y, 

= - sin x cos y f(x, y) sa f(0, 0) + xf x (0, 0) + yf y (0, 0) + \ [x 2 f xx (0, 0) + 2xyf xy (0, 0) + y 2 f yy (0, 0)] 
= + x- l+ y- 0+ |(x 2 -0 + 2xy • + y 2 • 0) = x, quadratic approximation; 
fxxx = — cos x cos y, f xxy = sin x sin y, f xyy = — cos x cos y, f yyy = sin x sin y 
=> f(x, y) « quadratic + \ [x 3 f xxx (0, 0) + 3x 2 yf xxy (0, 0) + 3xy 2 f xyy (0, 0) + y 3 f yyy (0, 0)] 
= x + g [x 3 • (-1) + 3x 2 y • + 3xy 2 • (-1) + y 3 • 0] = x - \ (x 3 + 3xy 2 ), cubic approximation 

5. f(x,y) = e x ln(l+y) => f x = e x ln(l + y), f y = ^ , f xx = e x ln(l + y), f xy = ^ , f yy = - ^ 

=> f(x, y) « f(0, 0) + xf x (0, 0) + yf y (0, 0) + \ [x 2 f xx (0, 0) + 2xyf xy (0, 0) + y 2 f yy (0, 0)] 
= + x- + y- l + i[x 2 -0 + 2xy • 1 + y 2 • (- 1)] = y + \ (2xy - y 2 ) , quadratic approximation; 
fxxx = e x In (1 + y), f xxy = , f xyy = - (1 + y)2 , f yyy = (1 + y) s 
=> f(x, y) « quadratic + \ [x 3 f xxx (0, 0) + 3x 2 yf xxy (0, 0) + 3xy 2 f xyy (0, 0) + y 3 f yyy (0, 0)] 
= y + \ (2xy - y 2 ) + \ [x 3 • + 3x 2 y • 1 + 3xy 2 • (-1) + y 3 • 2] 
= y + \ (2xy — y 2 ) + g (3x 2 y — 3xy 2 + 2y 3 ) , cubic approximation 

6. f(x,y) = ln(2x + y+l) fx = 2^+1 » f y = 27+7+T - fxx = (2x + y \ W ' fx y = (2x ff+ x? ' 

f yy = (2X+7+ iy => f ( x > y) ~ f (°' °) + xf X (°' °) + y f y(°' °) + 3 [ x2fxx ^ ' °) + 2x y f xy(0, 0) + y 2 f yy (0, 0)] 
= + x- 2 + yl + i[x 2 - (-4) + 2xy • (-2) + y 2 • (-1)] = 2x + y + \ (-4x 2 - 4xy - y 2 ) 
= (2x + y) — \ (2x + y) 2 , quadratic approximation; 

c _ 16 f _ 8 r _ 4 f _ 2 

Ixxx — (2x + y + l) 3 ' ^xy — (2x + y + l) 3 ' lx yy — (2x + y + l) 3 ' %y — (2x + y + l) 3 

=> f(x, y) w quadratic + \ [x 3 f xxx (0, 0) + 3x 2 yf xxy (0, 0) + 3xy 2 f xyy (0, 0) + y 3 f yyy (0, 0)] 
= (2x + y) - \ (2x + y) 2 + g (x 3 • 16 + 3x 2 y • 8 + 3xy 2 • 4 + y 3 • 2) 
= (2x + y) - \ (2x + y) 2 + \ (8x 3 + 12x 2 y + 6xy 2 + y 2 ) 
= (2x + y) — i (2x + y) 2 + 5 (2x + y) 3 , cubic approximation 

7. f(x, y) = sin (x 2 + y 2 ) f x = 2x cos (x 2 + y 2 ) , f y = 2y cos (x 2 + y 2 ) , f xx = 2 cos (x 2 + y 2 ) - 4x 2 sin (x 2 + y 2 ) , 
f xy = -4xy sin (x 2 + y 2 ) , f yy = 2 cos (x 2 + y 2 ) - 4y 2 sin (x 2 + y 2 ) 
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=> f(x, y) « f(0, 0) + xf x (0, 0) + yf y (0, 0) + \ [x 2 f xx (0, 0) + 2xyf xy (0, 0) + y 2 f yy (0, 0)] 
= + x • + y • + \ (x 2 • 2 + 2xy • + y 2 • 2) = x 2 + y 2 , quadratic approximation; 
f xxx = -12x sin (x 2 + y 2 ) - 8x 3 cos (x 2 + y 2 ) , f xxy = -4y sin (x 2 + y 2 ) - 8x 2 y cos (x 2 + y 2 ) , 
f xyy = -4x sin (x 2 + y 2 ) - 8xy 2 cos (x 2 + y 2 ) , f yyy — -12y sin (x 2 + y 2 ) - 8y 3 cos (x 2 + y 2 ) 

f(x, y) w quadratic + i [x 3 f xxx (0, 0) + 3x 2 yf xxy (0, 0) + 3xy 2 f xyy (0, 0) + y 3 f yyy (0, 0)] 
= x 2 + y 2 + 1 (x 3 • + 3x 2 y • + 3xy 2 • + y 3 • 0) = x 2 + y 2 , cubic approximation 

8. f(x, y) = cos (x 2 + y 2 ) f x = -2x sin (x 2 + y 2 ) , f y = -2y sin (x 2 + y 2 ) , 

f xx = -2 sin (x 2 + y 2 ) - 4x 2 cos (x 2 + y 2 ) , f xy = -4xy cos (x 2 + y 2 ) , f yy = -2 sin (x 2 + y 2 ) - 4y 2 cos (x 2 + y 2 ) 
=> f(x, y) « f(0, 0) + xf x (0, 0) + yf y (0, 0) + \ [x 2 f xx (0, 0) + 2xyf xy (0, 0) + y 2 f yy (0, 0)] 
= l+x-0 + y- 0+ i[x 2 -0 + 2xy • + y 2 • 0] = 1, quadratic approximation; 
f xxx = - 12x cos (x 2 + y 2 ) + 8x 3 sin (x 2 + y 2 ) , f xxy = -4y cos (x 2 + y 2 ) + 8x 2 y sin (x 2 + y 2 ) , 
f xyy = -4x cos (x 2 + y 2 ) + 8xy 2 sin (x 2 + y 2 ) , f yyy = -12y cos (x 2 + y 2 ) + 8y 3 sin (x 2 + y 2 ) 

f(x, y) w quadratic + 1 [x 3 f xxx (0, 0) + 3x 2 yf xxy (0, 0) + 3xy 2 f xyy (0, 0) + y 3 f yyy (0, 0)] 
= 1 + \ (x 3 • + 3x 2 y • + 3xy 2 • + y 3 • 0) = 1, cubic approximation 

9- f(x, y) = j _ x _ y fx = (i -x-y)2 = f y f xx = (l - x - y )3 = fxy = fyy 

=> f(x, y) « f(0, 0) + xf x (0, 0) + yf y (0, 0) + \ [x 2 f xx (0, 0) + 2xyf xy (0, 0) + y 2 f yy (0, 0)] 
= 1 + x • 1 + y • 1 + \ (x 2 • 2 + 2xy • 2 + y 2 • 2) = 1 + (x + y) + (x 2 + 2xy + y 2 ) 
= 1 + (x + y) + (x + y) 2 , quadratic approximation; f xxx = (1 _ x _ y)4 = f xxy = f xyy = f yyy 
=> f(x, y) « quadratic + \ [x 3 f xxx (0, 0) + 3x 2 yf xxy (0, 0) + 3xy 2 f xyy (0, 0) + y 3 f yyy (0, 0)] 
= 1 + (x + y) + (x + y) 2 + \ (x 3 • 6 + 3x 2 y • 6 + 3xy 2 • 6 + y 3 • 6) 

= 1 + (x + y) + (x + y) 2 + (x 3 + 3x 2 y + 3xy 2 + y 3 ) = 1 + (x + y) + (x + y) 2 + (x + y) 3 , cubic approximation 

iu. nx, y> — l _ x _ y + xy =f i x — (1 _ x _ y + xy) 2 > h — (i _ x _ y + xy) 2 . L xx — (i _ x - y + xy ) 3 ' 

f _ 1 f _ 2(1 - x) 2 

ixy — (i _ x _ y + xy) 2 ' x yy — (1 - x - y + xy ) 3 

=> f(x, y) « f(0, 0) + xf x (0, 0) + yf y (0, 0) + \ [x 2 f X x(0, 0) + 2xyf xy (0, 0) + y 2 f yy (0, 0)] 

= l+x-l+y-l + i(x 2 -2 + 2xy • 1 + y 2 • 2) = 1 + x + y + x 2 + xy + y 2 , quadratic approximation; 

f _ 6(1 - y) 3 f _ [-4(1 - x - y + xy) + 6(1 - y)(l - x)](l - y) 

Ixxx — (1 _ x _ y + xy) 4 , lxx y — (l-x- y + x y ) 4 

f _ [-4(1 - x - y + xy) + 6(1 - x)(l - y)](l - x) f _ 6(1 - x) 3 

lx yy — (i - x - y + x y ) 4 ' l yyy ~ (i - x - y + xy) 4 

=> f(x, y) w quadratic + ± [x 3 f XX x(0, 0) + 3x 2 yfx Xy (0 ! 0) + 3xy 2 f xyy (0, 0) + y 3 f yyy (0, 0)] 
= 1 + x + y + x 2 + xy + y 2 + \ (x 3 • 6 + 3x 2 y • 2 + 3xy 2 • 2 + y 3 • 6) 
= l+x + y + x 2 +xy + y 2 +x 3 +x 2 y + xy 2 + y 3 , cubic approximation 

11. f(x, y) = cos x cos y => f x = — sin x cos y, f y = — cos x sin y, f xx = — cos x cos y, f xy = sin x sin y, 

fyy = - cos x cos y ^ f(x, y) « f(0, 0) + xf x (0, 0) + yf y (0, 0) + \ [x 2 f xx (0, 0) + 2xyf xy (0, 0) + y 2 f yy (0, 0)] 
= 1 + x • + y • + I [x 2 • (— 1) + 2xy • + y 2 • (— 1)] = 1 — y — \ , quadratic approximation. Since all partial 
derivatives of f are products of sines and cosines, the absolute value of these derivatives is less than or equal 
to 1 E(x, y) < I [(0.1) 3 + 3(0.1) 3 + 3(0.1) 3 + 0.1) 3 ] < 0.00134. 

12. f(x, y) = e x sin y => f x = e x sin y, f y = e x cos y, f xx = e x sin y, f xy = e x cos y, f yy = — e x sin y 

=> f(x, y) w f(0, 0) + xf x (0, 0) + yf y (0, 0) + \ [x 2 f xx (0, 0) + 2xyf xy (0, 0) + y 2 f yy (0, 0)] 

= + x- + y- l + |(x 2 -0 + 2xy • 1 + y 2 • 0) = y + xy , quadratic approximation. Now, f xxx = e x sin y, 

f xxy = e x cos y, f xyy = -e x sin y, and f yyy = -e x cos y. Since |x| < 0.1, |e x sin y| < |e 01 sin 0.1| « 0.11 and 

|e x cos y| < |e 01 cos0.1| w 1.11. Therefore, 
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E(x,y) < I [(0.11K0.1) 3 + 3(1.11)(0.1) 3 + 3(0.1 1)(0.1) 3 + (1.11)(0.1) 3 ] < 0.000814. 

CHAPTER 14 PRACTICE EXERCISES 

1. Domain: All points in the xy-plane ;[ 
Range: z > I* 



Level curves are ellipses with major axis along the y-axis 
and minor axis along the x-axis. 




2. Domain: All points in the xy-plane 
Range: < z < oo 



2 



y 



z «e 



Level curves are the straight lines x + y = In z with 
slope —1, and z > 0. 




3. Domain: All (x, y) such that x^0 and y ^ 
Range: z ^ 




y 



Level curves are hyperbolas with the x- and y-axes 
as asymptotes. 



4. Domain: All (x. y) so that x 2 - 
Range: z > 



y > 




y 



Level curves are the parabolas y = x 2 — c, c > 0. 



5. Domain: All points (x, y. z) in space 
Range: All real numbers 




Level surfaces are paraboloids of revolution with 
the z-axis as axis. 
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6. Domain: All points (x, y, z) in space 
Range: Nonnegative real numbers 

Level surfaces are ellipsoids with center (0, 0, 0). 



9(x,y,z)-x J + 4y ! + 02 a -36 




7. Domain: All (x, y, z) such that (x, y, z) ^ (0, 0, 0) 
Range: Positive real numbers 

Level surfaces are spheres with center (0, 0, 0) and 
radius r > 0. 




Domain: All points (x, y, z) in space 
Range: (0, 1] 

Level surfaces are spheres with center (0, 0, 0) and 
radius r > 0. 




1 

"2 



9. lim e y cos x = e ln2 cos n = (2)(-l) = -2 

(x,y) -> (7r,ln2) 



10 lim 2 + y = 2 + = 2 

(x,y)->(0,0) x + cosy + cos0 



11. lim 



4^ = lim . x " y , = lim -4— = Y^-r = \ 

(x, y )^(i,i) - 2 -y 2 (x, y ) <*-yx*+y> (x, y )^(i,i) x +y 1 + 1 2 

±y x^ ±y 



12. lim 



x J y J - 1 



lim (xy-D(xy +xy+l) = Um (x 2 2 + +1) = 1 2. 12 + 1 . 1 + 1 = 3 

(x,y)^(l,l) -y- 1 (x,y) -»(!,!) (x,y)-(M) ^ 7 7 



13. lim In |x + y + z| = In II + (-l) + e| = lne = 1 
P->(l,-l,e) 

14. lim tan- 1 (x + y + z) = tan- 1 (l + (-l) + (-l)) = tan- 1 (-l) = -| 
P-> (1,-1,-1) 4 

15. Let y = kx 2 , k 4 L Then lim = lim , kx ^ , = which gives different limits for 

fry) -> (0,0) x2 -y (x,kx 2 ) -,(0,0) x - kx L - k 
y^x 2 

different values of k => the limit does not exist. 



16. Let y = kx, k ^ 0. Then lim 



lim 



(x,y)"-T(0,0) xy (x,kx)— (0,0) x(kx) 
xy^O 



x 2 + (kx) 2 _ 1+k 2 



which gives different limits for 
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different values of k => the limit does not exist. 

x 2 -y 2 _ x 2 - k 2 x 2 _ 1-k 2 
x 2 +y 2 — x 2 +k 2 x 2 ~~ 1+k 2 

of k =>■ the limit does not exist so f(0, 0) cannot be defined in a way that makes f continuous at the origin. 



17. Let y = kx. Then ^ )^ m (o ) x 2 + y 2 = x 2 +k 2 * 2 = TTF wn i cn gives different limits for different values 



18. Along the x-axis, y = and lim s '" ( * i y) = lim ^ = i \ X > ° n , so the limit fails to exist 

5 J (x,y)->(0,0) l x + y l x->0 M X<0' 

=> f is not continuous at (0, 0). 

19. §f = cos 6 + sin 6, % = -r sin 6 + r cos 6 



20 — I ( 2 * ^ a. ( * 2 ) - 

ZU - 9x — 2 ^x 2 +y 2 y / ^ l + (^) 2 ~~ 



§L — I f 2x i -j_ v x 2 / — _^ y _ x-y 

x 2 + y 2 x 2 + y 2 x 2 + y 2 ' 

'it — 1 f _Jy_\ i (j) - Y I x _ x + y 
2 ^x 2 +y 2 J ~*~ ■ - ,vx2 ~ 2 1 *' 2 



<9y 2 l^x 2 +y 2 y i + ll\ 2 x 2 +y 2 x 2 + y 2 x 2 +y 2 



9, _df_ L J?L — L M_ i_ 

Zi - 9Ri ~~ R? ' 5R 2 ~~ R 2 2 ' <9R 3 ~~ R 2 

22. h x (x, y, z) = 2n cos (27rx + y — 3z), h y (x, y, z) = cos (27rx + y — 3z), h z (x, y, z) = —3 cos (27rx + y — 3z) 

90 dP RT 9P _ nT 9P_nR dP _ _ nRT 

Z,J ' 9n V ' dR V ' 9T V ' 9V V 2 

24. f r (M,T,w) = -^r e ^, f*M,T,w) = - ^ y^, f T (r,*,T, w) = (i) (^) (^-) 
= 4rf ^/tvw = 4rfT fw(r, ^, T, w) = (53) (- 5 w 3 / 2 ) = - 4^ 

<9x y ' dy y 2 <9x 2 ' <9y 2 y 3 ' <9y<9x <9x<9y y 2 

26. g x (x, y) = e x + y cos x, g y (x, y) = sin x =*> g sx (x, y) = e x - y sin x, g yy (x, y) = 0, g xy (x, y) = g yx (x, y) = cos x 

Z/ - 9x — 1 + y iJA + x 2 + l ' dy ~~ X ^ Ox 2 — Ju * + (x 2 + l) 2 ' % 2 ~~ ' <9y<9x — dxdy — 1 

28. f x (x, y) = -3y, f y (x, y) = 2y - 3x - sin y + 7e y f xx (x, y) = 0, f yy (x, y) = 2 - cos y + 7e y , f xy (x, y) = f yx (x, y) 

= -3 

29. |f = y cos(xy + tt), ^ = x cos(xy + ^ | = e «, f = ^ 

^ = [y cos (xy + 7r)]e' + [x cos (xy + tt)] (^) ; t = x = 1 and y = 
=* f Im, = 0-l + [l •(-!)] (oil) =-1 

30. |f = e y , §^ = xe y + sin z, ff = y cos z + sin z, f = r 1 / 2 , ^ = l + i,^ =7 r 

^ = e y t -1 / 2 + (xe y + sin z) (l + 1) + (y cos z + sin z)tt; t = 1 =^ x = 2, y = 0, and z = tt 

y dw I 



| (=1 = 1 • 1 + (2 - 1 - 0)(2) + (0 + 0)tt = 5 



31. 



ax " 

=> ^ = [2 cos (2x - y)](l) + [- cos (2x - y)](s); r = tt and s = =^ x = tt and y = 



2cos(2x - y), f = -cos(2x - y), f = 1, g = cos s, ^ = s, <g = r 
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| W) = (2 cos 2tt) - (cos 2tt)(0) = 2; = [2 cos (2x - y)](cos s) + [- cos (2x - y)](r) 



<9w I 

9s I („,o) 



(2 cos 27r)(cos 0) — (cos 2n)(ir) = 2 — ir 



32- f = f ! = (n^-^)(2e"cosv);u = v = =* x = 2 =* f | m = (§ - 1) (2) = § ; 
l7 = ^l = (TfF-FTT)(-2e"sinv) =* £ | (00) = (f - 1) (0) = 



33- g=y + z,§=x + z,^=y + x,^ = -sint,f =cost,f = -2sin2t 

f t = -(y + z )(sin t) + (x + z)(cos t) - 2(y + x)(sin 2t); t = 1 x = cos 1, y = 
f 1 1=1 = -(sin 1 + cos 2)(sin 1) + (cos 1 + cos 2)(cos 1) - 2(sin 1 + cos l)(sin 2) 



oa <9w dw /c\ dw j <9w dw ds_ n\ dw dw <9w c <9w c dw c dw r» 

<9x ds dx ^ ' ds 9y ~ ds 9y ~ ' ' ds ~ ds 9y ds ds 

35. F(x,y)=l-x-y 2 -sinxy F x = -1 - y cos xy and F y = -2y - x cos xy | = - | = - r™ 3 ? 
=> at(x,y) = (0,l)wehaveg 



(0,1) 



l + i 

-2 



36. F(x,y) = 2xy + e x +>'-2 F x = 2y + e^ and F y = 2x + g = _ & = _ g±^ 



at (x, y) = (0, In 2) we have ^ 



(0,ln2) + 2 



^ = -(ln2+l) 



37. Vf= (- sin x cos y)i - (cos x sin y)j => v f I = ~ \ i - | j I V f I = \/(~ |) 2 + (- |f = 77; = ^ ; 
u = = — ^ i — ^ j =>■ f increases most rapidly in the direction u = - ^ i - ^ j and decreases most 
rapidly in the direction -u = & i + & j ; (D„f) Po = | v f I = ^ and (D_„f) Po = - & ; 

u i = M = ^ = !i + |j => (D ul f) Po = V f -u! = (-i) (§) + (-&)($) = -& 

38. V f=2xe ^i-2x 2 e- 2 "j => V f | (1>0) = » - 2j | V f I = \/2 2 + (-2) 2 = 2^2; u = ^ = ^ i - ^ j 
=> f increases most rapidly in the direction u = ^ i — j and decreases most rapidly in the direction 

- U= -^ i+ ^ j;(DA » = IVf|=2 v ^and(D_ u f) Po = -2v^;u 1 = ^ = ^^ = ^i + ^j 
=* (D Ul f) Po = v f • ui = (2) (i) + (-2) (^) = 

Vf= (zT+fe) J+ (27TiTfe) k V ?!(_,,_,,,) =2i + 3j + 6k; 

u = = = f i +fj+f k f increases most rapidly in the direction u=fi+fj + fkand 

decreases most rapidly in the direction -u=-|i-|j-|k; (D u f) Po = | v f I = 7, (D_„f) Po = —7; 
ui = ^ = f i+ f j + f k => (D Ul f) Po = (D u f) Po = 7 

40. Vf=(2x + 3y)i + (3x + 2)j + (l-2z)k =*> v f | (oaq) = 2j + k; u = ^ = ^ j + ^ k =>• f increases most 
rapidly in the direction u = j + ^ k and decreases most rapidly in the direction — u = — j — ^ k ; 
(D u f) Po = | V f I = V~5 and (D_ u f) Po = -y/s ; Ul = ft = ^0±^ = + ^ 

=> ( D Ul f) Po = V f " ui = (0) (^) + (2) (£) + (1) fe) = ^ = 73" 



39. 
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41. r = (cos 3t)i + (sin 3t)j + 3tk v(t) = (-3 sin 3t)i + (3 cos 3t)j + 3k => v (|) = -3j + 3k 

=> u= — ^jj + ^jk; f(x, y, z) = xyz v f — Y z i + XZ J + x yk > 1 — f yields the point on the helix (—1,0,7 

Vf|(_ 1Ar) = -«J => Vf-U=(-7Tj)- (-^j+ik)=^ 



42. f(x, y, z) = xyz =4> v f = yzi + xzj + xyk ; at (1, 1, 1) we get yf =i+j+k =>■ the maximum value of 

D uf| (1 , M) = l Vf| = y/3 

43. (a) Let v f — a i + bj at (1 > 2). The direction toward (2, 2) is determined by Vi = (2 — l)i + (2 — 2)j = i = u 

so that vf-u = 2 => a = 2. The direction toward (1, 1) is determined by V2 = (1 — l)i + (1 — 2)j = — j 
so that v f • u = -2 -b = -2 b = 2. Therefore v f = 2i + 2j ; f x (l, 2) = f y (l, 2) = 2. 
(b) The direction toward (4, 6) is determined by v 3 = (4 - l)i + (6 - 2)j = 3i + 4j u = | i + | j 



44. (a) True 

45. v f = 2xi + j + 2zk 

Vf 1(0,-1,-1) =J-2k. 

V f I (0,0,0) = j ' 

V f 1(0,-1,1) =j + 2k 



(b) False 



(c) True 



x 2 +y + ^ = 



(d) True 



V/l (0 ,-i,i) = J + 2k 




V/l ( o,-i,-i)=j-2k 



46. vf=2yj+2zk 



V f 1 (2,2,0) ^ 


= 4j, 


V f| (2,-2,0) 


= -4j, 


V f 1 (2,0,2) ~ 


= 4k, 


V f 1 (2,0,-2) 


= 4k 



Vf l(2.-2,0i-- 4 l 





(2.0.-2) ' 



47. v f = 2xi - j - 5k =>- v f I (2 ,-i,i) = 4i - j - 5k => Tangent Plane: 4(x - 2) - (y + 1) - 5(z - 1) = 
=> 4x - y - 5z = 4; Normal Line: x = 2 + 4t, y = - 1 - t, z = 1 - 5t 

48. V f = 2xi + 2yj + k =>• v f | = 2i + 2j + k Tangent Plane: 2(x - 1) + 2(y - 1) + (z - 2) = 
=*> 2x + 2y + z - 6 = 0; Normal Line: x = 1 + 2t, y = 1 + 2t, z = 2 + t 



49. % = => irl, , = and % = % 

ax x^+y^ ax I (o,l,0) ay x z +y z oy 

2(y - 1) - (z - 0) = or 2y - z - 2 = 



= 2; thus the tangent plane is 

(0,1,0) 
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50. | = -2x (x 2 + y 2 )^ => 1 1 {iM) = - 1 and | = -2y (x 2 + y 2 p 
plane is - i (x - 1) — | (y — 1) — (z - i) = or x + y + 2z - 3 = 



dz 

dy 



— — \ ; thus the tangent 



51. yf=(-cos x)i+j ^f| =i+j ^ the tangent 

line is (x — 7r) + (y — 1) = x + y = 7r + 1 ; the 
normal line is y — 1 = l(x — n) =4> y — x — n + \ 



y = -x + it + 1 




52. vf= -xi + yj Vf Ida ; 
line is -(x - 1) + 2(y - 2) = 
line is y - 2 = -2(x - 1) y = -2x + 4 



2j =>■ the tangent 



y = j x + | ; the normal 




53. Let f(x, y, z) = x 2 + 2y + 2z - 4 and g(x, y, z) = y - 1. Then v f = 2xi + 2j + 2k| {w) = 2i + 2j + 2k 

1 j k 

2 2 2 
1 



and vg=j ^ V fx V: 



= -2i + 2k => the line is x = 1 - 2t, y = 1, z = \ + 2t 



54. Let f(x, y, z) = x + y 2 + z - 2 and g(x, y, z) = y - 1. Then v f = ' + 2yj + k| ( , , , } = i + 2j + k and 

i j k 

1 2 1 
1 



Vg=j =*■ Vfx Vg 



-i + k the line isx=i — t, y=l,z=i+t 



55. f(|,|) = \, fx {1,1) = cos x cos y| (7r/47r/4) = \ , f y (J , J) = - sin x sin y| (jr/4jr/4) = - 1 

l(x, y) = £ + ^(x-lO - Hy _ i) = s + i x- iy ; f **( x ' y) = _ sin x cos y> f yy( x ^ y) = - sin x cos y> and 

fxy( x , y) = — cos x sin y- Thus an upper bound for E depends on the bound M used for |f xx | , f xy | , and |f yy . 
WithM = & we have |E(x,y)| < \ (|x - f 1 + |y - f 1) 2 < ^ (0.2) 2 < 0.0142; 

with M = 1, |E(x, y)| < \ (1) (|x - f | + |y - \ |) 2 = \ (0.2) 2 = 0.02. 



56. f(l, 1) = 0, f x (l, 1) = y| = 1, f y (l, 1) = x - 6y| 



-5 => L(x,y) = (x- 1) - 5(y - 1) = x - 5y + 4; 



f xx (x, y) = 0, fyy(x, y) = -6, and f xy (x, y) = 1 => maximum of |f xx | , |f yy | , and |f xy | is 6 =>■ M = 6 
=> |E(x,y)| < i (6) (|x - 1| + |y - 1|) 2 = \ (6)(0.1 + 0.2) 2 = 0.27 

57. f(l,0,0) = 0,f x (l,0,0) = y-3z| (100) =0,f y (l,0,0) = x + 2z| (100) = 1, f z (l,0,0) = 2y - 3x| (100) = -3 

=> L(x,y,z) = 0(x-l) + (y-0)-3(z-0) = y-3z;f(l,l,0) = 1, f x (l, 1,0) = l,f y (l, 1,0) = l,f z (l,l,0) 
=> L(x, y, z) = 1 + (x - 1) + (y - 1) - l(z - 0) = x + y - z - 1 



58. f (0, 0, |) = 1, f x (0, 0, J) = -v/2 sin x sin(y + z) = 0, f y (0, 0, f ) = \[l cos x cos(y + z) 



(o,o,D 



(o,o,|) 



= 1, 



f z (0,0,|) = ^/2cosxcos(y + z) =1 => L(x, y, z) = 1 + l(y - 0) + 1 (z - f) = 1 + y + z - f ; 

(0,0,|) 

f ( 5 5 f)"\ — ft- - 0\ — — ^? f f - ^ (Y\ — f (- - Ct\ = ^? 

1 U'4' U J 2 ' lx U'4' U /' 2 ' yV4'4' u ^ 2 ' lz V4'4' u / 2 

L(x,y,z)=f -f (x-|) + f (y-D + f (z-0)=f -f x+f y+f z 
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59. V = 7rr 2 h dV = 2nrh dr + Trr 2 dh =>• dV| (| 5 5280) = 2tt(1.5)(5280) dr + tt(1.5) 2 dh = 15,840tt dr + 2.25n dh. 
You should be more careful with the diameter since it has a greater effect on dV. 

60. df = (2x — y) dx + (— x + 2y) dy =4> df | (1 2) = 3 dy =>■ f is more sensitive to changes in y; in fact, near the point 
(1, 2) a change in x does not change f. 

61. dl = I dV - £ dR =* dl| (24 m) = ^ dV - dR =* dl| dv= _ lidR= _ 20 = -0.01 + (480)(.0001) = 0.038, 

or increases by 0.038 amps; % change in V = (100) (- ^) « -4.17%; % change in R = (- ^) (100) = -20%; 



24 
100 



0.24 estimated % change in I = f x 100 = ^ x 100 « 15.83% =>- more sensitive to voltage change. 



62. A = 7rab =4> dA = 7rb da + 7ra db =4> dA| (10 16) = 167r da + 107r db; da = ±0.1anddb= ±0.1 

^ dA= ±26tt(0.1)= ±2.67randA = tt(10)(16) = 160tt |^ x 100| = |^ x 100| « 1.625% 

63. (a) y = uv =4* dy = v du + u dv; percentage change in u < 2% =>■ |du| < 0.02, and percentage change in v < 3% 



|dv| < 0.03; y 



dy v du + u dv du . dv 



f x 100 



1^ x 100 + ^ x 100| < 1^ x 100| + 1^ x 100| 



< 2% + 3% = 5% 

(b) z = u + v => f = ^ = ^ + ^<^ + ^(sinceu>0,v>0) 



f x 100 



| f x 100| < | f x 100 + f x 100| = 

64 r - 7 r - (-°- 425 >( 7 ) and r\ - (-°- 725 >( 7 > 

U ^ — 71.84w°- 425 h - 725 w — 71.84w'- 425 h - 725 h ~~ 71.84w - 425 h 1 - 725 

dC = 71 84 ~ 2 r.42 7 5 5 h o.725 dw + 71 84 ~ 5 a?2 7 5 5 h i.725 dh; thus when w = 70 and h = 180 we have 
dc l (70,180) ~ -(0.00000225) dw - (0.00000149) dh 1 kg error in weight has more effect 



65. f x (x, y) = 2x - y + 2 = and f y (x, y) = -x + 2y + 2 = => x = -2 and y = -2 =^ (-2, -2) is the critical point; 
fxx(-2, -2) = 2, fyy(-2, -2) = 2, f xy (-2, -2) = -1 f xx f yy - f x 2 y = 3 > and f xx > => local minimum value 
of f(-2,-2) = -8 



66. f x (x, y) = lOx + 4y + 4 = and f y (x, y) = 4x - 4y - 4 = =>- x = and y = - 1 => (0, - 1) is the critical point; 

f f — f 2 

ixxiyy i xy 



f xx (0, -1) = 10, fyy(0, -1) = -4, f xy (0, -1) = 4 f xx f yy - f 2 = -56 < =>• saddle point with f(0, -1) = 2 



67. f x (x, y) = 6x 2 + 3y = and f y (x, y) = 3x + 6y 2 = y = -2x 2 and 3x + 6 (4x 4 ) = x (1 + 8x 3 ) = 

=> x = and y = 0, or x = — 1 and y = — 1 =>■ the critical points are (0, 0) and (— | , — |) . For (0, 0): 
f xx (0, 0) = 12x| (0 0) = 0, f yy (0, 0) = 12y| (00) = 0, f xy (0, 0) = 3 => f xx f yy - f 2 y = -9 < => saddle point with 
f(0, 0) = 0. For (-5,-5): fxx = -6, fyy = -6, f xy = 3 =^ f xx f yy - f 2 y = 27 > and f xx < local maximum 
value of f (— \ , — \) = \ 

68. f x (x, y) = 3x 2 - 3y = and f y (x, y) = 3y 2 - 3x = y = x 2 and x 4 - x = x (x 3 - 1) = the critical 
points are (0, 0) and (1,1). For (0, 0): f xx (0, 0) = 6x| (00) = 0, f yy (0, 0) = 6y| (00) = 0, f xy (0, 0) = -3 

fxxfyy - f xy = -9 < => saddle point with f(0, 0) = 15. For (1, 1): f xx (l, 1) = 6, f yy (l, 1) = 6, f xy (l, 1) = -3 
=> fxxfyy - f % — 27 > and f xx > => local minimum value of f(l, 1) = 14 

69. f x (x, y) = 3x 2 + 6x = and f y (x, y) = 3y 2 - 6y = => x(x + 2) = and y(y - 2) = => x = or x = -2 and 
y = or y = 2 the critical points are (0, 0), (0, 2), (-2, 0), and (-2, 2) . For (0, 0): f xx (0, 0) = 6x + 6| (0 0) 

= 6, fyy(0, 0) = 6y - 6| (0 0) = -6, f xy (0, 0) = =>• f xx f yy - f 2 y = -36 < saddle point with f(0, 0) = 0. For 
(0, 2): f xx (0, 2) = 6, fyy(0, 2) = 6, f xy (0, 2) = f xx f yy - f 2 y = 36 > and f xx > =>- local minimum value of 
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f(0,2) 



-4. For (-2, 0): f xx (-2, 0) = -6, f yy (-2, 0) = -6, f xy (-2, 0) = 



f f 

A xx A yy 



f 2 

xy 



36 > and f xx < 



local maximum value of f(-2, 0) = 4. For (-2, 2): f xx (-2, 2) = -6, fyy(-2, 2) 
36 < =>- saddle point with f(-2, 2) = 0. 



6,f xy (-2,2) = 



fxxfyy 



f 2 

xy 



70. f x (x, y) = 4x 3 - 16x = =*> 4x (x 2 - 4) = x = 0, 2, -2; f y (x, y) = 6y - 6 = y = 1. Therefore the critical 
points are (0, 1), (2, 1), and (-2, 1). For (0, 1): f xx (0, 1) = 12x 2 - 16| (01) = -16, f yy (0, 1) = 6, f xy (0, 1) = 
-96 < =>• saddle point with f(0, 1) = -3. For (2, 1): f xx (2, 1) = 32, f yy (2, 1) = 6, 



f 2 

xy 



=> f xx f yy - f 2 y = 192 > and f x: 



fxxfyy 
fxy(2, 1) 

f»(-2, 1) = 32, f yy (-2, 1) = 6, f xy (-2, 1) = 
f(-2, 1) = -19. 



> => local minimum value of f(2, 1) = -19. For (-2, 1): 

f xy = 192 > and f xx > =>■ local minimum value of 



f f 

1 xx A yy 



71. (i) 



(ii) 



(iii) 



(iv) 



4 



y . -X + 4 




O y-0 



On OA, f(x, y) = f(0, y) = y 2 + 3y for < y < 4 

f'(0, y) = 2y + 3 = y = - § . But (0, - |) A 
is not in the region. x »0 

Endpoints: f(0, 0) = and f(0, 4) = 28. 

On AB, f(x,y) = f(x, -x + 4) = x 2 - lOx + 28 i i , _pww' x 

for < x < 4 f'(x, -x + 4) = 2x - 10 = 

=> x = 5, y = — 1. But (5, -1) is not in the region. 
Endpoints: f(4, 0) = 4 and f(0, 4) = 28. 
On OB, f(x, y) = f(x, 0) = x 2 - 3x for < x < 4 f'(x, 0) = 2x - 3 x = § and y = => (§ , 0) is a 
critical point with f (| , 0) = — | . 
Endpoints: f(0, 0) = and f(4, 0) = 4. 

For the interior of the triangular region, f x (x. y) = 2x + y — 3 = and f y (x, y) = x + 2y + 3 = =4> x = 3 
and y = —3. But (3, —3) is not in the region. Therefore the absolute maximum is 28 at (0, 4) and the 
absolute minimum is — \ at (| , 0) . 



72. (i) 

(ii) 

(iii) 
(iv) 
(v) 




On OA, f(x, y) = f(0, y) = -y 2 + 4y + 1 for 
< y < 2 =>• f'(0, y) = -2y + 4 = =>• y = 2 and 
x = 0. But (0, 2) is not in the interior of OA. 
Endpoints: f(0, 0) = 1 and f(0, 2) = 5. 
On AB, f(x, y) = f(x, 2) = x 2 - 2x + 5 for < x < 4 

=> f'(x, 2) = 2x - 2 = => x = 1 and y = 2 

=>■ (1, 2) is an interior critical point of AB with 
f(l, 2) = 4. Endpoints: f(4, 2) = 13 and f(0, 2) = 5. 

On BC, f(x, y) = f(4, y) = -y 2 + 4y + 9 for < y < 2 =>■ f'(4, y) = -2y + 4 
(4, 2) is not in the interior of BC. Endpoints: f(4, 0) = 9 and f(4, 2) = 13. 

On OC, f(x, y) = f(x, 0) = x 2 - 2x + 1 for < x < 4 ^> f'(x, 0) = 2x-2 = x=landy = ^> 
is an interior critical point of OC with f(l, 0) = 0. Endpoints: f(0, 0) = 1 and f(4, 0) = 9. 
For the interior of the rectangular region, f x (x, y) = 2x - 2 = and f y (x, y) = — 2y + 4 = => x=l and 
y = 2. But (1, 2) is not in the interior of the region. Therefore the absolute maximum is 13 at (4. 2) 
and the absolute minimum is at (1, 0). 



=>- y = 2 and x = 4. But 



(1,0) 
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73. (i) On AB, f(x, y) = f(-2, y) = y 2 - y - 4 for 

-2 < y < 2 f'(-2, y) = 2y - 1 ^ y = 1 and 
x = — 2 => (— 2, |) is an interior critical point in AB 
with f (-2, |) = - ±2 . Endpoints: f(-2, -2) = 2 and 
f(2,2) = -2. 

On BC, f(x, y) = f(x, 2) = -2 for -2 < x < 2 

=> f (x, 2) = =>■ no critical points in the interior of 
BC. Endpoints: f(-2, 2) = -2 and f(2, 2) = -2. 
On CD, f(x, y) = f(2, y) = y 2 - 5y + 4 for 
-2 < y < 2 =>• f'(2, y) = 2y - 5 = y 
Endpoints: f(2, -2) = 18 and f(2, 2) = -2. 
On AD, f(x, y) = f(x, -2) = 4x + 10 for -2 < x < 2 
of AD. Endpoints: f(-2, -2) = 2 and f(2, -2) = 18. 



(ii) 
(iii) 

(iv) 
(v) 

74. (i) 

(ii) 

(iii) 

(iv) 
(v) 




| andx 



= 2. But (2, |) is not in the region. 
f'(x, —2) = 4 =>■ no critical points in the interior 



For the interior of the square, f x (x, y) — — y + 2 = and f y (x, y) = 2y — x — 3 = =4> y = 2 and x = 1 
=> (1,2) is an interior critical point of the square with f(l, 2) = —2. Therefore the absolute maximum 
is 18 at (2, —2) and the absolute minimum is — ^ at (—2, |) . 



On OA, f(x, y) = f(0, y) = 2y - y 2 for < y < 2 
=>• f (0, y) = 2 - 2y = => y = 1 and x = => 

(0, 1) is an interior critical point of OA with 

f(0, 1) = 1. Endpoints: f(0, 0) = and f(0, 2) = 0. 

On AB, f(x, y) = f(x, 2) = 2x - x 2 for < x < 2 
=> f (x, 2) = 2 - 2x = => x = 1 and y = 2 
=> (1, 2) is an interior critical point of AB with 

f(l, 2) = 1. Endpoints: f(0, 2) = and f(2, 2) = 0. 

On BC, f(x, y) = f(2, y) = 2y - y 2 for < y < 2 
=>• f'(2, y) = 2 - 2y = =>• y = 1 and x = 2 
=>■ (2, 1) is an interior critical point of BC with f(2, 1) 




On OC, f(x, y) = f(x, 0) = 2x - x 2 for < x < 2 



1. Endpoints: f(2, 0) = and f(2, 2) = 0. 
f (x, 0) = 2 - 2x = =>• x = 1 and y = = 



(1,0) 



is an interior critical point of OC with f(l . 0) = 1. Endpoints: f(0, 0) = and f(0, 2) = 0. 
For the interior of the rectangular region, f x (x, y) = 2 - 2x = and f y (x. y) = 2 - 2y = x — 1 and 
y = 1 =>• (1,1) is an interior critical point of the square with f(l, 1) = 2. Therefore the absolute maximum 
is 2 at (1, 1) and the absolute minimum is at the four corners (0, 0), (0, 2), (2, 2), and (2, 0). 



75. (i) On AB, f(x, y) = f(x, x + 2) = -2x + 4 for 

-2 < x < 2 =*> f'(x. x + 2) = -2 = => no critical 
points in the interior of AB. Endpoints: f(— 2, 0) = 8 
and f(2, 4) = 0. 

(ii) On BC, f(x, y) = f(2, y) = -y 2 + 4y for < y < 4 

=>• f (2, y) = -2y + 4 = =^ y = 2 and x = 2 
^> (2, 2) is an interior critical point of BC with 
f(2, 2) = 4. Endpoints: f(2, 0) = and f(2, 4) = 0. 

(iii) On AC, f(x, y) = f(x, 0) = x 2 - 2x for -2 < x < 2 

=>■ f'(x, 0) = 2x-2 ^> x = 1 and y = => (1, 0) is an interior critical point of AC with f(l, 0) = — 1. 
Endpoints: f(-2, 0) = 8 and f(2, 0) = 0. 

(iv) For the interior of the triangular region, f x (x. y) = 2x — 2 = and f y (x, y) = — 2y + 4 = x = 1 and 




y = 2 (1, 2) is an interior critical point of the region with f(l, 2) 
is 8 at (-2, 0) and the absolute minimum is -1 at (1,0). 



3. Therefore the absolute maximum 
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76. (i) 



(ii) 



(iii) 



(iv) 





2 .j 


B 


y- 


x jm 




i ■ ~? ■ 




x«2 






2 


A 




C 



Ly--2 



On AB, f(x, y) = f(x, x) = 4x 2 - 2x 4 + 16 for 
-2 < x < 2 =*> f'(x, x) = 8x - 8x 3 = x = 
and y = 0, or x = 1 and y = 1, or x = - 1 and y — — 1 
(0,0), (1, 1), (-1, -1) are all interior points of AB 
withf(0,0) = 16,f(l, 1) = 18, and f(- 1,-1) = 18. 
Endpoints: f(-2, -2) = and f(2, 2) = 0. 
On BC, f(x, y) = f(2, y) = 8y - y 4 for -2 < y < 2 
=>• f'(2, y) = 8 - 4y 3 = =>• y = \/2 and x = 2 

=> (l, \/2j is an interior critical point of BC with 
f (2, V2) = 6 V 2 "- Endpoints: f(2, -2) = -32 and f(2, 2) 
On AC, f(x, y) = f(x, -2) = -8x - x 4 for -2 < x < 2 f'(x, -2) = -8 - 4x 3 =0 =>• x = V^2 and y = -2 

=*> ( V-2) - 2 ) is an interior critical point of AC with f ( V-2> ~ 2 ) = 6 V 2 "- Endpoints: 
f(-2, -2) = and f(2, -2) = -32. 

For the interior of the triangular region, f x (x, y) = 4y - 4x 3 = and f y (x, y) = 4x - 4y 3 = =4* x — and 

y = 0, or x = 1 and y = 1 or x — — 1 and y — —1. But neither of the points (0, 0) and (1, 1), or (—1, —1) are interior 

to the region. Therefore the absolute maximum is 18 at (1, 1) and (—1, —1), and the absolute minimum is —32 at 

(2, -2). 



0. 



77. (i) 



(ii) 



(iii) 



(iv) 



(v) 



B 


y-1 


1 


c 


X--1 






x-1 


-1 


til 


ill 


1 






Mi 






On AB, f(x, y) = f(- 1 , y) = y 3 - 3y 2 + 2 for 
-1 < y < 1 f'(-l,y) = 3y 2 -6y = =>• y = 
and x = — 1, or y = 2 and x — — 1 =4> (—1,0) is an 
interior critical point of AB with f(-l, 0) = 2; (-1, 2) 
is outside the boundary. Endpoints: f(— 1, — 1) = — 2 
andf(-l,l) = 0. 

On BC, f(x, y) = f(x, 1) = x 3 + 3x 2 - 2 for 
-1 < x < 1 => f'(x, 1) = 3x 2 + 6x = x = 
and y — 1, or x — — 2 and y = 1 =>■ (0, 1) is an 

interior critical point of BC with f(0, 1) = —2; (—2, 1) is outside the boundary. Endpoints: f(— 1, 1) = and 
f(l, 1) = 2. 

On CD, f(x, y) = f(l, y) = y 3 - 3y 2 + 4 for -1 < y < 1 ^> f'(l, y) = 3y 2 - 6y = =^ y = and x = 1, or 
y = 2 and x = 1 (1, 0) is an interior critical point of CD with f(l, 0) = 4; (1 , 2) is outside the boundary. 
Endpoints: f(l, 1) = 2 and f(l, -1) = 0. 

On AD, f(x, y) = f(x, -1) = x 3 + 3x 2 - 4 for -1 < x < 1 =*> f'(x, -1) = 3x 2 + 6x = => x = and y = -1, 
or x = — 2 and y = — 1 (0, —1) is an interior point of AD with f(0, — 1) = —4; (—2, —1) is outside the 
boundary. Endpoints: f(— 1, — 1) = — 2 and f(l, —1) = 0. 

For the interior of the square, f x (x, y) = 3x 2 + 6x = and f y (x, y) = 3y 2 - 6y = x = or x = -2, and 
y = or y = 2 (0, 0) is an interior critical point of the square region with f(0, 0) = 0; the points (0, 2), 
(—2, 0), and (—2, 2) are outside the region. Therefore the absolute maximum is 4 at (1,0) and the 
absolute minimum is —4 at (0, —1). 
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78. (i) On AB, f(x, y) = f(-l,y) = y 3 - 3y for -1 < y < 1 
^f'(-l ; y) = 3y 2 -3 = 0^y = ±landx=-l 
yielding the corner points (-1,-1) and (—1,1) with 
f(-l, -1) = 2 and f(-l, 1) = -2. 



(ii) 



On BC, f(x, y) = f(x, 1) = x 3 + 3x + 2 for 




-1 < x < 1 f'(x, 1) = 3x 2 + 3 = no 
solution. Endpoints: f(— 1, 1) = -2 and f(l, 1) = 6. 

(iii) On CD, f(x, y) = f(l, y) = y 3 + 3y + 2 for 

-1 < y < 1 f'(l,y) = 3y 2 + 3 = => no 
solution. Endpoints: f(l, 1) = 6 and f(l, — 1) = —2. 

(iv) On AD, f(x, y) = f(x, -1) = x 3 - 3x for -1 < x < 1 f'(x, -1) = 3x 2 - 3 = => x = ± 1 and y = -1 
yielding the corner points (-1, -1) and (1, -1) with f(— 1, -1) = 2 and f(l, -1) = -2 

(v) For the interior of the square, f x (x, y) = 3x 2 + 3y = and f y (x, y) = 3y 2 + 3x = =4> y = — x 2 and 

x 4 + x = => x = 0orx = — 1 =4* y = or y = — 1 => (0,0) is an interior critical point of the square 
region with f(0, 0) = 1; (-1, -1) is on the boundary. Therefore the absolute maximum is 6 at (1, 1) and 
the absolute minimum is —2 at (1, —1) and (—1,1). 



79. V f = 3x 2 i + 2yj and vg = 2xi + 2yj so that v f = A V g => 3x 2 i + 2yj = A(2xi + 2yj) => 3x 2 = 2xA and 
2y = 2yA A = 1 or y = 0. 

CASE 1: A = 1 => 3x 2 = 2x => x = 0orx=|;x = => y = ±1 yielding the points (0, 1) and (0, -1); x = 
=> y = ± ^ yielding the points , ^) and , - ^) . 

CASE 2: y = 0^>x 2 -l=0^>x=±l yielding the points (1,0) and (-1,0). 

Evaluations give f (0, ± 1) = 1, f (f , ± ^) = § , f(l, 0) = 1, and f(-l, 0) = -1. Therefore the absolute 
maximum is 1 at (0, ± 1) and (1,0), and the absolute minimum is -1 at (-1, 0). 



80. V f = y' + X J an d V g — 2xi + 2yj so that = ^ Vg yi + xj = A(2xi + 2yj) => y = 2Ax and 



xy = 2Ay x = 2A(2Ax) = 4A 2 x =>• x = or 4A 2 = 1. 

CASE 1 : x = y = but (0, 0) does not lie on the circle, so no solution. 



x — y— ± yielding the 



2x 2 



± 



and 



CASE 2: 4A 2 = 1 A = \ or A = - \ . For A = \ , y = x 1 = x 2 + y 2 = 2x 2 =$ 

P oints (7I'72) and (-72'-72)- ForA = -i,y = -x => 1 = x 2 + y 
y = -x yielding the points (- ^ , -*-) and , - ^) . 
Evaluations give the absolute maximum value f , -^j = f ^ — , — -^j = \ and the absolute minimum 

81. (i) f(x, y) = x 2 + 3y 2 + 2y on x 2 + y 2 = 1 =*> V f = 2xi + (6y + 2)j and v g = 2xi + 2 yj so tha t V f = A V g 
=*> 2xi + (6y + 2)j = A(2xi + 2yj) 2x = 2xA and 6y + 2 = 2yA => A = 1 or x = 0. 

CASE 1: A = 1 => 6y + 2 = 2y y = - i and x = ± ^ yielding the points ( ± ^ , - . 

CASE 2:x = 0^>y 2 = l^y=±l yielding the points (0, ± 1) . 

Evaluations give f ^ ± ^ , — ^ = \ , f(0, 1) = 5, and f(0, — 1) = 1. Therefore \ and 5 are the extreme 

values on the boundary of the disk, 
(ii) For the interior of the disk, f x (x, y) = 2x = and f y (x, y) = 6y + 2 = =4* x = and y = — | 

=> (0, — |) is an interior critical point with f (0, — |) — — \ . Therefore the absolute maximum of f on the 
disk is 5 at (0, 1) and the absolute minimum of f on the disk is — | at (0, — \) . 
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82. (i) f(x, y) = x 2 + y 2 - 3x - xy on x 2 + y 2 = 9 => V f = (2x - 3 - y)i + (2y - x)j and vg = 2xi + 2yj so that 

V f = A v g (2x - 3 - y)i + (2y - x)j = A(2xi + 2yj) 2x - 3 - y = 2xA and 2y - x = 2yA 

2x(l - A) - y = 3 and -x + 2y(l - A) = 1 - A = ^ and (2x) - y = 3 x 2 - y 2 = 3y 

x 2 = y 2 + 3y. Thus, 9 = x 2 + y 2 = y 2 + 3y + y 2 => 2y 2 + 3y - 9 = => (2y - 3)(y + 3) = 
y = -3, | . For y = -3, x 2 + y 2 = 9 x = yielding the point (0, -3). For y = § , x 2 + y 2 = 9 
^ x 2 + 9 = 9 ^ x 2 = 2_7 ^ x=± 3i/3. Evaluations give f(0, -3) = 9, f (- ^ , §) = 9 + ^ 

sa 20.691, and f , |) = 9 _ ?M ~ -2.691. 

(ii) For the interior of the disk, f x (x, y) = 2x-3-y = and f y (x, y) = 2y - x = =4* \ — 2 and y = 1 

=> (2, 1) is an interior critical point of the disk with f(2. 1) — —3. Therefore, the absolute maximum of f on 

the disk is 9 + at (- , |) and the absolute minimum of f on the disk is -3 at (2, 1). 

83. yf=i-j + kand v g = 2xi + 2yj + 2zk so that v f = A v g =^> i - j + k = A(2xi + 2yj + 2zk) =*> 1 = 2xA, 
-1 = 2yA, 1 = 2zA =4> x = -y = z = ± . Thus x 2 + y 2 + z 2 = 1 3x 2 = 1 => x = ± yielding the points 

( 75 ' — 75 ' 75 ) and ( — 75 ' 75 ' ~ 75) ' E va l uat i° ns g lve me absolute maximum value of 

f (t5 ' - 75 ' Tl) = 75 = ^ and the abs ° lute mi™" 1 value of f (- 75 . 73 ' - Ti) = - V^- 

84. Let f(x. y, z) = x 2 + y 2 + z 2 be the square of the distance to the origin and g(x, y, z) = z 2 — xy — 4. Then 

V f = 2xi + 2yj + 2zk and V g — yi ~~ X J + 2zk so that yf = A yg => 2x = —Ay, 2y = —Ax, and 2z = 2Az 
=> z = or A = 1. 

CASE 1: z = => xy = -4 x = - j and y = - \ 2 (- ^ = -Ay and 2 (- = -Ax f = y 2 and f = x 2 

=> y 2 = x 2 => y = ± x. But y = x =>■ x 2 = -4 leads to no solution, so y = -x => x 2 = 4 =4* x = ±2 

yielding the points (-2, 2, 0) and (2, -2, 0). 
CASE 2: A = 1 ^ 2x = -y and 2y = -x ^ 2y = - (- |) ^ 4y = y ^ y = ^> x = =^ z 2 - 4 = =>■ z = ±2 

yielding the points (0, 0, —2) and (0, 0, 2). 
Evaluations give f(-2, 2, 0) = f(2, -2, 0) = 8 and f(0, 0, -2) = f(0, 0, 2) = 4. Thus the points (0, 0, -2) and 
(0, 0, 2) on the surface are closest to the origin. 

85. The cost is f(x, y, z) = 2axy + 2bxz + 2cyz subject to the constraint xyz = V. Then yf=^ VE 

=> 2ay + 2bz = Ayz, 2ax + 2cz = Axz, and 2bx + 2cy = Axy =4- 2axy + 2bxz = Axyz, 2axy + 2cyz = Axyz, and 
2bxz + 2cyz = Axyz =4- 2axy + 2bxz = 2axy + 2cyz => y = (j?) x. Also 2axy + 2bxz = 2bxz + 2cyz =*> z = (*) x. 

Thenx(* X )(*x)=V x^ = § => width = x = (g) 1 ", Depth = y = (|) = (a*) 1 ", ; 

V3 /„2,,\l/3 



, and 



Hei g ht = Z =(c)(<^) .(e) 



86. The volume of the pyramid in the first octant formed by the plane is V(a, b, c) = i (= ab) c = I abc. The point 
(2, 1, 2) on the plane => | + h + ^ = 1. We want to minimize V subject to the constraint 2bc + ac + 2ab = abc. 
Thus, v v=! fi+fj + f kand Vg = ( c + 2b- bc)i + (2c + 2a - ac)j + (2b + a - ab)k so that v v = A V g 

I = A(c + 2b - be), f = A(2c + 2a - ac), and f = A(2b + a - ab) =>• ^ = A(ac + 2ab - abc), 
^ = A(2bc + 2ab - abc), and = A(2bc + ac - abc) =>• Aac = 2Abc and 2Aab = 2Abc. Now A ^ since 
a ^ 0, b / 0, and c => ac = 2bc and ab = be =4- a = 2b = c. Substituting into the constraint equation gives 
a + a + a = i => a = 6 =>■ b = 3 and c = 6. Therefore the desired plane isf + | + f = lorx + 2y + z = 6. 



87. v f = (y + z )i + X J + x k » V g = 2xi + 2yj , and v h = zi + xk so that = ^ VS + / 1 

=> (y + z )i + xj + xk = A(2xi + 2yj) + /x(zi + xk) => y + z = 2Ax + fiz, x = 2Ay, \ — ^ix => x = 
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or fi — 1. 

CASE 1: x = which is impossible since xz = 1. 

CASE 2: (j, = 1 y + z = 2Ax + z => y = 2Ax and x = 2Ay y = (2A)(2Ay) => y = or 
4A 2 = 1. If y = 0, then x 2 = 1 => x = ± 1 so with xz = 1 we obtain the points (1,0, 1) 
and (-1,0,-1). If4A 2 = 1, then A = ± \ . For A = - \ , y = -x so x 2 + y 2 = 1 x 2 = \ 

=> x = ± with xz = 1 => z = ± y/l, and we obtain the points ^ , — , an ^ 
(- ^ , i , -a/2) .ForA=i,y = x^>x 2 = i ^ x = ± with xz = 1 => z = ± y/2, 
and we obtain the points ^-^ , , ^/2^ and ^ — , — ' ~ V^) • 
Evaluations give f(l, 0, 1) = l,f(-l, 0,-1)= l,f(i,-^,v / 2) = \ , f (- ^ , ^5 , -y/l) = 5, 
f , ^ , a/2^ = § > and f ^ — , — : = f • Therefore the absolute maximum is | at 

(72 ' 73 ' (~ ^73 ' ~ 73 ' ~ ' an< ^ me a ^ s °l ute minimum is | at ^— ^ , ^ , — y/l^j and 

(*--*-^)- 

88. Let f(x. y, z) = x 2 + y 2 + z 2 be the square of the distance to the origin. Then yf = 2xi + 2yj + 2zk , 

yg = i+j + k, and v h = 4xi + 4yj - 2zk so that yf=Ayg + /iyh =4> 2x = A + 4x/i, 2y = A + 4y/z, 
and 2z = A - 2z^i => A = 2x(l - 2/x) = 2y(l - 2/x) = 2z(l + 2/x) => x = y or /z = 1 . 
CASE 1: x = y z 2 = 4x 2 =>■ z = ± 2x so that x + y + z = 1 =>■ x + x + 2x=lorx + x-2x=l 

(impossible) => x ~ 3 Y = 5 anc ^ z = \ yielding the point ( 1 , 1 , 1) . 
CASE 2:^i=i^A = 0^0 = 2z(l + 1) z = so that 2x 2 + 2y 2 = => x = y = 0. But the origin 

(0, 0, 0) fails to satisfy the first constraint x + y + z = 1. 
Therefore, the point (\,\ ,\) on the curve of intersection is closest to the origin. 

89. (a) y, z are independent with w = xV z and z = x 2 - y 2 ^ = §^| + §^g + f|| 

= (2xe yz ) + (zx 2 e yz ) (1) + (yxV z ) (0); z = x 2 - y 2 =>• = 2x g - 2y % = \\ therefore, 
(f*) = (2xe^) (|) + zxV z = (2y + zx 2 ) e* z 

(b) z, x are independent with w = xV z and z = x 2 - y 2 => §| = ^f + ^| + ^| 

= (2xe* z ) (0) + (zxV z ) I + (yxV z ) (1); z = x 2 - y 2 1 = - 2y | g = - i ; therefore, 
(If ) x = (^ 2 e yz ) (- + y* 2 e yz = xV z (y - ^) 

(c) z, y are independent with w = xV z and z = x 2 - y 2 => ^fft + f^ + fft 

= (2xe yz ) |f + (zxV z ) (0) + (yx 2 e yz ) (1); z = x 2 - y 2 1 = 2x § - ^> |f = ^ ; therefore, 
(^) y = (2xe-)(i)+yxV z = (l+x 2 y)e- 

90. (a) T, P are independent with U = f(P, V, T) and PV = nRT =>• m = mm + MWf + mm 

= (§) (°) + (fv) (if) + (f) C 1 ); PV = nRT => P I = nR => § = f J therefore, 

f din _ fdU\ /nR\ , 9U 

\9t7p ~~ \d\) \ p / ~ r aT 
(b) V, T are independent with U = f(P, V, T) and PV = nRT => § = + + 

= (§) (§) + (fv) (D + (It) (0); PV = nRT V § + P = (nR) ($) = =S- $ = - $ ; therefore, 



(av) T ~~ (op) ( v) + 



dV 



91. Note that x = r cos 6 and y = r sin 6 =4> r = v / x 2 ~+y 2 and 6 = tan 1 (|) . Thus, 



9w 9w 9r 1 9w 99 1 9w\ / x \ i /'9w s \ f — y A f m . /i\ Ow f sink's 9w . 

9x _ On dx + 99 9x _ V 9r J ^ J + \ d0 ) {x^ + yy ~ ( - COS ^ 9r I r J 
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9w 9w 9r I 9w 9$ / 9w"\ / y 1 i 6 dw \ / x \ fcin ^ ^ 4- ^ CQS dw 

9y — 9r 9y + 99 9y ~ \ 9r ) \ ,/x^+y 2 J ^ \ 00 ) \x 2 + y 2 J ~ ^ m ^ 9r ~r V r ] S« 

92. z x = f„ | + f v | = af u + af v , and z y = f„ g + f v g = bf u - bf v 

93. = b and ^ = a ^ f^ = ^^=a^and^ = ^^=b^ ^ I f« = £bY. and i = ^ 

9y Ox Ox du dx du dy du 9y du a 9x du b 9y du 

1 9w 1 9w u dw 9w 

^ a dx — b 9y ^ D dx - d dy 



OA 9w _ 2x _ 2(r+s) 2(r + s) 1 9w _ 2y _ 2(r-s) _ r-s 

9x ~~ x 2 +y 2 +2z ~~ (r + s) 2 +(r-s) 2 +4rs~ — 2(r 2 +2rs + s 2 ) ~~ r + s ' dy ~ x 2 +y 2 +2z ~~ 2(r+s) 2 — (r+s) 2 



j dw 2 1 . 9w dw dx , dw dy . 9w 9z 1 , r — s , 

< ma dz ~ x 2 + y 2 +2z ~~ (r + s) 2 ^ 9r ~ dx 9r + 9y 9r + 3z ft ~ r + s ~r (r + s) 2 ~r 



1 

(r + s) 2 



/ 2 n _ 2r + 2s 
^ ~ (r+s) 2 



2 anr ] 9w dw dx i 9w 9y I dw dz 1 r — s _i_ 1 f9»A 

~ r + s duu 9s ~~ 9x 9s " r 9y 9s " r 9z 9s ~~ r + s (r + s) 2 " r |_(r + s) 2 J v"-* 



2 
r+s 



95. e u cos v - x = ^ (e u cos v) gj - (e u sin v) g[ = 1; e u sin v - y = (e u sin v) gj + (e u cos v) g = 0. 
Solving this system yields g = e~ u cos v and g = — e~ u sin v. Similarly, e u cos v — x = 

(e u cos v) g - (e u sin v) g = and e u sin v - y = =>• (e u sin v) g + (e u cos v) g = 1. Solving this 

second system yields g = e" u sin v and g = e" u cos v. Therefore (g i + g j) - (g i + g j) 
= [(e~ u cos v) i + (e~ u sin v) j] • [(— e~ u sin v) i + (e~ u cos v) j] = =>■ the vectors are orthogonal =>■ the angle 



between the vectors is the constant | . 



96- | = I§ + g|=(-rsin69)f +(rcos69)f 



=> Sf = (-r sin 69) ( g | + | ) - (r cos 9) f + (r cos 6) ( g | + g g ) _ (r sin ,) g 
= (-r sin 69) (| + |) - (r cos 0) + (r cos 6) (% + %)- (r sin 6?) 

= (-r sin 69 + r cos 69)(-r sin 69 + r cos 69) - (r cos 69 + r sin 9) = (-2)(-2) - (0 + 2) = 4 - 2 = 2 at 
M)=(2,0. 

97. (y + z) 2 + (z - x) 2 = 16 V f = ~2(z - x)i + 2(y + z)j + 2(y + 2z - x)k ; if the normal line is parallel to the 
yz-plane, then x is constant => || = =>- -2(z - x) = => z = x (y + z) 2 + (z - z) 2 = 16 =4> y + z = ±4. 
Let x = t =>■ z = t =>■ y = — t ± 4. Therefore the points are (t, — t ± 4, t), t a real number. 

98. Let f(x. y, z) = xy + yz + zx — x — z 2 =0. If the tangent plane is to be parallel to the xy-plane, then v f is 
perpendicular to the xy-plane => v f ' ■ = an d yf-j = 0. Now V f = (y + z — l)i + ( x + z )j + (y + x — 2z)k 
so that vf'i = y + z_ 1=0 ^> y + z= l ^> y = 1 — z, and 'j = x + z - x — — z - Then 

-z(l - z) + (1 - z)z + z(-z) - (-z) -z 2 =0 => z-2z 2 =0 => z=iorz = 0. Now z = \ => x=-|andy=i 
=> (— \ , \ , |) is one desired point; z = x = and y = 1 => (0, 1, 0) is a second desired point. 

99. V f = A(xi + yj + zk) ^> § = Ax ^> f(x, y, z) = | Ax 2 + g(y, z) for some function g ^ Ay = g = ^ 

=> g(y, z) = | Ay 2 + h(z) for some function h Az = || = || = h'(z) ^> h(z) = \ Az 2 + C for some arbitrary 
constant C =^ g(y, z) = i Ay 2 + (± Az 2 + C) ^ f(x, y, z) = i Ax 2 + \ Ay 2 + \ Az 2 + C =^ f(0, 0, a) = 1 Aa 2 + C 
and f(0, 0, -a) = \ A(-a) 2 + C f(0, 0, a) = f(0, 0, -a) for any constant a, as claimed. 

mn (&\ - iim f(Q + sui,o + su 2 ,o + su 3 )-f(o,o,o) c . n 

iUU - Us9u,<o,o,o) ~ s ™0 " ^ s ~ ~ ~ 

v/s 2 u 2 + s 2 u 2 +s 2 u 2 -0 

= lim , s > 

s^0 
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S a /u 2 + U 2 , + U3 

= lim — '- — lim u — 1; 

s^O s s^O ' 1 



however, v f : 



y x 2 +y 2 +z 2 1 + y x 2 + y 2 + z 2 J "T" 0.2 + y 2 + z 2 



J + / 2 z 2 2 ^ fails to exist at the origin (0, 0, 0) 



101. Let f(x, y, z) = xy + z — 2 =>• vf = yi + x j + k. At (1, 1, 1), we have y f = i+j + k =4* the normal line is 
x=l+t, y=l+t, z=l+t, soatt=— 1 =>■ x = 0, y = 0, z = and the normal line passes through the 
origin. 



102. (b) f(x, y, z) = x 2 - y 2 + z 2 = 4 

=>> V f = 2xi - 2yj + 2zk =>> at (2, -3, 3) 
the gradient is v f — 4i + 6j + 6k which is 
normal to the surface 
(c) Tangent plane: 4x + 6y + 6z = 8 or 
2x + 3y + 3z = 4 

Normal line: x = 2 + 4t, y = -3 + 6t, z = 3 + 6t 



l^Vf(2,-3,3) 
z 



1,1 (ic lY 




222 

x -y +z =4 



CHAPTER 14 ADDITIONAL AND ADVANCED EXERCISES 

1. By definition, f xy (0, 0) = ^lim^ fx(0, h) ~ fx(0, 0) so we need to calculate the first partial derivatives in the 

numerator. For (x, y) ^ (0, 0) we calculate f x (x, y) by applying the differentiation rules to the formula for 

h 3 

x 2 +y 2 



ffx VV f (X VI - x2y - y3 + (xv) (* 2 +y 2 )(2x)-(x 2 -y 2 )(2x) _ x 2 y - y 3 4x 2 y 3 f (() h) _ _ 

iix.yj- r xv x,y;— x2 + y2 -+- ixyj ( x 2 + y 2 ) 2 ~~ x 2 + y 2 + ( x 2+ y 2) 2 ^ r *. u . n ,> — h2 



-h. 



For (x, y) = (0, 0) we apply the definition: f x (0, 0) = h lim o f(h ' 0) = f(0 ' 0) = lim^ ^ = 0. Then by definition 



h-> 



f xy (0, 0) = h lim Q = -1. Similarly, f yx (0, 0) = lim^ fy(h ' 0) h fy( °' 0) , so for (x, y) ^ (0, 0) we have 

f y (x, y) = - => f y (h, 0)=£=h; for (x, y) = (0, 0) we obtain f y (0, 0) = ^im mh) h f(0 - Q) 

= lim^ ^ = 0. Then by definition f yx (0, 0) = h lim o ^ = 1. Note that f xy (0, 0) ^ f yx (0, 0) in this case. 

2. || = 1 + e x cos y => w = x + e x cos y + g(y); |y = -e x sin y + g'(y) = 2y - e x sin y => g'(y) = 2y 

g(y) = y 2 + C; w = In 2 when x = In 2 and y = =>> In 2 = In 2 + e ln2 cos0 + 2 +C =>> = 2 + C 
=> C = —2. Thus, w = x + e x cos y + g(y) = x + e x cos y + y 2 — 2. 



3. Substitution of u + u(x) and v = v(x) in g(u, v) gives g(u(x), v(x)) which is a function of the independent 
variable x. Then, g(u, v) = £f(t) dt^| = || + |f| = (| ; £f(t) dt) g + ( * £f(t) dt) £ 

= (- I f f « dt ) I + T f W dt ) 3x = - W) S + f ( V «) 3x = f(V«) % - f(u( X )) 



du 

dx 



4. Applying the chain rules, f.^f =* f xx = (§) (|) 2 + f §. Similarly, f yy = (g) (|) + f and 

f zz = f f| ) (*) 2 + * f 2 ! . Moreover, * = x 2 2 => £ = - - y2 + z2 . ; |r = /2 y 2 2 
zz \ dr / v " z ' dr " z " x v x +y + z " x (Vx 2 +y 2 +z 2 ) "y v x +y + z 



9 2 r 



x2 + z2 -and-* 



_____ ^ #1 

2XT2 =^ 3 Z 2 



(\/x 2 +y 2 + z 2 )' 



. Next, f xx + f yy + f zz = 



( d ^ 4. fdf) 

l^dr 2 y \^x 2 +y 2 +z 2 y ^ .dr/ 



(Vx 2 + y 2 +z 2 ) ; 



+ (dr 2 ) (x 2 +J 2 +z 2 ) + (dr) 



( v / x 2 +y 2 +z 2 ) ; 
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2 df 
r dr 



+ (dr 2 ) (x 2 +y 2 + z 2 ) + (2) ( (%/ x 2 X + y2 y +z 2 ) ^) - dr 2 + (vx^+^+zO 2 - dJ + 

A (f) = (_ ?) f, W here f ' = £ ^ tf = -lM In f = -2 In r + In C ^ f = Cr 2 , or 
£ = Cr~ 2 => f(r) = - y + b = s + b for some constants a and b (setting a = -C) 

(a) Let u = tx, v = ty, and w = f(u. v) = f(u(t, x), v(t, y)) = f(tx, ty) = t°f(x, y), where t, x, and y are 
independent variables. Then nt nl f(x, y)=|^ = §^§i + §^!|=x§^+y§^. Now, 

f = f l + f S = (l^)(t)+(f)(0) = tf => f = (l) (f). Likewise, 

dy du dy dv dy 



(lu) (0) + (If) (0 =* % = (l) (f ) • Therefore, 
f(x,y) = x ^ + y ^ = (5 ) (f ) + (2) (f^) . When t = 1, u = x, v = y, and w = f(x, y) 



nt"- 1 

=^ |^ = |i and §^ = fj =>• nf(x, y) = x § + y f- , as claimed, 
(b) From part (a), nt nl f(x, y) = x |^ + y |^ . Differentiating with respect to t again we obtain 

n(n- l)t"-f(x,y) = x |w| +x |w| +y |V| +y ^| =x2 |w +2xy |w +y2 ^, 

Also from part (a), = £ (f ) = £ (t §*) = t g + 1 g = t 2 , = | (g) 

_3_ ft t d 2 w du I t 2 w <9v t 2 9 2 w j <9 2 w j9_ / <9w\ JL ft t d 2 ™ 9u i t d 2 w dv 

~~ <9y l L 9v / ~~ L du9v dy + L dv 2 <9y — L dv 2 ' d " u dydx ~~ <9y I dx ) ~ dy V du ) ~ 1 du 2 dy ~r L dvdu dy 

_ t 2 <9 2 w . (1 \ #w _ #w / Jj_ \ #w _ #w anr . / J\ d 2 w _ d 2 w 
~~ 1 dvdu ^ It 2 / 9x 2 ~~ du 2 ' Vt 2 J <9y 2 ~~ dv 2 ' dI1U Vt 2 / dydx ~~ dvdu 

n(n - l)t- 2 f(x, y) = (f ) (0) + (^) + (£) (g?) for t + 0. When t = 1, w = f(x, y) and 

we have n(n - l)f(x, y) = x 2 (0) + 2xy + y 2 (g) as claimed. 

6. (a) lim 5i|6r = lim ^ = 1, where t = 6r 

r^O 6r t->0 1 



(b) f r (0,0) = lim f (° + h.0)-f(0.0) = lim (3llM = lim sm6h-6h = Um 6cos6h-6 

h-»0 h h^O h h^O 6h h^O 12h 

= h lim o ~ 36 ^ n 611 = (applying l'Hopital's rule twice) 

(c) f fl (r,0) = lim + = lim M = lim g = 

IwO h h -> h h h 

7. (a) r = xi + yj + zk =>■ r = Irl — J x 2 + y 2 + z 2 and \7'= 7 , x , — ? i + , , y , — ? j + , , z , — ? k 

V/ ' JJ ' I I V ' J ' V ^/ x 2 +y 2 +z 2 ^/ x 2 +y 2 +z 2J y x 2 +y 2 +z 2 

r 

r 

(b) r" = (Vx 2 +y 2 + z 2 )° 

v (r°) = nx (x 2 + y 2 + z 2 ) (n/2) "'i + ny (x 2 + y 2 + z 2 ) (n/2M j + nz (x 2 + y 2 + z 2 ) (,,/2) -'k 
= nr n_2 r 

(c) Let n = 2 in part (b). Then \ v (r 2 ) = r ^> v {\ r 2 ) = r => f = \ (x 2 + y 2 + z 2 ) is the function. 

(d) dr = dxi + dyj + dzk => r • dr = x dx + y dy + z dz, and dr = r x dx + r y dy + r 2 dz = * dx + y - dy + \ dz 

=> r dr = x dx + y dy + z dz = r • dr 

(e) A = ai + bj + ck => A • r = ax + by + cz v (A • r) = ai + bj + ck = A 

8. f(g(t), h(t)) = c = % = | | + | | = (| i + | j) ■ (| i + % j) , where | i + | j is the tangent vector 

=> V f is orthogonal to the tangent vector 

9. f(x, y, z) = xz 2 - yz + cos xy - 1 => yf = (z 2 - y sin xy) i + (— z — x sin xy)j + (2xz - y)k v f(0, 0, 1) = i — j 

=^ the tangent plane is x - y = 0; r = (In t)i + (t In t)j + tk ^> r 1 = (\) i + (In t + l)j + k ; x = y = 0, z = 1 
=> t = 1 =>■ r'(l) = i + j + k . Since (i + j + k) • (i - j) = r'(l) • v f = °, r is parallel to the plane, and 
r(l) = Oi + Oj + k => r is contained in the plane. 
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10. Let f(x, y, z) = x 3 + y 3 + z 3 - xyz v f = (3x 2 - yz) i + (3y 2 - xz) j + (3z 2 - xy) k v f(0, -1, 1) = i + 3j + 3k 

=> the tangent plane is x + 3y + 3z = 0; r = (| - 2^ i + (\ - 3) j + (cos (t - 2)) k 

=^ r'= (f)i- (|)j-(sin(t-2))k;x = 0,y= -l,z= 1 =>• t = 2 r'(2) = 3i-j. Since 
r'(2) • v f = =^ r i s parallel to the plane, and r(2) = i + k =4> r is contained in the plane. 

11. |f = 3x 2 - 9y = and §p = 3y 2 - 9x = y = ± x 2 and 3 (\ x 2 ) 2 - 9x = \ x 4 - 9x = 

x (x 3 - 27) = => x = or x = 3. Now x = y = or (0, 0) and x = 3 => y = 3 or (3, 3). Next 

gjf = 6x, g§ = 6y, and ^ = -9. For (0, 0), g§ - (|g) 2 = -81 no extremum (a saddle point), 
and for (3, 3), |f g| - = 243 > and = 18 > => a local minimum. 

12. f(x, y) = 6xye-( 2x+3 y) f x (x, y) = 6y(l - 2x) e -( 2x+3 >') = and f y (x, y) = 6x(l - 3y)e~^+ 3 ^ =0 =>• x = and 
y = 0, or x = \ and y = \ . The value f(0, 0) = is on the boundary, and f (| , |) = ^ . On the positive y-axis, 
f(0, y) = 0, and on the positive x-axis, f(x, 0) = 0. As x — > oo or y — > oo we see that f(x, y) — > 0. Thus the 
absolute maximum of f in the closed first quadrant is ^ at the point (5,5). 

13. Let f(x. y,z)= x ^ + g I + ^ — 1=> V f — iM+^rj + ^k^an equation of the plane tangent at the point 
Po(xo, yo, Yo) is m x + (f ) y + (^) z = ^ + f + £ = 2 or ft) x + (g) y + ft) z = 1. 

The intercepts of the plane are ^£ , 0, 0^ , ^0, ^ , 0^ and ^0, 0, ^ . The volume of the tetrahedron formed 

by the plane and the coordinate planes is V = (|) (|) =*> we need to maximize 

V(x, y, z) = (xyz)" 1 subject to the constraint f(x, y, z) = ^ + ^ + ^ = 1. Thus, 

- (J ¥] (i) = I A, [- S^] (^) = I A, and [- <*f] (^) = * A. Multiply the first equation 
by a 2 yz, the second by b 2 xz, and the third by c 2 xy. Then equate the first and second =4> a 2 y 2 = b 2 x 2 

=> y = \ x, x > 0; equate the first and third =>■ a 2 z 2 = c 2 x 2 =4* z = | x, x > 0; substitute into f(x, y, z) = 

^ x =73 ^y=fs ^ z= v% =* v = f abc - 

14. 2(x — u) = —A, 2(y — v) = A, — 2(x — u) = tz, and — 2(y — v) = — 2/xv => x — u = v — y, x — u = — |, and 
y — v = /xv =>■ x — u = — zzv — — | =>■ v = | or ti = 0. 

CASE 1: /x = => x = u, y = v, and A = 0; then y = x + 1 =>■ v = u + 1 and v 2 = u => v = v 2 + 1 

=>■ v 2 - v + 1 = v = 1± '^~^ => no real solution. 
CASE 2: v = | and u = v 2 ^u=i;x-i = ±- yandy = x+ l =>x-l = -x-l 2x = - 1 

v2 . / 7 1\2 „ /«2 



x = - 1 =>y = 2 . Thenf (- 1 , Z , 1 , 1) = (- 1 - I) + (Z - 1) = 2 (|) the minimum distance 
is I \fl. (Notice that f has no maximum value.) 

15. Let (xo, yo) be any point in R. We must show lim f(x, y) = f(xo, yo) or, equivalently that 

(x,y) -> (xo,y ) 

„ , N lim ^ m l f ( x o + h ; Yo + k) - f(xo, y )| = 0. Consider f(x + h, y + k) - f(x , y ) 
(h,k) -> (0,0) 

= [f(x + h. y + k) - f(x , y + k)] + [f(x , y + k) - f(x , yo)]. Let F(x) = f(x, y + k) and apply the Mean Value 
Theorem: there exists £ with Xo < £ < Xo + h such that F'(£)h = F(xo + h) — F(xo) => hf x (£, yo + k) 

= f(x + h. y + k) - f(x , y + k). Similarly, kf y (x , r?) = f(x , y + k) - f(x , y ) for some 77 with 

yo < V < yo + k. Then |f(x + h, y + k) - f(x , y )| < |hf x (£, y + k)| + |kf y (x , rj)\. If M, N are positive real 

numbers such that |f x | < M and |f y | < N for all (x, y) in the xy-plane, then |f(x + h, y + k) - f(x , y )| 

<M|h|+N|k|. As(h,k) -» 0, |f(x + h,yo+k)-f(x ,yo)| -> => lim |f(x + h, y + k) - f(x , y )| 

(h,k) -> (0,0) 
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= => f is continuous at (x , yo). 

16. At extreme values, v f an d v = % are orthogonal because ^ = v f ' ^ = by the First Derivative Theorem for 
Local Extreme Values. 

17. |£ = => f(x, y) = h(y) is a function of y only. Also, = |£ = => g(x, y) = k(x) is a function of x only. 
Moreover, || = || =>■ h'(y) = k'(x) for all x and y. This can happen only if h'(y) = k'(x) = c is a constant. 
Integration gives h(y) = cy + Ci and k(x) = cx + c 2 , where Ci and c 2 are constants. Therefore f(x, y) = cy + Ci 
and g(x, y) = cx + c 2 . Then f(l, 2) = g(l, 2) = 5 =*> 5 = 2c + ci = c + c 2 , and f(0,0) = 4 =*> ci = 4 =*> c=\ 

c 2 = | . Thus, f(x, y) = \ y + 4 and g(x, y) = \ x + | . 

18. Let g(x, y) = D u f(x, y) = f x (x, y)a + f y (x, y)b. Then D„g(x, y) = g x (x, y)a + g y (x, y)b 

= f xx (x, y)a 2 + f yx (x. y)ab + f xy (x, y)ba + f yy (x, y)b 2 = f xx (x. y)a 2 + 2f xy (x, y)ab + f yy (x. y)b 2 . 

19. Since the particle is heat-seeking, at each point (x, y) it moves in the direction of maximal temperature 
increase, that is in the direction of v T(x, y) = (e~ 2y sin x) i + (2e~ 2y cos x) j . Since v T(x, y) is parallel to 
the particle's velocity vector, it is tangent to the path y = f(x) of the particle =$■ f'(x) = 2 e e _ 2 2 y y s c ° s x x = 2 cot x. 

Integration gives f(x) = 2 In sin x| + C and f (f ) = => = 2 In |sin f | + C =^> C = -2 In ^ = In 
= In 2. Therefore, the path of the particle is the graph of y — 2 In |sin x| + In 2. 

20. The line of travel is x = t, y = t, z = 30 — 5t, and the bullet hits the surface z = 2x 2 + 3y 2 when 

30 - 5t = 2t 2 + 3t 2 t 2 + t - 6 = (t + 3)(t - 2) = t = 2 (since t > 0). Thus the bullet hits the 
surface at the point (2, 2, 20). Now, the vector 4xi + 6yj k is normal to the surface at any (x, y, z), so that 
n = 8i + 12j k is normal to the surface at (2, 2, 20). If v = i + j 5k , then the velocity of the particle 
after the ricochet is w = v - 2 proj n v = v - n = v (|f ) n = (i + j - 5k) - (|| i + go j _ |0 k ) 

_ 191 ; 391 j 995 i. 
209 209 J 209 K ■ 

21. (a) k is a vector normal to z = 10 - x 2 - y 2 at the point (0, 0, 10). So directions tangential to S at (0, 0, 10) will 

be unit vectors u = ai + bj . Also, v T ( x , y, z ) = ( 2x Y + 4)i + (x 2 + 2yz + 14) j + (y 2 + 1) k 
=> V T (0, 0, 10) = 4i + 14j + k . We seek the unit vector u = ai + bj such that D„T(0, 0, 10) 
= (4i + 14j + k) • (ai + bj) = (4i + 14j) • (ai + bj) is a maximum. The maximum will occur when ai + bj 

has the same direction as 4i + 14j , or u = —}— (2i + 7j). 

(b) A vector normal to S at (1, 1, 8) is n = 2i + 2j + k. Now, v T(l, 1, 8) = 6i + 31j + 2k and we seek the unit 
vector u such that D„T(1 , 1,8)= V T • u has its largest value. Now write V T = v + w , where v is parallel 
to v T and w is orthogonal to v T. Then D„T = vT-u = (v + w)-u = v- u + w- u = w-u. Thus 
D U T(1, 1, 8) is a maximum when u has the same direction as w . Now, w = V T — (^p 5 ) n 

= (6i + 31j + 2k)-(lf±^± 2 )(2i + 2j + k)=(6-f )i+(31-lf)j+(2-f)k 

= -f i+f j-fk =* u=^ = - 75 i 557 (98i-127j + 58k). 

22. Suppose the surface (boundary) of the mineral deposit is the graph of z = f(x, y) (where the z-axis points up 
into the air). Then — |^i — |^j + kisan outer normal to the mineral deposit at (x. y) and |£ i + |i j points in 

the direction of steepest ascent of the mineral deposit. This is in the direction of the vector || i + |^ j at (0, 0) 

(the location of the 1st borehole) that the geologists should drill their fourth borehole. To approximate this 
vector we use the fact that (0, 0, - 1000), (0, 100, -950), and (100, 0, - 1025) lie on the graph of z = f(x, y). 
The plane containing these three points is a good approximation to the tangent plane to z = f(x, y) at the point 
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(0, 0, 0). A normal to this plane is 



i j k 

100 50 
100 -25 



= -2500i + 5000j - 10,000k, or i + 2j 4k. So at 



(0, 0) the vector |£ i + ^ j is approximately — i + 2j . Thus the geologists should drill their fourth borehole 



in the direction of (— i + 2j) from the first borehole. 



23. w = e rt sin ttx =4> w t = re rt sin 7rx and w x = ne n cos ttx =>■ w xx = — 7r 2 e rt sin ttx; w xx = 4 w t , where c 2 is the 
positive constant determined by the material of the rod =>■ -7r 2 e rt sin ttx — ^ (re rt sin 7rx) 
=> (r + c 2 7r 2 ) e rt sin ttx — 



=4> r = -c 2 7r 2 => w = e c " ' sin ttx 



24. w = e rt sin kx 



w t 



re rt sin kx and w x = ke rt cos kx 



— — k 2 e rt sin kx; w x 



_ j_ 



w t 



=> — k 2 e rt sin kx = 4. (re rt sin kx) (r + c 2 k 2 ) e rt sin kx = =>• r = — c 2 k 2 w = e ° 2k2t sin kx. 
Now, w(L, t) = =>• e _c2k2 ' sin kL = kL = n7r for n an integer =4> k = f- => w = e^ 2 " 2 ^ 21 / 1 - 2 sin x) . 
As t -> oo, w -> since |sin (f x) | < 1 and e - cWt / L2 -> 0. 
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15.1 DOUBLE INTEGRALS 

L lT( 4 -y 2 ) d y dx = r[ 4 y 



dx 



Tdx = 16 
Jo 



2 - T£(( x2 y- 2x y) d y dx = X 3 [- 



1 o 



/ Q 3 (4x-2x 2 )dx 



2x 2 - f 



xy^ 




dx 



3 - XiXi( x+ y +1 ) dxd y = X° 1 [y + y x + x 

= £(2y + 2) dy= [y 2 + 2y]°_ 1 = 1 



dy 



J o (sin x + cos y) dxdy = J [(— cos x) + (cos y)x] q dy 
(7r cos y + 2) dy = [tt sin y + 2y] ^ = 27r 



p (x sin y) dy dx = J q [- x cos y] * dx 
= J q (x — x cos x) dx = — (cos x + x sin x) 



= Y+2 



(3, 2) 



SSSSSSSSS 



(3,-2) 







-1 






1 


(-1,-1) 


-1 




(1, -1) 



'A/A 

'//a 



(JC.2JI) 
<*.*) 



it 


( 


7T, IT) 





TT 



dx = f 4 sin 2 x dx 

Jo 2 



nsinx r*7r r o 

, y d y dx = Jo[^ 

J o (1 - cos 2x) dx = \ [x - \ sin 2x] * = f 



l 

4 jo 



1 






y » sin x 




a£v/7>V 




///////A 
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/'In 8 piny r*lnS f*ln8 

( J o e^dxdy= J i [e^]£ y dy = J i (ye* - tf) dy 

= [(y - l)e y - e y ] '; s = 8(ln 8 - 1) - 8 + e 
= 8 In 8 - 16 + e 



8 - XX dxdy = / i (y 2 -y)dy : 



(I - 2 ) -(I -I) 



_ 2 _ 3 

3 2/32 



x_ _ l 

3 2 



7 (In In 8, In 8) 



;t = lny 




9. J o / o y 3y 3 e^dxdy = / q [3y 2 e^] y2 dy 



J o I (3yV-3y 2 )dy= [e 



= \ef _y3 



= e-2 



10 - XYo X l^dydx= //[fVxe^f dx 

= |(e-l) fiy/idx = [|(e-l)(|)x 3 / 2 ]' =7(e-l) 



11. ^ dy dx = f~ [x In y] f dx = (In 2) J]' x dx = \ In 2 

12. J^J^ ^dydx = J i 2 i(ln2-lnl)dx = (ln2) Jj* dx = (In 2) 2 

13 - XXV + y2 ) d y dx = X' [ x2y + f ] T dx = X' h 1 - x > 

= (|-i-o)-(o-o-i) = i 





(l-x) J 



dx -X'[ x2 



x 3 x 4 (1-x) 4 



3 4 12 



14 - X X y cos xy dxdy = X t sin xy ] o dy = X sin ^ dy = [~ I cos ^y] o = ~ I ~ :) = I 



15. 



x'x" u ( v - >/s) dvdu = x 1 [t - r du = x - >Ad - 

= X'0- u+ ^- ul/2+u3/2 ) du 



du 



u_^ + ^_| u 3/ 2 + | u5/2 



1 _ 1 _i_ 1 _ 2 

2 2 ' 6 3 
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nl pint nl nl 
1 fi. I I pS In t flcHt 1 \^ In tl Ht / /'tint In t~l Ht 

io. j j ^ c in i us ui — j ^ [e in ij cii — j yi in i — in cii — 


I 2 In t t tint 

^ in i — ~t — i in i 


i t 
T" L 


2 
1 


= (21n2-l-21n2 + 2)-(-i + l) = i 








17 1 1 9 Hrv Hv 9 1 fnl "* Hv - 9 9v Hu 

i; - J- 2 Jv Zd P clv - 2 J_ 2 Wv av-zj 2 -/vdv 


i 


p 




= -2[v 2 ]° 2 = 8 


-2 / 








v = p / 








(-2,-2) -2 


(2,-2) 



18 ' rX^dtd^X'^a^ds 
= 4(1 -s 2 )ds = 4 [s- 




X7r/3 psect /* 7I "/3 
vJo 3costdudt=J !r/3 [(3cost)u] 

= I 3 dt = 2tt 



l sec t 
I 



(-ir/3,2) , \ (ir/3,2) 



20. x 3 r 2u ^ dv d U -x 3 [^]r du 

= F(?-2a) du= [3u-u 2 ]^0 



-2 



\ v = 4-2u 



v = 1 



n(4-y)/2 
, dxd y 



\ y = 4-2x 
^ / 



"(1,2) 



22 - XJ„ d ? dx 





2 










-2 


1 
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23 '■ I'J> dx 




y dxdy 




25. P f dxdy 

J 1 J In y y 



O.e) 



(1,1) 



nln x 
■ d y dx 



i 

0.5 



-0.5 
-1 
-1.5 



0.5 i.s 

' x« e 



x-2 



16xdxdy 



3 
2 



28 - Jo Jo ~ y d y dx 
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n 1 pyjl—x 2 

29 - J Jo 3 y d y dx 




30. J J o 6xdxdy 



IJ,*? dxdy = Xsinydy = 2 




' (77, 7T) 



32. J" J 1 2y 2 sin xy dy dx = 2y 2 sin xy dx dy 

= Jo t~ 2 y cos x ylo d y = X (~ 2y cos y2 + 2y ) dy 



sin y 2 + y 2 ] — 4 — sin 4 




33. J o J x 2 e xy dxdy = J q x 2 e xy dydx = f Q [xe xy ]^ dx 
= J g (xe" 2 — x) dx — e" 2 — : 



e-2 

2 



(i.i) 



1:1 



2(4-y) 



/4-y 



e»-l 
4 




p2 \/ln 3 /-< \/ln 3 n \/ln 3 /»2x „ 

35. / / e x2 dxdy = I e x " dydx 

JO Jy/2 J JO JO J 

= J* Q ^xe* 2 dx = [e" 2 ]/ 1 " 1 = e ln3 - 1 = 2 







(Vtol, 2Vtal) 
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36 - X7^ ey,d y dx = XT ey,dxd y 

= / o I 3yVdy=[e^]J=e-l 




pl/16 nl/2 nl/2 px 1 

37. J o J |M cos (167rx 5 ) dxdy = J q J q cos (167rx 5 ) dy dx 

2 

x 4 cos (167rx 5 ) dx 



'y ' 

JJ /2 V 4 ™e flfi™-^ - r .sin(167rx 5 ) 1 1 " 



80jt 



1 

80tt 



0.0625 




(0.5, 0.0625) 










y =xy 







0.5 



38 - = 

= r 2 y 4dy=i[iMy 4 + i)] 



2 _ In 17 
— 4 



(8,2) 




2 4 6 8 



39. // (y-2x 2 )dA 

R 

= JlC^ - 2x2 ) d y dx + XX7(y - 2x2 ) d y dx 

= £ [I y 2 - 2x 2 y] t, dx + /; [I y 2 - 2x 2 y] ^ dx 
= J t [1 (x + l) 2 - 2x 2 (x + 1) - 1 (-x - l) 2 + 2x 2 (-x - 1)] dx 
+ J' [i (1 - x) 2 - 2x 2 (l - x) - i(x - l) 2 + 2x 2 (x - 1)] dx 
(x 3 + x 2 ) dx + 4 J (x 3 - x 2 ) dx 

[<-'*i: 



= -4 I T + y 



(-i) 4 , 

4 T 3 



4( 4 -|) 



1 

+ y = 1 


\ 1 


-x - y = 1 


/\ 

/ x-y=l 




-1 


8 


2 


8 (y2 ~ s) 


~~ 12 — 


3 



^2/3 p2x pi n2-x 

40. J J xy dA = J Q J x xy dy dx + J y J^ xy dy dx 

R 

= X 2/3 [ixy 2 ]rdx + X; 3 [Ixy 2 ]rdx 

= ST ( 2x3 - 1 x3 ) dx + X) 3 [5 x < 2 - x ) 2 - 1 x3 ] dx 

= / 2/3 |x 3 dx+/' (2x-x 2 )dx 




[f x4 ]„ 2/3 



[ x2 -i x3 ]2/3 = (D (Jf) + (1 - i) - K - (i) (£)] = £ + 



27 _ /"36 _ 16\ _ 
81 V 81 81/ — 



41 ■ v = XT* ( x2 + y 2 ) d y dx = X' [ x2 y + T dx = X" [ 2x 

= (§-&-&)-(0-0-if)=f 



2 _ 7x^ , (2-x) J 
3 T 3 



dx = 



2x^ _ 7x^ _ (2-x) 4 
3 12 12 



42. V = f 2 £ X x 2 dydx = / jx 2 y]x " dx = /7 2x2 - x 4 - x 3 ) dx 



[| x 3 - i x 5 



l x4 ]-2 



_ /2 1 1\ / 16 , 32 16^ _ /40 12 15 \ ^ 320 , 384 240 \ _ 189 63 
\ 3 5 4 ) \ 3 ' 5 4 / V 60 60 60 J V 60 ' 60 60 I 60 20 
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43. V = f f X (x + 4) dydx = J Jxy + 4y] 4 ;* 2 dx = f Jx (4 - x 2 ) + 4 (4 - x 2 ) - 3x 2 - 12x] 



dx 



J' 4 (-x 3 - 7x 2 - 8x + 16) dx = [- \ x 4 - | x 3 - 4x 2 + 16x] ^ = (- \ - \ + 12) - (f - 64) 



157 1 _ 625 
3 4 ~~ 12 



dx 



44 - v = JT/o (3 - d y dx = T [ 3 y - 4 " dx = /; [3^/4^ - 

= [|xV^? + 6sin- 1 (f)-2x+^]^6(f)-4+|=37r-f = ^ 
45. V = f o f Q (4 - y 2 ) dxdy = J fl 2 [4x - y 2 x] \ dy = £(12 - 3y 2 ) dy = [12y - y 3 ] \ = 24 - 8 = 16 



46. 



V = IX* 2 (4 - x 2 - y) dydx = £ [(4 - x 2 ) y - £] ^ dx = £ I (4 - x 2 ) 2 dx = £ (s - 4x 2 + *) dx 



[8x-|x 3 + ^x^ = 16-f + 1 



32 , 32 _ 480-320+96 _ 128 



30 



47 ■ v = IT* ( 12 - V) d y dx = fj 12 y - y 3 ] o * dx = Ij 24 - 12x - ^ - x ) 3 



dx 



= 24x-6x 



2 , (2-x) 4 



= 20 



/"<0 /"»x+l n 1 n 1— x /t0 pi 

48. V = J J x i (3- 3x) dydx + J J x , (3 - 3x) dydx = 6 J ^1 - x 2 ) dx + 6 J o (1 - x) 2 dx = 4 + 2 = 6 
49 - V = nt( x + D dydx = Jjxy + y] V% dx = f [1 + 1 - (-1 - I)] = 2 £ (l + i) dx 



= 2 [x + In x] 2 = 2(1 + In 2) 



50. V = 



V = 4 io Jo (l+y 2 )dydx = 4j o [; 



y + 



| [7 In |sec x + tan x| + sec x tan x] ^ 3 — | 



= « r*, 
dx = 4 

Jo 

7 In (2 + y/3) + 2a/3 



(sec x + s -^^j 



si - FC3f*r«*=r \¥]i*=r- & 



lim 

b — > oo 



1 = 1 



52 ' /_, /US (2 y + 1} dy dx = £ [y 2 + y] dx = £ -fe dx = 4 lim [sin" 1 x] 



l/(l-x 2 )'' 



l/(l-x 2 ) 1/2 







= 4 lim [sin" 1 b - 01 = 2tt 
b -» 1- L J 



*■ J" .1' 



-oc(x 2 +l)(y 2 +l) 



" dx dy = 2/; '(^j) tan- 1 b-tan- 1 0)dy = 2^ b lim c £ ^ dy 



2tt ^lim tan" 1 b - tan^o) = (2tt) (|) = tt 2 



54. J" J o "xe (x+2y) dxdy = JJV^lim [-xe- 1 - e" x ] „ dy = JJV 2 * lim (-be- b - e- b + 1) dy 

= L e 2yd y = l b 1 ™ 00 (-e-- + i) = | 

55. //f (x ,y)dA«if(-I,0) + if^ 

= H-| + l + o) + i(o + i + i + |) = ^ 
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56. //f(x,y)dA«I[f(M)+f(M)+f(!^)+f(l^)+fa^)+f(^^)+f(I^)+f(l^) 



i (25 + 27 + 27 + 29 + 31 + 33 + 31 + 33 + 35 + 37 + 37 + 39) 



384 
16 



24 



57. The ray = | meets the circle x + y- = 4 at the point ( y 3, 1 ) =4* the ray is represented by the line y = 



Thus, J/f(x,y) dA = J^X^V^dydx = //^ - x 2 ) - ^ y^^- 



dx 



4x 



3^ 



_ 20^3 
~~ 9 



n2 /*« 



3(y-D 1 -' 3 

(x^-x) 



2 V x — x x 



t-) dx = 6 I 



dx 
x(x-l) 



6 lim C - i) dx = 6 lim [In (x - 1) - In xl , b = 6 lim [In (b - 1) - In b - In 1 + In 2] 

b ^ OC J 2 X h — > nn - h — > nn 



lim ln(l-i)+ln2 



b — > oc 



b — > oo 

6 In 2 



b — > 00 



dx 



,2 _ 7x1 , (2-x) J 
3^3 



Hy - I 2xi _ 7*1 _ (2-")" 
UX — 1 3 12 12 



(§-&-£)-(0-0-i§) 



n 1 






60. J o (tan- 1 7rx-tan- 1 x)dx=J o J ii ^ dydx = J o J yA ^ dxdy + J 2 J y/ ^ dxdy 

= loW dy + dy = (^) [In (1 + y 2 )] J + [2 tan"* y + £ In (1 + y 2 )] * 

= (^) In 5 + 2 tan" 1 2tt - i In (1 + 4tt 2 ) - 2 tan" 1 2 + ^ In 5 
= 2 tan" 1 2tt - 2 tan" 1 2 - i In (1 + 4tt 2 ) + ^ 

61. To maximize the integral, we want the domain to include all points where the integrand is positive and to 
exclude all points where the integrand is negative. These criteria are met by the points (x, y) such that 

4 — x 2 — 2y 2 > or x 2 + 2y 2 < 4, which is the ellipse x 2 + 2y 2 = 4 together with its interior. 

62. To minimize the integral, we want the domain to include all points where the integrand is negative and to 
exclude all points where the integrand is positive. These criteria are met by the points (x, y) such that 

x 2 + y 2 — 9 < or x 2 + y 2 < 9, which is the closed disk of radius 3 centered at the origin. 



63. No, it is not possible By Fubini's theorem, the two orders of integration must give the same result. 
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64. One way would be to partition R into two triangles with the 
line y = 1 . The integral of f over R could then be written 
as a sum of integrals that could be evaluated by integrating 
first with respect to x and then with respect to y: 
JJ f(x,y) dA 

-2 r 2-(y/2) 



R 



Jo.Lv f(x,y)dxdy + J ; J f(x,y)dxdy. 



•1 r>2-(y/2) 
'0 Jl-2y - - u ! ory-1 

Partitioning R with the line x = 1 would let us write the 
integral of f over R as a sum of iterated integrals with 
order dy dx. 




Xb r>b nb nb nb / nb \ / nb \ / nb \ 

J_^-r dxdy = ./ J e dxdy = J ^ (J ^ dxj dy = i^J ^ dxj ^ ^ dyj 



V x2 dx) = ( 2 J^V" 2 dx j = 



4 (jV* 2 dx) ; 



taking limits as b — > oo gives the stated result. 



66 ' XT d y dx = / 7o Cy^W dxd y = loi^W [t] n dy = 3 X 

lim 



lim 



f 



dy 



(y-l)A 



n 1 





dy 



1+ Jb Cy— 1) ' 



o (y-D 2/3 

lim [(y-D 1/3 ]> .lim [(y 



1) 



1/31 



Urn (b- l) 1 / 3 -(-1) 1/3 | - 



lim (b - l) 1 / 3 - (2) 1 / 3 
b->l + . 



= (0+1)- (0- 3 V^) = 1 + Sfi 



67-70. Example CAS commands: 
Maple : 

f := (x,y) -> 1/x/y; 

ql := Int( Int( f(x,y), y=l..x ), x=1..3 ); 
evalf( ql ); 
value( ql ); 
evalf( value(ql) ); 



71-76. Example CAS commands: 
Maple : 

f := (x,y) -> exp(x A 2); 
c,d:=0,l; 
gl := y ->2*y; 
g2 := y -> 4; 

q5 := Int( Int( f(x,y), x=gl(y)..g2(y) ), y=c..d ); 
value( q5 ); 

plot3d( 0, x=gl(y)..g2(y), y=c..d, color=pink, style=patchnogrid, axes=boxed, orientation=[-90,0], 

scaling=constrained, title="#71 (Section 15.1)" ); 
r5 := Int( Int( f(x,y), y=0..x/2 ), x=0..2 ) + Int( Int( f(x,y), y=0..1 ), x=2..4 ); 
value( r5); 
value( q5-r5 ); 

67-76. Example CAS commands: 

Mathematica : (functions and bounds will vary) 

You can integrate using the built-in integral signs or with the command Integrate. In the Integrate command, the 
integration begins with the variable on the right. (In this case, y going from 1 to x). 
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Clear[x, y, f] 

f[x_,y_]:=l/(x y) 

Integrate[f[x, y], {x, 1, 3}, {y, 1, x}] 
To reverse the order of integration, it is best to first plot the region over which the integration extends. This can be done 
with ImplicitPlot and all bounds involving both x and y can be plotted. A graphics package must be loaded. Remember to 
use the double equal sign for the equations of the bounding curves. 

Clear[x, y, f] 

«Graphics"ImplicitPlot" 

ImplicitPlot[{x==2y, x==4, y==0, y==l },{x, 0, 4.1 }, {y, 0, 1.1 }]; 
f[x_, y_]:=Exp[x 2 ] 

Integrate[f[x, y], {x, 0, 2}, {y, 0, x/2}] + Integrate [f[x, y], {x, 2, 4}, {y, 0, 1}] 
To get a numerical value for the result, use the numerical integrator, NIntegrate. Verify that this equals the original. 

Integrate[f[x, y], {x, 0, 2}, {y, 0, x/2}] + NIntegrate [f[x, y], {x, 2, 4}, {y, 0, 1}] 

NIntegrate[f[x, y], {y, 0, 1 },{x, 2y, 4}] 
Another way to show a region is with the FilledPlot command. This assumes that functions are given as y = f(x). 

Clear[x, y, f] 

«GraphicsTilledPlof 

FilledPlot[{x 2 , 9},{x, 0,3}, AxesLabels -> {x, y}]; 
f[x_, y_]:=xCos[y 2 ] 

Integrate[f[x, y}, {y, 0, 9}, {x, 0, Sqrt[y]}] 



67. f t £ i dydx 0.603 



68. 



f f e ^ +f] d y dx ~ °- 558 



69. J J tan" 1 xy dy dx w 0.233 



70. f\ J o 1 * 3 - x 2 - y 2 dy dx w 3. 142 



71. Evaluate the integrals: 

fJlf dxd y 

n2 nxJ2 nA n\ 

= Jo Jo e x2 dydx + J 2 J o e x2 dydx 

(e 4 - 20f erfi(2) + lyfn erfi(4)) 



4 -r 4 \ 
1.1494 x 10 6 



The following graphs was generated using 
Mathematica. 
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72. Evaluate the integrals: The following graphs was generated using 




X 



73. Evaluate the integrals: The following graphs was generated using 




X 



74. Evaluate the integrals: The following graphs was generated using 




x 



12 3 4 
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75 . Evaluate the integrals 

-2 i>i ! 



-l+ln(f ) w 0.909543 



The following graphs was generated using 
Mathematica. 




76. Evaluate the integrals 

\A 2 +v 2 dxd y ~~ Ji }\ 



' i J y a V x2 +y 2 
0.866649 



i Ji V 2 +y : 



dy dx 



15.2 AREAS, MOMENTS, AND CENTERS OF MASS 



The following graphs was generated using 
Mathematica. 




123456789 



l rr Xd y dx =x 2 ( 2 - x ) dx 

OT rr ydxd y = /„ 2 ( 2 -y) d y = 2 



2x-f 



= 2, 




2 - fofjy dx = Jj 4 - 2x > dx = t 4x - x2 i o = 4 > 
or X 4 r /2dxd y = r5 d y = 4 



y m 4 



TTTTI 



lVv-2* 



3 - r 2 r" dxd y = £(-y 2 -y + 2 ) d y 



i 

-2 



^ + 2 yj 

|-|+2)-(f-2-4) 



(-1,1) ' 




-4 







y = x + 2/ 








,=-,» _ 2 




(-4. -2) 
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4 - XJI dxdy = X(2y-y 2 )dy : 



- 4 _ 8 _ 4 
^33 



x-y-y 



y--x 



pin 2 pe* pin 2 

5 - Jo Jo d y dx =io ^dx=[e^] h2 = 2-1 = 1 



In 



(In 2, 2) 



n21nx 
dy dx — J | In x dx = [x In x — x] , 



1 1 Jinx J I 

= (e-e)-(0-l) = l 



y 

2- 



y ■ 2 In x 




7 - I'JT dxdy = I^ 2 y 2y2) dy = [ y2 - 1 y3 ] J 




LX^ dxdy= I 1 ( y2 - 1 - 2y2+2 ) dy 

= /_'(l-y 2 )dy 
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p7r/4 r»cos x 

11. dydx 

JO J sin x J 

r^ 4 tt/4 

= J o (cos x — sin x) dx = [sin x + cos x] 
= a/2-1 



= (# + f)-(o + i) 



a dxdy = J_ i (y + 2-y 2 )dy 
= (2 + 4-|)-(I-2+i)=5-| = l 




(tt/4, V2/2) 
y = sin x 



y-t-Z,' 



x-y 



p{) pi — x pi p\ — x 

13 - LL, d y dx + J„L /2 dydx 

= £(l+x)dx+/ o 2 (l-|) dx 



•i + |)+(2-i) 



: - 4 d y dx + ioio 4 d y dx 

= J~(4 - x 2 ) dx + £ x 1 / 2 dx 



= 4x- 



16 = 32 
3 3 











y=-2x\ 


(0,0) 


\\2 




\^(2,-l) 




y = -- 

y 2 



2 

y - x -4 




15. (a) average = ^ J q J q sin (x + y) dy dx = ^ J q [- cos (x + y)] * dx = 4, f Q [ cos (x + n) + cos x] dx 

= [— sin (x + 7r) + sin x] ^ = -4 [(— sin 27r + sin 7r) — (— sin n + sin 0)] = 

(b) average = f g J g sin (x + y) dy dx = ^ J q [- cos (x + y)] q /2 dx = ^ J q [- cos (x + §) + cos x 

= 7- [- sin ( x + !) + sin x ] o = h [(- sin t + sin 7r ) - (- sin f + sin °)] = £ 

16. average value over the square = xy dy dx = J g dx = f g | dx = ~ = 0.25; 
average value over the quarter circle — ]hj J J x y d y dx ~ ^ X f^~] 



ti>- x3 ) 



— x J ) dx = 



dx 



0.159. The average value over the square is larger. 



17. average height = \ f Q f Q {x 2 + y 2 ) dy dx = \ £ [x 2 y + £] q dx = i J^x 



" 2 - 1 - |) dx = 1 



4x 
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J>2 1n2 p2 1n2 p2 1n2 r n 2 In 2 

I — dy dx = T , L, I — dx 
In 2 J In 2 *y J (In 2) 2 J ln 2 [ X J ^ 2 

J»2 ln 2 /*2 In 2 „ . „ 

b2 i(ln2 + lnln2-lnln2)dx=(^)j; n2 f = (£) [Inx]^ 2 

= (j^) (ln 2 + lnln 2 - ln ln 2) = 1 

19 ■ M = XT ^ 3 d y dx = 3 X'( 2 - x 2 - x) dx = | ; M y = *° 3x dydx = 3 £ [xy] x 2 * 2 dx 

= 3 £ (2x - x 3 - x 2 ) dx = | ; M x = £ £ ~* 3y dy dx = § £ [y 2 ] ^ dx = | £ (4 - 5x 2 + x 4 ) dx 



I f2-K 2 , , 

19 

5 

and y - 38 



35 



20. M = 5 X7 o 3 dy dx = 6 £ 3 dx = 96; I x = 5 y 2 dy dx = 6 £ [£] ] dx = 275; R x = ^ = v^; 

^ = 6 XT x2 d y dx = ^XVy] o dx = * £^ 2 dx = 27 ^; R y = \fl = \/3 



21 - M = rX v > d y - X ( 4 - y - 2 ) d y = f ; M v = /„ £/ 2 x dxd y = §X TO d y 

= I T( 16 - 8y + Y 2 - ^) dy = ^ ;M 5 = £ Qy dxdy = J^y - y 2 - £ ) dy = f 



x = II and y = I 



22 - M = X7o 3 ^y dx = I O - x) dx = 1 ; M y = £ £ \dydx = £ [xy^ dx = £(3x x 2 ) dx 
=> x = 1 and y = 1 , by symmetry 



23 ' M = 2 X' X^ dx = 2 X' d x = 2 (1 ) = f ; M x = 2 X' £^ y dy dx = £ [y 2 ] ^ 



dx 



J>-x 2 )dx 



x — y = § =^ y = ^ an d x = 0, by symmetry 



24. M = if^ ; M y = 6 £ £ % ~ x dydx = S £ [xy]f" x2 dx = 6 £ (5x 2 - x 3 ) dx = yf ; 

M x = 6 £ £* * y dy dx = f J [y 2 ] ^ dx = § J 5 (35x 2 - 12x 3 + x 4 ) dx = ^ =>> X = f and y = 5 

n\/ a 2 — x 2 2 pa n\fa?— x 2 pa r— — - pa , „ 

j dy dx = ^ ; M y = J o J o x dy dx = £ [xy ] dx = £ x v'a 2 ^ dx = y 

x = y = |^ , by symmetry 

nsin x pii nn n sin x pn prr 

, d y dx = X sinxdx - 2 ^ M ^XX ydydx=i/ o [y 2 ]r x dx=lXsin 2 xdx 

= \ £(l - cos 2x) dx = | =► x = § andy = f 

27. I s = J'J^^ y 2 dy dx = £ 2 ^ dx = | ^(4 - x 2 ) 3/2 dx = 4tt; I y = 4tt, by symmetry; 
I = Ix + I y = 8tt 

nlTY n (sin 2 x)/x 2 /*2tt r»27r 

28. I y = £ J o x 2 dydx = J (sin 2 x - 0) dx = \ J (1 - cos 2x) dx = f 

29. M = f° f dydx = f° e x dx = lim f°e x dx = 1 - lim e b = 1; M v = f T x dydx = f° xe x dx 

= lim J°xe x dx= lim [xe x - e x ]° = -1 - lim (be b - e b ) = -1; M x = J £ y dydx 

b t oo b oo b ^ oo ""^ ^ 
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/o P° 
e 2x dx = i lim j e 2x dx — \ =>■ x = — 1 and y = \ 
2 h , _ nn J b 4 ^4 



30. M v = r P x dy dx = lim fxe^ 2 dx = - lim [-L - ll b = 1 



b — > oo 



31. M = / o 2 /_7 '(* + y) dxdy = £ [f + xy] ^ dy = £ (£ - 2y 3 + 2y 2 ) dy 

/-»2 py-y 2 /*2 r 2 2 1 y~y 2 f*- / 6 \ 

Ix = iol y y 2 (x + y)dxdy=J o [ x f +xy 3 j_ dy = J o (^-2y5 + 2y^)dy 



f y 1 V 
10 2^3 

64 . 

105 ' 



8 _ 9 2 
1 ~ V 7 



32 - M = J^X 5xdxdy = 5£ 



-\/3/2 J4y : 



\/3/2 



d y = I ri 12 - V - 16 y 4 ) d y = 23 



-\/3/2 



33. M = J o 7 x ^ X (6x + 3y + 3)dydx = £ [6xy + § y 2 + 3y] dx = J o '(12 - 12x 2 ) dx = 8; 

M y = J o 7 x 2 "x(6x + 3y + 3)dydx= J '(12x - 12x 3 ) dx = 3; M x = £ £"y(6x + 3y + 3) dydx 
= J* (14 - 6x - 6x 2 - 2x 3 ) dx = f x = § and y 



17 
16 



34. M = fj^iy + 1) dxdy = £(2y - 2y 3 ) dy = \ ; M x = ££^ y(y + 1) dxdy = / q ' (2y 2 - 2y 4 ) dy = ± ; 
M y = HIT* x(y + 1) dxdy = J o '(2y 2 - 2y 4 ) dy = £ => x = A an d y = A ; i x = £ £ f f (y + 1) dxdy 



2/ o '(y 3 -y5)dy=i 



35. M = £ £(x + y + 1) dx dy = £(6y + 24) dy = 27; M x = £ £y(x + y + 1) dx dy = £y(6y + 24) dy = 14; 

= X /o 6x(x + y +1 ) dxd y = X'(18y + 90)dy = 99 =► x = £ and y = M ; I y = x 2 (x + y + 1) dxdy 



= 216 



= 432;R y = Vm= 4 



36. M = 



LI ^ + 1) dydx = - + x 2 - f) dx = § ; M x = / X y(y + 1) dydx = / ^ (f - £ - dx 

J'iX' x(y + !) dydx = L (f - ^ - x 3 ) dx = x = and y = £ ; I y = ££ x 2 (y + 1) dydx 



48 ■ M 

35 ' y 



dx = |f ; R y 



h _ / 3 
M V 14 



dx - ^ 
ax - 15 



37 - M = Lfipy + 1} d y dx = I. + x2 ) dx = B ; Mx = £X y(7 Y + d d y dx = £ + 

M y = £j a x(7y + 1) dydx = £ + x 3 ) dx = x = and y = if ; I y = ££ x 2 (7y + 1) dydx 
= + x4 ) 



M V 31 



p20 pi n20 n20 nl n20 r 

38 - M = Jo L( 1 + lj) d y dx = Jo (2+f^)dx = 60;M x = J o l i y(l + | 5 )dydx=J o [( 

nl p20 / , \ p20 pi 

_ x(l + | j )dydx = J o (2x+f F )dx- 2 

■20 



1 + I 



dx = 0; 



3 



, y 2 (! + i) d y dx 



J>20 
(l + i)dx = 20;R x 



2 

3 Jo 
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39. M= f o f (y+l)dxdy = f (2y 2 + 2y) dy = § ; M 5 = f f y(y+l)dxdy = 2 / (y 3 +y 3 )dy=Z; 

y v 

M * = /o x(y + 1) dx dy = / o O dy = x = and y = £ ; I x = £ y 2 (y + 1) dx dy = £ (2y 4 + 2y 3 ) dy 

; l y = I! L x 2 (y + 1) dx dy = | £ (2y 4 + 2y 3 ) dy 



10 



' -y 

R, 



M 10 



10 



M 10 



I =1 +1 = - 



R - \, M 



I„ _ 3 V2 
5 



40. M = J o J V y (3x 2 + 1) dxdy = £ (2y 3 + 2y) dy = | ; M x = £ £ y (3x 2 + 1) dxdy = J q (2y 4 + 2y 2 ) dy = if 
M y = f Q f x (3x 2 + 1) dxdy = x = and y = § ; I x = £f y 2 (3x 2 + 1) dxdy = £ (2y 5 + 2y 3 ) dy = 



R, 



ix _ VI 

M 3 



^ = /o/- y x 2 (3x 2 + l)dxdy = 2/ o (fy5 + iy 3 ) dy = f± 



R 



'k — /ii- 

M V 45 ' 



T = T +1 = - 



R„ 



I„ 2 

M 7S 



41 - LL iff d y dx = l0 ' 000 (! - e ~ 2 ) L iff = 10 ' 000 ( : - e ~ 2 ) [L A + X tti 

= 10,000 (1 - e- 2 ) [-2 In (l - f )] ° 5 + 10,000 (1 - e~ 2 ) [2 In (l + §)] J 

= 10,000 (1 - e~ 2 ) [2 In (l + f )] + 10,000 (1 - e~ 2 ) [2 In (l + f )] = 40,000 (1 - e~ 2 ) In (|) w 43,329 



42. J o £" 100(y + 1) dxdy = f Q [100(y + l)x]** dy = J q 100(y + 1) (2y - 2y 2 ) dy = 200 j Q (y - y 3 ) dy 
= (200) (1) = 50 



200 | ^ - ^ 



43. M = f £ ( ' " ' dy dx = 2a f (1 - x 2 ) dx = 2a 



^ J o '(l-2x 2 +x 4 )dx = a 2 [x- 



2x" I x" 
3^5 



X — 



15 



= f;M, = £j ydydx 



=r I 15 J _ 2a 

J M TteS 5 



The angle 9 between the 



x-axis and the line segment from the fulcrum to the center of mass on the y-axis plus 45° must be no more than 



90° if the center of mass is to lie on the left side of the line x = 1 =>■ 6 + f < | =>■ tan 



-1 /2a\ / tt 



< 5 => a< |. 



Thus, if < a < | , then the appliance will have to be tipped more than 45° to fall over. 



44. f(a) = I a = X7 o 2 (y-a) 2 dydx=X 4 [ 



+ f 1 dx = | [(2 - a) 3 + a 3 ] ; thus f (a) = =>• -4(2 - a) 2 + 4a 2 

= a 2 - (2 - a) 2 = -4 + 4a = =>■ a = 1. Since f"(a) = 8(2 - a) + 8a = 16 > 0, a = 1 gives a 
minimum value of I a . 



45 ' M = L L/vi ^ dx = L Vh dx = P sin_1 x l o = 2 (I - 0) = tt; M y = X I v yri x ^ dx 



1/9 i 

-2(1— x 2 ) = 2 x = | and y = by symmetry 



46. (a) I = J L ' <5x 2 dx = ^ 



R 



&L 3 J_ _L 
12 " SL 2 Ji 



(b) 1 = / Q L ^x 2 dx 



SJ f =^ R = 



4L 3 1 



3 «L - ^ 

47. (a) 1 = M = ££ 7 / 6 dxdy = 2,5 /' (y - y 2 ) dy = 26 



r _ r_ 

2 3 



2* (I) 
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(b) average value 



_ rxr y2 fr +i > dxd y _ (*) _ 3 _ 



'l\ — 2 



8, so the values are the same 



48. Let (Xj, yi) be the location of the weather station in county i for i = 1, ... , 254. The average temperature 

254 

E T(Xi, yi ) A;A 

in Texas at time to is approximately — x , where T(Xj, yO is the temperature at time to at the 

weather station in county i, A;A is the area of county i, and A is the area of Texas. 

49. (a) x= ^ =0 =» M y = J/x^(x,y)dydx = 

R 

(b) I L = // (x - h) 2 6(x, y) dA = // x 2 S(x, y) dA - // 2hx<5(x, y) dA + / J" h 2 <5(x, y) dA 

R R R R 

= I y - + h 2 // S(x, y) dA = L. ra . + mh 2 

R 



50. (a) U = I L - mh 2 I I=5/7 = I y - mh 2 = f - 14 (f ) 2 = § ; I y=ll/14 = I x - mh 2 = 12 - 14 (j|) 2 = g 



(b) I x=1 = I x=5/V + mh 2 = | + 14 (f ) 2 = | ; I y=2 = I y=11/14 + mh 2 = ff + 14 (±|) 2 = 24 



mi + tri2 ' 



51. M x = f f y dAi + f f y dA 2 = M Xl + M x , x = M ''+ Mx 2 ■ likewise, y = 

x pi"P2 J J J 1 J J J z x i x 2 mi + m2 ' J mi+r 

Ri R 2 

thus c = xi + y j = [(M X1 + M X2 ) i + (M yi + M y2 ) j] = [(m^ + m 2 x 2 ) i + (m^ + m 2 y 2 ) j] 

- -L- [ mi (xtf + yj) + m 2 (x 2 i + y 2 j)] - '^±1^ 



mi + m 2 



mi + m 2 



52. From Exercise 5 1 we have that Pappus's formula is true for n = 2. Assume that Pappus's formula is true for 

E m i c i 

n = k — 1, i.e., that c(k — 1) = ^ — . The first moment about x of k nonoverlapping plates is 



E [II y ^ J + // Y dA k = M Xc(t _ + M x 
i=i \ Ri / Rk 



thus c(k) = xi + y j = [(M Xc(l _„ + M Xk ) i + (M^, + M yi ) j] 



c(k-l) k 



E m i +™k 



; similarly, y = -y-f 



My,. ,,+M 



E m; + m k 



1 

t m. 



E m . J x c + mkX k "j i + f(j2 m . i >c + m >.y, j j 



k-l 



( E m i I ( x c i + y c J) + m k (x k i + y k j) 



E mi c(k-l)+m k c t 



E^ 



mici + m2c 2 + + m k _ic t i +m k c k d b mamem atical induction the statement follows. 

mi + m 2 + . . . + m k - 1 + m k ' J 
„_ 8(i + 3j) + 2(31 + 3.5 j) _ 141 + 31J ^ - = 7 and y = 31 



(b) C 

(C) C: 



8+2 


10 


8Cl + 3j) + 6(51 + 2j) _ 


38i + 36j 


14 


14 


2(3i + 3.5j) + 6(5i + 2j) 


_ 36i+ 19j 



8 



x= » andy= ^ 
3> x = | and y 



19 



CH^i c - 8(i + 3j) + 2(3i + 3.5j) + 6(5i + 2j) _ 44I+43J _ _ 1 1 . _ _ 43 

W c - u - => x - T ana y - ^ 



54. c 



_ 15 (ji + 7j)+48(12i+j) _ 15(3i + 28j) + 48(48i + 4j) _ 2349i + 612j _ 261i + 68j 



15+48 



4-63 



4-63 



4-7 



261 
28 



and y — y 
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55. Place the midpoint of the triangle's base at the origin and above the semicircle. Then the center of 
mass of the triangle is (0, |) , and the center of mass of the disk is (0, — from Exercise 25. From 

Pappus s formula, c = t— 55 — A = -7 4r- , so the centroid is on the boundary 

if ah 2 — 2a 3 = h 2 = 2a 2 =>• h = a^/2 . In order for the center of mass to be inside T we must have 
ah 2 - 2a 3 > or h > a^/2. 

56. Place the midpoint of the triangle's base at the origin and above the square. From Pappus's formula, 



_ (f)(fi)+* 2 (-ti) 



so the centroid is on the boundary if ^ — ^ = => h 2 — 3s 2 = =>• h = sy3. 



15.3 DOUBLE INTEGRALS IN POLAR FORM 



dydx = / / rdrd0 = 1 I 6B = f 

j Jo Jo ^ Jo ^ 

2. , dydx = / rdrd0=± / d(9 = tt 

J-[J-v/l-x 2 J JO JO I JO 

j (x 2 + y 2 )dxdy=J o J o r 3 drd^I J o d0 = f 

4 - £ I^( x2 +y 2 ) dxd y - n r3 drd0 = ? JT^ = § 

/a 1/ a 2 — x 2 n 2tt n a 2 P 2tt 

. dydx= rdrd0=f / d0 = 7ra 2 

-aJ-v/a 2 -x 2 J JO JO 4 JO 

(x 2 + y 2 ) dxdy = J q J q r 3 drd0 = 4 J o d0 = 2tt 
j x dx dy = J t/4 J o r 2 cos dr d0 = 72 J t/4 cot (9 esc 2 d9 = -36 [cot 2 0] ^ = 36 

nx nTv/4 n2 sec nTv/4 

ydydx = J o J q r 2 sin dr d<9 = f J o tan sec 2 (9 d0 = f 



= (1 - In 2)tt 



= 47T - 7T 2 



pin 2 -^(ln 2) 2 - y 2 , nizjl pin 2 /W 2 

11. J o J o e\/*^dxdy= J q J o re r drd0 = J o (2 In 2 - 1) d0 = § (2 In 2 - 1) 

12. ^ dydx = f: /2 £ re-" 2 drd0 = - \ fj\\ - l) d0 = ^ 

^±^dydx=J o J o r(cos9 + smg) rdrd0 = J o (2 cos 2 + 2 sin cos 



d0 
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& i)a , xy 2 dx dy = J / J o sin 2 9 cos 9 r 4 dr d9 = f J^sin 7 cos d(9 = f [sin 8 0] ^ = 

15. I"' ln(x 2 +y 2 + 1) dxdy = 4 P ' f ' In (r 2 + 1) r drd0 = 2 (In 4 - 1) d0 = 7r(ln 4 

16. , ^— ^dydx = 4 / — ^ drd(9 = 4 f- rxsrl „ d0 = 2 I dl9 = tt 

J-lJ-yT^ 2 l+x 2 +v 2 " J Jo Jo l+r 2 ) 2 Jo L l+r 2 Jo Jo 



/>x/2 />2v/2-sin 29 nir/2 

17. J o J o r drd0 = 2 J o (2 - sin 29) d9 = 2(tt - 1) 

piv/2 n 1 + cos 6 pit jl 

18. A = 2J o J i rdrd0 = J o (2 cos 9 + cos 2 (9) d(9 = ^ 

r*7r/6 /*I2cos30 /*7r/6 

19. A = 2 / rdrd0=144 cos 2 30 d0 = 12tt 

Jo Jo Jo 



20 - A =X X rdrd *=§X ^0=^- 



2LA = X Jo rdrd *=H (|+2sin0-^)d0 = f + 1 
22. A = 4 f 7 1 ""' r drd0 = 2 J" *(§ - 2 cos (9 + ^) d0 = ^ - 4 

nl- cos & pit 
3r 2 sin (9 dr d6» = J o (1 - cos 9f sin 9 d9 = 4 



24. I x = fJ^- 2 y 2 [k(x 2 +y 2 )]dydx = k J o 'Jo' r 5 sin2 drd6> = it X" ' " T '" M> 

pa r* \/a 2 — x 2 ^ pZtt pa fi p27r 

r ° = J k (* 2 + y 2 ) d y dx = k X Jo r5 drd0 - t- X dd 



ka 6 7r 



Xtt/2 r>6sinfl nit /2 /— 

6 J 3 drd0 = 2 J t 6 (6 sin 9 - 3) d0 = 6 [- 2 cos - 9}^ = 6V3 - 2tt 



26. I = J J i r drd(9 = 1 J (cos 2 9 - 2 cos (9) d9 = § + f - 2 sin . 



V2 = 2 5 



r drd0 = J q (1 + cos 9) 2 d9 = ^ ; M y = 2 J q J q r 2 cos drd0 
= 2 J^"(4cose + is + CQS 20 _ S i n 2 61 cos 61 + d(9 = ^ x = | and y = 0, by symmetry 



2a 
3 



J»27T n 1 + cos nlTY 
„ X r3drd0 =5 X (l+cos0) 4 d0=^ 

29. average = 4, J*'* f* rV* 2 - r 2 drd0 = ^ J^'a 3 d0 

30. average = A f* * fr 2 dr d6» = A f^a 3 d0 = ^ 

° na.- Jo Jo 37ra- Jo 3 

na n \l a 2 — x 2 p2?r pa r*27r 

31. average = ^ J J ^ ^ ^x 2 + y 2 dy dx = £ J o J o r 2 drd0 = ^ J fl d0 
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32. average = A ff [(1 - x) 2 + y 2 ] dy dx = \ f J [(1 - r cos Gf + r 2 sin 2 9} r drd0 

•>2jt 



3 J 2 



33 - 171 e (^) rdrd ^n e 21nrdrd0 = 2/ o "[rlnr-r]rd^2/ o "v^[(5-l) + l] d0 = 2tt(2 - ^e") 

34 - r/W) drdfl = J 2 7;(^) drd0 = JjOnrflJdfl = .f> = 2. 

r-Tr/ 2 pl+cosfl />7r/2 

35. V = 2J o J ] r 2 cos0drd0= § J o (3 cos 2 + 3 cos 3 6 + cos 4 ff) d9 
= f [if + sin2# + 3sin#-sin 3 fl+^]; /2 = | + 5* 



/»tt/4 /ty / 2cos2fl , /»tt/4 

36. V = 4J o J o rV2-r 2 drd0 = -| J o [(2 - 2 cos 20) 3 / 2 - 2 3 / 2 ] d0 

- cos 2 e) smeae 



27rV2 _ 32 
3 3 Jo 



2^2 _ 32 
3 3 



Zf* - COS 9 



~~ 9 



lim f re r dr 

b -> oo Jo 



d0 



37 - « i2 =x7o v<x2+y2)dxd y-r rM rdrdfl =r 

<» x 1 ™^ dt = ^ r e " 2 dt = (^?) (#) - L from P art « 
3 «. rr dxd y - rr - 1 r n+v * - ? t- ^ 



39. Over the disk x 2 + y 2 < f : // dA = J q J g ^ ^ drd0 = fj [- \ In (1 - r 2 )] f 2 d0 

R 

= rv 1 in 4) dd = (in 2) jt^ = in 4 

Over the disk x 2 + y 2 < 1: J J t_ x L y ? dA = J* o * ^ drd0 = [ lim ^ dr d8 

R 

= X lim [— I ln(l — a 2 )] d9 — 2tt ■ lim [— | In (1 — a 2 )] = 2tt ■ 00, so the integral does not exist over 

x 2 + y 2 < 1 



rdrd0 = J ^ d0 = \ J f 2 (0) d0 = J Ar 2 d0, 

where r = f(0) 

41. average = ^ £" £[d cos 9-h) 2 + r 2 sin 2 0] r drd0 = ^ J*XV - 2r 2 h cos + rh 2 ) drd0 



1 I / a* _ 2a 3 h cos g , a^V 
Tra 2 Jo ^ 4 3 ^ 2 

i(a 2 +2h 2 ) 



Jd^iftr^+f) d0 - 



affl _ 2ah sin , hffl 
4 3 ' 2 
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44-46. Example CAS commands: 
Maple : 

f := (x,y) -> y/(x A 2+y A 2); 
a,b :=0,1; 
fl := x -> x; 
£2 :=x-> 1; 

plot3d( f(x,y), y=fl(x)..f2(x), x=a..b, axes=boxed, style=patchnogrid, shading=zhue, orientation=[0,180], title="#43(a) 

(Section 15.3)" ); # (a) 

ql := eval( x=a, [x=r*cos(fheta),y=r*sin(theta)] ); # (b) 

q2 := eval( x=b, [x=r*cos(theta),y=r*sin(fheta)] ); 
q3 := eval( y=fl(x), [x=r*cos(fheta),y=r*sin(theta)] ); 
q4 := eval( y=f2(x), [x=r*cos(fheta),y=r*sin(theta)] ); 
thetal := solve( q3, theta ); 
theta2 := solve( ql, theta ); 
rl :=0; 

r2 := solve( q4, r ); 

plot3d(0,r=rl..r2, theta=thetal..theta2, axes=boxed, style=patchnogrid, shading=zhue, orientation=[-90,0], 

title="#43(c) (Section 15.3)" ); 
fP := simplify(eval( f(x,y), [x=r*cos(theta),y=r*sin(theta)] )); # (d) 

q5 := Int( Int( fP*r, r=rl..r2 ), theta=thetal..theta2 ); 
value( q5 ); 

Mathematica : (functions and bounds will vary) 

For 43 and 44, begin by drawing the region of integration with the FilledPlot command. 
Clear[x, y, r, t] 
«GraphicsTilledPlof 

FilledPlot[{x, 1}, fx, 0, 1}, AspectRatio — ► 1, AxesLabel — ► {x,y}]; 
The picture demonstrates that r goes from to the line y=l or r = 1/ Sin[t], while t goes from tt/4 to w/2. 
f:= y / (x 2 + y 2 ) 

topolar={x — » r Cos[t], y — ► r Sin[t]}; 
fp= f/.topolar //Simplify 
Integrate^ fp, {t, tt/4, tt/2}, {r, 0, 1/Sin[t]}] 
For 45 and 46, drawing the region of integration with the ImplicitPlot command. 
Clear[x, y] 

«Graphics" ImplicitPlot" 

ImplicitPlotf { x==y , x==2 - y, y==0, y== 1 } , { x, 0, 2. 1 } , { y, 0, 1 . 1 } ] ; 
The picture shows that as t goes from to 7r/4, r goes from to the line x=2 — y. Solve will find the bound for r. 
bdr=Solve[r Cos[t]==2 - r Sin[t], r]//Simplify 
f:=Sqrt[x + y] 

topolar={x — » r Cos[t], y — ► rSin[t]}; 

fp= f/.topolar //Simplify 

Integratefr fp, {t, 0, tt/4}, {r, 0, bdr[[l, 1, 2]]}] 
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15.4 TRIPLE INTEGRALS IN RECTANGULAR COORDINATES 



1 ■ £ X' x XL F ( x ' y« z ) d y dz dx = X I' x IL d y dz dx = X X' * ( 1 - x - z ) dz dx 

=/; [(i-x)- X (i-x)-^]dx=x i i^dx=[-(i^];=i 



pi p2 p3 p\ p2 pi p2 pi p3 p3 p2 pi p2 p3 pi 

2. dzdydx= 3dydx = 6 dx = 6, dzdxdy, dxdydz, dxdzdy, 

Jo Jo Jo J Jo Jo J Jo Jo Jo Jo Jo Jo Jo J Jo Jo Jo 

f f f dydxdz, f f f dydzdx 
Jo Jo Jo J Jo Jo Jo J 



pi p2-2x r.3-3x-3y/2 

3 - XX ] X dzd y dx 

= X7 2 "( 3 - 3x -iy) d y dx 

= £ [3(1 - X ) - 2(1 - x) - | ■ 4(1 - x) 2 ] dx 
= 3 X'd-x) 2 dx=[-(l-x) 3 ]; = l, 

nl-y/2 r>3-3x-3y/2 n 1 n3-3\ r.2-2x-2z/3 

I dzdxdy, | / | dydzdx, 

I Jo J Jo Jo Jo J 

nl-z/3 n2-2x-2z/3 nl /»3-3y/2 />l-y/2-z/3 

, Jo d y dxdz 'JoJo Jo dxdzd y- 

n2-2z/3 /»l-y/2-z/3 
j J o dxdydz 




3x + 2 = 3 



4. ££ ff^ dz dy dx = £ f Q V4 - x 2 dy dx = f~3\/4-x 2 dx = | [x\/4 - x 2 + 4 sin" 1 |J 2 = 6 sin" 1 1 = 3tt, 

p3 p2 p\fA—y? p2 p\/A-x 2 p3 p2 p \J A—z 2 p3 p2 p3 p 1/ 4— z 2 r«3 p2 p \f A—z 2 

I I I dzdxdy, I j I dydzdx, ll /dydxdz, J / | dxdydz, I I I dxdzdy 
Jo Jo Jo J Jo Jo Jo y Jo Jo Jo J Jo Jo Jo Jo Jo Jo ^ 



/»2 p\Z4-x z pX-x A -y £ p2 p\fA-x 2 pS-x 2 -y 2 

5. , dzdydx = 4 

J -2 J - v/4-x 2 J x 2 +y 2 J JO Jo Jx 2 4 

= 4 X7o^[ 8 - 2 ( x2+ y 2 )] d y dx 
= 8 X7o^( 4 - x2 -y 2 ) d y dx 



dz dy dx 



d6 



= 32 £ % 6B = 32 (f ) = 16tt, 

r>2 f. v/4-y 2 n8-x 2 -y 2 

I I | dzdxdy, 

J-2 J-^/i^y 2 Jx 2 +y 2 ■" 

/2 f*4 p \/z-y 2 p2 f*8-y 2 p \/8-z-y 2 
/ , dxdzdy + , dxdzdy, 

-2 Jy 2 J-,/z-y 2 ^ J-2J4 J-,/8-z-v 2 ^ 



M p <fi p /z^y' 




nV z Pv z_ y /*° f* v8-z p\/8-z-y 2 p2 r*4 p\/z-x z p2 r*8-x r*\/8-z-x 2 

-J-^ dxd y dz + X J s J dxd y dz > J J X J ^ d y dzdx + LI J . d y dzdx 



p4 /*-\/z r* V z-x 2 /»8 p^/S-z p\/&-z-x 2 

X XyJ-^ dydxdz +J 4 J J^-^dydxdz 
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6. The projection of D onto the xy-plane has the boundary 
x 2 + y 2 = 2y =4> x 2 + (y — l) 2 = 1, which is a circle. 
Therefore the two integrals are: 

n-Jly - y 2 ply pi p 1+ </l - x 2 r»2y 
, / dzdxdy and I j , j dzdyc 
- N /2y-y 2 Jx 2 +y 2 J J-lJl-v/l-x 2 Jx 2 +y 2 J 




7 - X7o7„'( x2 +y 2 + z2 ) dzd y dx =X7o' (x 2 + y 2 + i)dydx=X'(x 2 + f)dx=l 

p \p2. p3y p8— x 2 — y 2 /^3y P\f^ 

8 - Jo Jo Xw dzdxdy = / o X (8-2x 2 -4y 2 )dxdy = X [8x - § x 3 - 4xy 2 ] dy 
= / *(24y - 18y 3 - 12y 3 ) dy = [l2y 2 - f y 4 ] f = 24 - 30 = -6 

9. ^-dxdydz= II — dydz= / / ^-dydz= / ^ dz = / ± dz = 1 

io - foirir^ dzd y dx - rr 3x ( 3 - 3x - y> ^ dx = r ^ - - § - = § - *> 2 dx 

= - | [(1 -X)3]l = § 
11. f f § y s i n z dxdy dz = J" 7ry sin z dy dz = y J" sin z dz = y (1 — cos 1) 

12 ' X'.X'J^x + y + ^dydxdz^ J'J 1 i [xy+iy 2 +zy]i 1 dxdz = J'J' | (2x + 2z) dxdz = £ [x 2 + 2zx] ^ 
= J _4z dz = 



, Jo dzd y dx -JoJo y9^dydx=/ o (9- X 2 )d X 



9x~ ? 



n 3 



18 



14 - Jol^Jo dzdxd y = Jo JW 2x + y)dxdy = Jo I x2 + x y]_^ d y = J (4-y 2 ) 1/2 (2y)dy 



| - I (4 - y 2 ) 3/2 ] ^ = | (4) 3 / 2 = 



16 
3 



15 - X Jo 7„ ^" dz d y dx = Jo S'^ (2 - x - y) dy dx = f o [(2 - x) 2 - § (2 - x) 2 ] dx = | / o (2 - x) 2 dx 



= [- i (2 - x) 3 l 1 — — i - 1 - - — - 



— 6 1 6 — 6 



16 ' X Jo ~7, ~^ x dzd y dx = X JT x(l - x 2 - y) dydx = / o x [(1 - x 2 ) 2 - \ (1 - x 2 )] dx = / o |x(l -x 
= [-i^(l- x2 ) 3 ' 



j_ 

12 



pTY pTY pTY pTY pTY 

17. I | | cos(u + v + w) dudvdw = I j [sin (w + v + ir) — sin (w + v)] dv dw 

= X [(— cos (w + 27r) + cos (w + 7r)) + (cos (w + 7r) — cos w)] dw 
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= [— sin (w + 2n) + sin (w + if) — sin w + sin (w + 7r)] g = 

18. f f f f In r In s In t dtdrds = f f (In r In s) [t In t - 1]° drds = (In s) [r In r - r] * ds = [s In s - s] ° = 1 



J»7r/4 pin sec v pit ptr/4 sec v pir/4 pin sec v /»7r/4 

/ e*dxdtdv = lim (e 2t - e b ) dtdv = / e 2 ' dtdv = / 

JO J-oc JO JO h — > — rm Jo Jo Jo V2 



nw/4 
J 



vl _ 1 



sec v 1 | j.. I tan v __ _ 

V 2 2 J UV — L 2 2J 2 8 



20- JXT* F^T dpdqdr = X7 2 3^2 dqdr = £ ^ [- (4 - q 2 ) 3 / 2 ! > = | dr 



= 8 In 2 



nl-x' pl-z 
, L dydzdx 

, dxdzd y 



Pi p\/\-z pl-z 

<» XX^X d y dxdz 
( e ) Jo .L, I dzdxd y 



< c > XX"7^ dxd y dz 



22- (a) XX£ Z dydzdx 

w I Jo Jo dxdzd y 



w XXL z dydxdz 

( e ) XJoX dzdxdv 



( c ) X L 7o dxd y dz 



23- v = X X Jo dzd y dx = X L y 2 d y dx = 1 X dx = I 

24- V = £ dr ^ dz dx = X JT (2 - 2z) dz dx = X' [2z - z 2 ] r dx = /' ( 1 - x 2 ) dx = 



x — 



n\/4-x p2—y p4 pi/4-x r»4 r , 

, X dzd y dx = XX (2-y)dydx=X[2V4^- 

= [-|(4- x) 3 / 2 + i (4 - x) 2 ] J = I (4) 3 / 2 - I (16) = f - 4 = f 

26- v = 2 x;X°v^ T dzd y dx = -2 X X°^ y d y dx = /.'(i - x2 ) dx 



dx 



j J o dzdydx = XX (3-3x-iy)dydx=X[6(l-^ 2 -!-4d-x) 2 ]dx 

= X'3(l-x) 2 dx= [-(l-x) 3 ] = 1 

p 1— x pcos (ttx/2) />1 jpl-x pi 

28- v = X X X dzd y dx = X X cos (f ) d y dx = X ( cos f ) ^ - x > dx 

= J cos (f) dx - Jo xcos (f ) dx = ti sin f]o - £ Jo ucosudu= |-^[cosu + usinu]f 

= 2_4/'7r_j\_4 L 

7T 7T 2 V 2 / 7T 2 



29. V = 



v = 8 X X X X x dzd y dx = 8 X X * d y dx = 8 X (* - x2 ) 



— x 2 ) dx — 



30. 



v = XT* T ^ dzd y dx = XT* ( 4 - x2 - y) d y dx = £ [( 4 - x2 ) 2 - \ ( 4 - x2 ) 5 

= lX 2 (4-x 2 ) 2 dx = X 2 ( 8 -4 X : 



dx 



dx=if 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



966 Chapter 15 Multiple Integrals 



Jo dxdzd y=XX (4-y)dzdy = / o ^(4-y)dy 



4 n(v / 16-y 2 )/2 



X 4 2/l6^dy -i/ o 4 y^/T6^7dy= [y/Te^+iesin- 1 |] J + [i (16 - y 2 ) 



,2x3/2* 



-i 4 



16 (I) - g (16) 3 / 2 = 8tt 



32 
3 



n 2 

-2 



32 - v = ./' /. ,./' ~* dzd y dx = / J .> - x ) d y dx = 2 J> - V^dx 

= 3 J 2 2-y/4 - X 2 dx - 2 J 2 xa/4 - x 2 dx = 3 |x\/4 - x 2 + 4 sin" 1 | 
= 12 sin" 1 1 - 12 sin" 1 (-1) = 12 (f ) - 12 (- f ) = 12tt 

n2-x r>4-2x-2y r>2 p2-x 

, i,2-x- y)/ 2 dzd y dx -Joio (3-f-f)dydx 

= r[3(l-f)(2-x)-|(2-x) 2 ] dx 



f(4-x 2 ) 3/2 



2 

-2 



2 = 4 - 2x - 2y 



T[ 6 - 6x 

|6x — 3x 



3x 2 3(2-x) 2 



2 4 

2 , x 3 , (2-x) 3 



2 1 4 



dx 



(12-12 + 4 + 0)-f =2 




2-x-y = 2z 



34. V = J* J z J z "dxdydz = J o (8 - 2z) dydz = J (8 - 2z)(8 -z) dz = f o (64 - 24z + 2z 2 ) dz 



[64z - 12z 2 + |z 3 ]J = f 



r»2 n\/4-x 2 /2 px+2 nl p\/4-x 2 /2 p2 , 

35 - v = 2 J Jo Jo dzd y dx = 2 L Jo < x + 2 > d y dx = J-2 < x + 2)^4^ 



-1 X 

2 



= § 2\/4-x 2 dx + j 2 xV 4 - x 2 dx = \xy/ 4 - x 2 + 4 sin -1 
= 4(f)-4(-f)=47r 



36. 



— x 2 dx 
-i(4-x 2 ) 3/2 ' 



dy 



p\ pl-y px*+y p\ nl—y pi r a 

V = 2 Jjo Jo dzdxd y = 2 JoJo ( X 2 +y 2 )dxdy = 2/ o ^+xy 
= 2 / o ' (1 - y 2 ) [i (1 - y 2 ) 2 + y 2 ] dy = 2 £(1 - y 2 ) Q + 1 y 2 + I y 4 ) dy = | £(1 y e ) dy 



1[- 



(I) (f) = 1 



37. average = \ £££ (x 2 + 9) dzdydx = 1 £ £ (2x 2 + 18) dy dx = I JJ4X 2 + 36) dx = f 

38. average = \ £ £ £(x + y - z) dz dy dx = \ £ £ (2x + 2y - 2) dy dx = \ £ (2x - 1) dx = 

39. average = £££(* 2 + f + z 2 ) dzdydx = ££ (x 2 + y 2 + |) dydx = £ (x 2 + | ) dx = 1 

p2 n2 p2 n2 n2 p2 

40. average = | J J J xyz dzdydx =\)J a xy dy dx = \ J q x dx = 1 

4i - xVo'x; ^ dxd y dz - us: d y dxdz = it ^ dxdz = rm ^ 



[(sin 4)z J / 2 ] * = 2 sin 4 
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42. X'X'/J 12xze z ^ dydxdz = £ £ f " ^xze 2 ^ dxdy dz = £ 6yz e z ^ dy dz = J ' [3e z 
= 3 J o '(e z - z) dz = 3 [e z - 1] J = 3e - 6 



dz 



= J o '47ry sin (Try 2 ) dy = [-2 cos (Try 2 )] J = -2(-l) + 2(1) = 4 



dz dy 



44 ' Jo /o ' I t% ^ dzdx - Jo X " W dzdx - X Jo Z (£t) X dxdz - X 5 ( 4 - z ) dz 



3 cos 2z] 



1 + i sin 2 zl 4 = ^ 

4 2 MU L \ 2 



p 1 /-»4— a— x a r*4— x-— y p 1 f*4— a— 

45 - Jo Jo J. dzd y dx = B =* Jo Jo (4 - x 2 - y - a) dye 

=> f Q [(4 - a - x 2 ) 2 - i (4 - a - x 2 ) 2 ] dx = ± => 1 (4 - a - x 2 ) 2 dx = * => £ [(4 - a) 2 - 2x 2 (4 - a) + x 4 ] dx 
= A ^ |^(4 _ a) 2 x _ 2 x 3 (4 _ a) + £ * = A ( 4 _ a )2 _ | (4 _ a) + i = A ^ i 5 ( 4 _ a )2 _ 10(4 _ a) _ 5 = 
3(4 - a) 2 - 2(4 - a) - 1 = [3(4 - a) + 1][(4 - a) - 1] = 4-a=-ior4-a=l^a=fora = 3 

46. The volume of the ellipsoid 4 + S + 4 = 1 is ^ so that 4(1)(2)(c)7r = 8tt c = 3. 



47. To minimize the integral, we want the domain to include all points where the integrand is negative and to 
exclude all points where it is positive. These criteria are met by the points (x, y, z) such that 
4x 2 + 4y 2 + z 2 — 4 < or 4x 2 + 4y 2 + z 2 < 4, which is a solid ellipsoid centered at the origin. 



48. To maximize the integral, we want the domain to include all points where the integrand is positive and to 
exclude all points where it is negative. These criteria are met by the points (x, y, z) such that 
1 — x 2 — y 2 — z 2 > or x 2 + y 2 + z 2 < 1 , which is a solid sphere of radius 1 centered at the origin. 

49-52. Example CAS commands: 
Maple : 

F := (x,y,z) -> x A 2*y A 2*z; 

ql := Int( Int( Int( F(x,y,z), y=-sqrt(l-x A 2)..sqrt(l-x A 2) ), x=-l..l ), z=0..1 ); 
value( ql ); 

Mathematica : (functions and bounds will vary) 

Due to the nature of the bounds, cylindrical coordinates are appropriate, although Mathematica can do it as is also. 
Clear[f, x, y, z]; 
f:= x 2 y 2 z 

Integrate^, {x,-l,l}, {y,-Sqrt[l - x 2 ], Sqrtfl -x 2 ]}, {z, 0, 1}] 
N[%] 

topolar={x — > r Cos[t], y — > r Sin[t]}; 

fp= f/.topolar //Simplify 

Integratefr fp, {t, 0, 2tt}, {r, 0, 1 },{z, 0, 1 }] 

N[%] 
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15.5 MASSES AND MOMENTS IN THREE DIMENSIONS 

Xc/2 pb/2 /»a/2 no/2 pb/2 nc/2 r 3 lb/2 

-J-J-Jy 2 + z2 ) dxd y dz = a LJ-J y2 + z2) dy dz = a lc /2 [i + y z 1 _ b/2 dz 

= a l! / 2 2 (S+bz 2 ) dz = ab[^ Z +f]^ =ab(f + ^) = f (b^ + = M( b2+c2 ) ; 



R x = V TT^ 5 likewise R y = J ^f - and R z = v/ 5 ^ , by symmetry 



2. The plane z = — ^ is the top of the wedge =>• I x = I I J (y 2 + z 2 ) dz dy dx 

= IX + ^ + ¥ + B] = £(12x» + f ) dx = 280; 

p3 n4 p(4-2y)/3 p3 p4 _ p3 

- LI J- 4/ 3 ( x2 + y 2 ) dzd y dx = L J> 2 + y 2 ) (I - 1 ) d y dx = 12 J> 2 + 2 ) dx - 360 



3 - r * = X7o7„ c (y 2 + z2 ) dzd y dx = XTO 2 + t) d y dx = Sl{f + f ) dx 



abc (b 2 +c 2 ) 
3 

= f (b 2 + c 2 ) where M = abc; I y = f (a 2 + c 2 ) and I z = f (a 2 + b 2 ) , by symmetry 

1— x pi — x— y pi pi— x pi f i i \ 

dx — - ■ 



4 - W M = X X 7„ ^dzdydx = J o / fl V - x - y) dydx = f Q (f - x+ |) 

M - = X' irC^ x dz ^ dx = Si Sl^ x(l - x - y) dy dx = i X' (x 3 - 2x 2 + x) dx = i 



nl— x pi — x— y 
, J (y 2 +z 2 ) dzdydx 



= X X [y 2 - ^ 2 - y 3 + d y dx = g X (1 - x ) 4 dx = 55 ^ = t = 55 - b y symmetry 

(b) R x = y^ = y^ = ^ « 0.4472; the distance from the centroid to the x-axis is y^O 2 + yg + yg = y^ 
« 0.3536 

5 - M = 4 I' X' X/ z ^ dx = 4 X' X' ( 4 - ^ 2 ) dy dx = 16 £ § dx = f ; = 4 £ £ £ z dz dy dx 
= 2 J o J o (16 - 16y 4 ) dy dx = ^ J q dx = ^ =>• z = ^ , and x = y = 0, by symmetry; 

t = 4 XXX> 2 + z2 ) dzd y dx = 4 X'X [(^ + f ) - ( 4 y 4 + ¥)] d y dx - 4 ff dx - w ; 
= 4 XXX> 2 + z2 ) dzd y dx = 4 X'X [( 4x2 + f ) - ( 4x V + ¥)] d y dx = 4 X (I x2 + ¥ ) dx 
= 4 -W ; ^ = 4 SlSlSU* 2 + y 2 ) dzd y dx = 16 XIV - x V + y 2 - y 4 ) d y dx 



re 



= 16 ' I X + B dx = 1 



n2 r (^4^)/2 p2-x f 2 pUi^)/2 o2 , . -X 

6. (a) M=JJ^ ) J Q dzdydx = /_ 2 / ( ^ /2 (2 - x) dydx = J> - x) (>/4 - x 2 ) dx = 4.; 



p2 ^(^4=51/2 ^2-x p2 pUi^)/2 p2 f 

M - = LJ(^ /2 X xdzd y dx -X2XW)/2 x (2- x )dydx= J 2 x(2-x)(V4 

p2 r (^4^)/2 r 2-x n2 n(^4^)/2 

M ~ - SJ^Jo y dzd y dx = X^X ( W)/ 2 y (2 - x) d y dx 

= \ f\ (2 - x) - fc? 3 dx = 0^>x=-iandy = 



— x 2 ] dx = 
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w M * y = fJlw3)nC* z dzd y dx = \fJ^S)l v ^ d y dx = I J> - x > 2 ( 

5tt =>- z = f 



dx 



dzdydx = 4 / rdzdrd(9 = 4 / (4r - r 3 ) drd(9 = 4 4 d(9 = 8tt; 

I Jx 2 +y 2 J Jo Jo Jfi Jo Jo K 1 Jo 

M - = Cfofl ZI dzdTd9 = Clo 3 ( 16 - r4 ) drcW = f X"^ = ^ ^ Z = I , andx = y = 0, 
by symmetry 

(b) M = 8tt =s> 4tt= J 2 "/ ° JJrdzdrdfl = J* J ° (cr - r 3 ) drdtf = J"" £ dl9 = ^ =4- c 2 = 8 =>• c = 2V^, 



since c > 



8. M = 8; M xy = fJJ_z dzdy dx = fj^ [§] ^ dydx = 0; M yz = £ J] / x dzdy dx 

= 2 J J x dydx = 4 J" x dx = 0; M xz = J J J ' y dzdy dx = 2 fj y dydx = 16 f dx = 32 
x = 0,y = 4,z = 0;I x = f\f*f\(y 2 + z 2 ) dzdy dx = (2y 2 + |) dy dx = § /'jlOO dx = * 

= £ JT/-,^ + Z ") dzd ^ dx = £ ( 2x2 + 1) dydx= | J>x 2 + 1) dx = 



16 

^ ^ , A "I" Z. J UZ.UV UA — f J I _A "I" ; ! UV HA — " ) 1 JA "1" 1 I UA — 

I z = /' i> £ 5 /' i (x 2 + y 2 )dzdydx = 2/' i> / 3 5 (x 2 +y 2 )dydx = 2/' i (2x 2 + f) dx- 4 "" - D - » - /3 ° 
and R y = J | 



; Rx Rz A , { 



f>2 n4 M2-y)/2 

9. The plane y + 2z = 2 is the top of the wedge =>• I L = J 2 J 2 J l [(y — ") + z J dz dy dx 

= £X [ (y " 6) ? 4 " y) + + |] dy dx; let t = 2 - y ^ I L = 4 £ + 5t 2 + 16t + f ) dt = 1386; 



M = i (3)(6)(4) = 36 R L 



- . /k _ . /77 



r>2 n4 W2-y)/2 

10. The plane y + 2z = 2 is the top of the wedge =>■ I L = J J J ] [(x — 4) 2 + y 2 ] dzdy dx 

= i J'/ 4 ,(x 2 - 8x + 16 + y 2 ) (4 - y) dydx = J^x 2 - 72x + 162) dx = 696; M = \ (3)(6)(4) = 36 



R L _./k-./58 



11. M = 8; I L = f a fjy + (y - 2) 2 ] dzdy dx = £ £ (f - 4y + f) dy dx = f J> 



40 

3 



r - Jh, — , n 

L V M V 3 



12. M = 8; I L = fififji* - 4) 2 + y 2 ] dzdydx = j^/ *[(x - 4) 2 + y 2 ] dydx = Jj2(x - 4) 2 + |] dx 
=> Ri 



160 

3 



_ /II _ /20 



L V M V 3 

13. (a) M = ff ~ X J 2 ~"~ y 2x dzdydx = J" J' "(4x - 2x 2 - 2xy) dy dx = Jjx 3 - 4x 2 + 4x) dx = f 

-»2 p2-x n2-x-y 



(b) M xy = 7 q 2xz dz dy dx = J o / o 1 x(2 - x - y) 2 dy dx = J q ^ dx = ± ; M xz = £ by 

ymmetry; M yz = J g J 

=> x = I , and y = z 



symmetry; M yz = "Jo' " ' 2x ' dzdydx = " 2x 2 (2 - x - y) dy dx = £{2x - x 2 ) 2 dx = {f 
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14. (a) M = X'X^JT * dzd y dx = k r/o^^ ( 4 - x ') d Y dx = I XVx 2 - x 4 ) dx = 3 -§ 
(b) M yz = fjff^ kx 2 y dzdy dx = k £ ff x 2 y (4 - x 2 ) dydx = | £(4x 3 - x 5 ) dx = f 

x = | ; M xz = f~f Q X / 4 " kxy 2 dzdydx = k f J q "xy 2 (4 - x 2 ) dy dx = | f*(4x 5/2 - x 9 / 2 ) dx 
= ^ => y = ^ ; M xy = X7^X 4 " kxyz dzdydx = xy (4 - x 2 ) 2 dydx 

= \ J Q 2 (16x 2 - 8x 4 + x 6 ) dx 



256k . =r 8 
105 ^ 7 



15. (a) M = / o / o / o ( X + y + Z + l)dzdydx = X/ o (x + y + |) dydx = / o (x + 2) dx = | 

(b) M xy = X'X'X' z(x + y + z + 1) dzdy dx = \ (x + y + f ) dy dx = \ £ (x + f) dx 

=> M xy = M yz = M xz = | , by symmetry =>■ x = y = z=^ 

(c) I, = J o 7 7 1 (x 2 +y 2 )(x + y + z+l)dzdydx = (x 2 + y 2 ) (x + y + §) dy dx 

= f o (x 3 + 2x 2 + i x + |) dx = ^ =4> I x = I y = I z = ^ , by symmetry 



i z _ /ii 



(d) R x — R y — R z — v M - x/ 15 
16. The plane y + 2z = 2 is the top of the wedge. 

pi p4 p(2-y)/2 pi p4 

(a) M = J J J , (x +1) dzdydx = J ^ J j(x + 1) (2 - f ) dydx = 18 

pi p4 p(2-y)/2 pi p4 

(b) M yz = J J J , x(x+l) dzdydx = J J 2 x(x+l)(2-|) dydx = 6; 
M xz = £XX[ m Y(x + 1) dzdydx = £Xy(x + 1) (2 - |) dydx = 0; 

m„ = X'XJT^ 2 z(x + 1} dzd y dx = I /_' J-2 (x + 1) (t - y) d y dx = ^ x = I ' and y = z = o 



pi p4 p(2-y)/2 pi p4 

( c ) x * = X77, ( x + d (y 2 + z2 ) dzd y dx = JJj* + d p 2 + 3 - t + i (i - 1) 

- rSJT >/2 ( x + d ( x2 + z2 ) dzdy dx = X'X ( x + 1) [ 2x2 + 3 - f + Hi - 1) 3 ' 

pi p4 p(2-y)/2 pi p4 

r * = X,X7i (x+l)(x 2 +y 2 )dzdydx = J _ ( J _,(x + 1) (2 - | ) (x 2 + y 2 ) dy dx = 42 

(d) R x = Jk = ,/f , R y = Jk = Jl , and R z = ./fe - - 



dydx = 45; 
dydx = 15; 



M V 2 ' » V M V 6 ' iVz V M V 3 



17 - M = ilfSJfv* + 5) ^ dxdz = r£7( z + 5 V^) d *dz = X' 2 (z + 5^) (1 - z) dz 

= 2 X (5z J / 2 + z - 5z 3 / 2 - z 2 ) dz = 2 [f z 3 / 2 + § z 2 - 2z 5 / 2 - 1 z 3 ] J = 2 (f - |) = 3 



p2 p vM-x 2 pl6-2 (x 2 +y 2 ) p2 p\/4-x 2 

18 - M = X2X^J2 (X 2 + y 2 ) V xT +y f dzd y dx = XJ^ [16 - 4 (x2 + y2)] dy dx 



19. (a) Let AVi be the volume of the ith piece, and let (Xj, yj, Z;) be a point in the ith piece. Then the work done 

by gravity in moving the ith piece to the xy-plane is approximately W; = m;gZ; = (x; + yj + Z; + l)g AV; Zj 

=> the total work done is the triple integral W = 

XXX' 

(x + y + z + l)gz dz dy dx 

= gX'r[5 xz2 + 5yz 2 + 3z 3 + |z 2 ];dydx = gX7„'(5 x +h+l) dy dx = g X' [| xy + | y 2 + | y 
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(b) From Exercise 15 the center of mass is ( A , y| , A) and the mass of the liquid is | =4> the work done by 
gravity in moving the center of mass to the xy-plane is W = mgd = (§) (g) (15) = j g* which is the same as 
the work done in part (a). 

J kxyzdzdydx 

= k s fjf \ *y ( 4 - x2 ) 2 d y dx = 4 £ x2 ( 4 - x2 ) 2 dx = t T( 16x2 - 8x4 + x6 ) dx 

_ kg [16 Y 3 _ 8 Y 5 , 1 „71 2 _ 256k-g 
— 4 [ 3 x 5 A_r 7 A Jo — 105 

(b) From Exercise 14 the center of mass is ^| . , f J and the mass of the liquid is =^y =4> the work done by 
gravity in moving the center of mass to the xy-plane is W = mgd = (^jy) (g) (f) = 25 1 Qg g 

21. (a) x= =0 J//x6(x !y ,z)dxdydz = ^ M yz = 

R 

(b) I L = fff |v - hi| 2 dm = /// |(x - h)i + yj| 2 dm = /// (x 2 - 2xh + h 2 + y 2 ) dm 

D D D 

= fff (x 2 + y 2 ) dm - 2h fff x dm + h 2 fff dm = I x - + h 2 m = I c m + h 2 m 

D D D 

22. 1 L = I c m + mh 2 = \ ma 2 + ma 2 = I ma 2 



23. (a) (x,y,z) = (§,§,§) =>l z = F.m. + abc (y/$ + % )' 



abc (a 2 + b 2 ) 
4 



_ abc (a 2 +b 2 ) _ abc(a 2 +b 2 ) _ abc (a 2 +b 2 ) . R _ /j^ Li+W 
3 4 — 12 *^ cm - "V M "V 12 



(b) I L = Ic.m.+abc + (|-2b 



2 

, 2 \ _ abc (a 2 +b 2 ) abc (a 2 + 9b 2 ) _ abc (4a 2 + 28b 2 ) 
12 + 4 ~~ 12 



abc (a 2 + 7b 2 ) , p h[ / a 2 +7b 2 

- 3 ' R L - \J m - V 

f3 p4 r>(4-2y)/3 p3 ^4 P 3 o [ 2 "1 4 f»3 

24 ' M = JJJ^ dzd y dx = 1, J J (4 - Y) dy dx = J J [4y - £] _ 2 dx = 12 J dx = 72; 

x = y = z = from Exercise 2 =>- I x = I c . m . + 72 (Vo 2 + 2 ) 2 = I c . m . =^ I L = I c . m . + 72 (^16+ f 
= 208 + 72 (if) = 1488 

25 - M yz Bl uB, = fff x dV i + fff x dV 2 = M (yz)l + M (yz)2 x = M (yz)l + M (yz) , mi+m , ; similarly, 
Bi B 2 

y = M (xz)! + M (xz)2mi+m , and z = M (xy)l + M (xy)2mi+m2 c = xi + yj + zk 
[(M (yz)l + M (yz)2 ) i + (M (xz)l + M (xz)2 ) j + (M (xy)l + M (xy)2 ) k] 
[(mixi + m 2 x 2 ) i + (miyj + m 2 y 2 ) j + (miZi + m 2 z 2 ) k] 
[mi (xii + yj + Zik) + m 2 (x 2 i + y 2 j + z 2 k)] = 

26. (a) c= 12(i+|j + k) +2(ii + 4j + ik)l2 + 2= H±I^±Ul =;> x = If , y = ^ , z = {| 
(b) c = 12 (i + | j + k) + 12 (i + % j _ I k ) 12 + 12 = 2i + 7 j + ^ k ^x = l,y=|,z=i 

(C) C^2(li + 4j + ik) + 12(i+^j-ik)2+12^ '31 + 74J-5R ^ _ = i3 jy= 37 >z 



nil 


+ 


111;. 




1 




mi 


+ 


1112 




1 




m, 


+ 


1112 



_5_ 

14 



(d) c=12(i+|j + k)+2(Ii + 4j + Ik) + 12(i + ^j-ik)l2 + 2+12= 2 ^±f±^^x=l,y=^,z-^ 



20 
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27. (a) c = ^ (|k) ( " f k) = ^ k) , where mi = ^ and m 2 = ^ ; if 

1,2 ^ 3 " 2 = 0, or h = a\/3, then the centroid is on the common base 
(b) See the solution to Exercise 55, Section 15.2, to see that h = a\/2. 



28. c 



= (^kh^h*) = Mk^] where = f and 3; if h2 _ 6s2 = 0t 

mi + m2 mi + ifl2 1 3 ^5 



or h = \/6s, then the centroid is in the base of the pyramid. The corresponding result in 15.2, Exercise 56, is h 
15.6 TRIPLE INTEGRALS IN CYLINDRICAL AND SPHERICAL COORDINATES 



1 KSlSf******* = Sill [ r ( 2 - r2 ) V2 - r2 



drd^/ o 2 "[-i(2-r 2 ) 3/2 



d(9 



4tt IV2 - 1 



2 - Jo JoU d " d] - d ^Jo J„[ r ( 18 - r2 ) 

9?r (81/2-7) 



1/2 _ j3 

3 



drd(9 



d6> 



3- err* dz r drd0 - rr 2 > + 2^ = % [§ ^ + ^ ^ d * = § /; (*, + ^ 
[ 



66 



2 IT: 1 :n 1 



17- 

5 



/ _ zdzrdrd6> = / i [9 (4 - r 2 ) - (4 - r 2 )] r drdtf = 4 (4r-r 3 )drd(9 

J tJ — v 4— r 2 J J ^ i/Qi/0 



d6» 



37- 



p27r pi p(2-r z J ' n27r pi r 

5 - Jo Jo X 3dzrdrd0 = 3j o J q [r(2-r 2 ) 



-1/2 _ r 2 



drd(9 



3 r[-( 2 - r2 ) 



1/2 _ j3 

3 



d(9 



6 - Jo 7c L /2 ( r2 sin2 9 + z2 ) dz r drd ^ X 7 ( r3 sin2 + n) drd0 = r + s) d * = I 

7 - rrr 3 r3 drdz ^ = en r i> = % 

p 1 />2tt p 1+cos 8 p I pin p 1 

8. J J o J o 4rdrd(9dz = J J o 2(1 + cos Of d6»dz = J | 6tt d6» = 12tt 



J o (r 2 cos 2 9 + z 2 ) r d6> drdz = J o J q \?f + E^f^ + z 2 6»J q r drdz = J o J q (tit 3 + 27rrz 2 ) drdz 



T\i: I 7TZ 

12 " r 4 



10. £fj ' (r sin + 1) r d0 dz dr = J^/J ' 2lTT dz dr = 27r Jl [ r ( 4 ~ ^ 



1/2 - r 2 + 2r 



dr 



= 2?r - 



r !(4-r 2 ) 



3/2 



2tt [-f +4+i(4) 3 / 2 ] = 8tt 
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plTv pi p\JA—t- 

1L W Jo Jo Jo dzrdr£W 

p2tr p \/3 p 1 p2n p2 p 1/ 4— z 2 

(b) / I / rdrdzd(9 + I / ^ I rdrdzd(9 

JO JO JQ J J ^3 J 



ny4— r 2 /^2tt 
, Jo ^dzdr 



x 2 +y 2 +z 2 = 4 




12 - ^ Jo Jo X dzrdrd0 

pliv pi pz pliv p2 p^/2—2. 

(b) rdrdzdfl + rdrdzd(9 

Jo Jo Jo Jo J 1 Jo 

n2— r 2 />2tt 
Jo rd0dzdr 




X7r/2 peas, 8 p3r 2 
./Jo Jo fM, Z )dzrdrd0 



X7T/2 pi pr cos 8 pitj 1 p 1 f^/^ 

/ r 3 dzdrd<9 = / r 4 cos 6 dr d(9 = 1 / cos d(9 = | 

-tt/2 JO JO J-tt/2J0 5 J -tt/2 5 



n2 sin r*4-r sin 
j J fl fM,z)dzrdrd0 

/tt/2 /» 1+cos 8 p4 
./J, Jo «M,z)dzrdrd0 

pTv/4 psec 8 p2—i sin 8 

19 ' Jo Jo Jo f(r,M)dzrdrd0 



X7r/2 p3cos8 p5-rcos8 
-Jo Jo «r,fl,z)dzrdrdfl 



Xtt/2 p2 cos 8 p3—r sin 
Jo f (^' Z ) dzrdrd ^ 



J»7r/2 pese p2—T sin 
„Jo Jo fM,z)dzrdrd0 



2L Tlx sm0 ^ 2 sin * d p d ^ d0 = I IT sin4 * d ^ de = I I ( [- 

= 2 II si " 2 * ^ d0 = Jo [o-^]>e = f\ do = 



dO 



22. £* J*'* f~ (p cos <j>) p 2 sin^dpd^dfl = J* £ \ cos </> sin <f> d<t> d8 = £" [2 sin 2 <j>] ^ d9 = £" A6 = 2tt 



pL-K p7T p(l— COS <p)/2 p2lT pTT p2~K 

23 ' Jo Jo Jo P»sin0dpd0d0 = 23 J J o (l-cos«/») 3 sin0d0d0= i J o [(1 - cos 0) 4 ] \ dQ 

J> 4 - 0) d6 = if J> = 1 (2.) = f 



j_ 

96 



pyitjl pTY pi pi-Kjl pTY pi-Kjl / 

24 ' Jo Jo Jo Vsin 3 0dpd0d^|/ o I sin^d^fj; ( 
J [-cos^d0=f J o dfl 



sin 2 cos <p 



3 



3 Jo 



X "sin <f> dejj) d9 



5 

6 Jo 



5tt 

2 
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25 - f r xl 3 p 2 sin ^ d P d< ^ d ° = sir 3 ( s ~ sec3 ^) sin ^ d ^ d(9 = x 27r [~ 8 c ° s ^ ~ 5 sec2 0] o /a d61 



r [(- 4 - 2) - (-8 - i)] cW = § dfl = 5tt 



26 - Jo Jo Jo ^ sin ^ cos <W d0 = ± J o J o tan </> sec 2 d</> dfl = 1 J o [i tan 2 0] J 

= §X d ^ 



74 



d<9 



27 - x 2 £X/> - ^ d <^ = x 2 x> t- ^ s d ^ = rr.f ^ - d p 



= 2tt 



J»7r/3 /»2 CSC />27T p^i^ p2 esc P 71 "/^ 

Jo f^M&pM^LJ^ P 2 sin^dpd^f X /6 [p 

=^xr csc ^ d ^ 



,3 sin ^cT/ d <^ 



28?r 
3^3 



29 - XXX 12p bd"0#(W dp =J J (l2p[ 



- sin" o cos 

3 " 



7r/4 




Jo S 



d(9dp 



x 1 L'{-f 2 -sp [«» *i o /4 ) ^ ^ = x 1 r o - t§) de ^ - -x 1 o - t§) ^ = - 



2 _ V 



V- 



(4\/2-5) 7T 



3o - ClZLy sin3 * d ^ d ^ = xrx!> 2 - csc5 *) sin3 ^ d ^ = JXO 32 sin3 1 esc 2 0) 

= 7T j^f (32 sin 3 - CSC 2 0) d</> = 7T [- 

= 7 r(^)-^[cos0]^- 7 r(V3")=f 



•x/2 nir/2 
r/6 J-tt/2 

r ^ /*f sin0d^ + ^[cot^ 

7r/C 3 Jjr / 6 71 

64tt\ / _ 3371-^3 



(*r) (#) = ^ = iW3 



31. (a) x 2 + y 2 = 1 =>• p 2 sin 2 (f> — I, and p sin </> = 1 =>• p = csc </>; thus 
Jo Jo Jo ^ Sin ^ d P d( t> d ° + Jo U X ^ Sin d P ^ d9 

p2ir p2 fsin -1 (l//j) pin p2 p7v/6 

w X X L ^ 2 sin * d ^ d ^ d0 + Jo Jo X p 2 sin * d ^ d ^ d0 



/>2tt pTv/A nsec <j> 

32. (a) J o J o J o p 2 sin</>dpd</,dfl 
W rXTVsin^dpdfl 



Jo Jo 

r>27T p-Ji nrr/4 

X X L-. (1 /^ 2sin <^ d ^ 




33. v = 



CCL, P 2 sin * dpd^dfl = 1 J o 2 7; /2 (8 - cos 3 0) sin d^d6 



\s:\ 



—8 cos 



cos d> 



1 t/2 



70 

nlir 



J 



d ^5r( 8 -5) d0 =(ii)( 2 -)- 



31- 
6 



X27r r*7r/2 pl+cos0 p27r p7r/2 

J o J p 2 sin^dpd</)d6l = \ J q J q (3 cos <j> + 3 cos 2 4> + cos 3 0) sin <f> d(j)d6 

= \ JT [- 1 cos2 ^ - cos3 ^ - ? cos4 *] T de = 1 r C2 + i+ i) de ^T2 T d0 - (h) ^ - ^ 
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p2ll f>7T fi— COS (p plTT pTT /*Z7T T 

35 - V = X Jo Jo P 2 sin^dpd^d^I J o J o (l-cos^sin0d0d0=I J o 



— cos <jS>) 



d(9 



3 



36V = XX Jo P 2 sin0dpd0d^i J o J o (l-cos^sin^d^i J o [ 



(1 - cos 4>f 



1 t/ 2 



d^ 



r*27r p7r/2 please pin p-Kji p2n r 4 , 

37 - V = X LJo P 2 sin^dpd^d^f / o X /4 Cos^sin0d^d^|J o [- =^ 

=d) (h) sy°=i^=i 



k/2 
tt/4 



d^ 



3 



39. (a) %f Q £ f Q p 2 sm<f>dpd<i>de 

> J„ dzd y dx 



® 8 Jo Jo Jo dzrdrd * 



40 - W Jo Jo X dzrdrcW Jo Jo Jo P 2 sin0d P d</>dtf 

( c ) Jo Jo J o P 2 sin0dpd^d^9j o J o sin^d0 = -9j o - l) d9 = > 



4L ( a ) V = XX L/™*dp*t>M 

J^l dzd y dx 

<*> v =r7o^[ r ( 4 - r2 ) i/2 - r ] drd ^r 



<•>> V =X X J, dzrdrd ^ 



(4-^) ; 



3/2 



V5 



--r(-i-»+¥) 



d<9 



42 - (a) I z = X7oX ^dzrdrdfl 



/»27T p7Y/2 p 1 

(b) I z = J n J o J o (p 2 sin 2 0) (p 2 sin 0) dp d0 d#, since r 2 = x 2 + y 2 = p 2 sin 2 cos 2 9 + p 2 sin 2 sin 2 ( 



p 2 sin 2 i 



^ Wo X ^ d ^=H [ 



sin 2 cos <p 



7T/2 2 px/2 



3 £ sin $ dcf> ) d0 = £ / o * [- cos «/>] * /2 dfl 



(2tt) 



47T 



43. V = 4J o J J r , , dzrdrd6» = 4j o J q (5r - 4r 3 - r 5 ) drd(9 = 4 J q (| - 1 - A) d(9 

= 4 /; /2 d^f 



44 - v = 4 i x x^ dz r dr ^ = 4 r x ( r - r2 + = 4 r [t - s - 5 a - ^ 



3/2' 



dtf 
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nln p2> cos 6 p—v sin 8 p2iY p3 cos p2iY 

45. V= J 1t/ J J dzrdrd0 = J, t/ J -r 2 sin dr d<9 = J 37r/2 (-9 cos 3 0) (sin 0) d0 



J»7T p — 3 cos 6 pr 
/ dzr 
7T/2J0 JO 

= -18 V 



J»7r p — 3 cos 
r 2 drd0 
tt/2 Jo 



r 



-27 cos 3 d0 



+ | r cos0d0 ) = -12 [ 

tt/2 3 J '/ 2 / 



-U|Mn0]^ /2 = 12 



p7v/2 psinO p\/l-r 2 P^l^ f*sin0 * piz/2 r 

47V = J. i, J. d"*<W = J„ J„ rvWdrd» = J, [-1(1 -I 2 ) 

-j /;"[(■ 



sin 2 0) 3/2 - ll d0 = - i JJ "(cos 3 - 1) d0 



cos" a sin ( 



d0 



tt/2 r /J 

+ f Jo COS0d0 



-|[sin0]^ /2 



7T _ -4+37T 



[f] T 



pir/2 pcosd p3\/l-r 2 

48. V = dzrdrd0 
Jo Jo Jo 



!"[-<> 



— i I — COS 2 0) 3/2 + 1 



I /2 r 8 Wl-r 2 drd0 = /; /2 [- ( l-r 2 ) 3 / 2 ] 
d0 = £' 2 (\ -sin 3 0)d0: 



d0 



_|_ sin" cos ( 



tt/2 2 rK /2 



| J o sin d0 



f + §[cos0]f = |-| = 3^4 



49 - v = JTOoV sin * d ^ d0 = r£7 3 * sin * = t T[- cos <*? = tjC ( 

50V = Jo Jo J o P 2 sin^dpd^d0=fJ o J o sin^d0=|j o 



„ V2- + 2-) d <^¥ 



d0= ^ 
o 18 



5L V = rJT£, P 2 sin0dpd0d0 

/-< 27T r»7T / 3 

= 5 Jo Jo ( 8 Sin ^ _ tan ^ Sec2 ^ d< ^ d ^ 



3 j;[-8cos^-Itan 2 0] f d0 



5 X" t- 4 - | O) + 8] d0 = | J" f d0 = | (2tt) = | 




p-K/2 p7r/4 p2 sec f* 71 "/^ pTT/4 

52. V = 4 J o J o J K p 2 sin d j od</>d0 = f J q J o (8 sec 3 - sec 3 0) sin d0d0 

= f STST sec3 ^ sin ^ ^ d0 = T JTI^ tan ^ sec2 d ^d0 = f [i tan 2 4>] ; /4 d0 



p7Y/2 p\ pT 2 P^i^- C 1 C^l^- 

53. V = 4 / dz r drd0 = 4 r 3 drd0 = I d0 = % 

Jo Jo Jo Jo Jo Jo -s 

54. V = 4 / / dzrdrd0 = 4 / rdrd0 = 2 / d0 = tt 

JoJoJr 2 JoJo JO 



55. V = 8 r f fdzrdrd0 = 8p f r 2 drd0 = 8 ( ^4 =1 ) T d0 = 

Jo Ji Jo Jo Jl V / 



•*w/2 4?r 2V2-1 



56. V = 



V = 8 fj 1 £ 2 J/' ' dz r drd0 = 8 jf\^2 - r 2 drd0 = 8 [- | (2 - r 2 ) 3/2 



V5 



d0 



s r /2 d0 - 4 

Jo 
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nliv r*2 p4-rsin0 nlir p2 nlir 

57. V = J o J o J o dzrdrd(9 = J o J q (4r - r 2 sin 0) drd0 = 8 J o (l - ^) d0 = 16tt 



58. V = 



nzir r>2 r*4— r cos 0— r sin nln n2 n2n 

V = J o J o J o dzrdrd0 = J o J o [4r - r 2 (cos + sin 0)] dr d0 = § J q (3 - cos - sin 0) d0 = 16tt 



59. The paraboloids intersect when 4x + 4y- = 5 — x — y x - + y — 1 and z = 4 

^ V = 4 / / dzrdrd0 = 4 I (5r - 5r 3 ) drd0 = 20 £ - £ d(9 = 5 d(9 

JO JO J4i ! JO JO v ' JO [2 4 J q Jo 



5£ 

2 



60. The paraboloid intersects the xy-plane when 9 — x — y — =>■ x + y = 9 

-.tt/2 r.3 p9-r 2 r>7r/2 r.3 pi/2 r , ,1 3 px/2 



V = 4 Jo J, Jo dzrdrd^4/ o / (9r-i3)drdfl = 4/ o - £] i d* = 4 /„ 



= 64 



njr/2 

d6 

Jo 



= 32tt 



61. V = 8 J^£j Q * ""dzrdrdfl = 8 J o 'r (4 - r 2 ) 1/2 drd0 = 8 J^* [- 1 (4 - r 2 ) 

= -!l> /2 - 8 ) m 



3/5 



d0 



4tt (8-3i/3) 
_ 3 



62. The sphere and paraboloid intersect when x 2 + y 2 + z 2 = 2 and z = x 2 + y 2 =4> z 2 + z — 2 = 

=> (z + 2)(z — 1) = z = 1 or z = —2 =>■ z = 1 since z > 0. Thus, x 2 + y 2 = 1 and the volume is 



given by the triple integral V = 4 J o ' J q J 2 ' dz r drd0 = 4 f Q ' J q [r (2 - r 2 ) 1/2 - r 3 



drd0 



64. average = ^ J' , r 2 dzdrd0 = £ 2r 2 vT^drd0 

= £ [l sin_1 r - I rvT^(l - 2r 2 )] * d0 = ^ (f + 0) d9= | /> = (A) (27r ) 



3_7T 

16 



65. average = ^ J^JJ / o p 3 sin dp d</> d6 = ^ ///Jsin d0d0 = £ 



66. average = J / 7 J P 3 cos sin dpd</>d0 = £ J* q J q 7 cos sin <f> d0d0 = £ J q [ 



sin- (1 



7r/2 



di9 



3 

16tt 



67. M = 4 f^ 2 P f dz r drd0 = 4 f' 2 P r 2 drd0 = \ P * d6 = ?f ; M sv = f 2 " f ' f z dz r drd6» 
Jo Jo Jo J0J0 3 Jo 3 ' Jo Jo Jo 



2 So So 



2tt pi n2n 

Jo 



(!)( 



J-) = I , and x = y = 0, by symmetry 



68. M=f f fdzrdrd6>= V rr 2 drd6»=| V dd = ^ ; M vz = P f Pxdzrdrd6» 
Jo J0J0 J0J0 i Jo 3 ' w J0J0J0 

= P /2 P r 3 cos 6» drd6» = 4 P^cos 9 dd = 4; M X2 = P^ f y dz r drd(9 = P^ P r 3 sin (9 drdfl 
J0J0 Jo Jo JoJo J J0J0 

= 4 P /2 sin (9 d(9 = 4; M xv = P^ P f z dz r drd6> = i P^ f" r 3 drd(9 =2 P^ d6» = 7r x=^ = ^ 

Jo " Jo Jo Jo ! Jo Jo Jo Mjt 



y-Tr-i' andz -Tr-4 
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69. M=f ;M xy = j o f f o zp 2 sin ^ dp d0 d6» = J q J f g p 3 cos <j> sin <j> dp d<f> d9 = 4 J q J" cos </> sin 



»vr/3 



tt/3 



2 f)d* 



1 P 

2 Jo 



d9 = 7T 



(7T)( 



8?ry — 8 



, and x = y = 0, 



by symmetry 



d£ 



2- V2 



2 



d(9 



7ra J 2-V2 



X X XV sin ^ cos dp d0 d0 = ^ J o " sin cos <f> d0 dfl = £ J o 

_ Mxy _ / 3 _ /3a N 

M V 8 7 f 2 -^ ~ 1 8 ' 



dd 



2 + -Jl 
2 



3 2+V2 a 



y2> 



and x = y = 0, by symmetry 



71. M= P f 4 Pdzrdrdfl^ f* f* r 3 / 2 dr d0 = ^ P d6» = ^ ; M CT = f * f " f ^ z dz r dr d0 
Ji Jo Jo Jo Jo 5 Jo 5 y Jo Jo Jo 

= i J^/V drd6 * = T X &dl9 = ^ ^ ^ = = I ' and s = y = 0, by symmetry 



2x />4 rv /J 



72. M = J j^dz r drd9 = f^Jl 1x\J 1 - r 2 drd(9 = [- | (1 - r 2 ) 3/2 ] * d6» 

= f X!> = (1) (t) = T ' M yz = /VJ\r , '•' cos dzdrd0 = 2 X^X' r 2 ^^^ cos drdtf 

= 2 X!/ 3 [I sin_1 r - \ r ^ /r3 ^ ( 1 - 2r2 )] 1 cos d0 = f IZ cos de = i [sin e] -/3 = ( i ) ( 2 • 4 ) = ¥ 



_ Myz _ 9\/3 

M 32 ' 



and y = z = 0, by symmetry 



p2jv p2 p4 p2jv p2 pljY pl-K p2 p4 

73. l,= J o J ] J o (x 2 +y 2 )dzrdrd(9 = 4 J o J j r 3 dr d6» = J o 15 d6> = 307r; M = J g J ] J q dzrdrd(9 
= J* Jj^rdrdfl = J* 6 d(9 = 12tt R z = 



p2ir pi pi nlm p 1 p2it 

74. (a) I z = J o J o J r 3 dzdrd(9 = 2 J q J o r 3 drd(9 = 1 J o d6> = tt 

<w x » = CfJj" 2 sin ' 2 + z2 ) dz r drde = 2 X'X ( 2r3 sin2 ^ + !) drde = C( 



sin- 6 

2 







d(9 



sin 29 iei 27r _2Ii27[ = 77[ 
8 '3 Jo 2 ' 3 6 



| . We use the the x-axis 



75. We orient the cone with its vertex at the origin and axis along the z-axis =>• <fi - 

p2jr p I p 1 

which is through the vertex and parallel to the base of the cone => I x = / / I (r 2 sin 2 6» + z 2 )dzrdrd(9 



X X ( 



r 3 sin 2 8 — r 4 sin 2 1 



1_1 jn_ [J? sin 2fl ,jn 27r _^,jr_7r 

10 ) W ~ L40 80 ' 10J — 20 t 5 — 4 



76 -^=X 2 T r r 3 dzdrd0 = X 2 7;2r 3 ya^drd0 = 2/;[(-i-^)(a 2 -r 2 ) 3/2 



d^ 



p27r pa ph pin pa h r*h p27r pa / - \ 

77 ' ^=X X4 r (x2+y2)dZrdrd0 = X X 1.1 r!d/dllW i X (hr 3 -^)drd0 

= r h [ ? - =] > = r h ( ^ - a ) ^= w x 2 '^ 



10 
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78. (a) M= f f P zdzrdrdfl = f" f ir 5 drd6>=^ f * A9 = \ ; M xv = f * f f z 2 dzrdrd6> 

w Jo Jo Jo Jo Jo 2 12 Jo 6' X J Jo Jo Jo 

~ 3 X X r? dr d ^ ~ Zi X d ^ ~ T3 ^ z = 5 ' and x = y = 0, by symmetry; 

^ = JT/oX Zf3 dzdrd0 = 5 JT/o' r? drd ^ & So d0 = § =* r z = = 4 
(b) M = £" £ £ r 2 dzdrd(9 = £" £ r 4 drdfl = \ £* d6 = f ; M xy = J** f £ zr 2 dzdrdfl 

= 2 X X r<i drd0 = H £" d9 = f ^ z = ^ , and x = y = 0, by symmetry; I z = / r 4 dz drdtf 

nl-K n\ pin 

Jo^drd^ij; d0 = f R z = 



79. (a) M = £j££z dz r drd0 = I £' £ (r - r 3 ) drdfl = \ £j AO = f 



M xy = J o J o J z 2 dzrdrd6> 



\ f f ( r ~ r4 ) drd0 = IS J'"' 16 ' = f ^ z = ^ , and x = y = 0, by symmetry; I z = f*ff zr 3 dzdrdfl 

->2tt pi 



XX (r 3 -r 5 )drd^i//d^fL 



2 JO JO 
-2vr n\ 



R 7 



(b) M = f * J* z 2 dz r drd6» = | from part (a); M xy = J** J* J z 3 dz r drd(9 = | f * J q (r - r 5 ) AxA9 

= j2 f d6 = | =>■ z = | , and x = y = 0, by symmetry; I z = f* f f z 2 r 3 dzdrd(9 = § J* / (r 3 - r 6 ) drd6> 



J'2tt 
„ d0 



R 7 



80. 



47ra 5 
5 



w M = XX XV sin ^ dpd^d^ f /;7; sin ^d* = f /> 

Iz = X" XX <° 6 sin3 dp d0 d0 = ^ ( 1 - cos 2 <j>) sin d0 dfl = £ [- cos 



/o Jo Jo 

*- = Clolo p 5 sin4 =i x 2 7; S in 4 d^ d ^ 



7r a 
4 



X([ 



— sin (p cos </> 
4 " 



8 



cos° 



d(9 



AO 



81. M = £" £ £ ""'dz r drdfl = £* £ \ r^a 2 - r 2 drd0 = \ £* [- \ (a 2 - r 2 ) 3/2 
= a Tt d0 = ^ ; M xy = jfJT X* ^ z dz r drd0 = |i £(a»r - r 3 ) drd0 
= w5o{i~i) d ^=^ ^ z =(^) (ihk) = |h,andx = y = 0, by symmetry 



82. Let the base radius of the cone be a and the height h, and place the cone's axis of symmetry along the z-axis 

with the vertex at the origin. Then M = ^ and M xy = J o f o f z dz r dr d6 = \ J o J q (h 2 r - ^ r 3 ^ dr AO 

1AM f = 3^ and 



2 



M„ 



x = y = 0, by symmetry => the centroid is one fourth of the way from the base to the vertex 



J>27T 
o dd 



83 - M = XX X ( z + !) dz r drA9 = JJ£ (f + h) r drd£> 

- ./;./: x h ( z2 +-) ^ - ./"./: (f + « - - 

z = [^i?f±^] [-^J = to , and x = y = 0, by symmetry; 



7ra 2 (h 2 +2h) . 
2 ' 
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t - rrr ^+ & - (^) = (^) wr^ 



_ 7ra 4 (h 2 +2h) . 
— 4 



R z 



-a 1 (h 2 + 2h) 



7ra 2 (h 2 +2h) ~ ^ 



84. The mass of the plant's atmosphere to an altitude h above the surface of the planet is the triple integral 

M ^ = X'X/r Moe- c( "- R V sin «/» dp d<f> d9 = £f*fi p 2 sin d0 d# dp 

= Jr X* [w^VC- cos 0)] q d# dp = 2 Mo e cR e~<V d0 dp = 4 W cR / R h e^p 2 dp 



4^p e cR [- 
4^p e cR (- 



Ipe-v _ 2el 



1 h 



(by parts) 



h 2 e- ch 2he- th 2e- ch , R 2 e - cR , 2Re- cR , 2e" 



*) 



The mass of the planet's atmosphere is therefore M = lim M(h) = 4-7rp;o 

h — > oc 



R 2 i 2R i 2 



85. The density distribution function is linear so it has the form 6(p) — kp + C, where p is the distance from the 

center of the planet. Now, <5(R) = => kR + C = 0, and <5(p) = kp — kR. It remains to determine the constant 

k: M = X*XJT (kp ~ m) p2 sin ^ dp d(f> d6 = JTX [ k 4 - kR t] * sin ^ ^ d0 



rr k (t - t ) ^ * # = r - s r4 t- c ° s ^ s = r - § r4 

► <5(p) = - || p + || R . At the center of the planet p = => 6(0) = (||) R = 4§* . 



86. x + y = a 2 =>• (p sin cos 0) + (p sin <j> sin 6*) = a =>■ (p sin 0) (cos 9 + sin 0) = a 2 =>• p sin = a 
=>• p sin </> = a or p sin = —a =>• p sin = a or p = a esc </>, since < <f> < n and p > 0. 



87. (a) A plane perpendicular to the x-axis has the form x = a in rectangular coordinates =4> r cos 6 — a =>• r = — ^ 
=>■ r = a sec 0, in cylindrical coordinates, 
(b) A plane perpendicular to the y-axis has the form y = b in rectangular coordinates =>• r sin 9 = b =>■ r — h 
=>■ r = bese 0, in cylindrical coordinates. 



sin 6 



I. ax + by — c =4> a(r cos 0) + b(r sin 9) — c =>■ r(a cos + b sin 9) — c => r : 



a cos + b sin f 



The equation r = f(z) implies that the point (r, 9, z) 
= (f(z), 9, z) will lie on the surface for all 9. In particular 

(f(z), 9 + 7r, z) lies on the surface whenever (f(z), 0, z) does 
=>■ the surface is symmetric with respect to the z-axis. 




90. The equation p = f(0) implies that the point (p, <p, 9) — (f(<f>), (f>, 9) lies on the surface for all 9. In particular, if 

(f(^>), </>, 9) lies on the surface, then (f '{<j>), (f>,9 + n) lies on the surface, so the surface is symmetric wiith respect to the 



15.7 SUBSTITUTIONS IN MULTIPLE INTEGRALS 



1 . (a) x — y = u and 2x + y = v =>• 3x = u + v and y = x — u =>• x = I (u + v) and y = | (— 2u + v); 



9(x,y) 
9(u,v) 



1 1 
3 3 

2 1 
' 3 3 



1 + 2 = 1 
9 9 3 
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(b) The line segment y = x from (0, 0) to (1 , 1) is x — y = 
=>■ u = 0; the line segment y = — 2x from (0, 0) to 
(1, —2) is 2x + y = =>• v = 0; the line segment x = 1 
from (1, 1) to (1, -2) is (x - y) + (2x + y) = 3 
=>■ u + v = 3. The transformed region is sketched at the 
right. 



+v 



2. (a) x + 2y = u and x — y = v 3y = u — v and x = v + y =>• y = 4 (u — v) and x = i (u + 2v); 



9(u,v) 



(b) The triangular region in the xy-plane has vertices (0, 0), 
(2, 0), and (I , I) • The line segment y = x from (0, 0) 
to (I , I) is x — y = v = 0; the line segment 
y = from (0, 0) to (2, 0) =>• u = v; the line segment 
x + 2y = 2 from (§ , |) to (2, 0) => u = 2. The 
transformed region is sketched at the right. 



(2,2) 



3. (a) 3x + 2y = u and x + 4y = v =>■ — 5x = — 2u + v and y = I (u — 3x) =>■ x = i (2u — v) and y = -p< (3v — u); 



9(u,v) 



2 
5 

J_ 
10 



6^ 1_ 

50 50 



10 



(b) The x-axis y = =>• u = 3v; the y-axis x = 
=>■ v = 2u; the line x + y = 1 
=> i (2u - v) + i (3v - u) = 1 
=» 2(2u - v) + (3v - u) = 10 => 3u + v = 10. The 
transformed region is sketched at the right. 



10 



u = 3v ■ 



3u + v = 10 



10 
T 



4. (a) 2x — 3y = u and — x + y = v =4> — x — u + 3v and y = v + x =>■ x = — u — 3v and y = — u — 2v; 

1 3 =2-3 = -l 
-1-2 

(b) The line x = — 3 => — u — 3v = — 3 or u + 3v = 3; 
x = =>■ u + 3v = 0; y = x =>• v = 0; y = x + 1 



9(x,y) 
<9(u,v) 



=>• v = 1 . The transformed region is the parallelogram 
sketched at the right. 



v « 1 



(-3,1 ) *~<ij>'<;:;! 



u + 3v =0 



u + 3v = 3 



(3,0) 



5- JX 2) > - 5) dxd y - £ [i - ¥ ] T dy = 2 iT[(a + l ) 2 - (I) 2 - (I + !) y+ (!) y 



X 4 (y + i-y)dy = i/ 4 dy=i(4) = 2 



dy 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



982 Chapter 15 Multiple Integrals 

6. J J (2x 2 - xy - y 2 ) dx dy = J J (x - y)(2x + y) dx dy 



J7»v 

G 



d(x,y) 
9(u,v) 



du dv = | J J uv du dv; 
G 

We find the boundaries of G from the boundaries of R, 
shown in the accompanying figure: 



2x + 7 




y = -2x + 4 



xy-equations for 


Corresponding uv-equations 


Simplified 


the boundary of R 


for the boundary of G 




uv-equations 


y = -2x + 4 


1 (-2u + v) = - | (u + v) + 


4 


v = 4 


y = -2x + 7 


| (-2u + v) = - | (u + v) + 


7 


v = 7 


y = x — 2 


1 (-2u + v) = | (u + v) - 2 




u = 2 


y = x+ 1 


i (-2u + v) = I (u + v) + 1 




u= -1 


=> i J J uv du dv = 
G 


irj>dvdu=i£u[f 


7 

du 

4 


= tI>u = 



n 2 



7. // (3x 2 + 14xy + 8y 2 ) dxdy 

R 

= // (3x + 2y)(x + 4y) dx dy 

R 

= JS™ 
G 



d(x,y) 
d(u,v) 



du dv = i J" J uv dudv; 
G 

We find the boundaries of G from the boundaries of R, 
shown in the accompanying figure: 



(0,1) 






xy-equations for 


Corresponding uv-equations 


Simplified 




the boundary of R 


for the boundary of G 


uv-equations 


y 


= -|x+l 


i (3v - u) = - £ (2u - v) + 1 


u = 2 


y 


= -|x + 3 


i (3v - u) = - A (2u - v) + 3 


u = 6 


y 


= -i* 


i (3v - u) = - i (2u - v) 


v = 


y 




^ (3v - u) = - i (2u - v) + 1 


v = 4 



i //uvdudv 



jl f r 4 

10 J 2 Jo 



uv dv du = 



du=|/ 2 udu=(4) 



= (|) (18 -2) = 



8. J J 2(x — y) dx dy = J J — 2v du dv = J J — 2v du dv; the region G is sketched in Exercise 4 

R G G 

// -2v dudv = / J" ^ -2v dudv = J -2v(3 - 3v + 3v) dv = J -6v dv = [-3v 2 ] J = -3 



9. x = ~ and y = uv =>• | = v 2 and xy = u 2 ; = J(u, v) = 



v _1 u + v _1 u = — ; 



v u 

y = x =4> uv = H =>• V = 1, and y = 4x =>■ v = 2; xy = 1 =>• u = 1, and xy = 9 =>• u = 3; thus 

J7 (V^ + y/w) dx dy = fj^v + u)Cf) dv du = fj* ( 2 u + ^) dv du = £[2uv + 2u 2 In v] J du 

= J^(2u + 2u 2 In 2) du = [u 2 + § u 2 In 2] J = 8 + f (26)(ln 2) = 8 + f (In 2) 
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10. (a) |Hl=J( U) v) = 



= u, and 

the region G is sketched at the right 



1 
v u 



u * 2 



u * 1 



uv = 2 
uv • 1 



1 2 



(b) x = 1 =>• u = 1, and x — 2 =4> u = 2; y = 1 =>■ uv = 1 v = -, and y = 2 =>■ uv = 2 



; thus, 



n2 f2 /»2/u /*2 f2/u ^2 r 

^dydx= / (^)udvdu = / uvdvdu= u 
. " J J 1 J I/u V U / J 1 J 1/u J 1 L 



2/u 



1/u 



du= | [tan]? = | In 2: J dydx = £ [i ■ f ] *dx = f = f [Inx]? = | In 2 



11. x = ar cos 9 and y = ar sin 9 



a cos 9 — ar sin i 
b sin 6> br cos ( 



= abr cos 9 + abr sin 9 — abr; 



I = J J (x 2 + y 2 ) dA = J "X r 2 (a 2 cos 2 + b 2 sin 2 9) |J(r, 0)| drd(9 = J & J abr 3 (a 2 cos 2 6» + b 2 sin 2 0) drd(9 



b 2 sin 2 9) d9 



ah 



a 2 sin 26 , b^fl 
4 '2 



b 2 sin 29 1 
4 J 



2tt pi 
I) 

abTT (a 2 +b 2 ) 



12. = J(u,v) = 



3(u,v) 



= 2ab 



a 
b 

2 rhi — 



= ab; A = J J dy dx = J J ab dudv — J J _^ ab dv du 



— u 2 du = 2ab 



Wl -u 2 + k 



= ab [sin 1 1 — sin 1 (—1)] = ab [| — (— |)1 = ab7r 



13. The region of integration R in the xy-plane is 
sketched in the figure at the right. The 
boundaries of the image G are obtained as 
follows, with G sketched at the right: 



x =y. 





xy-equations for 


Corresponding uv-equations 


Simplified 


the boundary of R 


for the boundary of G 


uv-equations 


x = y 


\ (u + 2v) = \ (u - v) 


v = 


x = 2 — 2y 


1 (u + 2v) = 2 - | (u - v) 


u = 2 


y = 


= } (u - v) 


V = u 



Also, from Exercise 2, fej = J(u, v) 



1 £ u [-e-] I du = 1 £ u ( 1 - e-) du = 1 [u (u + e -) 



i 2 



= | (3e- 2 + 1) » 0.4687 



j| dv du 



i [2 (2 + e- 2 ) - 2 + e- 
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14. x = u 

d(x,y) 
9(u,v) 



- | and y 
J(u,v) = 



v =>• 2x — y = (2u + v) — v = 2u and 

l h 



1 



1 ; next, u = x 



= x — | and v = y, so the boundaries of the region of 
integration R in the xy-plane are transformed to the 
boundaries of G: 





xy-equations for 




Corresponding uv-equations 


Simplified 




the boundary of R 




for the boundary of G 


uv-equations 


x 


_ y 

2 


u 


I V V 

' 2 ~~ 2 


u = 


X 


= 1+2 


u 


+§=§+2 


u = 2 


y 


= 


V 


= 


v = 


y 


= 2 


V 


= 2 


v = 2 



f f 

JO Jy/2 



(y/2)+2 



= ?(e 16 -l) 



2x -y) 2 dxdy = J o 2 J o 2 v 3 (2u)e 4u2 dudv = J' 
= e 16 - 1 



y 3 (2x — y) e 
4 Jo 




1 p 4u J 
4 c 



dv= \ J% 3 (e 16 - l)dv 



15. (a) x = u cos v and y = u sin v 
(b) x = u sin v and y = u cos v 



d(x,y) 
d(u,v) 

d(*,y) 
3(u,v) 



cos v u sin v 

sin v u cos v 

sin v u cos v 

cos v u sin v 



16. (a) x = u cos v, y = u sin v, z = w f. (x ' y,z) . 



(b) x = 2u - 1, y = 3v - 4, z = § (w - 4) §^ 



cos v — u sin v 
sin v u cos v 
1 

2 
3 



i 



(2)(3) (|) = 3 



17. 



sin <p cos p cos <p cos — p sin o> sin i 
sin (f> sin p cos sin p sin cos 6 
cos — p sin 



(cos ' 



p cos cos a — p sin <p sin a 
p cos sin 6 p sin </> cos 9 



+ (p sin 0) 



sin <p cos — p sin sin i 
sin sin p sin cos 6 



(p 2 cos 0) (sin <j) cos cos 2 + sin cos sin 2 6*) + (p 2 sin <f>) (sin 2 cos 2 6 + sin 2 sin 2 1 
p 2 sin cos 2 <fi + p 2 sin 3 = (p 2 sin <f>) (cos 2 </> + sin 2 ( 



p 2 sin . 



18. Let u = g(x) =>■ J(x) = = g'(x) =>■ J f(u) du = J f(g(x))g'(x) dx in accordance with Theorem 6 in 
Section 5.6. Note that g'(x) represents the Jacobian of the transformation u = g(x) or x = g _1 (u). 



/>3 n4 <"l+(y/2) 
Jo Jo Jy/2 \ 

=/:[ 



^ + |)dxdydz = /J t [ 



! Hr, „ i l+(y/2) 
xy , xz 

2 2 3 , 
J y/2 



(y + ir _ r , yz 

4 4^3 



2 d Y dz = Jo Jo [|(y+D-I + f]dydz 
dz =r(3 + f-5)dz=/;(2+f)dz=[2z- 



±£ 

3 



12 



20. J(u, v, w) = 

into the spherical region u 2 + v 



a 
b 
0c 



abc; the transformation takes the ellipsoid region % + h 



< 1 in xyz-space 



w 2 < 1 in uvw-space (which has volume V 
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V= fff dxdydz = / J / abc dudvdw = ^ 
R G 



3 



21. J(u,v, w) 



a 
b 
0c 



abc; for R and G as in Exercise 19, J J J |xyz| dx dy dz 

R 

— J J J a 2 b 2 c 2 uvw dwdvdu = 8a 2 b 2 c 2 J J J (p sin 4> cos 9)(p sin <j> sin 9){p cos (f>) {p 2 sin </>) dpd<pd9 
G ooo 

= 4aW f' 2 f' 2 S in 6 cos 9 sin 3 cos d(f> d(9 = ^ 2 sin 9 cos d0 = ^ 



22. u = x, v = xy, and w = 3z =>■ x = u, y=^, and z = I w => J(u, v, w) 



1 

-4 1 o 

u- u 



3 u 



o o i 

/// (x 2 y + 3xyz) dxdy dz = /// [u 2 (X) + 3u (X) (f )] |J(u, v, w)| dudvdw = i fff (v + ^) dudvdw 



3 / / ^ V + vw ln 2 ^ dv dw = 3 J (1 + w In 2 ) 
§ (3 + § In 2) = 2 + 3 In 2 = 2 + In 8 



dw = | Jjl + w ln 2) dw = | |w + ^ ln 2 



1 3 




23. The first moment about the xy-coordinate plane for the semi-ellipsoid, ^ + p + 4 = 1 using the 

transformation in Exercise 21 is, M xy = J" J J z dz dy dx = J J J cw | J(u, v, w)| du dv dw 

D G 

= abc 2 J J J w du dv dw = (abc 2 ) • (M xy of the hemisphere x 2 + y 2 + z 2 = 1, z > 0) 



abcV 
4 



the mass of the semi-ellipsoid is 



2abc7r / 8 



24. A solid of revolutions is symmetric about the axis of revolution, therefore, the height of the solid is solely a function of r. 
That is, y = f(x) = f(r). Using cylindrical coordinates with x = r cos 9, y = y and z = r sin 9, we have 

V = ///rdydtfdr = fff® rdydtfdr = f£[ry]f ] d0dr = f£rf{t) d9dx = Jjr0f(r) ]* dr 

f 27rrf(r)dr. In the last integral, r is a dummy or stand-in variable and as such it can be replaced by any variable name. 
Choosing x instead of r we have V = 27rxf(x)dx, which is the same result obtained using the shell method. 

CHAPTER 15 PRACTICE EXERCISES 



1. J ] J o ye*ydxdy = J, [e^] 1/y dy 
= J i (e - 1) dy = 9e - 9 



l (1/1 0, 10) 




NOT TO SCALE 
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2. f £ e^ x dy dx = f\ [e^*] * dx 
= f o (xe- - x) dx = [i e x2 - i 



:-2 
2 



y-x 



J 



x»1 



/>3/2 /-v'9-41 2 r>3/2 y--"- 

3. , tdsdt= [tsl , dt 

JO J-v/9-4t 2 JO L J - \/9 - 4t 2 

= X V2 2tV^4t^ dt = [- i (9 - 4t 2 ) 3/71 



= _ 1 (Q3/2 _ 93/2^ _ Z7 _ 





3 
2 












j 2 +4t 2 = 9 



y- y x y dxd y = J„y[Tj^ d y 

= lX'y( 4 - 4 \/y + y-y) d y 



J o 1 (2y-2y 3 / 2 ) dy 



.2 _ 4y 



5/2-j 1 





y-x 



y-{x-2)' 




pa n4-n 2 pa 

5 - Ll + 4 d y dx -L(- x2 - 2x ) dx 
= [-f--f_ 2 = -(!-4) = | 

^dxdy=X(^ + V4^y)d y 



[f - 2 y-f(4-y) 



3/2 



4-8 



4 3/2 



-4 + I* = ^ 
T 3 3 



4 


/y = 2x + 4 


-<A^y /J 




lj-2 





6- XX ^dxdy = X[lx3/ 2 ]fdy 

= lX(y 3/4 -y 3/2 ) dy = H^y 7/4 -ly 5/2 ]; 

2/4 2\ _4_ 

3 V 7 5^ 35 

X7J ^ dy dx = - x 2 ) dx = £ (x- 

_ [ 2 5/2 _ 2 7/2 1 1 _ 2 _ 2 _ 4_ 
~~ L 5 A 7 A Jo 5 7 — 35 



3/2 v 5/2 



x s/2 dx 




7 - J J. ydydx = J_ 3 [ 

= £l(9-x 2 ) dx=[f-| 



(l/2)\/9-x 2 


n 3 



dx 



/27 27\ / 27 i 27 ^ 

~ I 8 24V V 



8 1 24/ 



-3 
27 _ 9 
6 — 2 



Jo J-y9W ydxdy= X 2yv^Vdy 



-M(9-4y 2 ) 



3/2 



3/2 



1 q3/2 _ 27 _ 9 
6 ' * — 6 — 2 
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8 - XT^^y^XW 4 ^ 

= J o 2 (2x(4 - «*)) dx = dx 
= [4x 2 - ^ 2 = 16 - f = 8 

X7^ 2xdxd y = XV]„^dy 



y - 4 -x 



16 



= X(4-y)dy=[ 4 y-^ 
9. XX 4 cos (x 2 ) dx dy = X X 4 cos (x 2 ) dy dx = J o 2x cos (x 2 ) dx = [sin (x 2 )] 2 = sin 4 

10 - XX ex2 dxd y = XX ex2 d y dx = X' 2xex2 dx = t ex2 ]o = e - 1 

sisi ^ dx = rr ^ dxd y = ? r ^ ^ = ^ 



12 - X7 



27T Sin (7IX 



^dxdy = f o £ 27rsi ^ x2 > dydx = X' 27rx sin (ttx 2 ) dx = [-cos (ttx 2 )] J = -(-!)-(-!) = 2 



13 - A = Li +4 d y dx -L(- x2 - 2x ) 



dx 



15 - v = X7r( x2 +y 2 )dyd x = X'[xV- 



(2 1 J_\ i 2" _ 4 

V3 12 12/ 1 



3 12 12 ^ 1 12 3 



d " d y = J, (x/y-2 + y)dy 

/.'[ 



37 
6 



dx= 2x 



2 , (2-x) 3 7x 3 



dx 



2xi _ (2-x)' 1 _ 7x1 
3 12 12 



16. V= X^X" X x 2 dydx= f^j\l * dx = f_jM 2 ~ x4 ~ x3 ) dx = 



125 



1 I 





17. average value = f o f Q xy dy dx = X [fl „ dx = X 1 dx = 3 

- x 2 p 1 r 2 1 V 1 — 1 x2 I 

xy dy dx = - J o [Hlj o dx = - J o (x - x 3 ) dx = i 

19 - M = XX d y dx = T( 2 - 1) dx = 2 - ln4 ; M > = XX x d y dx = T x ( 2 - 1 ) dx = u 



'2/- 

-2 r>2 



XLy d y dx = X( 2 -?) dx = 1 ^ x = y 



'-2y 

M > = X7X* dxd y - 1 - 2 y 2 ] d y = [S - 4 ] * - - 
2i. i = X7*( x2 + y 2 ) (3) d y dx = 3 X' ( 4x2 + f - i f ! ) dx = 104 



20 - M = X7I . r 6**r = XVy - y 2 ) dy = f ; m x = X7! y dxd y = XV - y 3 ) d y 



AT _ f 
3 4 



_ 64 . 
3 ' 



I2S 



M, _ 12 



-^andy = $ =2 



22. (a) io = XlX7 x2 +y2 ) dydx = XX 2 + I) dx 



40 
3 



<» ^ = XXy 2 dydx^XI^dx- - 



2b 3 j„ _ 4ab' 



^XlfX dxd y = XX d y 



— => T — T + I 

3 — ^ L o — A x i 1 y 



W , 4^ _ 4ab(b- ! +a- ! ) 
3 ' 3 — 3 
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23 - M = S foir d yte = sJvfte = 38;I 1L = 6££ J3 y2dy<ix=¥ 1 /V dx = (|f ) (* ) = 2£ R x = 
24. M = J X"(x+ l)dydx= J'(x - x 3 ) dx = ± ; M x = f f*y(x + 1) dydx = \ £(x 3 - x 5 + x 2 - x 4 ) dx = 

M y = XX x(x + 1)dydx = X'( x2 -* 4 )dx = b =*• x = A and y = Ih 1 * = XX* y 2 (x + i)dydx 



/ o '(x 4 -x 7 + x 3 -x e )dx=^ 



R, 



M V 70 



to ■> h = IX x2 < x + ! > d y dx = XV - x5 ) 



dx 



12 =^ R y 



25. M = ^X'i (x 2 +y 2 + 1) dydx = f\ (2x 2 + |) dx = 4; M x = y (x 2 + y 2 + |) dydx = J'odx 



M y = I J x (x 2 + y 2 + |) dydx = J ] (2x 3 + f x) dx = 



26. Place the AABC with its vertices at A(0, 0), B(b, 0) and C(a, h). The line through the points A and C is 

r>h r.(a-b)y/h + b 

y = ~ x; the line through the points C and B is y = (x — b). Thus, M = J q J 6 dx dy 



X (i - 1) dy = 6 -f ; = / i; /h y + y 2 * dx dy = bS f o ( y 2 - f ) dy 



Jay/h 

— *bh! • R _ ,/ 1. _ h 



12 



M ^6 



^. a. 



1 pVI-i 1 



1_ X 2 (l+x 2 +y 2 ) 



d y dx - rx 7T^7 - 1 a- Th\>-\ = - 



28. X-iX-yr^ 5 ln ( x2 + y 2 + !) dxd y = I* f Tintr 2 + 1) <kd6 = Jj | In u dud(9 = 1 J q * [u In u - u] 2 d0 



= i// (2 ln2-l)<W = Dn(4)-l]7r 
29. M = f 3 r drd6» = | f ' d0 = 3tt; M v = P ' f' r 2 cos drd(9 = 9 cos d0 = 9^3 =*> x = ^ . 

J-7r/W0 ^ J_,r/3 ' J-tt/3J0 J-tt/3 71 

and y = by symmetry 



30. 



M = f 2 Jj 3 r drd0 = 4 ^d0 = 2tt; M y = J*" * f* r 2 cos drd0 = f J" 2 cos d0 = f => x = if , and 



y = P- by symmetry 



(b) 



2 '2 cos + 1+c ° s2g ) d0 = 5±* ■ 

tt/2 r>l+cosfl 



n-x/2. pi+cosy 

31. (a) M = 2 J J rdrd(9 

-r<" ' 

Xtt/2 /M+cos0 
(rcos0)rdrd0 

= £^ 2 (cos 2 + cos 3 + ^) 

_ 32+IStt . = _ 15tt + 32 j 

- 24 =>• x - 6jr + 48 , and 
y = by symmetry 



32. (a) M = PJ*r&r&6 = J" § d0 = a 2 a; M y = J° J" (r cos 0) r drd0 = XI ^ 
=> x = 2a 3™ - , and y = by symmetry; lim _ x = lim 2a ™ ° = 





r = 1 + cos 




1 

r= 1 ^-J 








\c.m. 




-1 


1 J -1.18 


2 



d0 



2a ;i 
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(b) x = I and y = 



tf/l /.-0.5 



cm. (0.13,0) when a . t 



Hi i 

M '/'///• 

1l/,r/> 

'/"/'/"] 



r) pTv/ 4 /» y cos 20 

33. (x 2 + y 2 ) - (x 2 - y 2 ) = r 4 - r 2 cos 29 = ^> r 2 = cos 26> so the integral is J ^ 4 J q 



(l+r 2 ) 2 



drd(9 



p/4 r_ 

J^r/ 4 [ 2(1+ 1») 



Xtt/4 
. /4 (! 



l+cos2fl) d ^ — 2 2cos 2 fl) 



dtf 



tang ] "Z 4 _ tt^2 
2 J - T /4 4 



34. 



= l£ /4 ( 1 -^) d * = 2-[* 
si dxd y = j; 73 /; 609 ^ drd^ = /; /3 [- ^ 

= X ~~ 2(l + sec2 9)] d0 = 5 X 1+^cJe 



d6* 



1 [4- tan- 1 -5- 



f tan-yi 

x/2 



u = tan 
du = sec 2 6 AO 



n/3 
„ 2+1? 



1 P " 

2 Jo 



( b ) f f n — ^rdxdy= P /2 p — — ^-r-r dr dd = V'~ lim 

J J (l+x 2 +y 2 r 3 Jo Jo (l+r 2 )- Jo b -» OO 



(l + x 2 + y 2 ) 

lim 

Jo b -> oc 



2 (l+r 2 ) 



d(9 



2 2(1 



35. I / I cos (x + y + z) dxdy dz = I I [sin (z + y + n) — sin (z + y)] dy dz 

t/Ot/Ot/O * " JO JO 

= J q [— cos (z + 2ty) + cos (z + tt) — cos z + cos (z + 7r)] dz = 

/» In 7 pin 2 n In 5 pin 7 pin 2 pin? 

36. / e( x+ y +z ) dzdydx= e^dydx^ e x dx = 1 

Jln6 Jo Jln4 J J In 6 Jo J J In 6 

37 - ITT y ( 2x -y- z ) dzd y dx = Xr s (f - ¥) d y dx = - t) dx 

38. ££ £ f dy dz dx = JJJ]* 1 dz dx = £ In x dx = [x In x - x] [ = 1 

pTr/ 2 p0 p-2x p*"/2 p0 p7r/2 

39. V = 2 / / dzdxdy = 2 -2xdxdy = 2 cos 2 y dy = 2 

JO J -cosy JO J Jl J-cosv J Jo J J 



35 



y . sin 2y 
2 "1 4~~ 



,r/2 



J a dzdydx = 4 J o J o (4 - x 2 ) dy dx = 4 J o (4 - x 2 ) ' dx 
= [x (4 - x 2 ) 3/2 + 6x^4 - x 2 + 24 sin" 1 f ] = 24 sin" 1 1 = 12tt 

41. average = \ J q J q J q 30xzVx 2 + y dzdydx = | f g J q lSx^x 2 + y dydx = | J q J q 15xVx 2 + y dxdy 

= 1 £ [s (x 2 + y) 3/2 ] * dy = I £ [5(1 + y) 3 / 2 - 5y 3 / 2 ] dy = 1 [2(1 + y) 5 / 2 - 2y 5 / 2 ] 3 = 1 [2(4) 5 / 2 - 2(3) 5 / 2 - 2] 
= i [2 (31 - 3 5 / 2 )] 
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42. average^ £ p* sin cf> dp dcj> dO = £ F £ sin d0 d9 = | 



( a ) I^lvwL^ 3dzdxd y 



43 

' — \/2— y 2 *^ ^/x y +y 
•»2tt /»w/4 r*2 



<» XX" f 3p 2 sm<i>dpd<f>de 
^ r/o^X^ 3dzrdrd^3X 2 7 o V/ '[r(4-r2) 1 / 2 - r 2]drd^3X 2 "[-I(4-^) 

= / 2 "(- 23/2 - 23/2 + 43/2 ) A9 = ( 8 - 4 V^) X o 2 " d0 = 27r ( 8 - 4 V^) 



3 



d0 

o 



44. (a) f^ 2 f ' f 21(rcos0)(rsin0) 2 dzrdrd0 = f P 21r 3 cos sin 2 dz r drd0 

J -tt/2J0 J -r 2 J-ty/IJO J -r 2 

(b) P /2 f ' f " 21r 3 cos sin 2 dz r drd0 = 84 V * f ' r G sin 2 cos drd0 = 12 sin 2 cos d0 = 4 

v 7 J-tt/IJO J -r 2 JO JO JO 



45 ' < a > X X X P'sin^dpd^dfl 

( b ) X X X P 2 sin0dpd^d^ = ij o J o (sec0)(sec0tan0)d,>d^l J o [^tan 2 ^/ d0 = i J o d0 = f 



46. (a) /J / " 2 (6 + 4y) dz dy dx (b) £ /2 £ JJ (6 + 4r sin 0) dz r dr d8 



r»csc (j) 

(c) J o J 4 J o (6 + 4p sin sin 0) (p 2 sin 0) dp d(f> dO 

(d) J^/' /' (6 + 4r sin 0) dz r dr d0 = £ l% f (6r 2 + 4r 3 sin 0) dr d0 = [2r 3 + r 4 sin 0] J d0 



= J* (2 + sin 0) d0 = [20 - cos 0] f 2 = ir + 1 

^ — - J ] z 2 yxdzdydx + J ] J o J ] z 2 yxdzdydx 



48. (a) Bounded on the top and bottom by the sphere x 2 + y 2 + z 2 = 4, on the right by the right circular 

cylinder (x — 1 ) 2 + y 2 = 1 , on the left by the plane y = 

W X X X^zrdrd0 

49. (a) V= £ jf^ dzrdrd9 = (ry/s - r 2 - 2r) drd0 = [- § (8 - r 2 ) 3/2 - r 2 j * d0 

= T [- I W 3/2 - 4 + 5 (8) 3/2 ] = Cl (-2 - 3 + 2^8) d0 = f (^2 - 5 ) /„ 
(b) V = £' 4 J^J , p 2 sin cj) dp dcj) d9 = § J^' (2 sin - sec 3 sin $\ dcj> d9 
= | X "X" 4 ( 2 ^2 sin - tan ^ sec 2 (j^j dtp d6 = | J^* [-2 cos - | tan 2 . 

- 1 /; (-2 - j + 2V2) » - !/; (=s^ » = ^fc^ 



2t 8tt 4V2 - 5 

d0 = — ^ ^ 

3 



tt/4 

d0 





5o - r *= X 2 "X" /3 X 2 ^ sin ^ 2 ('° 2sin ^ d ' 5d ^ d0 = X 2 "X" /3 X 2 ^ 4sin3 ^ d ' od ^ d0 

= f £*f*\sm 4> - cos 2 sin 0) d0 d0 = f [- cos + - 



t/3 „ 

d0 = ^ 

J 
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nix r*7r pb 

51. With the centers of the spheres at the origin, I z = J o J o J 6(p sin </>) 2 (p 2 sin 4>) dpd(f>d9 



6(b 5 - 



^ fTsin 3 

5 Jo JO 



<5(b 5 - 



!>d0 



5 (b 5 - a 5 



So Sa 



sin <p — cos" sin <; 

g 15 Jo 15 



/»27r pTY f*\ — cos nli: pTY f* 1 — COS 

52. I z = J o J o J o (p sin </>) 2 (p 2 sin </>) dp d0 dfl = J q J o J q p 4 sin 3 dp d0 dfl 
= i / (1 - cos (j)f sin 3 (j)d^)66= ££(1 - cos </>)°(l + cos <j>) sin </> d</> d0; 

:1£t£\ - irjr-^-«>**-jr[¥-t]>-iro-»)^* 



53. x = u + y and y = v => x = u + v and y = v 
1 1 



J(u,v) 



1 



1 ; the boundary of the 



image G is obtained from the boundary of R as 
follows: 




y*0 



v 



u = 



' ' , , '.,</. 

'<'//, g 
'////////, 



xy-equations for Corresponding uv-equations Simplified 

the boundary of R for the boundary of G uv-equations 



u = 

v = 



£ JV SX f(x - y , y) dy dx = £ £ e - s ^ f(u, v) du dv 



v ■= 



54. If s = ax + f3y and t = 7X + 6y where (a6 — f3j) 2 — ac — b 2 , then x = a6-p\ , y = a ] s _ + fl " t . 



and J(s, t) = ^ 



Jot 2 



6 -(3 
—7 a 



1 



a6 — fly 



El 



e -(s 2 +t 2 ) l_ dsdt 
-•■ • ' - v ac — b 2 



/ re^ drd(9 = , 1 d9 

Jo Jo 2Vac-b 2 Jo 



7 71 - . Therefore, -, 71 =1 => ac — b 2 = n 2 . 

V ac — b 2 v ac — b- 



CHAPTER 15 ADDITIONAL AND ADVANCED EXERCISES 



X2 f>6-x 2 
1 x2d y 



dx 



X2 nb—\ A px^ 
1 Jo dzd y dx 



(c) V = f 3 f x % x 2 dydx = ££ * (6x 2 - x 4 - x 3 ) dx = [2x 3 - f - £ 



125 
4 



2. Place the sphere's center at the origin with the surface of the water at z = —3. Then 



25 - x 2 - y 2 =>• x 2 



16 is the projection of the volume of water onto the xy-plane 
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> v = rr x^ ^ * - jtjt i*^^ *) = r [- § ( 25 - r2 ) 3/2 - 1 r2 

r [-|(9) 3 / 2 -24 + i(25)^] d9 = £ 



d(9 



f d(9 = ^ 



X2tt r*l p2-r(cos0 + sin0) p27r pi 

J o J o dz r drd6* = J o J o (2r — r 2 cos — r 2 sin 9) drd# 

= /^(l - i cos 61 - i sin 0) d0 = [9 - \ sin 6» + \ cos 0] ^ = 2n 



4 - V = 4 f XX ~ dzrdrd0 = 4/; / Q (rv^^-i") drdfl = 4^ [- § (2 - r 2 ) 3/2 - ^ 



d(9 



= 4^-7) 



5. The surfaces intersect when 3 — x 2 — y 2 = 2x 2 + 2y 2 =>• x 2 + y 2 = 1. Thus the volume is 

/l -x 2 p3-x 2 -y 2 p7r/2 pi f-3-r 2 p7r/2 pi _ _ pv/2 

x 2 +2y 2 



1 — x 2 p3— x 2 — y 2 Pit/l pi r*3— r 2 px/2 pi P^/Z 

dzdydx = 4 / / dzrdrd6> = 4/ (3r - 3r 3 ) drd(9 = 3 d9 

I J2x 2 +2y 2 J JO JO J2r 2 JoJO v ' JO 



3tt 
2 



X 



64 

3 Jo 



pjr/2 px/2 p2sin0 pr/2 07,/2 

6. V = 8J o J o J o p 2 sin0dpd0d6» = f J o J o sin 4 ^dc/>d6> 

T/2 



sin cos ^ 
4 



jr/2 3 pr/j 



X^sin 2 * «W = 16 /; /2 [{ - ±p\ f d9 = 4n f^d6 = 2n 



7. (a) The radius of the hole is 1, and the 
radius of the sphere is 2. 



X 2 + y Z + 2 2 = 4 




W V = 2 X7o X ' rdrdzd^/ o 7/(3-z 2 )dzd^2V / 3/ o 'd0 = 4^ 



n3 sin 6 p \/9—t 2 pir p 3 sin 6 , r»7r r n > ^ 

J o dzrdrd6» = J o J o rV9 - r 2 drd(9 = J q - | (9 - r 2 ) J/ 



d(9 



JJ [- 1 (9 - 9 sin 2 9) 3/2 + I (9) 3 / 2 ] d9 = 9 Hi - (1 - sin 
JJ(1 - cos 6» + sin 2 6» cos 6>) d6» = 



— sin i 



sin 1 8 



2 0)3/2 

= 9tt 



d(9 = 9 /^(l - cos 3 6») d6 



9. The surfaces intersect when x - + y 



2 , ,,2 _ x 2 + r + 1 _v „2 i „2 _ 



x + y- = 1 . Thus the volume in cylindrical 



nn/2 nl p(i 2 +l)/2 n*/2 pi, \ pr,/2 r 

coordinates is V = 4J o J g J 2 dzrdrd(9 = 4j o J( § - § J drd0 = 4j o 



_ 
4 8 



d6> 



r»7r/2 /»2 pr 2 sin f? cos 8 P 77 /! p2 P 7r /2 I" 

10. V = I dzrdrd6> = r 3 sin 6» cos 6> dr d0 = 

Jo JiJo Jo J i Jo 



sin 9 cos d0 



f /2 sin cos 6» d(9 = ^ 



sin^r /2 _ 15 
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11. f X e " x - e " x dx = PfV xy dydx = f f°° e~ xy dx dy = f ( lim fV^dxUy 

Jo X J Ja J J a J 1 Ja\t-*ooJ0 J J 



12. (a) The region of integration is sketched at the right 

n a sin p \J a 2 — y 2 

^Jo J T( ~, ln(x 2 +y 2 )dxdy 



' J y cot 

•a na 



j o J\ln(r 2 ) drd6>; 

> i f" In u dud^ 

2 JO JO 

f*[u lnu-u]f d8 



(a cos 8, a si n 8 ) 



u = r 
du = 2r dr 

'3 




= \ £ [2a 2 In a - a 2 - lim tint] d(9 = f (2 In a - 1) d0 = a 2 /3 (in a - |) 

a cos (tan ;i)x /»a p a/ a 2 — x 2 

Jo Jo ln ( x2 +y 2 ) d y dx +ico S Jo ln(x 2 +y 2 )dydx 

13. / o */V 1 (*- t )f(t)dtdu= J o X j[ X e m ( x - t )f(t)dudt= Jjx - t)e m(x -') f(t) dt; also 

X" X ' Jo em[X ~ t) f(t) dtdudv = X'XJT 6 " 1 ^ f W dudvdt = / *X*( V - t)e m ( x - l) f(t) dvdt 
= Jo [\ ( v ~ t) 2 e m(x - t ' f(t)] " dt = z m(x - t] f(t) dt 

14. £ f(x) ( / o X g(x-y)f(y) dy) dx = ££ g(x-y)f(x)f(y) dy dx 

= X7 y 'g(x-y)f(x)f(y) dxdy = £ f(y) ( J y 'g(x-y)f(x) dx) dy; 

/ o 7 ' g(|x-y|)f(x)f(y)dxdy= f Q £ g(x-y)f(x)f(y) dy dx + X'X'g(y-x)f(x)f(y) dy dx 

= XXg (x - y)f(x)f(y) dxdy + Io£s(y-mmy) dydx 

= £f g(x-y)f(x)f(y) dx dy + £ J'g(x-y)f(y)f(x) dx dy 



simply interchange x and y 
variable names 



2j o J g(x— y)f(x)f(y) dxdy, and the statement now follows. 



15. I (a) = ' (x 2 + y 2 ) dydx = £ [x 2 y 



x/a 2 



dx = 



o 



JT(S + 6) 



dx = 



4a 2 ^ 12a 6 



al I J_ Q -2. j/ 
4 ' 12 



a- 2 ; I^a) = i a -i a - 3 = a 4 = i => a = 4 J | = 4- . Since I» = 1 + 1 a" 4 > 0, the 



6 " - " " - 3 
value of a does provide a minimum for the polar moment of inertia I (a) 

16. I D = £fjx 2 + y 2 ) (3) dydx = 3 £ {^x 2 - ^ + f ) dx = 104 
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17. M = f P r drdfl = f - 4 sec 2 6^ d(9 
= a 2 6 - b 2 tan 9 = a 2 cos" 1 (|) - b 2 (^^) 
= a 2 cos" 1 (!?) - b\/a 2 -b 2 ; I = f P r 3 drd(9 



Jja 4 + b 4 (1 + tan 2 6) (sec 2 (9)] d<9 
|[a 4 0-b 4 



tan 6» 



b 4 tan 3 9 



4 [" " " " 3 

_ a 4 ^ _ b 4 tan 8 _ b 4 tan 3 9 
2 2 6 

= 1 a 4 cos- 1 (|) - i bS^/^b 2 - 1 b 3 (a 2 - b 2 ) 3/2 

-.2- (y 2 /2) 
l-(yV4) 

31 2-(y 2 /2) 



b ■ r cos 8 




2 2 2 
x +y «a 



f2 r2-(y 2 /2) nl / ,\ r , -| 2 p2 p2- (y 2 /2) 

18 - M =L1 W 4, ^=M 1 -f) d y=[y-fi]_ a = f^=iJi- & i« xdxdy 

= £ [fi ll'l dy = ^ (4 - y2) dy ^ £ (16 - 8y2 + y4) dy = r 6 [iey - ¥ + 



l-(yV4) 

+ ¥) = (&) (^) " * 



15 



Ml 

M" 



(if) (I) = I ' and y — by symmetry 



nb ,,225 ->\ r a r bx / a i_2 2 r b r a y/ b 2 2 

t e max < b x > a V) dy dx = J q J q e b x " dy dx + J q J g e a y dx dy 



/;(^x)e b - dx+J^fy) e^dy 
i if* l) 



J_ p bV 

2ab C 



[^] b =^(^-l) + ^(^-l) 



20 P r^&y) dxdy = P [aFfey)] x ' d = P' [^y) _ aHx«) 

Jy„ Jx„ dxdy ■> J y „ [ dy J ^ J J yo [ dy 

= F(xi , yi) - F(x , yi) - F(xi, y ) + F(x , y ) 



dy 



dx = [F(xi,y) - F(x ,y)] 



21. (a) (i) Fubini's Theorem 

(ii) Treating G(y) as a constant 

(iii) Algebraic rearrangement 

(iv) The definite integral is a constant number 

iln 2 px/2 / p\n2 \ f fir/2 



(b) J q £ e x cos y dydx = ( f Q e* dxj ( £ cos y dyj = (e ln2 - e°) (sin § - sin 0) = (1)(1) = 1 

® rr> 7 dxd y = (r? <*) (£ x dx ) =[-\\\ m ^ = (- * + *) (* - % = ° 



22. (a) V f = x i + yj ^ D u f = Uix + U2y; the area of the region of integration is I 

=> average = 2 f g f Q (uix + u 2 y) dy dx = 2 J q [uix(1 - x) + \ u 2 (l - x) 2 ] dx 



U ! (f-f)-(l«2) 



(1-x) 3 



n 1 





2 (i^ 



i (Ul + U 2 ) 



(b) average = i // ( Ul x + u 2 y) dA = £ / Jx dA + £ // y dA = Ul (£) + u 2 ( £ ) = Ul x + u 2 y 



e-(" 2+y2 ) dxdy = (e- r2 ) rdrd(9 = lim re r2 dr 

j J Jo Jo v y Jo b^oo Jo 



'0 Jo 



d6 



pTr/2 fx/Z 

lim (e- b2 - 1) dO = I d6» - , 



I 



(b) r (I) = £ rl/2e_t dt = £{y 2 Y ll2 ^ y \W dy = 2 Jfe-^ 2 dy = 2 (^) = 0F, where y = 
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24. Q = £ kr 2 (l - sin 0) drd(9 = ^ J 2 " (1 - sin 0) d0 = [0 



1 2?r _ 2?rkR 3 
I — 3 



X\/h n \/h — x 2 
/ , / dzdydx 
-AJ-A 1 ^ Jx 2 +y 2 

-J^( h - x2 -y 2 ) d ^=/o/o (h-rVdrd0 = X d0 = / o d0 = ^ . 

Since the top of the bowl has area lO-zr, then we calibrate the bowl by comparing it to a right circular cylinder 
whose cross sectional area is 107r from z = to z = 10. If such a cylinder contains cubic inches of water 
to a depth w then we have 107rw = ~ =>• w = ^ . So for 1 inch of rain, w = 1 and h = \/20; for 3 inches of 
rain, w = 3 and h = \/60. 

26. (a) An equation for the satellite dish in standard position 
is z = | x 2 + | y 2 . Since the axis is tilted 30°, a unit 
vector v = Oi + aj + bk normal to the plane of the 

VI 



water level satisfies b = v • k = cos (|) 

=»■ a= -v 7 ! -b 2 = -| =► v=-ij + ^k 



2 2 J ' 2 

(y 1) — z - 
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v 



nV 1-x 2 n ^l-x 2 -y 2 n >J\-y?-y 2 - 
J Jo Jo 



hyper 



n\l l-x 2 rVl-x 2 -y 2 
J o y/i - x 2 - y 2 - z 2 dz dy dx 



i6 rr v r 

Jo Jo Jo 



Vl - x 2 - y 2 ./l - 



dz dy dx 



cos 8 



dz= — /l -x 2 -y 2 sintfdfl 

1 <>\/l-x 2 



16 J"' J ' " (1 - x 2 - y 2 )£ /2 -Vl -cos 2 6 sin 6 d(9 dy dx = 16 f § ' " (1 - x 2 - y 2 )J^-sin 2 d(9 dy dx 
16 II 1 " x ' " ^) ^ dx = 4 ^ X' (Vl-x 2 - xVl-x 2 - 1(1 - x 2 ) 3 ' 2 ) dx 



= 4^/ o Vl - x 2 [ ( 1 - x 2 ) - ] dx = §tt J" (1 - x 2 ) 3 ' 2 dx = 



x = COS u 

dx = —sin d8 



i Jul! 



sin 4 6» d9 



J.o 



|tt £ (1-2 cos 2(9 + cos 2 2(9)d(9 = -§tt (| - 2 cos 2(9 



s4fT 



d(9 
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CHAPTER 16 INTEGRATION IN VECTOR FIELDS 

16.1 LINE INTEGRALS 

1 . r = ti + (1 - t)j =>- x = t and y = 1 — t => y = 1 - x =>■ (c) 

2. r = i + j + tk =>■ x = 1, y = 1, and z = t (e) 

3. r = (2 cos t)i + (2 sin t)j =4> x = 2 cos t and y = 2 sin t =>• x 2 + y 2 = 4 =>• (g) 

4. r = ti =4> x = t, y = 0, and z = =>• (a) 

5. r = ti + tj + tk => x = t, y = t, and z = t =>• (d) 

6. r = tj + (2 - 2t)k =>• y = t and z = 2 - 2t =!> z = 2 - 2y =>• (b) 

7. r = (t 2 - 1) j + 2tk =>• y = t 2 - 1 and z = 2t =» y = f - 1 =>• (f) 



8. r = (2 cos t)i + (2 sin t)k =>• x = 2 cos t and z = 2 sin t 



,2 _i_ ,2 



z 2 = 4 =>- (h) 



9. r(t) = ti + (l - t)j,0 <t< 1 



I dr I 
I dt I 



V^j ; x = t and y = 1 - t x + y = t+(l — t)=l 



/ c f(x )y ,z)ds = Xf(t,l-t ! 0)|||dt=/ o (l) 



2 dt = 



y/2t 



= V2 



10. r(t) = ti + (1 - t)j + k, < t < 1 



dr 

dt 



I dr I 



= y 2; x = t, y = 1 — t, and z = 1 =>• x — y + z — 2 



t - (1 - 1) + 1 - 2 = 2t - 2 => J f(x, y, z) ds = f (2t - 2) dt = [t 2 - 2t] J = - ^Jl 



2 



11. r(t) = 2ti + tj + (2 - 2t)k, < t < 1 £ = 2i + j -2k ^ ||| = ^/4+l+4 = 3;xy + y + z 
= (2t)t + t + (2-2t) J c f(x,y,z)ds= J o '(2t 2 - t + 2) 3 dt = 3 [| t 3 - \ t 2 + 2t] \ = 3 (f - \ + 2) 

12. r(t) = (4 cos t)i + (4 sin t)j + 3tk , -2tt < t < 2tt £ = (-4 sin t)i + (4 cos t)j + 3k 

|f| = V'l6sin 2 t+ 16cos 2 t + 9 = 5; v'x 2 +y 2 = \/l6 cos 2 1 + 16 sin 2 1 = 4 £ f(x, y, z) ds = (4)(5) dt 
= [20t] %„ = 80tt 

13. r(t) = (i + 2j + 3k) + t(-i 3 j 2k) = (1 - t)i + (2 - 3t)j + (3 - 2t)k, < t < 1 =>■ f = -i - 3j - 2k 



=► | £ | = +9 + 4 = v/14 ; x + y + z = (1 - 1) + (2 - 3t) + (3 - 2t) = 6 - ft =► / f(x, y, z) 



ds 



J o '(6-6t) V^4dt=6i/l4 



(I) = 3^14 



14. r(t) = ti + tj + tk , 1 < t < oo =^ £ = i + j + k 
£ f(x, y, z) ds = (^) dt = 



I dr I 
I dt I 



^3; 

V » V- - 



i]~= lim 



x 2 + y 2 + z 2 t 2 + 1 2 + t 2 3t 2 
fe + l) = l 
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15. Ci: r(t) = ti + t 2 j , < t < 1 | = i + 2tj =^ 1 1| = x/l +4t 2 ; x + ^/y - z 2 = t + x/t 2 - = t + |t| = 2t 
since t > => J Q f(x, y, z) ds = f*2ty/ \ + 4t 2 dt = [|(1 + 4t 2 ) 3/2 ] * = 1 (5) 3 / 2 - | = ± (5^5 - l) ; 
C 2 : r(t) = i + j + tk, < t < 1 § = k => | ^ | = 1 ; x + yy - z 2 = 1 + V^l - t 2 = 2 - t 2 
=> J c f(x, y, z) ds = f Q (2 - t 2 ) (1) dt = [2t - 1 1 3 ] J = 2 - \ = f ; therefore £ f(x, y, z) ds 
= J Q f(x, y, z) ds + J c f(x, y, z) ds = § x/5 + § 



16. Ci: r(t) = tk,0 < t< 1 ^ = k 1 1 1 = 1; x + ^/y - z 2 = + x/o - t 2 = -t 2 



/ f(x,y,z) ds = J o '(-t 2 )(l)dt: 



l . 

3 ' 



C 2 : r(t) = tj + k,0<t< 1 => g=j => ||| = l;x+ v ^-z 2 = O+ v /t-l = 0-l 
=»/c^y.2)ds = / o , (0-l)(l)dt=[fl?/»-t]; = f-l = -i; 



C 3 : r(t)=ti + j + k,0 < t < 1 | =i |4E| = l; X +0F- z 2 = t+vi-l=t 
=► J Ca f(x, y, z) ds = J o '(t)(l) dt = [|] * = | £ f(x, y, z) ds = £ f ds + / q f ds + / & f ds = - i + (- \) + 



17. r(t) = ti + tj + tk,0<a<t<b => |=i+j + k => = 73;^ = ^ = { 
J c f(x,y,z)ds= J^Q) 73dt= [y^ In |t| 1 " = 1" (|) , since 0< a < b 



18. r(t) = (a cos t)j + (a sin t)k, < t < 2n ^ = (-a sin t)j + (a cos t)k 



V* 2 + z 2 = -1/0 + 



a 2 sin 2 1 = 



- |a| sin t, < t < 7r 
lal sin t, 7r < t < 27r 



a 2 snr t + a 2 cos^ t = |a| 

In 



f f(x, y, z) ds = J o - |a| 2 sintdt+ J |a| 2 sin t dt 



[a 2 cos t] I - [a 2 cos t] f = [a 2 (-l) - a 2 ] - [a 2 - a 2 (-l)] = -4a 2 



19. r(x) = xi + yj = xi+^-j,0<x<2 



dr 

dx 



I ^1 I 

I dx I 



v / r+^;f(x,y) = f(x,f) = ^ 



2x / fds 



J o 2 (2x)xA+^ dx = [| (1 + x 2 ) 3/2 l 2 = f (5 3 / 2 - 1) = 



10V5-2 



20. r(t) = (l-t)i+l(l-t) ! j,0<t<l * || = y/l + (1 - tf ■ f(x,y) = f ((1 - 1), 1(1 - t)') = "7'+ ( j"~"' 

- X f * = X'^^ A 7 ^ 3 d < - X(c -) + io - » 4 ) 



dt = 



-i(l-t) 2 -i(l-t) 5 



n 1 





o- (-§-£) 



20 



21. r(t) = (2cost)i + (2sint)j,0 < t < § f = (-2 sin t)i + (2 cos t)j | f | = 2; f(x, y) = f(2 cos t, 2 sin t) 
= 2 cos t + 2 sin t => J c f ds = J* 2 (2 cos t + 2 sin t)(2) dt = [4 sin t - 4 cos t] q /2 = 4 - (-4) = 8 



22. r(t) = (2 sin t) i + (2 cos t) j , < t < f g = (2 cos t) i + (-2 sin t) j 



I dr I 



2; f(x, y) = f(2 sin t, 2 cos t) 



= 4 sin 2 t - 2 cos t J c f ds = (4 sin 2 1 - 2 cos t ) (2) dt = [4t - 2 sin 2t - 4 sin t] 

= 7T-2(l + V^) 
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23. r(t) = (t 2 - 1) j + 2tk, < t < 1 | = 2tj + 2k => ||| = 2^/t 2 + 1; M= £ <5(x,y,z) ds = £ <5(t) (ly/¥+l 



dt 



£(§t) ( 2v ^TT 



dt : 



a 2 + ir 



2 3/2 _ j = _ i 



24. r(t) = (t 2 - 1) j + 2tk, -1 < t < 1 =$> | = 2tj + 2k 

HI =2V't 2 ~+T;M = / <5(x,y,z)ds 

c 

= /_'(l5V(t 2 -l)+2) (2 V / ?TT) dt 
= J'30(t 2 + l)dt= [3()(f+t) =60(| + 1) =80; 
M xz = / y6(x, y, z) ds = Jjt 2 - 1) [30 (t 2 + 1)] dt 



J I i 30(t 4 -l)dt= [30 (| -t) 

-48 



= 60(i-l) 




- ^ = — | ; M yz = J c x6(x, y, z) ds = J c 6 ds = =£■ x = 0; z = by symmetry (since 6 : 
independent of z) =>• (x, y. z) = (0, — | , 0) 



V= Ms 



25. r(t) = y/2ti+ V^tj + (4-t 2 )k,0 < t < 1 =4> £ = V^i + V^j - 2tk => If I = ^2 + 2 + 4t 2 = 2^1 + t 2 : 



(a) M= / c <5ds = J o '(3t) + t 2 ) dt = 2(1+ t 2 ) 3/2 * = 2 (2 3 / 2 - l) = 4^2 - 2 

(b) M = J c 6 ds = J o ' (1) (2^/1 +t 2 ) dt = [tvT+1 2 + In (t + +t 2 )] = [^2 + In (l + V^) 

= V^ + Infl- 



(0 + In 1) 



26. r(t) = ti + 2tj + \ t 3 / 2 k , < t < 2 



dt 



= i + 2j + t J / 2 k 



= v/l + 4 + 1 = V^~+~t; 



M = J c 8 ds = J o 2 (3 N /5 + t) (^5+1) dt = J o 2 3(5 + 1) dt = [| (5 + 1) 2 ] 2 = | (7 2 - 5 2 ) = | (24) = 36; 
M yz = J c x6 ds = £ t[3(5 + t)] dt = £(151 + 3t 2 ) dt = [f t 2 + t 3 ] \ = 30 + 8 = 38; 
M xz = J c y6 ds = £ 2t[3(5 + 1)] dt = 2 £(151 + 3t 2 ) dt = 76; M xy = £ z6 ds = £ \ t 3 / 2 [3(5 + t)] dt 
= J 2 (lOt 3 / 2 + 2t 5 / 2 ) dt = [4t 5 / 2 + f 1 7 / 2 ] I = 4(2) 5 / 2 + I (2) 7 / 2 = 16 ^2 + f ^2 = ^ ^2 => : 



38 _ 19 = _ M xz _ 76 _ 19 j = 
36-18'y-^-36-T' anC1Z 



M 



144+2 
7-36 



27. Let x = a cos t and y = a sin t, < t < 27r. Then 



dx 



-a sin t, f = a cos t, § = 



(^r) 2 + (*) + (I) 2 dt = a dt ; ^ = £ (* 2 + y 2 ) 6 ds = JT( a2 sin2 1 + a2 cos2 1 ) a<5 dt 

fg"a 3 5 dt = 27r<5a 3 ; M = J c <5(x, y, z) ds = f~* 6a dt = 27r<5a R z = 



2+a^ 



28. r(t) = tj + (2-2t)k,0<t< 1 => £ = j-2k => |f | = M = J c 6 ds = J <5\/5 dt = 6^; 

I x = J c ( y 2 + z 2 ) 6 ds = J o '[t 2 + (2-2t) 2 ]^v'5dt= J o '(5t 2 - 8t + 4) 6^/5 dt = 8^/5 [f t 3 - 4t 2 + 4t] J = f 6^5 ; 
I y = J c (x 2 + z 2 ) 6 ds = J o '[0 2 + (2 - 2t) 2 ] <5^/5 dt = J o '(4t 2 - 8t + 4) 8^5 dt = 6^5 [f t 3 - 4t 2 +4t] J = f 6^5; 



L = J c (* 2 + y 2 ) 5 ds = J o > + 1 2 ) ,5^/5 dt = 6^/5 [f]^ = HV5 Rx 



4 _ 2 

5 " 73 ' 



and R 7 = 



m \75 
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29. r(t) = (cos t)i + (sin t)j + tk , < t < 2tt 



£ = (- sin t)i + (cos t)j + k 



I dr I 



\J sin 2 1 + cos 2 1 + 1 = 



(a) M= J c <Sds = f" 6 y/l dt = 2ir6y/l\ I z = J c (x 2 + y 2 ) 8 ds = //(cos 2 1 + sin 2 1) S^fl dt = 2tt8^/i 



(b) M = f S(x, y, z) ds = / q <5 v / 2dt = 47r<5v / 2andl z = £ (x 2 + y 2 ) S ds = f 6\/2dt = 4n6\/2 



=* R * = V si = 1 



I dt I 



30. r(t) = (t cos t)i + (t sin t)j + t 3 / 2 k , < t < 1 * = (cos t - t sin t)i + (sin t + t cos t)j + y/lt k 

^(t+l)2 = t+lfor0<t< 1;M= f c 6 ds = £(t + 1) dt = [i (t + l) 2 ] J = 1 (2 2 - l 2 ) = | ; 
(t + 1) dt = ^ /' (t 5 / 2 + 1 3 / 2 ) dt = ^ [f t 7 / 2 + 1 1 5 / 2 ] J 

Iz = / c (x 2 +y 2 )«5ds 



J* z<5 ds 



_ 2\/2 /2 _,_ 2^ _ 2a/2 (24\ _ 16-^2 

35 



, (f + l) = T(l) 

J (t 2 cos 2 1 + t 2 sin 2 t) (t + 1) dt = J (t 3 + t 2 ) dt : 



r 16i 








32\/2 




(!) 




105 








i 






V 










4 










31. 6(x, y. z) = 2 — z and r(t) = (cos t)j + (sin t)k , < t < n =>• M = 2ir — 2 as found in Example 4 of the text; 



also 



I dr I 
I dt I 



1; I x = J c (y 2 + z 2 ) 6 ds = /"(cos 2 1 + sin 2 1) (2 - sin t) dt = f*(2 - sin t) dt = 2tt - 2 



R * - V M 



32. r(t) = ti + t 3 / 2 j + f k, < t < 2 =^ g = i + \/2t 1/2 j + tk 



I dr 



= y/l +2t + t 2 = V(l + 2 = 1 + 1 for 



0<t<2;M = / c( 5ds = / o 2 (^ T )(l+t)dt = X 2 dt = 2;M yz = / c x ( 5ds = / o 2 t(^ T )(l+t)dt: 



2; 



M x 



Xy^ds = X 22 #t 3 / 2 dt=[^ 



2 .5/2 



32 
15 



M xy = J>ds= dt = [£ 



n 2 




y _ Ms 

J M 



{f,andz=^ = f;I x = / c (y 2 + z 2 )5ds = X 2 (|t 3 + it^)dt=[?t^+| 
I y = / c (x 2 + z 2 )^ds = X 2 (t 2 + It^)dt=[f + | 
= J> + §t?)dt=[f + §* " 



— iviyz < 

=* * — M — i; 

32 , 32 _ 232 . 
9 ' 20 — 45 ' 



8 , 32 _ 64 
3 ' 20 ~~ 15 



I 2 = £(x 2 +y 2 )<5ds 



8 , 32 _ 56 
3 ' 9 — 9 



R z = = I 



Ix _ 2 2? n 

m 3 V 5 ' y 



f§ , and 



33-36. Example CAS commands: 
Maple : 

f := (x,y,z) -> sqrt(l+30*x A 2+10*y); 
g := t -> t; 
h := t -> t A 2; 
k := t -> 3*t A 2; 
a,b := 0,2; 

ds := ( D(g) A 2 + D(h) A 2 + D(k) A 2 ) A ( 1/2): # (a) 

'ds' = ds(t)*'dt'; 

F:=f(g,h,k): #(b) 
■F(t)'=F(t); 

Int( f, s=C..NULL ) = Int( simplify(F(t)*ds(t)), t=a..b ); # (c) 
" = value(rhs(%)); 
Mathematica : (functions and domains may vary) 
Clear[x, y, z, r, t, f] 
f[x_,y_,z_]:= Sqrt[l + 30x 2 + lOy] 
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{a,b}={0,2}; 
x[t_]:=t 

y[t_]:=t 2 

z[t_]:= 3t 2 

r[t_]:={x[t],y[t],z[t]} 
v[tJ:=D[r[t],t] 

mag[vector_]:=Sqrt[vector. vector] 
Integrate[f[x[t],y[t],z[t]] mag[v[t]], {t, a, b}] 
N[%] 

16.2 VECTOR FIELDS, WORK, CIRCULATION, AND FLUX 

1. f(x, y, z) = (x 2 + y 2 + z 2 ) - 1/2 § = - \ (x 2 + y 2 + z 2 ) - 3/2 (2x) = -x (x 2 + y 2 + z 2 ) _3/2 ; similarly, 
§ = -y (x 2 + y 2 + z 2 )~ 3/2 and § = -z (x 2 + y 2 + z 2 )~ 3/2 V f = ~ xi ' yJ ' zk 



u2 j_ 7 2 



2. f(x,y,z) = In ^x 2 + y 2 + z 2 = 1 ln(x 2 + y 2 + z 2 ) => g = I (2x) 
similarly, | = and | = => V f = *±f±§ 

3. g(x,y,z) = e z -ln(x 2 +y 2 ) => | = - ^ , | = - ^ and | = 

=► Vg=(^)i-(^)j + e 2 k 

4- g(x, y, z) = xy + yz + xz => jjjf = y + z, = x + z, and |f = y + x =>• v g = (y + z)i + (a; + z)j + (x + y)k 

5. |F| inversely proportional to the square of the distance from (x, y) to the origin =>• \J (M(x, y)) 2 + (N(x. y)) 2 
= x2 k y2 , k > 0; F points toward the origin =J> F is in the direction of n = ^/ x 7* y2 i — y 2 J 



-ay 



=> F = an , for some constant a > 0. Then M(x, y) = y x2 a * y2 and N(x, y) — ^ 2 + y2 

V( M ( X > y» 2 + (N( x , y» 2 = a a = jr^r =► F = (x2 ~ k ^ )3/2 i - (x2+ k y2)3/2 j, for any constant k > 

6. Given x 2 + y 2 = a 2 + b 2 , let x = \J a 2 + b 2 cos t and y = — \/ a 2 + b 2 sin t. Then 

r = (\/ a 2 + b 2 cos i — ^\/a 2 + b 2 sin t^j j traces the circle in a clockwise direction as t goes from to 2ir 

=> v = (^—\/a 2 + b 2 sin i — ( \J a 2 + b 2 cos tj j is tangent to the circle in a clockwise direction. Thus, let 
F = v => F = yi - xj and F(0, 0) = . 

7. Substitute the parametric representations for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
field F , and calculate the work W = J F • ^ . 

(a) F = 3ti + 2tj + 4tk and f = i + j + k F • f = 9t W = J^t dt = | 

(b) F = 3t 2 i + 2tj + 4t 4 k and g = i + 2tj + 4t 3 k => F • g = 7t 2 + 16t 7 W = J o '(7t 2 + 16t 7 ) dt = [| t 3 + 2t 8 ] J 



I +2 = 1? 

3 ~ 3 



(c) rj = ti + tj and r 2 = i + j + tk ; Fi = 3ti + 2tj and ^ = j + j ^ Fi - ^ = 5t Wi = f Q 5t dt 
F 2 = 3i + 2j + 4tk and ^ = k => F 2 • ^ = 4t => W 2 = J^t dt = 2 => W = Wi + W 



= 5. 

2 ' 



- - I 
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8. Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
field F, and calculate the work W = J c F • £ . 

(a) F^^jand^i+j + k ^ F - f = ^ W = £ ^ dt = [tan" 1 1] J = f 

(b) F = ( F i- T )jandg=i + 2tj+4t 3 k F ■ f = ^ ^ W = / o ' ^ dt = [In (t 2 + 1)] J = In 2 

(c) r : =ti + tjandr 2 =i+j + tk;Fi = ( p i T )jand^ => F a • $ = ^ ; F 2 = \ j and = k 

=* F 2 -^=0 W=/ o I p i T dt=5 

9. Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
field F, and calculate the work W = J F • f . 

(a) F= 0i - 2tj + 0k and | =i+j+k => F-£ = 20-2t =» W = £ (20 - 2t) dt = [ 4 t 3 / 2 -t 2 ] 

(b) F = t 2 i - 2tj + tk and £ = i + 2tj + 4t 3 k =*> F • f t = 4t 4 - 3t 2 =>• W = J '(4t 4 - 3t 2 ) dt = [f t 5 - t 3 ] J 

(c) r 1 =ti + tjandr 2 = i + j + tk;F 1 = -2tj + 0k and % = i + j F x - ^ = -2t =► Wj = / '-2tdt 
= -1; F 2 = 0i - 2j + k and ^ = k =4> F 2 • ^ = 1 => W 2 = J o dt =1 W = Wi + W 2 = 

10. Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
field F, and calculate the work W = / F • § . 

(a) F = t 2 i + t 2 j + t 2 k and f = i + j + k => F • f = 3t 2 W = J^t 2 dt = 1 

(b) F = t 3 i - t°j + t 5 k and f t = i + 2tj + 4t 3 k ^> F • £ = t 3 + 2t 7 + 4t 8 W = J o '(t 3 + 2t 7 + 4t 8 ) dt 



E + E + 4 t 9 

4 ^ 4 T 9 i 



! 1 

_ 17 
~ 18 



(c) r 1 =ti + tjandr 2 =i + j + tk;F 1 =t 2 iand^=i+j => F x • = t 2 => Wj = J o 't 2 dt = i ; 
F 2 = i + tj + tkand^=k => F 2 • ^ = t W 2 = / 'tdt=± =► W = Wi+W 2 = § 



11. Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
field F, and calculate the work W = J F • £ . 

(a) F = (3t 2 - 3t) i + 3tj + k and | = i+j + k F • | = 3t 2 + 1 W= J o '(3t 2 + 1) dt = [t 3 + t] J = 2 

(b) F = (3t 2 - 3t) i + 3t 4 j + k and £ = i + 2tj + 4t 3 k F • £ = 6t 5 + 4t 3 + 3t 2 - 3t 

W = J o '(6t 5 + 4t 3 + 3t 2 - 3t) dt = [t 6 + t 4 + t 3 - 1 1 2 ] I = § 



(c) ri = ti + tj andr 2 = i+j + tk;Fi = (3t 2 - 3t) i + k and ^ = i + j => Fi • ^ = 3t 2 - 3t 



dt 

1 



=> Wl = / o (3t 2 -3t)dt= [t 3 -|t 2 ]; = -I;F 2 = 3tj + kand^=k => F 2 • f = 1 W 2 = / 



W = Wi + w- - 1 





2 ' 



12. Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
field F, and calculate the work W = J c F • £ . 

(a) F = 2ti + 2tj + 2tk and £ = i + j + k => F - £ = 6t =► W = J^6t dt = [3t 2 ] J = 3 

(b) F = (t 2 + t 4 ) i + (t 4 + t) j + (t + t 2 ) k and £ = i + 2tj + 4t 3 k F • £ = 6t 5 + 5t 4 + 3t 2 

=> W = J o '(6t 5 + 5t 4 + 3t 2 ) dt = [t 6 + t 5 + t 3 ], 1 , = 3 
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(c) r x = ti + tjandr 2 = i+j + tk;Fi = ti + tj + 2tk and ^ =i+j => F 1 • ^ = 2t =4> Wi = J* 2tdt= 1; 
F 2 = (1 + t)i + (t + l)j + 2k and ^ = k =!> F 2 • ^ = 2 =>> W 2 = / 2 dt = 2 =4- W = Wi + W 2 = 3 

13. r = ti + t 2 j + tk , < t < 1, and F = xyi + yj - yzk => F = t 3 i + t 2 j - t 3 k and ^ = i + 2tj + k 

=> F • f t = 2t 3 => work = £ 2t 3 dt = \ 

14. r = (cos t)i + (sin t)j + | k , < t < 2n, and F = 2yi + 3xj + (x + y)k 

F = (2 sin t)i + (3 cos t)j + (cos t + sin t)k and % = {- sin t)i + (cos t)j + \ k =3- F • ^ 

— 3 cos 2 1 — 2sin 2 t + g cos t + g sin t =4> work = J q (3 cos 2 1 — 2 sin 2 t + g cos t + g sin t) dt 
= [§ t + | sin 2t - t + S|2t + i sin t — g cos t] * = 7r 

15. r = (sin t)i + (cos t)j + tk , < t < 2ir, and F = zi + xj + yk F = ti + (sin t)j + (cos t)k and 

^ = (cos t)i - (sin t)j + k =>- F • ~ — t cos t - sin 2 1 + cos t => work = J g (t cos t - sin 2 1 + cos t) dt 
= [cos t + t sin t - \ + ^ + sin t] * = -7r 

16. r = (sin t)i + (cos t)j + g k , < t < 2tt, and F = 6zi + y 2 j + 12xk =>■ F = ti + (cos 2 t)j + (12 sin t)k and 
^ = (cos t)i - (sin t)j + | k => F • ^ = t cos t - sin t cos 2 1 + 2 sin t 

=> work = J (t cos t — sin t cos 2 1 + 2 sin t) dt = [cos t + t sin t + | cos 3 1 — 2 cos t] ^ = 

17. x = t and y = x 2 = t 2 => r = ti + t 2 j , - 1 < t < 2, and F = xyi + (x + y)j => F = t 3 i + (t + t 2 ) j and 

£ = i + 2tj F • | = t 3 + (2t 2 + 2t 3 ) = 3t 3 + 2t 2 => £ xy dx + (x + y) dy = £ F - % dt = (3t 3 + 2t 2 ) dt 

= [| t 4 + | t 3 ] ^ = (l2+¥) _ ( 3_| ) = f + ¥ = f C 

18. Along (0, 0) to (1, 0): r = ti , < t < 1, and F = (x - y)i + (x + y)j F = ti + tj and f = i F • § = t; 
Along (1,0) to (0, 1): r = (1 - t)i + tj , < t < 1, and F = (x - y)i + (x + y)j ^> F = (1 - 2t)i + j and 

| = -i+j F-|=2t; 

Along (0, 1) to (0, 0): r = (1 - t)j , < t < 1, and F = (x - y)i + (x + y)j =!> F = (t - l)i + (1 - t)j and 
S = -J ^ ¥ -ft= t ~ 1 => J c (x-y)dx + (x + y)dy= J 'tdt+ J^t dt + / Q '(t 1) dt = J o '(4t-l)dt 
= [2t 2 -t]J = 2-l = l 

19. r = xi + yj = y 2 i + yj , 2 > y > -1, and F = x 2 i - yj = y 4 i - yj ^ f- = 2yi + j and F • ^ = 2y 5 - y 

=> Jc F - Tds = X" F -| d y = r 1 ( 2 y 5 -y) d y=[b 6 -|y 2 ]^ 1 = (l-l)-(f-l) = l-f = -f 

20. r = (cos t)i + (sin t)j , < t < f , and F = yi - xj => F = (sin t)i - (cos t)j and f = (- sin t)i + (cos t)j 

=> F - f t = - sin 2 1 - cos 2 1 = -1 / F • dr = £ (-1) dt = - § 

21. r = (i+ j) +t(i + 2j) = (1 + t)i + (1 + 2t)j , < t < 1, and F = xyi + (y - x)j => F = (1 +3t+ 2t 2 ) i + tj and 
£=i + 2j F-£ = l+5t + 2t 2 => work = £ F • £ dt = £ (1 + 5t + 2t 2 ) dt = [t + f t 2 + § 1 3 ] J = f 

22. r = (2 cos t)i + (2 sin t)j , < t < 2tt, and F = V f = 2 ( x + y)i + 2 ( x + y)j 

F = 4(cos t + sin t)i + 4(cos t + sin t)j and f t = (-2 sin t)i + (2 cos t)j F - f 
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= —8 (sin t cos t + sin 2 1) + 8 (cos 2 1 + cos t sin t) = 8 (cos 2 1 — sin 2 t) = 8 cos 2t =>- work = J ^ f ■ dr 
= J c F - £ dt = f*" 8 cos 2t dt = [4 sin 2t] f = 

23. (a) r = (cos t)i + (sin t)j , < t < 2-k, F x = xi + yj , and F 2 = -yi + xj => £ = (- sin t)i + (cos t)j , 

Fi = (cos t)i + (sin t)j , and F 2 = (- sin t)i + (cos t)j =!> F 1 ■ £ = and F 2 • f t = sin 2 1 + cos 2 1 = 1 

=>• Circ! = J o dt = and Circ 2 = J Q dt = 2n; n = (cos t)i + (sin t)j =>■ Fi • n = cos 2 1 + sin 2 1 = 1 and 

F 2 • n = Fluxi = £" dt = 2tt and Flux 2 = dt = 
(b) r = (cos t)i + (4 sin t)j , < t < 2-k =>• % = {.- sin t)i + (4 cos t)j , Fi = (cos t)i + (4 sin t)j , and 

F 2 = (-4 sin t)i + (cos t)j =>• Fi - £ = 15 sin t cos t and F 2 • f t = 4 =!> Circi = f g 15 sin t cos t dt 

= [f sin 2 1] 2 * = and Circ 2 = £" 4 dt = 8tt; n = (-4^ cos t) i + f-^= sin t) j => F x n 

= cos 2 t + sin 2 1 and F 2 • n = - AL sin t cos t Fluxi = (Fi • n) |v| dt = \[^ dt 

= 8tt and Flux 2 = J* (F 2 • n) |v| dt = f~" (- AL sin t cos t) ^/Vl dt = [- f sin 2 1] ^ = 

24. r = (a cos t)i + (a sin t)j , < t < 2ir, Fi = 2xi - 3yj , and F 2 = 2xi + (x - y)j f t = (-a sin t)i + (a cos t)j , 
Fi = (2a cos t)i — (3a sin t)j , and F 2 = (2a cos t)i + (a cos t — a sin t)j n |v| = (a cos t)i + (a sin t)j , 

Fi • n |v| = 2a 2 cos 2 1 — 3a 2 sin 2 1, and F 2 • n |v| = 2a 2 cos 2 1 + a 2 sin t cos t — a 2 sin 2 1 

=> Flu Xl = J o 2 '(2a 2 cos 2 1 - 3a 2 sin 2 t) dt = 2a 2 [| + ^] J* - 3a 2 [§ - ^] J" = -its 2 , and 
Flux 2 = J 2lF (2a 2 cos 2 1 - a 2 sin t cos t - a 2 sin 2 1) dt = 2a 2 [§ + ^] J* + f [sin 2 1] f - a 2 [| - ^] J" = Tra 2 

25. Fi = (a cos t)i + (a sin t)j , ^ = (-a sin t)i + (a cos t)j =>• Ft • ^ = =S> Circi = 0; Mi = a cos t, 

Ni = a sin t, dx = —a sin t dt, dy = a cos t dt =>■ Fluxi = J Mi dy — Nj dx = J g (a 2 cos 2 1 + a 2 sin 2 1) dt 

= f a 2 dt = a 2 7r; 
Jo 

F 2 = ti , ^ = i ^ F 2 • ^ = t =^ Circ 2 = f t dt = 0; M 2 = t, N 2 = 0, dx = dt, dy = Flux 2 
= J c M 2 dy - N 2 dx = J dt = 0; therefore, Circ = Circi + Circ 2 = and Flux = Fluxi + Flux 2 = a 2 7r 

26. Fi = (a 2 cos 2 1) i + (a 2 sin 2 t) j , ^ = (-a sin t)i + (a cos t)j =>■ F 1 • ^ = -a 3 sin t cos 2 1 + a 3 cos t sin 2 1 

=> Circi = J g (—a 3 sin t cos 2 t + a 3 cos t sin 2 1) dt = — ^ ; Mj = a 2 cos 2 1, Ni = a 2 sin 2 t, dy = a cos t dt, 
dx = —a sin t dt =>• Fluxi = J Mi dy — Ni dx = J (a 3 cos 3 1 + a 3 sin 3 1) dt = | a 3 



F 2 = t 2 i , ^ = i F 2 • ^ = t 2 Circ 2 = f\ 2 dt = ^ ; M 2 = t 2 , N 2 = 0, dy = 0, dx = dt 



=> Flux 2 = J c M 2 dy - N 2 dx = 0; therefore, Circ = Circi + Circ 2 = and Flux = Fluxi + Flux 2 = \ a 3 

27. F 1 = (-a sin t)i + (a cos t)j , ^ = (-a sin t)i + (a cos t)j =>• Fi - ^ = a 2 sin 2 1 + a 2 cos 2 1 = a 2 
=>• Circi = J a a 2 dt = a 2 7r ; Mi = —a sin t, Ni = a cos t, dx = —a sin t dt, dy = a cos t dt 
=> Fluxi = f Mi dy - Ni dx = /"(-a 2 sin t cos t + a 2 sin t cos t) dt = 0; F 2 = tj , ^ = i F 2 • ^ = 
Circ 2 = 0; M 2 = 0, N 2 = t, dx = dt, dy = Flux 2 = f M 2 dy - N 2 dx = f * -t dt = 0; therefore, 

J C J —a 

Circ = Circi + Circ 2 = a 2 7r and Flux = Fluxi + Flux 2 = 
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28. Fi = (-a 2 sin 2 t) i + (a 2 cos 2 1) j , ^ = (-a sin t)i + (a cos t)j F x - ^ = a 3 sin 3 t + a 3 cos 3 t 

=> Circ! = J (a 3 sin 3 t + a 3 cos 3 1) dt = | a 3 ; Mi — —a 2 sin 2 1, Nj = a 2 cos 2 1, dy = a cos t dt, dx = -a sin t dt 

=> Flux! = J c Mi dy - Ni dx = J q (-a 3 cos t sin 2 t + a 3 sin t cos 2 1) dt = § a 3 ; F 2 = t 2 j , ^ = i F 2 • ^ = 

=> Circ 2 = 0; M 2 = 0, N 2 = t 2 , dy = 0, dx = dt Flux 2 = f M 2 dy - N 2 dx = J' -t 2 dt = — | a 3 ; therefore, 
Circ = Circi + Circ 2 = | a 3 and Flux = Fluxi + Flux 2 = 

29. (a) r = (cos t)i + (sin t)j , < t < tt, and F = (x + y)i - (x 2 + y 2 ) j =$> f t = (-sin t)i + (cos t)j and 

F = (cos t + sin t)i — (cos 2 1 + sin 2 1) j => F • ^ = — sin t cos t — sin 2 1 — cos t J c F • T ds 

= f Q (- sin t cos t - sin 2 t - cos t) dt = [- \ sin 2 1 - | + ^ - sin t] * = — § 

(b) r = (l -2t)i,0 < t< l,andF= (x + y)i - (x 2 + y 2 ) j | = -2iandF = (1 - 2t)i — (1 -2t) 2 j 

F-f =4t-2 | c F-Tds = J o 1 (4t-2)dt= [2t 2 -2t]J = 

(c) n = (1 - t)i - tj , < t < 1, andF = (x + y)i - (x 2 + y 2 ) j ^ = -i - j and F = (1 - 2t)i - (1 - 2t + 2t 2 ) j 

=>F-J£ = (2t-l) + (l-2t + 2t 2 ) = 2t 2 Flowj = J c F • £ = J^2t 2 dt = § ; r 2 = -ti + (t - l)j , 
< t < 1, andF = (x + y)i - (x 2 + y 2 )j =>• ^ = -i + j and F = -i - (t 2 + t 2 -2t+ l)j 
= -i - (2t 2 - 2t + 1) j ^ F • ^ = 1 - (2t 2 - 2t+ 1) = 2t- 2t 2 Flow 2 = J" F - ^ = J* (2t - 2t 2 ) dt 

= t t2 ~ 1 t3 ] o = 3 Flow = Flow i + Flow 2 = f + 5 = 1 

30. From (1,0) to (0, 1): r x = (1 - t)i + tj , < t < 1, and F = (x + y)i - (x 2 + y 2 ) j ^ = -i + j, 
F = i- (1 - 2t + 2t 2 )j, andnj |vi| = i+ j F • ni |v x | = 2t - 2t 2 => Fluxj = / (2t- 2t 2 ) dt 

= [t 2 - 1 1 3 ] J = | ; 

From (0, 1) to (-1,0): r 2 = -ti + (1 - t)j , < t < 1, and F = (x + y)i - (x 2 + y 2 ) j =>• ^ = -i - j , 

F = (1 — 2t)i — (1 -2t + 2t 2 )j,andn 2 |v 2 | = -i+j =>• F • n 2 |v 2 | = (2t - 1) + (-1 + 2t - 2t 2 ) = -2 + 4t-2t 2 

Flux 2 = / (-2 + 4t- 2t 2 ) dt = [-2t + 2t 2 - § 1 3 ] J = - § ; 
From (-1,0)10(1,0): r 3 = (-1 +2t)i,0 < t < l,andF = (x + y)i - (x 2 + y 2 ) j => ^ = 2i, 
F = (-1 + 2t)i - (1 - 4t + 4t 2 ) j , and n 3 |v 3 | = 2j =► F • n 3 |v 3 | = 2(1 - 4t+ 4t 2 ) 

Flux 3 = 2 J (1 - 4t + 4t 2 ) dt = 2 [t - 2t 2 + \ t 3 ] \ = § => Flux = Fluxi + Flux 2 + Flux 3 = § - § + § = 1 

31. F = -^^i+ ^^jonx 2 + y 2 =4; 
at (2, 0), F = j ; at (0, 2), F = -i ; at (-2, 0), 
F = -j ; at (0, -2), F = i ; at (^2, v^) , F = - ^ i + i j ; 

at (y/2, -y/2\ , F = ^i+ ij;at (-V^V^) , 
F = -f i-ij;at(- v / 2,-v / 2),F=f i-ij 
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32. F = xi + yj on x 2 + y 2 = 1; at (1, 0), F = i ; 
at (-1, 0), F = -i ; at (0, 1), F = j ; at (0, - 1), 




33. (a) G = P(x, y)i + Q(x, y)j is to have a magnitude a/ a 2 + b 2 and to be tangent to x 2 + y 2 = a 2 + b 2 in a 

counterclockwise direction. Thus x 2 + y 2 = a 2 + b 2 =>■ 2x + 2yy' = => y' = — p is the slope of the tangent 

line at any point on the circle =>• •/ = — # at (a, b). Let v = — bi + aj =>• |v| = \/a 2 + b 2 , with v in a 
counterclockwise direction and tangent to the circle. Then let P(x, y) = — y and Q(x, y) = x 
=>• G — -yi + xj =>• for (a, b) on x 2 + y 2 = a 2 + b 2 we have G = -bi + aj and |G| = \/a 2 + b 2 . 
(b) G = ( v /x 2 +y 2 )F= (Va 2 +b 2 )F. 

34. (a) From Exercise 33, part a, — yi + xj is a vector tangent to the circle and pointing in a counterclockwise 

direction =4> yi — xj is a vector tangent to the circle pointing in a clockwise direction =4> G = Jl^*^ 

is a unit vector tangent to the circle and pointing in a clockwise direction, 
(b) G = -F 

35. The slope of the line through (x, y) and the origin is | => v = xi + yj is a vector parallel to that line and 
pointing away from the origin =>• F = — J^ 2 + + yj y2 is the unit vector pointing toward the origin. 

36. (a) From Exercise 35, — y' 2 + + yJ y2 is a unit vector through (x. y) pointing toward the origin and we want 

|F| to have magnitude \/x 2 +y 2 => F = ^/x 2 + y 2 ^— J^Vy" ) = -xi - yj . 
(b) We want |F| = . 2 C , where C ^ is a constant F = . 2 C , f- f, + y O = -C ■ 

37. F = -4t 3 i + 8t 2 j + 2k and f = i + 2tj F - f = 12t 3 =^ Flow = £ 12t 3 dt = [3t 4 ] jj = 48 

38. F = 12t 2 j + 9t 2 k and | = 3j + 4k F - f = 72t 2 ^ Flow = J '72t 2 dt = [24t 3 ] J = 24 

39. F = (cos t - sin t)i + (cos t)k and f t = (- sin t)i + (cos t)k => F • * = - sin t cos t + 1 

Flow = J o (- sin t cos t + 1) dt = [\ cos 2 1 + 1] £ = (| + 7r) - (| + 0) = 7r 

40. F = (-2 sin t)i - (2 cos t)j + 2k and % = {2 sin t)i + (2 cos t)j + 2k F • f = -4 sin 2 1 - 4 cos 2 1 + 4 = 

Flow = 

41. Ci : r = (cos t)i + (sin t)j + tk, < t < | =>■ F = (2 cos t)i + 2tj + (2 sin t)k and % = (- sin t)i + (cos t)j + k 

=> F • ^7 = —2 cos t sin t + 2t cos t + 2 sin t = — sin 2t + 2t cos t + 2 sin t 
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=> Flow! = J q (- sin 2t + 2t cos t + 2 sin t) dt = [\ cos 2t + 2t sin t + 2 cos t - 2 cos t] ^ 2 = - 1 + 7r; 

C 2 : r = j + § (1 - t)k, < t < 1 =!> F = tt(1 - t)j + 2k and £ = - § k F • £ = -tt 

=>■ FI0W2 = f Q —tt dt = [— 7rt] I = — 7r; 

C 3 : r = ti + (1 - t)j , < t < 1 => F = 2ti + 2(1 - t)k and f t = i - j F - f = 2t 

=> FI0W3 = J 2t dt = [t 2 ] J = 1 => Circulation = (-l+7r)-7r+l=0 

42. F-|=xf +y^ +z | = f I + || + |! I wheref(x J y I z)^(x 2 +y 2 +x 2 ) F - f = |(f(r(t))) 

by the chain rule Circulation = f c F • £ dt = _£ |(f(r(t))) dt = f(r(b)) - f(r(a)). Since C is an entire ellipse, 
r(b) = r(a), thus the Circulation = 0. 

43. Let x = t be the parameter =>- y = x 2 = t 2 and z = x = t => r = ti + t 2 j + tk , < t < 1 from (0, 0, 0) to (1, 1, 1) 

f t = i + 2tj + k and F = xyi + yj - yzk = t 3 i + t 2 j - t 3 k F • £ = t 3 + 2t 3 - t 3 = 2t 3 =^ Flow = J 2t 3 dt 

_ 1 
2 

44. (a) F= V (xy 2 z 3 ) F • £ = § £ + || + §§£ = f , where f(x, y, z) = xy 2 z 3 => £ F - £ dt 

= J" |(f(r(t))) dt = f(r(b)) - f(r(a)) = since C is an entire ellipse, 
(b) / c F - f = Jj^ 1 ' I (xy 2 z 3 ) dt = [xy 2 z 3 ] gj^ = (2)(1) 2 (-1) 3 - (1)(1) 2 (1) 3 = -2 - 1 = -3 

45. Yes. The work and area have the same numerical value because work = J c F • dr = J c yi • dr 
= £ [f(t)i] • [i+f j] dt [On the path, y equals f(t)] 

= J f(t) dt = Area under the curve [because f(t) > 0] 

46. r = xi + yj = xi + f(x)j =>■ ~ = i + f'(x)j ; F = y2 (xi + yj) has constant magnitude k and points away 

from the origin =* F - * = + = ^TW^ = k S V* 2 + [f«] 2 , by the chain rule 

=*■ J c F • T ds = J c F • I dx = J\ ^ ^/x 2 + [f(x)] 2 dx = k [Vx 2 + [f(x)] 2 ] ' 
= k (^/b 2 + [f(b)] 2 - ^/a 2 + [f(a)] 2 ) , as claimed. 

47-52. Example CAS commands: 
Maple : 

with( LinearAlgebra );#47 

F := r -> < r[l]*r[2] A 6 | 3*r[l]*(r[l]*r[2] A 5+2) >; 
r := t ->< 2*cos(t) | sin(t) >; 
a,b := 0,2*Pi; 

dr := map(diff,r(t),t); # (a) 

F(r(t)); # (b) 

ql := simplify( F(r(t)) . dr ) assuming t::real; # (c) 

q2 := Int( ql, t=a..b ); 
value( q2 ); 

Mathematica : (functions and bounds will vary): 
Exercises 47 and 48 use vectors in 2 dimensions 

Clear[x, y, t, f, r, v] 

f[x_,y_]:= {xy 6 ,3x (x y 5 +2)} 
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{a,b}={0, 2tt}; 
x[t_]:= 2 Cos[t] 
y[t_]:=Sin[t] 
r[tj:={x[t],y[t]} 
v[t_]:=r'[t] 

integrand= f[x[t], y[t]] . v[t] //Simplify 

Integrate[integrand,{t, a, b}] 

N[%] 

If the integration takes too long or cannot be done, use NIntegrate to integrate numerically. This is suggested for exercises 
49 - 52 that use vectors in 3 dimensions. Be certain to leave spaces between variables to be multiplied. 
Clear[x, y, z, t, f, r, v] 

f[x_, y_, z_]:= (y + yz Cos[x y z], x 2 + x z Cos[x y z], z + x y Cos[x y z]} 

{a,b}={0, 2tt}; 

x[t_]:=2Cos[t] 

y[t_]:=3Sin[t] 

z[t_]:= 1 

r[tJ:=Mt],y[t],z[t]} 
v[tj:=r'[t] 

integrand= f[x[t], y[t],z[t]] . v[t] //Simplify 
NIntegrate[integrand,{t, a, b}] 



16.3 PATH INDEPENDENCE, POTENTIAL FUNCTIONS, AND CONSERVATIVE FIELDS 



dy dz ' dz " dx ' dx dy 



Conservative 



3P 

dy 



xcosz = f , m = y cosz = f , f = sin z = f 1 

o% oz J ox ox dy 



Conservative 



ap 

dy 



= -1 ^ 1 = §^ Not Conservative 

' oz 



9N 
f)x 



= 1^-1 = ^ => Not Conservative 



0^1 = ^ => Not Conservative 



6- f =0=f ,f =0=1 ,f = -e*siny 



.'M 

9y 



Conservative 



7. | = 2x f(x,y,z) = x^+g(y,z) => g = f y = 3y => g(y, z) = + h(z) =» f(x, y, z) = x^ + ^ + h(z) 



at' _ dg 



_ V 



=> % = h'(z) = 4z h(z) = 2z 2 + C =^ f(x, y, z) = x 2 + ^ + 2z 2 + C 



|i = y + Z =>■ f(x, y, z) = (y + z)x + g(y, z) 



|=x+|=x + z =► I 



z =^ g(y, z) = zy + h(z) 



f(x, y, z) = (y + z)x + zy + h(z) =» f = x + y + h'(z) = x + y h'(z) = =!> h(z) = C =>• f(x, y, z) 
= (y + z)x + zy + C 

9. |= f(x, y, z) = xe^ + g(y, z) | = xe^ 2 * + g = xe^ 2z g = f(x, y, z) 

= xe>"+ 2z + h(z) =^ § = 2xey+ 2z + h'(z) = 2xey+ 2z =>• h'(z) = h(z) = C f(x, y, z) = xey+ 2z + C 



10. I|=ysinz f(x, y, z) = xy sin z + g(y, z) 

3f 



|^ = x sin z + g = x sin z 



=> g(y, z) = h(z) 

f(x, y, z) = xy sin z + h(z) =4> |i = xy cos z + h'(z) = xy cos z => h'(z) = => h(z) = C =4> f(x, y, z) 



xy sin z + C 
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U - I = f(x,y,z)= iln(y 2 +z 2 )+g(x,y) => g = | = In x + sec 2 (x + y) => g(x,y) 

= (x In x - x) + tan (x + y) + h(y) => f(x, y, z) = \ In (y 2 + z 2 ) + (x In x - x) + tan (x + y) + h(y) 

I = y^ + sec2 ( x + y) + h '(y) = sec2 ( x + y) + ^ h '(y) = ° h (y) = c => f ( x *y> z ) 

= 5 In (y 2 + z 2 ) + (x In x - x) + tan (x + y) + C 

12- I = T+^ => f(x ! y ) z) = tan-i(xy) + g(y,z) § = ^ + | = ^ + 

If = tt^?? ^ g(y ' z) = sin_1 (yz) + h(z) ^ f(x ' y ' z) = tan_1 (xy) + sin_1 (yz) + h(z) 
=* I = 7T^?+ h '( z ) = 7T^7? + 5 h '^=; => h(z) = ln|z|+C 
=> f(x, y, z) = tan -1 (xy) + sin -1 (yz) + In |z| + C 

13. Let F(x, y, z) = 2xi + 2yj + 2zk §?=0=f£,f^ = 0= §,§£ = 0= ^ ^ M dx + N dy + P dz is 
exact; § = 2x f(x, y, z) = x 2 + g(y, z) =► | = g = 2y g(y, z) = y 2 + h(z) => f(x, y, z) = x 2 + y 2 = h(z) 

z4> || = h'(z) = 2z h(z) = z 2 + C =^ f(x, y, z) = x 2 + y 2 + z 2 + C 6> 2x dx + 2y dy + 2z dz 

= f(2, 3, -6) - f(0, 0, 0) = 2 2 + 3 2 + (-6) 2 = 49 

14. Let F(x, y, z) = yzi + xzj + xyk =>- g = x = , §^ = y = § , §K = z = =>• M dx + N dy + P dz is 
exact; § = yz => f(x, y, z) = xyz + g(y, z)^> fi = xz + §J = xz ^ g = ^ g(y, z) = h(z) f(x, y, z) 
= xyz + h(z) =>■ § = xy + h'(z) = xy ^> h'(z) = =!> h(z) = C =>■ f(x, y, z) = xyz + C 

=> r (3 ' 5 ' 0) yz dx + xz dy + xy dz = f(3, 5, 0) - f(l, 1, 2) = - 2 = -2 

J (1,1,2) 

15. LetF(x !y ,z) = 2xyi+(x 2 -z 2 )j-2yzk | = -2z=f,f^=0=f,f=2x=f 

=> M dx + N dy + P dz is exact; g = 2xy =!> f(x. y, z) = x 2 y + g(y. z) |^ = x 2 + |f = x 2 - z 2 =4> & = -z 2 
g(y, Z ) = -yz 2 + h(z) f(x, y, z) = x 2 y - yz 2 + h(z) f z = -2yz + h'(z) = -2yz h'(z) = h(z) = C 

=> f(x, y, z) = x 2 y - yz 2 + C => 2xy dx + (x 2 - z 2 ) dy - 2yz dz = f(l, 2, 3) - f(0, 0, 0) = 2 - 2(3) 2 = -16 

16. LetF(x J y,z) = 2xi-y 2 j-( T ^ I )k^ f =0=f ,f =0=f ,§ =0=f 

=> M dx + N dy + P dz is exact; § = 2x =» f(x, y, z) = x 2 + g(y, z) g = ^ = -f g(y, z) = - £ + h(z) 
=> f(x,y,z) = x 2 - ^+h(z) ^=^(2) = -^, h(z) = -4 tan" 1 z + C => f(x,y,z) 
= x 2 - £ - 4 tan" 1 z + C => 2x dx - y 2 dy - ^ dz = f(3, 3, 1) - f(0, 0, 0) 

= (9 - f - 4 • |) - (0 - - 0) = -7T 

17. Let F(x, y, z) = (sin y cos x)i + (cos y sin x)j + k =S> f - = = , = = § , = cos y cos x = 

=> M dx + N dy + P dz is exact; || = sin y cos x =>• f(x, y, z) = sin y sin x + g(y, z) =>• |y = cos y sin x + 

= cos y sin x =4> gf = g(Y; z ) = h( z ) f ( x i y> z ) = sin y sin x + h(z) =!> g = h'(z) = 1 => h(z) = z + C 

(■(0,1,1) 

=> f(x, y, z) = sin y sin x + z + C => Jr i00 snl y cos x dx + cos y sin x dy + dz = f(0, 1, 1) — f(l, 0, 0) 
= (0 + 1) - (0 + 0) = 1 

18. LetF(x !y ,z) = (2cosy)i+(j-2xsiny)j+(i)k § = = f , §f = = § , § = -2 sin y = f 

=> M dx + N dy + P dz is exact; g = 2 cos y => f(x, y, z) = 2x cos y + g(y, z) =>• |^ = — 2x sin y + |f 

= 1 -2xsiny => g = 1 ^> g(y, z) = In |y| + h(z) =► f(x, y, z) = 2x cos y + In |y| + h(z) => | = h'(z) = i 
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=^ h(z) = In |z| + C f(x, y, z) = 2x cos y + In |y| + In |z| + C 

jj^ 2 ' 2 ' 2 cos y dx + (j - 2x sin y) dy + I dz = f (l, |, 2) - f(0, 2, 1) 
= (2 • + In § + In 2) - (0 • cos 2 + In 2 + In 1) = In § 

19. LetF(x !y ,z) = 3x 2 i+ (f ) j + (2z In y)k =>f = f = f,^=0=f,f=0=f 

M dx + N dy + P dz is exact; § = 3x 2 =!> f(x, y, z) = x 3 + g(y, z)^> |£ = & = | =>■ g(y, z) = z 2 In y + h(z) 
=» f(x, y, z) = x 3 + z 2 In y + h(z) => f z = 2z In y + h'(z) = 2z In y =>- h'(z) = =>• h(z) = C => f(x, y, z) 



z 2 In y + C ^> J"^ 3 3x 2 dx + f dy + 2z In y dz = f(l, 2, 3) - f(l, 1, 1) 



(1 + 9 In 2 + C) - (1 + + C) = 9 In 2 



dP _ x _ dN 9M _ _ dP dN _ 2x _ gM 

<9y dz ' dz J dx ' dx y c?y 



dP 9N 1 _ 9M 

<9x ' dx y 2 dy 



20. Let F(x, y, z) = (2x In y - yz)i + - xz) j - (xy)k 

=> M dx + N dy + P dz is exact; |£ = 2x In y - yz => f(x. y, z) = x 2 In y - xyz + g(y, z) =!> |^ = ~ — xz + || 
= f -xz^ | =0^g(y,z) = h(z) => f(x,y,z) = x 2 lny-xyz + h(z) § = -xy + h'(z) = -xy =► h'(z) = 

=> h(z) = C =4> f(x. y, z) = x 2 In y — xyz + C =>• J| 121 j (2x In y — yz) dx + — xz^j dy — xy dz 
= f(2, 1, 1) - f(l, 2, 1) = (4 In 1 - 2 + C) - (ln2 - 2 + C) = -ln2 

21. LetF(x,y,z)=(i)i + (i-^)j-(^)k =► § = - 4, = f , £ = = 

=> Mdx + Ndy + Pdzisexact;f = i => f(x, y, z) = i + g(y, z) g = _»+gs = l_* 
=» | = \ g(y,z) = ! +h(z) => f(x,Y,z) = y + |+h(z) g = - J +h'(z) = - J h'(z) = h(z) = C 
=> f(x,y,z) = ^ + X +C ^^ 2 ; 2 ; 2, idx+ (i-^) dy-^dz = f(2,2,2)-f(l,l,l)=(| + |+C)-(i + i+C) 
= 

22. LetF(x !y ,z)=?^±^( andl et p 2 = x 2 + y 2 + z 2 => | = J,g = = |) 

* | = -f = f .^ = "^ = S.f = -f = f =► Mdx + Ndy + Pdz is exact; 
I^^rfe f(x,y,z) = ln(x 2 +y 2 + z 2 )+g(y,z) => | = + | = 

=> |=0 => g(y,z) = h(z) f(x,y,z) = ln(x 2 +y 2 + z 2 )+h(z) | = x2 + 2 y f + z2 + h'(z) 
- x . + y. + z2 h'(z) = =► h(z) = C => f(x,y,z) = ln(x 2 +y 2 + z 2 )+C 
r PA2) 2x dx + 2y dy + 2z dz = f(2 2 2 ) - f(-l. - 1, - 1) = in 12 - In 3 = In 4 

J (-1,-1,-1) x 2 +y-+z- x ' ' 7 

23. r = (i + j + k) + t(i + 2j - 2k) = (1 + t)i + (1 + 2t)j + (1 - 2t)k, < t < 1 => dx = dt, dy = 2 dt, dz = -2 dt 

=> y dx + x dy + 4 dz = (2t + 1) dt + (t + 1)(2 dt) + 4(-2) dt = £ (4t - 5) dt = [2t 2 - 5t] \ = -3 

24. r = t(3j + 4k), < t < 1 =^ dx = 0, dy = 3 dt, dz = 4 dt => x 2 dx + yz dy + f dz 

= J o ' (12t 2 ) (3 dt) + (f ) (4 dt) = J o ' 54t 2 dt = [18t 2 ] I = 18 

25. §£=0=f£,ff=2z=g,§^=0=§^ ^ M dx + N dy + P dz is exact F is conservative 

=> path independence 

2g dP yz _ dN dM xz _ dP ON xy _ gM 

dy ~ (^x 2 +y 2 +z 2 ) 3 _ 9z ' 9z — (^x 2 + y 2 + z 2 ) 3 _ 9x ' 9x _ (Vx 2 + y 2 + z 2 ) 3 _ a y 
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=> M dx + N dy + P dz is exact =>• F is conservative =>• path independence 



27. ^=0=^,^=0=^, # = = # ^ F is conservative there exists an f so that F= uf; 

ay oz ' oz ox ax y* oy v ' 

| = | =► f(x,y) = f + g(y) =* | = - £ + g'(y) = ^ => g'(y) = £ =* g(y) = - + C 
=> f(x,y) = f -i + C => F= v(^) 

28. §£=cosz=§^,f^=0=g,fj = ^ = ^ ^ F is conservative there exists an f so that F= yf; 
|i = e x In y f(x, y, z) = e x In y + g(y, z) §i = | + |j = ^ + sinz^ |l = sin z ^ g(y, z) 

= y sin z + h(z) =>■ f(x, y, z) = e x In y + y sin z + h(z) =>• || = y cos z + h'(z) = y cos z =4> h'(z) = 
=> h(z) = C => f(x. y, z) = e x In y + y sin z + C => F = v ( eX l n Y + Y sm z ) 

29. |?=0=^,^=0=|5,^ = 1 = ^ ^> F is conservative ^> there exists an f so that F= yf; 

f =x 2 + y f(x,y,z)= ix 3 + xy + g(y,z) ^|=x+|=y 2 +x^|=y 2 ^ g(y, z) = 1 y 3 + h(z) 
=» f(x, y, z) = i x 3 + xy + ± y 3 + h(z) =^ || = h'(z) = ze z h(z) = ze z - e z + C f(x, y, z) 
= 1 x 3 + xy + | y 3 + ze z - e z + C => F = v (5 x3 + X Y + 5 Y 3 + zeZ - e z ) 

(a) work = J a B F • g dt = F • dr = [f x 3 + xy + § y 3 + ze z - e z ] [Jjjjj = (i+0 + + e-e) -(±+0 + 0-1) 



Note : Since F is conservative, J a F • dr is independent of the path from (1, 0, 0) to (1,0, 1). 

30. §E = xe yz + xyze yz + cos y = f| , = ye yz = g , M = ze yz = P ^ F is conservative =!> there exists an f so 
that F = v f; £ = e yz =>• f(x, y, z) = xe yz + g(y, z) => || = xze yz + f 8 = xze yz + z cos y => ^ = z cos y 

=> g(y, z) = z sin y + h(z) =>• f(x, y. z) = xe yz + z sin y + h(z) => || = xye yz + sin y + h'(z) = xye yz + sin y 
=> h'(z) = =>■ h(z) = C f(x, y, z) = xe yz + zsiny + C => F = V ( xeYZ + z sin y) 

(a) work = f* F - dr = [xe yz + z sin y] [J^' ' = (1 + 0) - (1 + 0) = 

(b) work = f* F • dr = [xe yz + z sin y] [^' 0) = 

(c) work = F • dr = [xe yz + z sin y] [J'^' ' = 

XB 
^ F • dr is independent of the path from (1, 0, 1) to (l, |, OJ . 

31. (a) F= v(x 3 Y 2 ) F = 3x 2 y 2 i + 2x 3 yj;letC 1 bethepathfrom(-l,l)to(0 ! 0) x = t-land 

y = -t + 1, < t < 1 F = 3(t - l) 2 (-t + l) 2 i + 2(t - l) 3 (-t + l)j = 3(t - l) 4 i - 2(t - l) 4 j 

and n = (t- l)i + (-t + l)j => dri = dti - dtj => J c F - dri = £ [3(t - l) 4 + 2(t - l) 4 ] dt 
= J 5(t - l) 4 dt = [(t - l) 5 ] I = 1; let C 2 be the path from (0, 0) to (1, 1) x = t and y = t, 

< t < 1 =!> F = 3t 4 i + 2t 4 j and r 2 = ti + tj dr 2 = dti + dtj =>■ J c F • dr 2 = £ (3t 4 + 2t 4 ) dt 
= f ' 5t 4 dt = 1 => f F-dr = f F • dri + f F • dr 2 = 2 

*J J C «/ Ci " C2 

(b) Since f(x, y) = x 3 y 2 is a potential function for F, f £ 'j' F • dr = f(l , 1) - f(- 1 , 1) = 2 



= 1 

XB 
^ F • dr = [A x 3 + xy + | y 3 + 

(c) work = J a F • dr = [| x 3 + xy + | y 3 + 




(1,0,1) 

(1,0,0) 

(1,0,1) 
(1,0,0) 
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32. f - = = f , = = f- , f = -2k sin y = P ^ F is conservative there exists an f so that F= yf; 



— - 2x cos y =>• f(x. y, z) = x 2 cos y + g(y, z) =4> |£ = -x 2 sin y + = -x 2 sin y ^ = =>• g(y, z) = h(z) 
f(x, y, z) = x 2 cos y + h(z) ^ %= h'(z) = ^> h(z) = C =>■ f(x, y, z) = x 2 cos y + C => F = v (x 2 cos y) 



dy dz 9 dz dx ' <9x * <9y 

|i = 2x cos y =>• f(x, y, z) = x 2 cos y + g(y, z) =S> ^ - A y ' dy ~ A " 1 " J ^ dy 

at 

dz 

(a) 2x cos y dx — x 2 sin y dy = [x 2 cos y] /J 'Jj = — 1 = — 1 

(b) J" 2x cos y dx — x 2 sin y dy = [x 2 cos y] — 1 — (— 1) = 2 

(c) J 2x cos y dx — x 2 sin y dy = [x 2 cos y] ?2\ L = 1 — 1=0 

(d) 2x cos y dx — x 2 sin y dy = [x 2 cos y] 'j5 = 1 — 1=0 

33. (a) If the differential form is exact, then §1 = fj- 2ay = cy for all y =>• 2a = c, ^ = || => 2cx = 2cx for 

all x, and f£ = P =S> by = 2ay for all y =!> b = 2a and c = 2a 
(b) F = v f me differential form with a = 1 in part (a) is exact =4> b = 2 and c = 2 

34. F= V f =* g(x,y,z) = ^ ) F.dr=^ ) V f-dr = f(x,y J z)-f(0 J J 0) => | = f - 0, | = § - 0, and 
|f = f| — => Vg=vf = F> as claimed 

35. The path will not matter; the work along any path will be the same because the field is conservative. 

36. The field is not conservative, for otherwise the work would be the same along Ci and C2. 

37. Let the coordinates of points A and B be (xa, y A , z a) and (xb, yB, Zb), respectively. The force F = ai + bj + ck is 
conservative because all the partial derivatives of M, N, and P are zero. Therefore, the potential function is 

f(x, y, z) = ax + by + cz + C, and the work done by the force in moving a particle along any path from A to B is 
f(B) - f(A) = f (x B , y B , z B ) - f(x A , y A , z A ) = (ax B + by B + cz B + C) - (ax A + by A + cz A + C) 

= a(x B - x A ) + b(y B - Ya) + c(z B - z A ) = F • BA 



38. (a) Let — GmM = C =!> F = C 



_{x 2 +f-+z2f (x 2 +y 2 +Z 2 )' •> ( x 2 +y 2 +z 2)«/^ 

OP _ -3yzC _ dN dM _ -3xzC _ dP ON -3xyC _ dM , F _ „ ff 

^ dy ~ (x 2 +y 2 +z 2 ) 5/2 ~ dz' dz - {x 2 +y 2 +z 2fn ~ dx' dx ~ (x 2 +y 2 +z 2)5/2 ~ dy r - V 

somef; § = f f(x,y,z) = - 2 C +g(y,z) => § = ^ 3/3 + | 

ux (x^ -f y -t-z^) ' (x^+y^+z^) ay (x^ +y^ +z^) ' a ? 

= r^TlT 2,3/2 ^|=0^ g(y,z) = h(z) => I = 7— f— T372 +h'(z) = f 3/3 

(x" + y J + z J ) ' a y 6,2 (x 2 + y 2 + z l ) ' (x-^+y^ + z ) 

h(z) = Ci f(x, y, z) = - c 1/2 + d. Let d = f(x, y, z) = - 2 °^f 2 . 1/2 is a potential 

(x-+y 2 +z 2 )' (x 2 +y 2 +z 2 )' 

function for F. 

(b) If s is the distance of (x, y. z) from the origin, then s = ^/x 2 + y 2 + z 2 . The work done by the gravitational field 
F is work = P F • dr = [ . 2 GmJ f J ' = - = GmM / i _ i\ as claimed. 

J P, L V x 2 + y 2 + z 2 J p s 2 Si V s. Si y ' 



16.4 GREEN'S THEOREM IN THE PLANE 

1. M = -y = -a sin t, N = x = a cos t, dx = -a sin t dt, dy = a cos t dt = 0, ^ = -1, §f = L and 

P = 0; 

<9y 

Equation (11): ^ M dy - N dx = J o [(-a sin t)(a cos t) - (a cos t)(-a sin t)] dt = J g dt = 0; 
II (f + f ) dxd y = //0 dxdy = 0, Flux 
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Equation (12): <J> M dx + N dy = I [(-a sin t)(-a sin t) - (a cos t)(a cos t)] dt = / a 2 dt = 27ra 2 ; 

*J C JO *J 

// (f - f ) dxd y = Llf^ 2 d y dx = /V a2 -* 2 dx = 4 [f V a2 - x2 + t il a 

R L J ~ a 

= 2a 2 (| + |) = 2a 2 7T, Circulation 
2. M = y = a sin t, N = 0, dx = -a sin t dt, dy = a cos t dt =>- = 0, = 1, f£ = 0, and P = 0; 

■>2t, 



Equation (11): <£ M dy - N dx = j o a 2 sin t cos t dt = a 2 [\ sin 2 1] ^ = 0; J J dx dy = 0, Flux 

R 

Equation (12): £ M dx + N dy = /^(-a 2 sin 2 t) dt = -a 2 [| - S^] 2?r = -Tra 2 ; //(fr - fr) dxdy 

R 

= // -1 dxdy = J*'* J" -r drd(9 = J" 2 "- f d(9 = -vra 2 , Circulation 



3. M = 2x = 2a cos t, N = -3y = -3a sin t, dx = -a sin t dt, dy = a cos t dt P = 2, §^ = 0, P = 0, and 



9N _ _o. 

a y - J ' 



Equation (11): £ M dy - N dx = J [(2a cos t)(a cos t) + (3a sin t)(-a sin t)] dt 
= / Q 2 "(2a 2 cos 2 t - 3a 2 sin 2 1) dt = 2a 2 [| + ^t] - 3a 2 [§ - ^] ^ = 2™ 2 - 3na 2 = -Tra 2 ; 

J7(™ + f ) = // - 1 dxd y = JTT r drd0 = - f d9 = -™ 2 > Flux 

R R 

Equation (12): <j> M dx + N dy = J g [(2a cos t)(-a sin t) + (-3a sin t)(a cos t)] dt 
= j (-2a 2 sin t cos t - 3a 2 sin t cos t) dt = -5a 2 [\ sin 2 1] ^ = 0; J J dxdy = 0, Circulation 



4. M = — x 2 y = —a 3 cos 2 1, N = xy 2 = a 3 cos t sin 2 1, dx — —a sin t dt, dy — a cos t dt 

f£ = -2xy, ^ = -x 2 , f[ = y 2 , and f = 2xy; 

Equation (11): £ M dy — N dx = J o (—a 4 cos 3 1 sin t + a 4 cos t sin 3 1) = 
II (fr + fr) dxdy = // ( ~ 2xy + 2xy) dxdy = °' Flux 



cos 4 1 + j sin 4 1 



2?r 

= 0; 

o 



Equation (12): § M dx + N dy = J (a 4 cos 2 1 sin 2 1 + a 4 cos 2 1 sin 2 1) dt = J (2a 4 cos 2 1 sin 2 1) dt 

r*47r 



= / " \ a 4 sin 2 2t dt = i X 'sin 2 u du = £ [f - ^] f = f ; //(« - f ) dxdy = // (y 2 + x 2 ) dxdy 

R J R 

= f 2 " fr 2 • r drd(9 = C t d# = # , Circulation 

Jo Jo Jo 4 2 

5. M = x-y,N = y-x^ = 1, = -1, §^ = -1, |5 = 1 =*> Flux = ff 2 dxdy = J*'/^ 2 dxdy = 2; 

R 

Circ = // [-1 - (-1)] dxdy = 

R 

6. M = x 2 + 4y, N = x + y 2 |£ = 2x, f£ = 4, = 1, = 2y Flux = f f (2x + 2y) dxdy 

y R 

= £ ' J o '(2x + 2y) dx dy = £ [x 2 + 2xy] J dy = £'(1 + 2y) dy = [y + y 2 ] J = 2; Circ = // (1 - 4) dxdy 

R 

= X7o'- 3dxd y = - 3 
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7. M = y 2 - x 2 , N = x 2 + y 2 = -2x, f£ = 2y, = 2x, = 2y ^ Flux = J7 (-2x + 2y) dxdy 

y • >- y R 

= ££(~2x + 2y) dy dx = £(-2x 2 + x 2 ) dx = [- i x 3 ] J = -9; Circ = // (2x - 2y) dxdy 

R 

= X7 x ( 2x - 2 y) d y dx -r x2dx = 9 



M = x + y, N = - (x 2 + y 2 ) 



2 i 9M _ | dM _ i 9N 



_ 1 2M — 1 

dx ' <9y ' <9x 



2x, = -2y => Flux = / J" (1 - 2y) dxdy 



X'/ X (1 - 2y) dy dx = J o '(x - x 2 ) dx = i ; Circ = // (-2x - 1) dxdy = £ £(-2x 1) dy dx 
J o '(-2x 2 -x) dx=-? 



9. M = x + e x sin y, N = x + e x cos y 



f£ = 1 + e x sin y, = e x cos y, = 1 + e x cos y, f* 

„/4 



-e sin y 



=» Flux = If dxd y = L /4 J„ r drd0 = L /4 (s cos 2«) d0 = [? sin 2 °] % = \ ; 

Circ = J/(l+e x cosy-e x cos y) dxdy = J/dxdy = J" 7 ' f cos2 * r drd6 i _ J" /4 (i cos 2 6») d6> = 1 

R " R " ir/4 1/4 

10. M = tan" 1 | , N = ln(x 2 + y 2 ) =► ^ - — Z- — - ^ - — — — — 



dx x 2 + y 2 ' dy x 2 + y 2 ' dx x 2 + y 2 ' dy x 2 4- y 2 

sin 9 66 = 2; 



piux = //(^ + dxd y = rr (^) rdrd ^ = r 

R 

JJ - ^) dxdy = ££ (vf°) r drdfl = fcos 6 d9 = 



Circ = ' ' ' 2x 

"r" 



11. M = xy, N = y 2 =► f£ = y, ^ = x, § = 0, f = 2y =► Flux = // (y + 2y) dy dx = 3y dydx 

R 

= /„' (¥ - ¥ ) dx = s ; Circ = // - x d y dx = IX - x d y dx = I'(-x 2 + x 3 ) dx = - -l 



12. M = — sin y, N = x cos y =4> ^ = 0, §^ = — cos y> ^ = cos y> |r = — x sin y 



3N 



=>■ Flux = //(-x sin y) dxdy = J q J q (-x sin y) dxdy = J q f- ^ sin y) dy = - ^ ; 

R 

p r p^/ 2 pV 2 pV 2 JJ-/0 

Circ — J J [cos y — (— cos y)] dx dy — J J 2 cos y dx dy = J o 7r cos y dy = [it sin y] = it 



13. M = 3xy- T f^,N = e x + tan- 1 y ^> f£ = 3y - 1 9N - 1 



Flux = //(3y-^ 



y 2 1+y 2 



1 + y 2 ' 3y 1 + y 2 

27r />a(l + cos0 



dxdy= J J 3ydxdy = J o J o (3r sin 0)r drd# 



= a 3 (l + cos (9) 3 (sin 9) AO 
14. M = y + e x In y, N = e - 



dy 



(1+cos 6») 4 



y ' dx y 



n 2tt 



-4a 3 - (-4a 3 ) = 



Circ = J7[f -(l + f) 



dxdy = J J (-l)dxdy 
R 



= -dydx = -/'[(3-x 2 )-(x 4 + l)]dx = /'(x 4 + x 2 -2)dx=-|| 

15. M = 2xy 3 , N = 4x 2 y 2 =>• ^ = 6xy 2 , ^ = 8xy 2 =4> work = £ 2xy 3 dx + 4x 2 y 2 dy = / J(8xy 2 - 6xy 2 ) dxdy 

R 

= £ £ 2xy 2 dydx = £ § x 10 dx 



33 
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16. M = 4x - 2y, N = 2x - 4y §^ = -2, || = 2 work = £ (4x - 2y) dx + (2x - 4y) dy 

= J J [2- (-2)] dxdy = 4 J J dxdy = 4(Area of the circle) = 4(tt • 4) = 16tt 

R R 

17. M = y 2 , N = x 2 P = 2y, §J = 2x £ y 2 dx + x 2 dy = ff(2x - 2y) dy dx 

R 

= ££ * (2x-2y)dydx = £'(-3x 2 + 4x - 1) dx = [-x 3 + 2x 2 - x] J = -1 + 2 - 1 = 

18. M = 3y, N = 2x §^ = 3, f£ = 2 ^ £ 3y dx + 2x dy = / J (2 - 3) dxdy = J**/™* -1 dy dx 

R 

= — | sin x dx = —2 
Jo 

19. M = 6y + x, N = y + 2x §^ = 6, f£ = 2 £ (6y + x) dx + (y + 2x) dy = J/(2 - 6) dy dx 

R 

= — 4(Area of the circle) = — I6ir 

20. M = 2x + y 2 , N = 2xy + 3y =!> = 2y, = 2y =>- £ (2x + y 2 ) dx + (2xy + 3y) dy = / J(2y - 2y) dxdy = 

R 

21. M = x = a cos t, N = y = a sin t =>• dx = —a sin t dt, dy = a cos t dt Area = \ £ x dy — y dx 

= \ J (a 2 cos 2 1 + a 2 sin 2 1) dt = | f a 2 dt = 7ra 2 



22. M = x = a cos t, N = y = b sin t dx = — a sin t dt, dy = b cos t dt =>• Area = | £ x dy — y dx 

= \ J (ab cos 2 1 + ab sin 2 1) dt = \ £ ab dt = 7rab 

23. M = x = a cos 3 1, N = y = sin 3 t => dx = — 3 cos 2 1 sin t dt, dy = 3 sin 2 1 cos t dt => Area = |£ x dy — y dx 

du 



1 J (3 sin 2 1 cos 2 1) (cos 2 1 + sin 2 1) dt = \ f (3 sin 2 t cos 2 1) dt = § £ sin 2 2t dt = ^ £ sin 2 u i 



2 

3 f u sin 2u 1 



24. M = x = t 2 , N = y = | - t =>■ dx = 2t dt, dy = (t 2 - 1) dt Area = i£ x dy - y dx 

= [t 2 (t 2 - 1) - (f - 1) (20] 1 2 ) dt = \ [i * + - \ t 3 ] ^3 - h + 15 ^) 

25. (a) M = f(x), N = g(y) ^ = 0, § = => £ f(x) dx + g(y) dy = J J (f - f^) dxdy 

R 

= // Odxdy = 

R 

(b) M = ky, N = hx => = k, f£ = h £ ky dx + hx dy = J J ~ ^) dxdy 

R 

= J J (h — k) dx dy = (h — k)(Area of the region) 

R 

26. M = xy 2 , N = x 2 y + 2x => §^ = 2xy, = 2xy + 2 =4> £ xy 2 dx + (x 2 y + 2x) dy = f f (jg - fr) dxdy 

R 

= J J (2xy + 2 — 2xy) dx dy = 2 J J dx dy = 2 times the area of the square 
R R 
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27. The integral is for any simple closed plane curve C. The reasoning: By the tangential form of Green's 



Theorem, with M = 4x 3 y and N = x 4 , £,4x 3 y dx + x 4 dy = J J (x 4 ) - f- (4x 3 y) 

R 

= JJ (4x 3 -4x 3 ) dxdy = 0. 
R v v ' 





dx dy 



28. The integral is for any simple closed curve C. The reasoning: By the normal form of Green's theorem, with 



M = x 3 and N = -y 3 , <f> -y 3 dy + x 3 dx = J J 



i(-y 3 )-j[(£) 
o o 



dxdy = 0. 



29. Let M = \ and N = => f£ = 1 and = =>• £m dy - N dx = // f f£ + 9jf \ dxdy ^£xdy 



J J (1 + 0) dxdy Area of R = ff dxdy = § x dy; similarly, M = y and N = P = 1 and 
R R c ' y 

5 = £m dx + Ndy = ff (f| + P) dydx £ y dx = // (0 - 1) dydx - £ y dx 

R R 

= J" f dx dy = Area of R 



3N 

a 



30. J* f(x) dx = Area of R = —§ c y dx, from Exercise 29 



31. Let<S(x,y) = 1 



_ M, _ R 



// x 6(x,y) dA ff x dA JJ x dA 



R R 



M // «(x,y) dA JJ dA 

R R 



Ax = ff x dA = // (x + 0) dxdy 



= £ ^ dy, Ax = J J x dA = J J (0 + x) dx dy = - § xy dx, and Ax = f f x dA = // (| x + A x) dxdy 

'" ' R R c R R 

= £ | x 2 dy - | xy dx =4> i£ x 2 dy = —<j> xy dx = | <f> x 2 dy - xy dx = Ax 
32. If<5(x,y) = l,thenl y = // x 2 6(x, y) dA = ff x 2 dA = // (x 2 + 0) dy dx = | £ x 3 dy, 

R R R c - 

// x 2 dA = JJ (0 + x 2 ) dy dx = - § x 2 y dx, and ff x 2 dA = ff (f x 2 + \ x 2 ) dydx 

R R ' R R 

= £ - x 3 dy - i x 2 y dx = | ^ x 3 dy - x 2 y dx =>• \ § x 3 dy = - £ x 2 y dx = | ^ x 3 dy — x 2 y dx = I y 



ii »yr _ 9f N __af>9M_a 2 f on _. a' 

ay ax ay ay- ' ax ax- 

curves C 



| ^ £ |i dx - § dy = J" J" (~ - 0) dxdy = for such 



34. M = \ x 2 y + | y 3 , N = x =>• = ± x 2 + y 2 , f£ = 1 Curl = f* - P = 1 - Q x 2 + y 2 ) > in the interior of 
the ellipse J x 2 + y 2 = 1 =>■ work = £f • dr = (l — j x 2 — y 2 ) dxdy will be maximized on the region 

R 

R — {( x i y) I cur l F) > or over the region enclosed by 1 = I x 2 + y 2 

35. (a) v f = fixi] i + I ttxtI J =*> M = toSt . N = -J^, ; since M, N are discontinuous at (0, 0), we 

v / v \x + y - y I a + y i * + y" x^ + ' ' v ' 7 ' 

compute £ v f • n ds directly since Green's Theorem does not apply. Let x = a cos t, y = a sin t dx = — a sin t 
dy = a cos t dt, M = \ cos t, N = \ sin t, < t < 2-r, so £ v f • n ds = f M dy - N dx 
= J o [ ( ? cos t) (a cos t) - ( | sin t) (-a sin t) ] dt = J o 2(cos 2 t + sin 2 t)dt = 4tt. Note that this holds for any 
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a > 0, so f c v f " n ds = 4tt for any circle C centered at (0, 0) traversed counterclockwise and J V f " n ds = — 4n 
if C is traversed clockwise. 

(b) If K does not enclose the point (0, 0) we may apply Green's Theorem: v f " n ds = J^Mdy — Ndx 

= //(ff + dxdy = // ( ^f + ~2)2 + ^f + ~2)2 ) dxdy = J" J" dxdy = 0. If K does enclose the point 

R R R 

(0, 0) we proceed as in Example 6: 

Choose a small enough so that the circle C centered at (0, 0) of radius a lies entirely within K. Green's Theorem 
applies to the region R that lies between K and C. Thus, as before, = //(fgf + l|r) dxdy 

= f M dy — N dx + J c M dy — N dx where K is traversed counterclockwise and C is traversed clockwise. 
Hence by part (a) = |^ M dy — N dx - 4n =>■ 4n — M dy - N dx = J K V f ' n ds. We have shown: 

r _ ( if (0, 0) lies inside K 

J K V • « ds - | ^ . f ^ Q) outside K 

36. Assume a particle has a closed trajectory in R and let Ci be the path =>■ Ci encloses a simply connected region 
Ri =>• Ci is a simple closed curve. Then the flux over Ri is £ F • n ds = 0, since the velocity vectors F are 

tangent to Q. But = £, F • n ds = § c M dy - N dx = ff + ^) dxdy =>■ M x + N y = 0, which is a 

Ri 

contradiction. Therefore, Ci cannot be a closed trajectory. 

p °2 (y) f*d p "2 (y) f* d 

37. J gM f dxdy = N(g 2 (y),y)-N( gl (y),y) J c J &(y) (f dx) dy = J c [N(g 2 (y), y) - N( gl (y), y)] dy 

= £ N(g 2 (y), y) dy - £ N( gl (y), y) dy = f' N(g 2 (y), y) dy + £ N( gl (y), y) dy = £ N dy + J q N dy 

= £dy f c Ndy = //f dxdy 
R 



38. 



X b X d w dy dx = X" [M(x ' d) ~ M(x ' c)] dx = X bM(x ' d) dx + X bM(x ' c) dx = L M dx ~ X M dx - 

Because x is constant along C 2 and C4, J c M dx = J c M dx = 
=» - f/ c M dx + £ M dx + J c M dx + J* q M dx ) = - _£ M dx =>• £ J' dy dx = -£ M dx. 

39. The curl of a conservative two-dimensional field is zero. The reasoning: A two-dimensional field F = Mi + Nj 
can be considered to be the restriction to the xy-plane of a three-dimensional field whose k component is zero, 
and whose i and j components are independent of z. For such a field to be conservative, we must have 

M = §M by the component test m Section 16.3 curl F = - P = 0. 

40. Green's theorem tells us that the circulation of a conservative two-dimensional field around any simple closed 
curve in the xy-plane is zero. The reasoning: For a conservative field F = Mi + Nj , we have |^ = ^ 
(component test for conservative fields, Section 16.3, Eq. (2)), so curl F = |^ — |P = 0. By Green's theorem, 

the counterclockwise circulation around a simple closed plane curve C must equal the integral of curl F over the 
region R enclosed by C. Since curl F = 0, the latter integral is zero and, therefore, so is the circulation. 

The circulation £ F • T ds is the same as the work £ F • dr done by F around C, so our observation that 
circulation of a conservative two-dimensional field is zero agrees with the fact that the work done by a 
conservative field around a closed curve is always 0. 
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41-44. Example CAS commands: 
Maple : 

with( plots );#41 
M := (x,y) -> 2*x-y; 
N := (x,y) -> x+3*y; 
C := x A 2 + 4*y A 2 = 4; 

implicitplot( C, x=-2..2, y=-2..2, scaling=constrained, title="#41(a) (Section 16.4)" ); 
curlF_k:=D[l](N)-D[2](M): # (b) 

'curlF_k' = curlF_k(x,y); 

top,bot := solve( C, y ); # (c) 

left,right := -2, 2; 

ql := Int( Int( curlF_k(x,y), y=bot..top ), x=left.. right ); 
value( ql ); 

Mathematica : (functions and bounds will vary) 

The ImplicitPlot command will be useful for 41 and 42, but is not needed for 43 and 44. In 44, the equation of the line 
from (0, 4) to (2, 0) must be determined first. 

Clear[x, y, f] 

«Graphics v ImplicitPlot" 

f[x_, y_]:= {2x - y, x + 3y} 

curve= x 2 + 4y 2 ==4 

ImplicitPlot[curve, {x, —3, 3},{y, —2, 2}, AspectRatio — > Automatic, AxesLabel — > {x, y}]; 
ybounds= Solve[curve, y] 
{yl, y2}=y/.ybounds; 

integrand:=D[f[x,y][[2]], x] - D[f[x,y][[l]], y]//Simplify 

Integrate[integrand, {x, —2, 2}, {y, yl, y2}] 

N[%] 

Bounds for y are determined differently in 43 and 44. In 44, note equation of the line from (0, 4) to (2, 0). 
Clear[x, y, f] 

f[x_,y_]:={xExp[y],4x 2 Log[y]} 
ybound = 4 — 2x 

Plot[{0, ybound}, {x, 0,2. 1 }, AspectRatio — » Automatic, AxesLabel — » {x, y}]; 
integrand:=D[f[x, y][[2]], x] - D[f[x, y][[l]], y]//Simplify 
Integrate [integrand, {x, 0, 2}, {y, 0, ybound}] 
N[%] 

16.5 SURFACE AREA AND SURFACE INTEGRALS 

1. p = k, vf=2xi + 2yj-k =► | V f I = \/(2x) 2 + (2y) 2 + (- 1) 2 = ^/4x 2 + 4y 2 + 1 and | v f ■ Pi = 1; 
z = 2 x 2 + y 2 = 2; thus S = // dA = // ^/4x 2 + 4y 2 + 1 dxdy 



R 

d8 

o 



/ / x/4r 2 cos 2 9 + 4r 2 sin 2 9 + 1 r drd(9 = J* J] V 4r2 + 1 r dr d6> = [h ^ + : ) 

R 

Jo 6 3 



2. p = k, yf = 2xi + 2yj -k ^> | vf| = V 4 * 2 + 4 Y 2 + 1 and I V f - Pi = 1; 2 < x 2 + y 2 < 6 

=> S = // Ml dA = // ^/4x 2 +4y 2 + 1 dxdy = // V^r 2 + 1 rdrdfl = f^f^V 4 ^ + 1 rdrdfl 

R R R o v/2 
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3. p = k, v f = i + 2 j + 2k => I V f I = 3 and I V f • Pi = 2 ; x = y 2 and x = 2 - y 2 intersect at (1, 1) and (1, -1) 

s = //iSt dA = II 1 dxdy = fJl f l dxd y = £ ( 3 - 3y2 ) d y = 4 

R R 

4. p = k, vf=2xi-2k => | vf| = a/4x 2 + 4 = 2\/x 2 + 1 and | v f ■ Pi = 2 S = J* J* ]Mr dA 



// dxdy = //Xy^TTdydx = J^xV^TTdx = 



i(x 2 + l) 3/2 



= I (4)3/2 -1 = 2 



5. p = k, vf=2xi-2j-2k ^> | vf| = \/(2x) 2 + (-2) 2 + (-2) 2 = ^4x 2 + 8 = 2 ^x 2 + 2 and | v f " Pi = 2 

=> S = // iSf dA = // T dxd y - XT dy dx = J>>/5*T2 dx = [(x 2 + 2) 3/2 " 

R R 

= 6^/6-2^/2 

6. p = k , v f = 2xi + 2yj + 2zk | v f I = ^/4x 2 + 4y 2 + 4z 2 = a/8 = 2 and | v f " Pi = 2z; x 2 + y 2 + z 2 = 2 and 
z=V^T7 =► x 2 +y 2 = l;thus,S = J7 ^ dA = // ^ dA = ^2 // 1 dA 

R R R 



,72 f f hi m dA = Jl r" f 

v J_J s/2- (x 2 + y 2 ) v Jo Jo 



r dr dfl 
Jo Jl-r 2 



1 + V2 d0 = 2?r 2 - V2 



7. p = k, vf=ci-k^|vf| = Vc 2 + 1 and | v f-p| = 1 S = // J^l dA = // V^+Tdxdy 

R R 

= mi >• drd0 - r «» = *v^n 



p = k , v f = 2xi + 2zj | v f I = V (2x) 2 + (2z) 2 = 2 and | v f • Pi = 2z for the upper surface, z > 

* s = // a = // £ dA - // dydx = 2 O 1/2 Tib dy dx = rr 



'-1/2 V'l -X 2 



[■fc- 1 *]-?/> = ! -(-!) = ! 



9. p = i, V f=i + 2yj + 2zk ^> | vf| = \/l 2 + (2y) 2 + (2z) 2 = ^/l + 4y 2 + 4z 2 and | v f • Pi = 1; 1 <y 2 + z 2 <4 
S = ff ML dA = J J ^/l +4y 2 +4z 2 dydz = f** £ y/l + 4r 2 cos 2 6 + 4r 2 sin 2 6 r dr dl9 



2tt p2 
J 1 

2 



d(9 = ? 17V17 - 5x/5 



= X7, V / H^ r drd* = /„ * [£ (1 + 4r 2 ) 3/2 ] ^ = f ' & (1707 - 50 

10. p = j , v f = 2xi + j + 2zk =^ | v f I = \/4x 2 ~+4z 2 ~+T and | v f ■ Pi = U Y = and x 2 + y + z 2 = 2 x 2 + z 2 = 2; 
thus ' S = // dA = j7V4x 2 +4z 2 + ldxdz = £ 0r 2 + 1 r drd0 = /"f d0 = f tt 



11. p = k, V f = (2x - |) i + 7l5 j - k | V f I = y (2x - |) 2 + (v^5J + (~D 2 = V 4x ' + 8 + ? = V ( 2x + 

= 2x + ? , on 1 < x < 2 and | v f • Pi = 1 S = // dA = J/(2x + 2X" 1 ) dxdy 

R R 

= J o ' J f 2 (2x + 2x- 1 ) dxdy = J [x 2 + 2 In x] 2 dy = J q (3 + 2 In 2) dy = 3 + 2 In 2 



12. p = k, vf= 3\fai + 3^/yi -3k =► | vf| = V 9x + 9y + 9 = 3^/x + y + 1 and | v f ■ Pi =3 

s = //iSt dA = //^ x + y+ T dxdy = Jill A+^i dxd y = II [1 ( x + y + d 3/2 ] J d y 

R R 

= /' [f (y + 2) 3 / 2 -|(y+ l) 3 / 2 ] dy = [± (y + 2) 5 / 2 - A ( y + 1)5/2] J = A [ (3) 5/2 _ (2) 5/2 _ (2) 5/2 + ,] 
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= ^(9^/3-8^/2+1) 

13. The bottom face S of the cube is in the xy-plane => z = => g(x, y, 0) = x + y and f(x, y, z) = z = =>• p = k 

and yf = k =>• I V f I — 1 an d I V f " Pi = 1 dcr = dx dy =4> J Jgda — J J (x + y) dx dy 

S R 

| (x + y) dxdy = J o + ay) dy = a 3 . Because of symmetry, we also get a 3 over the face of the cube 

in the xz-plane and a 3 over the face of the cube in the yz-plane. Next, on the top of the cube, g(x, y, z) 
= g(x, y, a) = x + y + a and f(x, y, z) = z = a =4> p = k and y f = k => | ^7 f | = 1 and | V f ' Pi = 1 dcr = dx dy 

Ih A ° = // ( x + y + a ) dx d y = So So (x + y + a) dx dy = ££ (x + y) dx dy + ££ a dx dy = 2a 3 . 
S R 

Because of symmetry, the integral is also 2a 3 over each of the other two faces. Therefore, 
//(x + y + z) dcr = 3 (a 3 + 2a 3 ) = 9a 3 . 

cube 

14. On the face S in the xz-plane, we have y = =4> f(x, y, z) = y = and g(x, y, z) = g(x, 0, z) = z => p = j and 

V f = j =>• I V f I = 1 and I V f • Pi = 1 =>- dcr = dx dz J J g dcr = J J (y + z) dcr = J J z dx dz = J 2z dz 

s s 00 

= 1. 

On the face in the xy-plane, we have z = =>• f(x, y, z) = z = and g(x, y, z) = g(x, y, 0) = y =>• p = k and 

V f = k I V f I = 1 and I V f • Pi = 1 dcr = dxdy =^ J J g dcr = J Jy dcr = J J y dxdy = 1. 

S S 00- 

On the triangular face in the plane x = 2 we have f(x, y, z) = x = 2 and g(x, y, z) = g(2, y,z) = y + z =4> p = i and 

V f = i => I V f I = 1 an d | V f ■ Pi = 1 => dcr = dzdy JJ g dcr = JJ (y + z) dcr = f f * (y + z) dzdy 

s s 

= XHi-y 2 )dy=|- 

On the triangular face in the yz-plane, we have x = =>• f(x, y, z) = x = and g(x. y, z) = g(0, y, z) = y + z 

=> p = i and V f = ' I V f I = 1 and | V f ■ Pi = 1 => dcr = dz dy J J g dcr = J J (y + z ) dcr 

s s 

Finally, on the sloped face, we have y + z = 1 => f(x, y, z) = y + z = 1 and g(x, y, z) = y + z = 1 =>• p = k and 

V f = j + k =► I vf I = and | yf - p| = 1 =► dcr = ^2 dxdy => ffgda= JJ (y + z) dcr 

s s 

= So So "f 2 dxdy = 2 V^' Therefore > / / l( x > y= z ) d(J = 1 + 1 + 5 + 5 + 2 V^ = f + 2a/2 

wedge 

15. On the faces in the coordinate planes, g(x, y, z) = =>• the integral over these faces is 0. 

On the face x = a, we have f(x, y, z) = x = a and g(x, y, z) = g(a, y, z) = ayz =>■ p = i and yf=i =$> | V f I — 1 

and I v f • Pi = 1 =>■ dcr = dy dz =>■ J Jg dcr = J J ayz dcr = J J ayz dy dz = ^ a . 

s s 00 

On the face y = b, we have f(x, y, z) = y = b and g(x, y, z) = g(x, b, z) = bxz =4> p = j and y f = j =>• I V f I — 1 

and I v f • Pi = 1 =^ dcr = dxdz J J g dcr = J J bxz da = f f bxz dxdz = ^jj^ . 

s s 00 

On the face z = c, we have f(x, y. z) = z = c and g(x, y, z) = g(x, y. c) = cxy => p = k and y f = k =4> | V f I — 1 

and |vf'Pl = l^dcr = dydx=> J J gda — J J cxy da — f J cxy dx dy = . Therefore, 

s s " " " 

J/g(x,y,z) dcr = aMab + ac + bc) _ 
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16. On the face x = a, we have f(x. y, z) = x = a and g(x, y, z) = g(a, y, z) = ayz => p = i and y f = i =>■ I V f I — 1 
and |vf'Pl = l dcr = dzdy J J gda — J J ayz da — J J ayz dzdy = 0. Because of the symmetry 

S S -b -c - • 

of g on all the other faces, all the integrals are 0, and J J g(x, y, z) dcr = 0. 



17. f(x, y, z) = 2x + 2y + z = 2 ^> v f = 2i + 2 j + k and g(x, y, z) = x + y + (2 - 2x - 2y) = 2 - x - y p = k , 

| vf| =3 and | V f P| = 1 dcr = 3 dy dx; z = =>• 2x + 2y = 2 =>> y = 1 - x =>- JJgda = // (2 - x - y) da 

s s 

= 3 XT - x - y) dy dx = 3 /J [(2 - x)(l - x) - \ (1 - x) 2 ] dx = 3 £ (f - 2x + f ) dx = 2 

18. f(x,y,z) = y 2 + 4z = 16 => V f = 2yj + 4k => | v f I = \/4y 2 + 16 = 2 vV + 4 and p = k ^> | yf - p| =4 
da=^dxdy ^//gda=£/;(x^ + 4)(^±?) dxdy = ^ dxdy 

= I 4 J(y 2 +4) dy=i 



s 

y 



4y 



Q -i(f + 16) = f 



19. g(x, y, z) = z, p = k =>- yg = k | v g| = 1 and I V g ■ Pi = 1 ^ Flux = // F • n dcr = / / (F • k) dA 

s R 

= X7„ 33d y dx = 18 

20. g(x, y, z) = y, p = -j => yg = j | V g| = 1 and | v g " Pi = 1 => Flux = // F • n dcr = / J(F - -j) dA 

s R 

= f~ t £ 2 dz dx = f l{l - 2) dx = 10(2 + 1) = 30 

21. V g = 2xi + 2yj + 2zk => | V g| - V^ 2 + 4y 2 + 4z 2 = 2a; n = f^ 2 * = F ■ n = £ ; 
| v g • k| = 2z dcr = | dA Flux = // (f) (|) dA = / / z dA = // ^/a 2 - (x 2 + y 2 ) dxdy 

R R R 

= / o *7 Va 2 -r 2 r drdfl = ^ 

22. yg = 2xi + 2yj + 2zk => | V g| = ^Ax 2 + 4y 2 + 4z 2 = 2a; n = ^+ 2 »+^ = ^^4^ => F • n = =3 + S 
= 0; | Vg-k| = 2z =>■ dcr = | dA Flux = JjF-nda = //Oder = 

s s 

23. From Exercise 21, n = xi + yJ + zk and dcr = 5 dA F-n= H — H + ? = ? =*> Flux = f f (?) ( a ) dA 

a z aaaa JJ \a/\z/ 



J7 ldA 



R 



R 

24. From Exercise 21, n = xi + yJ + zk and dn = .< dA = I n ^ + ^ + - = z ( " ' ) = az 



anddcr= a dA^F-n=^ + ^ + ^= z( x 2 + y 2 +z 2 \ = 

z a a a V a J 



Flux = JJ (za) (|) dxdy = //a 2 dxdy = a 2 (Area of R) = \ ?ra 4 
R z R 



■5 9 9 

?r , r ■ 7 
a a 

f f a (5) dA = f f ^ dA = f f ,, f, „ dA = P * P-rf^r r drd(9 

J J V z ; J J z J J Va 2 -(x 2 +y 2 ) Jo Jo Va 2 - r 2 

K K. K. 

-vr/2 



25. From Exercise 21, n = xi + yJ + zk and dcr = s dA F-n=^ + ^ + ^= a Flux 

z a a 1 

, 2 a 2 n dA = j / 

Va 2 -(x 2 +y 2 ) Jo Jo ^/a 2 -! 



d(9 = 

o 
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26. From Exercise 21, n = xi + yJ + zk and dcr = a dA => F n = , , V ' ; 

a z ^x 2 + y 2 + z 2 



Flux = JJ i dxdy = /J ^_g, + ya) dxdy = 



••x/2 pa 2 

-_2_ r drd0=22- 

' Jo ^/a 2 - r 2 J 



27. g(x,y,z) = y 2 + z = 4 =» V g = 2yj + k =► | V g| = ^4y 2 + 1 =*> n = 

F n = ;p = k^|vg-p| = l^dcr= ,/4y 2 + 1 dA Flux 

= JJ V 4 y 2 + 1 dA = // ( 2x Y - 3z) dA; z = and z = 4 - y 2 => y 2 = 4 

R R 

=» Flux = / J[2xy - 3 (4 - y 2 )] dA = £ f* ? (2xy - 12 + 3y 2 ) dydx = J '[xy 2 - 12y + y 3 ] ; 

= f '-32dx = -32 
Jo 



dx 



28. g(x, y, z) = x 2 + y 2 - z = => V g = 2xi + 2yj - k | V g| = a/4x 2 + 4y 2 + 1 = ^/4 (x 2 +y 2 ) + 1 

;p = k => | v g " Pi = 1 dc= \/4(x 2 + y 2 ) + 1 dA 



2xi + 2yj — k 



Flux = 



V4(x 2 + y 2 ) + l 

8x 2 + 8y 2 - 2 



F n 



//( 

R v 



x/4 (x 2 +y 2 ) + l 



8x 2 + 8y 2 - 2 
v / 4 (x 2 +y 2 )+l 

4(x 2 +y 2 ) + 1 dA = // (8x 2 + 8y 2 - 2) dA; z = 1 and x 2 + y 2 = z 



x 2 + y 2 = 1 Flux = J^'/o'O 2 - 2) r drdfl = 2tt 



29. g(x,y,z) = y-e x = ^ Vg = -e x i+j =*> | V g| = \/e 2x + 1 



e ■ J 



F n 



-2e x - 2y 



Ve 2 " + 1 \/e 2x + 1 

. | V g-p|=e x =► da=^dA =► Fl U x = //(=^) (^H) dA = J J =^ dA 

R R 

J7-4dA=X7 i 2 -4d y dz=-4 



30. g(x,y,z) = y-lnx = => V; 



Vg| 



i + 1 = vm. since i < x < e 



s^jj = -i + xj 



F-n=^2 ? ;p=j | V g"Pl = l => da = ^ dA 



Flux = /J"(-|2_) (^^) dA= ££ly dxdz = Jj" J o 2 In x dzdx = f°2 In x dx 



2 [x In x - x] \ = 2(e - e) - 2(0 - 1) = 2 



31. On the face z = a: g(x, y. z) = z => v g = k =>■ | \7 g| = 1 ; n = k =>• F • n = 2xz = 2ax since z = a; 
da = dxdy => Flux — J J 2ax dxdy = f J g 2ax dxdy = a 4 . 

On the face z = 0: g(x, y, z) = z =>• yg = k =>• | V g| — 1; n — k =4* F • n — — 2xz = since z = 0; 

do- = dxdy Flux = ffo dxdy = 0. 

R 

On the face x = a: g(x, y,z) = x => \7g = i =4> | V g| — 1; n = i => F • n = 2xy = 2ay since x = a; 
da = dy dz =4> Flux = f § 2ay dy dz = a 4 . 

On the face x = 0: g(x, y, z) = x =4> \^g = i =>■ | ^7 g| = 1; n = — i => F • n = — 2xy = since x = 
Flux = 0. 

On the face y = a: g(x, y, z) = y => yg = j =>• I V g| — U n = j => F • n = 2yz = 2az since y = a; 



da = dzdx =4> Flux = f f 2az dzdx = a 4 . 

Jo Jo 

On the face y = 0: g(x, y, z) = y ^> V g = J 
=> Flux = 0. Therefore, Total Flux = 3a 4 . 



=>■ I ^7 g| = 1; n = — j F • n = -2yz = since y = 
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32. Across the cap: g(x, y, z) = x 2 + y 2 + z 2 = 25 =>■ V g = 2x i + 2yj + 2zk =» | V il = V 4 * 2 + 4 Y 2 + 4z2 = 10 

=^ n = |2| = xi + y j + zk =>> F-n=^ + ^ + f;p = k | V g • Pi = 2z since z > => da = g dA 

Flux cap = // F • n dcr = / / + £ + f ) (f ) dA = JJ(x 2 + y 2 + 1) dxdy = £ f (r 2 + 1) r drdfl 

cap R R 

= f"72 dO = 144tt. 
Jo 

Across the bottom: g(x,y, z) = z = 3 =^ Vg = k=HVg| = 1 =>■ n = k F • n = — 1; p = k =>■ Ivg'Pl = 1 
=> da = dA =>• Flux bollom — J J F • n dcr = J J — 1 dA — — l(Area of the circular region) — — 16n. Therefore, 

bottom R 

Flux = Flux cap + Flux botlom = 1287T 

33. V f = 2xi + 2yj + 2zk =>■ | V f I = V 4 * 2 + 4 Y 2 + 4z2 = 2a; p = k =>• | v f ■ Pi = 2z since z > dcr = g dA 

= | dA; M = / / <5 dcr = | (surface area of sphere) = ^ ; M xy = // zS da = 6 ffz (§) dA 
S S R 

= atf // dA = a«5 J^J\ dvd9 = ^ z = ^ = (^) (^) = f . Because of symmetry, x = y 
= | ^ the centroid is (| , f , § ) . 

34. v f = 2y j + 2zk =>■ | v f I = V 4 y 2 + 4z2 = V 4 (y 2 +z 2 ) = 6; p = k =>■ | v f • k| = 2z since z>0^>da=^dA 
= !dA;M=J7ld<7= £/ 3 ldxdy= fJl^r? dxd Y = ^; M xy = //z da 

= /- Jo 3 z (1) dxd y = 54 ; M - = //y d - - I'ly (I) dxd y = SIX 7^7^ = 0; 

M yz = J J x dcr = ^= dxdy = f tt. Therefore, x = ^ = | , y = 0, and z = M = £ 

35. Because of symmetry, x = y = 0; M = J J 6 da = S J J da — (Area of S)6 — 3n\/25; yf = 2xi + 2yj — 2zk 

s s 

=» | vf| = V 4 * 2 + 4 Y 2 + 4z2 = 2 V* 2 + y 2 + z 2 ;p = k I v f Pl =2z dcr = V* 2 +y 2 + z 2 dA 

= ^+z±E±Z) dA= ^±Z dA ^ Mxy = g// z ( ^f±g )dA 



R 

=► (x,y, z) = (0,0, . Next, I z = //(x 2 + y 2 ) 6 da = ff (x 2 + y 2 ) (^f±Z) fi dA 

S R 



v/10 

2 



36. f(x, y, z) = 4x 2 + 4y 2 - z 2 = =>- v f = 8xi + 8yj - 2zk => | V f I = \/64x 2 + 64 y 2 + 4z2 

= 2v'l6x 2 + 16y 2 + z 2 = 2^4z 2 + z 2 = 2^/5 z since z > 0; p = k | V f 'Pl = 2z da = dA = dA 

=> I z = J J(x 2 + y 2 ) 6 da = 6^5 jj(x 2 + y 2 ) dxdy = ,5^5 f'^f^ r 3 drdfl = ^f^ 
S R 

37. (a) Let the diameter lie on the z-axis and let f(x, y, z) = x 2 + y 2 + z 2 = a 2 , z > be the upper hemisphere 

=> V f = 2xi + 2yj + 2zk =>• | v f I = \/4x 2 + 4y 2 + 4z 2 = 2a, a > 0; p = k \ v f • p| = 2z since z > 

=> dcr=fdA U = ffS (x 2 + y 2 ) (|) da = ,6 J J ^%f +yl) dA = ,6 £ £ r drd^ 

S R 

= a<5 £" [-r 2 ^ 2 -r 2 - | (a 2 - r 2 ) 3/2 * d6 = a<5 J^'f a 3 d6» = 4f a 4 <5 the moment of inertia is f a 4 <5 for 
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the whole sphere 

(b) II = I c .m. + rnh 2 , where m is the mass of the body and h is the distance between the parallel lines; now, 

I c . m . = f a 4 5 (from part a) and f = // 8 da = Sff (£) dA = a6 // 2 - 1 dy dx 

S R R 

= a<5 f " f" -J= r dr d6» = aS C f-v/a 2 -r 2 l " d9 = a6 P a d(9 = 27ra 2 <5 and h = a 

Jo Jo Va r 2 Jo [ " Jo Jo 

=> I L = f a 4 <5 + 47ra 2 <5a 2 = ^ a 4 <5 



38. (a) Let z = - y / x 2_ Ty 2 be the cone from z = to z = h, h > 0. Because of symmetry, x = and y = 0; 

z=\^Tf => f(x,y,z)=| (x 2 +y 2 )-z 2 =0 =► V f = 2j f 1 + j - 2zk 
=► I V f I = ^ + ^ + 4z 2 = 2^ (x 2 + y 2 ) + % (x 2 + y 2 ) = 2y/$) (x 2 + y 2 ) (| + l) 
= 2Wz2 = (f) Vh 2 + a 2 since z > 0; p = k | yf • p| = 2z dcr = (■> 3^±Z dA 

= ^±1 dA; M = JJda = J J ^1 dA = ^±1 (^2) = ^a^T^; 

S R 

M„ = f f zd<r = r fz f ^!±Z N ) d A = f f S Vx 2 +y 2 dxdy = hv^L+Z f* fV dr dfl 



//^ = //z (^) dA = ^ // l dxdy = *^±? J o /V 

S R R 

= 2^p±Z ^ z = = | ^ the centroid is ( 0j 0j f ) 
(b) The base is a circle of radius a and center at (0, 0, h) => (0, 0, h) is the centroid of the base and the mass is 



M = J J da — 7ra 2 . In Pappus' formula, let Ci = y k , C2 = hk , mi — na\/h 2 + a 2 , and m 2 = 7ra 2 
s 

=► C = -^(f) 1 ^ = 2W^±3* k ^ the c£ntroid is ( Qj Qj W^3ah\ 
jra^h 2 + a 2 + 7ra 2 3 f v /h 2 + a 2 +aj I 3 (V h 2 + a 2 + a j / 



(c) If the hemisphere is sitting so its base is in the plane z = h, then its centroid is (0, 0, h + |) and its mass is 
27ra 2 . In Pappus' formula, let Ci = y k , C2 = (h + |) k , mi = Tia\/h 2 + a 2 , and m 2 = 27ra 2 

c = = Zhvy + a^ah^a 2 k centrQid is 

™ x /h 2 +a 2 +2jra 2 3 (V h 2 + a 2 + 2aj 

0,0. 2h v /h2 + a2 + 6 al l+ji!! ] . Thus, for the centroid to be in the plane of the bases we must have z = h 

I ' 3(v4?+^ + 2a) J F 

2hv^+g+6ah + 3^ = h ^ 2hv/h 2 + a 2 + 6ah + 3a 2 = 3hVh 2 + a 2 + 6ah 3a 2 = hv/h 2 + a 2 

3 (Vh 2 +a 2 + 2a) 

=> 9a 4 = h 2 (h 2 + a 2 ) =>- h 4 + a 2 h 2 - 9a 4 = => h 2 = ( v/ "~ 1 ) a (the pos i t i ve root ) ^ h = ^ 2V F" 2 



39. f x (x,y) = 2x, f y (x,y) = 2y Jf 2 + f 2 + 1 = 0x 2 + 4y 2 + 1 Area = J" / 0x 2 + 4y 2 + 1 dx dy 

V R 

= rVo^^ + lrdrd^ = | (1303-1) 



40. f y (y, z) = -2y, f z (y, z) = -2z , /f 2 + f 2 + 1 = ^/4y 2 + 4z 2 + 1 Area = / Jy/4y 2 + 4z 2 + 1 dydz 



X"XV4r 2 + lrdrd^= 1(50-1) 



R 



41. f x (x,y)=^ F ,f y (x )y )=^ ? =► ^ + £2 + 1 = ^^ + ^ + 1 = ^2 

=> Area = f f y2 dxdy = y2( Area between the ellipse and the circle) = \/2(6n — ir) — 5tt\/2 
R\v 
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42. OverR xy : z = 2 - § x - 2y f x (x,y) = - |, f y (x,y) = -2 =► ^f x 2 + f y 2 + 1 = + 4 + 1 = | 
=> Area — J J ^ dA = | (Area of the shadow triangle in the xy-plane) = (|) (|) = | . 



OverR xz : y=l-|x-i Z f x (x,z) = - i , f z (x,z) = - \ => ^f 2 + f| + 1 _ y - 3 
=> Area — J J ^ dA = g (Area of the shadow triangle in the xz-plane) = (J) (3) = | 

Rx7 



OverR yz : x = 3 - 3y - § z f y (y, z) = -3, f z (y, z) = - f => . /f v 2 + f z 2 + 1 = < 9 + | + 1 = | 



^ yz . ^ ^ 2 —r lyyj^j ^,i zK j,^j 2 ^Y± y |i z ii I 4 I i 2 

=> Area — J Jj dA = | (Area of the shadow triangle in the yz-plane) = (|) (1) = | . 

Ryz 

43. y = | z 3 / 2 f x (x, z) = 0, f z (x, z) = z 1 / 2 =► y/f* + f| + 1 = ,/z + 1 ; y = f f = f z 3 / 2 z = 4 
=> Area = £ f Q yfz + \ dxdz = f*y/z + 1 dz = f (5-^/5 - l) 



44. y = 4 - z => f x (x, z) = 0, f z (x, z) = -1 => ^/f 2 + f | + 1 = Area = / / dA = f Q f g " ' dx dz 

Rxz 

= ^2/ o 2 (4-z 2 )dz=^ 
16.6 PARAMETRIZED SURFACES 

1. In cylindrical coordinates, let x = r cos 0, y = r sin 0, z = (a/x 2 + y 2 ) = r 2 . Then 
r(r, 0) = (r cos 0)i + (r sin 0)j + r 2 k , < r < 2, < 9 < 2n. 

2. In cylindrical coordinates, let x = r cos 0, y = r sin 0, z = 9 — x 2 — y 2 = 9 — r 2 . Then 

r(r, 6) = (r cos 0)i + (r sin 0)j + (9 - r 2 ) k ; z > =>■ 9 - r 2 > =4> r 2 < 9 => -3 < r < 3, < < 2tt. But 
— 3 < r < gives the same points as < r < 3, so let < r < 3. 

\/ x 2 + y 2 

3. In cylindrical coordinates, let x = r cos 0, y = r sin 0, z = 2 => z = | . Then 

r(r, 0) = (r cos 0)i + (r sin 0)j + (|) k . For < z < 3, < \ < 3 =>■ < r < 6; to get only the first octant, let 
O<0<|. 

4. In cylindrical coordinates, let x = r cos 0, y = r sin 0, z = 2^/x 2 + y 2 => z = 2r. Then 

r(r, 0) = (r cos 0)i + (r sin 0)j + 2rk . For 2 < z < 4, 2 < 2r < 4 =4> 1 < r < 2, and let < < 2tt. 

5. In cylindrical coordinates, let x = r cos 0, y = r sin since x 2 + y 2 = r 2 =4> z 2 = 9 — (x 2 + y 2 ) = 9 — r 2 

=> z = \/9 -r 2 , z > 0. Then r(r, 0) = (r cos 0)i + (r sin 0)j + \/9 - r 2 k . Let < < 2tt. For the domain 

of r: z = ^/x 2 + y 2 and x 2 + y 2 + z 2 = 9 x 2 + y 2 + (^/x 2 + y 2 ) 2 = 9 2 (x 2 + y 2 ) = 9 =!> 2r 2 = 9 

6. In cylindrical coordinates, r(r, 0) = (r cos 0)i + (r sin 0)j + \/ 4 — r 2 k (see Exercise 5 above with x 2 + y 2 + z 2 = 4, 
instead of x 2 + y 2 + z 2 = 9). For the first octant, let < < | . For the domain of r: z = a/x 2 + y 2 and 

x 2 + y 2 + z 2 = 4 ^> x 2 + y 2 + (^/x 2 +y 2 ) 2 =4 =^ 2 (x 2 + y 2 ) = 4 2r 2 = 4 =^ r = y/l. Thus, let \fl < r < 2 
(to get the portion of the sphere between the cone and the xy-plane). 
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7. In spherical coordinates, x = p sin cos 9, y = p sin sin 6, p — ^/x 2 + y 2 + z 2 =4> p 2 — 3 p = y3 
=> z = cos for the sphere; z = ^ = \/3 cos =>• cos = | = f ; z = ~ =^ — ~ 

Then r(0. 0) = f -\/3 sin cos 6^ i + sm s i n & \ j + (\/3 cos 0^ k , 



cos . 



§ < < f and < < 2tt. 

8. In spherical coordinates, x = p sin cos 0, y = p sin sin 0, p — \/x' 2 + y 2 + z 2 =4> p 2 — 8 =>• p = \/8 = 2y2 

=> x = 2y 2 sin cos 9, y = 2y2 sin sin 6*, and z = 2y2 cos 0. Thus let 

r(0, 0) = {2\[2 sin cos j i + {2\[2 sin sin 6^ j + \2\f2 cos 0^j k ; z = —2 —2 = 2\/2 cos 

=» cos = - =^ = ^ ; z = 2V^ 2V^ = 2a/2 cos ^> cos = 1 = 0. Thus < < ^ and 
< 6> < 2tt. 

9. Since z = 4 — y 2 , we can let r be a function of x and y =>■ r(x, y) = xi + yj + (4 — y 2 ) k . Then z = 

= 4- y 2 => y = ±2. Thus, let -2 < y < 2 and < x < 2. 

10. Since y = x 2 , we can let r be a function of x and z =>• r(x, z) = xi + x 2 j + zk . Then y = 2 

^>x 2 = 2^x=± \fl. Thus, let -yfl < x < \[2 and < z < 3. 

1 1 . When x = 0, let y 2 + z 2 = 9 be the circular section in the yz-plane. Use polar coordinates in the yz-plane 

=> y = 3 cos 9 and z = 3 sin 9. Thus let x = u and 9 — v => r(u,v) — ui + (3 cos v)j + (3 sin v)k where 
< u < 3, and < v < 2tt. 

12. When y = 0, let x 2 + z 2 = 4 be the circular section in the xz-plane. Use polar coordinates in the xz-plane 

=> x = 2 cos 9 and z = 2 sin 9. Thus let y = u and 9 — v => r(u,v) = (2 cos v)i + uj + (3 sin v)k where 
—2 < u < 2, and < v < ir (since we want the portion above the xy-plane). 

13. (a) x + y + z= l=>z=l— x — y. In cylindrical coordinates, let x = r cos 9 and y = r sin 9 

=>• z = 1 — r cos 9 — r sin 9 => r(r, 0) = (r cos 9)i + (r sin 9)j + (1 — r cos 9 — r sin 9)k ,0<9<2n and 
< r < 3. 

(b) In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let 
y = u cos v, z = u sin v where u = ^/y 2 + z 2 and v is the angle formed by (x. y, z), (x, 0, 0), and (x, y, 0) 
with (x. 0, 0) as vertex. Since x + y + z = 1 => x = 1 — y — z =>• x = 1 — u cos v — u sin v, then r is a 
function of u and v =>• r(u, v) = (1 — u cos v — u sin v)i + (u cos v)j + (u sin v)k , < u < 3 and < v < 2n. 

14. (a) In a fashion similar to cylindrical coordinates, but working in the xz-plane instead of the xy-plane, let 

x = u cos v, z = u sin v where u = \/x 2 + z 2 and v is the angle formed by (x, y, z), (y, 0, 0), and (x, y. 0) 
with vertex (y, 0, 0). Since x — y + 2z = 2 =>• y = x + 2z — 2, then r(u, v) 

= (u cos v)i + (u cos v + 2u sin v — 2)j + (u sin v)k , < u < y3 and < v < 2n. 
(b) In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let 
y = u cos v, z = u sin v where u = \Jy 2 + z 2 and v is the angle formed by (x, y, z), (x, 0, 0), and (x, y, 0) 
with vertex (x, 0, 0). Since x — y + 2z = 2 =>• x = y — 2z + 2, then r(u, v) 

= (u cos v — 2u sin v + 2)i + (u cos v)j + (u sin v)k , < u < \J~2~ and < v < 2ir. 

15. Let x = w cos v and z = w sin v. Then (x — 2) 2 + z 2 = 4 =>• x 2 — 4x + z 2 = => w 2 cos 2 v — 4w cos v + w 2 sin 2 v 

= => w 2 — 4w cos v = 0^>w = 0orw - 4 cos v = => w = or w = 4 cos v. Now w = =>■ x = and y = 0, 
which is a line not a cylinder. Therefore, let w = 4 cos v =>• x = (4 cos v)(cos v) = 4 cos 2 v and z = 4 cos v sin v. 
Finally, let y = u. Then r(u, v) = (4 cos 2 v) i + uj + (4 cos v sin v)k , — | < v < 5 and < u < 3. 
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16. Let y = w cos v and z = w sin v. Then y 2 + (z — 5) 2 = 25 =4> y 2 + z 2 — lOz = 

=> w 2 cos 2 v + w 2 sin 2 v — lOw sin v = w 2 — lOw sin v = =>• w(w — 10 sin v) = =>• w = or 

w = 10 sin v. Now w = => y = and z = 0, which is a line not a cylinder. Therefore, let w = 10 sin v 
=>• y = 10 sin v cos v and z = 10 sin 2 v. Finally, let x = u. Then r(u, v) — ui + (10 sin v cos v)j + (10 sin 2 v) k, 

< u < 10 and < v < 7T. 



17. Let x = r cos and y = r sin 0. Then r(r, 8) = (r cos 9)i + (r sin 0)j + ( 2 ~' 2 sing ) k , < r < 1 and < 6 < 2ir 
r r = (cos 0)i + (sin 0)j - (^) k and r e = (-r sin 9)i + (r cos 0)j - (^f 1 ) k 

j k 

sin 9 



cos b 

— r sin r cos — 



sin V 

2 

r cos f 



sin 9 cos 9 , (sin 9)( 
2 ~r *" 



r cos g) \ . 
2 ) 



r so" p I r cos- ( 



j + (r cos 2 + r sin 2 0) k = ~ j + rk 







l r r >< = v/fTr 2 " = ^ => A = j;7 o ' ^ drd0 = [^] d0 = d0 



7TV5 

2 



18. Let x = r cos and y = r sin =4> z = — x — — r cos 0, < r < 2 and < < 27r. Then 
r(r, 0) = (r cos 0)i + (r sin 0)j — (r cos 0)k => r r = (cos 0)i + (sin 0)j — (cos 0)k and 
r# = (— r sin 0)i + (r cos 0)j + (r sin 0)k 

i j k 

=> r r x rg = cos sin — cos i 
— r sin r cos r sin 6 

= (r sin 2 + r cos 2 0) i + (r sin cos — r sin cos 0)j + (r cos 2 + r sin 2 0) k = ri + rk 

=> |r r x r 9 | = \/r 2 + r 2 = rV^ =*> A = f* xyfl drd0 = * d0 = ^ly/l d0 = 4tta/2 

19. Let x = r cos and y = r sin =4> z = 2^/ x 2 + y 2 = 2r, 1 < r < 3 and < < 2-k. Then 

r(r, 0) = (r cos 0)i + (r sin 0)j + 2rk =>- r r = (cos 0)i + (sin 0)j + 2k and r g = (-r sin 0)i + (r cos 0)j 



r r x r e 



i j k 

cos sin 2 
r sin r cos 



= (— 2r cos 0)i — (2r sin 0)j + (r cos 2 + r sin 2 0) k 



(-2r cos 0)i - (2r sin 0)j + rk ^> |r r x r„| = V^r 2 cos2 + 4r2 sin 2 # + r 2 = a/^t 2 = rV^ 
" A = CI! ^ *d0 = £ [^] ' d0 = J^Ay/S d0 = Stt^S 



20. Let x = r cos and y = r sin i 



f , 3 < r < 4 and < < 2?r. Then 



r(r, 0) = (r cos 0)i + (r sin 0)j + (§ ) k => r r = (cos 0)i + (sin 0)j + (\) k and r e = (-r sin 0)i + (r cos 0)j 

= (- 5 r cos 0) i - (| r sin 0)j + (r cos 2 + r sin 2 0) k 



r r x r e 



j k 

i 

3 

— r sin r cos 



COS l 



sin i 



= (-±rcos0)i- (irsin0) j + rk |r r x r e | = y^r 2 cos 2 0+ ±r 2 sin 2 + r 2 = = ^ 

=> A = rrf dr d 0= r[^i 4 d 0= r^d9 



77rv/T0 
3 



21. Let x = r cos and y = r sin =>- r 2 = x 2 + y 2 = 1, 1 < z < 4 and < < 27r. Then 
r(z, 0) = (cos 0)i + (sin 0)j + zk => r z = k and rg = (— sin 0)i + (cos 0)j 

j k 

(cos 0)i + (sin 0) j => \r$ x r z | = ^/ cos 2 + sin 2 = 1 



re x r z 



sin cos 
1 
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A= / ldrd0 = / 3 d0 = 6tt 
Jo J i Jo 



22. Let x = u cos v and z = u sin v =>• u 2 = x 2 + z 2 = 10, — 1 < y < 1, < v < 2tt. Then 
r(y. v) = (u cos v)i + yj + (u sin v)k = ^\/l0 cos v^j i + yj + (\/l0 sin v \ k 

i j k 

— VlOsinv vlOcosv 



-\J 10 sin i + cos vj k and r y = j 







1 







= (-'/id cos v) i - C\/ld sin v^ k =>■ |r v x r, 
= J^vTodv = 4ttV A 10 



= WW => A = 



lOdudv = 



10u 



dv 



23. z = 2 - x 2 - y 2 and z = a/x 2 + y 2 =>• z = 2 - z 2 =*> z 2 + z - 2 = =>• z = -2 or z = 1. Since z = ^x 2 + y 2 > 0, 
we get z = 1 where the cone intersects the paraboloid. When x = and y = 0, z = 2 => the vertex of the 
paraboloid is (0, 0, 2). Therefore, z ranges from 1 to 2 on the "cap" =>• r ranges from 1 (when x 2 + y 2 = 1) to 
(when x = and y = at the vertex). Let x = r cos 0, y = r sin 0, and z = 2 — r 2 . Then 
r(r, 0) = (r cos 0)i + (r sin 0)j + (2 - r 2 ) k , < r < 1, < < 2tt => r r = (cos 0)i + (sin 0)j - 2rk and 

i j k 

cos sin — 2r 
r sin r cos 

= (2r 2 cos 0) i + (2r 2 sin 0) j + rk |r r x r e \ = V^r 4 cos 2 + 4r 4 sin 2 + r 2 = r^Ar 2 + 1 



r fl = (— r sin 0)i + (r cos 0)j => r r x r g — 



A = rrVS^TT drd0 = J;" [i (4r 2 + 1) 3/2 ] * d0 = £ (^i) d0 = I (5^5 - l) 



24. Let x = r cos 0, y = r sin and z = x 2 + y 2 = r 2 . Then r(r, 0) = (r cos 0)i + (r sin 0)j + r 2 k , 1 < r < 2, 
< < 2tt r r = (cos 0)i + (sin 0)j + 2rk and r g = (-r sin 0)i + (r cos 0)j 

j k 

(-2r 2 cos 0) i - (2r 2 sin 0) j + rk =>• |r r x r 9 | 



r r x r fl 



cos sin 2r 
-r sin r cos 



^4r 4 cos 2 + 4r 4 sin 2 + r 2 = r^4r 2 + 1 A = /^/^ r\Ar 2 + 1 drd0 = fi (4r 2 + 1) 
JT O 2 ^ 5 ) d0=l(l7V^-5^5) 



3/2' 



d0 



25. Let x = p sin <j> cos 0, y = p sin sin 0, and z = p cos <p ^> p — y'x 2 + y 2 + z 2 = yz on the sphere. Next, 

x 2 + y 2 + z 2 = 2 and z = y'x 2 + y 2 =4> z 2 + z 2 = 2 =4> z 2 = 1 =4> z = 1 since z > => = | . For the lower 
portion of the sphere cut by the cone, we get <f> — n. Then 

r((p,9) = sin 4> cos 9j i + (^2 sin sin 0^ j + (^V^ cos ^) k, f < < tt, < < 2tt 

=>• r ? j = ^\/2 cos cos 9^j i + cos sin 0^j j — sin </>^ k and rg = (^—\/2 sin <j> sin 0^j i + sin cos 0^j j 

i j k 

y2 cos <p cos y2 cos sin — y2 sin . 
— y2 sin sin y2 sin cos 
= (2 sin 2 (f> cos 0) i + (2 sin 2 cj> sin 0) j + (2 sin </> cos <f>)k 

=> |r^ x r#| = y 4 sin 4 cos 2 + 4 sin 4 sin 2 + 4 sin 2 <f> cos 2 <f> — y 4 sin 2 </> = 2 |sin <p\ =2 sin . 

a = rx 2 sin <^ d0 = ( 2 + ji) d9 = (4 + 2^2) tt 



ra x r g 



26. Let x = p sin cos 0, y = p sin <j> sin 0, and z = p cos 

z = — 1 =4> — 1 = 2 cos =>■ cos <6 = — k => 6 — 



p — y'x 2 + y 2 + z 2 = 2 on the sphere. Next, 

cos cos d> — n =>■ 4> — t ■ Then 



^ ; z = ^3 y 3 = 2 
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r((j>, 9) = (2 sin <p cos 0)i + (2 sin (p sin 0)j + (2 cos 0)k , | < <p < ?f, < < 2n 

=> = (2 cos cos 0)i + (2 cos <p sin 0)j — (2 sin <p)k and 
^ = (—2 sin sin 0)i + (2 sin cos 0) j 

i j k 

=> x rg = 2 cos </> cos 2 cos <j> sin —2 sin . 

—2 sin sin 2 sin cos 

= (4 sin 2 4> cos 0) i + (4 sin 2 (p sin 0) j + (4 sin cos <p)k 

=>■ |r<j, x r#| = ^/ 16 sin 4 </> cos 2 0+16 sin 4 sin 2 0+16 sin 2 </> cos 2 (p — \J 16 sin 2 . 
=» A = f~"f~"^ 4 sin d0 d0 = [l + 2 \/t\ d0 = (4 + 4^) n 



4 | sin </> | = 4 sin ( 



i j k 

1 2x 
1 



27. Let the parametrization be r(x, z) = xi + x 2 j + zk r„ = i + 2xj and r z = k r x x r z 

= 2xi + j => |r x x r z | = \/4x 2 + 1 => // G(x, y, z) da = J^V^ 2 + 1 dxdz = £ [i (4x 2 + 1) 
= (17^17 -l) dz=^ 



3/2' 



n 2 



dz 



28. Let the parametrization be r(x, y) = xi + yj + \J A — y 2 k , —2 < y < 2 r x = i and r y = j — 



7^7 



i J 

1 
1 



k 



y 

7^7 



j + k => |r x x r y 



y j- 1 - 1 

4-y 2 + 1 ~ 



//G(x,y ) z)da = / i X 2 V4" 



yM^dydx 



= 24 



29. Let the parametrization be r(<fi, 0) = (sin cos 0)i + (sin </> sin 0)j + (cos 0)k (spherical coordinates with p = 1 
on the sphere), < < 7r, < 9 < 2tt =£> = (cos </> cos 0)i + (cos sin 0)j — (sin 0)k and 

i j k 



rg — (— sin <p sin 0)i + (sin </> cos 0)j => x r# = 



cos (p cos f cos cp sin f — sin < 
— sin (A sin sin <A cos 



= (sin 2 cos 0) i + (sin 2 <p sin 0) j + (sin <p cos </>)k =>■ |r^ x r#| = \J sin 4 </> cos 2 + sin 4 </> sin 2 + sin 2 cp cos 2 
= sin </>; x = sin cos =>■ G(x, y, z) = cos 2 sin 2 =>■ J J G(x, y, z) da = J J o (cos 2 sin 2 <f>) (sin 0) d</> d0 



£ (cos 2 0) ( 1 - cos 2 <P) (sin <P) d(P d0; 



u = cos 
du = — sin 



£"£\cos 2 9) (u 2 - 1) dud0 



L ( 



cos 



— u 



- 1 d 0=i/;" C os^d0=|[f+^] 



2tt 



4 J — 3 



30. Let the parametrization be r(cf>, 0) = (a sin <fi cos 0)i + (a sin <fi sin 0)j + (a cos <p)k (spherical coordinates with 
p = a, a > 0, on the sphere), < <p < § (since z > 0), < < 2?r 
=> = (a cos <p cos 0)i + (a cos (p sin 0)j — (a sin 0)k and 

i j k 

rg = (—a sin <p sin 0)i + (a sin <f> cos 0)j =>- x rg — a cos cos a cos sin —a sin . 

—a sin sin a sin cos 



= (a 2 sin 2 <fi cos 0) i + (a 2 sin 2 <f> sin 0) j + (a 2 sin <fi cos <p)k 
|r x r«| = A/a' ~ ~~~~ ~~ ~~~ ~ 



' sm* m cos^ t/ + a* sin* m snr w + snr m cos^ 



a 2 sin <p\ z = a cos i 



G(x, y, z) = a 2 cos 2 <p =>• / / G(x, y, z) dcr = f*f* (a 2 cos 2 </>) (a 2 sin 0) d0 d0 = | ?ra 4 
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31. Let the parametrization be r(x, y) = xi + yj + (4 — x — y)k =4> r x = i k and r y = j k 

i j k l j 

i+j + k =► |r x xr y | = ^/3 ffF(x,y,z)da= f g f o (4 - x - y) ^3 dydx 



=> r x x r y 



1 -1 
1 -1 



4y — xy — 



dx = J v / 3(l-x)dx= A /3 



32. Let the parametrization be r(r, 0) — (r cos 0)i + (r sin 0)j + rk , < r < 1 (since < z < 1) and < < 2tt 

i j k 

=> r r = (cos 0)i + (sin 0)j + k and r# = (— r sin 0)i + (r cos 0)j r r x r# = cos sin 9 1 

— r sin 9 r cos 6* 

= (— r cos 0)i — (r sin 0)j + rk =>• |r r x r^| = \J (— r cos 0) 2 + (— r sin 0) 2 + r 2 = ry2; z = r and x = r cos 9 

=> F(x, y, z) = r - r cos =>• // F(x, y, z) dcr = J q (r - r cos 0) (ry^) drd0 = \fl J** £(l - cos 9) r 2 drd0 



33. Let the parametrization be r(r, 9) = (r cos 0)i + (r sin 0)j + ( 1 - r 2 ) k , < r < 1 (since < z < 1) and < 9 < 2tt 



=> r r = (cos 0)i + (sin 0)j — 2rk and r B — (— r sin 0)i + (r cos 0)j =>■ r r x v B — 



J 

sin i 



(2r 2 cos 9) i + (2r 2 sin 9) j + rk => |r r x r 9 | = J (2r 2 



(2r 2 



k 

-2r 



-r sin 9 r cos 9 



') + r 2 = x\/ 1 + 4r 2 ; z = 1 - r 2 and 

x = r cos 9 => H(x, y, z) = (r 2 cos 2 0) \J 1 + 4r 2 =>■ J J H(x, y, z) dcr 

s 

= X "X ^ 2 COs2 ^ (V 1 + 4r2 ) (r\/l + 4r 2 ) drd0 = J^'/J r 3 (1 + 4r 2 ) cos 2 9 drd(9 = ^ 



34. Let the parametrization be r(<fi, 9) = (2 sin (f> cos 9)\ + (2 sin (f> sin 0)j + (2 cos 0)k (spherical coordinates with 



p — 2 on the sphere), 0<</><f;x 2 + y 2 + z 2 =4 and z = a/x 2 + y 2 =>- z 2 + z 2 = 4 => z 2 = 2 =>- z = \/2 (since 
z > 0) =>■ 2 cos (j) = y/2 cos <f> = ^ =^ = f > < $ < 27r; r<j, = (2 cos cos 0)i + (2 cos sin 0)j — (2 sin </>)k 



and r# = (—2 sin sin 0)i + (2 sin cos 0)j =>■ x rj = 
= (4 sin 2 <f> cos 0) i + (4 sin 2 </> sin 0) j + (4 sin </> cos <f>)k 



i j k 

2 cos cos 2 cos sin —2 sin . 
—2 sin <j> sin 2 sin e6 cos 



=> |iv x tyl = ^/ 16 sin 4 cos 2 0+16 sin 4 sin 2 0+16 sin 2 cos 2 = 4 sin 0; y = 2 sin sin and 
z = 2 cos 4> =>■ H(x, y, z) = 4 cos sin sin => J J" H(x. y, z) dcr = (4 cos </> sin <f> sin 0)(4 sin 0) d(f> d0 



r<27r r*7r/4 

16 

Jo Jo 



sin 2 (j) cos (f> sin doi d0 = 



=> y = ± 2; r x = i and r y = j 2yk =4* r x x r y = 



2yj + k =>• F • n dcr 



35. Let the parametrization be r(x, y) = xi + yj + (4 - y 2 ) k, < x < 1, -2 < y < 2; z = = 4 - y 2 

i j k 

1 

1 -2y 

F • |r x x r y | dydx = (2xy - 3z) dydx = [2xy - 3(4 - y 2 )] dy dx J Jf ■ n dcr 

/0 J-2 



J" f (2xy + 3y 2 - 12) dy dx = J" [xy 2 + y 3 - 12y] \ dx = -32 dx = -32 
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36. Let the parametrization be r(x, y) = xi + x^j + zk,— l<x<l,0<z<2 => r x = i + 2xj and r z 

i j k 

= i\ - v, = 1 2x 
1 

• 1 nl 



= 2xi j =>- F • n dcr = F • |r x x r z | dzdx = -x 2 dzdx 



J J F • n da = f j -x 2 dzdx 
s 1 11 



37. Let the parametrization be r(<f), 9) — (a sin 4> cos 0)i + (a sin <fi sin 9)j + (a cos 0)k (spherical coordinates with 
p = a, a > 0, on the sphere), < <f> < | (for the first octant) , < # < | (for the first octant) 
=> = (a cos (j> cos 6*)i + (a cos <j> sin #)j — (a sin <f>)k and rg = (—a sin <f> sin 9)\ + (a sin <j> cos #)j 

i j k 

T(j x rfl = a cos <fi cos a cos <j> sin —a sin i 
—a sin </> sin 9 a sin cos 9 

= (a 2 sin 2 <j> cos 0) i + (a 2 sin 2 <j> sin 0) j + (a 2 sin (f> cos <t>) k ^> F • n da = F • j^^j |r^ x r 9 | d6» d0 

„ „ Otv/2 nyv/2 

= a 3 cos 2 4> sm </> d0 d</> since F = zk = (a cos </>)k =>• J J F • n dcr = J o J o a 3 cos 2 (f> sin </> d(f> d9 



38. Let the parametrization be r((f>, 9) — (a sin <\> cos 0)i + (a sin <\> sin 0)j + (a cos 0)k (spherical coordinates with 
p = a, a > 0, on the sphere), < < 7r, < 9 <2ir 

=> = (a cos ^ cos 0)i + (a cos <j> sin 0)j — (a sin <j>)k and rg = (—a sin sin 0)i + (a sin <f> cos 0)j 

i j k 

=> x rg — a cos <f> cos 6* a cos <f> sin —a sin . 

—a sin <j> sin a sin cos 9 

= (a 2 sin 2 ;/) cos 0)i + (a 2 sin 2 <j> sin 0) j + (a 2 sin <p cos 0) k => F • n dcr = F • \r$ x r e \ d9d<j> 

= (a 3 sin 3 (j> cos 2 (f> + a 3 sin 3 sin 2 + a 3 sin <f> cos 2 (/>) d0 d</> = a 3 sin <f> d9 dip since F = xi + yj + zk 

= (a sin cj) cos 0)i + (a sin <f> sin 0)j + (a cos <fr)k => J Jf ■ n dcr = J g a 3 sin <p d(f> d9 — 47ra 3 



39. Let the parametrization be r(x, y) = xi + yj + (2a — x — y)k ,0<x<a, 0<y<a =>■ r x = i k and r y = j k 
i j k 

j + k => F-nda = F-^ |r x xr y |dydx 



=>■ r x x r y 



1 -1 
1 -1 



[2xy + 2y(2a — x — y) + 2x(2a — x — y)] dy dx since F = 2xyi + 2yzj + 2xzk 

2xyi + 2y(2a - x - y)j + 2x(2a - x - y)k JjF-nda 

S 

f*f [2xy + 2y(2a - x - y) + 2x(2a - x - y)] dy dx = f*J" (4ay - 2y 2 + 4ax - 2x 2 - 2xy) dydx 
X a (|a 3 + 3a 2 x-2ax 2 ) dx = (f + § - §) a 4 = ^ 



40. Let the parametrization be r(0, z) = (cos 9)\ + (sin 0)j + zk , < z < a, < 9 < 2n (where r = ^/x 2 + y 2 = 1 on 



the cylinder) 



=> F-ndcr = F 



(- sin 0)i + (cos 0)j and r z = k => r ( xr z 



i j k 

sin 9 cos 9 
1 



(cos 0)i + (sin 0)j 



|r e xr 2 | 

.2tt f.a 



h \rg X r z | dzd6» = (cos 2 + sin 2 9) dzd9 = dzd9, since F = (cos 9)\ + (sin 9)j + zk 



Jj¥ ■ n dcr = J Q " 1 dzd6> = 27ra 
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41. Let the parametrization be r(r, 0) — (r cos 9)i + (r sin 0)j + rk , < r < 1 (since < z < 1) and < < 2n 

i J k 

=> r r = (cos 0)i + (sin 0)j + k and rg = (— r sin 0)i + (r cos 0)j ^ rg x r r = — r sin 9 r cos 9 

cos 9 sin 9 1 

= (r cos 9)i + (r sin 0)j - rk F • n dcr = F • \r g x r r | d9 dr = (r 3 sin 9 cos 2 + r 2 ) d9 dr since 

F = (r 2 sin 9 cos 0) i - rk / / F • n dcr = J* J 1 (r 3 sin 9 cos 2 + r 2 ) drd0 = J^Q sin cos 2 + ±) d0 



H cos3 1 



9] -™ _ 2jt 
3 J ~~ 3 



42. Let the parametrization be r(r, 0) = (r cos 0)i + (r sin 0)j + 2rk , < r < 1 (since < z < 2) and < < 2n 

J k 

r r = (cos 0)i + (sin 0)j + 2k and rg = (— r sin 0)i + (r cos 0)j r^xr. 



— r sin r cos 
cos 9 sin 2 



(2r cos 9)\ + (2r sin 0)j - rk ^ F • n dcr = F • |^jr \r g x r r | d0 dr 



= (2r 3 sin 2 cos 9 + 4r 3 cos sin + r) d0 dr since 

F = (r 2 sin 2 0) i + (2r 2 cos 0) j - k =S> J jF • n dcr = f^f (2r 3 sin 2 cos + 4r 3 cos sin 9 + r) dr d0 



fj (| sin 2 cos + cos sin + \) A9 = [\ sin 3 + 1 sin 2 + | 



2?r 



43. Let the parametrization be r(r, 0) = (r cos 0)i + (r sin 0)j + rk , 1 < r < 2 (since 1 < z < 2) and < < 2ti 

j k 

r r = (cos 0)i + (sin 0)j + k and rg — {— r sin 0)i + (r cos 0)j ^ r s x r r 



-r sin r cos 9 
cos 9 sin 1 



(r cos 0)i + (r sin 0)j - rk =!> F • n dcr = F • |r 9 x r r | d0dr = (-r 2 cos 2 9 - r 2 sin 2 - r 3 ) d0dr 



= (-r 2 - r 3 ) d0dr since F = (-r cos 0)i - (r sin 0)j + r 2 k ^> J Jf ■ n dcr = f " f (-r 2 - r 3 ) drd0 = 

S 1 

44. Let the parametrization be r(r, 0) = (r cos 0)i + (r sin 0)j + r 2 k , < r < 1 (since < z < 1) and < 9 < In 



73- 
6 



r r = (cos 0)i + (sin 0)j + 2rk and rg — (— r sin 0)i + (r cos 0)j ^> rg x r, 

cos 

(2r 2 cos 0) i + (2r 2 sin 0) j - rk F • n dcr = F • \r e x r r | d0 dr = (8r 3 cos 2 + 8r 3 sin 2 - 2r) d0 dr 



i j k 

r sin r cos 
sin 2r 



Sr 3 - 2r) d0 dr since F = (4r cos 0)i + (4r sin 0)j + 2k ^> j Jf ■ n dcr = J o " J q (8r 3 - 2r) drd0 = 2tt 



45. Let the parametrization be r(cf>, 9) = (a sin (j> cos 0)i + (a sin (j> sin 0)j + (a cos </>)k ,O<0<|,O<0<| 
=> = (a cos (j> cos 0)i + (a cos <f> sin 0)j — (a sin 4>)k and = (—a sin cf> sin 0)i + (a sin <j> cos 0)j 

i j k 

=> x rg = a cos (f> cos a cos <f> sin —a sin . 

—a sin sin a sin (j> cos 

= (a 2 sin 2 (j> cos 0) i + (a 2 sin 2 cf> sin 0) j + (a 2 sin <j> cos <f>) k 

=> |r<j, x r^| = a 4 sin 4 cos 2 + a 4 sin 4 <fr sin 2 + a 4 sin 2 <f> cos 2 = ^/ a 4 sin 2 <f> — a 2 sin <j>. The mass is 
M = j Jda — J 1 J (a 2 sin 0) d0 d0 = ^ ; the first moment is M yz = J Jx dcr 



p7r/2 ^7r/2 

J o J o (a sin ^ cos 0) (a 2 sin <f>) dtp d9 



a - 
4 



the centroid is located at (| , | , |) by 



symmetry 
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46. Let the parametrization be r(r, 9) — (r cos 9)i + (r sin 0)j + rk , 1 < r < 2 (since 1 < z < 2) and < f? < 27r 

i J k 



r r = (cos 9)i + (sin 9)j + k and r# = (— r sin 9)i + (r cos 9)j =4> rg x r r = 



— r sin 9 r cos 6* 
cos 9 sin 9 1 



= (r cos 9)i + (r sin 9)j — rk |r# X r r | = y r 2 cos 2 9 + r 2 sin 2 + r 2 = r\/2. The mass is 

M = f J 6 da — fj£ c^V^drdtf = h^?) nS; the first moment is M xy = ff 6z da = J** f* 8r{ry/l\ dxd9 



'14^/2)7. 



3V2 )nS 



— y =>• the center of mass is located at (0, 0, y) by symmetry. The 



moment of inertia is I z = J J 6 (x 2 + y 2 ) dcr = J o J i <5r 2 ( r \/2~) drd# 



15V2U4 



the radius of gyration is 



R 7 



47. Let the parametrization be r(cf>, 9) = (a sin cj> cos #)i + (a sin cj> sin 9)j + (a cos </>)k , < < 7r, < 9 < 2tt 
=> = (a cos cos 0)i + (a cos (j) sin 9)j — (a sin 0)k and rg = (—a sin sin 9)\ + (a sin cos 0)j 

i j k 

=> x rg — a cos cos 9 a cos (/> sin 9 —a sin . 

—a sin sin a sin (j> cos 

= (a 2 sin 2 (j> cos 0) i + (a 2 sin 2 <j> sin 9) j + (a 2 sin (/> cos 0) k 

=> |r^ x I = \J a 4 sin 4 cos 2 9 + a 4 sin 4 sin 2 6* + a 4 sin 2 cos 2 4> — \J a 4 sin 2 4> = a 2 sin </>. The moment of 
inertia is I 2 = J J 6 (x 2 + y 2 ) dcr = J g J g 6 [(a sin <j) cos 9) 2 + (a sin cp sin 6>) 2 ] (a 2 sin (f) d(j> d9 



£ 6 (a 2 sin 2 <j>) (a 2 sin </>) d</> d6» = £ <5a 4 sin 3 d</> d9 = J^a 4 [(- | cos 0) (sin 2 + 2)] * d0 



S.'T.,' 

3 



48. Let the parametrization be r(r, 9) = (r cos 9)i + (r sin 8)j + rk , < r < 1 (since < z < 1) and < 9 < 2tt 

i j k 

r r = (cos 9)i + (sin 9)j + k and rg — (— r sin 9)i + (r cos 9)j =4> rg x r r = — r sin r cos 9 

cos 9 sin 9 1 



= (r cos 9)i + (r sin 9)j — rk |rg x r r | = ^/ r 2 cos 2 9 + r 2 sin 2 + r 2 = r^/2. The moment of inertia is 
I z = J J 5 (x 2 + y 2 ) dcr = £" £ Sr 2 (rV^) drd(9 



2 





(V2, <2, 2) 



x + y - V2z = 



49. The parametrization r(r, 9) = (r cos 0)i + (r sin 9)\ + rk 
atP = (^2,^2,2) => 6=l,r = 2, 

r r = (cos 9)i + (sin #)j + k= y i + yj+k and 
r fl = (-r sin 8)\ + (r cos 9)j = -\fl\ + \fl\ 
i k 
^ r r x r g = s/212 s/212 1 
-y/2 y/l 
= — \fl\ — + 2k ^> the tangent plane is 

= - \/2j + 2kj • - \fl\ i + (y - y/l) j + (z - 2)k => V^x + V^y - 2z = 0, or x + y - V^z = 0. 

The parametrization r(r, 9) => x = r cos 9, y = r sin 9 and z = r x 2 + y 2 = r 2 = z 2 ^> the surface is z = ^/x 2 + y 2 . 
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50. The parametrization r(<j>, 0) 

= (4 sin <f> cos 0)i + (4 sin <f> sin 0)j + (4 cos 0)k 

at P = i 
= 4 cos 



2,y^,2>/3j p = 4 and z = 2-^3 
= | ; also x = y2 and y = y2 



^ 0= f . Then 

= (4 cos (/> cos 0)i + (4 cos sin 0)j — (4 sin </>)k 

= \/6i + \/6j — 2k and 
rg = (—4 sin <f> sin 0)i + (4 sin cf> cos 0)j 

i J k 

= -y/li + \f% at P r x r e = a/6 \/6 -2 

-a/2 v/2 
= 2y2i + 2y2j + 4y3k =>• the tangent plane is 



V? X + V2 V + 2V3 2 = 16 



v 2 ., 2 , 2 < = 

x +y +2 =16 




2^2i + 2^2j + 473k) 



x - a/2) i + (y - V^J j + (z - 2 a/3 J kj = => a/2x + a/^Y + 2a/3z = 16, 

or x + y + a/6z = 8\/ 2. The parametrization =4> x = 4 sin <ft cos 0, y = 4 sin ^ sin 0, z = 4 cos </> 
=> the surface is x 2 + y 2 + z 2 = 16, z > 0. 



51. The parametrization r(0, z) = (3 sin 26)i + (6 sin 2 0) j + zk 



atP, 



•o=(¥-l.o) 



and z = 0. Then 



2 ' 2 ' y 3 

r fl = (6 cos 20)i + (12 sin cos 0)j 
= — 3i + 3\/3j and r z = k at P 

i j k 
4r,xr z = -3 3a/3 = 3A/3i + 3j 

1 
=> the tangent plane is 

(3x/3i + 3j) • [(x-^)i+(y-f)j + (z-0)k 








• v 3x + y = 9. The parametrization => x = 3 sin 20 
I y = 6 sin 2 x 2 + y 2 = 9 sin 2 20 + (6 sin 2 of 

9 (4 sin 2 cos 2 0) + 36 sin 4 = 6 (6 sin 2 0) = 6y => x 2 + y 2 - 6y + 9 = 9 ^> x 2 + (y - 3) 2 = 9 



52. The parametrization r(x. y) = xi + yj — x 2 k at 

P = (1, 2, -1) r x = i 2xk = i - 2k and r y = j at P 
i j k 

1 —2 =2i + k=> the tangent plane 
1 

is (2i + k) • [(x - l)i + (y - 2)j + (z + l)k] = 
=> 2x + z = 1 . The parametrization =>• x = x, y = y and 
z — —x 2 =>■ the surface is z = — x 2 




53. (a) An arbitrary point on the circle C is (x, z) = (R + r cos u, r sin u) =>■ (x, y, z) is on the torus with 
x = (R + r cos u) cos v, y = (R + r cos u) sin v, and z = r sin u, < u < 2ir, < v < 2n 
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=> r u x r v = 



(b) r u = (— r sin u cos v)i — (r sin u sin v)j + (r cos u)k and r v — (— (R + r cos u) sin v)i + ((R + r cos u) cos v)j 

i j k 

— r sin u cos v — r sin u sin v r cos u 

— (R + r cos u) sin v (R + r cos u) cos v 

= — (R + r cos u)(r cos v cos u)i — (R + r cos u)(r sin v cos u)j + (— r sin u)(R + r cos u)k 

=> |r u xr,f=(R + r cos u) 2 (r 2 cos 2 v cos 2 u + r 2 sin 2 v cos 2 u + r 2 sin 2 u) =4> |r u x r v | = r(R + r cos u) 

A = f Q (rR + r 2 cos u) du dv = 27rrR dv = 4?r 2 rR 



54. (a) The point (x, y, z) is on the surface for fixed x = f(u) when y = g(u) sin (| — v) and z = g(u) cos (| — v) 

=> x = f(u), y = g(u) cos v, and z = g(u) sin v =>■ r(u. v) = f(u)i + (g(u) cos v)j + (g(u) sin v)k , < v < 2ir, 
a < u < b 

(b) Let u = y and x = u 2 =4> f(u) = u 2 and g(u) = u r(u. v) = u 2 i + (u cos v)j + (u sin v)k , < v < 2ir, < u 



h = cos 2 



= cos (j) cos 8 and ? = cos <f> sin 8 



55. (a) Let w 2 + 3 = 1 where w = cos <f> and | = sin <j> =>• K 
=> x = a cos 8 cos <j>, y = b sin 8 cos cfr, and z = c sin <f> 
=> r(8, <f>) = (a cos 8 cos </>)i + (b sin 8 cos </>)j + (c sin </>)k 
(b) rg = (—a sin 8 cos <j))\ + (b cos 8 cos <p)j and — (—a cos 8 sin 0)i — (b sin 8 sin <j>)j + (c cos 0)k 

i j k 



r 8 x 



-a sin 8 cos 4> b cos 8 cos cj> 
-a cos 8 sin <b — b sin 6* sin ^ c cos > 



= (be cos 8 cos 2 <ft) i + (ac sin cos 2 </>) j + (ab sin cos 0)k 

=> I x r(/,| 2 = b 2 c 2 cos 2 8 cos 4 + a 2 c 2 sin 2 8 cos 4 </> + a 2 b 2 sin 2 (f> cos 2 0, and the result follows. 
A J o 2 "J " |re x r<?s|# dfl = J^JJ [a 2 b 2 sin 2 <j> cos 2 + b 2 c 2 cos 2 8 cos 4 + a 2 c 2 sin 2 cos 4 ] 1/2 d</> d(9 

56. (a) r(8, u) = (cosh u cos 8)\ + (cosh u sin 8)j + (sinh u)k 

(b) r(0, u) = (a cosh u cos 6>)i + (b cosh u sin 8)j + (c sinh u)k 



57. r(#, u) = (5 cosh u cos 8)\ + (5 cosh u sin 8)j + (5 sinh u)k 
r u = (5 sinh u cos 0)i + (5 sinh u sin 8)j + (5 cosh u)k 
i j k 



(—5 cosh u sin 8)i + (5 cosh u cos 8)j and 



re x r u 



—5 cosh u sin 8 5 cosh u cos 8 
5 sinh u cos 8 5 sinh u sin 8 5 cosh u 



= (25 cosh 2 u cos 8) i + (25 cosh 2 u sin 8) j — (25 cosh u sinh u)k. At the point (xo, yo, 0), where x 2 , + y 2 , = 25 
we have 5 sinh u = =>• u = and Xo = 25 cos 8, yo = 25 sin 8 =>■ the tangent plane is 
5(x i + y j) • [(x - x )i + (y - y )j + zk] = =» x x - xg + y y - y ( 2 = ^ x x + y y = 25 

58. Let 4 — w 2 = 1 where - = cosh u and w = sinh u=>w 2 = ^ + rj => - = w cos 8 and 1 = w sin 8 

c" c a- b 2 a b 

=> x = a sinh u cos 8, y = b sinh u sin 8, and z = c cosh u 

=> r(0, u) = (a sinh u cos 8)i + (b sinh u sin 8)j + (c cosh u)k , < 8 < 2n, —00 < u < 00 
16.7 STOKES' THEOREM 



1 . curl F = v x F 





i 


J 


k 






a 


a 


a 






dx 


ay 








X 2 


2x 


z 2 





0i + Oj + (2 - 0)k = 2k and n = k curl F n = 2 dcr = dx dy 



F • dr = J J 2 dA = 2(Area of the ellipse) = 4n 
R 
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2. curl F = v x F 



i j k 

111 

dx dy dz 



0i + Oj + (3 - 2)k = k and n = k => curl F n = 1 =» da = dx dy 



2y 3x -z 2 
^ c F • dr = f J dx dy = Area of circle = 9tt 



3. curl F = v x F 





i 


j 


k 






a 


a 


a 






ax 




a z 






y 


xz 


X 2 






- 1) 


=> 


dff = 


. V 



xi - 2xj + (z - l)k and n = i+j / ± k curl F • n 



= ^(-x-2x + z-l)=^dcr = ^dA=»£F-dr = /J ^ (-3x + z - 1) 



dA 



f*f*~\-3* + (1 - x -y) - 1] dydx = " (-4x - y) dydx = £- [4x(l - x) + \ (1 - x) 2 ] dx 

Soil 



;i+3x-|x 2 )dx = -f 



1 

a.x 



J 

_a_ 
a y 



_a 



4. curl F = v x F 

=» curl F • n = (2y - 2z + 2z - 2x + 2x - 2y) = =» § c F • dr = // Ode = 



y 2 + z 2 x 2 + z 2 x 2 + y 2 



(2y - 2z)i + (2z - 2x)j + (2x - 2y)k and n = i±i 7 ^ 

v/3 



5. curl F = v x F 



i j k 

111 

ax Oy dz 

,2 , ,2 „2 I ,,2 „2 , .,2 



= 2yi + (2z — 2x)j + (2x — 2y)k and n = k 

y + z* x" + y x" + y 
> curl F • n = 2x - 2y da = dxdy <£ F • dr = J_' (2x - 2y) dxdy = [x 2 - 2xy] ^ dy 

/_ 1 1 -4ydy = 



curl F = v x F 







J 


k 






a 


a 


a 






ax 


a y 


a z 






x 2 y 3 


1 


z 





Oi + Oj - 3x 2 y 2 k and n 



_ 2xi + 2yj + 2zk _ xi + yj + zk 



2Vx 2 + y 2 + z 2 

> curl F • n = | x 2 y 2 z; dcr = | dA (Section 16.5, Example 5, with a = 4) => ^ F • dr 

II {~l x Y z ) it) dA = - 3 JTX ( r2 cos2 °) ( r2 sin2 °) r drd61 = ~ 3 X 2 " [£] 2 (cos sin 61)2 d61 

-32 £"\ sin 2 26* d6> = -4 J^sin 2 u du = -4 [§ - ^] ^ = -8tt 



7. x = 3 cos t and y = 2 sin t F = (2 sin t)i + (9 cos 2 t) j + (9 cos 2 1 + 16 sin 4 1) sin e^ (6sinlcosl)(0) k at the 
base of the shell; r = (3 cos t)i + (2 sin t)j => dr = (-3 sin t)i + (2 cos t)j F - ^ = -6 sin 2 t + 18 cos 3 t 



// vxF-ndcr = J o (-6 sin 2 t + 18 cos 3 t) dt = [-3t + § sin 2t + 6(sin t) (cos 2 1 + 2)] ^ 



-6tt 



8. curl F = v x F 



1 
ax 



J 

1 
a y 



1 
az 



2j ; f(x, y, z) = 4x 2 + y + z 2 v f = 8xi + j + 2zk 



-r ..- ^andp=j | V f-p| = l ^ da= ^dA= | V f|dA; V xF-n= ^(-2j- V f)= ^ 
V x F • n der = -2 dA J" J" v x F • n dcr = / / -2 dA = -2(Area of R) = -2(tt • 1 • 2) = -4tt, where R 

S R 

is the elliptic region in the xz-plane enclosed by 4x 2 + z 2 = 4. 
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9. Flux of v x F — // V x F • n dcr = F • dr, so let C be parametrized by r = (a cos t)i + (a sin t)j . 

< t < In => ^ = (-a sin t)i + (a cos t)j =^ F • ^ = ay sin t + ax cos t = a 2 sin 2 1 + a 2 cos 2 1 = a 2 



Flux of v xF = | F - dr = J & a 2 dt = 2?ra 



10. v x (yi) 



i j k 

JL JL JL 

dx dy dz 

y 



k;n 



__ yf _ 2xi + 2yj + 2zk _ 
~ lvf| ~~ 20t 2 + y 2 + z 2 _ 



xi + yj + zk 



> V x (yi) " n — = - dA (Section 16.5, Example 5, with a = 1) =>■ // V x (yi) " n dcr 

S 

J J (— z) (i dA) = — J J dA = — 7T, where R is the disk x 2 + y 2 < 1 in the xy-plane. 

R R 



11. Let Si and S2 be oriented surfaces that span C and that induce the same positive direction on C. Then 
// V x F • n x dcri = § c F ■ dr = ff v x F • n 2 dcr 2 



12. f J V x F • n der = v x F • n der + JJ" v xF-n da, and since Si and S 2 are joined by the simple 

S Si s 2 

closed curve C, each of the above integrals will be equal to a circulation integral on C. But for one surface 
the circulation will be counterclockwise, and for the other surface the circulation will be clockwise. Since the 

integrands are the same, the sum will be JJ V x F • n da — 0. 

S 



13. v xF 



i j k 

A A JL 

dx dy dz 

2z 3x 5y 



5i + 2j + 3k ; r r = (cos 9)i + (sin 0)j - 2rk and r g = (-r sin 0)i + (r cos 0)j 



r r x r e 



i j k 

cos sin — 2r 
— r sin r cos 



(2r 2 cos 9) i + (2r 2 sin 0) j + rk ; n = and der = |r r x r 9 | drd0 



V x F • n da = ( v x F) • (r r x rg) drd0 = (10r 2 cos 9 + 4r 2 sin 9 + 3r) drd0 JJv xF-nda 

s 

2 „;„ a , ^ ^.m _ r * r W r 3 CQS £ + 4 r 3 sin + 3 2 d g 



f'f (lOr 2 cos + 4r 2 sin + 3r) drd0 = J * [ 
£'(f cos (9 + f sin (9 + 6) d0 = 6(2tt) = 12tt 



14. V x F 



d_ 
,:-h 



J 

a 

dy 



k 



= i 2j 2k ; r r x r g = (2r 2 cos 0) i + (2r 2 sin 0) j + rk and 

y — z z — x x + z 

V x F • n da = ( V x F) • (r r x re) drd0 (see Exercise 13 above) => J J v x F • n dcr 

S 

= J o (-2r 2 cos - 4r 2 sin - 2r) drd0 = J* *[-§ r 3 cos - * r 3 sin - r 2 ] 3 Q d9 
= /^(-lS cos - 36 sin - 9) d0 = -9(2tt) = -18tt 



15. v xF 



-2y 3 i + Oj - x 2 k ; r r x r e 



i j k 

cos sin 1 
— r sin r cos 



i j k 

JL A A 

dx dy dz 

x 2 y 2y 3 z 3z 

(— r cos 0)i — (r sin 0)j + rkand v x F • n da — ( v x F) • (r r x r#) drd0 (see Exercise 13 above) 

// V xF-ndo~ = // (2ry 3 cos - rx 2 ) drd0 = f*f (2r 4 sin 3 cos - r 3 cos 2 0) drd0 

S R 00 
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(| sin 3 cos e - \ cos 2 e) ae = [i S in 4 - 1 (f + ^)] c 



2^ 



16. v x F 



i 

r)x 



J 



i j k 

cos sin — 1 
— r sin r cos 



= i+j + k;r r xr 9 = 

x — y y — z z — x 

= (r cos 0)i + (r sin 0)j + rkand v x F • n da — ( V x F) • (r r x r#) drd0 (see Exercise 13 above) 

=> //v xF-ndu^ f* (r cos + r sin + r) drd0 = J* [(cos + sin 6 + 1) f q d0 = (f ) (2tt) = 25tt 



17. V x F 



j k 

3y 5 - 2x z 2 - 2 



Oi + Oj - 5k ; 



i j k 

x rg — a/3 cos cos a/3 cos sin — y3 sin . 
■ a/3 sin ^ sin 6* y3 sin cos 9 
= (3 sin 2 cp cos 0) i + (3 sin 2 sin 9) j + (3 sin cos 0)k ; v xF-ndcr = (v x F) • (r^ x re) d<j> d9 (see Exercise 

ft 2tt niv/2 (*1-K fry f*2TT 

13 above) J J v x F • n da = J q J q -15 cos sin (f> d0 d6> = J o [f cos 2 0] d0 = J o - f d0 = -15tt 



18. v x F 



r<i, x Vg 



i j k 

ill 

(9x cty <9z 



2 2 
jr z z 



X 



— 2zi j 2yk ; 



i j k 

2 cos ^ cos 2 cos sin —2 sin < 
—2 sin </> sin 2 sin d> cos 



= (4 sin 2 <f> cos 0) i + (4 sin 2 (j> sin 0) j + (4 sin cos 0)k ; v x F • n da — ( v x F) • (r$ x rg) d(j> d9 (see Exercise 
13 above) =>■ J J V xF-n der = J J (— 8z sin 2 cos — 4 sin 2 sin — 8y sin cos 0) dcj> d0 



X27T p7r/2 
J o (—16 sin 2 ^ cos cos — 4 sin 2 sin — 16 sin 2 <f> sin cos 0) dc/> d0 

f* [- f sin 3 cos - 4 (f - ^4) (sin 0) - 16 ( 



sin 20 



)(■ 



d0 



= / f cos - 7T sin - 4tt sin cos 0) d0 = [- f sin + tt cos - 2tt sin 2 0] ^ = 

19. (a) F = 2xi + 2yj + 2zk =>• curl F = ^> j> F • dr = // v x F • n dcr = / / der = 

c s s 

(b) Let f(x, y, z) = x 2 y 2 z 3 => yxF=v x Vf=* 1 ^ cur l F = => F • dr = f f S7 xF-ndcr 

= // 0dcr = 
s 

(c) F=v x (xi + yj+zk) = 0^ V xF = 0^^F-dr=/J da = JJ da = 

s s 

(d) F= yf ^ V xF=v x vf=0=^^F-dr= // v x F • n dcr = J J da = 



20. F = v f = - 5 (x 2 + y 2 + z 2 )~ 3/2 (2x)i - \ (x 2 + y 2 + z 2 )~ 3/2 (2y)j - \ (x 2 
= -x (x 2 + y 2 + z 2 )~ 3/2 i - y (x 2 + y 2 + z 2 )" 3/2 j - z (x 2 + y 2 + z 2 )~ 3/2 k 
(a) r = (a cos t)i + (a sin t)j , < t < 2n => ^ = (-a sin t)i + (a cos t)j 



z 2 )~ 3/2 (2z)k 



> F • g = -x (x 2 + y 2 + z 2 ) _3/2 (-a sin t) - y (x 2 + y 2 + z 2 )~ 0/ '(a cos t) 
(- ^) (-a sin t) - (^) (a cos t) = § F • dr = 



2N-3/2. 
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(b) § F • dr = J J v x F • n d<r = J/v x V f • « dcr = / / • n dcr = / / der = 



21. Let F = 2yi + 3zj - xk v xF 



3i + j 2k; n 



2i + 2j + k 

3 



i j k 

A A JL 

dx dy dz 
2y 3z —X 

V x F • n = -2 i ^2ydx + 3zdy-xdz = ^' F • dr = f f v x F • n da = ff-2da 

c c s s 

-2 J" J da, where J J da is the area of the region enclosed by C on the plane S: 2x + 2y + z = 2 
s s 



22. v x F 



i J k 

AAA 

dx (9y dz 

x y z 



= 



23. Suppose F = Mi + Nj + Pk exists such that v x F = (j| - f|) i + ( 



<9M gP\ j 

<9z dxJ " 



( m _ aiyA 



xi + yj + zk. Then & (f - f ) = » (x) => |* - || = 1. Likewise, » - , 



a y v 



,1y 



(y) 



g 2 M _ d 2 P _ ^ anc j A f dN M' 

dy<9z dydx <9z I <9x c?y 



Jzlx — Jz5y ~ ^ ■ Summing the calculated equations 



(f -f ) = £<*) =► 

=* (H - S) + {B* - H) + (|i - H) = 3 or = 3 (assuming the second mixed partials are 
equal). This result is a contradiction, so there is no field F such that curl F = xi + yj + zk . 



24. Yes: If v x F = , then the circulation of F around the boundary C of any oriented surface S in the domain of 
F is zero. The reason is this: By Stokes's theorem, circulation = ^ F • dr = J J v xF-nd<r = J J 0-ndcr 



= 0. 



25. r= v'x 2 + y 2 => r 4 = (x 2 +y 2 ) J ^ F = v (r 4 ) = 4x (x 2 + y 2 ) i + 4y (x 2 + y 2 ) j = Mi + Nj 
§ c V ( r4 ) " « ds = § c F • nds = § c M dy - N dx = JJ (f£ + dxdy 



J f [4 (x 2 + y 2 ) + 8x 2 + 4 (x 2 + y 2 ) + 8y 2 ] dA = // 16 (x 2 + y 2 ) dA = 16 // x 2 dA + 16 J* J* y 2 dA 
R R R R 

16L + 16I X . 



96 9P — n^N — n^M — n * - n *i — y- -x 2 tm _ y 2 -x 2 

Z,U - 9y — u ' 9z — u ' dz — u ' 9x — u ' dx ~ (x 2 + y 2 ) 2 ' dy ~~ (x 2 + y 2 ) 2 



curl F = 



(x 2 +y 2 ) 2 (x 2 +y 2 ) 2 



k = 0. 



However, x 2 + y 2 = 1 =>■ r = (cos t)i + (sin t)j % = (—sin t)i + (cos t)j 



=> F = (- sin t) i + (cos t) j => F 
not zero. 



dr 



: t + cos 2 t=l=>^F-dr=^ 1 dt = 2tt which is 



16.8 THE DIVERGENCE THEOREM AND A UNIFIED THEORY 



i. f= ^a±a 



(x 2 + y 2 ) ' 



2. F = xi + yj div F = 1 + 1 = 2 



3. F = — 



-GM 



_ _ GM(xi + yj + zk) 



( x 2 +y 2 +z 2)3/2 



div F = -GM 



(x 2 + y 2 + z 2 y ■" - 3x 2 (x 2 + y 2 + z 2 ) 1 ' ' 



(x 2 +y 2 +z 2 ) J ' 2 -3y 2 (x 2 +y 2 +z 2 ) 1 - 
(x 2 +y 2 +z 2 ) 3 



-GM 



(x 2 +y 2 +z 2 ) J 



(x 2 + y 2 + z 2 ) 3 ' 2 - 3z 2 (x 2 +y 2 +Z 2 ) 1 ' 
( x 2 +y 2 +z 2)3 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



1040 Chapter 16 Integration in Vector Fields 



= -GM 



3 (x 2 +y 2 +z 2 ) -3 (x 2 +y 2 +z 2 ) (x 2 +y 2 +z 2 ) 

fy2 A„2 , ,2\V2 



= 



4. z = a — r* in cylindrical coordinates =>• z = a J — (x + y ) =4> v = (a J — x - — y ) k =>■ div v = 

5. & (y - x) = -1, | (z - y) = -1, f (y-x) = => V • F = — 2 =>• Flux = £££-2 dxdy dz = -2 (2 3 ) 
= -16 



6. £ (x 2 ) = 2x, % (y 2 ) = 2y, £ (z 2 ) = 2z =» V - F = 2x + 2y + 2z 

(a) Flux = J o ' J o ' J o ' (2x + 2y + 2z) dx dy dz = £ £ [x 2 + 2x(y + z)] J dy dz = £ £{\ + 2y + 2z) dy dz 

= £ [y(l+2z) + y 2 ] dz = £ (2 + 2z) dz = [2z + z 2 ] J = 3 

(b) Flux = f £ £ (2x + 2y + 2z) dx dy dz = £ £ [x 2 + 2x(y + z)] 1 _ 1 dy dz = £ £ (4y + 4z) dy dz 

= J j[2y 2 +4yz]i 1 dz = £sz dz = [4z 2 ] \ = 

(c) In cylindrical coordinates, Flux = J J J (2x + 2y + 2z) dx dy dz 

D 

= £ J^'J^ (2r cos + 2r sin + 2z)rdrd0dz = £ £" [§ r 3 cos 6 + § r 3 sin 9 + zr 2 ] 2 Q d0 dz 

= ££"(f cos6»+f sin0 + 4z) d0dz = J" [ f sin 9 - f cos (9 + 4z0] ^ dz = £ 8ttz dz = [4ttz 2 ] = 4tt 

7. (y) = 0, (xy) = x, (— z) = —1 =>• V ' F = x — 1; z = x 2 + y 2 => z = r 2 in cylindrical coordinates 



=» Flux = J/J* (x - 1) dzdy dx = J q "J /J (r cos (9 - 1) dz r drd(9 = £ * f o (r 3 cos 9 - r 2 ) r drd(9 
= X" [t cos 6 C ^ = X*(f cos f " 4) d<9 = [f sin - 40] f = -Stt 

8. | (x 2 ) = 2x, £ (xz) = 0,1 (3z) = 3 ^ V • F = 2x + 3 ^ Flux = f f f (2x + 3) dV 

D 

= J o J o J q (2p sin cos 9 + 3) (p 2 sin <j>) dp d(j) d6 = J g J [y sin <f> cos 9 + p 3 ] sin </> d</> d0 

= (8 sin cos 6» + 8) sin <p dcf)d9 = J & [8 (f - ^) cos - 8 cos <j>] £ d(9 = /^W cos + 16) d0 

= 32tt 

9. JL (x 2 ) = 2x, 4 (-2xy) = -2x, ^ (3xz) = 3x =>• Flux = J/J 3x dxdydz 

y , / D 

= P * f^ 2 f 2 (3p sin cos 9) (p 2 sin 0) dp d(j) d0 = P /2 P * 12 sin 2 cos d0 d0 = P ^tt cos d0 = 3tt 

10. £ (6x 2 + 2xy) = 12x + 2y, ^ (2y + x 2 z) = 2, | (4x 2 y 3 ) = =*• V ■ F = 12x + 2y + 2 

Flux = fff (12x + 2y + 2) dV = £ £'' £ (12r cos + 2r sin + 2)r drd0dz 

= J o 3 / o " 2 (32 cos + f sin + 4) d0 dz = (32 + 2tt + f ) dz = 1 12 + 6tt 

11. £ (2xz) = 2z, | (-xy) = -x, f (-z 2 ) = -2z =► V ■ F = -x => Flux = Jff-xdV 



dy 

ny/ 16- 4x 2 r*4-y r»2 ny/16— 4x 2 />2 r , 1 

J o -xdzdydx= J o J o (xy-4x)dydx= J o [|x (16- 4x 2 )- 4x^/16 -4x 2 

[4x 2 -ix 4 + i(16-4x 2 ) 



dx 



,3/2] 2 _ 40 
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12. £ (x 3 ) = 3x 2 , I (y 3 ) = 3y 2 , f (z 3 ) = 3z 2 v ■ F = 3x 2 + 3y 2 + 3z 2 Flux = /// 3 (x 2 + y 2 + z 2 ) dV 

D 

= 3 n £p 2 (P 2 sin d ^ d <> = 3 J"/; f sin * d*d* = 3 / > dfl = I 2 ^ 

13. Let p = Vx 2 Ty 2 Tz 2 . Then g = |, g = J, g = | & (px) = (|) x + p = f + p, | (py) = (g) y + p 

= j+P>-§i 0») =(t)z + P= f+ P^ V " F = + 3p = 4p, since p = a/x 2 + y 2 + z 2 

Flux = /// 4p dV = (4p) (p 2 sin 0) dp d0 d(9 = J* 3 sin (f> d<f> dO = d6» = 12tt 



14. Letp = V* 2 +Y 2 + z 2 - Then | = J , g = Z, £ = | & (5 ) = I _ (*) g = i _ J . similarly, 
A f l) = I _ 4 and A (Y) = I _ 4 ^ V .F=1_ i^+y^ = 2 

9y \ P / P P oz \P J P P v P P P 

=> pi™ = /// * dv = £7; j; 2 (2) (p 2 sin 0) dp d^ d e = / o 2 7; 3 sin <t> ^ ^ = £ 6 <w = m 

15. J; (5x 3 + 12xy 2 ) = 15x 2 + 12y 2 , 4 (y 3 + sin z) = 3y 2 + e^ sin z, A (5 Z 3 + e y cos z ) = i 5z 2 _ e y sin z 

=> v • F = 15x 2 + 15y 2 + 15z 2 = 15p 2 Flux = JJJ 15p 2 dV = £" £ J] * (15p 2 ) (p 2 sin <f>) dpd<f>dd 
= £" £ (l2^ - 3) sin 4>d(j)d6= £" (24^/2 - 6\ dd = (48\/2 - 12) tt 



16. & [ln(x 2 +y 2 )] = * » (- f tan-i |) = (- f) 



ill 



2z 



x 2 +y 



, , A (z^/x 2 + y 2 ) = a/x 2 + y 2 



=► V •F=^ T -^ + v'^T7 =► Flux = //J (_^ ? __^_ I + V ^2^2)dzd y dx 

= I"// 5 J!. - * + r ) dz r drtW = f (6 cos - f + 3r 2 ) drdfl 

= £" ^6 [yi - l) cos e - 3 In a/2 + 2\/2 - l] d6» = 2tt (- § In 2 + 2\/2 - 1 j 

17. (a) G = Mi + Nj + Pk V x G = curl G = (§ - f ) i+ (f£ - f) k+ (f - f^) k => V V xG 

= div(curlG) = I (I - f ) + |(f - I ) + I (f - f ) 

= 4^ — iTTr + irlr — ir-l- + JT7T- — Irsr = if all first and second partial derivatives are continuous 

oxoy oxoz oyoz oyox ozox azoy r 

(b) By the Divergence Theorem, the outward flux of v x G across a closed surface is zero because 

outward flux ofv xG = J J (V xG)-nd<r 

s 

= V'V x GdV [Diver gence Theorem with F = v x G] 

D 

= /// (0) dV = [by part (a)] 

D 

18. (a) LetFj =M 1 i + N 1 j + P 1 kandF 2 =M 2 i + N 2 j+P 2 k aFi + bF 2 

= (aMi + bM 2 )i + (aNj + bN 2 )j + (aPi + bP 2 )k ^> v ■ (aFi + bF 2 ) 

= (a^+b^)+ (af +bf)+ (a^+bt) 
= <f + f + l)+H* + f + t)= a (V-Fi) + b(vF 2 ) 
(b) Define Fi and F 2 as in part a ^> v x (aFi + bF 2 ) 



f)-(af+bf)]i + [(af + bf)-(a| + b|)]j 
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+ b 
(c) Fi x F 2 



dP 2 dH 
dy ^ 



b^)-(af^+bf 
r)i+(^-t)J- 



k = a[(Si 



dy 



dz 



( dHi dM 2 \ j 
y dx dy J 



aPi 

9x 



9Ni \ ; , / 3Mi 
dz J 1 " t " V dz 

= ay x Fi + b v xF : 
= CNiPa - PiN 2 )i - (MiP 2 - PiM 2 )j + (MiN; 



i j k 

Mi Nj Pi 
M 2 N 2 P 2 

= V • [(NiP a - PiN 2 )i - (MiP 2 - PiM 2 )j + (MiN 2 - NiM 2 )k] 
= | (NiP 2 - PiN 2 ) - | (MiP 2 - PiM 2 ) + | (MiN 2 - NiM 2 ) = 

( AJ\ ^2 I p dMi p dM2 9Pi \ Avt. 9N 2 _|_ vr. dMi , 

I 1 ' Z fix, 



dy ' 

= M 2 (f 



_ 9N] 

3N 2 
9x 



f) 



, v A _ , A _ i-TJ./;"] 

|(M 1 N 2 -N 1 M 2 )=(P 2 ^+Ni^ 
Pif^-M 2 f)+(Mi^+N 2 ^-Ni^-M 2 ^ 
N 2 (^-t)+P 2 (^-f 1 )+M 1 (^-t 



9Mi 
<3y 



NiM 2 )k 



V • (Fi x F 2 ) 

9x / 



t?x <9y 

= F 2 • v x F i - F i • V x F 2 



- dz ) 

tf)+Ni(£ 



az y 



p Ml 



19. (a) div(gF) 



M 



V -gF 

«9g , 



■N 



(b) V x (gF) 

. dg I 
9y " t " 



p <h 
r a z 



) + .( 



dM 
dx 



(gN) 



I(gP) 



aM 

dx 



aN 
ay 



ap 
az. 



!( g P)-!(gN) 



) =SV F 
|(gM)-|(gP)]j- 



_ /p ag 



Pf£ 

^ ay 

aN 

dx 



N 



£-NfS- 

ay az 
d; 



m 
dz 



M 



& j 

az 1 
M 



aM 

az 



ag 

dx 



■M 



ag/ 



Vg-F 



aN 

a y 



■ N 



*) + (■ 



ap 

a z 



|( g N)-|(gM) 



ap 

ax 



dz , 



N 



ax 



aN 

dx 



M 



a y 



& dy J 



d°z ) ' + (s ay 
Jk=gv xF+ vgxF 



P§f)j+(gf -gI)j+(N|-M|)k 



aM 

3y 



20. Let Fi = Mji + NJ + P : k and F 2 = M 2 i + N 2 j + P 2 k . 

(a) Fi x F 2 = (NiP 2 - PiN 2 )i + (PjM 2 - MjP 2 )j + (MiN 2 - NiM 2 )k => v x (Fj x F 2 ) 

[| (NjP 2 - PiNj) - | (MiN 2 - NiM 2 )] j 



| (MiN 2 - NiM 2 ) - I (PiM 2 - MiP 2 ) 



+ 



az 

a_ 
a y 



(PiM 2 - MiP 2 ) - I (NiP 2 - PiN 2 ) 



and consider the i-component only: (MiN 2 





fMif - 


-M 2 




+ P 2 ^) 


- 


M 2 ^ 


+ N>^ 


+ P 


dx + 


9Ni , a^ \ 

dy ^ dz J 


M 2 . 


M 2 ^ 


+ N 2 ^f 


+ P 



at* 
a y 



-NiM,)-^ 
ap, _ p aM, 

* az 1 az 



^ (PiM 2 



P 2 ^ 



MiP 2 ) 
Mtt 



M 2 



3M 

2 "57 



0-( 



■Ni 



■ 'M 

dy 



D aMo 



( aM, 

\ 3x 



aN-. 

dy 



ap, 
az 



T 2 g| 



ay 



)Mi 
)Mi 



P 2 \ ; likewise, i-comp of (F x • v )F 2 



Mi 



aM 2 



Ni 



aM : 



i-comp of ( v • F 2 )Fi = 



.'M 

dx 



aN, 
a y 



ap, 
az 



ax 1 ay 



Pi 



ax 



a y 



3M- 

a z 

dpA 

dz J 



M 2 



Mi and i-comp of ( v ■ Fi)F 2 

Similar results hold for the j and k components of y x (Fi x F 2 ). In summary, since the corresponding 
components are equal, we have the result 

V x (Fi x F 2 ) = (F 2 • v )Fi - (Fi • v )F 2 + ( V • F 2 )Fj - ( v • Fi)F 2 
(b) Here again we consider only the i-component of each expression. Thus, the i-comp of v (Fi ■ F 2 ) 



|(MiM 2 +NiN 2 +PiP 2 ) 



i-comp of (Fi • v )F 2 



Mi 



dx 



M 2 ^ 

aM 2 



Ni ^ 

^1 3x 



Pi^ 

1 ax 



i-comp of (F 2 • V )Fi = (M 2 ^ + N 2 ^ + P 2 ^) 



i-comp of Fi x ( v x F 2 ) = Ni 



aN, 

dx 



■ in 

a y 



Pi eg) . 



■'M 

a z 



dx 



and 
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i-comp of F 2 x ( V x Fi) = N 2 - ^) - P 2 - fi) . 
Since corresponding components are equal, we see that 

V (Fi • F a ) = (Fj • v )F 2 + (F 2 • V Wi + Fi x ( v x F 2 ) + F 2 x ( v x Fi), as claimed. 

21. The integral's value never exceeds the surface area of S. Since |F| < 1, we have |F • n| — |F| |n| < (1)(1) = 1 and 
JJJV'Fdcr = f f F-nda [Divergence Theorem] 

D S 

< ff |F • n| dcr [A property of integrals] 

s 

<ff (1) da [|F - n| < 1] 

s 

= Area of S. 

22. Yes, the outward flux through the top is 5. The reason is this: Since V - F = V " ( x i — 2yj + (z + 3)k 

= 1— 2+1=0, the outward flux across the closed cubelike surface is by the Divergence Theorem. The flux 
across the top is therefore the negative of the flux across the sides and base. Routine calculations show that 
the sum of these latter fluxes is —5. (The flux across the sides that lie in the xz-plane and the yz-plane are 0, while the flux 
across the xy-plane is —3.) Therefore the flux across the top is 5. 

23. (a) |(x) = l4(y)=l,|(z) = l => V -F = 3 => Flux = /// 3 dV = 3 /// dV 

D D 

= 3(Volume of the solid) 

(b) If F is orthogonal to n at every point of S, then F • n = everywhere =>■ Flux — f f F • n da = 0. 

s 

But the flux is 3(Volume of the solid) ^ 0, so F is not orthogonal to n at every point. 

24. v • F = -2x - 4y - 6z + 12 Flux = f f f (-2x - 4y - 6z + 12) dzdy dx 

= £ f (-2x - 4y + 9) dy dx = £ (-2xb - 2b 2 + 9b) dx = -a 2 b - 2ab 2 + 9ab = ab(-a - 2b + 9) = f(a, b); 
§ = -2ab - 2b 2 + 9b and § = -a 2 - 4ab + 9a so that f = and § = => b(-2a - 2b + 9) = and 
a(-a - 4b + 9) = =!> b = or -2a - 2b + 9 = 0, and a = or -a - 4b + 9 = 0. Now b = or a = 

Flux = 0; -2a - 2b + 9 = and -a - 4b + 9 = 3a - 9 = a = 3 b = § so that f (3, §) = f is the 
maximum flux. 

25. ff F • n der = fff v • F dV = fff 3dV i Jf F-nda = JJJdV = Volume of D 

S D DSD 

26. F = C^> V -F = 0^> Flux = // F-ndcr = JJJ V -FdV = fff 0dV = 

s D D 

27. (a) From the Divergence Theorem, J J vender = J J f v • VfdV = fff v 2 fdV = fff0dV = 

S D D D 

(b) From the Divergence Theorem, f f fyf -n da — fff V ' f V f dV. Now, 

S D 

fvf=(fg)i+(f|)j + (fS)k^ vfvf=[f0 + (f) 2 ] + [ f + (l) 2 ] + [ f § + (I) 2 ' 

= f V 2 f + I V f | 2 = + I V f | 2 smce f is harmonic => fff\/f-nda = fff |v f | 2 dV, as claimed. 

S D 

28. From the Divergence Theorem, ff vf-ndcr = fff v -VfdV = fff (0 + + 0) dV. Now, 

S D D y 

df _ y 9f 



f(x, y, z) = In Vx 2 + y 2 + z 2 = \ In (x 2 + y 2 + z 2 ) => g= ^ TW , 



dy x 2 + y 2 + z 2 ' dz x 2 + y 2 + z 2 
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. a*f _ -x'+y'+z' gH _ x 2 -y 2 +z^ #<f _ x'+y'-z* #f , #f , #f 

9x2 - (x2 + y2 + z2) 2 , 9y 2 - (x2+y2 + z2) 2 , g z 2 - (x2 + y2 + z2)2 , =>■ g x 2 -I- ay2 T 9z2 

^ = ^ =* rr vf-d^ f/7 r /2 r /2 r^dpd0d0 

(x 2 + y 2 + z 2 ) x 2 + y 2 + z 2 J J v d x +r+ z Jo Jo Jo p 2 1 r 

J o " /2 £ /2 a sin d«/> d0 = £ /2 [-a cos 0] f dfl = J^a dfl = f 



29. J/fVg-id^/// V -f V gdV = /// v(f|i + f|j + f|k)dV 

S D D 

= r rr ff#i + f |i + f S + £S*+f ft + f! s ,dv 

J J J \ ox 1 ox. ox oy l ay ay az^ oz oz J 

=in K& + &+&) + (ii+il+it)] dv -m (fv 2 g+ vf- vg)dv 

30. By Exercise 29, J"J" f V g ' n der = f f f (f y 2 g+ y f • y g) dV and by interchanging the roles of f and g, 

S D 

f f gyf-nd(j = JJJ (g V 2 f + V g ' V f ) dV. Subtracting the second equation from the first yields: 
s I) 

// ( f V g - g V f ) • « dcr = fff (f v 2 g - g V 2 f ) dV since vf - Vg = V g • V f ■ 

S D 

31. (a) The integral fff p(t, x, y, z) dV represents the mass of the fluid at any time t. The equation says that 

D 

the instantaneous rate of change of mass is flux of the fluid through the surface S enclosing the region D: 
the mass decreases if the flux is outward (so the fluid flows out of D), and increases if the flow is inward 
(interpreting n as the outward pointing unit normal to the surface). 
0>) /// f dV=|///pdV=-// P y-nda=-/// V -pvdV => §E = - v -pv 

D D S D 

Since the law is to hold for all regions D, v • pv + §f = 0, as claimed 

32. (a) v T points in the direction of maximum change of the temperature, so if the solid is heating up at the 

point the temperature is greater in a region surrounding the point =4* yT points away from the point 
=>■ -yT points toward the point =>• -yT points in the direction the heat flows, 
(b) Assuming the Law of Conservation of Mass (Exercise 31) with — k v T = pv and cpT = p, we have 
i fff cpT dV = - ff -k v T • n da the continuity equation, v " (~ k V T ) + | ( C /° T ) = 



S 

cp |T = - v • (-k V T) = k v 2 T fr = r V 2 T = K v 2 T, as claimed 



CHAPTER 16 PRACTICE EXERCISES 

1. Path 1: r = ti + tj + tk x = t,y = t,z = t,0<t<l => f(g(t), h(t), k(t)) = 3 - 3t 2 and ^ = 1, f = 1, 



dz 
dt 



1 => V^) 2+ (^) 2 + ^) 2dt= ^ dt ^/ c f(x,y !Z )ds = X'v^(3-3t 2 )dt = 2y3 



Path 2: n = ti + tj,0<t< 1 x = t,y = t,z = ^> f(g(t), h(t), k(t)) = 2t - 3t 2 + 3 and g = 1, f = 1, 
1=0^ \lm 2 +( d i) 2 + m 2 dt = dt / f(x, y, z) ds = /' 



= V(^l) 2 +(l) +(3l) 2 dt=\/2dt / f(x,y,z)ds = J o y2(2t-3t 2 + 3)dt = 3y2; 
r 2 = i + j + tk =>x = l,y=l,z = t=*. f(g(t),h(t),k(t)) = 2 - 2tand f = 0, % = 0, f = 1 
=* l/(f) 2 +(^) 2 + (f) 2 dt = dt =* J c f( X , y) z)ds = X 1 (2-2t)dt=l 
/ c f(x, y, z) ds = J f(x, y, z) ds + f c f(x, y, z) = 3^ + 1 
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2. Path 1: r x = ti =!> x = t, y = 0, z = f(g(t),h(t),k(t)) = t 2 and f = 1, § = 0, f = 



l . 

3 ' 



]/ (f ) 2 + (I)' + (I)' dt = dt =* J c f(x,y, z) ds = £ t 2 dt : 
r 2 =i + tj^x=l,y = t,z = 0^ f(g(t),h(t),k(t)) = l+tandf=0, f = 1, f =0 

=* l/(f) 2 +(^) 2 + (l) 2dt = dt =* / C2 f( X! y,z)ds = / o 1 (l+t)dt=l; 
r 3 = i + j+tk ^ x=l,y=l,z = t => f(g(t) ! h(t),k(t)) = 2-tandf = 0, | = 0, | = 1 



^(f) 2 +(f) 2 + (f) 2dt = dt =► J Ca f(x ! y )Z )ds = X I (2-t)dt : 

Xath 1 f(X ' y ' Z) dS = Xc, f(X ' y ' Z) dS + Xc 2 f(X ' Yl Z) dS + Xc, f(X ' y ' Z) dS 



10 

3 



Path 2: r 4 = ti + tj => x = t,y = t,z = =!> f(g(t),h(t),k(t)) = t 2 +tand ^ = 1, f = 1, f = 



dt ~~ dt 

1 1 



(f ) 2 + (I) + (I) 2 * = y/2 * =► X, f(x, y, z) ds = / o (t 2 +t)dt=| v / 2; 

r3 = i + j + tk (see above) =!> X f(X Yi z) ds = | 



3 _ 5-/1 + 9 



Xa,h2 f(x ' y ' z) ds = X Ca f(x ' y ' z) ds + Jc, f(x, y, z) ds = f ^2 1 2 - — er 
Path 3: r 5 = tk =4> x = 0, y = 0, z = t, < t < 1 f(g(t),h(t),k(t)) = -tand f = 0, f = 0, f = 1 



^(f) 2 + (^) 2 + (f) 2 dt = dt =► X B f(x,y,z)ds = X 1 -tdt=- 

tj + k x = 0,y = t,z=l,0<t<l => f(g(t), h(t), k(t)) = t - 1 

\J (f t ) 2 + (t) 2 + ( d i) 2 dt = dt ^ X 6 « x ' y ' z ) ds = X'c - 1) dt 



dx _ n d y — 1 dz _ . 



r 7 = ti + j + k =» x = t,y=l,z=l,0<t<l => f(g(t),h(t),k(t)) = t 2 and § = 1, | = 0, f = 



(f) 2 +0) + (f) 2 dt = dt ^ X 7 f(x,y,z)ds = X t2dt =5 

Xath 3 f(x ' y ' z) ds = X c f ( x .y> z ) ds + X c - f ( x .y. z ) ds + Xc- f ( x > y ' z) ds 



1 _ 1 I 1 _ _ 2 

2 2 3 3 



3. r = (a cos t)j + (a sin t)k =>■ x = 0, y = a cos t, z = a sin t => f(g(t), h(t), k(t)) = \J a 2 sin 2 t = a |sin t| and 
£ = 0, | = -asint, f = acos t => ^ (£) 2 + (^) 2 dt = a dt 

, f(x,y,z)ds= J o a 2 |sint|dt = J o a 2 sintdt+ J -a 2 sin t dt = 4a 2 

4. r = (cos t + t sin t)i + (sin t — t cos t)j =>■ x = cos t + t sin t, y = sin t — t cos t, z = 

=>■ f(g(t), h(t), k(t)) = yj (cos t + t sin t) 2 + (sin t - t cos t) 2 = \J 1 + t 2 and ^ = - sin t + sin t + t cos t 

= t cos t, % = cos t - cos t + t sin t = t sin t, f = J{^f + (|) 2 + (f) 2 dt 

= yj t 2 cos 2 1 + t 2 sin 2 t dt = |t| dt = t dt since < t < =3- J c f(x, y, z) ds = X 3 W 1 + t 2 dt = | 

5- | = -i( x + y + z r 3/2 = f >lr = -5( x + y + z r 3/2 = I'f = -|( x + y + z r 3/2 = f 

Mdx + Ndy + Pdzisexact;!^^^ f(x, y, z) = 2^x + y + z + g(y, z) =► | = + g 

— I -V. §& — fl — V. ref,; r,\ — — V. fiV n ,\ - 1 /■»■ _l_ , , _1_ 7 _L Vif^ -V. 9£ — 1 



=> g(y,z) = h(z) f(x,y, z) = 2^x + y + z + h(z) => |= , 1 + h'(z) 



, i t h'(x) = =► h(z) = C =»■ f(x,y,z) = 2 x /x + y + z + C =► f' 4 " 3 ' 01 dx , + f ^ 

^/x + y + z v x x ' •" ' V J J (-1,1,1) ^x + y + z 

f(4, -3,0) - f(-l, 1, 1) = 2^1 - 2y/l = 
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6. § = -^ = § ,f =0 = g ,§ =0=f Mdx + Ndy + Pdzisexact;f = 1 =* f(x,y, Z ) 
= x + g(y,z) => | = | = -y|^ g(y,z) = -2^z" + h(z) f(x, y, z) = x - 20^ + h(z) 

|£ = - Ji + h'(z) = - J\ h'(z) = =!> h(z) = C f(x, y, z) = x - 2^/yz + C 

-(10,3,3) 
'(1,1,1) 

7. ^ = ^ y cos z ^ y cos z = |^ =>• F is not conservative; r = (2 cos t)i + (2 sin t)j — k, < t < 2tt 

=> dr = (-2 sin t)i - (2 cos t)j J F • dr = J 2 "[ -(-2 sin t)(sin(-l))(-2 sin t) + (2 cos t)(sin(-l))(-2 cos t)] dt 
= 4 sin(l) J o (sin 2 t + cos 2 t)dt = 87r sin(l) 

0=f,|f=0=f,f^=3x 2 = ^ ^ F is conservative £ F • dr = 



/•>(10,3,3) /— /— 

J dx-J|dy-J|dz = f(10,3,3)-f(l,l,l) = (10-2-3)- (1-2-1) = 4 + 1=5 



i dP 
5 - dy 



9. Let M = 8x sin y and N = — 8y cos x ^> ^ = 8x cos y and ^ = 8y sin x => J c 8x sin y dx — 8y cos x dy 

= J J (8y sin x — 8x cos y) dy dx = J o J o (8y sin x — 8x cos y) dy dx = J o (n sin x — 8x) dx 

R 

= -7T 2 + 7T 2 = 

10. Let M = y 2 and N = x 2 P = 2y and §J = 2x =>> £ y 2 dx + x 2 dy = // (2x - 2y) dxdy 

R 

= £(2r cos - 2r sin (9) r drd0 = J & f (cos - sin 0) d0 = 



11. Letz = 1 - x-y f x (x,y) = -1 andf y (x,y) = -1 =>• ,/f 2 + f 2 + 1 = ^3 => Surface Area = J J V^dxdy 

V R 

= \/3(Area of the circular region in the xy-plane) = n\/3 

12. vf= -3i + 2yj + 2zk,p = i ^ | vf| = + 4y 2 + 4z 2 and | v f • Pi =3 

=* Surface Area = // ^±f±^ dy dz = £ r drd0 = \ £ (j y/ll - |) d0 = f ( 7 - 9 ) 

13. vf=2xi + 2yj + 2zk,p = k ^ | vf| = ^ 4x2 + 4 Y 2 + 4z2 = 2 V* 2 + y 2 + z 2 = 2 and | v f • Pi = |2z| = 2z since 
z > =► Surface Area = // £ dA = // \ dA = // -^^^ dxdy = ^J- r drd0 

R R R 



14. (a) v f = 2xi + 2yj + 2zk , p = k | v f I = V 4 * 2 + 4y 2 + 4z 2 = 2v'x 2 + y 2 + z 2 = 4 and | v f " Pi = 2z since 
z > =>• Surface Area = JJ^dA=JJfdA = 2j J -^2= r drd0 = 4tt - 8 

(b) r = 2 cos dr = — 2 sin d0; ds 2 = r 2 d0 2 + dr 2 (Arc length in polar coordinates) 

=» ds 2 = (2 cos 0) 2 d0 2 + dr 2 = 4 cos 2 d0 2 + 4 sin 2 d0 2 = 4 d0 2 ds = 2 d0; the height of the 
cylinder is z = \jA-x 1 = \J \ -4 cos 2 = 2 |sin 0| = 2 sin if < < | 

Surface Area = h ds = 2 (2 sin 0)(2 d0) = 8 

•J —ty/2 <J 
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15. f(x,y,z)=| + 2 + f = 1 => Vf=(Di+(5)j+Q) k IVf| = V? + P + ?andp = k | V f-p| = £ 



since c> ^ Surface Area = // VZ±g±g dA = cJir + i + i / J" dA = ± abcJ4 + £ + I 



R w ' R 

since the area of the triangular region R is I ab. To check this result, let v = ai + ck and w = ai + bj; the area can be 

found by computing ||v x w|. 



16. (a) vf=2yj-k,p = k | V f l = W + 1 and I V f "Pl = 1 dcr = V 4 Y 2 + 1 dxdy 

=> // g(x, y, z) da = ff-jgri \/4FTT dxdy = // y(y 2 -l) dxdy = /' /V - y) dxdy 

S R R 



r _ r 

4 2 



(b) // g(x, y, z) da = // v / 4y T +T dxdy = /_' Jjy 2 - 1) dxdy = J J (y 2 - 1) dy 



= 3 



= -4 



17. vf = 2yj + 2zk,p = k ^ | vf| = \/4y 2 + 4z 2 = 2^/y 2 + z 2 = 10 and | v f • Pi = 2z since z > 

=» da= | dxdy = f dxdy = / / g(x,y,z)da = / / (x 4 y) (y 2 + z 2 ) (f ) dxdy 

S R 

= u w (25) {7^7) = rx'vfe x4 dx ^ - = 50 



18. Define the coordinate system so that the origin is at the center of the earth, the z-axis is the earth's axis (north 
is the positive z direction), and the xz-plane contains the earth's prime meridian. Let S denote the surface 

1 /2 

which is Wyoming so then S is part of the surface z = (R 2 — x 2 — y 2 ) . Let R xy be the projection of S onto 



drdtf 



the xy-plane. The surface area of Wyoming is J J 1 da = J J y 1 + (f|) 2 + (f|) dA 



R 2 — x 2 — y 2 R 2 — x 2 — y 2 1 " J J ( R 2 

R; 



n n f*&2 r*Rsin49 i /o 

1 dA = f f - f , 1/2 dA = I I R(R 2 -r 2 )" 1/2 r 

J J (R 2 -x 2 -y 2 )' Jli JRsin45° V > 



II 

R X y * v xy 

(where 9\ and 62 are the radian equivalent to 104°3 / and 1 1 1°3', respectively) 



(02 - 0l)R 2 ( C C 

97,751 sq. mi. 



Rsin 49° 
R sin 45° 



J 8 2 R(R 2 -R 2 sin 2 45°) 1/2 -R(R 2 - R 2 sin 2 49°) 1/2 dff 



= (6 2 - 0i)R 2 (cos 45° - cos 49°) = ^ R 2 (cos 45° - cos 49°) = ^ (3959) 2 (cos 45° - cos 49°) 



19. A possible parametrization is r(</>, 9) — (6 sin </> cos 9)i + (6 sin <j> sin 9)j + (6 cos <j>)k (spherical coordinates); 



now p — 6 and z = — 3 —3 = 6 cos <f> => cos </> = — \ => </> = ==? and z = 3\/3 =>• 3y3 = 6 



cos . 



2 



S I < <t> < ¥; also < < 2tt 



20. A possible parametrization is r(r, 9) = (r cos 9)\ + (r sin 9)j— ( \ ) k (cylindrical coordinates); 

now r = y / x 2_ Ty 2 => z = 
also < 9 < 2tt 



^ and -2 < z < =>• -2 < - ^ < =>- 4 > r 2 > => < r < 2 since r > 0; 



21. A possible parametrization is r(r, 9) — (r cos 9)i + (r sin 6)j + (1 + r)k (cylindrical coordinates); 
now r = a/x 2 + y 2 =>■ z = 1 + r and 1 < z < 3 =4> 1 < 1 + r < 3 < r < 2; also < 9 < 2tt 



22. A possible parametrization is r(x, y) = xi + yj + (3 — x — |) k for < x < 2 and < y < 2 
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23. Let x = u cos v and z = u sin v, where u = \/ x 2 + z 2 and v is the angle in the xz-plane with the x-axis 

=> r(u. v) = (u cos v)i + 2u 2 j + (u sin v)k is a possible parametrization; < y < 2 =4> 2u 2 < 2 =>■ u 2 < 1 
=> < u < 1 since u > 0; also, for just the upper half of the paraboloid, < v < ir 



24. A possible parametrization is ^\/To sin cj> cos 6 \ i + (y/lO sin <j> sin Q^j j + ^\/l0 cos 0) k , < <f> < | and 



< (9 < § 



25. r u = i + j , r v = i j + k r u x r v 



i j k 

1 1 

1 -1 1 
i f.i 



i j 2k |r u x r v | = \/6 



Surface Area = J J |r u x r v | dudv = J J y/6 dudv = y/6 



26. // (xy - z 2 ) da = [(u + v)(u - v) - v 2 ] ^6 dudv = ^6 (u 2 - 2v 2 ) dudv 



27. r r = (cos 6>)i + (sin #)j , r# = (— r sin 9)i + (r cos 0)j + k =>■ r r x r# = 



i j k 

cos 8 sin # 
— r sin 8 r cos 8 1 



= (sin 0)i - (cos 0)j + rk => |r r x r#| = y sin 2 8 + cos 2 + r 2 = \/l + r 2 => Surface Area = J J |r r x r#| drd# 



7T [V^ + In (l + y/l 



d8 



28. / / ^/x 2 + y 2 + 1 dcr = / "X' \A 2 cos 2 8 + r 2 sin 2 (9 + 1 >/l +r 2 drd6> = £" £ (1 + r 2 ) drd(9 



?Q 9P — f) — <M 9M _ n_ SP dN _ n _ dM 
ay oz 9 oz ox ox oy 



30. 



,->p 



-3zy 



ON dM 



-3xz 



Conservative 



9P dN 



9y ( x 2 +y 2 +z 2)- 5 .' 2 <9z ' dz ( x 2 +y 2 +z 2)-5/2 d X ' <9x 



-3xy 



(x 2 + y 2 + z 2 



i)M 

dy 



Conservative 



31. |? = 0^ye z - aN 



r)y 



Not Conservative 



22 — x _ 9N dM _ -y _ dP SN _ -z _ <3M 

<9y (x + yz) 2 dz ' <9z (x + yz) 2 <9x ' t?x (x + yz) 2 c?y 



Conservative 



33. | = 2 => f(x,y,z) = 2x + g(y,z) => | = g = 2y + z => g(y, z) = y 2 + zy + h(z) 

f(x, y, z) = 2x + y 2 + zy + h(z) =► f = y + h'(z) = y + 1 =► h'(z) = 1 =► h(z) = z + C 



f(x, y, z) = 2x + y 2 + zy + z + C 



df 



di = 28 = e y 



g(y, z) = e y + h(z) 



=>• f(x, y, z) = sin xz + e y + h(z) ^> % — x cos xz + h'(z) = x cos xz ^> h'(z) = =>- h(z) = C 



f(x, y, z) = sin xz + e y + C 
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35. Over Path 1: r = ti + tj + tk,0<t<l => x = t, y = t, z = t and dr = (i + j + k) dt =>• F = 2t 2 i + j + t 2 k 

=> F • dr = (3t 2 + 1) dt Work = J o '(3t 2 + 1) dt = 2; 
Over Path 2: ri = ti + tj , < t < 1 =>■ x = t, y = t, z = and dri = (i + j) dt =>■ Fj = 2t 2 i + j + t 2 k 

Fi • dri = (2t 2 + 1) dt =>■ Worki = J '(2t 2 + 1) dt = § ; r 2 = i + j + tk, < t < 1 x = 1, y = 1, z = t and 
dr 2 = k dt => F 2 = 2i + j + k F 2 • dr 2 = dt => Work 2 = J dt = 1 Work = Worki + Work 2 = f + 1 = § 

36. Over Path 1: r = ti + tj + tk,0<t<l =>■ x = t, y = t, z = t and dr = (i + j + k) dt =>• F = 2t 2 i + t 2 j + k 

=> F • dr = (3t 2 + 1) dt Work = J o '(3t 2 + 1) dt = 2; 
Over Path 2: Since f is conservative, <f> F • dr = around any simple closed curve C. Thus consider 
J ur e F • dr = f c F • dr + J F - dr, where d is the path from (0, 0, 0) to (1, 1, 0) to (1, 1, 1) and C 2 is the path 
from (1,1,1) to (0,0,0). Now, from Path 1 above, f F • dr = -2 ^ = f F • dr = f F • dr + (-2) 

J C 2 w curve J C, 

J c F • dr = 2 



37. (a) r = (e' cos t) i + (e l sin t) j =4> x = e' cos t, y = e' sin t from (1 , 0) to (e , 0) =>- < t < 2n 
=► % = (e 1 cos t - e 1 sin t) i + (e 1 sin t + e 1 cos t) j and F = , xi + yj 3 , 2 = (e ' cos () ' + (e ' sin % 

dt V J < \ 13 ( x 2 +y 2)3/2 ( e 2'cos 2 t + e 2 'sin 2 t) 3/2 

s 2 t sin t cos t I sin 2 t i sin t cos t \ t 

■.< e> + e' + e' ) ~ B 



= (^)i + 




F . d£ - 
1 dt 


=> Work = 


e _t dt 

Jo 


= 1 -e" 


p « + yj 


=> w - 


X 


(x 2 +y-) ' 


^ ax — 


(x 2 +y 2 ) 3 '' 2 


_ y 

(x 2 +y 2 ) 3 '' 2 


g(y,z) 


= C 1 


= f(e 2?r ,0) - 


-f(l,0) = 


1 - e~ 27r 



2tt 



r 2 , „2N~l/2 



9f _ y_ 



9y - (x 2 +y 2 ) 3 '' 2 3y 

g(y, z) = C =4> f(x. y, z) = — (x 2 + y 2 ) ^ 2 is a potential function for F =4> F • dr 



38. (a) F= v (x 2 ze y ) => F is conservative =>■ ^ F • dr = for any closed path C 

I (i,o,2tt) - (x 2 ze y )| ^ 0) 



(b) £F-dr= V (x 2 ze y )-dr=(x 2 ze y )| (mM -(x 2 ze y )| (lnil = 2;: - = 2;r 



39. v x F 



i j k 

d_ d_ a_ 

dx dy dz 
,2 



-2yk; unit normal to the plane is n = ^===| = fi+fj-|k 



y — y 3z j 

V x F • n = f y; p = k and f(x, y, z) = 2x + 6y - 3z | V f ■ Pi = 3 da = dA = | dA 

=>• £ F • dr = SI f y d(j = II (f y) (1 dA ) = // 2 y dA = IT* sin r drcW = T l sin ^ de = 



40. V x F 



i J 

9_ JL 

dx dy 



R 

k 

d_ 



x + y x + y 4y- — z 



8yi ; the circle lies in the plane f(x, y, z) = y + z = with unit normal 
n = j + k => v xF-n = => § c F • dr = J" / v x F • n dcr = // der = 

41. (a) r = y/2d + y/itj + (4 - t 2 ) k, < t < 1 x = y/lt, y = y/lt, z = 4 - t 2 £ = ^2, f = yfe, | = -2t 



(l) 2 +(^) +(l) 2dt = \/4T4^dt M= J c 5(x ; y,z)ds = J o 3tV^+4^ dt = [I (4 + 4t) 3 / 2 ] J 
= 4V^-2 
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(b) M= J c 6(x, y, z) ds = £ x/A + 4t 2 dt = [ia/1 + t 2 + In (t + yfl + t 2 )] q = a/2 + In (l + a/2 
42. r = ti + 2tj + | t 3 / 2 k , < t < 2 ^> x = t,y = 2t,z=§ t 3 / 2 f = 1, f = 2, g = t 1 / 2 



(f) 2 + (l) +(l) 2 dt=A/t + 5dt M= £ £(x,y,z)ds = /; 3 a/sTT aA+5 dt 
= J o 2 3(t + 5) dt = 36; M yz = X x6 ds = £ 3t(t + 5) dt = 38; M xz = X y<5 ds = £ 6t(t + 5) dt = 76 
M xy = £ z<5 ds = £ 2t 3 / 2 (t + 5) dt = if y/l x 



_Myz_38_19 t 7 _M m _76_19 - _ M xy _ 



M 36 18 



M 36 



^6 



43. r = d+ (^ t 3 / 2 )j+(f)k,0<t<2 => x = t) y=^t 3 / 2 ,z=f => | = 1, f = a/21 1 / 2 , g = t 



(f ) 2 + (f) + (ft ) 2 dt = a/1 +2t + t 2 dt = x/(t + l) 2 dt = |t+ 1| dt = (t + 1) dt on the domain given. 
ThenM=/ c 6d S =£ (^) (t + 1) dt = £ dt = 2; M yz = £ x«S ds = £ t (^) (t + 1) dt = £ t dt = 2; 
Mxz = / c ds = £ t 3 / 2 ) (^) (t + 1) dt = £ 2 ~f t 3 / 2 dt = § ; M xy = X ^ ds 
= X 2 (I) (^T)(t+l)dt = X 2 |dt=| ^x=^ = l = l;y=^ = M = if;z=^ 

;ix=X(y 2 + z2 )^ s -r(§ t3 +f) dt =t ^y-X( x2 + z2 ) 6ds -r( t2 +?) dt =s^ 



lii _ 2 

2 3 



i z = X(y 2 +x 2 ),5ds= x 2 ( t2 +i t3 ) dt =f; R x=y^= 



%j_V29. R _ /iy _ Will _ 4^2. 

2 - 3 ^>*y-yM-\ 2 -715' 



2V7 
3 



44. z = because the arch is in the xy-plane, and x = because the mass is distributed symmetrically with respect 

to the y-axis; r(t) = (a cos t)i + (a sin t)j , < t < tt => ds = J (^) 2 + (f) 2 + (|) 2 dt 

= \J (—a sin t) 2 + (a cos t) 2 dt = a dt, since a > 0; M = X <*> ds = X (2a — y) ds = X (2a — a sin t) a dt 
= 2a 2 7r - 2a 2 ; M xz = f y<5 dt = f y(2a - y) ds = f (a sin t)(2a - a sin t) dt = f (2a 2 sin t - a 2 sin 2 1) dt 

= [-2a 2 cost-a 2 Q-^)]^4a 2 -f => y = = ^ =► (x, y , z) = (0, £3 , 0) 



45. r(t) = (e l cos t) i + (e' sin t) j + e'k , < t < In 2 



=>■ x = e' cos t, y = e' sin t, z = e l =>• $ = (e 1 cos t — e l sin t) . 



I = (e l sin t + e< cos t), g = e< 



(^) 2 +(^)'+(l) 1 



dt 



= 7 (e l cos t - e' sin t) 2 + (e l sin t + e« cos t) 2 + (e*) 2 dt = \/3e* dt = a/3 e l dt; M = X <$ ds = X" V^e' dt 
= a/3; M xy = X z<5 ds = X'° 2 (\/3 e l ) (e l ) dt = a/3 e 2t dt = ^ I 



lvl xy _ ^ 

m 75 



I z = X (x 2 + y 2 ) 6 ds = X" 2 ( e2t cos2 1 + e2t sin2 (v^ e ') dt = X'^V^e 3 ' dt = ^ =► R z 

7 
3 




46. r(t) = (2 sin t)i + (2 cos t)j + 3tk , < t < 2tt x = 2 sin t, y = 2 cos t, z = 3t => g = 2 cos t, ^ = -2 sin t, 



dz o 

dt — J 



•dx\ 2 
, dt J 



(g) 2 dt = a/4 + 9 dt = a/13 dt; M = X * ds = £j <5a/13 dt = 2tt<5 a/13; 
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M xy 



f c z6 ds = (3t) (Sy/tt) dt = 6<5tt 2 ^13; M yz = J c x6 ds = (2 sin t) (6y/l3) dt = 0; 
J c y S ds = (2 cos t) (<5 a/13) dt = =*> x = y = 0andz=^f = it^f = 3tt ^ (0, 0, 3tt) is the 



center of mass 

47. Because of symmetry x = y = 0. Let f(x. y. z) = x 2 + y 2 + z 2 = 25 => y f = 2xi + 2yj + 2zk 

=> | v f I = V 4x 2 + 4y 2 + 4z 2 = 10 and p = k =>- | v f ■ Pi = 2z, since z > =>- M = J J 6(x, y, z) dcr 

R 

= JJ z dA = J J 5 dA = 5(Area of the circular region) = 80tt; M xy = JJ z<5 da = J J 5z dA 



R 

Z' 980 N 

490 j/i _ 980 ^ . = _ I 3 _ 49 



= II V25 -x 2 -y 2 dxdy = ££(5^25^) rdrdfl = 

(x,y,z) = (0,0, g) ;I Z = J/(x 2 + y 2 ) 6 dcr = ff 5 (x 2 + y 2 ) dxdy = f~"£ 5r 3 drdfl = 320 d<9 = 640tt; 

R R 



d6» = ^ 7T =>• Z - - 

3 up 3 /I =?- z, gQjr 12 



M 

48. On the face z = 1: g(x, y, z) = z = 1 and p = k=^> \7g = k^>|vg| — 1 an d I V g * P| = 1 =^ dcr = dA 

=>• I = J J ( x 2 + y 2 ) dA = 2 J J r 3 drd# = | ; On the face z = 0: g(x, y, z) = z = ^ vg = kandp = k 
R 0' 

=> | V g| = 1 I V g • Pi = 1 ^> dcr = dA ^ I = // (x 2 + y 2 ) dA = | ; On the face y = 0: g(x, y, z) = y = 

R 

=> Vg=jandp=j | V Si = 1 | V g • Pi = 1 ^ dcr = dA 1 = / J(x 2 + 0) dA = f f x 2 dxdz = \ ; 

R 

On the face y = 1: g(x, y, z) = y = 1 =!> yg=jandp = j |vg| = l^HVg-p| = l=^ dcr = dA 



=> I = J J(x 2 + l 2 ) dA = f J" (x 2 + 1) dxdz = | ; On the face x = 1: g(x, y, z) = x = 1 v g = ' and P = i 

R 00 

=> | V g| = 1 I V g • Pi = 1 ^ dcr = dA =>• I = J/(l 2 + y 2 ) dA = J^/J (1 + y 2 ) dy dz = f ; On the face 

R 



x = 0: g(x, y, z) = x = =>■ V g = > and P = i =>- | V g| = 1 => I V g ■ Pi = 1 =>■ dcr = dA 



I = //(O 2 + y 2 ) dA = X'X' Y 2 dy dz = I => I z = | 



2,1,4, 4, 1_14 
3 T 3 T 3 T 3 T 3 3 



49. M = 2xy + x and N = xy - y If = 2y + 1, f^f = 2x, §* = y, = X - 1 => Flux = // (if + fr) dxdy 

= // (2y+l+x-l)dydx = /'/' (2y + x) dydx = ^ ; C irc = // (§ - f ) dxdy 

R R 

= // (y- 2x) dy dx = / o 7 ' (y - 2x) dydx = - | 

R 

50. M = y - 6x 2 and N = x + y 2 => If = -12x, §^ = 1, f£ = 1, §^ = 2y Flux = /J" (if + fr) dxdy 

= // (-12x + 2y)dxdy = J q J' (-12x + 2y) dxdy = J '(4y 2 + 2y - 6) dy = - ^ ; 

R 

Circ = !!(§- f ) dxdy = // (1 - D dxdy = 

R ' R 

51. M = - and N = In x sin y f = ^ and f = ^ ^ £ In x sin y dy - ^ dx 

= // (f -f) dxdy = J7 (^_^) dxdy = 

R y R ' 
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52. (a) Let M = x and N = y 



3M _ 1 dM _ n dN _ n ON 



dx 



dy 



0,^=0,^ = 1 Flux . 

'ox oy 



II ( 



f + f ) dxdy 



= f f (l + l)dxdy = 2 f f dxdy = 2(Area of the region) 

R R 

(b) Let C be a closed curve to which Green's Theorem applies and let n be the unit normal vector to C. Let 
F = xi + yj and assume F is orthogonal to n at every point of C. Then the flux density of F at every point 
of C is since F • n = at every point ofC => §j^ + §^=0at every point of C 



// ( + fO dx dy = // dx dy = 0. But part (a) above states that the flux is 



dx dy 

Flux = 

' K v J ' R 

2(Area of the region) =>• the area of the region would be =4> contradiction. Therefore, F cannot be 
orthogonal to n at every point of C. 



53. (2xy) = 2y, §- (2yz) = 2z, §- (2xz) = 2x => v • F = 2y + 2z + 2x ^ Flux = fff (2x + 2y + 2z) dV 
= fJlSl (2x + 2y + 2z)dxdydz = ££ (1 + 2y + 2z) dydz= £(2 + 2z) dz = 3 

54. £ (xz) = z, £ (yz) = z, £ (1) = V " F = 2z =>- Flux = fff 2z r drd0 dz 

J»27r n4 n \j25 — r 2 nlTi p4 nix 

2zdzrdrd0 = r(16 - r 2 ) drd0 = 64 60 = 128tt 

o Jojj Jo Jo v ' Jo 



55. f x (-2x) = -2, i (-3y) = -3, g (z) = 1 V ■ F = -4; x 2 + y 2 + z 2 = 2 and x 2 + y 2 = z =4> z = 1 
=> x 2 + y 2 = 1 =!> Flux = / / / -4 dV = -4 J* J q ' f/^Az r drd0 = -4 £ f Q (r^2 - r 2 - r 3 ) drd0 

= _4 JT ( _ T2 + I d0 = 1 7T (7 - 8-v/2) 



56. | (6x + y) = 6, | (-x - z) = 0, | (4yz) = 4y =» V ■ F = 6 + 4y; z = ^/x 2 + y 2 = r 

Flux = fff (6 + 4y) dV = f f (6 + 4r sin 0) dz r drd(9 = £ f {(^ + 4r 3 sin 0) drd0 

Xtt/2 
(2 + sin 0) d(9 = 7T + 1 

57. F = yi + zj + xk => v ■ F = Flux = ffF-nda = fff v • F dV = 



58. F = 3xz 2 i + yj - z 3 k V ■ F = 3z 2 + 1 - 3z 2 = 1 =!> Flux = f f F ■ nda = f f f V • F dV 



n4 p\/l6-x 2 /2 ny/2 nA / 2 \ 

Jo J„ Jo ld zdydx = / o (!^)dx 



x — 



48 



59. F = xy 2 i + x 2 yj + yk v • F = y 2 + x 2 + ^> Flux = ffF-ndu = fff v • F dV 

S D 

= III (x 2 + y 2 ) dV = f^fJl r 2 dz r drd0 = £ J> 3 drd0 = £\ d0 = n 



60. (a) F = (3z + l)k v - F = 3 Flux across the hemisphere = ffF-nd<r = fff v • F dV 
= ///3dV = 3(I)(f.a 3 )=2.a 3 

D 

(b) f(x, y, z) = x 2 + y 2 + z 2 - a 2 = V f = 2xi + 2yj + 2zk => | V f I = \/ 4x2 + 4y 2 + 4z 2 = \f\2? = 2a since 
a > ^ n ^ 2xi + 2yj + 2zk = xi + yj + zk _^ F • n = (3z + 1) (|) ; p = k => Vf-P= Vf-k = 2z 
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=> | V f "Pl = 2z since z > =!> da = J^L = g dA = \ dA J/F-ndc = / J* (3z + 1) (f) (|) dA 

S R X y 

= / J" (3z+l)dxdy = J" J" (3^/a 2 - x 2 - y 2 + l) dxdy= f f h\/a 2 - r 2 + l) rdrd(9 

xy J^xy 

~ X (l"^ a3 ) c '^~ 7ra2 + 27ra 3 , which is the flux across the hemisphere. Across the base we find 
F = [3(0) + l]k = k since z = in the xy-plane => n = k (outward normal) => F • n = 1 =>• Flux across 
the base = J J F • n dcr = f f ~ 1 dxdy = — 7ra 2 . Therefore, the total flux across the closed surface is 

S R X y 

(7ra 2 + 27ra 3 ) - 7ra 2 = 27ra 3 . 
CHAPTER 16 ADDITIONAL AND ADVANCED EXERCISES 

1. dx = (—2 sin t + 2 sin 2t) dt and dy = (2 cos t — 2 cos 2t) dt; Area = ~<j> x dy — y dx 

— \ J o [(2 cos t — cos 2t)(2 cos t — 2 cos 2t) — (2 sin t — sin 2t)(— 2 sin t + 2 sin 2t)] dt 
= \ I f 6 ~ ( 6 cos 1 cos 2t + 6 sin t sin 2t)] dt = \ J o (6 - 6 cos t) dt = 6tt 

2. dx = (—2 sin t — 2 sin 2t) dt and dy = (2 cos t — 2 cos 2t) dt; Area = \ <j> x dy — y dx 

= |J [(2 cos t + cos 2t)(2 cos t — 2 cos 2t) — (2 sin t — sin 2t)(— 2 sin t — 2 sin 2t)] dt 

= \ f~* [2 - 2(cos t cos 2t - sin t sin 2t)] dt = \ f * (2-2 cos 3t) dt = \ [2t - § sin 3t] ^ = 2vr 



3. dx = cos 2t dt and dy = cos t dt; Area = \§ x dy — y dx = | J g (| sin 2t cos t — sin t cos 2t) dt 

= \ f Q [sin t cos 2 1 - (sin t) (2 cos 2 1 - 1)] dt = \ f g (- sin t cos 2 t + sin t) dt = \ [\ cos 3 1 - cos t] ^ = - \ + 1 

4. dx = (—2a sin t — 2a cos 2t) dt and dy = (b cos t) dt; Area = | <f) x dy — y dx 

X2tt 
[(2ab cos 2 1 — ab cos t sin 2t) — (— 2ab sin 2 t — 2ab sin t cos 2t)] dt 

= \ f g [2ab - 2ab cos 2 t sin t + 2ab(sin t) (2 cos 2 t - 1)] dt = \ J (2ab + 2ab cos 2 1 sin t - 2ab sin t) dt 
= \ [2abt - | ab cos 3 1 + 2ab cos t] ^ = 27rab 

5. (a) F(x, y, z) = zi + xj + yk is only at the point (0, 0, 0), and curl F(x, y, z) = i + j + k is never . 

(b) F(x, y, z) = zi + yk is only on the line x = t, y = 0, z = and curl F(x, y, z) = i + j is never . 

(c) F(x, y, z) = zi is only when z = (the xy-plane) and curl F(x, y, z) = j is never . 

6. F = yz 2 i + xz 2 j + 2xyzk and n = = d+ % +zk , so F is parallel to n when yz 2 = f , xz 2 = f , 
and 2xyz = f => ^- = ^ = 2xy =4>y 2 =x 2 =^y=±x and z 2 = ± | = 2x 2 => z = ± y2x. Also, 
x 2 + y 2 + z 2 = R 2 =^ x 2 + x 2 + 2x 2 = R 2 4x 2 = R 2 x = ± § . Thus the points are: ( § , | , ^ 

(r R _ \/2R\ (_ R _R \/2R\ (_R _R _ %/2r\ (r _R \/2r\ (r _R v^rA 
I 2 ' 2 ' 2 ^ ' ^ 2 ' 2 ' 2 ^ ' ^ 2' 2' 2 7 ' \ 2 ' 2 ' 2 / ' I 2 > 2' 2 / ' 

( _ R R \/2R\ ( _ R R _ y^R ^ 
^ 2 ' 2 » 2 J ' \ 2 > 2 ' 2 ^ 

7. Set up the coordinate system so that (a, b, c) = (0, R, 0) => 6(x, y, z) = \/x 2 + (y — R) 2 + z 2 
= ^/x 2 + y 2 + z 2 - 2Ry + R 2 = ^2R 2 - 2Ry ; let f(x, y, z) = x 2 + y 2 + z 2 - R 2 and p = i 

v f = 2xi + 2yj + 2zk =► | V f I = 2^x 2 + y 2 + z 2 = 2R da = ^ dz dy = f dz dy 
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Mass^/J S(x,y,z)da = JJ \/2R 2 - 2Ry (|) dzdy = R J J Jg3g dzdy 



f R f R * ya*--2Ry d , = 4R f R / 2R2 _ 2 Ry S i n , , 
2ttR J R r ^2R 2 -2Rydy = 27rR(=ji) (2R 2 - 2Ry) : 



/R 2 -y 2 



dy 



* 3 ' 2 _ 16;rR 3 
~~ 3 

-R 



8. r(r, 0) = (r cos 0)i + (r sin 0)j + 0k , < r < 1, < < 2tt =>■ r r x r g 



i j k 

cos sin 
— r sin r cos 1 



= (sin 0)i - (cos 0)j + rk => |r r x r e | = y/l+r 2 ; 6 = 2^/x 2 + y 2 = 2^ 



r 2 sin 2 = 2r 



Mass 



// *(x, y, z) da = /* / o ' 2r^TT? drd0 = [f (1 + r 2 ) 3/2 ] * d0 = £ \ ( 2 ^2 - l) 



d0 



3 



9. M = x 2 + 4xy and N = -6y ' - 

' J J ox ■> ax Jo Jo 

(a 2 + 4ay - 6a) dy = a 2 b + 2ab 2 - 6ab. We want to minimize f(a, b) = a 2 b + 2ab 2 - 6ab = ab(a + 2b - 6). 



2x + 4y and §^ = -6 =>- Flux = f Q f{2x + 4y - 6) dxdy 



f 

Jo 



Thus, f a (a, b) = 2ab + 2b 2 - 6b = and f b (a, b) = a 2 + 4ab - 6a = b(2a + 2b - 6) = => b = or 
b = — a + 3. Now b = a 2 — 6a = => a = or a = 6 => (0, 0) and (6, 0) are critical points. On the other 
hand, b = -a + 3 =>• a 2 + 4a(-a + 3) - 6a = => -3a 2 + 6a = => a = or a = 2 (0, 3) and (2, 1) are also 
critical points. The flux at (0, 0) = 0, the flux at (6, 0) = 0, the flux at (0, 3) = and the flux at (2, 1) = -4. 
Therefore, the flux is minimized at (2, 1) with value —4. 



10. A plane through the origin has equation ax + by + cz = 0. Consider first the case when c ^ 0. Assume the plane is given 
by z = ax + by and let f(x, y, z) = x 2 + y 2 + z 2 = 4. Let C denote the circle of intersection of the plane with the sphere. 
By Stokes's Theorem, ^ c F-dr = // V x F • n da, where n is a unit normal to the plane. Let 



r (x, y) — x i + yj + ( ax + by)k be a parametrization of the surface. Then r x x r y 



i j k 

1 a 
1 b 



ai — bj + k 



=> da = |r x x r y | dxdy = \/ a 2 + b 2 + 1 dx dy. Also, v x F 



\/a 2 +b 2 4-l 

// V xF-nda = // * + h ~ l a 2 + b 2 + 1 dxdy = JJ (a + b - 1) dxdy = (a + b - 1) // dxdy. Now 



i j k 

JL JL d_ 

dx dy dz 

z x y 



j + k and n 



ai + bj — k 



x 2 + y 2 + 



(ax + by) 2 = 4 =>■ (^4) x 2 + ( ! ^ ti ) y 2 + (y) xy = 1 the region R xy is the interior of the 



ellipse Ax + Bxy + Cy = 1 in the xy-plane, where A = , B 



f , and C = . By Exercise 47 in 



Section 10.3, the area of the ellipse is 



\/4AC - B 2 x/a 2 +b 2 + l 



£F-dr = h(a,b) 



47T(a^b - 1) 
Va 2 + b 2 + 1 



Thus we optimize H(a, b) 



_ (a + b- l) 2 . 9H _ 2(a + b-l)(b 2 + l + a-ab) _ 



a 2 + b 2 + 1 ' 9a 



(a 2 +b 2 + l)" 



Oand 



3H _ 2(a + b-l)(a 2 + l+b-ab) _ 



=^ a + b - 1 = 0, or b 2 + 1 + a - ab = and a 2 + 1 + b - ab = 



db ( a 2 + b 2 + l) 2 

a + b - 1 = 0, or a 2 - b 2 + (b - a) = => a + b - 1 = 0, or (a - b)(a + b - 1) = a + b- l= 0ora = b. 
The critical values a + b — 1 = give a saddle. If a = b, then = b 2 + l+ a — ab =>■ a 2 + l+ a — a 2 = 

=> a = — 1 =4> b = — 1. Thus, the point (a, b) = (— 1, — 1) gives a local extremum for <j> F • dr =>■ z = — x — y 
=> x + y + z = is the desired plane, if c ^ 0. 
Note : Since h(— 1, —1) is negative, the circulation about n is clockwise , so n is the correct pointing normal for 
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the counterclockwise circulation. Thus J J v x F • (— n) dcr actually gives the maximum circulation. 

s 

If c = 0, one can see that the corresponding problem is equivalent to the calculation above when b = 0, which does not 
lead to a local extreme. 



11. (a) Partition the string into small pieces. Let A ; s be the length of the i lh piece. Let (Xi, y ; ) be a point in the 
i lh piece. The work done by gravity in moving the i lh piece to the x-axis is approximately 
Wj = (gx i y i A i s)y i where x^AjS is approximately the mass of the i lh piece. The total work done by 

gravity in moving the string to the x-axis is E Wj = E gx^AjS =>• Work = / gxy 2 ds 

Xnw/2 . r»7r/2 

, gxy 2 ds = J g(2 cos t) (4 sin 2 1) y 4 sin 2 1 + 4 cos 2 1 dt = 16g J cos t sin 2 1 dt 

= 16g(^)] 



(i 



16 

3 • 



, \ — \ x (xy) ds . _ I y(xy) ds C . . „ - . . 

(c) x = ^ and y = ^ ; the mass of the string is I xy ds and the weight of the string is 

J xy ds ' xy ds " c 

g J xy ds. Therefore, the work done in moving the point mass at (x, y) to the x-axis is 
W = (g J c xy ds) y = g J c xy 2 ds = f g. 

12. (a) Partition the sheet into small pieces. Let A;<7 be the area of the i lh piece and select a point (x i; y h z ; ) in 

the i" 1 piece. The mass of the i lh piece is approximately Xjy A;cr. The work done by gravity in moving the 

i lh piece to the xy-plane is approximately (gx i y i A i CT)z i = gx^^A^ =>• Work — J J gxyz dcr. 

S 

(b) / / gxyz da = g // xy(l - x - y)v/l + (-1) 2 + (-1) 2 dA = y^g /„' f*~' (xy - x 2 y - xy 2 ) dy dx 

S Rxy 

= V^g X' [\ xf - \ x 2 Y 2 - 3 xy3] Y dx = v^g X' \\ x - \ x 2 + \ x 3 - \ A ^ 

= V^g[^x 2 -ix 3 + h 4 -i)- 5 ]; = V^g^-^) = # 

(c) The center of mass of the sheet is the point (x, y, z) where z = ^ with M xy = J J xyz dcr and 

s 

M = J J xy dcr. The work done by gravity in moving the point mass at (x, y, z) to the xy-plane is 

S 

gMz = gM = gM xy = // gxyz dcr = vjt . 

v ' s 

13. (a) Partition the sphere x 2 + y 2 + (z — 2) 2 = 1 into small pieces. Let Ajir be the surface area of the i" 1 piece 

and let (x ; , y, z ; ) be a point on the i" 1 piece. The force due to pressure on the i th piece is approximately 
w(4 — Zi)AiCr. The total force on S is approximately E w(4 — z^AjCr. This gives the actual force to be 

i 

J J w(4 - z) dcr. 
s 

(b) The upward buoyant force is a result of the k-component of the force on the ball due to liquid pressure. 
The force on the ball at (x, y, z) is w(4 — z)(— n) = w(z — 4)n , where n is the outer unit normal at (x, y, z). 
Hence the k-component of this force is w(z — 4)n • k = w(z — 4)k • n . The (magnitude of the) buoyant force 

on the ball is obtained by adding up all these k-components to obtain J J w(z — 4)k • n dcr. 

s 

(c) The Divergence Theorem says // w(z - 4)k • n dcr = J J J div(w(z - 4)k) dV = /// w dV, where D 

S D D 

is x 2 + y 2 + (z - 2) 2 < 1 =>• J J w(z - 4)k • n dcr = w J J J 1 dV = | ttw, the weight of the fluid if it 

S D 

were to occupy the region D. 
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14. The surface S is z = ^/x 2 + y 2 from z = 1 to z = 2. Partition S into small pieces and let A;cr be the area of the 
i lh piece. Let (x i; y h z ; ) be a point on the i lh piece. Then the magnitude of the force on the i lh piece due to 
liquid pressure is approximately F ; = w(2 — z 1 )A i <T =4> the total force on S is approximately 

£ F, = £ w(2 - z,)A|Cr =4> the actual force is j J w(2 - z) da = ff w (2 - ^/x 2 + y 2 ) ^1 + + jrf^r dA 

S R X y 

= // w (2 - ^+?) dA = £ J" ^2w(2 - r) r drdf? = V^w [r 2 - 1 r 3 ] \ d0 = £ ^ d0 

R.\y 

~ 3 

15. Assume that S is a surface to which Stokes's Theorem applies. Then £ E • dr = J" J" ( V x E) • n dcr 

s 

= J J — ^ • n dcr = — J J" B • n dcr. Thus the voltage around a loop equals the negative of the rate 

S " S 
of change of magnetic flux through the loop. 

16. According to Gauss's Law, J J F • n dcr = 47rGmM for any surface enclosing the origin. But if F = v x H 

S 

then the integral over such a closed surface would have to be by the Divergence Theorem since div F = 0. 

17. <f> f v g • dr = f f v x (f V g) ' n dc (Stokes's Theorem) 

= I I ' V x Vg+ V fx Vg) -n dc (Section 16.8, Exercise 19b) 

s 

= 11 [(f)(0) + V f x V g] • « dcr (Section 16.7, Equation 8) 

s 

= //(VfxVg)-ndcr 

s 

18. V x Fi = V x F 2 => V x (F2 - Fi) = => F 2 - Fi is conservative =>• F 2 — Fi = a l so > V ' Fi = V " F2 
=> V " (F2 — Fx) = => V 2 f = ( so f is harmonic). Finally, on the surface S, V f • n = (F 2 — Fj) • n 

= F 2 • n Fi • n = 0. Now, v ■ (f V = V f " V f + f V 2 f so m e Divergence Theorem gives 

III I Vf| 2 dV + J/J fv 2 fdV = JJJ v • (f Vf)dV = / /fyf-nda = 0, and since v 2 f = Owe have 

D D D S 

III I V f I 2 dV + = => /// |F 2 - Fi| 2 dV = =>> F 2 - Fj = => F 2 = F ls as claimed. 

D D 



19. False; let F = yi + xj ^ v " F = ^ (y) + 4 (x) = and v x F 



i j k 

A A JL 

dx dy dz 

x y 



Oi + Oj + 0k = 



20. |r u x r v | 2 = |r u | 2 |r v | 2 sin 2 = |r u | 2 |r v | 2 (1 - cos 2 0) = |r u | 2 |r v | 2 - |r u | 2 |r v | 2 cos 2 = |r u | 2 |r v | 2 - (r u • r v ) 2 

=> |r u x r v | 2 = VEG - F 2 ^> dcr = |r u x r v | dudv = \J EG - F 2 dudv 

21. r = xi + yj + zk =^ v . r =l + l + l= 3^ /// v-rdV = 3j"J" i /'dV = 3V=>V=±J"J"J" v • r dV 

D D D 

= | J J r ■ n dcr, by the Divergence Theorem 
s 
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NOTES: 
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